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1
Introduction

The thin liquid jet ejected after the impact of an object onto a water surface has
been one of the icons of fluid mechanics for more than a century [1]. Despite a
plethora of experimental, theoretical, and computational studies this only seemingly
simple every-day phenomenon keeps scientists busy even today yielding ever new
and surprising discoveries. Some of these are described in the present thesis.

Besides the intrinsic interest of understanding such a well-known and immensely
frequent phenomenon, impacts can be of enormous practical importance in, for ex-
ample, climate research: every day billions of raindrops hit the surface of the ocean
and each of them entrains a small air bubble [2, 3]. Such an entrainment constitutes
an important mechanism of carbon dioxide exchange between the atmosphere and
the sea [4, 5]. Furthermore, the oscillations of these bubbles are a major source of
underwater noise and as such are crucial for sonar research [6]. In medical physics,
scientists are currently seeking ways to use thin liquid jets similar to the ones created
during solid object impact for drug delivery through cell membranes or through a
patient’s skin [7, 8].

Before going into details, we first illustrate in Fig. 1.1 the sequence of principal
events during the impact process. Right upon impact a thin sheet of liquid (the “crown
splash”) is thrown upwards along the rim of the solid object. Below the water surface
a large cavity forms in the wake of the impactor which almost immediately starts to
collapse due to the hydrostatic pressure of the surrounding liquid. This pressure acts
on every point of the free surface accelerating it inward as soon as the object has
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2 CHAPTER 1. INTRODUCTION

passed with a force that increases with the depth. Thus, points near the top surface
start moving early with a small acceleration, while deeper points start with increasing
delay, but higher acceleration [9, 10]. This subtle balance results in the closing of the
cavity in a single point (about halfway down its length for the impacting disc in
Fig. 1.1).

As soon as the cavity closes two fast sharp-pointed jets are observed shooting up-
and downwards from the closure location. These originate as the fluid that rushes
inwards hits the axis of symmetry making any further radial motion impossible. The
abrupt deceleration of the fluid leads to a zone of very high pressure and consequently
to a strong vertical acceleration: the jets emerge.

Most impactors in reality are bulky objects extending in all three spatial direc-
tions. In a laboratory the most common setup is a sphere being dropped into a water
tank. As realized already by Worthington [1] at the beginning of the last century the
surface characteristics of the impacting object are of crucial importance for the for-
mation of the impact cavity: while a rough sphere creates a large cavity a smoothly
polished sphere can penetrate the water almost without creating any cavity at all. The
key to understand this discrepancy lies in the motion of the water/air/liquid contact
line: for a smooth wetting sphere it can easily slide around the object and close on
top while for the rough sphere it becomes pinned at the sphere’s equator leading to
the formation of a large impact cavity.

For our purposes it is important to obtain a large, undisturbed, and reproducible
cavity in order to study the various aspects of the impact, collapse, and jetting process.
By impacting a flat disc we can avoid the above mentioned complications since the
contact line remains pinned at the disc’s edge throughout the entire process. To ensure
that the disc impacts in a perfectly horizontal way we attach it to the end of a long
steel rod. This rod runs through the bottom of a water tank where it is connected to a
vertically moving linear motor which allows us to pull the disc through the surface at
a constant velocity.

In addition to the experimental studies we will present in this thesis an extensive
set of numerical simulations. The simulations are conducted using a “boundary-
integral” simulation code which was developed as part of this thesis based on an
earlier version used in [11]. The boundary-integral method uses a potential flow de-
scription assuming an inviscid and irrotational fluid. These assumptions are expected
to be very well satisfied as can be seen by evaluating global and local Reynolds num-
bers, all of which are at least of the order of 100 and usually much larger [12]. The
agreement between experiment and simulation depicted in Fig. 1.1 is very good.

We have thus at our disposal a combination of a sophisticated experimental setup
and a powerful numerical method which we can use to elucidate various aspects of
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a) a)b)

a)b)c) a)b)c)d)

Figure 1.1: The sequence of events as a circular disc of 2 cm radius impacts a water
surface at 1 m/s: (a) Immediately after impact a crown splash is ejected into the air
while below the water surface a large cavity is created. (b) Due to hydrostatic pres-
sure from the surrounding liquid the cavity starts to collapse. (c) Eventually the cavity
closes in a single point pinching off its lower half as a giant bubble. (d) After clo-
sure two violent jets emerge shooting up- and downwards from the closure location.
The blue and red lines represent the free surface and the disc, respectively, from our
numerical simulation which is in very good agreement with the experimental images.
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the common, yet fascinatingly beautiful, phenomenon of solid-liquid impact.
In Chapter 2 we will show in detail how the initial downward motion of the

disc is, upon impact, turned into the upward motion of the liquid jet. For this we
will illustrate how the collapsing cavity wall squeezes out the jet very much like the
squeezing of a tube of tooth paste – but of course much faster. Observations made
from detailed numerical simulations will lead us to construct an analytical model to
describe the jet formation mechanism which we find in very good agreement with
our simulations and experiments.

Next, in Chapter 3, we will show how to predict not only jet formation, but the
entire shape of the ejected liquid jets. For this purpose, the results from the previous
chapter will serve as an input into a new and independent theoretical model for the
stretching of the jet. We will show further that the break-up of such a stretching
thin jet due to a surface-tension driven (Rayleigh-Plateau)-instability can be fully
described by only two non-dimensional quantities determined at the very beginning
of jet formation. Finally, we will demonstrate that our three-step jetting model –
formation, stretching, break-up – can not only be applied to jets after solid object
impact but also to the liquid jets observed after the pinch-off of gas bubbles injected
from a small underwater nozzle into a quiescent liquid pool as in, e.g. [13–15].

In Chapter 4 we will use a new multiphase computational scheme coupling our
boundary-integral method for the liquid to a fully compressible Euler solver for the
gas dynamics to illustrate the stream of air as it is first sucked into and later pushed
out of the impact cavity. We will combine these computations with experiments in
which the air flow is visualized using fine smoke particles. The striking result is
that the air is pushed out of the cavity so violently that it attains supersonic speeds.
Perhaps even more striking, due to the rapidly shrinking liquid cavity these high air
speeds can be achieved with pressures inside the bubble being merely 2% larger than
the surrounding atmosphere.

In Chapter 5 we will present the details of the computational scheme used in the
previous chapter. This chapter also covers a number of interesting aspects regarding
the boundary-integral implementation used in the other parts of this work.

A long-standing controversy in the fluid dynamics community has been until re-
cently the pinch-off of an elongated bubble with a neck which – due to some external
forcing – is shrinking in time. It was predicted initially that the neck should shrink
in a universal fashion determined only by liquid inertia [13, 16]. The fact, however,
that the predicted power-law with an exponent of 1/2 could not be found experimen-
tally raised doubts about whether or not bubble pinch-off was a truly universal phe-
nomenon (as is its close cousin, the pinch-off of a liquid thread surrounded by air).
A recent theory then predicted a universal behavior but with a more complicated,
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time-dependent local exponent [17]. The crucial aspect which was not addressed in
[17] is whether this universal behavior would actually occur on time scales which
are observable in a real experiment. In Chapter 6 we go back to the single-phase
boundary-integral simulations of the first two chapters to answer this question for a
number of different systems including the impacting disc. Surprisingly, we find that
the duration of the universal regime differs by many orders of magnitude from one
system to another – a fact which we use to explain why and how universal behavior
can (indirectly) be observed in some systems and not in others.

In Chapter 7 we slightly modify our experimental and computational setup re-
placing the disc with a long cylinder. As we will show this leads to a qualitatively
new behavior of the cavity closure. While for the disc the closure depth scales contin-
uously with the impact velocity, for a submerging cylinder it exhibits discontinuous
jumps at certain well-defined velocities. These jumps can be traced back to the oc-
currence of capillary waves which are created at the very beginning of the impact and
are not present in the case of the impacting disc.

Chapter 8 connects back to the first two chapters studying jetting phenomena:
here we will use our boundary-integral simulations to illustrate how nanopits (with
radii of roughly 50 nm) can be filled with liquid by tiny jets. In the experimental
setup, an array of nanopits drilled into a silicon wafer is submerged in pure water.
Due to the stabilizing effect of surface tension the pits initially remain filled with
air. A strong underpressure created by an ultrasound pulse triggers the nucleation of
bubbles out of the nanopits which immediately collapse as soon as normal pressure
is restored. It is an intriguing observation that each nanopit can nucleate a bubble
exactly once. Our simulations show that during the collapse of the first bubble a very
thin jet is formed which can penetrate into the nanopit and, as it hits the bottom, fills
the pit with liquid making a second nucleation impossible.

Finally, Chapter 9 presents some overall conclusions and suggests possibilities
for further study.
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2
High-speed jet formation after solid object

impact ∗

A circular disc impacting on a water surface creates an impact crater which af-
ter collapse leads to a remarkably vigorous jet. Upon impact an axisymmetric air
cavity forms and eventually pinches off in a single point halfway down the cavity.
Immediately after closure two fast sharp-pointed jets are observed shooting up- and
downwards from the closure location, which by then has turned into a stagnation
point. This stagnation point deflect the radially inflowing liquid vertically up and
down creating a locally hyperbolic flow pattern. This flow, however, is not the mech-
anism feeding the two jets. Using high-speed imaging and numerical simulations we
show that jetting is fed by the local flow around the base of the jet, which is forced by
the colliding cavity walls. Based on this insight, we then show how the well-known
analytical description of a collapsing void (using a line of sinks along the axis of
symmetry) can be continued beyond the time of pinch-off to obtain a new and quan-
titative model for jet formation which is in good agreement with the numerical and
experimental data.

∗Published as: Stephan Gekle, José Manuel Gordillo, Devaraj van der Meer, and Detlef Lohse,
“High-speed jet formation after solid object impact”, Phys. Rev. Lett. 102, 034502 (2009).
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10 CHAPTER 2. HIGH-SPEED JET FORMATION

2.1 Introduction

The most prominent phenomenon when a solid object hits a water surface is the high-
speed jet shooting upwards into the air. The basic sequence of events leading to this
jet has been studied since Worthington over a century ago: After impact, the intruder
creates an air-filled cavity in the liquid which due to hydrostatic pressure immediately
starts to collapse, eventually leading to the pinch-off of a large bubble. Two very thin
jets are ejected up- respectively downwards from the pinch-off point. This finite-
time singularity has been intensively studied in recent time [1–4]. Such singularities
have been shown to lead to a hyperbolic flow pattern after collapse and thus to the
formation of liquid jets [5–8].

As we show in the present work, however, the radial energy focussing towards
the singular pinch-off point alone is not sufficient to explain the extreme thinness of
jets observed after the impact of a solid object. Instead, this jet formation is shown to
depend crucially on the kinetic energy contained in the entire collapsing wall of the
cavity even far above the pinch-off singularity.

This is in contrast to jets observed in many other situations where narrow con-
fining cavity walls are not present, e. g. for bubbles bursting on a free surface or
near a solid wall [8–10], wave focussing [11, 12], or jets induced by pressure waves
[13]. In addition, surface tension in our case turns out to be irrelevant in contrast to
capillary-driven scenarios as suggested for Faraday waves [6, 7]. In all these cases
jetting seems thus to be accomplished by a mechanism different from the one in this
chapter.

In the case of drop impact [14] however, the formation of a cavity and its subse-
quent inertial collapse can be observed for certain parameter values and the present
mechanism might be of relevance.

Our experimental setup consists of a circular disc with radius R0 that is pulled
through a water surface with velocity V0 as described in [1]. The velocity V0 is kept
constant throughout the whole process. Global and local Reynolds and Weber num-
bers are fairly large as shown in [1] and therefore the only relevant control parameter
is the Froude number, Fr= V 2

0 /R0g with gravity g, which for our experimental con-
ditions of R0 = 2cm and V0 = 1m/s) equals 5.1.
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2.2 Numerical results

We treat the problem as inviscid and irrotational. The inviscid assumption is justified
by the large Reynolds numbers ∗ together with the very short time scale of jet forma-
tion and irrotationality has been confirmed by detailed PIV measurements [15]. We
thus make use of potential flow employing an axisymmetric boundary-integral tech-
nique which explicitly tracks the free surface. The topology change at pinch-off is
implemented as follows: When the radial position of the node closest to the axis be-
comes smaller than the local node distance, the two neighboring nodes are shifted to
the axis, conserving their vertical position and their potential. Continuing the simula-
tion, these nodes eventually form the tip of the top and bottom jets. These numerical
simulations have shown very good agreement with experiments for different impact
geometries [1, 16] and we verified carefully that our results are independent of nu-
merical parameters such as node density and time stepping. The influence of air is
neglected.

Figure 2.1 shows the pinch-off of the impact cavity and the subsequent formation
of two thin jets. We use polar coordinates with z = 0 at the pinch-off height and
t = 0 at the pinch-off moment. Velocity, length, and time scales are normalized
by V0, R0, and T0 = R0/V0, respectively. As can be clearly appreciated from Fig. 2.1
surface tension is completely irrelevant for the present mechanism which is markedly
different from the jetting mechanism suggested for Faraday waves [6, 7].

We set out to elucidate the precise mechanism which turns the horizontally col-
lapsing cavity of Fig. 2.1 (a) into the thin vertical jets of Fig. 2.1 (b) and (c). For
this we focus on the dynamics of the upward jet base defined as the local surface
minimum illustrated in Fig. 2.2. It is remarkable how the geometric confinement of
the narrow cavity forces the jet to move upwards very fast while the widening of its
base is restricted by the collapsing walls. We find that jet formation occurs on an
extremely short time scale: the jet grows above the initial quiescent surface in less
than 1% of the total time after impact.

These high speeds, however, are not due to a hyperbolic flow around the original
pinch-off point as one could have expected based on suggested jetting mechanisms in
other situations [5–8]. Figure 2.3 demonstrates how the fluid here is not accelerated
upwards continuously from the pinch-off singularity but instead acquires its large
vertical momentum in a small zone located around the jet base: Since each horizon-
tal cross-section of the axisymmetric cavity wall will keep flowing radially inwards
even after pinch-off, eventually it must collide on the axis in a similar way as the

∗After pinch-off one can additionally define Rejet using the width of the jet at its base and the local
free surface velocity. Also this Reynolds number is O(103).
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Figure 2.1: The free surface shape (black solid line) for simulations with surface
tension (σ = 72.8 mN/m) and without surface tension (red dashed line) and the disc
position (blue) from the simulation at pinch-off (a), at an intermediate time with the
growing up- and downward jets (b) and at the instant when the downward jet hits
the disc (c). As the free surface shapes lie almost exactly on top of each other we
conclude that surface tension has no influence on the jet formation.

original pinch-off. This creates an upward and downward acceleration, of which the
upward acceleration feeds the jet. The downward (negative) acceleration below the
jet base can clearly be observed in Fig. 2.3. It is thus essential to consider not only
the singularity itself but the continuous collapse of the entire cavity wall in any kind
of theoretical modelling.

