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Abstract

In this research non-Newtonian flow over a microfluidic bubble mattress was studied. In a bubble
mattress a liquid flows over an array of transverse micro gas bubbles. The research consists of
a numerical modeling study and an experimental part using micro particle image velocimetry
(µPIV). Since a bubble mattress consists of alternating bubbles and side channel walls, the fluid
encounters an alternating pattern of no-shear and no-slip boundaries. The fluid used is a solution
of Xanthan gum in a glycerol-water mixture, a fluid that can be characterized as a shear thinning
fluid. The viscosity can be described with the Power-Law model. The model shows an increase
of the effective slip length beff for low values of the protrusion angle of the bubbles θ, caused
by the higher velocity of a shear thinning fluid at the gas-liquid interface which is a result of the
specific velocity profile of a shear thinning fluid. A higher value of the porosity ε results in larger
differences between the non-Newtonian fluid and the Newtonian fluid. The experimental studies
were performed with a microfluidic device in which a bubble mattress could be established. The
velocity field was determined for different fluids for various values of θ. The differences in beff
between the non-Newtonian fluid and Newtonian fluid were not significant, for which surfactants,
elastic effects, inaccuracy in the obtained velocity near the wall and the time required for the flow
to reach a developed flow profile can be possible causes.
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Chapter 1

Introduction

There is a general assumption that liquid molecules directly next to a solid have no velocity relative
to the wall, when the liquid flows over a solid surface. This is expressed as the assumption of no-slip,
or the no-slip boundary condition. The definition of wall slip is described by the linear Navier-slip
boundary condition,

u0 = b

∣∣∣∣∂u∂y
∣∣∣∣
wall

(1.1)

Wall slip can either be desirable since it can reduce the flow resistance, or it can be undesirable
because axial dispersion and mixing is reduced [1]. For macroscopic experiments this assumption
is applied in many situations. Over the past years experimental and numerical results have been
reported in which it is suggested that the no-slip boundary condition might not be suitable in all
cases on the micro scale. When a smaller length scale is applicable, a boundary slip becomes more
important since the relative influence to the flow in the domain increases. An example is when the
length scale of the change in velocity is in the order of magnitude of the slip length [2–4]. Next to
simulations and experimental data in which the existence of this slip length was found, it was also
reported at the interface of a hydrophobic solid with a liquid [5, 6].

Slip at the micro scale

As the development of microfluidic systems continues, an important point of interest has become
the reduction of friction between a liquid flowing phase and a solid surface. Varying this friction
could be applied in the manipulation of fluid flows in microfluidic systems. Several suggestions
for the manipulation of this friction and the amount of slip are available, for example using gas as
a lubricant in a system with gas micro bubbles on superhydrophobic surfaces. Superhydrophobic
surfaces can be used in several applications to create the possibility of a large fluid slip. The main
direct influence of superhydrophobicity is that it influences or increases the contact angle of a
liquid-gas interface and reduces drag. One of the direct examples is a superhydrophobic bubble
mattress, in which an air-water interface is used to tune the wall slip. The bubble mattress consist
of a channel with transverse side channels filled with gas. Therefore the fluid flows over an alter-
nating pattern of bubbles and solid wall. The hydrophobic solid walls ensure that the gas channels
between the solid walls are filled by gas in the Cassie state (not fully wetted channels) [7–9]. An
example of a bubble mattress is shown in figure 1.1, with the liquid flow in the upper channel.

Bubble mattresses

Several aspects of bubble mattresses have been investigated and reported in literature, concerning
both numerical simulations and experimental results. The main aspects reported are the influence
of the flow rate, the geometry of the channel, the geometry of the bubbles and the geometry of
gas-liquid interface.
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Figure 1.1: Example of a microfluidic bubble
mattress, with the liquid in the top channel.

A numerical analysis of effective slip length with
bubbles in transverse channels was reported by
Davis et al. [10] and for longitudinal shear flow
by Crowdy [11], who show that the protrusion of
the bubble into the liquid influences the effective
slip length. A simulation by Hyvaluoma and Hart-
ing [12] of the effective slip on bubbles that were
allowed to deform showed a decrease of the effec-
tive slip for increasing shear rate. On the other
hand Steinberger et al. [8] state that although a
microbubble gas phase can act as a lubricant, the
menisici of the gas bubbles influence the bound-
ary condition dramatically. Even a sticky bound-
ary condition is possible. Tsai et al. [13] quantify
the effective slip length over longitudinal grooves
by µPIV. The influence of the bubble and channel
geometry on the effective slip length was reported
by Haase et al. [14] and Karatay et al. [9]. A numerical study on the influence of depinning of
the gas-liquid contact line on the effective slip length in bubble mattresses was performed by Gao
et al. [1]. They found that the effective slip length is dependent on the shape of the gas-liquid
interface and on the shear rate. The depinning of the bubbles and transforming into a continuous
gas film occurs at very high values of the capillary number, Ca =

µγ̇0Lg

σ , where µ is the liquid
viscosity, γ̇0 the nominal shear rate, Lg the length of the gas bubble and σ is the surface tension.

Wall slip and non-Newtonian fluids

A point of interest is the existence of wall slip in flows of non-Newtonian fluids, because of the
wide applicability of these non-Newtonian fluids. A non-Newtonian fluid is a fluid that does not
obey Newton’s law of viscosity: the shear stress in the fluid is not linearly proportional to the rate
of deformation of the fluid. Non-Newtonian fluids are widely used in industry and in microfluidic
devices. Examples are polymers, pharmaceuticals and bio-materials such as blood. For polymer
production or processing, as well as analyzing bio-samples, friction, flow control and flow mixing
are important factors to avoid irregularities in the products and devices and to optimize the
process [15–19].

The most common non-Newtonian fluids of which the rheology and flow characteristics have
been studied are polymers, polymer melts and different types of suspensions. In these more com-
plex fluids, the no-slip boundary condition is not valid in all cases and fluid slip at the solid wall
may be possible. This is already applicable when the length scale of the fluid flow is larger than the
length of the molecule or particles in the complex solution [20]. In their research on hydrodynamic
slippage of a nonadsorbing polymer, Horn et al. [20] state that elastic effects in a fluid become
significant with respect to the flow when the value of the shear rate γ is higher than the inverse of
the relaxation time λ−1 of the polymer in a polymer solution [20]. Migler et al. show with direct
measurements of the velocity profile of a polymer melt in the first 100 nm near a solid surface a
strong increase of slip length for high enough values of the shear rate. The slip velocity depends
on weak or strong interactions between polymer and solid and it is also dependent on the shear
rate [17]. The wall slip of high density polyethylene and high viscosity polyethylenes was measured
and reported by Atwood and Schowalter [21] and Ramamurthy [16]. Equal to the research of Migler
et al. on PDMS mixtures, the critical wall shear stress for these non-Newtonian fluids is deter-
mined, which is the transition point after which the slip velocity of the fluid increases more rapidly.

Although no specific literature data is available on the behavior of non-Newtonian fluids on
slippery surfaces, there are experimental and numerical results on fluids with a viscosity that
is different from water, such as glycerol-water mixtures. According to Choi and Kim [3], for a
given surface the slip length for a 30wt% glycerin liquid is approximately 2.5 times the slip length
for water, which is consistent with the viscosity ratio of the two liquids. Based on their derived
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relation between the slip length, the thickness of a supporting air layer and the viscosity ratio of
the liquid to air; they suggest that a larger slip length is expected using a more viscous liquid on
their nanoturf surface. Gao and Feng [1] report that for a system in which a liquid is flowing over
small air bubbles in side channels, there is no influence of the viscosity of the fluid on the slip
length, if a supporting gas bubble is still pinned and the Ca-number is below 0.4. They compared
two values of the viscosity ratio m = µl/µg = 25 and 50 in their numerical calculations. For a
situation in which the bubble is depinned from the channel walls and there is a continuous gas film
over a solid surface, they found a double value for the slip length in their model. This dependence
on the viscosity ratio m is a result of the continuous gas film for which the shear stresses of both
liquid and gas play an important role in between the channels. The ratio of the shear stresses is a
function of the viscosity ratio.

However, no studies have been reported combining non-Newtonian fluid flow with superhydropho-
bic bubble mattresses. Because a fluid flowing over a bubble mattress encounters consecutive
areas of slip and no-slip, there is also a strong variation of the shear rate in the fluid. For most
non-Newtonian fluid the shear rate directly influences and determines the apparent viscosity. For
this reason different behavior is expected for a non-Newtonian fluid flowing over a bubble mattress
compared to a Newtonian fluid.

Goal

The goal of this project is to investigate experimentally and numerically non-Newtonian fluid flow
on bubble mattresses with different geometries by:

� Determining the slip length based on the velocity profiles.

� Analyzing the relation between the effective slip length and the protrusion angle of the
bubbles for different non-Newtonian fluids.

� Comparing numerical results with experimental data.

� Analyzing the differences between Newtonian and non-Newtonian flow over a bubble mat-
tress.
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Chapter 2

Theoretical Background

2.1 Wall slip

Figure 2.1: Schematic description of the
flow in a micro channel

A schematic description of pressure driven flow between
two parallel plates in a micro channel is shown in figure
2.1. At y = 0 there is wall slip of the fluid and at y = H
there is a no-slip wall. Slip is described by the linear
Navier-slip boundary condition,

u0 = b

∣∣∣∣∂u∂y
∣∣∣∣
wall

. (2.1)

With this boundary condition the magnitude of
the slip velocity at the interface u0 is propor-
tional to the shear rate ∂u

∂y that the fluid ex-

periences at this surface [3, 7, 22]. In other
words, the slip length b is the length between
the wall and the point where the velocity would
equal zero if the velocity was extrapolated from
the velocity and the velocity gradient at the sur-
face.

The word slip itself can therefore be defined as a situation in which the velocity of a fluid
tangential to a surface is different from the velocity of that surface. Three types of slip can be
defined [15]:

� Effective slip
The effective slip is the calculated value of the slip over the whole length of for example a
channel, by using the average value of local slip lengths.

� Apparent slip
This term is used when there are two very different length scales applicable for the no-slip
condition (small length) and the slip condition (large length). The apparent slip describes
slip that is not a result from molecular slip, but a local result from a small specific part of
the wall where the no-slip condition can not be applied directly. Another possibility occurs
when there are two different length scales applicable in combination with a viscosity ratio.
In that case the viscosity ratio can be used to describe the system of for example lubrication
layers.

� Molecular slip
The molecular slip is the slip of liquid molecules over solid molecules by a (large) hydrody-
namic force.

For a bubble mattress, the length scales of the slip area (the bubble) and the no-slip area are similar
and the effective slip length can be determined by an average over the whole bubble mattress. The

7



slip occurs at the interface between a liquid and a gas phase and there is no slip between the fluid
and the solid wall. Therefore, the term molecular slip is not applicable [1].

