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Appendices

Section EC.1 gives complete proofs for results stated in the main text of the paper. Section EC.2

discusses an extension of the Bayesian learning model to handle unknown variance. Section EC.3

provides the full implementation details for our numerical examples.

EC.1. Appendix: proofs

Below, we give the full technical proofs for results that were stated in the main text.

EC.1.1. Proof of Proposition 1

From (9), it is clear that Σn (Sx, Sx) is decreasing in n, and therefore must have a limit. To show

the first statement, fix ω and let Sx ∈Eπ,x (ω). Let (nk) be a subsequence, converging to infinity,

such that under policy π, Sx,nk (ω) = Sx for all k. Then, we rewrite (9) as

Σnk+1 (Sx, Sx, ω) =

(
1− Σnk (Sx, Sx, ω)

σ2
ε + Σnk (Sx, Sx, ω)

)
Σnk (Sx, Sx, ω) . (EC.1)

Suppose that limn→∞Σn (Sx, Sx, ω)> 0. Then, it follows from (EC.1) that

lim
k→∞

Σnk+1 (Sx, Sx, ω)< lim
n→∞

Σn (Sx, Sx, ω) ,

contradicting the uniqueness of limits. Thus, Σn (Sx, Sx, ω)→ 0. By the Cauchy-Schwarz inequality,

it follows that Σn (Sx, Sy, ω)→ 0 as well for all Sy ∈ Sx.

We will now show the second statement. If Eπ,x (ω) 6= Sx, we can partition Σn (ω) as

Σn (ω) =

 ΣE,n (ω) Σcross,n (ω)

(Σcross,n (ω))
T

ΣEc,n (ω)

 , (EC.2)

where ΣE,n (ω) contains variances and covariances for only those states in Eπ,x (ω), while ΣEc,n (ω)

contains covariance information only for states in the complement of Eπ,x (ω). We define τ to be

the last time the policy π visits a state Sx /∈ Eπ,x (ω) on ω. Without loss of generality, we can

assume τ =−1, since we can just take Σ0 = Στ+1.
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By Assumption 2, Σ0 is invertible. As in (EC.2), we can partition (Σ0)
−1

to obtain

(
Σ0
)−1

(ω) =

 Σ̄E,0 (ω) Σ̄cross,0 (ω)(
Σ̄cross,0 (ω)

)T
Σ̄Ec,0 (ω)

 .

If τ = 0, we can apply the Sherman-Morrison formula to (9) to write

lim
n→∞

(Σn)
−1

(ω) =
(
Σ0
)−1

(ω) +σ2
ε lim
n→∞

nD (ω) ,

where D is a diagonal matrix with

D (Sx, Sx, ω) =


1 Sx ∈Eπ,x (ω)

0 otherwise.

From the preceding discussion, we know that ΣE,n (ω)→ 0 and Σcross,n (ω)→ 0. We now apply the

matrix inversion lemma, and the continuity of the matrix inverse over invertible matrices, to obtain

lim
n→∞

ΣEc,n (ω) =
(

Σ̄Ec,0
)−1

(ω) .

We thus conclude that Σn (ω) converges componentwise to a limit Σ∞ (ω).

We argue that Σ∞ (Sx, Sy, ω) 6= 0 for Sx, Sy /∈Eπ,x (ω). By Assumption 2, Σ0 has full rank. Let

M = |Sx|. We can view Σ0 as the covariance matrix in a ranking and selection problem (Chau et

al. 2014) with M alternatives. In this problem, let µ denote the vector of true values of these

alternatives (analogous to V in the DP), and suppose that we have a multivariate Gaussian prior

with covariance matrix Σ0 on their values.