2.3 Analytical model

Inspired by the above observations we derive an analytical model for the jet forma-
tion: First, the flow field of the collapsing cavity before pinch-off will be described
by a line of sinks along the axis of symmetry as in, e.g. [2, 3, 17]. The strength of
these sinks will be determined from the simulation at pinch-off and forms the only
input quantity for our model. Next, we will show how this picture naturally leads to a
good description of the bulk flow after pinch-off. The line of sinks acquires a ”hole”
between the two jets and an additional point sink emerges near the jet bases. Finally,
we will obtain two differential equations for the widening and upward motion of
the jet base which are the two most relevant processes for jet formation. Secondary
processes as jet breakup and the precise dynamics of the jet tip are not considered
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Figure 2.2: The inset illustrates the position of the jet base (red diamond) at differ-
ent times. In contrast to other situations the vertical motion is much faster than the
widening. The main figure shows the upwards motion zb(t) of the jet base derived
from the analytical model (black line) which compares very favorably with simula-
tion (red crosses) and experiment (blue diamonds). (The slightly slower motion in
the experiment can be attributed to an imperfect axisymmetry reducing the radial fo-
cussing effect and thus slowing down the jet motion.) The agreement between model,
experiment, and numerics is equally good for the base widening rb(t). The motion of
zb is reminiscent to gas bubbles injected into water [4].
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Figure 2.3: The vertical material acceleration az = Dvz/Dt at t/T0 = 0.028 is confined
to a small region around the jet base. The pinch-off location at (0,0) lies far too deep
to influence the jetting process longer than in the first instants after pinch-off. The
red line depicts the free surface. Note that as the boundary integrals diverge when
the surface is approached no acceleration data is available immediately below the
surface.
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here.
As a starting point, Green’s identity allows us to write the potential at any point

r in the liquid bulk as an integral of sources and dipoles over the free surface:

4πφ (r) =
∫

S
dS′n′ ·

[
1

|r− r′|∇
′φ −φ

(
r′

)
∇′ 1
|r− r′|

]
(2.1)

with the integration taken over the free surface S as illustrated in Fig. 2.4 (a) and (b).
Since the dipole term decays quickly as 1/ |r− r′|2, the source term (which decays
only as 1/ |r− r′|) will be the dominant contribution to the integral if the observation
point is chosen sufficiently far from the free surface. As the cavity close to pinch-off
becomes slender, ∂φ/∂n≈−Ṙ for a point R on the free surface. Since the surface has
no overhangs we write dS = 2πRdz. Approximating the radial distance as r− r′ ≈ r
turns Eq. (2.1) into [2, 3]:

2φ(r,z, t) =
∫ qaxis(z′, t)√

r2 +(z− z′)2
dz′. (2.2)

with a time- and height-dependent line distribution of sinks qaxis(z, t) = −RṘ along
the axis of symmetry. Keeping in mind the extremely short time scale of jet forma-
tion as compared to the cavity collapse, we can assume the sink strength to remain
constant in time from the moment of pinch-off tc onwards, qc(z) = qaxis(z, tc).

During jet formation we divide the free surface into two regions separated by the
jet base. The outer region contains the collapsing cavity until the jet base, while the
inner region extends from the base inwards to the axis of symmetry as sketched in
Fig. 2.4 (b). The principal fluid motion in the outer region remains identical to the
collapsing cavity before pinch-off. High up in the jet, the motion will be vertically
upwards with negligible radial velocity and thus will not contribute to the integral
Eq. (2.2). As a free surface fluid element travels through the jet base and further
up into the jet, it transitions from one flow regime to the other by decelerating its
initial radial motion and turning it into vertical momentum. Thereby, its contribution
to the integral (2.2) decays to a negligible amount. This decay of the sink strength
cannot happen instantaneously which leads to an accumulation (see Fig. 2.4) of sinks
around the jet base and a corresponding inward motion in that area. The length over
which the sinks decay and accumulate must be proportional to the radius of the jet
base which is the only relevant local length scale, Crb, with C a constant of order
one. This accumulation of sinks makes the dynamics qualitatively different from the
collapsing cavity before pinch-off as in [2, 3, 17] and is crucial for the emergence of
the high-speed jet. Note that our model is constructed only for the bulk flow outside
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Figure 2.4: (a) Sketch of the collapsing cavity being described by a distribution of
sinks (orange arrows; lengths are not representative of sink strength) on its free sur-
face. (b) During jet formation the cavity collapse in the outer region remains un-
changed (orange arrows) while around the jet base sinks accumulate (green arrows).
This can be approximated as a line of sinks along the axis of symmetry plus a point
sink (green dot). In the central region around the pinch-off point, a hole is formed:
sinks are completely absent. For a detailed description see the main text.

the actual jet. The sinks on the axis thus always remain outside of the liquid domain
which they aim to describe.

From an observation point at r À rb, the contribution of the sinks accumulating
around the base is seen as a point sink of strength Crbqc(zb) since qc(z)≈ qc(zb) along
the length Crb. The point sink is located some distance above the base which is again
proportional to the local length scale, i.e., zsink = zb +Csink · rb introducing a second
constant Csink of order unity. The exact value of the constants needs to be determined
by fitting to the numerical and experimental data and depends on the Froude number.

Similarly, the most relevant contribution of the outer region will be that part of
the integral closest to the observation point r. At an altitude similar to or lower
than the base, this is the region close to the base where again qc(z) ≈ qc(zb). To
allow analytical treatment of the integral from Eq. (2.2), we can thus at any given
time assume a sink strength being constant in space along the entire axis above the
base. Through the motion of the base this sink strength depends implicitly on time
qb(t) = qc(zb(t)).

Combining the approximations of the preceding paragraphs, we are now able to
give an analytical expression derived from Eq. (2.2) for the potential at any point (r,
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z) as a function of the base position rb and zb:

2φ(r,z, t) = qb(t)
∫ ∞

−∞

dz′√
r2 +(z− z′)2

︸ ︷︷ ︸
collapsing cavity

−qb(t)
∫ zb(t)

−zb(t)

dz′√
r2 +(z− z′)2

︸ ︷︷ ︸
hole

+
Cqb(t)rb(t)√

r2 +(z− (zb(t)+Csinkrb(t)))2
︸ ︷︷ ︸

point sink

. (2.3)

The initial sink distribution is obtained from the numerics by calculating qc(z) =−RṘ
along the surface just once at pinch-off. It forms the only input quantity required by
our jetting model. Note that, as we are dealing with the upwards jet, the point sink
for the downward jet is far away and can be neglected.

In order to derive the desired ODEs for rb(t) and zb(t) we apply the Bernoulli
equation with zero pressure ∂φ/∂ t + |∇φ |2 /2 = 0 on the free surface, neglecting
small hydrostatic contributions. We then employ Eq. (2.3) to obtain the first differen-
tial equation involving ṙb(t) and żb(t). The second ODE results from the kinematic
boundary condition at the jet base which, since the base is a local minimum, reads
∂φ/∂ z = ∂ zb/∂ t. This leads to a closed system of two ODEs. The calculations are
presented in the appendix. With C = 4.55 and Csink = 0.63 the agreement with simu-
lations and experiment is remarkable as demonstrated by Fig. 2.2. We stress that the
model requires as its only ingredient the sink strength distribution at pinch-off.

2.4 The surface layer

Finally, it is important to understand which region of the liquid bulk at pinch-off will
eventually become ejected into the jet. This knowledge can be obtained from the
numerical simulations by injecting a line of particles at the base of the jet, cf. Fig. 2.5
(a). Since the flow field is known for all times previous to particle injection, the
tracers can be followed backwards to their origin at t = 0. The line of tracers injected
at the final instant will yield the outer boundary of the fluid layer that, together with
the free surface, delimitates the fluid volume from which the jet originates. While
the radial extent of the fluid layer depicted in Fig. 2.5 (c) is of the order of the disc
radius, its maximum thickness is only about 0.01 ·R0. Thus far, a similar surface
layer has only been observed when jetting is directly caused by surface waves [11].
In the present case, the thinness of the layer is even more remarkable as it does not
arise from a surface phenomenon but from the collapsing motion of the entire bulk
liquid.
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Figure 2.5: A line of tracer particles is injected at the base of the jet at tinj/T0 = 0.08
(a). After advecting them backwards in time to the moment of pinch-off they form
the border of a thin surface layer containing the liquid that eventually ends up in the
jet (b). A corresponding movie can be found on the web [18]. (c) The thickness of
the layer that has gone into the jet at three different times.

2.5 Conclusions

In conclusion, we have studied in detail the mechanism responsible for the formation
of high-speed Worthington jets after the impact of solid objects on a liquid surface.
We showed that the liquid forming the jet originates from a thin layer straddling the
surface of the impact cavity. Our main finding, nevertheless, is the vital importance
of the radial energy focussing along the entire wall of this cavity. In contrast to other
situations [5–8], the hyperbolic flow around the singular pinch-off point turned out
to be not the relevant mechanism behind jet formation. Instead, our case seems more
reminiscent of the violent jets observed during the explosion of lined cavities [19].
We proposed an analytical model which is in very good quantitative agreement with
experimental data and numerical simulations. The only ingredients to the model are
two constants of order one and a sink distribution qc(z) describing the collapsing
cavity at pinch-off.

We expect that the present mechanism is also responsible for the very thin jets
ejected after the impact of water droplets on a liquid pool [14] in a parameter range
where a small cylindrical cavity at the bottom of the crater collapses in a very similar
fashion as the impact cavity described in this work. In the future, our model of jet
formation can serve as the base for analyzing the shape and the velocity of the jet
itself.
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Appendix: Differential equations for the jet base

Introducing a cut-off length scale LÀ z and LÀ r for the infinite integral in Eq. (2.3)
of the main text, it may be integrated to yield the potential at any point (r,z):

φ(r,z, t) = −qb ln
r
L

− 1
2

qb ln
(
−z+ zb +

√
r2 +(z− zb)2

)

+
1
2

qb ln
(
−z− zb +

√
r2 +(z+ zb)2

)

+
1
2

Cqbrb√
r2 +(z− zb−Csinkrb)2

, (2.4)

where the time dependence of qb(t), rb(t) and zb(t) is omitted for clarity. Further, we
have approximated

√
r2

(z−L)2 +1≈ 1+ 1
2

r2

(z−L)2 .
The dynamic boundary condition directly furnishes the first differential equation

for żb(t):

żb =
∂φ
∂ z
| r=rb,z=zb

=
qb

2rb
+qb

−1+ 2zb√
r2

b+4z2
b

−4zb +2
√

r2
b +4z2

b

+
1
2

CqbCsink

rb
(
1+C2

sink

)3/2 . (2.5)

For the second boundary condition we pick an observation point (robs,zobs) on the
free surface. The radial coordinate is taken proportional to rb with a proportionality
constant α in the range 1.2-1.5 (all values give similar results). Since this observation
point is thus not located too far from the base and the free surface profile is rather flat
around the jet base we can assume zobs ≈ zb. Application of the Bernoulli equation at
this observation point then gives

∂φ
∂ t

+
1
2
|∇φ |2 = G+ Jżb +

1
2

Cqbṙb

dsink
− żbH−CsinkHṙb = 0. (2.6)

with the squared distance between the sink and the observation point

dsink =
√

r2
obs +(zobs− zb−Csinkrb)2, (2.7)
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the time derivative of the sink strength q̇b = ∂qb
∂ z żb, and the terms independent of ṙb

and żb:

G = −q̇b ln
r
L

+
1
2

q̇b ln


−zobs− zb +

√
r2

obs +(zobs + zb)2

−zobs + zb +
√

r2
obs +(zobs− zb)2


+

1
2

Cq̇brb

dsink

+
1
2


− qb

robs
− 1

2
qbrobs√

r2
obs +(zobs− zb)2 ·

(
−zobs + zb +

√
r2

obs +(zobs− zb)2
)

+
1
2

qbrobs√
r2

obs +(zobs + zb)2 ·
(
−zobs− zb +

√
r2

obs +(zobs + zb)2
)

−1
2

Cqbrbrobs

d3
sink

]2

+
1
2



−1

2

qb

(
−1+ zobs−zb√

r2
obs+(zobs−zb)

2

)

−zobs + zb +
√

r2
obs +(zobs− zb)2

+
1
2

qb

(
−1+ zobs+zb√

r2
obs+(zobs+zb)

2

)

−zobs− zb +
√

r2
obs +(zobs + zb)

2

−1
2

Cqbrb (zobs− zb−Csinkrb)
d3

sink

]2

J =
1
2

qb




−1+ zobs−zb√
r2+(zobs−zb)2

−zobs + zb +
√

r2
obs +(zobs− zb)2

+
−1+ zobs+zb√

r2
obs+(zobs+zb)2

−zobs− zb +
√

r2
obs +(zobs + zb)2




H = −1
2

Cqbrb (zobs− zb−Csinkrb)
d3

sink
. (2.8)

From Eq. (2.6) we can isolate ṙb and substitute żb from Eq. (2.5) to obtain the
second ODE required to close the system. The initial conditions for the integration
are provided by the cut-off radius and the size of the initial liquid bridge, whose val-
ues are however not important for the long-term behavior of the jet base as described
in the next chapter.
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3
Generation and breakup of Worthington jets

after cavity collapse ∗

Helped by the careful analysis of their experimental data, Worthington and cowork-
ers described, almost a century ago, roughly the mechanism underlying the formation
of high-speed jets ejected after the impact of an axisymmetric solid on a liquid-air
interface. They made the fundamental observation that the intensity of these sharp
jets was intimately related to the formation of an axisymmetric air cavity in the wake
of the impactor. In this work we combine detailed boundary-integral simulations with
analytical modeling to describe the formation and break-up of such Worthington jets
in two common physical systems: the impact of a circular disc on a liquid surface and
the release of air bubbles from an underwater nozzle. We first show that the jet base
dynamics can be described for both systems using our earlier model in Chapter 2.
Nevertheless, our main point here is to present a model which allows us to accurately
capture the shape of the entire jet. In our model, the flow structure inside the jet is
divided into three different regions: The axial acceleration region, where the radial
momentum of the incoming liquid is converted into axial momentum, the ballistic re-
gion, where fluid particles experience no further acceleration and move constantly
with the velocity obtained at the end of the acceleration region and the jet tip region
where the jet eventually breaks into droplets. Good agreement with numerics and

∗Submitted as: Stephan Gekle and José Manuel Gordillo, “Generation and breakup of Worthington
jets after cavity collapse”, J. Fluid Mech. (2009).
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some experimental data is found. Moreover we find that, contrarily to the capillary
breakup of liquid cylinders in vacuum studied by Lord Rayleigh (1878), the breakup
of stretched liquid jets at high values of both Weber and Reynolds numbers is not
triggered by the growth of perturbations coming from an external source of noise. In-
stead, the jet breaks up due to the capillary deceleration of the liquid at the tip which
produces a corrugation to the jet shape. This perturbation, which is self-induced by
the flow, will grow in time promoted by a capillary mechanism. Combining these
three regions for the base, the jet, and the tip we are able to model the exact shape
evolution of Worthington jets ejected after the impact of a solid object - including the
size of small droplets ejected from the tip due to a surface-tension driven instability
- using as the single input parameters the minimum radius of the cavity and the flow
field before the jet emerges.

3.1 Introduction

The impact of a solid object against a liquid interface is frequently accompanied by
the ejection of a high speed jet emerging out of the liquid bulk into the air. Figure 3.1,
which shows the effect of a horizontal disc that impacts on a pool of water, illustrates
a liquid jet which flows ∼ 20 times faster than the disc impact speed. The qualitative
description of this common and striking phenomenon was firstly elucidated at the
beginning of the twentieth century by [1, 2]. Through the careful analysis of the
photographs taken after a solid sphere was dropped into water, [1, 2] realized that
these type of liquid threads emerge as a consequence of the hydrostatic collapse of
the air-filled cavity which is created at the wake of the impacting solid. [1, 2] also
made the remarkable observation that the generation of such cavities was very much
influenced by the surface properties of the spherical solid. One century after their
original observations, [3] quantified the conditions that determine the existence of the
air cavity in terms of the surface properties of the solid and the material properties of
the liquid.