2.1.1 Derivation of slip length

The governing equations for the description of the flow in the micro channel are the Navier-Stokes
equation and the mass continuity equation

ρ
Du

Dt
= ρ

(
∂u

∂t
+ u · ∇u

)
= −∇p+∇ ·

(
µ
(
∇u + (∇u)

T
))

+∇ (λ∇ · u) + ρfext,

(∇ · u) = 0,

(2.2)

where ρ is the density (kg m−3), u the velocity (ms−1), t the time (s), p the pressure (Pa), µ
the viscosity (Pa s), λ the second coefficient of viscosity (Pa s) and fext the external force (N).
The micro scale flow can be described as a two-dimensional problem, assuming the flow is between
two infinite parallel plates, the pressure gradient is constant, there are no external forces because
gravity is neglected, the viscous forces are dominant over the inertial terms and that the flow is
stationary. Moreover, the second coefficient of viscosity (λ) is assumed to be 0 (incompressible
fluid) and the second term on the right hand of the Navier-Stokes equation was simplified to µ∇2u
Therefore the 2D stationary Stokes equation

0 = −∂p
∂x

+ µ
∂2u

∂y2
(2.3)

will be used. This equation describes the flow between two infinite plates at a distance H from
each other and is only based on the constant pressure gradient in the x-direction ∂P

∂x . Therefore,
the velocity in the x-direction u can be described as a function of y. Integrating this equation two
times with respect to y the following equation is obtained:

u(y) =
1

2µ

∂p

∂x
y2 + Cy +D, (2.4)

which can be solved using boundary conditions. At y = H there is the linear Navier slip boundary
condition and at y = 0 there is a no-slip boundary condition,

u(h) = 0,

u(0) = b

∣∣∣∣∂u∂y
∣∣∣∣
y=0

.
(2.5)

Using the first and second boundary condition the integration constants C and D can be calculated:

C = −

(
∂p

∂x

h

2µ
+

1

h
b

∣∣∣∣∂u∂y
∣∣∣∣
y=0

)

D = b

∣∣∣∣∂u∂y
∣∣∣∣
y=0

(2.6)

This results in the following description for u(y):

u(y) = (y2 − hy)
1

2µ

∂p

∂x
+
(

1− y

h

)
b

∣∣∣∣∂u∂y
∣∣∣∣
y=0

(2.7)

Integrating over the height of the channel results in the average velocity uav:

uav = − 1

12µ
h2
∂p

∂x
+
b

2

∣∣∣∣∂u∂y
∣∣∣∣
y=0

(2.8)

In the previous equation the term
∣∣∣∂u∂y ∣∣∣

y=0
is still present, which can be solved by differentiating

equation 2.7 for the velocity profile,∣∣∣∣∂u∂y
∣∣∣∣ = (2y − h)

1

2µ

∂p

∂x
+ (1− y

h
)b

∣∣∣∣∂2u∂y2

∣∣∣∣
y=0

− b

h

∣∣∣∣∂u∂y
∣∣∣∣
y=0.

(2.9)
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Since the slip at the wall is assumed to be linear Navier-slip, the second derivative of the velocity
equals 0 by definition. Now the derivative of the velocity at the wall with slip can be expressed as∣∣∣∣∂u∂y

∣∣∣∣
y=0

=
−h
2µ

∂p

∂x

(
1 +

b

h

)−1
. (2.10)

Now the average velocity uav that is expressed in equation 2.8 can be expressed in terms of the
pressure gradient ∂p

∂x , channel height H, the effective slip length beff and the viscosity µ [23]:

uav = − 1

12µ
h2
∂p

∂x
− bh

4µ

∂p

∂x

(
1 +

b

h

)−1
(2.11)

beff =
−uav −

(
H2

12µ

)
∂p
∂x

uav

H + H
3µ

∂p
∂x

(2.12)

By changing beff , the location of the maximum velocity ymax also shifts towards the wall with
slip. This can be easily expressed using eq. 2.9, eq. 2.10 and deriving ymax of the maximum:∣∣∣∣∂u∂y

∣∣∣∣ = 0 =
1

2µ

∂p

∂x

(
2y − h+ b

(
1 +

b

h

)−1)
(2.13)

From this it can be concluded that u = umax at

y = ymax =
1
2h

2

(h+ b)
. (2.14)

2.2 Non-Newtonian fluids

The definition of a non-Newtonian fluid is a fluid that does not obey Newton’s law of viscosity.
This means that for non-Newtonian fluids the shear stress in the fluid is not linearly proportional
to the rate of deformation of the fluid, since the viscosity is (amongst others) dependent on the
shear rate in the fluid and the amount of strain that is accumulated in the fluid. This implies that
also the fluid mechanics of these fluids differ from that of Newtonian fluids [24,25].

There are three main groups of non-Newtonian fluids: viscoelastic fluids, time independent
viscosity fluids and time dependent viscosity fluids. Each group has its own characteristics and
types of fluids. The most important features of the first two groups will be described in the next
paragraphs, as they are both applicable to the Xanthan gum solutions that form the working fluids
in this research.

The Deborah number

De =
λ

tflow
, (2.15)

is a useful term to describe non-Newtonian flows. This dimensionless group describes the ratio of
the relaxation time λ and the timescale tflow for the fluid flow, which can be determined from the
inverse of a shear rate or directly from the residence time. Small values of De mean that the flow
behaves viscous and large values indicate elastic behavior [24]. In the limit De = 0 the fluid is
Newtonian, when De =∞ it is an elastic solid. The relaxation time λ is the characteristic time the
fluid requires to relax after certain changes in the external conditions have been applied [26]. The
value of λ is related to the ratio of the viscosity µ and the elastic modulus G, which indicates a time
scale for recovery of an elastic fluid to relax under the current conditions. The Deborah number is
applicable in non-constant situations which is applicable to the flow on bubble mattresses [24,25].
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2.2.1 Viscoelastic fluids

Viscoelastic fluids have characteristics of both ideal viscous fluids and elastic solids. These flu-
ids can elastically recover (partially) after a deformation and can be characterized in dynamic
measurements, measuring the complex viscosity. The complex viscosity η∗ is defined as

η∗ = η′ − iη′′, (2.16)

where η′ is the real part of the viscosity and η′′ the imaginary part [27]. The complex viscosity
can also be expressed using the storage modulus G′, which represents the elastic behavior of a
material, and the loss modulus G′′, which represents the viscous behavior:

η′ =
G′′

ω
=
τA sin δ

γAω
,

η′′ =
G′

ω
=
τA cos δ

γAω
.

(2.17)

In these equations ω (rad/s) is the angular frequency, γA (−) is the shear strain (deformation)
amplitude, τA (Pa) is the shear stress amplitude and δ (°) is the loss angle. This loss angle
indicates the shift between the function of the shear strain (γ(t)) and the function of the shear
stress (τ(t)) that results from this applied strain. A fluid with ideal viscous flow behavior has a
loss angle δ of 90°, for ideal elastic deformation behavior δ = 0° and viscoelastic fluids have val-
ues for the loss angle that are in between [27]. The most straightforward method to calculate δ is by:

tan δ =
η′′

η′
(2.18)

To obtain a value for the relaxation time, the relations between the two moduli (G′ and G′′) and
the angular frequency ω or 2πf have to be analyzed. As shown in figure 2.2 a polymer or polymeric
solution has a glassy response at high frequencies and always a viscous response at low frequency.
In between there is a plateau visible of the storage modulus G′, this plateau is only clear for
concentrated, high molecular weight polymers or melts. At this plateau G′ is higher than G′′. The
value for λ can be calculated using the inverse of the frequency at the location in the plot were
G′ and G′′ are equal in the flow transition region, with G′ and G′′ from the viscous region where
they are not equal and can be determined by the linear scaling G′′ = η0ω and quadratic scaling
G′ = Gλ2ω2. G is the constant elastic modulus [28].

λ =
G′

G′′ω
. (2.19)

Figure 2.2: Schematic description of the different regions for a viscoelastic polymer (solution) [28]

2.2.2 Time independent viscosity fluids

This type of fluid is the simplest type of non-Newtonian fluids. The shear rate is only determined
by the shear stress at a certain location and moment in time. There are three types of time
independent fluid behavior: shear thinning, viscoplastic and shear-thickening behavior.
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Shear thinning fluids (pseudoplastics)

These fluids are characterized by a decreasing apparent viscosity with increasing shear rate. The
velocity profile of these fluids in a narrow channel is not parabolic as it is for a Newtonian fluid,
the profile is more broad and is more flat in the middle. A typical shape of such a profile was
already shown in figure 2.1. The most common used model for these fluids is the Power-Law
model, followed by the Carreau-Model.

� Power-Law model

This model describes the viscosity as a function of the shear rate. For power-law fluids
the local viscosity µ is dependent of the local shear rate according to

µ = K

(
∂u

∂y

)n−1
. (2.20)

For n < 1 the fluid flows as a shear thinning fluid, for n > 1 as a shear-thickening fluid
and for n = 1 the fluid is a Newtonian fluid. The major problem with the Power-law
model is that it is usually only applicable over a (small) range of shear rates and that
it offers no solution to zero-shear and infinite-shear situations. Another point is that the
K-values cannot be compared when the n-values are different. This is because the value of n
determines the dimensions of K, to maintain the correct dimensions for the viscosity µ (Pa·s).

To illustrate the influence of K and n on the profile, several flow curves were plotted,
varying n in figure 2.3a and figure 2.3b. Each flow curve was also plotted on loglog−scale in
the top figures. The decreasing viscosity µ for n < 1 is clearly visible, as well as the constant
µ for n = 1. Moreover, increasing K only shifts the graph in the loglog−scale plot, since
it only linearly influences the relation between µ and γ. Decreasing n has an exponential
influence on this relation, which changes the slope of the graph in the loglog−plot and results
in a stronger exponential decrease of the viscosity with increasing γ.

� Carreau-Model fluids

Another model that can be used is the Carreau-model, in which the zero-shear and infinite-
shear situations are covered. In this model the effective viscosity µeff is calculated by

µeff (γ) = µinf + (µ0 − µinf )
(

1 + (λγ)
2
)n−1

2

, (2.21)

in which µ0 is the viscosity at zero shear rate, µinf the viscosity at infinite shear rate, λ the
relaxation time and n the power index just as it is for the power law fluids. The relaxation
time is an interesting parameter when it concerns flow in bubble mattresses, because of the
repeating geometry in these devices [25, 27, 29]. Despite the dependency of µeff on the
relaxation time, a Carreau fluid is not a time dependent viscosity fluid: the time period that
a certain shear has been applied has no influence on µeff . For low shear rates, γ � 1

λ , the
fluid behavior is Newtonian and for high values of the shear rate, γ � 1

λ , the behavior is
similar to a Power-Law fluid [24,27,29].

2.2.3 Non-Newtonian fluids in microfluidics

For the modeling of the fluid flow of non-Newtonian fluids the Power-law model (eq.2.20) was
used because of its simplicity. Because of the n-factor that is present in this power function, the
Navier-Stokes equation can not be solved as straightforward as for a Newtonian fluid. Therefore,
the flow profile of these Power-law fluids has to be solved numerically using MATLAB.
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Figure 2.3: Flow curves for a Power-law fluid

Numerical calculation of velocity profile

The second order governing Navier-Stokes equation (eq. 2.3) was also used for the non-Newtonian
fluid flow. The only difference is that the viscosity is not constant anymore and the Power-law
(eq. 2.20) has to be included to be able to describe changes in the viscosity. The second term on

the right hand of the Navier-Stokes equation (eq. 2.3) becomes ∂
∂x

(
η ∂u∂y

)
. For the non-Newtonian

equation the same assumptions were made as for the Newtonian fluid, excluding the constant
viscosity [30], the new Navier-Stokes equation becomes:

∂p

∂x
=

∂

∂y

(
µ
∂u

∂y

)
= K

∂

∂y

(
∂u

∂y

)n
= Kn

(
∂u

∂y

)n−1(
∂2u

∂y2

)
(2.22)

Based on this the velocity in the flow direction u was expressed as a first order differential equation,

∂u

∂y
=

 ∂p
∂x

Kn
(
∂2u
∂y2

)
1/(n−1)

(2.23)

or,

∂2u

∂y2
=

∂p
∂x

Kn
(
∂u
∂y

)n−1 . (2.24)

By changing the effective slip length beff the location of the maximum velocity ymax also shifts
towards the wall with slip. This shift of the location of the maximum velocity is not equal to the
situation for Newtonian fluids, because of the higher velocity gradient near the wall. To express
this shift in the location of maximum velocity, the method of the ’imaginary tube’ from Joshi et
al. [31] was used.
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Figure 2.4: schematic description of the ’imaginary tube’ model [31]