Suppose that we can collect unbiased Gaussian observations of the unknown values (as in

Assumption 1). Assume, furthermore, that we sequentially collect these observations according to

a deterministic policy ρω, which measures the alternatives in the same order in which the policy

π visits post-decision states in the DP for the sample path ω. The update (9) does not depend

on the value of the observation. In fact, if we know which alternative was observed at time n, the

covariance matrix is updated deterministically. Thus, the sequence of posterior covariance matrices

Σn in the ranking and selection problem will be identical to the sequence observed in the DP for

the sample path ω. The limiting behaviour of these two sequences will also be identical.
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Now suppose that Sx, Sy /∈ Eπ,x (ω), and consider the two corresponding alternatives in the

ranking and selection problem. For notational simplicity, we still label these as Sx and Sy. By

Assumption 2, our prior beliefs about these two alternatives are correlated. We can then express

the true values of Sx and Sy as

µ (Sx) = ax ·C + bx ·Zx + c ·Zx,y

µ (Sy) = ay ·C + by ·Zy + d ·Zx,y,

where C, Zx, Zy and Zx,y are mutually independent Gaussian random variables, each with strictly

positive variance. Suppose that we never collect any observations for the alternatives Sx and Sy,

analogously to our earlier assumption that Σ0 = Στ+1. Then, the conditional variance of Zx, Zy

and Zx,y remains unchanged, and the resulting correlation between Sx and Sy remains non-zero

even in the limit. Since the limiting behaviour of Σn is identical for this problem and for the DP,

we conclude that Σ∞ (Sx, Sy, ω) 6= 0.

EC.1.2. Proof of Proposition 2

Recall from (15) that

νKG (Sx, S) =
∑

yi∈A(S)

[b (S,yi+1)− b (S,yi)]f (−|ci|) ,

where a and b are computed using (13) and (14), and the values cyi are the breakpoints between

non-dominated lines of the form ai + bi · z. These breakpoints have the form

ci =
a (S,yi)− a (S,yi+1)

b (S,yi+1)− b (S,yi)
, (EC.3)

which is a rational function of the components of a and b. The denominator in (EC.3) is non-zero

because the set A (S) has already removed all dominated actions. The function f is continuous.

Thus, to show the continuity of νKG (Sx, S), it is enough to consider only those parameters
(
V̄ ,Σ

)
such that, for either y= arg maxyi∈A(S) or y= arg minyi∈A(S), there exists some action z such that

a (S, z) < a (S,y) and b (S, z) = b (S,y). This means that there is an action z that is dominated,
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but that the line corresponding to this action has the same slope as the line for action y. A slight

change in the line corresponding to action z will add another action to the set A (S).

Let ε > 0 and choose δ to satisfy

δf (0)< ε.

In addition, δ should be small enough so that changing the slope and intercept of the line corre-

sponding to action z will only add another action to the beginning or end of the list A (S). Now,

let
(
V̄ ′,Σ′

)
be such that |a (S, z)− a′ (S, z)| < δ and |b (S, z)− b′ (S, z)| < δ. The only change in

νKG,n (Sx, S) will be a new breakpoint, so that

∣∣νKG,n (Sx, S; V̄ ,Σ
)
− νKG,n

(
Sx, S; V̄ ′Σ′

)∣∣ = |b (S, z)− b (S,y)| · f
(
−
∣∣∣∣a (S,y)− a (S, z)

b (S, z)− b (S,y)

∣∣∣∣)
≤ |b (S, z)− b (S,y)|f (0)

< δf (0)

< ε.

The second line is due to the fact that f is increasing. We conclude that the KG factor is continuous

in the belief parameters.

EC.1.3. Proof of Theorem 1

We assume that a suitable set of measure zero has been removed from the outcome space. Suppose

that EKG (ω) 6= S. As in Proposition 1, we partition Σn (ω) as

Σn (ω) =

 ΣE,n (ω) Σcross,n (ω)

(Σcross,n (ω))
T

ΣEc,n (ω)

 .

By Proposition 1, we have

Σn (ω)→

 0 0

0 Σ∞ (ω)

 , (EC.4)

where all components of Σ∞ (ω) are non-zero.

By Assumption 3, there must exist states S ∈EKG (ω) and S̄ /∈EKG (ω) such that, for at least

one action x∈X , we have P
(
S̄ |S,x

)
> 0. Furthermore, by assumption, the offline KG policy must
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take action x out of state S only finitely many times. If this were not the case, it would follow that

S̄ ∈EKG (ω). Thus, we have (S,x) /∈EKG,x (ω). Furthermore,
(
S̄, x̄

)
/∈EKG,x (ω) for all x̄, since S̄

is visited only finitely many times.