High speed jets emerging out of a liquid interface are also frequently observed
in many other situations. For instance, it is very usual to perceive that the liquid
“jumps” out of the surface of sparkling drinks, a fact which is known to happen as a
consequence of bubbles bursting at the liquid interface [4–6]. Similarly, the impact
of a drop on a liquid interface or solid surface [7–12], is commonly accompanied
by the ejection of liquid jets whose velocities can be substantially larger than that of
the impacting drop. Less familiar situations such as those related to the focussing of
capillary [13, 14] or Faraday waves [15, 16] also give rise to the same type of phe-
nomenon. Nevertheless, in spite of the clear analogies, the main difference between
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Figure 3.1: Image of the high-speed jet ejected after the impact of 2cm disc with 1
m/s on a quiescent water surface.

the situations enumerated above and the case of jet formation after cavity collapse is
that, in the latter case, surface tension does not play any role in the jet ejection process
[17]. Indeed, the type of Worthington jets to be described here depend on a purely
inertial mechanism, namely the radial energy focussing along the narrow cavity wall
right before the cavity pinches-off. This fact makes our process also somewhat dif-
ferent from situations in which jets are induced by pressure waves [18–21].

Moreover, contrarily to what could be expected from the analogy with other re-
lated physical situations [22, 23], [17] pointed out that jets formed after cavity col-
lapse are not significantly influenced by the hyperbolic type of flow existing at the
pinch-off location. Instead, the description of this type of jets shares many similari-
ties with the very violent jets of fluidized metal which are ejected after the explosion
of lined cavities (e.g. [24]), with those formed when an axisymmetric bubble col-
lapses inside a stagnant liquid pool [25, 26] or possibly even with the granular jets
observed when an object impacts a fluidized granular material [27, 28].

Most of the results presented here refer to the perpendicular impact of a circular
disc with radius RD and constant velocity VD against a liquid surface. The fact that
the solid is a disc instead of a sphere leads to the formation of an air cavity which
is attached at the disc periphery, independent of the surface properties. Thus, this
choice for the solid geometry avoids the additional difficulty of determining the po-
sition of the void attachment line on the solid surface. The differences pointed out
above set our system somewhat apart from similar studies [29, 30]. The experimental
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realization of the setup to which the numerical simulations presented are referred, is
described by [17, 31–33], who show that boundary-integral simulations are in very
good with experiments. In addition, potential flow numerical simulations to study of
the type of Worthington jets ejected after bubble pinch-off from an underwater noz-
zle sticking into a quiescent pool of water [25, 26, 34–43] are also reported in this
chapter. As in the case of Worthington jets ejected after solid body impact, similar
boundary-integral simulations have been shown to be in very good agreement with
experiments see [26, 35].

This chapter is organized as follows: In Section 3.2 we present the three differ-
ent numerical methods used. Section 3.3 presents the results from the simulations
which are compared to the analytical model in Section 3.4. Conclusions are drawn in
Section 3.5.

3.2 Numerical methods

In this chapter we have used three types of boundary-integral simulations. The first
two model, respectively, the normal impact of a disc on a free surface and the pinch-
off of a bubble from an underwater nozzle. With the purpose of simulating the capil-
lary breakup of the jets formed in the first two situations, the third type of simulation
represents a jet issued from a constant-diameter nozzle with an imposed axial strain
rate. The latter type of numerical simulations have the advantage of allowing us
to directly impose the values of both the strain rate and the Weber number, which
are the parameters controlling the breakup of the jet, as will become clear from the
discussion below. All simulations include surface tension.

3.2.1 Disc impact simulations

The process of disc impact see also [17, 31, 32] is illustrated in Fig. 3.2: after impact a
large cavity is created beneath the surface which subsequently collapses roughly at its
middle due to the hydrostatic pressure from the liquid bulk. From the closure location
two high-speed jets are ejected up- and downwards. Here positions, velocities and
time are made dimensionless using as characteristic quantities the disc radius RD,
the impact velocity VD, and TD = RD/VD, respectively. (Variables in capital letters
will be used to denote dimensional quantities whereas their lower case analogs will
indicate the corresponding dimensionless variable). Moreover, it will be assumed
that axisymmetry is preserved and, thus, a polar coordinate system (r,z) will be used.
The origins of both the axial polar coordinate z and of time t are set at the cavity
pinch-off height and at the pinch-off instant, respectively.
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Since global and local Reynolds numbers are large and the generation of vortic-
ity is negligible [17, 32] we can make use of a flow potential to describe the liquid
flow field. The numerical details, including the “surface surgery” needed to accu-
rately capture the transition from the cavity collapse process to the jet ejection, are
given elsewhere [17, 32]. These simulations have shown very good agreement with
experimental high-speed recordings and particle image velocimetry measurements
[17, 31–33]. The simulation stops when the downward jet hits the disc surface.

Since the Reynolds number is large, the dimensionless parameters controlling the
jet ejection process are the Froude number, Fr = V 2

D/(RD g), and the Weber number,
We = ρV 2

DRD/σ where g, ρ and σ indicate the gravitational acceleration, the liq-
uid density and the interfacial tension, respectively. Since We & O(102) in all cases
considered here, the jet ejection is not promoted by surface tension [17] which nev-
ertheless is included in the simulations. The exact dynamics of the jet tip and its
breakup can – for the impacting disc – not be predicted by the present simulations
since the jet is so thin that eventually numerical instabilities arise at its tip which
have to be removed. Air effects, which play an essential role during the latest stages
of cavity collapse [42, 44, 45], are not taken into explicit consideration here. Instead
the cut-off radius at which the cavity geometry is changed into the jet geometry is
fixed manually verifying carefully that the exact value of this parameter does not in-
fluence our results. The only consequence of this simplification is that a tiny fraction
of the jet - the jet tip - may not be accurately described neither by our numerical
simulations nor by our theory as will be discussed in Section 3.3.1.

3.2.2 Bubble pinch-off from an underwater nozzle

In the second type of simulations a bubble grows and detaches when a constant gas
flow rate is injected from an underwater nozzle into a quiescent pool of liquid. [25]
and [26] experimentally showed that this process also creates high speed jets. In-
deed, as the bubble grows in size, the neck becomes more and more elongated and,
eventually, surface tension triggers the pinch-off of the bubble, leading to the forma-
tion of two fast and small jets as illustrated in Fig. 3.3. Surface tension also leads to
the pinch-off of a small droplet at the jet tip, which is precisely the instant when the
simulation stops.

Here, distances are made non-dimensional using the nozzle radius RN as the char-
acteristic length scale; moreover, the prescribed gas flow rate Q is used to derive the
typical time scale TN = (πR3

N)/Q. For the quasi-static injection conditions consid-
ered here, the relevant dimensionless parameter characterizing this physical situation
is the Bond number Bo = ρR2

Ng/σ [26, 34], which in the case presented here equals
2.1. More details of the simulation method are given in [35, 46]. Note that the present
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Figure 3.2: Numerical results obtained when a circular disc (blue line) impacts per-
pendicularly and at constant velocity on a flat liquid interface. Upon impact a cavity
attached at the disc periphery is created in the liquid (a) which collapses under the
influence of hydrostatic pressure (b). As a consequence of the cavity collapse, two
jets with velocities much larger than that of the impact solid, are ejected upwards and
downwards. The influence of increasing the impact Froude number from Fr = 5.1 –
top row – to Fr = 92 - bottom row - is that the cavity becomes more slender.
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Figure 3.3: (a) Time evolution of jets formed after the collapse of gas bubbles in-
jected into a quiescent liquid pool through a nozzle (red line), showing the ejection
of the first drop, for Bo = 2.1. b) Closeup view of the jet region in (a). The colors
correspond to different dimensionless times: t = 0 (blue), t = 0.0014 (black) and
t = 0.0027 (green)

.

numerical simulations give the same results as those in [35] which are in good agree-
ment with experiments [35].

3.2.3 Simulations of a jet ejected at constant diameter

As will be shown by our theoretical analysis below, the jet breakup process can be
described in terms of two dimensionless parameters evaluated nearby the base of the
jet, namely, the local Weber number and the dimensionless axial strain rate. These
quantities depend non-trivially on the input parameters of our physical simulations
(disc speed, nozzle size etc.). In order to obtain a way of systematically varying both
the local Weber number and strain rate we conducted a third type of simulation by
adapting the axisymmetric (two-fluid) boundary integral method described in [40]
to a situation that retains the essential ingredients to describe the capillary breakup
process in the first two types of simulations. For this purpose, we have simulated the
discharge of a liquid injected through a constant radius needle with a length of 20
times its radius into a gaseous atmosphere. The density ratio of the inner and outer
fluids is 103 and a uniform velocity profile linearly decreasing with time is imposed
on the boundary that delimits the computational domain on the left (see Fig. 3.4).
Initially, the liquid interface is assumed to be a hemisphere attached at the nozzle tip.
The uniform velocity with which the liquid is injected varies in time according to

UN(tN) = UN(0)(1−α tN) (3.1)
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Figure 3.4: Sketch defining the geometry of the numerical simulations used to de-
scribe the capillary breakup of a stretched liquid jet of density ρ injected into a
gaseous atmosphere of density ρg = 10−3ρ . The liquid velocity profile imposed at
the boundary which delimits the nozzle on the left is uniform and decreases linearly
with time.

with the dimensionless strain rate α and the initial velocity UN(0) determined by the
physical situation which one intends to imitate (jets formed either after the disc im-
pact or from the underwater nozzle). For these type of simulations positions, veloci-
ties and time will be made non dimensional using, as characteristic dimensional quan-
tities, the injection needle radius RN , the initial velocity UN(0), and TN = RN/UN(0)
respectively.

In Section 3.3.4 we demonstrate very good agreement between the results of these
type of simulations and those related to the formation of jets after bubble pinch-off
from an underwater nozzle. Unfortunately, the extremely large values of the Weber
number reached at the tip of the liquid jets formed after the impact of a disc on a free
surface (∼ O(103)) unavoidably lead to the development of numerical instabilities
[19]. This fact makes a direct comparison between the simulations of the axial strain
system sketched in Fig. 3.4 and those corresponding to the impacting disc impossible.

3.3 Analysis of numerical results

3.3.1 Effects of azimuthal asymmetries in the determination of the cut-
off radius

The value of rmin (the minimum radius of the cavity before the jet emerges) would be
zero under the ideal conditions of our simulations. This would imply that the initial
jet velocity would be infinity. In reality, effects such as gas flow [41, 42, 44, 45],
liquid viscosity [36, 38, 47], or small azimuthal asymmetries [37, 43] are known to
strongly influence the spatial region surrounding the cavity neck during the very last
stages of bubble pinch-off and, therefore, are essential to determine the real value of
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rmin ([42, 45]).

Note first that, the larger rmin is, the smaller will be the maximum liquid velocity
at the tip of the jet. Here we will provide experimental evidence showing that non-
axisymmetric perturbations are of crucial importance to fix rmin and, consequently,
the maximum velocity reached by the jet. This is due to the fact that asymmetries
influence the radial flow focussing effect on the central axis even before the actual
cavity closure. The development of azimuthal instabilities leads to a decrease of the
liquid acceleration towards the axis before pinch-off and thus reduces the speed of
the ejected jet. This is clearly observed in Figs. 3.5 and 3.6, which show the cavity
formation and jet ejection processes when either a brass disc (smooth surface) or a
golf ball (structured surface) impact perpendicularly on a quiescent pool of water.
Despite the fact that both the velocity and the diameter of the ball are larger than
those of the disc, the maximum jet velocity is larger for the disc case. Indeed, while
the shape of the cavity in Fig. 3.5 is smooth, the cavity interface in Fig. 3.6 clearly
exhibits asymmetric modulations already right after the impact (which – in addition
to the rough surface structure – may in part also be due to a rotation of the ball).
Note that the overall shape of the cavity is very similar in both cases. Consequently,
since the self-acceleration of the liquid towards the axis is lost when the amplitude
of azimuthal disturbances is similar to the radius of the cavity, the maximum veloc-
ity reached during the collapse process decreases when the cavity interface is not
smooth. Note that Figs. 3.5 and 3.6 are representative of an exhaustive set of experi-
ments. The analysis of the whole experimental data has shown that the rough surface
systematically produces lower jet speeds.

The initial amplitude or the precise instant at which such azimuthal instabilities
may develop is not easy to predict. For instance, [37, 43] pointed out that tiny geo-
metrical asymmetries in the initial setup might break the cylindrical symmetry of the
cavity at the pinch-off location. Moreover, even if the cavity is perfectly axisymmet-
ric, the strong shear between the gas and the liquid will induce instabilities that tend
to break the cylindrical symmetry of the cavity [31, 48].

Therefore, the precise determination of rmin is a very complex and difficult subject
which in addition will heavily depend on the system under study and must therefore
remain outside the scope of this contribution. We have instead decided to vary rmin

within reasonable bounds and to analyze carefully the effect on the subsequent time
evolution of the jet. It can be clearly appreciated in Fig. 3.7 that differences in the
simulations can be observed in both the jet base and tip region right after pinch-off
occurs. However, as soon as the jet radius at its base becomes of the order of the
maximum value of rmin explored, differences in the jet base region disappear and
only remain appreciable in the jet tip region. Physically, this means that gas effects
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Figure 3.5: Pictures (a)-(f) show the smooth cavity formed after the normal impact
of a brass disc against a water interface. The disc dimensions are 22 mm in diameter
and 4.7 mm in height. The disc falls by gravity and the impact velocity is Vimpact =
1.85 m/s. Note that, while the time between impact and cavity closure is roughly
70 ms, the upwards jet reaches the free surface in less than 4 ms, indicating that the
jet velocity is much larger than the impactor’s velocity. Indeed, the initial velocity
of the tip of the jet, measured from detailed images of the type (g)-(j), is larger than
– since drops might not be in a plane perpendicular to the free surface – 22.71 m/s
and thus larger than 12.28 times the disc velocity. The huge velocities reached by
the liquid jet can also be visually appreciated by comparison with the velocity of
the drops formed in the corona splash which hardly change their position between
images (g) and (j). Let us also remark that, initially, the jet is not axisymmetric ((h)
and (i)). Nevertheless, after a few milliseconds, picture (j) shows that the jet becomes
approximately axisymmetric.
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Figure 3.6: Pictures (a)-(f) show the cavity formation caused by a golf ball with a
diameter of 42.75 mm impacting with a velocity of 2.03 m/s. Compared to Fig. 3.5
the surface shape is visibly distorted (c) due to the rough surface structure of the ball.
Nevertheless, it can be inferred from a detailed image analysis that the jet velocity is
again much larger than the ball’s velocity. However, in spite of both the impact ve-
locity and the ball diameter being larger than those of the disc, the maximum velocity
of the jet is only Vimpact ' 20 m/s and thus smaller than for the impacting disc.
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and small asymmetries will only be felt at the highest part of the jet, which represents
only a very small fraction of both the total volume and of the total kinetic energy of
the jet. Note also that, in spite of the jet tip being the spatial region where the highest
velocities are reached, it is also the least reproducible one from an experimental point
of view since it strongly depends on the precise details of pinch-off. Thus, regarding
experimental reproducibility, our study will be valid to accurately describe the most
robust part of the jet. In the case of the impacting disc we will set rmin = 0.01 and in
the case of the gas injection needle, the minimum radius will be fixed to rmin = 0.05.