The idea of the ’imaginary tube’ for a situation in which an almost complete velocity profile is
present is shown in figure 2.4. This method uses a scaling factor λl to describe the ratio between
the height of the real channel and the height of the imaginary channel that would contain the full
velocity profile (this is the profile with a no-slip condition at both walls). Although the positioning
of the vertical axis is different in this method, the scaling factor λl can be calculated with it. When
the scaling factor is known, the position of the maximum velocity can be calculated. Joshi et al.
use a standard velocity expression for a Power-law fluid’s velocity,

u =

(
y ∂p∂x

) 1
n+1

−
(
−λlh0 ∂p∂x

) 1
n+1

K
1
n
∂p
∂x

(
1 + 1

n

) , (2.25)

which results in the following equation for the velocity at the slip wall which is located at y =
−h0(1− λl) in their coordinate system:

uwall =

(
−h0(1− λl) ∂p∂x

) 1
n+1

−
(
−λlh0 ∂p∂x

) 1
n+1

K
1
n
∂p
∂x

(
1 + 1

n

) (2.26)

When the second equation is combined with the slip velocity at the wall uwall = b
∣∣∣∂u∂y ∣∣∣

wall
, the

scaling factor λl can be calculated, which is eventually only a function of the channel height H,
the slip length b and the value of n. The vertical position y of the maximum velocity is calculated
by multiplying the scaling factor with the actual channel height H:

yumax = λH. (2.27)
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Chapter 3

Method of research

3.1 Microfluidic device

The geometries of two different microchips are shown in figure 3.1, with the definition of the
geometric parameters also included in the figures: the channel height H, the width of the side
channels Lg and the ratio of bubble surface and total surface (or porosity) ε =

Lg

L . Different types
of chips were used, based on these three geometric characteristics. The horizontal gas and liquid
channels are clearly visible with the vertical side channels. In both figures, the porosity ε equals
2
3 , the difference is that in the left figure the channels are higher and the side channels are larger.
The silicon micro channels were fabricated using standard photolithography and a deep reactive
ion etching (DRIE) step. After this step the wafer was bonded to a glass wafer by anodic bonding.

The depth of all channels was approximately 100 µm, varying from around 90 µm to 110 µm. In
figure 3.2a a SEM picture is shown, providing a three-dimensional view of the microchip. The
walls of the channels are not completely smooth; a line pattern is visible which is caused by the
etching steps and causes roughness of the walls. When analyzing the walls of the side channels, it
is clear that they are slightly thinner in the middle of the total depth of the channels. The depth of
the channels and side channels was also analyzed using a bright-field interferometer, which results
in figure 3.2b. The depth of the gas and liquid channels of this chip is approximately 105 µm
according to this analysis. Before the chips could be used, they were dried in the oven for 3 hours
at 300 °C and then hydrophobised using chlorotrimethylsilane (CTMS). This was performed using
a nitrogen flow over 1.5 ml CTMS which was slowly evaporating and continuously led through the
microchip until it was fully evaporated. The gas flow with the reaction product HCl was led from
the outlet of the chip through 200 ml of water. After the hydrophobisation the pH of the water
decreased towards approximately 2-3.

(a) H = 100 µm, Lg = 20 µm and ε = 2
3

(b) H = 50 µm, Lg = 10 µm and ε = 2
3

Figure 3.1: SEM figures of microchips with different geometries (300x)
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(a) SEM image tilted over an angle of 30 degrees
(450x)

(b) Bright field interferometry image

Figure 3.2: Tilted figures of microchips with H = 50 µm, Lg = 10 µm and ε = 2
3 .

When a gas flow is passed through the bottom channel and a liquid flow through the top channel,
the result will be a bubble mattress: the liquid is flowing over the bubbles and encounters a series
of slip and no-slip walls. An example of a bubble mattress is shown in figure 3.3

Figure 3.3: Example of a microfluidic bubble mattress, with the liquid in the top channel.

3.2 Rheology of Xanthan gum solutions

The non-Newtonian fluids that were used are all formed by adding Xanthan gum (Sigma-Aldrich)
to a water-glycerol mixture. The chemical structure of Xanthan is shown in figure 3.4a. Xan-
than gum is a polysacharide that contains glucose, mannose, potassium glucuronate, acetate and
pyruvate and it forms a hydrophilic colloid in solutions. Xanthan gum solutions have a high
viscosity at low shear rates, even at low concentrations. For higher values of the shear rate the
viscosity of Xanthan gum solutions decreases. Xanthan gum solutions in water and glycerol show
shear thinning behavior that can be described by the Power-law model. At low shear rates the
elastic modulus is also high, but the average Xanthan gum solution has hardly any time-dependent
characteristics. Furthermore the solutions are stable to ionic strength variations, heat and pH;
and compatible to salts, acids and bases. The shear thinning behavior is caused by a confor-
mation change in the solutions by applying and removing shear, as shown in figure 3.4b [32, 33].
The relaxation time of a 0.1 wt% xanthan gum solution with a viscosity of 736 mPa·s is 0.31 s
according to Arratia et al. [34]. As a comparison: the relaxation time of water is 10−12 s, of a
typical polymer solution it is 0.1 s and for a polymer melt it equals 10 s [28]. Moreover, for the
Power-law parameters they found a value for n and K of 0.69 and a 4.53 (mPa sn), respectively [34].
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(a)

(b)

Figure 3.4: (a) Chemical structure of Xanthan; (b) Schematic description of shear thinning behavior
in Xanthan gum solutions: disaggregation of network and alignment of polymers with applied shear
and reforming of aggregates after removing shear [32].

To fully characterize the fluids, the surface tension of the Xanthan gum solutions was measured
with a Krüss EasyDyne Tensiometer, using a Du Noüy ring and a Harking & Jordan correction
method.

3.2.1 Dynamic measurements

An Anton Paar MCR 501 rheometer with a parallel plate measuring system (PP25, 25 mm diam-
eter) was used for the characterization of the rheology of the fluids with two types of rheological
tests, with steady or oscillatory rotations. For each of the fluids analyzed a flow curve was created
and the complex viscosity was determined at an amplitude of 1% of the distance between the two
parallel plates, which was set to d = 0.05 mm.

With the results from the rheometer the values of the loss angle δ were calculated for the different
frequencies f for four fluids: G10X100, G20X100, G20X75 and G0X200. The fluid G20X100
contains 20% glycerol and 0.10 wt% of Xanthan gum in aqueous solution and G0X200 contains
only 0.20 wt% Xanthan gum in aqueous solution (see table 3.1 for all fluid compositions). For dif-
ferent values of the frequency, the resulting δ is shown in figure 3.5a. The frequency was increased
from 0.1 to 100 Hz, which results in a dynamically applied shear rate between approximately 0.03
and 30 s−1. For low values of the frequency or shear rate, the values of δ are low compared to
an ideal viscous fluid with a δ of 90°, which confirms the expected elastic behavior for low values
of the shear rate. For frequencies above 10 Hz all fluids show a δ of 90°, so at higher values of
the shear rate the fluid behavior is viscous for all fluids. When the four fluids are compared,
three of them show similar results and G20X100 is different since δ reaches 90° for f = 10 Hz
instead of f ≈ 2 Hz like the other fluids. These results were compared with the results in figure
3.5b that are obtained with fluids that also contained the polystyrene particles used in the µPIV
experiments. In these fluids with added particles there is also clear elastic behavior at low values
of the frequency, but the value of δ already reaches 90° for lower values of f in general.

Relaxation time

The relaxation time can be approximated based on the values for G′ and G′′ that are measured in
the dynamic measurements using equation 2.26. An example of the results for these measurements
is shown in figure 3.6. The values for G′ were equal to 0 at higher values of ω and are therefore
not included in this figure. All figures obtained for all fluids are almost equal to this figure, there
are no results for smaller or higher values of ω with which the full relation between G′, G′′ and ω
could be determined. In the middle part of the figure the value for G′ is higher than G′′ so this
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Figure 3.5: Loss angle δ as a function of the applied frequency f for the fluids used

might be the plateau described in figure 2.2, which is also applicable for diluted polymeric liquids.
If this is indeed the plateau, the results imply that the transition to flow occurs in the domain
10−1 < ω < 100 and since in the viscous regime G′′ > G′, the resulting value for the relaxation
time based on equation 2.26 is more than 1 s for this fluid. However, for a detailed and precise
calculation data is required for lower ω, which is not within the specifications of this rheometer.
The estimated value is in the order of magnitude of the literature value of 0.31 s [34].
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Figure 3.6: Storage modulus G′ and loss modulus G′′ for G20X100 determined for a constant strain
of 1% of the distance between the plates (d = 0.05 mm)
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3.2.2 Stationary measurements

All fluids were measured using a viscometer (ThermoScientific, Haake Viscotester 550) to deter-
mine the relation between the shear rate and the viscosity under stationary rotation. The fluids
with glycerol (0-20%), water (80-100%) and Xanthan gum (0.025-0.2 wt%) could all be described
as a Power-law fluid (eq. 2.20) and the obtained K and n values are summarized in table 3.1.
The Power-law parameter K for different values of n can not be compared as the value of n
determines the dimensions of K, to maintain the correct dimensions for the viscosity µ (Pa · s) in
the Power-law fluid model (eq.2.20).

The fluids that were used in experiments were also measured with the Anton Paar rheome-
ter, these results are included in the last two columns in table 3.1. Apart from the obtained
K for G20X75 the results are similar. In these results the trend is a decreasing value of n and
increasing value of K for a higher concentration of Xanthan gum. It should be mentioned that the
rheometer was having difficulties measuring the viscosity of this fluid, which was almost too low
to be measured by this machine. Both measuring systems have difficulties measuring these low
values of the viscosity. The resulting flow curves for all fluids are shown in appendix B.

Since the actual fluids used in the experiments also contains small polystyrene particles re-
quired for the µPIV measurements, the viscosity of the fluids with 0.01 wt% polystyrene particles
was also determined and compared with the previous results. The results for the same fluids with
added polystyrene particles are also shown in table 3.1. In general n is higher and K is lower for
the fluids with polystyrene particles, except for G20X75 for which the results are poor because
of the low viscosity. This means that the shear thinning behavior is decreased by adding the
particles, which is probably caused by a more difficult alignment of polymer chains due to the
intermediate polystyrene particles.

Table 3.1: Power-law coefficients n and K for fluids used, measured on viscometer and rheometer.