From (EC.4), we have

Σ∞
(
SM,x

(
S̄, x̄

)
, Sx
)
6= 0, (EC.5)

Σ∞ (Sx, Sx) 6= 0. (EC.6)

By Proposition 2, we have

νKG,n
(
Sx, S̄, ω

)
→ νKG,∞

(
Sx, S̄, ω

)
,

where νKG,∞
(
Sx, S̄, ω

)
> 0. The fact that the limit is strictly positive is ensured by Assumption 4.

In (15), one component of the vector bn will always be zero for all n, corresponding to the action

∆. In the limit, bn (ω)→ b∞ (ω) where b∞ (ω) has at least one zero component (due to ∆) and at

least one non-zero component due to (EC.5). There must therefore be at least one breakpoint. The

function f in (15) has no zeros on the real line, so we conclude that νKG,∞
(
Sx, S̄, ω

)
> 0. Since

P
(
S̄ |S,x

)
> 0, it follows that

lim
n→∞

∑
S′

P (S′ |S,x)νKG,n (Sx, S′, ω)≥ P
(
S̄ |S,x

)
νKG,∞

(
Sx, S̄, ω

)
> 0. (EC.7)

Now, let y be an action taken infinitely often by the offline KG policy out of state S. Such an

action must exist because S is visited infinitely often. From the preceding discussion, it follows

that P (S′ |S,y) = 0 for all S′ /∈EKG (ω). Furthermore, for any S′ ∈EKG (ω), we have

Σn
(
SM,x (S′, x′) , Sy

)
→ 0

due to (EC.4). By Proposition 2, it follows that νKG,n (Sy, S′, ω)→ 0, whence

∑
S′

P (S′ |S,y)νKG,n (Sy, S′, ω)→ 0. (EC.8)
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We now put together (EC.7) and (EC.8). Let ε= νKG,∞ (Sx, S′, ω). Then, there exists an integer

Kω such that, for all n≥Kω, we have

∣∣∣∣∣∑
S′

P (S′ |S,x)νKG,n (Sx, S′, ω)− lim
n→∞

∑
S′

P (S′ |S,x)νKG,n (Sx, S′, ω)

∣∣∣∣∣ < ε

2
,∑

S′

P (S′ |S,y)νKG,n (Sy, S′, ω) <
ε

2
.

Consequently, at all times after Kω, the offline KG policy will prefer action x to action y out of

state S. This contradicts the assumption that S̄ is visited finitely many times. We conclude that

EKG (ω) = S.

EC.1.4. Proof of Proposition 3

By Proposition 2, every KG factor converges to a limit. Suppose that νKG,n
(
Sx, S̄, ω

)
→

νKG,∞
(
Sx, S̄, ω

)
for some Sx ∈ Sx and S̄ ∈ S. It follows that Sx /∈EKG,x (ω), otherwise we would

have Σn (Sx, Sx, ω)→ 0, which would imply that νKG,n
(
Sx, S̄, ω

)
→ 0 by continuity.

Because S is visited infinitely often by Theorem 1, there must be at least one action y such that

Sy ∈EKG,x (ω). For this action, νKG,n (Sy, S′, ω)→ 0. We can then repeat the argument concluding

the proof of Theorem 1 to find that, after some time Kω, the offline KG policy will prefer action

x to action y, which implies that Sx ∈EKG,x (ω) and therefore νKG,n
(
Sx, S̄, ω

)
→ 0. We conclude

that every KG factor must converge to zero under the offline KG policy.

EC.1.5. Proof of Proposition 4

Suppose that Sx, SM,x
(
S̄, x̄

)
/∈ EKG,x (ω). By Proposition 1, it must be the case that

Σn
(
SM,x

(
S̄, x̄

)
, Sx, ω

)
, Σn

(
SM,x

(
S̄, x̄

)
, SM,x

(
S̄, x̄

)
, ω
)
, and Σn (Sx, Sx, ω) converge to non-zero

limits, as in (EC.5) and (EC.6). Applying Assumption 4 as in the proof of Theorem 1, we find that

νKG,n
(
Sx, S̄

)
converges to a strictly positive limit. This contradicts Proposition 3, which states

that all KG factors must converge to zero.
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EC.2. Appendix: learning the unknown noise variance

One limitation of the Bayesian model from Section 2.2 is that the observations v̂n+1 are assumed

to have known variance σ2
ε . In practice, this creates a tunable parameter that requires additional

computational effort to optimize. In the following, we present an extension that explicitly models

the noise variance as a random variable, and updates a set of beliefs about this quantity over time.