Finally, note that our axisymmetric approach has been proven to be in good agree-
ment with experiments whenever either the radius of the collapsing cavity or the ra-
dius of the emerging jet, are larger than the cut-off radius rmin for which any of the
effects enumerated above – gas, azimuthal perturbations – become relevant (see, for
instance, [17, 26, 31, 33, 47]).

3.3.2 Jet ejection process for the disc impact

The different stages of the jet formation process have been illustrated in Fig. 3.2. Af-
ter the solid body impacts against the free surface, an air cavity is generated (a). As a
consequence of the favorable pressure gradient existing from the bulk of the liquid to
the cavity interface, the liquid is accelerated inwards (b). These radially inward ve-
locities focus the liquid towards the axis of symmetry, leading to the formation of two
fast and sharp fluid jets shooting up- and downwards, as depicted in Fig. 3.2 (c). Here
we will mainly focus on the detailed description of the upwards jet and demonstrate
that the downward jet can be treated in the same way.

From Fig. 3.2, observe that impacts with larger Froude numbers lead to more
slender cavities and also increase the non-dimensional depth at which the cavity
pinches-off. Furthermore, it can be appreciated that the jets are extremely thin and
that the time needed for the tip of the jet to reach the free surface is only a small
fraction of the pinch-off time. This latter observation means that the jets possess a
much faster velocity than the velocity of the impacting solid, a conclusion which was
also extracted from the analysis of the experiments in Figs. 3.5-3.6. Motivated by
this striking fact, one of the main objectives in this chapter will be to address the
following question: what is the relationship between the impact velocity VD - or, in
dimensionless terms, between the Froude number - and the liquid velocity within the
jet?

With this purpose in mind, it will prove convenient to define first the length scale
that characterizes the jet width. In [17] we showed that the time evolution of the jet is
a local phenomenon, independent of the stagnation-point type of flow generated after
pinch-off at the location where the cavity collapses. Therefore, this characteristic
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Figure 3.7: Top row: Jet shapes for the disc impact at Fr= 5.1 at two different instants
of time, t = 10−4(a) and t = 3.2× 10−3 (b), for four different values of the cut-off
radius, rmin = 0.005 (blue), rmin = 0.01 (red), rmin = 0.02 (black), and rmin = 0.05
(green). Bottom row: Jet shapes for the underwater nozzle with different cut-off
radii (colors as in top row) at t = 0.0003 (c) and t = 0.004 (d), respectively (here
the simulations are extended beyond the ejection of the first droplet). It is evident in
both cases that the influence of varying the cut-off is significant only in the very first
instants after pinch-off and at the very tip of the jet.
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Figure 3.8: Sketch showing the different lengths used to define the jet base and the
regions of the jet. The jet base (rb,zb) is located where the interface possesses a local
minimum. The outer region covers the bulk of the fluid with r > rb and z < zb. The jet
region is subdivided into the acceleration, the ballistic and the tip region. Note that, in
the following, u and v will be used to denote axial and radial velocities, respectively

length needs to be related to a local instead of a global quantity and, following [17],
we choose the radial position at which the interface possesses a local minimum i.e.,
the radius rb(t) indicated in Fig. 3.8. We shall in the following call this point the jet
base and denote its vertical position by zb(t).

To clearly show the spatial region surrounding the jet base, some of the differ-
ent jet shapes taken from the time evolutions of Fig. 3.2, are translated vertically
so that they share a common vertical origin, as depicted in Fig. 3.9. Note that both
the jet base and the jet itself widen as the time from pinch-off increases. Interest-
ingly enough, Fig. 3.10 shows that jet shapes exhibit some degree of self-similarity
since they nearly collapse onto the same curve when distances are normalized using
rb. This fact indicates that rb is not an arbitrary choice, but a relevant local length
that plays a key role in the dynamics of the jet. The same arguments hold for the
downward jet as illustrated in Fig. 3.11.

In order to model the full process of jet ejection and break-up we divide the liquid
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Figure 3.9: Jet shapes translated vertically for different instants of time and different
values of the impact Froude number.
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Figure 3.10: Shapes of the jets depicted in Fig. 3.9 when distances are normalized us-
ing rb overlay reasonably well indicating that rb is a good choice for the characteristic
local length scale. The definition of the outer and jet regions is also indicated.
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Figure 3.11: Jet shapes for the downward jet at Fr=92 taken at the same times as in
Figs. 3.9 and 3.10 show a similarly good rescaling with the corresponding base radius
rb.

flow field into two different regions: the outer region, defined for r > rb, z < zb and the
jet region, extending from the jet base to the axis i.e, r < rb and z > zb, as illustrated
in Fig. 3.10. The jet region is further divided into three different axial subregions: the
acceleration region, the ballistic region and the tip region as illustrated in Fig. 3.8.

Figure 3.12 shows that zb(t)À rb(t). These comparatively large values of zb(t)
with respect to rb(t) are caused by the confinement of the jet by the cavity walls,
which inhibits the widening of the base radius. Moreover, the small values of rb
are responsible for the large axial velocities within the jet (and, thus, for the large
values of d zb/d t) since, as it will become clear below, vertical velocities are inversely
proportional to rb.

The importance of local processes around the jet base is even more clearly il-
lustrated in Fig. 3.13 where both the axial and radial velocities evaluated at the jet
air/liquid interface, u and v respectively, are represented for different instants of time.
In this figure one can observe that while the axial velocities are of similar magnitude
as the radial velocities at r = rb, they monotonically increase to much higher values
as the jet radius diminishes. Contrarily, the modulus of the (negative) radial veloc-
ities decays from ∼ O(10) at r = rb to almost zero at r ' 0.5rb and, therefore, the
radial inflow experiences a strong deceleration in the small distance ∼ 0.5rb. Since
the liquid is at atmospheric pressure at the free surface of the jet, the strong radial
deceleration provokes an overpressure below the jet base. Accordingly, a strong fa-
vorable vertical pressure gradient is created and, therefore, the liquid experiences a
large upwards acceleration in the vertical direction, creating the high speed jet ejected
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Figure 3.12: Time evolution of radial and axial positions of the jet base, rb and zb
respectively. The upward jet is shown in black and the downward in red (for the
downward jet −zb is shown for convenience). The behavior of both jets is very simi-
lar.

into the atmosphere.
In the following, we shall define r0(t) = 0.5rb(t) as the radial position on the jet

interface at which radial velocities become negligible – v ≈ 0 for jet radii smaller
than r0 – and the corresponding vertical position and velocity, will be denoted in
what follows z0(t) and u0(t), respectively. Moreover, we will also define at this point
a local Weber number as We0(t) = ρ U0(t)2 R0(t)/σ = Weu0(t)2 r0(t) (recall that
capital letters imply dimensional quantities and small letters their non-dimensional
counterparts) whose time evolution is depicted in Fig. 3.14. The large values indicate
that surface tension effects can be neglected in the description of the jet ejection
process.

Thus, since the jet interface can be considered to be at constant atmospheric pres-
sure and surface tension effects are negligible near the jet base, the only source of
axial acceleration is the axial pressure gradient caused by the radial deceleration of
the flow. Remarkably, this radial deceleration takes place in a very localized region
nearby the jet base. (For radial positions on the jet smaller than r0 already v ' 0 as
shown in Fig. 3.13.) Therefore, the source of axial acceleration (radial deceleration)
is no longer active high up into the jet, but only near the jet base. This key obser-
vation is used to define two of the three different regions within the jet: the axial
acceleration region for r0 < r < rb and zb < z < z0 and the ballistic region for r < r0,
z > z0. The term used to name the latter region is based on the fact that, since v ' 0
for r < r0 and the pressure at the jet interface is atmospheric, the momentum equation
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Figure 3.13: Time evolutions of the radial and axial velocities (v and u respectively)
of the liquid evaluated at the jet interface for Fr=5.1 and Fr=92.
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Figure 3.14: Time evolution of the local Weber number at the beginning of the bal-
listic region for two different values of the impact Froude number. The large values
demonstrate that surface tension is not relevant during the jet ejection process. To fa-
cilitate the comparison between the different Froude cases, times have been normal-
ized by tmax, which is the time when the downward jet hits the disc and the simulation
stops.

projected in the axial direction yields

Du
Dt

= 0 for z > z0 with u 6= u(r) , (3.2)

and D/Dt indicating the material derivative. Equation (3.2) implies that fluid particles
are no longer accelerated upwards and conserve the vertical velocities they possess
at z = z0, which is the axial boundary between the axial acceleration region and the
ballistic region. In Eq. (3.2), u 6= u(r) since the radial velocity gradients of axial
velocities are negligible in the ballistic region (not shown).

As a next step, we would like to scale the radial velocity field in the vicinity of the
jet base which is, as discussed above, the source of momentum driving the jet ejection
process. These radially inward velocities are originally created by the difference
between the hydrostatic pressure in the bulk of the liquid and the gas pressure inside
the cavity. After pinch-off however, the radial velocity field feeding the liquid jet is
not appreciably modified by gravity during the time evolution of the jet since the local
Froude number at the beginning of the ballistic region is Fr0 = U2

0 /(gZsurface) À 1
with Zsurface the axial distance between the beginning of the ballistic region and the
height of the free surface far from the impact region (see Fig. 3.2).

Therefore, the radial velocities which give rise to the jet emergence can be char-
acterized by the sink strength distribution at t = 0 right before pinch-off occurs:
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qc(z) = −rc(z)ṙc(z), where rc and ṙc indicate the radius of the cavity and its as-
sociated radial velocity, respectively (see [17]). The values of qc(z) are shown in
Fig. 3.15 for several values of the impact Froude number.

In order to demonstrate the intimate relation of the jet ejection process with
the velocity field right before pinch-off, we normalize the velocities v and u at the
jet surface (as shown in Fig. 3.13) using, as the characteristic scale for velocities,
qb(t)/rb(t), where qb(t) = qc(z = zb(t)) is the sink strength at the height of the jet
base. The remarkable result, depicted in Fig. 3.16, is that both rescaled velocities
nearly collapse onto the same master curves for a given Froude number and thus are
almost constant in time for a fixed value of the rescaled position r/rb < 1. This im-
plies that, for a fixed value of qb, axial velocities are inversely proportional to rb i.e.,
the smaller the jet base radius - or, equivalently, the more confined is the jet by the
cavity walls -, the larger will be the axial liquid velocities within the jet.

Of critical importance for our forthcoming discussion is the rescaled axial veloc-
ity evaluated at the boundary of the ballistic region, Bt = u0(t)/(qb(t)/rb(t)), whose
time evolution is depicted in Fig. 3.17 (a). In accordance with the collapse of the
rescaled velocities on a single master curve depicted in Fig. 3.16, Bt hardly changes
with time and, thus, we can define the function B(Fr) = u0/(qb/rb) which depends
also very weakly on the Froude number, as depicted in Fig. 3.17 (b).

The result in Fig. 3.17 possesses the additional remarkable implication that axial
velocities within the jet are larger than the radial velocities existing at the cavity
interface before pinch-off occurs. This can be seen directly by recalling that |qb/rb|=
|ṙb|, such that B is the ratio between the axial velocity u0 with which fluid is ejected
into the jet and the radial inward velocity at the jet base. Then, during the initial
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Figure 3.16: Spatial and temporal evolutions of the radial and axial velocities
depicted in Fig. 3.13 normalized with qb(t)/rb(t). Observe that u/(qb/rb) and
v/(qb/rb) nearly collapse onto the same curves for each of the two values of the
impact Froude number considered, Fr = 5.1 (a) and Fr = 92 (b).

instants of jet formation, rb ' rmin, with rmin the minimum radius of the cavity before
jet emerges. Therefore, since the maximum radial velocity before pinch-off occurs
is |ṙmin| = |qc(z = 0)/rmin|, the maximum axial velocity within the jet is given by
max(u0) = B(Fr)qc(z = 0)/rmin ∼ 3 ṙmin. This means that, essentially, the velocity
with which the jet is ejected is roughly three times larger than the maximum radial
velocity attained before pinch-off!

In addition, provided that We0 À 1, fluid particles conserve their axial velocity
within the ballistic region [see Eq. (3.2)] and, consequently, the tip of the jet trans-
ports away from the pinch-off location very valuable information about the largest
velocities reached during the cavity collapse process. The knowledge of the func-
tion B could thus allow an experimentalist to estimate the maximal pinch-off velocity
simply from measurements of the jet tip velocity.

3.3.3 Jet ejection after bubble pinch-off from an underwater nozzle

This Section is devoted to the study of Worthington jets which are ejected after the
bubble collapse into a liquid pool [25, 26]. As depicted in Fig. 3.3, these jets are
quite similar to the ones formed after the impact of a solid body against a free surface
and, thus, we expect that the conclusions of Section 3.3.2 can be also used for their
description.

Figure 3.18 shows that, similarly to Section 3.3.2, the different shapes nearly col-
lapse onto the same master curve when distances are normalized using rb. This fact
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92. As indicated in Fig. 3.14, tmax is the time when the downward jet hits the disc and
the simulation stops.

corroborates that rb is also the correct length scale to characterize this type of jets.
However, differently to the case of Worthington jets ejected after the impact of a solid
body against a free surface, in which We0 & 103, the local Weber number evaluated at
the beginning of the ballistic region is∼O(10) in this case (see Fig. 3.19a). As a con-
sequence of this, the total length at breakup of these jets is∼O(rb) (see Fig. 3.18), i.e,
much shorter than the length of the Worthington jets in Section 3.3.2. Moreover, such
comparatively low values of the local Weber number indicate that surface tension has
an effect in the description of the jet ballistic region. This is clearly appreciated in
Figs. 3.18 and 3.20 where the collapse onto each other of the normalized time evolu-
tions of the axial and radial velocity components evaluated at the free surface (u and
v) is also a bit deteriorated when compared with the case depicted in Fig. 3.16. Nev-
ertheless, the two main prerequisites for the model to be presented in the following
sections are also satisfied in this case: firstly, the acceleration and ballistic regions are
clearly differentiated in Fig. 3.20 and, secondly, the normalization of the interfacial
velocities with qb/rb leads to a reasonable collapse onto a single master curve (see
Fig. 3.20).
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using rb.

0.5 1 1.5 2 2.5 3

x 10
−3

0

5

10

15

20

25

30

t

W
e 0

0.5 1 1.5 2 2.5 3

x 10
−3

0

0.1

0.2

0.3

0.4

0.5

t

s 0,
lo

ca
l

Figure 3.19: (a) Time evolution of the local Weber number for the jet depicted in
Fig. 3.3. (b) Time evolution of the normalized strain rate s0,local (see Eq. (3.9)) at the
beginning of the ballistic region for the same case as in (a).