Fluid Glycerol Xanthan n K n (Rheometer) K(Rheometer)
(wt%) (wt%) (−) (Pasn) (−) (Pasn)

G10X100 10.0 0.100 0.52 0.15 0.51 0.14
G10X100 + particles 0.56 0.13
G10X75 10.1 0.075 0.52 0.11
G20X100 20.0 0.100 0.51 0.20 0.46 0.23
G20X100 + particles 0.60 0.10
G20X75 19.7 0.076 0.563 0.104 0.76 0.032
G20X75 + particles 0.70 0.043
G0X200 0 0.197 0.362 0.345 0.35 0.41
G0X200 + particles 0.43 0.26

3.3 Set-up

The measuring system consists of the microchip with the bubble mattress, a Bronkhorst mass
flow controller and a Bronkhorst pressure controller. The protrusion angle of the bubbles was
varied by adjusting the pressure in the side channels that were filled with gas. For measuring the
velocity field a µPIV system with a dual cavity Nd:YLF laser with a wavelength of 527 nm is
used, in combination with fluorescent polystyrene particles with an excitation wavelength of 532
nm and a diameter of 0.502 and 1.08 µm. The time between the capturing of the two images
of an image pair was set at 10 µs for devices with a channel height H of 100 µm and at 6 µs
for the devices with a channel height of 50 µm. This time period was estimated based on the
optimal particle shift of 5 pixels between two image frames for the average velocity u (≈ 0.12 and
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0.08 m
s , respectively) in the channels and verified using the dt optimizer function of the Davis

- La Vision software to obtain a particle shift of 5 pixels between the frames. To minimize the
effects of the bottom and top wall of the device on the velocity profile, the middle of the depth of
the channel was very precisely determined. The images are focused on this depth. The location
of the middle of the channel has to be determined when the channel is already filled with liquid
using the light from the fluorescent particles, because this has a different refraction than an empty
channel with bright-field microscopy. Using bright-field images (figure 3.7a) the location of the
walls and bubble surfaces was determined. From these bright-field images also θ was derived using
ImageJ with DropSnake analysis. Determining the location of the solid walls was performed using
the concept of reflection-based detection of liquid-solid interface from Bolognesi et al. [35]. Their
complete technique of fitting a flow profile and determining the exact location of the wall based
on symmetry was not used. However, in the µPIV images enough particles were present close to
the wall with their reflection, to determine the location of the solid-liquid interface. An example
of an image from the flow with fluorescent tracer particles over the bubble mattress is shown in
figure 3.7b. A geometric mask was used to use only the parts of the images where flow occurs
(figure 3.7c). This mask was also drawn over the liquid-gas interface, to exclude the space of the
gas bubbles from the images. Before processing the images, they were preprocessed in two steps
according to Cierpka and Kähler [36]: the background intensity was removed by subtracting the
local minimum intensity within a space of 4 pixels (figure 3.7d) and the out-of-focus particles were
removed by subtracting a constant of 20 counts of intensity (figure 3.7e). For the calculation of the
vector field based on the image pairs, a method based on the sliding sum of correlation was used.
This method uses five consecutive image pairs in a cross correlation to increase the resolution.
A total of 100 image pairs were used in a multi-pass calculation, starting with 2 passes with a
64 × 64 pixel interrogation window with 50% overlap and finally a 16 × 16 pixel interrogation
window with an overlap of 50%. The cross correlation ensures that the resulting density of the
vector field allows the analysis of the velocity field near the walls of the channel, while at the same
time the interrogation window is sufficiently large to get smooth results. The resulting vector field
is shown in figure 3.7f. In figure 3.7g the color scale in the background indicates the magnitude of
the vertical velocity v.
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(a) Bright field image of bubble mattress (b) Image of fluorescent tracer particles after laser
excitation, focused on the middle of the depth of
the channel.

(c) Image from fluorescence after laser excitation
with removal of location of bubbles and wall by a
geometric mask

(d) Pre-processed image after subtracting a sliding
background of 4 pixels

(e) Preprocessed image after subtracting an offset
of the intensity of 20 counts

(f) Vector field results from processing with µPIV
sliding sum of correlation

(g) Vector field results from processing with µPIV
sliding sum of correlation with v shown in the color
scale (blue indicates positive v and red indicates
negative v)

Figure 3.7: Different steps in the processing of the experimentally obtained images of the liquid
flow.
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Figure 3.8: Schematic description of the calculation
of bloc by extrapolating the velocity profile of the first
6 data points.

The effective slip length beff was calculated
based on the vector fields from the µPIV re-
sults. For each location in x a linear velocity
profile was fitted on the first 6 data points
near the wall (the first 6-7 µm next to the
wall or the bubble surface). With this linear
fit the local slip length bloc was calculated
by extrapolating to the point where u would
equal zero. The length between this point
and the location of the wall with side chan-
nels is the local slip length. This means that
there is no correction for the height of the
bubble in the calculation of beff , as for each
measurement the wall at y = 0 was used as
the baseline. This method is schematically
shown in figure 3.8. Because the protrusion
angle of the bubbles varies across the bub-
ble mattress, the effective slip length was
calculated as the average of the local slip
lengths over a specific part of the channel,
using only a few bubbles where the differ-
ences in θ are minimal.

3.4 Numerical model

For a non-Newtonian fluid the velocity profile and effective slip length are not as easy to describe
as for a Newtonian fluid. Therefore the velocity profile for a certain channel heigth H, effective slip
length beff , pressure gradient ∂p

∂x , K and n was modeled using MATLAB. The model is based on the
stationary 2D Navier-Stokes equation using the bvp4c solver and a linear slip boundary condition
on the slip wall of one of the two infinite parallel plates. The bvp4c solver can only handle sets of
first order differential equations to describe higher order differential equations. Therefore equation
2.24 has to be rewritten as two first order differential equations using the new parameters u1 = u
and u2 = ∂u1

∂y . This results in the following set of two first order differential equations:

∂u1
∂y

= u2

∂u2
∂y

=
∂2u1
∂y2

=
∂2u

∂y2
=

∂p
∂x

Kn
(
∂u
∂y

)n−1
 (3.1)

To avoid high calculation time, caused by the negative n−power function of the negative shear
rate in the viscosity equations at one half of the channel, the domain was split into two parts at
the point of umax using equation 2.14 and 2.27. The axes were inverted purely for the calculation,
to ensure that the velocity was always positive and increasing across the domain. Each part was
solved separately and then combined for the final velocity profile.

In order to solve the model with MATLAB, boundary conditions have to be provided. The
boundary conditions of the first part (0 < y < ymax), with domain between the slip wall and the
maximum velocity (from equation 2.10 and 2.20) are:

y = 0→ ∂u1
∂y

=
uwall
b

y = yumax →
∂u1
∂y

= 0

(3.2)

The boundary conditions of the second part (ymax < y < H), with domain between the maximum
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velocity and the no-slip wall are:

y = yumax
→ u = umax

y = H → u(H) = 0
(3.3)

The value of the maximum velocity is obtained from the first domain and is used as an input
value for this part of the model. The average fluid velocity for different values of the effective slip
length and the pressure drop across the channel can be calculated with the model. The wall with
partial slip is located at y = 0. The resulting flow profiles from the model were also verified with
the original 2D-stokes equation with wall slip for n = 1. The MATLAB code of the model is given
in appendix C.

Figure 3.9:
Schematic descrip-
tion of geometric
parameters used
in the COMSOL
model.

The MATLAB model only relates uav to a value of beff for a given K, n

and ∂p
∂x . Since the assumption of flow between two parallel plates is not

applicable for a flow over a bubble mattress, the fluid flow in a bubble
mattress geometry was modeled using COMSOL. In figure 3.9 the basic
geometry for the models that were used is shown, in which H, Lg, L and
θ are defined. These parameters are defined equal to those for the real
microchips in figure 3.1a. The bubble is located at the bottom wall. The 2D
stationary single phase incompressible laminar flow module from COMSOL
Multiphysics 4.3b was used. At the top and bottom walls there is a no-
slip boundary condition, except for the bubble surface which is an infinite
slip wall. This basic geometry was used as a repeating unit in a periodic
flow condition: the velocity and pressure profiles at the wall on the right
were transferred to the wall on the left. To obtain a converged solution
for low values of n, in some cases the geometry had to consist of three or
four succeeding bubbles in the periodic model. The input parameter of the
model that determines the flow is the pressure difference over the repeating
geometry unit. A pressure point constraint of P = 0 Pa was added at the
bottom corner on the right to obtain a unique solution, since without that
constraint only the pressure difference over the channel is defined and not
the absolute pressure. The mesh was calibrated for fluid dynamics and was
set to extra fine free triangular over the whole geometry and extremely fine
near all boundaries. Additionally, a boundary layer mesh of 2 layers was also
added to all boundaries of the geometry. The average velocity and pressure
gradient over the channel calculated with COMSOL were used as the input in the MATLAB model
described in paragraph 4.1.1 for calculation of beff .
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Chapter 4

Results and discussion

4.1 Numerical results

4.1.1 Non-Newtonian and Newtonian flow in a rectangular duct.

For different values of beff the resulting flow profiles and profiles of the shear rate over the channel
are shown in figure 4.1a for a Newtonian fluid and in figure 4.1b for a non-Newtonian Power-Law
fluid with n = 0.5. For the pressure gradient ∂P

∂x a value was chosen at which the average velocity
uav of the fluids was similar. The wall with partial slip is located at y = 0. The differences between
the two liquid types are clear: a more broad velocity profile for n = 0.5 and a parabolic profile of
the shear rate with higher values than the linear shear rate profile of n = 1.

In figure 4.2 the results are shown for the ratio of the average velocity uav of a Power-law
fluid and a Newtonian fluid. The value of the viscosity of the Newtonian fluid was set to that of
water (µ = 1 mPa · s). The ratio increases fast for an increasing negative pressure gradient. This
means that the influence of the pressure gradient is very different for both fluids: there is a linear
relation between uav and ∂p

∂x for the Newtonian fluid and a relation with a complicated power-
function for the Power-Law fluid, as one can observe in equation 2.11 and 2.25. The influence of
the effective slip length beff is less significant, although the ratio decreases slightly for the lowest
values of beff .

Typical flow profiles for both non-Newtonian and Newtonian fluids in rectangular channels with
H = 100 µm were also computed. For three values of n for a Power-Law fluid the results are
shown in figure 4.3. The maximum of u is lower for lower values of n since a higher value of n
results in a more broad profile. The flow rate is constant for these three cases.
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Figure 4.1: Velocity profiles (2D) (left) and profiles of the shear rate (right) for different values of
beff . (a) n = 0.5,K = 0.3, ∂P∂x = −5 ·105Pa ·m−1; (b) n = 1,K = 0.001, ∂P∂x = −1.12 ·105Pa ·m−1.
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Figure 4.2: Surface plot of the ratio of uav for a non-Newtonian fluid (n = 0.5,K = 0.3) and a
Newtonian fluid (µ = 1 mPa · s), for different values of the pressure drop and the effective slip
length.
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Figure 4.3: Velocity profiles for shear thinning fluids (n = 0.5, n = 0.8), a Newtonian fluid and a
shear thickening fluid (n = 1.2) in a channel, for uav = 0.15 ms−1.
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(a) Newtonian fluid flow over an alternating slip /
no-slip wall

(b) Non-Newtonian fluid flow over an alternating slip
/ no-slip wall (K = 0.25, n = 0.6).

(c) Newtonian fluid flow over a bubble mattress (d) Non-Newtonian fluid flow over a bubble mattress
(K = 0.25, n = 0.6)

Figure 4.4: Vertical velocity v in different geometries for a non-Newtonian and Newtonian fluid
over a bubble mattress.

4.1.2 Non-Newtonian flow over a bubble mattress.

In figure 4.4 the results are shown for modeling v in four different cases. In the top figures, the
wall is flat and slip and no-slip areas are repeating. The velocity v towards and back from the slip
area is clearly visible. In the two bottom figures a bubble with infinite wall slip and a protrusion
angle θ of approximately 21° was added to the model. In these figures both the effect of the wall
slip and the effect of the protrusion of the bubble in the fluid are visible. The protruding bubble
itself causes the fluid to move up and down, following the bubble surface. However, the wall slip
for small values of θ causes an opposite effect on v. By varying θ the upward and downward
contributions to the velocity v can be varied. In the figures on the left the fluid is water, on the
right the fluid is a shear thinning fluid. The colors in the figures are scaled equally. In the figures
with shear thinning fluids, the values of v are higher and the differences are still visible at higher
y. This is probably a result of the fact that the wall velocity at the bubble is higher for the shear
thinning non-Newtonian fluid, since the velocity gradient is more steep near the wall (γ is higher).
The velocity in the first 8 µm above the top of the bubble is shown in figure 4.5, the bubble
protrudes approximately 1 µm into the liquid. The velocity at the wall for n = 0.5 is higher and
for n = 1.2 it is lower than for n = 1.

For bubbles with θ = 9◦ and a porosity of 2
3 , the horizontal velocity u was averaged over

the whole bubble mattress. This was performed for a constant fluid flow (uav = 0.15 ms−1) for a
Newtonian fluid, a Carreau fluid with four different values of the relaxation time (λ = 0.003, 0.3, 8
and 80 s); and a Power-Law fluid. The value of λ = 0.3 s is approximately the value belonging to
a Xanthan gum solution [34].
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Figure 4.5: Velocity u from the top of a bubble located at y = 1 µm to the first 8 µm above the
top of the bubble for different values of n (θ = 24°, H = 50 µm, ε = 2

3 , Lg = 10 µm, K = 0.15,
uav ≈ 0.12 ms−1).
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Figure 4.6: Average near-wall velocity u over a bubble mattress (θ = 9°, ε = 2
3 , Lg = 10 µm)

located at y ≈ 0.2 µm for four Carreau fluids (λ = 0.003, 0.3, 8, 80 s, µinf = 0 Pa s and
µ0 = 0.01 Pa s), a Newtonian fluid and a Power-Law fluid (K = 0.15, n = 0.5), uav is constant.