Let ρ = σ−2
ε be the precision of the observations. We assume that ρ is unknown and impose

the prior distribution ρ∼Gamma (α0, β0), where α0, β0 > 0 are fixed. We then suppose that the

conditional prior distribution of V , given ρ, is multivariate normal with mean V̄ 0 and covariance

matrix ρ−1Σ0. In Bayesian statistics, the joint distribution of (V,ρ) is known as a “multivariate

normal-gamma” prior. It can be shown (DeGroot 1970) that the marginal distribution of V under

this model is a multivariate Student’s t-distribution (Kotz and Nadarajah 2004), by analogy with

classical statistics where this distribution is used to model observations with unknown variance. In

this setting, Assumption 1 reads as follows.

Assumption EC.1. Given V and ρ, the ADP observation v̂n+1 follows the conditional distribution

N (V (Sx,n) , ρ−1) and is conditionally independent of past observations.

As in Section 2.2, Assumption EC.1 allows us to update our entire approximation V̄ n using a

single scalar observation v̂n+1. Equations (8)-(9) now become

V̄ n+1 (Sx) = V̄ n (Sx) +
v̂n+1− V̄ n (Sx)

1 + Σn (Sx,n, Sx,n)
Σn (Sx, Sx,n) ,

Σn+1 (Sx, Sy) = Σn (Sx, Sy)− Σn (Sx, Sx,n)Σn (Sx,n, Sy)

1 + Σn (Sx,n, Sx,n)
,

αn+1 = αn +
1

2
,

βn+1 = βn +

(
v̂n+1− V̄ n (Sx)

)2

2 (1 + Σn (Sx,n, Sx,n))
.

This learning model thus has essentially the same complexity as the one in Section 2.2; the only

addition consists of two scalar posterior parameters αn, βn.
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The KG logic of Section 2.3 can now be applied. The only difference (Han et al. 2016) is that

now (15) should be rewritten as

Enx max
y
Q̄n+1

(
Sn+1, y

)
=

(
max
y
an
(
Sn+1, y

))
+

∑
yi∈A(Sn+1)

[
bn
(
Sn+1, yi+1

)
− bn

(
Sn+1, yi

)]
g2αn (−|ci|) , (EC.9)

where

gs (t) =
s+ t2

s− 1
ψs (t) + tΨs (t)

and ψs,Ψs are the pdf and cdf of Student’s t-distribution with s degrees of freedom. Equations

(13)-(14), which define the vectors an and bn in (15), are now replaced by

an
(
Sn+1, y

)
= C

(
Sn+1, y

)
+ γV̄ n

(
SM,x

(
Sn+1, y

))
, (EC.10)

bn
(
Sn+1, y

)
= γΣn

(
SM,x

(
Sn+1, y

)
, Sx,n

)√ βn

αn (1 + Σn (Sx,n, Sx,n))
. (EC.11)

After this, the computation of the KG policy proceeds as before (in particular, the breakpoints ci

in (EC.9) are computed from an and bn in the same way). The only difference is that the knowledge

gradient computations now use the tail properties of the t-distribution, rather than the standard

normal.