46 CHAPTER 3. GENERATION AND BREAKUP OF JETS

0.3 0.4 0.5 0.6 0.7 0.8 0.9
−200

−100

0

100

200

300

400

500

600

r/r
b

v,
u

v

u

t = 0.00052
t = 0.00072
t = 0.00092

0.3 0.4 0.5 0.6 0.7 0.8 0.9
−2

−1

0

1

2

3

4

5

6

r/r
b

(v
,u

)/
(q

b/r
b)

v / (q
b
/r

b
)

u / (q
b
/r

b
)

t = 0.00052
t = 0.00072
t = 0.00092
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velocities scaled with qb/rb. Due to the fact that the Weber number is considerably
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3.3.4 Jet breakup

The growth of capillary perturbations in a cylindrical liquid jet, firstly quantified
by [49] (see also [50]), is based on the assumption that fluid particles conserve, to
first order, their longitudinal velocity U . Note that for jet breakup surface tension
is important as a driving force of the instabilities – in contrast to jet formation as
shown in Fig. 2.1 in the previous chapter. Rayleigh’s analysis shows that, moving in a
frame of reference with the jet velocity U (which in his case is constant U 6= U(z, t)),
and no matter how large the Weber number is, the jet breaks due to the growth of
capillary perturbations of wavelengths larger than the jet perimeter. The characteristic
time needed for such perturbations to disrupt the jet into drops is the capillary time,
∼ (ρ R3/σ)1/2, with R the jet radius. Therefore the jet breakup length, Lb, is such
that Lb/R ∝ (ρ U2 R/σ)1/2 if aerodynamic effects are absent [51, 52]. Notice that the
study of jet breakup in our case is somewhat related to that considered by Rayleigh
since the fluid particles conserve their velocities, in a first approach, along the ballistic
region of the jet.

Similarly to the case considered by [49], the study of the capillary breakup of
stretched jets will be divided in two: the calculation of the basic flow, which is free
of capillary effects and the analysis of capillary waves propagating and growing in
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amplitude at the jet tip region. Viscous effects will be neglected in the analysis.

Unperturbed flow

If We0 À 1, the time evolution of both the jet radius and the liquid velocities in the
ballistic region can be calculated neglecting surface tension forces and making use
of the slenderness of the jet. However, differently to the case considered by [49], in
which the jet radius r jet = 1 and u = constant, here u and r jet are functions of z and t.
In effect, if the fluid is assumed to follow a purely vertical motion inside the ballistic
region, the couple of equations that determine u and r jet are the momentum equation
(3.2), which can be also written as

Du
Dt

= 0→ ∂u
∂ t

+u
∂u
∂ z

= 0 , (3.3)

and the unidirectional version of the continuity equation, namely,

∂ r2
jet

∂ t
+

∂ (ur2
jet)

∂ z
= 0→ D ln r2

jet

Dt
=−∂ u

∂ z
, (3.4)

where D/Dt ≡ ∂/∂ t +u∂/∂ z indicates again the material derivative. From Eqs. (3.3)-
(3.4), u, r jet and z jet - the height at which the jet radius is r jet - are completely de-
termined if the relevant quantities at the beginning of the ballistic region (r0, z0, and
the velocity u0) are known functions of time. Indeed, Eq. (3.3) expresses that fluid
particles conserve the vertical velocity they possess at the beginning of the ballistic
region. Consequently, a particle ejected from the acceleration into the ballistic region
at time τ < t will, at time t, have attained a height

z jet(t) = z0(τ)+(t− τ) u0(τ). (3.5)

Note that every fluid particle is ejected at a different time such that τ can serve as a
label for the fluid particle. To obtain the corresponding jet radius r jet , Eq. (3.4) can
be integrated to give

r2
jet(z = z jet , t) = r2

0(τ)
u0(τ)−d z0/dτ

u0(τ)−d z0/dτ−d u0(τ)/dτ(t− τ)
. (3.6)

Introducing the definition of the strain rate at the beginning of the ballistic region

so(τ) =
∂ u
∂ z

(z = z0) =− u̇o(τ)
uo(τ)− żo(τ)

(3.7)
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Figure 3.21: Comparison between the numerical jet shape and that obtained from
Eq. (3.6) for the disc impact at Fr=5.1 (a) and the jet ejected from the underwater
nozzle (b). The black line is the simulation and the red line is the analytical model.
The input values of r0(t), z0(t) and u0(t) for the jet stretching model are taken from
the simulations. Note that, since surface tension is not included in this model, the tip
of the jet requires a separate treatment as described in Section 3.3.4

allows us to rewrite Eq. (3.6) in a more compact form as

r2
jet(z jet , t) =

r2
o(τ)

1+(t− τ)so
. (3.8)

Note that Rayleigh’s original analysis, u = constant and r jet = 1 (cylindrical jet) may
be recovered from Eqs. (3.3)-(3.4) by setting s0 = 0 and u0, z0 and r0 constants in
time. However, in our case, u̇0 < 0 and u0 = Bqb/rb > żb ' ż0 and, therefore, by
virtue of Eq. (3.7), these conditions imply so > 0; consequently, from Eq. (3.8), the
jet is not cylindrical since it stretches downstream.

Now, in order to obtain the complete jet shape at time t, we vary τ between 0 and
t and use Eqs. (3.5) and (3.6) to compute the corresponding vertical and radial coor-
dinates of the jet. Note that, clearly, the particle ejected at τ = 0 will end up forming
the tip of the jet. The comparison between the numerical results and those obtained
from the integration of (3.3)-(3.4), with the values of uo(τ), zo(τ) and ro(τ) taken
from the numerical simulations, is depicted in Fig. 3.21. The very good agreement
between numerics and the model validates the approach of considering that fluid par-
ticles conserve their axial velocities within the ballistic region. It should be pointed
out, however, that Eqs. (3.3)-(3.4) need to be corrected at the tip of the jet, where
surface tension effects need to be retained.
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Growth of capillary disturbances

The linear stability analysis for the type of velocity field given in Section 3.3.4 was
firstly accomplished by [53], who recovered Rayleigh’s original result in the limit of
s0 = 0. It is our purpose here to extend the analysis on the breakup of stretched jets
of [53] to account for non linear effects and also for the influence of the tip. It is
worthy to mention that, in our numerical approach, the wavelength of fastest growth
rate is naturally selected by the local flow around the jet tip and, therefore, a linear
stability analysis of the type reported in [53], is avoided. We will derive our results
using simulations as depicted in Fig. 3.4 and apply them to the breakup of jets ejected
from an underwater nozzle as depicted in Fig. 3.3.

As a first step, the dimensional counterparts of r0(τ) [R0(τ)] and u0(τ) [U0(τ)]
are chosen as the characteristic scales for lengths and velocities, respectively. Con-
sequently, dimensional analysis indicates that the evolution of capillary perturbations
in the ballistic region for t > τ will solely depend on the dimensionless parameters
We0(τ) and

s0,local(τ) = S0(τ)R0(τ)/U0(τ) = s0(τ)r0(τ)/u0(τ). (3.9)

The values of We0 and s0,local depend non-trivially on the dimensionless pa-
rameters controlling the two different physical situations analyzed here. Conse-
quently, in order to study systematically the jet breakup process as a function of
s0,local and We0 we employ the third type of simulations of the axial strain type de-
scribed in Section 3.2 and illustrated in Fig. 3.4. The real jet breakup process can
then be reproduced provided that the values of the Weber number and the strain rate
at the nozzle exit coincide with those at the beginning of the ballistic region i.e,
We0(τ = 0) = WeN = ρ U2

N(0)RN/σ and s0,local(τ = 0) = α .
Note that, since the values of the Weber number based on UN and ρg are al-

ways such that Weg = ρgU2
N RN/σ ¿ 1, the gas dynamics can be neglected and the

only two relevant dimensionless parameters characterizing the axial strain system of
Fig. 3.4 are WeN and α .

The numerical results depicted in Fig. 3.22 show a slender liquid thread which
breaks many diameters downstream the nozzle exit. Moreover, it can be observed
that the effect of increasing the Weber number is to increase the breakup time and
the breakup length. Figure 3.23 shows a comparison between the shapes of the
jets formed after bubble collapse depicted in Fig. 3.18 and those obtained from
the simulations of the type illustrated in Fig. 3.22 with WeN = We0(τ = 0) and
α = s0,local(τ = 0). The good agreement between both type of numerical results cor-
roborates the fact that tip breakup of Worthington jets can be reproduced by means
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Figure 3.22: Time evolution of jets calculated for two different values of the pair of
variables (WeN ,α) but the same value of the product WeNα2.

of the simulations considered in this section if the values of the parameter WeN and
α coincide with the initial values of We0 and s0,local .

However, the numerical code used in this section is unstable for WeN & O(103).
Consequently, the third type of simulations cannot reproduce, at first sight, the breakup
of jets ejected by an impacting disc since, in this case, We0 & 103 as depicted in
Fig. 3.14. Thus, is it nevertheless possible to describe the breakup process of jets
with such high values of We0 using the numerical simulations of the axial strain
type illustrated in Fig. 3.4? The answer to this question is affirmative if we re-
alize that, in a frame of reference moving at the tip velocity, the parametrical de-
pendence on the velocity U0(τ = 0) disappears. Consequently, since both the local
flow field and the jet radius still depends in this frame of reference on S0(τ = 0)
(see Eq. (3.7)), dimensional analysis indicates that jet breakup can be described in
terms of the dimensionless variables T S0(τ = 0) (or, analogously, tNα) and WeS =
ρ S2

0(τ = 0)R3
0(τ = 0)/σ = Wer3

0(τ = 0)s2
0(τ = 0) = We0(τ = 0)s2

0,local(τ = 0) (or,
analogously, WeNα2).

To check this, the results depicted in Fig. 3.22, which correspond to different
values of WeN and α but to the same value of WeNα2, are represented in Fig. 3.24.
Remarkably, the different jet shapes superimpose onto each other for the same val-
ues of the dimensionless time T S0, what indicates that the breakup process depends
solely on WeS (or, equivalently, on WeNα2) and on the dimensionless time T S0 (or,
equivalently, on tNα) for sufficiently large values of We0. Figure 3.25 illustrates that
the volume of the nearly spherical drops formed at breakup, decreases for increasing
values of WeS. In Fig. 3.25 note also that the range of values of WeS investigated is
realistic even for the impacting disc, as depicted in 3.26. Consequently, even though
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which are the initial values of the local Weber number and the dimensionless axial
strain rate of the simulations depicted in Fig. 3.19. Note that distances are rescaled
using the final radius of the drop Rdrop as the characteristic length scale and that ztip

denotes the axial coordinate of the tip of the jet.
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Figure 3.24: Translated jet shapes corresponding to the conditions WeN = 90, α =
0.33 and WeN = 200 and α = 0.223, depicted in Fig. 3.22 (a) and (b), respectively.
Since WeS = WeNα2 = 10 in both cases, the time evolution near the tip region is
identical in the normalized temporal variable T S0.

We0 in some situations such as the disc may be very high, the important parameter
which is WeS = We0(τ = 0)s2

0,local(τ = 0) can be matched to the simulations in this
section. We emphasize that Fig. 3.27 describes a universal relation for the breakup
of Worthington jets at high Weber numbers which allows one to obtain the breakup
time and volume of the first ejected droplet knowing merely the value of WeS defined
at the beginning of jet formation.

Finally, note that, in order for WeN < O(103), the computations have been per-
formed choosing 1¿WeN ¿We0 and, correspondingly, α > s0,local . The condition
WeN À 1 is essential since, if WeN was not sufficiently large, the jet breakup process
of real Worthington jets would depend on the liquid velocity UN(0) and, thus, on WeN

and α separately.

3.4 Modeling the jet ejection and breakup processes

Here we aim to develop a model to explain, in simple terms, the jet ejection and
breakup processes for cases (i), (ii) and (iii) in Figs. 3.2, 3.3, 3.4. Our model will be
based on the main conclusions of the previous section which are: (i) both rb and zb are
local quantities which, therefore, do not depend on the large scales of the flow, (ii) the
velocity field within the jet can be characterized solely in terms of the sink strength
intensity at pinch-off, qc(z) and (iii) the flow field within the jet can be divided in
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three parts: the acceleration region, the ballistic region and the jet tip region.
This section is structured as follows: in Section 3.4.1 rb(t) and zb(t) are cal-

culated in terms of only qc(z) using the theory developed in [17]. Then, in Sec-
tion 3.4.2 the axial velocity and the jet shape within the ballistic portion of the jet
are calculated through Eqs. (3.3)-(3.4) using, as initial conditions, r0(τ) = 0.5rb(τ),
u0(τ) = B(Fr)qb(τ)/rb(τ) and z0(τ) = zb(τ)+0.5rb(τ).

3.4.1 Reviewing the model for rb(t) and zb(t)

In this section we will very briefly review our model for jet formation as presented
in [17] and show its applications to calculate the flow fields as well as the dynamics
of the jet base for the impacting disc at Fr=5.1 and Fr=92 and the Worthington jets
created after bubble pinch-off from an underwater nozzle.

The starting point of our model is the description of the cavity collapse using a
line of sinks on the axis of symmetry as depicted in Fig. 3.15. After pinch-off most of
this distribution remains intact with two notable exceptions: a hole is created between
the bases of the up- and downward jet and sinks accumulate around the jet base [17].
These effects are illustrated in Fig. 3.28. Based on this observation we derived in
[17] an analytical expression for the flow potential φ at an arbitrary point in the outer
region (note that by construction the model is not valid inside the jet itself):

2φ =−qb

∫ ∞

−∞

dz′√
r2 +(z− z′)2

︸ ︷︷ ︸
collapsing cavity

+qb

∫ zb

−zb

dz′√
r2 +(z− z′)2

︸ ︷︷ ︸
hole

+
C qb rb√

r2 +(z− (zb +Csinkrb))2
︸ ︷︷ ︸

point sink
(3.10)
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Figure 3.28: The sink distribution qc(z) at the moment of pinch-off (green) for the
impacting disc at Fr=5.1 is the essential ingredient to our jet formation model. The
sink distributions at later times (red, blue and black curves) are almost unchanged
with respect to the sink distribution at pinch-off, confirming our model assumption
that qc(z) is valid even for jet formation when two additional effects are accounted
for: the accumulation of sinks around the base and the hole between the up- and the
downward jet.

with the order one constants C and Csink obtained from a fit of the model to the
numerical data.

As shown in [17] this model can be used to calculate the temporal evolution of the
jet base, i.e. the widening and upwards motion of the jet base. Here we will restrict
ourselves to show the result of this procedure for the different systems studied in this
work, which are depicted in Fig. 3.29.

In fact, as shown in Fig. 3.30, Eq. (3.10) can also be used to model the entire flow
field in the outer region. Figs. 3.29-3.30 illustrate the rather good agreement between
theory and numerics, which we find in all cases studied.

3.4.2 Combined modeling

We will now take the model of the previous section one step further by combining its
results with the analysis described in Section 3.3.4. This will allow us to calculate
not only the flow field in the outer region, but also the flow inside the jet and thus the
jet shape as a function of time.

Once rb and zb are obtained through the model in Section 3.4.1, the axial velocity
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arbitrary units and axis are, as throughout this work, non-dimensionalized with the
disc radius. The region inside the jet and very close around the base is excluded since
the model is not perfectly reliable there (due to the assumption of the observation
point far from the base, see [17]).

at the beginning of the ballistic region can be calculated as a function of known
quantities as u0(τ)'B(Fr)qb(τ)/rb(τ), with B(Fr) the function depicted in Fig. 3.17.
Therefore, both the flow field and the jet shape within the ballistic region can be
computed from the integration of Eqs. (3.3)-(3.4) using, as initial conditions, r0(τ) =
0.5rb(τ), u0(τ) = B(Fr)qb(τ)/rb(τ) and z0(τ) = zb(τ)+ 0.5rb(τ). The comparison
between the jet shape calculated numerically and that obtained from the model is
depicted in Fig. 3.31 and good agreement is found.