From equation 2.20 and 2.21 it can be concluded that the velocity profile is equal for n = 1
(assuming a constant average velocity), therefore n = 0.5 is used to compare the non-Newtonian
fluids. The results are shown in figure 4.6. It is clear that, as expected, the profile for λ = 0.003 s
is similar to the Power-Law profile. For the Carreau fluids the velocity near the wall with effective
slip (y = 0) is slightly lower. For larger values of the relaxation time, this difference does even
increase until the Newtonian profile is obtained. The differences are probably small because a
Carreau fluid behaves as a Newtonian fluid at low values of the shear rate (at the bubbles) and
behaves as a Power-law fluid for high shear rate (between bubbles and near the wall), so the effects
of the relaxation time might be overshadowed.
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Figure 4.7: beff as a function of the protrusion angle θ for different values of n.

The relation between the protrusion angle of the bubbles and the effective slip length was modeled
for different geometries of the channel and side channels. First of all, several values of n were used
in the periodic model to determine the influence of this factor on beff over a bubble mattress. The
results for a chip with H = 100 µm, Lg = 20 µm and ε = 1

2 are shown in figure 4.7a. The shape of
the figure is similar to the expected figure that was reported by Karatay et al. [9] for a Newtonian
fluid. Clear differences are visible between the different fluids. For values of θ between −20 and
20°, fluids with n < 1 show significant higher values of beff and fluids with n > 1 shows significant
lower beff . This is a remarkable result as the no shear region at the bubble is associated with a
high value of the viscosity which would result in lower velocities and lower beff . Therefore, the
no shear region can only be a very thin layer near the bubble surface. On the contrary, for both
large negative and positive values of θ the values for beff are slightly lower for n < 1. Varying
the quantity of K had no influence on the relation between beff and θ: K influences the absolute
velocity and has no influence on the shape of the velocity profile. Therefore the increased beff
can only be caused by the high values of the shear rate and the more steep velocity profile for
shear thinning fluids. The effect of increasing the velocity was also checked for the non-Newtonian
fluids, but the velocity and shear rate have no influence on beff . Comparing the two figures, the
influence of H appears to be very small; only for low values of n and small bubbles (or very high
values of beff ), beff for H = 100 µm is higher.

The results can be compared with the results using Lg = 20 µm and Lg = 10 µm with ε = 2
3 shown

in figure 4.8a and 4.8b. It is clear that the increased value of ε has a positive influence on beff
for small values of θ, caused by more slip-surface. Even when beff is corrected for the porosity
by dividing beff by ε, the corrected value is significantly higher for ε = 2

3 . In figure 4.8a the
highest values for beff are obtained, which means that a higher Lg also increases beff . The largest
differences occur for low values of θ. However, dividing beff by Lg to obtain the dimensionless
effective slip length bdim results in almost the same values for low values of θ. Plotting bdim does
not result in completely the same results for Lg = 10 and 20 µm. For small values of θ the results
are similar, but for higher θ the higher Lg and therefore increased space between the bubbles
results in a slightly higher bdim. A reason could be that the relative size of the bubble compared to
the channel height is larger or the flow has more time to adjust to the bubbles because of the larger
Lg. For high negative values of θ the largest Lg also results in a higher beff , probably a result
of a larger area for fluid to flow which reduces the resistance. The difference in the dimensionless
effective slip length is always smaller than 0.025, which is only significant for very small values
of beff that occur at for example θ = −90°, where bdim is 0.045 for Lg = 20 µm and 0.02 for
Lg = 10 µm.

27



−50 0 50
−6

−4

−2

0

2

4

6

8

protrusion angle θ (°)

ef
fe

ct
iv

e 
sl

ip
 le

ng
th

 b
ef

f (
µm

)

 

 
n = 0.5
n = 1
n = 1.2

(a) H = 50 µm, Lg = 20 µm and ε = 2
3

−50 0 50
−6

−4

−2

0

2

4

6

8

protrusion angle θ (°)

ef
fe

ct
iv

e 
sl

ip
 le

ng
th

 b
ef

f (
µm

)

 

 
n = 0.5
n = 1
n = 1.2

(b) H = 50 µm, Lg = 10 µm and ε = 2
3

Figure 4.8: beff as a function of the protrusion angle θ for different values of n (K = 0.15).

4.2 Experimental results

4.2.1 µPIV

With micro particle image velocimetry (µPIV) the flow field as well as the velocity components u
and v in the micro channels were calculated. An example of a vector field is shown in figure 4.9.
In this figure the vector field of a non-Newtonian fluid (G10X100) that is flowing over a bubble
mattress is shown. The two bubbles are visible on the bottom of the figure (y = 0), where there are
empty white spaces in the vector field. The decrease of the velocity near the wall is clearly visible
as well as the movement of the fluid over the bubbles. Based on preliminary experiments the flow
rate was set to 20 µL min−1 to avoid a too low velocity near the wall. Fluorescent particles with a
diameter of 0.5 µm and 100 image pairs for each measurement were used for higher precision near
the walls. The average velocity measured in a chip with H = 50 µm was ≈ 0.07 ms−1, which is
also approximately expected based on the flow rate and cross sectional area of 50× 100 µm.

Figure 4.9: Vector field of the first 10 µm near the wall.

28



4.2.2 Vertical velocity over a bubble mattress

Although non-Newtonian fluids show different velocity profiles for the flow in the direction of the
channel, based on the model larger differences are expected for v, the flow in the vertical direction.
The following experiments were all performed on a chip with H = 50 µm, Lg = 10 µm and ε = 2

3 .
The two fluids that were used are G10X100 and water.

Non-Newtonian fluid

In figure 4.10, three figures are shown with the vertical velocity v. The bubbles are on the
bottom of the figures, with the fluid flowing from left to right. Although the gas pressure is
the lowest in the middle figure, the obtained bubbles have higher values for θ than in the top
figure. The color scale for v is from upwards velocity (red) to downwards velocity (blue). The
location of the top of the bubbles is indicated by the black line. In general the size of the bub-
bles increased over the channel, so the largest values for θ are found in the end of the channel
(x = 0.2 mm). The size of the bubbles is influenced by different factors, for example the pressure
drop over the liquid phase (which causes the bubbles to increase in size over the bubble mattress),
the local hydrophobicity of the walls and possible contaminations of channel walls or side channels.

In the top figure there is a distinction between downwards vertical flow above the first half
of a bubble (visible on the bottom of the channel) and upwards vertical flow above the second half
of a bubble, as was also shown in the COMSOL results in figure 4.4c and 4.4d. This is especially
clear for the left part of the channel. In the middle and right part of this channel the pattern is
less distinct and the upwards velocity occurs at the top of the bubble. In the middle figure (with
bubbles with a little higher protrusion angle θ = 8 − 39◦), this opposite pattern is visible in the
last part of the channel. However in the first half of the channel, at the left side of the figure there
is no distinct pattern. This indicates that the bubbles in the second half of the figure have a too
high protrusion angle to cause downward flow above the first half of the bubble caused by the
slip-surface. The transition from positive to negative v will be analyzed in the next paragraph.
The bottom figure has the highest θ and the pattern of v is very clear in this figure: all bubbles
first push the liquid upwards after which it flows downwards again. A total of 8 measurements
were performed and the most clear patterns were obtained for very high values of θ, which also
resulted in the highest values for v.
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Figure 4.10: v for non-Newtonian fluid G10X100 with different θ: (a) θ from 0− 19◦, (b) θ from
8− 39◦ and (c) θ from 43− 61◦.

Newtonian fluid

Experiments with the same chip and flow rate were also performed using water. The results are
shown in figure 4.11. Since water has a lower average viscosity, the gas pressure could in general
also be lowered to obtain similar bubbles. In the top figure the bubbles have the lowest value of
θ which varies from 6 to 14◦. In the bottom figure the largest bubbles occur in the measurement,
with θ from 51 to 60◦.

Again in the figure belonging to the highest values of θ the flow upwards and downwards is clearly
visible. Compared to figure 4.10 the obtained figures are not as clear as for the non-Newtonian
fluid and the absolute value of v is lower in the top two figures, while the values of θ are similar.
In the top figure the area of upward flow is located above the top of the bubble and for the other
two figures there is upwards flow above the first half of the bubble and downwards flow above
the second half of the bubble. Another difference compared to figure 4.10 is that the upwards
and downwards flows seem to spread less extensively from the wall into the liquid. Even for the
largest bubbles in the bottom figure, that are located on the left side, the v pattern does not
reach halfway the height H of the channel, which is reached in figure 4.10. For the large bubbles
with comparable θ (the bottom figures in both figure 4.10 and 4.11, the value of v also seems to
be higher in figure 4.10, which was also visible in the model, figure 4.4d. This difference will be
discussed and compared with the numerical results in the next paragraph.

Positive or negative beff

In the previous figures there are clear differences between small bubbles that first cause a negative
v and then a positive v and the other case where large bubbles first cause a positive v and then
a negative v. Between these two cases there is a region of θ-values for which the effect is less
distinct. For the non-Newtonian fluid the upward velocity above the first part of the bubble is
already observed for θ around 20◦, which is visible in figure 4.10b around x = 0.1 mm. A similar
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Figure 4.11: Vertical velocity v for Newtonian fluid with different θ: (a) θ from 6− 14◦, (b) θ from
31− 50◦ (c) θ from 51− 60◦

result is shown in figure 4.11 around x = 0.14 mm where θ is approximately 14◦. According to the
models in chapter 4.1.2 the transition from positive to negative beff occurs around 50◦. Therefore,
the fact that in these experimental results this negative v is already observed at significantly lower
values of θ indicates that the direction of the velocity above the (first part of the) bubble cannot
be directly correlated with either a positive or a negative value of the slip length b.

To relate the figures for v obtained in the experiments to the model, the modeled value of v
above the bubble at y = 2.5 µm was plotted for different θ for water in figure 4.12a and for a
non-Newtonian shear thinning fluid in figure 4.12b. For this model, the direction of the flow is
again the positive x-direction. It is clear that for low values of θ in the first half of the bubble v is
negative and it is positive in the second half. With increasing θ these two values decrease until for
larger θ the first half of the bubble pushes the flow upwards (v is positive) and v is negative above
the second half of the bubble. Comparing the two figures for example for the line belonging to
θ = 17° the positive values for n = 0.5 are larger above the first half of the bubble, but the negative
values are also larger above the second half of the bubble. This profile at n = 0.5 is actually quite
similar to that of θ = 33° for n = 1. Since these velocities are measured at y = 2.5 µm, this
implies that the effect of the bubble reaches further into the channel for n = 0.5. This is probably
a result of the higher velocity at the bubble surface caused by the higher value of the shear rate
near the wall in a typical profile of a shear thinning fluid, both described in section 4.1.1 and 4.1.2.
Another possible reason that v is influenced until further into the channel for n = 0.5, is that the
liquid is more easily moved vertically because of the lower average viscosity of the shear thinning
fluid. The difference between the two fluids is also found in the value of θ where a positive v is
visible above the first half of the bubble (x < 7.5 µm). For water this is at θ = 25° and for the
shear thinning fluid already for θ = 9°.
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Figure 4.12: Profile for v at y = 2.5 µm above the bubble (location indicated by black bubble) for
different values of θ. (Lg = 10 µm, uav ≈ 0.13 ms−1)

This confirms the experimental results quite well, since in the middle part of figure 4.10b above
the first half of the bubble, only upward velocity is visible where θ ≈ 15°. For the Newtionian
liquid in figure 4.11b this positive v in the first half of the bubble occurs in the beginning of the
bubble mattress, where θ ≈ 31°. The fact that the location of positive and negative v depends on
θ and the positive and negative v can be alternated over a short distance, could explain the parts
of this figure and figure 4.11 where there is a different or not distinct pattern. An example of this
is the positive v above the bubble and negative v in between in 4.10a for 0.1 < x < 0.2 mm and
in 4.11a for 0.1 < x < 0.15 mm.