In fact, the multivariate normal-gamma prior may also be used in conjunction with the linear

VFA of Section 3.1. Once again, we assume that V (Sx) = θTφ (Sx) and impose the prior distribu-

tion ρ∼Gamma (α0, β0). The conditional prior distribution of θ, given ρ, is N (θ0, ρ−1Λ0). Under

Assumption EC.1, this produces the update

θn+1 = θn +
v̂n+1− (θn)

T
φ (Sx,n)

1 +φ (Sx,n)
T

Λnφ (Sx,n)
Λnφ (Sx,n) ,

Λn+1 = Λn− Λnφ (Sx,n)φ (Sx,n)
T

Λn

1 +φ (Sx,n)
T

Λnφ (Sx,n)
,

αn+1 = αn +
1

2
,

βn+1 = βn +

(
v̂n+1− (θn)

T
φ (Sx,n)

)2

2
(

1 +φ (Sx,n)
T

Λnφ (Sx,n)
) .
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The KG computation is again given by (EC.9), but (EC.10)-(EC.11) are replaced by

an
(
Sn+1, y

)
= C

(
Sn+1, y

)
+ γ (θn)

T
φ
(
SM,x

(
Sn+1, y

))
,

bn
(
Sn+1, y

)
= γφ

(
SM,x

(
Sn+1, y

))T
Λnφ (Sx,n)

√√√√ βn

αn
(

1 +φ (Sx,n)
T

Λnφ (Sx,n)
) .

Although the performance of this model may still be influenced by the initialization of α0, β0,

these parameters will be adjusted over time and thus the model is less susceptible to misspecification

of the noise variance. Furthermore, since Student’s t-distribution has heavier tails than the normal

distribution, the value of information will tend to be higher under this framework and thus KG will

conduct more exploration. Moreover, KG will incur virtually the same computational cost here as

in the known-variance model, since the main computational bottleneck in (EC.9) is the calculation

of the breakpoints, which remains unchanged.

EC.3. Appendix: details of experimental settings

In this section, we give more details on the benchmark policies and test problems from Section 5.2.

EC.3.1. Description of learning policies

Five different types of policies were implemented; their descriptions are as follows.

Knowledge gradient (KG). We tested both the online and offline versions of the KG policy, from

(17) and (19), with sample size K = 30.

Value of perfect information (VPI). To our knowledge, the VPI policy by Dearden et al. (1998)

was the first exploration strategy to be used together with a Bayesian prior on the value function.

The original definition of VPI is designed for discrete state spaces with normal-gamma priors.

However, the policy easily carries over to the VFA structures from Section 3. The decision rule is

given by

XV PI,n (Sn,Kn) = arg max
x
C (Sn, x) + γV̄ n (Sx,n) + γνV PI,n (Sx,n)

where

νV PI,n (Sx,n) =
√

Σn (Sx,n, Sx,n)f

(
−
∣∣V̄ n (Sx,n)−maxy 6=x V̄

n (Sy,n)
∣∣√

Σn (Sx,n, Sx,n)

)
,



ec10 e-companion to Ryzhov et al.: Bayesian Exploration for ADP

with f remaining the same as in Section 2.3. If we use a VFA from Section 3, we replace

Σn (Sx,n, Sx,n) by the corresponding expression for the prior variance of V (Sx,n). For example, in

Section 3.1, this is φ (Sx,n)
T

Λnφ (Sx,n), and in Section 3.2, this is
(∑

g λ
g,n (Sx,n) + δg,n (Sx,n)

)−1

.

VPI can be viewed as a version of the expected improvement policy (Jones et al. 1998, Gramacy

and Lee 2011) from the global optimization literature. However, its adaptation to ADP with

correlated beliefs is completely new to this paper. Like KG, the VPI policy can work well with both

basis functions and hierarchical aggregation. We view this as an additional argument in favour of

our Bayesian framework; although we mainly focus on the KG policy in this paper, our Bayesian

models have even broader potential since they may be combined with other algorithms.

Epsilon-greedy. The ε-greedy policy chooses the action arg maxxC (Sn, x)+γV̄ n (Sx,n) with prob-

ability 1−ε, and a random action with probability ε. We tuned the parameter ε in our experiments.

Clearly, this policy can be used with any representation of V̄ n.

R-max. The R-max policy of Brafman and Tennenholtz (2003) has attracted considerable atten-

tion in the reinforcement learning literature. Essentially, the policy classifies the states based on

whether or not we have “enough” knowledge of their values. The decision rule is given by

XRmax,n (Sn,Kn) = arg max
x
C (Sn, x) + γF n (Sx,n)

where

F n (Sx,n) =


Rmax if Sx,n has been visited fewer than m times,

V̄ n (Sx,n) if Sx,n has been visited at least m times.