The capillary breakup process of the jet can be also modeled making use of our
numerical results in Section 3.3.4 since, through Eq. (3.7), both We0(τ = 0) and
s0(τ = 0) can be easily expressed as a function of u0(τ) = Bqb(τ)/rb(τ), zb(τ) and
rb(τ), with the latter two functions given by the model as described above. Conse-
quently, using the data in Fig. 3.27 both the ejection and breakup process of the jet
can be understood with the only inputs of qc(z) and rmin, i.e. quantities defined before
pinch-off. Here, qc(z) is determined from the numerical simulations as described in
the previous chapter. The cut-off radius rmin must be determined experimentally or
from numerical simulations which consider effects such as non-axisymmetric pertur-
bations, air flow, and/or viscosity.
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Figure 3.31: Comparison between the jet shape calculated using the boundary inte-
gral code (black line) and the one obtained integrating Eqs. (3.3)-(3.4) using the val-
ues of rb and zb given by the model described in Section 3.4.1 and shown in Fig. 3.29
(red line).

3.5 Conclusions

Using detailed boundary-integral simulations together with analytical modeling, we
have studied the formation and breakup of the high-speed Worthington jets ejected
either after the impact of a solid object on a liquid surface or after the pinch-off of a
gas bubble from an underwater nozzle. To describe the phenomenon as a whole we
divided the flow structure in two parts separated by the jet base (rb, zb): the outer
region for r > rb, z < zb and the jet region, extending from the jet base to the axis i.e,
r < rb and z > zb. The jet region is further subdivided into the three subregions: The
axial acceleration region, where the radial inflow induced by the cavity collapse is
decelerated radially and accelerated axially, the ballistic region, where fluid particles
are no longer accelerated vertically and, thus, conserve the axial momentum they
possess at the end of the acceleration region and the jet tip region, which is where the
jet breakup process occurs.

We first show that the flow in the outer region is well described by the analytical
model presented in [17]. This model further provides a set of equations for the time
evolution of the jet base rb(t) and zb(t). As depicted in Figs. 3.29 and 3.30, the
analytical calculations are in remarkable agreement with numerical simulations for
the up- and downwards jets of the disc impact as well as the upwards jet created after
the bubble pinch-off from an underwater nozzle. The model uses as its only input
parameters the minimum radius of the cavity rmin and the sink strength qc(z), both
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taken at the moment of pinch-off.

The axial acceleration region, of characteristic length O(rb) ¿ zb is where the
fluid is decelerated in the radial direction which causes an overpressure that accel-
erates the fluid vertically. This is thus a very narrow region, localized nearby the
jet base, of crucial importance for the jet ejection process since it is where the fluid
particles transform their radial momentum into axial momentum. We have found the
remarkable result that both radial (v) and axial (u) velocities, when normalized with
qc(z = zb)/rb = qb/rb, nearly collapse onto the same master curves for both the disc
and the nozzle. Therefore, the values of the rescaled velocities (u,v)/(qb/rb) are al-
most constant in time for a fixed value of the rescaled position r/rb < 1. We have
also found that v/(qb/rb)' 0 for that part of jet surface whose radius is smaller than
r0 = 0.5rb. Therefore, since the source of axial acceleration - radial deceleration of
the fluid - is no longer active when r < r0 the corresponding vertical position z0 con-
stitutes the upper boundary of the acceleration region. In addition, we have found that
the normalized axial velocity at z0, u0/(qb/rb) = B is a function which depends very
weakly on time and on the Froude number for the impacting disc case (see Fig. 3.17).

In the slender ballistic region the axial pressure gradients are negligible since
v' 0 and the Weber number evaluated at the beginning of the ballistic region (We0 =
Weu2

0 r0) is much larger than unity. Therefore, we have developed a 1D model as-
suming that, in a first approach, fluid particles conserve their vertical velocities along
the ballistic portion of the jet. This model allows us to calculate both the veloc-
ity field and the jet shape from Eqs. (3.3)-(3.8). The only input parameters are the
radius, vertical position, and axial velocity at the beginning of the ballistic region.
For the impacting disc, these values r0(t), z0(t), and u0(t), respectively, can be ob-
tained directly from the analytical model of the outer region together with the func-
tion B(Fr)' constant describing the acceleration region. For the underwater nozzle,
the input parameters are provided directly by the numerical simulation. The results
of this new model for the jet shape are in remarkable agreement with numerical sim-
ulations, as depicted in Figs. 3.21 and 3.31.

Finally, we have analyzed the tip break-up region of the stretched jet. The main
result is that the jet capillary breakup can be described as a function of two dimen-
sionless parameters: the local Weber number We0 and the strain rate evaluated at the
beginning of the ballistic region, s0 = ∂u/∂ z(z = z0). Both quantities can again be
obtained either from the numerical simulations or from the models of the outer and
acceleration regions. In order to study systematically the jet breakup process as a
function of these two values we have simulated the injection of a liquid into the at-
mosphere from a nozzle of constant radius (see Fig. 3.4). The real jet breakup process
can then be reproduced provided that the values of the Weber number and the strain
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rate at the nozzle exit coincide with those at the beginning of the ballistic region, as
shown in Fig. 3.23.

We have found that the tip breakup in our physical situations is not triggered by
the growth of perturbations coming from an external source of noise. Instead, the jet
breaks up due to the capillary deceleration of the liquid at the tip, which produces a
corrugation to the jet shape. Moreover, for sufficiently large values of We0, the time
evolution of the tip of the jet does not depend on We0 and s0 separately, but can be
described in terms of the dimensionless parameter WeS = Wer3

0 s2
0 and the rescaled

time T S0. This universal description allows us thus to obtain the size of the droplet
ejected from the tip (cf. Fig. 3.27) if We0 and s0 are known from either simulations,
measurements, or analytical models such as the one described in [17].

In summary, our description of Worthington jets created by the impact of a solid
object on a liquid surface allows us to explain the jet base dynamics, the jet shape,
and even the ejection of drops from the tip of the jet based on the knowledge of the
minimum radius (e.g. from experiments) of the cavity before the jet emerges and the
sink distribution at pinch-off.
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[47] R. Bolanos-Jiménez, A. Sevilla, C. Martı́nez-Bazán, D. van der Meer, and J. M.
Gordillo, “The effect of liquid viscosity on bubble pinch-off”, Phys. Fluids 21,
072103 (2009).

[48] D. Leppinen and J. Lister, “Capillary pinch-off in inviscid fluids”, Phys. Fluids
15, 568–578 (2003).

[49] W. S. Rayleigh, “On the instability of jets”, Proc. of the London Math. Soc. 10,
4–13 (1878).

[50] J. Eggers and E. Villermaux, “Physics of liquid jets”, Rep. Prog. Phys. 71,
036601 (2008).

[51] A. Sterling and C. Sleicher, “The instability of capillary jets”, J. Fluid Mech.
68, 477–495 (1975).
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4
Supersonic air flow due to solid-liquid impact

∗ †

A solid object impacting on liquid creates a liquid jet due to the collapse of the
impact cavity. Using visualization experiments with smoke particles and multiphase
simulations we show that in addition a high-speed air-jet is pushed out of the cavity.
Despite an impact velocity of only 1 m/s, this air-jet attains supersonic speeds. The
cavity pressure nonetheless is merely 1.02 atmospheres and thus much lower than the
pressures usually observed in supersonic flow through a rigid nozzle. The high air
speeds are shown to result from the “nozzle” being a liquid cavity shrinking rapidly
in time.

4.1 Introduction

Taking a stone and throwing it onto the quiescent surface of a lake triggers a spectac-
ular series of events which has been the subject of scientists’ interest for more than
a century [1–17]: upon impact a thin sheet of liquid (the “crown splash”) is thrown

∗Submitted as: Stephan Gekle, Ivo Peters, José Manuel Gordillo, Devaraj van der Meer, and Detlef
Lohse, “Supersonic air flow due to solid-liquid impact”, Phys. Rev. Lett. (2009).

†The numerical simulations in this chapter are part of the present thesis. The experimental work is
due to Ivo Peters.
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upwards along the rim of the impacting object while below the water surface a large
cavity forms in the wake of the impactor. Due to the hydrostatic pressure of the sur-
rounding liquid this cavity immediately starts to collapse and eventually closes in a
single point ejecting a thin, almost needle-like liquid jet. Just prior to the ejection of
the liquid jet the cavity possesses a characteristic elongated “hourglass” shape with a
large radius at its bottom, a thin neck region in the center, and a widening exit towards
the atmosphere.

This shape is very reminiscent of the converging-diverging (“de Laval”) noz-
zles known from aerodynamics as the paradigmatic picture of compressible gas flow
through, e.g., supersonic jet engines. In this Letter we use a combination of experi-
ments and numerical simulations to show that in addition to the very similar shape,
also the structure of the air flow through the impact cavity resembles closely the
high-speed flow of gas through such a nozzle. Not only is the flow to a good ap-
proximation one-dimensional, but it even attains supersonic velocities. Nevertheless,
the pressure inside the cavity is merely 2% higher than the surrounding atmosphere
which is much lower than the overpressures commonly used in steady supersonic
flow through a normal nozzle. The key difference is that in our case the “nozzle” is a
liquid cavity whose shape is evolving rapidly in time.

4.2 Experimental setup

Our experimental setup consists of a thin circular disc with radius R0 = 2 cm which
is pulled through the liquid surface by a linear motor mounted at the bottom of a
large water tank [16] with a constant speed of V0 = 1 m/s. To visualize the air flow
we use small glycerin droplets produced by a commercially available smoke machine
(skytec) commonly used for light effects in theaters and discotheques. Before the start
of the experiment the atmosphere above the water surface is filled with this smoke
which is consequently entrained into the cavity by the impacting disc. A laser sheet
(Larisis Magnum II, 1500mW) shining in from above illuminates a vertical plane
containing the axis of symmetry of the system. A high-speed camera (Photron SA1.1)
records the motion of the smoke particles at up to 15,000 frames per second. Cross-
correlation of subsequent images allows us to extract the velocity of the smoke which
faithfully reflects the actual air speed (see appendix). Our setup obeys axisymmetry
and we use cylindrical coordinates with z = 0 the level of the undisturbed free surface.

In the beginning of the process (see the snapshot in Fig. 4.1 (a)) air is drawn into
the expanding cavity behind the impacting object with velocities of the order of the
impact speed. At a later stage, however, this downward flux is overcompensated by
the overall shrinking of the cavity volume resulting in a net flux out of the cavity. The
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Figure 4.1: (a) After the impact of the disc an axisymmetric cavity is formed in its
wake and air is entrained into this cavity. (b) Due to hydrostatic pressure from the sur-
rounding liquid the cavity starts to collapse and the air flow reverses its direction. (c)
As the collapse proceeds air is pushed out of the shrinking cavity at very high speeds.
In (a)–(c) we overlaid images of the cavity shape (recorded with backlight) and im-
ages of the smoke particles (recorded with the laser sheet and artificially colored in
orange). In the latter, the area illuminated by the vertical laser sheet is restricted by
the minimum cavity radius (see appendix). Times are given relative to the moment
of cavity closure.

cavity shape at the moment when the flow through the neck reverses its direction is
illustrated in Fig. 4.1 (b). Towards the end of the cavity collapse a thin and fast air
stream is pushed out through the cavity neck which is illustrated in Fig. 4.1 (c). From
images such as those in Fig. 4.1 we can directly measure the air speed u up to about
10 m/s as is shown in the inset of Fig. 4.2.

4.3 Numerical method

In order to determine the flow speed at even higher velocities we revert to multiphase
numerical simulations. Our numerical method proceeds in two stages: an incom-
pressible stage at the beginning and a compressible stage towards the end of the im-
pact process. During the first stage both air and liquid are treated as incompressible,
irrotational, and inviscid potential fluids. To solve for the flow field and to calculate
the motion of the interface we use a boundary integral method (BIM) as described
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Figure 4.2: The speed of the gas flowing through the neck (red curve) as a function
of the shrinking cavity neck taken from the fully compressible simulations. The
main plot demonstrates that sonic speeds are attained with the cavity pressure (blue
curve) being less than 2% higher than the atmospheric pressure. The inset shows
an enlargement demonstrating that the numerical scheme (red curve) agrees very
well with the experimentally measured velocity (black diamonds; the hole in the
data between rneck = 16 mm and 22 mm is due to measurement uncertainties at low
absolute velocities; see appendix). Slight non-axisymmetric perturbations [18, 19]
in the experimental setup are responsible for the somewhat slower air speed of the
experiment as compared to the simulation. One can clearly see the inversion of the
flow direction from negative (into the cavity) to positive (out of the cavity) velocities.



4.4. RESULTS 69

in [16] with extensions to include the gas phase [20]. At the moment that the air
flow through the neck reverses, see Fig. 4.1 (b), the simulation enters into the sec-
ond, compressible stage: from now on only the liquid motion is computed by the
incompressible BIM.

To simulate the air flow in the second stage we need to take compressibility into
account meaning that a simple potential flow description is no longer possible. For-
tunately, at the end of the incompressible stage the air velocity profile is almost per-
fectly one-dimensional along the axis of symmetry. We can therefore approximate the
gas dynamics by the 1D compressible Euler equations [21] in analogy to gas flowing
through a converging-diverging nozzle. In the Euler equations we include two addi-
tional terms accounting for the variation of the nozzle radius in time and space. For
the numerical solution we use a Roe scheme [21, 22] which is highly appreciated for
its computational efficiency and ability to accurately capture shock fronts.

The two-way coupling between the gas and the liquid domains is accomplished
via (i) the interfacial shape and its instantaneous velocity which is provided by the
BIM and serves as an input into the gas solver and (ii) the pressure which is obtained
from the solution of the Euler equations and serves as a boundary condition for the
BIM. Above the location of the initial free surface the surface pressure of the BIM
remains atmospheric. Our combined BIM/Euler method has the advantage that we
retain the computational efficiency of the BIM which requires only the modeling of
the boundary and not of the entire liquid domain in contrast to, e.g. compressible
air/water treatments based on the Volume-of-Fluid method for sloshing tanks [23].

4.4 Results

Combining our experiments with these numerical simulations leads to the main result
of this Letter contained in Fig. 4.2: the collapsing liquid cavity acts as a rapidly
deforming nozzle, so violent that the air which is pushed out through the neck attains
supersonic velocities (red line). Remarkably, our simulations show that the pressure
inside the cavity which is driving this flow is less than 1.02 atmospheres (blue line).
From the inset one can tell that our simulations are in good agreement with the smoke
measurements over the entire experimentally accessible range.

To determine more precisely at what point the air flow through the neck becomes
sonic we show in Fig. 4.3 (a) the evolution of the local Mach number, Maneck =
uneck/c (with the gas velocity uneck and the speed of sound c), for discs impacting at
1 and 2 m/s. We find that the speed of sound is attained at cavity radii as large as 0.5
mm for the lower impact velocity and 1.2 mm for the higher impact velocity.