4.2.3 Effective slip length

Local slip length at the bubble mattress

The value of bloc was determined for all values of x of the bubble mattress. For the same microchip
and measurement that was used for the results in figure 4.10b, bloc is plotted against x in figure
4.13. The fluid used is G10X100 and this chip has the parameters H = 50 µm, Lg = 10 µm and
ε = 2

3 . The location of the top of the bubbles is indicated by black lines in the figure.
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Figure 4.13: Local slip length bloc for a non-Newtonian fluid G10X100 (n ≈ 0.5) over a bubble
mattress (θ from 8− 39°, ε = 2

3 , Lg = 10 µm), for liquid flow in the positive x-direction. The tops
of the bubbles are indicated by the black lines.
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The values of θ for this chip range from approximately 0° to 30° at the end of the bubble mattress.
For x < 0.16 mm a decreasing trend is visible in the value of bloc with x and the increasing θ,
which is also expected based on the model for these values of θ. In the part for x > 0.16 MM
the calculated data points show a higher deviation. This is either caused by the fact that this
part of the channel was more dark than the other part in the µPIV images or by the change in
the flow profile itself at the end of the bubble mattress after the last bubble. Similar results were
obtained for the other measurements and for using water. For the measurement with the highest
values of θ for the same non-Newtonian fluid, large negative values of bloc are calculated which is
shown in figure 4.14. This is also expected based on figure 4.8b, for values of θ that are larger
than 50 °. The value of θ ranges from 52 − 72° and the largest bubbles are located at the end of
the bubble mattress at 0.1 < x < 0.18 mm. Again, the deviation in the points at the end of the
bubble mattress is larger, but a decreasing trend in bloc can be distinguished towards the location
of the largest bubbles.
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Figure 4.14: Local slip length bloc for a non-Newtonian fluid G10X100 (n ≈ 0.5) over a bubble
mattress (θ from 52 − 72°, ε = 2

3 , Lg = 10 µm), for liquid flow in the positive x-direction. The
tops of the bubbles are indicated by the black lines.

Although a decreasing trend in bloc is visible, which is expected for these increasing values of θ,
the location of the bubbles can not be distinguished based on only the values or the shape of the
series of data points of bloc. This might be because the bubbles are too close to each other and
there is an overlap of effects. Therefore the same measurements and calculations were performed
using a microchip with ε = 2

3 and Lg = 20 µm. The results for the calculated values of bloc are
shown in figure 4.15a and 4.15b. In both figures θ decreases along x (from 25 − 14° and from
22 − 13° respectively), which results in the expected increasing trend in bloc. The decreasing θ
over the bubble mattress is not expected based on the pressure drop in the liquid, but is most
likely caused by the local hydrophobicity of the walls and possible contaminations of channel walls
or side channels which can have more influence with these larger side channels. In both figures
the value of bloc reaches a local minimum at the location of the top of the bubble. The value for
bloc is calculated with respect to the wall of the channel. If however, it would be calculated with
respect to the surface of the bubble of which the top is located between y = 2− 2.5 µm for these
two measurements, these local minima would approximately disappear. This correction was not
applied since the value for beff is based on these results and should be calculated with respect to
the wall of the channel. The figures obtained for other values of θ for these fluids are shown in
appendix A
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(a) Results for water (θ = 25°, 17°, 22°, 14°, 15°, 17°).
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(b) Results for G20X100 (θ = 22°, 17°, 21°, 16°, 13°, 12°)

Figure 4.15: bloc over a bubble mattress, for liquid flow in the positive x-direction. The tops of the
bubbles are indicated by the black lines, side channel walls with black blocks and the gas-liquid
interface with a yellow line.
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Effective slip length and protrusion angle

Based on the modeling with COMSOL in chapter 4.1.2, it is clear that the most extensive differ-
ences in the result of beff are obtained for the lowest value of n when ε = 2

3 . Although even larger
differences are expected for Lg = 20 µm, a more stable bubble mattress was obtained using the
smaller side channels with Lg = 10 µm. Therefore for three different fluids beff was calculated
based on measurements using a chip with H = 50 µm, Lg = 10 µm and ε = 2

3 , which is shown in
figure 4.16. Each point is based on the average beff and θ over five or six bubbles in a row that had
similar values of θ. The data for G20X100 are obtained using two different microchips (indicated
by the yellow marker edge), since the first series of data showed very significant differences. The
error bars are based on the standard deviation in beff and θ for these bubbles. The value of θ varied
or decreased stronger over the channels for the shear thinning fluid, because of the higher pressure
drop over the liquid phase. This results in larger horizontal error bars for both shear thinning
fluids. Comparing to figure 4.8b, the shape of the series of points as well as the intersection with
the horizontal axis is similar. In general for low θ the values for beff of the shear thinning fluids
are higher than for water, but in contradiction to the modeling results the differences between
the fluids are negligible. The data points belonging to G20X100 (chip 1) for very low values of
θ form an exception to this. Although these results are outlying at first sight, they result from
two separate measurements. In these two measurements all bubbles over the whole channel had
similar values of θ and also the calculated value of beff was similar over the whole channel. This
means that beff was calculated for groups of bubbles directly next to each other and there were
no bubbles with extremely different θ in between. This is in contradiction to the measurements
that were performed on chip 2. The new chip for G20X100 (chip 2) with equal geometry showed
results that are not outlying, but in these measurements θ and the calculated beff were again less
constant. In the bubble mattresses obtained on this chip some bubbles were present that were
significantly smaller or sometimes even not pinned to the top of the side channel. This can be
caused by a local less hydrophobic wall or by for example contaminations of the side channels with
the polystyrene particles.
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Figure 4.16: Effective slip length beff for G10X100 (n ≈ 0.6), G20X100 (n ≈ 0.5) and water
over a bubble mattress, for different values of θ. (H = 50µm, Lg = 10µm and ε = 2

3 . Error bars
indicate standard deviation.)
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Since the previous results could be improved by a stronger distinction between the shear thinning
fluid and the Newtonian fluid, the measurements were repeated on a chip with Lg = 20 µm and
ε = 2

3 , although some issues with the stability of the bubbles were expected. Microchips with
these characteristics and H = 50 µm were used in the measurements with G20X100 and water.
The calculated values of beff for these two fluids are shown in figure 4.17. Each point is based on
the average beff and θ over three bubbles in a row that had similar values of θ. The error bars
are based on the standard deviation in beff and θ for these three bubbles. In general beff for
G20X100 is higher, but the differences that are expected based on the model do not appear as
extensively as expected. For comparison, the results from the model for this geometry and these
fluids are shown in figure 4.18. In this figure the differences expected in beff for the two liquids
are significantly larger. Another noteworthy fact is that for both fluids already around θ = 30 °

the values of beff become negative, which was not predicted by the model. The positioning of the
wall in the images could be a possible cause, but this would imply that the error in the positioning
is about 2 µm. It could also be that the walls of the side channels are not fully straight, which
could better explain this difference of 2 µm, since the position of the wall is determined at the top
of the channel and the velocity is measured halfway the depth of the channel.
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Figure 4.17: Effective slip length beff for G20X100 (n ≈ 0.5) and water over a bubble mattress,
for different values of θ. (H = 50 µm, Lg = 20 µm and ε = 2

3 . Error bars are obtained from the
standard deviation.)
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Figure 4.18: Numerical results for a Newtonian fluid and a shear thinning fluid with n = 0.5,
comparable to G20X100 (H = 50 µm, Lg = 20 µm and ε = 2

3 ).
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4.3 Discussion of results

For both figure 4.16 and 4.17 the differences between the non-Newtonian shear thinning fluids and
the Newtonian fluid water are not or only minimally observed. Since the differences are present in
the results from the model, this could either be caused by the measurement or calculation method
or by wrong assumptions in the model. An error in the measurement could be caused by errors in
the experimentally obtained velocity profiles, which will be checked in the following paragraphs.
Other possible causes that will be addressed are the presence of surfactants, elastic effects and the
fact that a development time might be required for the fluid to adjust to the situation.

4.3.1 Surface tension

The presence of surfactants on the gas-liquid surface could explain the fact that the measured
beff is lower than expected based on the modeling. Since the only difference between the fluids is
the fact that Xanthan gum is a component of the non-Newtonian fluid, it could be a possibility
that surfactants are introduced in the liquid with the Xanthan gum. To determine if surfactants
are present in the liquids, the surface tension was measured and compared to a pure glycerol-
water solution. The results are shown in table 4.1. For G10X100 σ equals 70.8 mN/m which is
equal to the surface tension measured at the interface of a solution of 10% glycerol in water. For
G20X100 the surface tension is 70.7 mN/m. As a reference, the surface tension of pure demi-water
was also measured and equals 70.9 mN/m (1.1 mN/m below the literature value of 72 mN/m).
According to Takamura et al. [37], a solution of 20% glycerol in water has a surface tension of
71.2 mN/m. This means that σ for G10X100 and G20X100 might already be slightly lower than
demi-water because of the presence of glycerol and that there is no significant concentration of
surfactants, since this would more strongly decrease σ. The surface tension of water with added
polystyrene particles (used for µPIV) is 67.9 mN m−1. The lower surface tension of water with
added polystyrene particles is likely caused by surfactants that are present in the solution of the
particles to keep them stable. A change in the surface tension of ≈ 3 mNm−1 over a bubble of
10 µm, results in a maximum Marangoni stress of τM = ∇σ = 300 Pa. When τM is set equal
to the viscous stress τvis = µ∂u∂y , the velocity gradient can be determined and can be used in the

equation (eq. 1.1) for partial wall slip: uw = b∂u∂y . This results in a surface tension gradient

induced opposing velocity uM of at maximum uM = ∇σ b
µ = 0.1 ms−1, where b is the slip length,

for which 10−6 µm is used. This is the maximum velocity possible, which will not be reached at the
whole bubble surface. Nevertheless, this is a significant velocity compared to the opposite bubble
surface slip velocity of approximately 0.05 ms−1. However, the polystyrene particles are present
in both the Newtonian and non-Newtonian working fluids. Thus, the fact that the difference in
the measured beff is smaller than expected can therefore not be explained by the presence of
surfactants, although they could decrease beff for both fluids.

Table 4.1: Surface tension σ for fluids used

Fluid Glycerol(wt%) Xanthan (wt%) σ(mN/m)
demi-water 0 0 70.9
demi-water + 0.01 wt% particles 0 0 67.9
G10 10 0 70.8
G10X100 10.0 0.100 70.8
G20X100 20.0 0.100 70.7

4.3.2 Experimental profiles

Two experimentally obtained velocity profiles are shown in figure 4.19. These profiles are obtained
in a channel section of the microfluidic device without side channels and bubbles. Water as well
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as G10X100 was used and both measurements were performed on the same chip to exclude other
influences. When the two profiles are compared, one can observe that the maximum velocity of
water is higher and that the profile of G10X100 is slightly more broad. This means that there is a
clear difference between the profiles of the two fluids, however the Newtonian profile was expected
to have a more parabolic shape based on figure 4.3. This could be caused by the processing of
the µPIV images. The low beff found could also be a result of the error of µPIV near walls
and for the maximum velocity. The value of beff was also calculated for these velocity profiles:
≈ 0.7 − 1 µm for both fluids, which is a result of the more flat velocity profile near the walls in
the µPIV results. This would however increase the calculated value of beff . For low velocities
of the polystyrene particles near the wall, Brownian motion could also be influencing the vector
field. The influence of Brownian motion can not be very significant since the minimum detected
velocity used is approximately 5 mm per second, which is much larger than a typical value of
Brownian motion [35]. The error in the velocity can also be caused by rotation of particles and
near surface hydrodynamic effects which lower the velocity. Moreover, electrostatic repulsion and
Van der Waals force also influence the velocity [38]. Although the error in the vectors calculated
was already minimized by preprocessing and using a sliding sum of correlation for the processing,
it could be an influencing factor in the calculation of beff .