The integer m is a tunable parameter that represents the number of times we need to visit a post-

decision state to gain enough knowledge about it. The value Rmax is an arbitrarily large number.

Thus, we are encouraged to explore actions with which we are unfamiliar. Because this policy

does not easily extend to hierarchical aggregation (the number of times we have visited a state

is ambiguous in the hierarchical model), we implemented it with a lookup-table approximation

in one of our test problems. We did not implement R-max in problems where the lookup-table

approximation did not scale.
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E3. The E3 policy of Kearns and Singh (2002) is somewhat similar to R-max. If we visit a state

that we have never visited before, we choose a random action. If we have visited the state at least

once, but fewer than m times, we choose the action that has been tried the fewest number of times

out of all the times we have previously visited the state. Lastly, if we have visited the state more

than m times, we take the greedy action arg maxxC (Sn, x) + γV̄ n (Sx,n). We implemented E3 in

our first test problem, but not in subsequent problems, for the same reasons as R-max.

EC.3.2. Commodity storage problem with stochastic price

We considered two versions of a stylized inventory problem motivated by commodity storage and

trading, an application that has seen recent attention, e.g., in Secomandi (2010). We have simplified

this problem for easier benchmarking, to make some of the competing policies computationally

tractable, and to allow us to run more simulations for statistically valid comparisons.

The first version of the problem considers an asset held in storage. At any point in time, we can

buy from or sell to the spot market. Figure 1(a) illustrates the decision variable in this problem

using the example of electricity stored in a battery. Our decision xn at time n depends on the

state variable Sn = (Rn, P n), where Rn is the amount currently in storage and P n is the current

spot price. If xn ≥ 0, we buy energy from the market, whereas we sell if xn < 0. The single-period

revenue or cost is then

C (Sn, xn) =−P nxn,

since we pay a cost to buy, and receive revenue from selling. Our objective is to maximize the

long-term profit. The spot price was assumed to follow a geometric Ornstein-Uhlenbeck process

with mean reversion parameter 0.0633 and volatility parameter 0.2, ensuring a sufficient level of

noise in the problem. The post-decision state, given a decision xn, is computed by Rx,n =Rn +xn

and P x,n = P n. To find the next pre-decision state, we take Rn+1 =Rx,n and simulate P n+1 from

our price process.

We discretized Rn on the interval [0,1] in increments of 0.01, representing the percentage of the

battery’s capacity that is being used. The decision xn was similarly discretized on [−Rn,1−Rn].
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(a) Commodity storage with scalar decision. (b) Commodity storage with vector decision.

Figure EC.1 Illustrations of the decision variable in two types of storage problems.

However, we did not discretize the price variable in the problem. When running a policy, we always

kept track of the continuous value of P n, and only discretized prices when calling the value function

approximation. Thus, we are still solving a continuous problem; see Section 8.1.1 of Powell (2011)

for a discussion of this point. The prior approximation V̄ 0 was uniformly set to a very large value,

as discussed in Section 4.9 of Powell (2011), and (7) was used to set a prior covariance for the

lookup table VFA.

For the hierarchical VFA of Section 3.2, each level of aggregation partitioned the state space

into rectangles. At the finest levels of aggregation, we added more bins to the price variable, while

the coarser levels focused primarily on the resource variable. We found that, as the discretization

became finer, it was more important to distinguish between similar prices than similar storage

quantities. This VFA was used for the hierarchical KG method, as well as the ε-greedy and VPI

policies. Thus, all competing policies had access to the benefits of correlated beliefs.

EC.3.3. Commodity storage problem with stochastic supply

The second version of our commodity storage problem has a vector decision variable. Figure 1(b)

illustrates using an example where electricity is obtained exogenously from a wind farm, stored in
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a battery, and then used to satisfy demand. If there is not enough energy in storage to cover all

the demand, we have to purchase the remainder from the spot market. This problem is similar to

the one in Section EC.3.2, but now we can also receive supply from an exogenous process.