In a steady state one could expect from the (compressible) Bernoulli equation that
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Figure 4.3: (a) The evolution of the local Mach number at the cavity neck for different
impact speeds (red: 1 m/s, blue: 2 m/s). For the 2 m/s impact speed sonic flow is
attained at a cavity radius of 1.2 mm. (b) The pressure at the neck diminishes due to
Bernoulli suction as the neck radius shrinks and air is forced to flow faster and faster.
The minimum pressure lies at about 0.6pa which is attained when the Mach number
reaches unity. (c) The experimental image shows a pronounced kink at the neck
which is not captured by the smoothly rounded curve predicted by the simulation
without air (cyan line). Only the inclusion of air effects into the simulations (red
line) is able to produce a kink-like shape caused by the low air pressure at the neck
as well as the shape of the cavity above the neck.
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these very high air speeds would cause a greatly diminished air pressure in the neck
region. Despite the unsteadiness of our situation, the data presented in Fig. 4.3 (b)
indeed shows that the pressure pneck decreases significantly once the neck has shrunk
to a diameter of roughly 4 mm (for the 1 m/s impact) while before that point it is prac-
tically atmospheric throughout. Classical steady-state theory [24] for a converging-
diverging nozzle predicts that when Maneck = 1 the pressure at the neck reaches a
minimum value of

pneck/pa =
(

1+
γ−1

2

)−γ/(γ−1)

= 0.53 (4.1)

with pa the atmospheric pressure and γ = 1.4 the isentropic exponent. As shown in
Fig. 4.3 (b) our situation – although highly unsteady – exhibits a similar behavior
with pneck ≈ 0.6pa as the Mach number becomes of order unity.

In Fig. 4.3 (c) we illustrate how this low pressure gives us a handle to observe the
consequences of the supersonic air speed in our experiments: despite the air being
three orders of magnitude less dense than water, it is able to exert a significant in-
fluence even on the shape of the liquid cavity provided that its speed is high enough
[25, 26]. From the experimental image it is clear that the free surface close to col-
lapse no longer possesses a smoothly rounded shape but instead shows a significant
increase in curvature at the minimum (a “kink”). While this feature is not present
in a simulation neglecting the influence of air as those in [16], the inclusion of air
effects allows us to capture quite accurately the cavity shape observed experimen-
tally, although the numerical is not as strongly ”kinked” as the experimental image.
This gives strong evidence that in the experiment the air indeed becomes as fast as
predicted by the simulations and produces a Bernoulli suction effect strong enough
to deform the cavity.

The positive sign of uneck (see Fig. 4.2) indicates that the gas flow is directed
upwards at the neck. At the same time, the air at the bottom of the cavity is pulled
downwards by the moving disc. An interesting consequence of this competition be-
tween cavity expansion at the bottom and cavity shrinking in the neck is the existence
of a stagnation point with u = 0 as can readily be observed in Fig. 4.4 (a) and its mag-
nification in Fig. 4.4 (c).

As can be seen in the inset of Fig. 4.5, the distance between the neck and the
stagnation point is no larger than roughly 5 mm prior to cavity closure. Neverthe-
less, the pressure at the stagnation point equals the overall pressure inside the cavity
which is roughly atmospheric during the whole process (see Fig. 4.2). Recalling that
pneck ≈ 0.6pa this results in a tremendous vertical pressure gradient which of course
affects the dynamics of the cavity wall: the flow of air is so strong that it can drag
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Figure 4.4: (a) The vertical air velocity normalized by the local speed of sound Ma =
u/c as a function of the vertical position (the corresponding cavity image is shown
in the middle) for rneck = 0.9 mm: the profile exhibits a sharp peak approximately
at the height of the neck. (b) A close-up of the zone around the neck illustrates the
steepening of the velocity profiles towards pinch-off (numbers 1-5 correspond to neck
radii between 0.9 mm (number 1, bright red) and 0.5 mm (number 5, dark brown))
and the development of the shock front at roughly 0.1 ms before pinch-off. The neck
position zneck corresponding to curve 5 is shown by the dashed line. (c) A close-up
of the area below the neck shows the location of the gas flow stagnation point zstag
(dashed line).
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Figure 4.5: The vertical position of the cavity neck relative to the final closure height
zc as a function of the shrinking neck radius from experiments at 30,000 frames per
second (black diamonds), simulations with (red line) and without (cyan line) air dy-
namics. The experimental data is in quantitative agreement with the compressible
simulations, while clearly the simulation neglecting air fails to capture the upward
motion of the minimum induced by the large pressure gradient between the stagna-
tion point and the cavity neck. Experimental error bars are determined by the number
of vertically neighboring pixels all sharing the same minimum radius. The inset
shows the approach of the stagnation point to the neck.

the liquid along resulting in an upward motion of the cavity neck just before the fi-
nal collapse. That this effect is indeed present in the simulations can be seen from
the red line in Fig. 4.5. For comparison, the cyan curve demonstrates that a single
fluid simulation neglecting the air dynamics would predict a monotonously decreas-
ing position. The experimental data however is in quantitative agreement with the
compressible simulations. Together with the cavity shape shown in Fig. 4.3 (c) these
results constitute an impressive – albeit indirect – demonstration of the credibility of
our numerical predictions despite the fact that, understandably, it is not possible to
directly measure (super-)sonic air speeds with our smoke setup.

Looking more closely at the velocity profile above the neck (see Fig. 4.4 (b)) one
finds that it possesses a discontinuous jump: the signature of a shock front developing
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in the air stream. While such a shock front is a common phenomenon in steady
supersonic flows, here we are able to illustrate its development even in our highly
unsteady situation when the gas velocity passes from sub- to supersonic. Note that
due to our one-dimensional approximation possible cross-shocks are not captured by
the present approach.

4.5 Conclusion

In conclusion, we showed that the air flow inside the impact cavity formed by a
solid object hitting a liquid surface attains supersonic velocities. Surprisingly, we
found that the very high air speeds can be reached even though the pressure inside
the cavity is merely 2% higher than the surrounding atmosphere. This is due to the
highly unsteady gas flow created by the rapidly deforming cavity. We illustrated how
the air affects the cavity shape close to the final collapse in two different ways: (i) the
initially smoothly curved neck shape acquires a kink-like which can be attributed to
a Bernoulli suction effect and (ii) the initially downward motion of the neck reverses
its direction and starts to travel upwards. The quantitatively consistent observation of
both effects in numerics and experiment makes us confident that our rather involved
numerical procedure truthfully reflects reality.

Appendix: Experimental methods

Experimental Setup

A large glass tank with a base area of 50 by 50 cm and 100 cm high is half-filled
with water. Through the bottom of the tank runs a thin rod (diameter 6 mm) which is
attached to a linear motor below the water tank. At the other end of the rod a circular
disc is mounted. The linear motor pulls down the disc which then impacts on the
water surface at constant speed. Just before the experiment is performed, a small
amount of smoke is blown into the tank. As the disc enters the water, it drags along
the the smoke which then fills the surface cavity.

A compact diode laser line generator (Larisis Magnum II, 665 nm, 1500 mW) is
mounted 14 cm above the water surface, allowing the laser light to enter the cavity
without traveling through a water/air interface. The laser illuminates a thin vertical
sheet of the smoke inside the cavity. A high speed camera (Photron SA1.1) is placed
at the side of the tank, perpendicular to the laser sheet in order to record the light that
is reflected by the smoke particles (see Fig. 4.6).
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Inertial effects on smoke particles

In order to demonstrate that inertial effects of the smoke particles can be neglected
we perform a simple analysis to predict how well the smoke particles will follow
the air flow. The typical size of the spherical smoke particles is measured using a
microscope to be roughly 3 µm. At a velocity difference of 10 m/s the Reynolds
number is 2, meaning we can assume Stokes drag D, which is for a spherical particle:

D = 3πρgνgdp∆U (4.2)

where ρg and νg are the gas density and viscosity respectively, dp the particle diameter
and ∆U the velocity difference between the particle and the air. Knowing the force on
the particles and the mass of the particle we can calculate the movement of a particle
in an accelerating flow. We find that the particle follows the flow up to 25 m/s with a
velocity lag less than 2%.

Image processing

The goal of the image processing is to determine the speed of the air inside the cavity.
Note that we do not see separate smoke particles, but we rely on visible structures
in the smoke. The steps that we take can be divided in pre-processing, correlation
and post-processing. While correlation and post-processing are done with standard
procedures [27], the pre-processing is not straightforward and is explained here.

While the laser sheet enters the cavity from the top without passing through the
air/water interface, the light that is reflected by the smoke particles needs to cross the
cavity interface on its way to our camera. This interface, however, is not perfectly
smooth but exhibits small disturbances which in turn become visible in our record-
ings. Regular background subtraction fails in this case because the disturbances are
not completely stationary but slowly evolve in time. Since the smoke particles are
moving much faster we can subtract subsequent images which eliminates the (almost
stationary) disturbances while the rapid motion of the smoke patterns remains visible.

The drawback of this subtraction technique is that it breaks down when the speed
of the smoke patterns and the surface disturbances become comparable, see the miss-
ing part around ugas = 0 in Fig. 2 of the main article. To some extent we can detect
slow movements by not taking subsequent frames, but by taking frame n and n + m,
where m is 2, 4, 8 or 16.
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Figure 4.6: Illustration of the experimental setup.

References

[1] A. M. Worthington, A study of splashes (Longmans, Green and Co., London)
(1908).

[2] D. Gilbarg and R. A. Anderson, “Influence of atmospheric pressure on the phe-
nomena accompanying the entry of spheres into water”, J. Appl. Phys. 19, 127–
139 (1948).

[3] A. May, “Effect of surface condition of a sphere on its water-entry cavity”,
J. Appl. Phys. 22, 1219–1222 (1951).

[4] A. May, “Vertical entry of missiles into water”, J. Appl. Phys. 23, 1362–1372
(1952).

[5] H. I. Abelson, “Pressure measurements in the water-entry cavity”,
J. Fluid Mech. 44, 129–144 (1970).

[6] J. W. Glasheen and T. A. McMahon, “Vertical water entry of disks at low froude
numbers”, Phys. Fluids 8, 2078–2083 (1996).

[7] M. Lee, R. G. Longoria, and D. E. Wilson, “Cavity dynamics in high-speed
water entry”, Phys. Fluids 9, 540–550 (1997).



REFERENCES 77

[8] S. Gaudet, “Numerical simulation of circular disks entering the free surface of
a fluid”, Phys. Fluids 10, 2489–2499 (1998).

[9] R. Bergmann, D. van der Meer, M. Stijnman, M. Sandtke, A. Prosperetti, and
D. Lohse, “Giant bubble pinch-off”, Phys. Rev. Lett. 96, 154505 (2006).
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5
Numerical modeling of compressible air flow

through a collapsing liquid cavity ∗

We present a multiphase approach to simulate the impact of a solid object on a
liquid surface: upon impact a thin liquid sheet is thrown upwards all around the rim
of the impactor while in its wake a large surface cavity forms. Under the influence of
hydrostatic pressure the cavity immediately starts to collapse and eventually closes
in a single point from which a thin, needle-like jet is ejected. Existing numerical
treatments of liquid impact either consider the surrounding air as an incompressible
fluid or neglect air effects altogether. In contrast, our approach couples a boundary-
integral method for the liquid with a Roe scheme for the gas domain and is thus able
to handle the fully compressible gas stream that is pushed out of the collapsing impact
cavity. Taking into account air compressibility is crucial, since, as we show in this
work, the impact crater collapses so violently that the air flow through the cavity neck
attains supersonic velocities – even though the object impacts at only 1 m/s. At the
same time, the cavity pressure is merely 2% higher than the surrounding atmosphere
and thus much lower than the overpressures usually observed in supersonic flow
through a nozzle in conventional aerodynamics. The key difference is that in our case
the confining cavity is a liquid which is rapidly evolving in time. We validate our
computational results by comparing with corresponding experimental data.

∗To be submitted as: Stephan Gekle and José Manuel Gordillo, “Numerical modeling of compress-
ible air flow through a collapsing liquid cavity”, J. Comput. Phys. (2009).
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5.1 Introduction

The thin jet ejected after the impact of an object on a liquid surface has been one of
the icons of fluid mechanics since the days of Worthington more than a century ago
[1]. Since then a fair amount of computational studies on the impact of liquid drops
[2–7] or solid objects [8–17] has been reported. In these works a number of different
methods have been employed including Arbitrary-Langrangian-Eulerian, Boundary-
Integral, Volume-of-Fluid, Level-Set, or combinations thereof. Despite this variety
a common feature is that the dynamics of the surrounding air was either neglected
altogether [2, 3, 8–16] or it was treated as an incompressible fluid [4–7, 17] in the
regime for low Mach numbers.

In this work we report a seemingly simple and harmless situation which neverthe-
less requires to model the dynamics of the gas phase in a fully compressible way: a
circular disc of 2 cm radius which impacts on a liquid surface with a speed of 1 m/s.
Figure 5.1 illustrates the sequence of events during the disc impact extracted from
high-speed video images [16, 18] and compared to the results of our simulations.
Upon impact, first a thin liquid splash is thrown up all around the circumference of
the penetrating disc. In the wake of the impactor a large cavity is created which sub-
sequently starts to collapse due to the hydrostatic pressure of the surrounding liquid.
When the cavity closes about half-way down its length two very fast and thin jets are
observed shooting up- and down from the closure point [15, 19–21].

In the beginning of the process, obviously, air is drawn into the cavity by the mov-
ing disc. At a later stage, however, this inward flow is counteracted by the shrinking
of the cavity volume itself and the direction of air flow is not a priori clear. We
will show that in the competition between cavity expansion (just above the disc)
and shrinking (around the neck), eventually the shrinking becomes dominant. Ac-
cordingly, the air flow through the neck reverses and air is pushed out of the cavity.
The collapse is so violent that the air stream can attain supersonic speeds. To han-
dle this situation, we implement an axisymmetric boundary-integral method (BIM)
to simulate the motion of the liquid surface which is two-way coupled with a fully
compressible Roe solver for the highly unsteady gas flow.

In Section 5.2 we will introduce briefly our BIM and Roe implementations and
then describe in detail the two-way coupling between the BIM for the liquid and the
Roe scheme for the gas domain. Sections 5.3.1 and 5.3.2 show the main physical
results extracted from our simulations and Section 5.3.3 describes the experimental
validation of our computational method. Section 5.4 concludes the chapter.
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Figure 5.1: The sequence of events as a circular disc of 2 cm radius impacts a water
surface at 1 m/s: (a) Immediately after impact a crown splash is thrown up into the
air and an impact cavity forms below the free surface. The moving disc draws air into
the cavity. (b) Hydrostatic pressure pushes the cavity together and the direction of air
flow reverses. (c) Eventually the cavity closes in a single point. (d) After closure two
violent jets are ejected up- and downwards from the closure location (simulation data
from [15]). The blue and red lines represent the free surface and the disc, respectively,
from our numerical simulation.

5.2 Numerical methods

In the impact process viscous effects are negligible as can be seen by estimating
the Reynolds numbers for gas and liquid as Reg,l = V0R0/νg,l . Here, V0 = 1 m/s is
the impact speed, R0 = 2 cm is the disc radius, and νg = 1.46 · 10−5 m2/s and νl =
1.12 ·10−6 m2/s are the dynamic viscosities of gas and liquid at 15◦C, respectively.
Both Reg and Rel are larger than 103 and viscosity is thus negligible. Furthermore,
we showed in earlier works [16] that only a negligible amount of vorticity is present
in the system. We can thus assume the flow to be inviscid and irrotational as is
required for the boundary-integral method and the applicability of the inviscid Euler
equations.

Our simulation is split in two stages. In the first, incompressible stage, a two-fluid
boundary integral method is used to simulate the first part of the impact and cavity
collapse where gas velocities are of the order of the disc velocity. In the second,
compressible stage, we use a single-fluid BIM for the liquid coupled to a Roe scheme
to solve the compressible Euler equations in the gas domain.