Figure 4.19: Velocity profile for water and G10X100 in a channel without bubbles (H = 50µm)

Another cause could be the assumption of 2D flow between two infinite parallel plates, since in
the microchip there is also a bottom and top plate in contact with the fluid. However, from
a 3D model of a channel with different values of the depth of the channel it was derived that
the effect of the top and bottom wall of the microchip can influence the absolute value of the
velocity, but it can not influence the shape of the velocity profile. Moreover, in all measurements
channels with H = 50 µm were used and the depth of the channel is twice as large, which also
reduces the effect of the top and bottom wall. As bloc is derived from the velocity profile, the
possible 3D effect from the bottom and top plate can not result in different values of beff calculated.

The Reynolds number of the flow Re = ρLu
µ was also checked to exclude influences of turbu-

lence on the velocity profile, caused by the low viscosity of the fluid at high shear. Re describes
the ratio of inertia to viscous forces. In this equation L is a linear dimension of the flow pattern
and u is the velocity [25]. For the situation based on figure 4.8b, the average viscosity equals
7.4 mPa·s and the average velocity is 0.125 ms−1, which results in an average Re of approximately
2 (for θ = 25°, n = 0.5, K = 0.15, H = 50 µm, ε = 2

3 , Lg = 10 µm and ∂p
∂x = 7.6 ∗ 105Pa m−1).
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4.3.3 Elastic effects

Although the Deborah number could also be calculated with the value of the shear rate, using the
time scale of the flow in the bubble mattress seems more applicable. Assuming a characteristic
relaxation time of 0.3 s and a near wall velocity of 0.02 ms−1 by which L is divided to obtain
tflow the Deborah number equals approximately 200 for L = 30 · 10−6 and 400 for L = 15 · 10−6.
This means that the fluid is expected to show elastic behavior near the wall, based on the Deborah
number. Elastic behavior near a solid wall implies that slip can also occur at this solid surface under
certain conditions of high γ, already described in chapter 1. This could increase beff calculated.
However, based on literature the elastic effects of Xanthan are only present at low values of the
shear rate [32, 33], which is only applicable in the middle of the channel and very close to the
location of the bubble surface; not in between the bubbles. It was assumed that the elasticity in
the middle of the channel has no influence on beff , since the slip occurs at the wall. Only very
close to the slippery bubble surface the value of γ will be very small, which was also shown in figure
4.5. The time between the bubbles is too small to decrease the shear rate deeper into the fluid.
Therefore, in the liquid bulk and near the solid surfaces no effects of elasticity are expected, while
elasticity can occur very close to the bubble surface. Elastic effects result in a longer development
time of the flow and result in dependency of the slip on γ, which could cause lower values of beff
for low γ [17, 20, 21]. All in all, since elasticity only occurs at low γ for Xanthan gum solutions,
the elastic effects are present close to the bubble surface where slip occurs and γ is very low.

4.3.4 Carreau fluid

Because the measured and calculated values of beff for a shear thinning fluid are lower than
expected based on the model, the option of modeling with a Carreau fluid was also investigated.
This might improve the model since the viscosity equation of a Carreau fluid covers both Newtonian
and Power-Law fluids for specific λ and γ. As already shown in figure 4.6 the average velocity
near the wall for higher values of λ is lower and the average velocity gradient is similar. Since
these values are in between the Newtonian fluid and the Power-Law fluid, this is likely to result
in lower calculated values of beff . However, as also shown in figure 4.6, using a non realistic high
value of λ = 80s for a Xanthan gum solution, would still result in a higher value of the velocity
near the wall than for the Newtonian fluid. Then, most likely the value of beff found would also
still be higher based on these profiles. Therefore, using the Carreau fluid model would not reduce
the difference between beff for the Newtonian and non-Newtonian fluid to an extent that would
match the experimental results.

Figure 4.20: Model geometry for succeeding bubbles (θ = 17°, H = 50 µm, Lg = 10 µm and
ε = 2

3 .)

4.3.5 Flow development time

Another explanation for the low beff found for the shear thinning fluids in general is the time
required for the fluids to adjust the flow profile to the geometry and the bubbles, since at a velocity
of approximately 0.02 m s−1 it takes the fluid only about 1 µs to reach the next bubble. The
increased development lengths of mildly viscoelastic fluid flow compared to Newtonian flow are
also reported by Brocklebank and Smith [39]. If a certain time or a certain amount of succeeding
bubbles is required for obtaining the high values of the slip length, this also explains the high
values that were only found for the G20X100 (chip 1) measurements where all bubbles were similar
and almost flat. To model this, the non-periodic model in figure 4.20 of 14 succeeding bubbles
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(θ = 17°) with a laminar inlet was used. The average velocity is similar to that in the experiments.
The outlet was a rectangular channel with no-slip at the walls. The velocity at the bubble surface
was determined and is shown in figure 4.21. There are significant differences for n = 0.5, 1 and
1.2: for n = 1 and n = 1.2 the maximum velocity is already approximately obtained on the surface
of the third bubble (x = 37.5), while for n = 0.5 this is for the fifth bubble. At the outlet the
same effect occurs, where the maximum bubble interface velocity decreases faster and at an earlier
bubble for n = 0.5. This means that the shear thinning fluid requires more time to develop its
flow profile. This effect could even be enlarged by the fact that the fluids used in the experiments
show elastic behavior at low values of the shear rate. For low γ, the values of λ and therefore De
are higher which also increases the time required to adjust to new conditions as the fluid behavior
is not purely viscous.
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Figure 4.21: uwall for different values of n ( uav = 0.147 ms−1, θ = 17°, H = 50 µm, Lg = 10 µm
and ε = 2

3 .)

To determine if this effect could explain the lower values of beff obtained from the measurements,
the influence on the velocity profile over the channel near the wall was modeled. In figure 4.22
the velocity profiles in the first 10 µm near the wall are compared for the first 5 bubbles in the
model and for n = 1 and n = 0.5. The major difference is that for n = 1 the profile of bubble
2 is already almost equal to the following bubbles, while for n = 0.5 this is only for the third
and following bubble. Moreover, the difference between bubble 1 and 2 is larger for n = 0.5, also
when the relative velocity with respect to the wall velocity is determined. If the velocity profiles
of the first two bubbles for n = 0.5 would be measured using µPIV and would be extrapolated to
determine bloc, indeed a lower value of the local slip length would be found.
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Figure 4.22: Velocity profile u at the top of the bubbles at y ≈ 0.8 µm.

The velocity profile in between the bubbles also determines beff and therefore the direct influence
of this effect on beff can not be calculated from these results, but there is a difference between
n = 0.5 and n = 1. To estimate the influence on beff , the profiles for 2 < y < 3 µm can be
extrapolated which would result in a difference of bloc of ≈ 1 µm between bubble 1 and bubble 2
for n = 0.5 and a difference of ≈ 0.6 µm for n = 1. Since this is only based on the velocity profile
above the top of the bubble, the differences over the whole bubble mattress are expected to be
even smaller and this effect can therefore only partially explain the experimental results. The first
and last bubble were excluded from the measurement results, but this effect is not only applicable
on the first and last bubbles of the bubble mattress. It is also applicable if there are intermediate
bubbles in the bubble mattress that have a very different θ, which was the case for G20X100 (chip
2) in figure 4.16 or for succeeding bubbles that decrease in size.
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Chapter 5

Conclusion

The goal of this research was to both experimentally and numerically investigate non-Newtonian
fluid flow on bubble mattresses with different geometries. A bubble mattress is an array of micro
gas bubbles which are positioned transversely to the fluid flow direction. This was carried out
by determining the local slip length bloc and calculating the effective slip length beff for different
values of the bubble protrusion angle θ. The differences between Newtonian and non-Newtonian
flow over a microfluidic bubble mattress were described and explained. To determine the relation
between beff and θ for non-Newtonian shear thinning fluids, solutions of Xanthan gum in a
glycerol-water solution were used. The rheology of the fluid was extensively characterized. For low
values of the frequency and shear rate (γ < 2 s−1), Xanthan gum solutions show elastic behavior.
For higher values of γ the behavior is ideal viscous.

According to the model for non-Newtonian shear thinning fluids beff is significantly higher
for small values of θ when compared to Newtonian fluids. Several geometries of bubble mattresses
were used and larger differences between the non-Newtonian and Newtonian fluids were obtained
when ε was increased. It was also found that the velocity of the shear thinning fluids at the
gas-liquid interface is higher which is a result of the specific steeper velocity profile of a shear
thinning fluid near the wall. Extrapolating the profile to obtain bloc results in the highest value for
n = 0.5: the difference in velocity at and near the wall is larger than the difference in shear rate.
The viscosity itself has no influence on beff , because varying K for the Power-Law model and µ
for a Newtonian fluid does not change the shape of the velocity profile. Thus, the increased beff
is caused by the change in the shape of the velocity profile as a result of the Power-Law parameter
n. The orthogonal velocity component v is higher above protruding bubbles for shear thinning
fluids with an effect further into the channel.

The relation between beff and θ was experimentally determined by using µPIV and a microchip
with a bubble mattress. The vector field of the velocity was determined for Newtonian and shear
thinning fluids for different values of θ on chips with Lg = 10 and 20 µm. The profiles of the
vertical velocity v obtained from the measurements are similar to those obtained in COMSOL.
Based on the vector fields beff was successfully calculated for different θ, by averaging bloc over
succeeding bubbles with similar θ. The resulting beff for the non-Newtonian fluids is very low
compared to the model. The expected large differences between water and shear thinning fluids
were not present in the experimental results. A possible cause of the lower beff is the presence of
surfactants on the gas-liquid interface that reduce the slip. However, the surfactants are introduced
with the polystyrene particles for the µPIV measurements, so this would affect both Newtonian
and non-Newtonian fluids. The experimentally obtained velocity profiles for both fluids were also
compared with calculated profiles. As expected the shape of the profile for the shear thinning fluid
was more broad compared to that of the Newtonian fluid. Factors that are different for the two
types of fluids are elastic effects that are expected for Xanthan gum solutions at the low shear
rate very close to the gas-liquid interface and the higher development time required for the flow of
viscoelastic fluids to reach a developed flow profile. These factors can both partially explain the
small differences in the effective slip lengths for the shear thinning and the Newtonian fluids.
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Chapter 6

Outlook

Because the differences between the model and the experimental results could be (partially) ex-
plained by the elastic behavior of the liquid at low γ, it could be an option to include viscoelasticity
in the model. The precision of the experimental results could be improved by performing more
measurements, which requires more chips with the same geometry. Also the use of more image
pairs for calculating the vector field could improve the accuracy. In some measurements the
bubbles are not all pinned to the exact top of the gas channel, this should also be checked in detail,
since it influences bloc. Particle Tracking Velocimetry (PTV) could be interesting to investigate
the behavior of the fluid and polystyrene particles at the interface. Another point is that in this
work only experimental values of θ between 0 and 70° were used, maybe experiments for negative
values of θ can be carried out with small closed side channels. To create a larger difference between
the shear thinning fluid and water, fluids with a lower value of n could be used.