We considered a simplified version of the problem where the demand in each time period was set

to a fixed number D. Our state variable was thus Sn = (Rn,W n), where 0≤Rn ≤ R̄ is the amount

in storage as before, and W n is the stochastic supply process. In our simulations, we designed

W n by fitting a mean-reverting process to historical wind speed data, then converting these wind

speeds to power output.

From Figure 1(b), we see that the decision is a vector xn = (xwr,n, xwd,n, xgr,n, xgd,n, xrd,n). We

reduce this vector to three dimensions by observing that

En = xwr,n +xwd,n

D = xwd,n +xgd,n +xrd,n,

and setting xwd,n =En− xwr,n, and xgd,n =D− (En−xwr,n)− xrd,n. We constrain 0≤ xwr,n ≤En

to ensure the positivity of xwd,n. We assume that oversupplying demand is not allowed, so we also

constrain 0≤ (En−xwr,n) +xrd,n ≤D. Finally, we add the constraints

0 ≤ ρcxgr,n ≤ R̄−Rn

0 ≤ ρcxwr,n ≤ R̄−Rn

0 ≤ xrd,n ≤Rn + ρc
(
xwr,n +xgd,n

)
ρdxrd,n ≤ D,

where ρc and ρd represent loss rates for the storage device (e.g., energy dissipation from the battery).

Once the decision has been made, the post-decision storage level is given by

Rx,n = min
(
Rn + ρc (xgr,n +xwr,n)−xrd,n, R̄

)
,

indicating that there is a cap on how much we can store.
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The single-period contribution function depends on a selling price P s, a buying price P g (if we

buy from the spot market), and an extra penalty cost P p imposed when our purchase xgr,n +xgd,n

exceeds some level xmax. To reduce the size of the state variable, we assumed constant prices

P s = 0.14, P g = 0.12 and P p = 0.5. We also let D= 100 be the constant demand, with xmax = 75.

The contribution is then calculated as

C (Sn, xn) = P sD−P g
(
xgr,n +xgd,n

)
−P p

(
xgr,n +xgd,n−xmax

)+
.

Maximizing the long-term contribution is equivalent to minimizing the long-term cost of meeting

demand.

Even with these simplifications, we found that this discretized problem was too large to maintain

a covariance matrix directly on the state space. For this reason, we only used the hierarchical VFA

of Section 3.2 and compared KG, VPI, and ε-greedy. The R-max and E3 policies are tied to a

discrete value function representation and do not translate easily to the hierarchical model.

EC.3.4. Nomadic trucker problem

In the nomadic trucker problem (Powell 2011), a single truck observes demands that arise randomly

in different locations (e.g., cities in the US), modeled as elements of a set L. The trucker travels

between these locations to accept those loads that maximize the long-term reward. The state

Sn = (Sl,n, Sd,n, Sk,n) is a vector of attributes representing, respectively, the current location of the

trucker, the current day of the week, and the trailer type.

The decision xn is modeled as a binary vector with xni = 1 if we choose the ith possible decision

and
∑

i x
n
i = 1. The set of possible decisions depends on the current state. For example, we can

choose to accept a currently available load of a particular type in some location, or we can choose

to move to a different location without accepting any load. For each location i ∈ L, the number

0 ≤ bi ≤ 1 represents the probability that a load originating at location i will appear at a given

time step. We let pdij = pdbi (1− bj) be the probability that, on a given day d of the week, a load

from i to j will appear, where pd is the probability of loads appearing on day d.
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When we select the decision xn, our post-decision state Sx,n is determined as if we had already

arrived at the destination (that is, we change the location and day-of-week components of the

state to the values they will have upon our arrival). The costs C (Sn, xn) generally depend on the

distance dij that we travel between the current location i and the chosen destination j, either with

or without a load.

In our implementation, locations lie on a 16× 16 grid placed on a square area of 1000× 1000

miles. Each location is described by coordinates (xi, yi), and the origin probabilities are given by

bi = ρ

(
1− h (xi, yi)−hmin

hmax−hmin

)
,

where ρ is the arrival intensity of loads and h is the six-hump camelback function

h (x, y) = 4x2− 2.1x4 +
1

3
x6 +xy− 4y2 + 4y4

on the domain [1.5,2] × [1,1], properly scaled to the domain [0,0] × [1000,1000]. The values

hmin = mini∈L h (xi, yi) and hmax = maxi∈L h (xi, yi) are used to scale h (xi, yi) between [0,1]. We

set ρ = 1, which corresponds to an average of approximately 93 outgoing loads from the most

popular origin location on the busiest day of the week. We use the load probabilities pd =

(1,0.8,0.6,0.7,0.9,0.2,0.1) for d from Monday to Sunday, representing a situation where loads are

more likely to appear at the beginning of the week and toward the end. The cost function is given

by

C (S,x) =


−dij if we choose to move from i to j without taking a load

rkdijbi if we move from i to j with a load of type k.

The trailer type attribute can be either small, medium, or large, and varies in a cyclic fashion,

irrespective of the remaining attributes. Larger trailer types result in higher rewards, with r1 = 1,

r2 = 1.5, and r3 = 2. Rewards are discounted using γ = 0.95.

Table EC.1 gives an overview of the aggregation structure used by the VFA, with ‘*’ correspond-

ing to a dimension that was included in the aggregation level, and ‘-’ corresponding to a dimension

that was aggregated out. Trailer type and day-of-week are either included or left out, while location

is represented with an increasingly fine grid at the more disaggregate levels.
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Level Location Trailer type Day-of-week Size of state space

0 16× 16 * * 256 · 3 · 7 = 5376

1 8× 8 * * 64 · 3 · 7 = 1344

2 4× 4 * * 16 · 3 · 7 = 336

3 4× 4 - * 16 · 7 = 112

4 2× 2 - * 4 · 7 = 28

5 - - * 7

6 - - - 1

Table EC.1 Aggregation structure for the nomadic trucker problem.

EC.3.5. Freight consolidation problem

In the freight consolidation problem, a decision-maker receives loads to be transported and periodi-

cally decides which of these loads should be consolidated in a high-capacity vehicle to be dispatched

in the current period. The full mathematical model for this problem is given in Pérez Rivera and

Mes (2017) and so we do not repeat it here; for example, the state variable is formally defined in

eq. (1) of Pérez Rivera and Mes (2017), the decision is described by eqs. (2a)-(2f), etc. Below, we

describe the modifications made to this model in order to adapt it to the setting of our paper.

Our implementation is based on Instance IL6 from Pérez Rivera and Mes (2017), a delivery-only

variant (no pickups). As originally presented, this instance was a finite-horizon minimization prob-

lem without exploration; we adapted it to the setting of infinite-horizon, discounted maximization

with exploration as follows. First, the discount factor was chosen to be γ = 0.99. Second, we intro-

duced revenues per container shipped, varying between 325 and 825 depending on the destination.

These numbers are chosen in order to be comparable to the costs in Pérez Rivera and Mes (2017);

for instance, travel costs are between 250 and 1000 depending on which destinations are visited,

while the variable cost per container is between 50 and 100. The probabilities of freights of various

types were taken from Pérez Rivera and Mes (2017).

Instance IL6 has 12 different destinations, 3 possible values for the release day, and 3 possi-

ble values for the time window. Because of the large number of dimensions in this problem, we
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implemented the method of basis functions as laid out in Section 3.1 and considered two VFAs.

The more informative VFA, denoted by VFA2 in Section 5.2, includes a dummy variable for each

destination/time-window combination, as well as features counting the numbers of loads headed

to each destination. This second set of basis functions distinguishes between (i.e., uses separate

features for) urgent loads, less urgent loads, and loads that have not yet been released. This VFA is

identical to “VFA3” in Pérez Rivera and Mes (2017). In Section 5.2 we also considered a less infor-

mative VFA, denoted by VFA1, which omits the dummy variables for destination/time-window

combinations.

The implementation of the KG and VPI policies is new to the present paper, as exploration was

not considered in Pérez Rivera and Mes (2017). As mentioned in Section 5.2, although KG with

VFA2 became computationally expensive, KG with VFA1 turned out to perform better than the

other policies did with the richer VFA2.
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