A variation on the experimental work performed in this research would be to use a shear thickening
fluid to determine if there is a clear decrease in beff based on experiments, although differences
are expected to be smaller. If that is the case, the explanation would be that there is some kind
of barrier, for example a critical shear rate, that prevents the increase of beff for shear thinning
fluids. A difficult point is that most shear thickening fluids are based on solutions of very small
particles and the polystyrene particles would have a more strong influence.
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Chapter 7

List of symbols used

b (m) slip length
beff (m) effective slip length
bloc (m) local slip length
De (-) Deborah number ( λ

tflow
)

δ (°) loss angle
ė (s−1) extension rate

ε (-) porosity (
Lg

L )
η∗ (Pa s) complex viscosity
η′ (Pa s) real part of complex viscosity
η′′ (Pa s) imaginary part of complex viscosity
γ (s−1) shear rate
G′ (Pa) storage modulus
G′′ (Pa) loss modulus
H (m) channel height
K (Pa sn) flow consistency index
L (m) length of a repeating unit of wall and gas side channel
Lg (m) size of the gas side channel
λl (-) scaling factor (imaginary tube)
λ (s) relaxation time

(Pa s) second coefficient of viscosity
µ (Pa s) viscosity
µinf (Pa s) viscosity at infinite shear rate (Carreau-model fluid)
µeff (Pa s) effective viscosity (Carreau-model fluid)
µ0 (Pa s) viscosity at zero shear rate (Carreau-model fluid)
n (-) flow behavior index
p (Pa) pressure

Re (-) Reynolds number (ρLuµ )

ρ (kg m−3) density
σ (mN) m−1 surface tension
tflow (s) timescale for fluid flow
τ (Pa) shear stress
θ (°) protrusion angle
u1,u2 (ms−1,ms−2) parameters first order differential equations in model
u (m/s) velocity in x-direction
uM (m/s) Marangoni velocity
v (m/s) velocity in y-direction
ω (rad s−1) angular frequency
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Appendix A

Local slip length bloc

The local slip length bloc on a bubble mattress (ε = 2
3 , Lg = 20 µm, H = 50 µm) with flow in the

positive x-direction is shown in the following figures for different values of θ. The fluids used are
water and G20X100. The tops of the bubbles are indicated by the black lines.
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Figure A.1: bloc for water over a bubble mattress (θ = 11°, 6°, 4°, 0°, 3°, 0°).
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Figure A.2: bloc for water over a bubble mattress (θ = 28°, 28°, 20°, 26°, 21°, 14°).
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Figure A.3: bloc for water over a bubble mattress (θ = 31°, 27°, 20°, 21°, 19°, 21°).
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Figure A.4: bloc for water over a bubble mattress (θ = 37°, 42°, 36°, 30°, 25°, 32°).
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Figure A.5: bloc for G20X100 over a bubble mattress (θ = 19°, 18°, 11°, 10°, 9°, 7°).
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Figure A.6: bloc for G20X100 over a bubble mattress (θ = 16°, 22°, 20°, 17°, 9°, 9°).
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Figure A.7: bloc for G20X100 over a bubble mattress (θ = 45°, 39°, 39°, 38°, 31°, 26°).
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Figure A.8: bloc for G20X100 over a bubble mattress (θ = 39°, 38°, 40°, 36°, 36°, 47°).
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Figure A.9: bloc for G20X100 over a bubble mattress (θ = 69°, 46°, 50°, 57°, 43°, 28°).
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Figure A.10: bloc for G20X100 over a bubble mattress (θ = 41°, 38°, 26°, 37°, 30°, 31°).
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Figure A.11: bloc for G20X100 over a bubble mattress (θ = 22°, 34°, 33°, 37°, 26°, 20°).
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Appendix B

Flow curves

A power-function was fitted for all measurements in the following figures. The resulting values of
K and n are shown in table 3.1.
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Figure B.1: Flow curves for the fluids used.
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Figure B.2: Flow curves for the fluids used with added polystyrene particles (0.01 wt%).
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Appendix C

MATLAB code

clear all
clc

global b non Pdrop non u average turn umax
%define flow
n=0.5;
K=0.3
P = fliplr([-5E5 -7E5 -9E5 -11E5 -13E5 -15E5 ]);
b = ([-1E-6 1E-8 3E-6 5E-6 10E-6 15E-6 20E-6]);
d = 100E-6;

for i = 1:length(P)
for j= 1:length(b)

Pdrop non = P(i);
b non = b(j);

%determine location of symmetry ('imaginary tube')
if n==1

turn=(1/2)*dˆ2/(d+b non);

else
syms ll
ll = solve(((-d*(1-ll))ˆ((1/n)+1)-(-ll*d)ˆ((1/n)+1))/(1+(1/n))==b non*(-d*(1-ll))ˆ(1/n),ll);
turn = d-eval(ll(1))*d;
llmatrix(i,j)=eval(ll(1))

end

%solve velocity profile for domain with slip
[y nonsl,u1 nonsl,u2 nonsl] = slipprofile(Pdrop non,b non,n,K,i,d,turn);
%obtain maximum velocity from domain with slip
umax=u1 nonsl(length(u1 nonsl));
%solve velocity profile for domain with no slip
[y nonnosl,u1 nonnosl,u2 nonnosl] = noslipprofile(Pdrop non,b non,n,K,i,d,turn,umax);

%combine
y non tot=[y nonsl fliplr((y nonnosl))];
u1 non tot=[u1 nonsl (u1 nonnosl)];
u2 non tot=[u2 nonsl (u2 nonnosl)];

%determine u {av} (points are not equally spread)
syms xx
fitfullcurve=polyfit(y non tot,u1 non tot,6);
f04int=int(fitfullcurve(1)*xxˆ6+fitfullcurve(2)*xxˆ5+fitfullcurve(3)*xxˆ4 ...

+fitfullcurve(4)*xxˆ3+fitfullcurve(5)*xxˆ2+fitfullcurve(6)*xx+fitfullcurve(7),xx,0,d);
u average=eval(f04int/(d));

%store all solutions
final matrix U avb(i,j)=u average;
final matrix shear(i,j)=u2 non tot(1);
final matrix y(i,j,1:length(y non tot))=[y non tot];
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final matrix u(i,j,1:length(u1 non tot))=[u1 non tot];
final matrix u2 non(i,j,1:length(u2 non tot))=[u2 non tot];
y non length(i,j)=length(y non tot);

end
end

%plot relation between u {av} and dPdx and b
figure(21)
clf
subplot(2,1,1)
grid on
plot(P,final matrix U avb(:,1),P,final matrix U avb(:,2),P,final matrix U avb(:,3), ...

P,final matrix U avb(:,4),P,final matrix U avb(:,5),P,final matrix U avb(:,6));
xlabel('P')
ylabel('U av')
subplot(2,1,2)
grid on
plot(b,final matrix U avb(1,:),'--o');
legend(['P= ' num2str(P(1))]);
xlabel('b')
ylabel('U av')

%input values for u {av} from Comsol:
avvalues=[0.14701028930787546
]

%determine b {eff}
if length(P)==1

f=polyfit(final matrix U avb(1,:),b,4);

for nn = 1 : length(avvalues)
b effc(nn) = f(1)*avvalues(nn)ˆ4 + f(2)*avvalues(nn)ˆ3 + f(3)*avvalues(nn)ˆ2 + ...

f(4)*avvalues(nn)ˆ1 +f(5)% *input(nn)ˆ2+ f(6)*input(nn) + f(7)
end

else
for npoly = 1:length(P)
f(npoly,:)=polyfit(final matrix U avb(npoly,:),b,4);
b effc(npoly) = f(npoly,1)*avvalues(npoly)ˆ4 + f(npoly,2)*avvalues(npoly)ˆ3 + ...

f(npoly,3)*avvalues(npoly)ˆ2 + f(npoly,4)*avvalues(npoly)ˆ1 +f(npoly,5)
end

end

%plot all velocity profiles
for k = 1:length(P)

Ax=0;
Bx=0;
Cx=0;

for l = 1:length(b)
Ax(l,1:y non length(k,l))=final matrix y(k,l,1:y non length(k,l))*1E6;
Bx(l,1:y non length(k,l))=final matrix u(k,l,1:y non length(k,l));
Cx(l,1:y non length(k,l))=final matrix u2 non(k,l,1:y non length(k,l));

figure(k+1)
subplot(1,2,1)
plot(Ax',Bx','-')
legend(['b= ' num2str(b(1))],['b= ' num2str(b(2))],['b= ' num2str(b(3))],['b= ' num2str(b(4))],...

['b= ' num2str(b(5))],['b= ' num2str(b(6))],['b= ' num2str(b(7))],'Location','South');
xlabel('y (\mum)')
ylabel('u (m/s)')
xlim([0 100])
subplot(1,2,2)
plot(Ax',Cx','.');
xlabel('y (\mum)')
ylabel('\gamma (sˆ-1)')
xlim ([0 100])
end
end
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function [y nonsl,u1 nonsl,u2 nonsl,umax] = slipprofile(Pdrop non,b non,n,K,i,d,turn)
function [y nonsl,u1 nonsl,u2 nonsl] = main(Pdrop non,b non,i,d,turn)
%start of non newtonian part = linspace(0,d);
%standard bvp4c solver
x non = linspace(0,turn);
solinit non = bvpinit(x non,@guess non);
options=bvpset('NMax',120000,'RelTol',1E-6,'AbsTol',1E-8,'stats','off'); %'RelTol',1e-10,'AbsTol',1e-12,
sol non = bvp4c(@odefun non,@bcfun non,solinit non,options);
y nonsl= sol non.x;
u1 nonsl = sol non.y(1,:);
u2 nonsl = sol non.y(2,:);
end

function Uinit non = guess non(x non)
U1 non = 0.3;
U2 non = 2000;
Uinit non = [U1 non; U2 non];
end

function dUdy non = odefun non(y nonsl,U non);
% define differential equations
u1 nonsl = U non(1);
u2 nonsl = U non(2);
du1dy non = u2 nonsl;
du2dy non = (Pdrop non/K)/(n*u2 nonslˆ(n-1));
dUdy non = [du1dy non; du2dy non];
end

function res non = bcfun non(U 0 non,U hd non)
% this function defines the boundary conditions for each ode.
% the velocity at y=0 and y=d is defined
res non = [U 0 non(1) - b non*U 0 non(2);

0 - U hd non(2)];
end

[y nonsl,u1 nonsl,u2 nonsl]=main(Pdrop non,b non,i,d,turn);
end

function [y nonnosl,u1 nonnosl,u2 nonnosl] = noslipprofile(Pdrop non,b non,n,K,i,d,turn,umax)
function [y nonnosl,u1 nonnosl,u2 nonnosl] = main2(Pdrop non,b non,i,d,turn)
%start of non newtonian part = linspace(0,d);
%standard bvp4c solver
x non = linspace(d,turn);
solinit non = bvpinit(x non,@guess non);
options=bvpset('NMax',120000,'RelTol',1E-3,'AbsTol',1E-5,'stats','off'); %'RelTol',1e-10,'AbsTol',1e-12,
sol non = bvp4c(@odefun non,@bcfun non,solinit non,options);
y nonnosl= sol non.x;
u1 nonnosl = sol non.y(1,:);
u2 nonnosl = sol non.y(2,:);
end

function Uinit non = guess non(x non)
U1 non = 0.3;
U2 non = 2000;
Uinit non = [U1 non; U2 non];
end

function dUdy non = odefun non(y nonnosl,U non);
% define differential equations
u1 nonnosl = U non(1);
u2 nonnosl = U non(2);
du1dy non = u2 nonnosl;
du2dy non = (Pdrop non/K)/(n*u2 nonnoslˆ(n-1));
dUdy non = [du1dy non; du2dy non];
end

function res non = bcfun non(U 0 non,U hd non)
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% defines the boundary conditions for each ode.
% the velocity at y=0 and y=d is defined

res non = [umax-U 0 non(1);
0-(U hd non(1))];

end

[y nonnosl,u1 nonnosl,u2 nonnosl]=main2(Pdrop non,b non,i,d,turn);
end
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