The transition between both stages is fixed at the moment that the air flow through
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the cavity neck reverses and uneck = 0. †

At the transition moment the liquid cavity has an elongated shape with a neck
located roughly at the middle as can be seen in Fig. 5.1 (b). Furthermore, the gas
flow is to a very good approximation one-dimensional directed along the symmetry
axis of the cavity (as can be verified by flow profiles obtained from the two-fluid BIM
shown in Section 5.3.1). This makes the situation reminiscent of gas flow through a
converging-diverging de-Laval nozzle frequently encountered in aerodynamics [22].
In this spirit, we remove the inner potential fluid during the compressible stage and
replace it with a compressible gas described by the one-dimensional Euler equations.
To integrate Euler’s equations in time we use the well-known scheme due to Roe
[23]. This description is valid along most of the cavity. Above the initial free surface
as well as in a small zone above the disc the air dynamics can be neglected as will
be described in Section 5.2.3. The pronounced difference to the standard nozzle
situation, however, is that in our case the “nozzle” geometry is determined by a liquid
interface which is changing rapidly in time and thus creates a highly unsteady gas
flow.

The two-way coupling between the gas and the liquid domains is accomplished
via (i) the interfacial shape and its instantaneous velocity which is provided by the
BIM and serves as an input into the gas solver and (ii) the gas pressure which is
obtained from the solution of the Euler equations and serves as a boundary condition
for the BIM. Above the location of the initial water level the surface pressure of the
BIM remains atmospheric.

All quantities are non-dimensionalized with the disc radius R0 = 2 cm and the
impact velocity V0 = 1 m/s. As a third quantity for non-dimensionalization we use the
density of water ρl = 998.23 kg/m3 for the equations concerning the liquid domain
and the density of air (at rest under atmospheric pressure) ρg = 1.2 kg/m3 for the gas
equations. Since viscosity is neglected we have four dimensionless parameters which
are the Froude number, the Weber number, the Euler number for the liquid, and the

†The transition point can of course also be taken somewhat later as long as gas velocities are still low
enough to neglect compressibility. We tried uneck = 10, 20, and 50 m/s which all give similar results.
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Euler number for the gas defined as:

Fr =
V 2

0
gR0

(5.1)

We =
ρlR0V 2

0
σ

(5.2)

Eul =
pa

ρlV 2
0

(5.3)

Eug =
pa

ρgV 2
0

. (5.4)

with the atmospheric pressure pa = 101.3 kPa, the acceleration of gravity g = 9.81 m/s2,
and the air/water surface tension σ = 72.8 mN/m. We use cylindrical coordinates r
and z with z = 0 at the height of the initial free surface as is appropriate for our
axisymmetric setup. In all computations the disc is assumed to have zero thickness.

The boundary-integral method for a single fluid (liquid) is briefly sketched in
5.2.1 and its extension to two fluids (liquid and air) is given in 5.2.1. Some important
aspects of our specific BIM implementation are described in 5.2.1. The Roe solver
is, again briefly, presented in Section 5.2.2. In Section 5.2.3 we describe the coupling
between the gas and liquid domains during the compressible stage.

5.2.1 Boundary integral formulation

Boundary integral method for a single fluid

If liquid flow is inviscid and irrotational as is the case in our setup [15, 16] the flow
field~v can be described as the gradient of a scalar potential φ

~v = ∇φ (5.5)

which satisfies Laplace’s equation throughout the liquid domain

∆φ = 0. (5.6)

From Eq. (5.6) the boundary-integral equation can be derived using Green’s identities
[24]:

βφ (~r) =
∫

S

[
1

|~r−~r ′|φn
(
~r ′

)−φ
(
~r ′

)
~n ·∇′ 1

|~r−~r ′|
]

dS′ (5.7)

with S denoting the boundary,~n the normal vector pointing out of the liquid domain,
and φn = ~n ·∇φ the normal derivative of the potential along the boundary. Equa-
tion (5.7) expresses the potential φ at an arbitrary point ~r inside the domain (then
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β = 4π) or on its edge (then β = 2π) merely in terms of quantities that are defined
on the surface of the liquid domain. This has the major advantage that it is suffi-
cient to evolve the surface quantities φ and φn effectively reducing the computational
problem by one spatial dimension.

If on every point along the interface either φ or φn is known, Eq. (5.7) can be
solved for the missing quantity such that afterwards both φ and φn are available along
the entire boundary. With this the interfacial velocity can be computed as

~v =
∂φ
∂ s

~t +φn~n (5.8)

with ∂/∂ s denoting the tangential derivative and~t the tangential vector along the sur-
face. The numerical procedure for this is sufficiently well described in the literature
[24–26] and the details of the present implementation will be given in Section 5.2.1.

The boundary conditions for solving Eq. (5.7) are provided as follows: on the
disc the liquid is required to follow the disc’s motion meaning that φn = −1 in non-
dimensional coordinates. On the air/liquid interface the potential φ is specified by
integrating Bernoulli’s equation:

Dφ
Dt

=
1
2
|~v|2−Eul

(
Eu−1

g p−1
)− 1

Fr
z− 1

We
C (5.9)

with D/Dt = ∂/∂ t +~v ·∇ denoting the material derivative, C = ∇ ·~n the local cur-
vature of the interface. The dimensionless gas pressure is p = pg/

(
ρgV 2

0
)

with the
dimensional gas pressure pg. Here we assume that the pressure is atmospheric at a
point far away from the symmetry axis where the flow is quiescent.

In total, the boundary-integral simulation for a single fluid contains three substeps
to advance from time step j to j+1 [24–26]. First, with the velocity v( j) we integrate
Bernoulli’s equation (5.9) to compute the potential φ ( j+1)

f along the free surface.
Next, we solve the boundary-integral equation (5.7) to obtain the liquid potential
over the disc φ ( j+1)

d and the normal derivative of the potential over the free surface
φ ( j+1)

n, f . The third step updates the position of the free surface by integrating

d~r
dt

=~v (5.10)

and moves the disc downwards with its prescribed velocity. Then the process repeats.

Boundary-integral method for two fluids

The BIM can be extended to describe two immiscible fluids with a moving interface
separating both phases. Our approach closely follows that of [27, 28] and is thus only
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briefly sketched here. The liquid and gas phase both satisfy the boundary-integral
equation (5.7) within their respective domains. At the interface between the two
fluids tangential stresses vanish since the fluids are inviscid, i.e., the fluids can slip
freely along the boundary. To ensure continuity of the interface, however, the normal
velocities of both phases must exactly balance

φn =−φn,g (5.11)

with φn,g being the normal derivative of the gas potential and φn that of the liquid as
defined above. The minus sign is due to the normal vector pointing always out of
the respective domains. Furthermore, the pressure jump across the interface is given
by the Laplace pressure. These two conditions are sufficient to derive the two-fluid
version of the BIM [27, 28].

Specific implementation of the boundary-integral method

In our axisymmetric situation the surface integrals in Eq. (5.7) can be reduced to
one-dimensional line integrals in the (r, z)-plane after analytical integration over the
azimuthal angle. Numerical integration is carried out using 8-point Gaussian quadra-
ture with the weak logarithmic singularities removed analytically as in [26]. Between
the nodes the interface shape and potentials are interpolated using cubic splines with
the node-to-node distance serving as the spline parameter s. Natural boundary con-
ditions (i.e. a vanishing second derivative with respect to s) are used for all splines,
except for the potential at the connection between the disc’s edge and the free surface
as described below. Once the known integrals in Eq. (5.7) are evaluated we transform
Eq. (5.7) into a matrix equation which is solved by LU decomposition [25, 26].

Time-stepping for the integration of Eqs. (5.9) and (5.10) is carried out by an
iterative Crank-Nicholson procedure during the incompressible stage. In the com-
pressible stage, we use a simpler forward-Euler scheme for ease of coupling between
the BIM and the Roe solver in the two respective domains. The time step in the in-
compressible stage is determined by the condition that neighboring nodes may not
collide even if their velocities were directed exactly towards each other. This leads
to:

∆t ′ = f ·mini (di/vi) (5.12)

with i running over all nodes, vi the free surface velocity at node i, and di the distance
to the neighboring node. This quantity is multiplied with a safety factor f which
is in most simulations chosen to be 0.1. In the compressible stage the time-step
is determined by the stability condition of the Roe solver as described in the next
section.
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To ensure a continuous boundary of the liquid domain the last node of the free
surface remains fixed at the disc’s edge. This connection point requires some special
consideration. First, the surface is not smooth and thus the prefactor β in Eq. (5.7)
must be modified to become β = 2α for the liquid and β = 2π − 2α for the gas
equations. Here, α is the angle connecting the horizontal disc and the tangent to
the free surface at the connection point through the liquid domain (i.e. α > π in our
situation). Second, the connection point is at the same time the last node F of the
free interface and the first node D of the disc. To solve Eq. (5.7) we consider it part of
the disc, i.e. we impose φn =−1 and obtain the corresponding value for φ . Together
with the pinning at the disc’s edge, the position~r and the liquid velocity ~v at D are
thus completely determined. We then need to ensure that F and D remain identical.
For this we first copy the spatial coordinates of D on F . To ensure further that also
the velocity ~v is identical on both nodes we project ~v on the tangential and normal
vectors of the free surface at F which determines the values of φn and ∂φ/∂ s. The
latter is imposed as a boundary condition on the spline function for φ . This procedure
ensures that the velocity~v of the connection point is identical when seen from the disc
or from the free surface, even though the respective normal and tangent vectors are
discontinuous.

In our simulations the free surface extends from the edge of the disc at r = 1 out
to 100 where any motion is negligible and the surface is cut off. Note that BIMs do
not require a closed liquid domain since the portion of S at infinity gives no contri-
bution to Eq. (5.7) provided that φ goes to zero there. We use an adaptive mesh to
ensure that the sensitive areas such as the crown splash or the cavity neck are prop-
erly resolved without wasting computation time by placing a large amount of nodes
on unimportant parts. During the incompressible stage the local node distance d is in-
versely proportional to the local curvature C with a proportionality constant between
0.05 and 0.005. We impose a maximum distance (dmax = 10) and minimum distance
(dmin = 0.01) and construct our regridding algorithm such that large gradients in the
node density, which might cause instabilities, are avoided. When coupling with the
Euler solver during the compressible stage, the BI mesh corresponds to the grid cells
used for the Roe scheme as will be described in Section 5.2.3. Note that then we also
allow for node distances smaller than dmin.

Boundary-integral methods are known to be vulnerable to instabilities (see e.g. [2])
due to the lack of a naturally damping viscosity which prevents small numerical dis-
turbances from building-up over time. To handle such instabilities we use a smooth-
ing algorithm as follows: At every nth (usually 2≤ n≤ 10) time step the free surface
nodes are redistributed such that new nodes fall exactly half-way between old nodes
as illustrated in Fig. 5.2 (a). This periodic regridding procedure efficiently ensures
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Figure 5.2: (a) Illustration of the regridding procedure: every n time steps the sur-
face is reconstructed with the new nodes (red crosses) shifted to lie halfway between
the old nodes (blue circles) in order to avoid amplification of small numerical distur-
bances. (b) The thin liquid sheet ejected after impact breaks up into droplets which
are cut off and discarded as illustrated by the blue line (circles) before and the red
line (crosses) after cut-off.

the stability of the numerical scheme [2].

A specific detail of our physical problem is the thin sheet of liquid thrown up
around the rim of the impacting disc (see Fig. 5.1 (a)). In reality, this sheet will
quickly develop non-axisymmetric instabilities leading to the formation of individual
droplets earning it the title of a “crown splash” as seen, e.g., in the famous pictures of
[1]. As here we are not interested in the details of this splash and our axisymmetric
code is not able to handle the droplet formation in any case, we cut off the splash
as soon the distance between the two sides of the liquid sheet at a given point falls
below the local node distance as illustrated in Fig. 5.2 (b). The actual surface surgery
is similar to the one used in [15] to handle the pinch-off of the cavity prior to jet
formation.
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5.2.2 Roe method for a compressible gas

In the compressible stage the inner gas is described by the one-dimensional Euler
equations for conservation of mass, momentum, and energy:

∂ (ρS)
∂ t

+
∂ (ρuS)

∂ z
= 0 (5.13)

∂ (ρuS)
∂ t

+
∂

(
pS +ρu2S

)

∂ z
= p

∂S
∂ z

(5.14)

∂ (ρES)
∂ t

+
∂ (ρuHS)

∂ z
= −p

∂S
∂ t

. (5.15)

All quantities are dimensionless and S is the cross-sectional area of the cavity, ρ the
gas density, u the velocity, and p the gas pressure as defined for Eq. (5.9). The total
energy E per unit mass is defined as

E =
1

γ−1
p
ρ

+
1
2

u2 (5.16)

and the total enthalpy H, again per unit mass, is

H = E +
p
ρ

. (5.17)

Note the two source terms p∂S/∂ z and −p∂S/∂ t on the right-hand side which ac-
count for a cavity radius which is changing in space and time.

Integration of Eqs. (5.13)–(5.15) is carried out using a Roe scheme [22, 23] whose
implementation is fairly standard and thus omitted here.

The time step during the compressible stage is restricted by the Courant-Friedrich-
Lewy (CFL) stability condition for the Roe solver. We fix a constant CFL number
C∗ < 1 (usually C∗ = 0.5) and determine the time step by:

∆t = C∗
∆z

maxi (|ui|+ ci)
(5.18)

with the cell size ∆z and the index i running over all cells.
One detail that is of interest are the boundary conditions at the upper and lower

end of the cavity. In contrast to the standard problem of flow through a nozzle which
possesses an inlet on one side and an outlet on the other side, in our case gas leaves the
(shrinking) cavity on both sides. Since both outflows are subsonic we can prescribe
one flow quantity at each boundary [22]. To compute the flux through the lower
(upper) face of the first (last) computational cell we add a boundary cell at each end
whose state values are calculated as follows.



5.2. NUMERICAL METHODS 89

At the upper exit we impose that the pressure in the boundary cell be atmospheric.
In order to compute the density and velocity of the boundary cell, let ρN , uN , and pN

be the components of the state vector, and cN =
√

γ pN/ρN the local speed of sound
in the last computational cell. Assuming that the discharge proceeds isentropically
and that the I+ characteristic

I+ =
2

γ−1
c+u (5.19)

transporting information out of the computational domain is conserved, we have for
the values of the upper boundary (ub) cell:

ρub = ρN

(
pub

pN

)1/γ
(5.20)

uub =
2

γ−1
(cN − cub)+uN (5.21)

pub =
pa

ρgV 2
0

= Eug. (5.22)

At the bottom exit we impose the velocity ue with which the gas leaves the com-
putational (Euler) domain. Since velocities between this point and the disc are small
(see Section 5.2.3) conservation of mass allows us to calculate this velocity from
the rate of change in cavity volume between the disc and the boundary cell, i.e.
ue =

∫
Sb

φndSb/R2
e with the surface Sb including the disc itself and Re the cavity radius

at the boundary cell. Similarly as at the upper exit, the state of the lower boundary
(lb) cell can then be computed from the state of the first computational cell (ρ1, u1,
p1) using conservation of the I− characteristic:

ρlb = γ
plb

c2
lb

(5.23)

ulb = ue (5.24)

plb =
[(

γ
c2

lb

)γ p1

ργ
1

]1/(1−γ)

(5.25)

clb = c1− (u1−ue)
γ−1

2
. (5.26)

These boundary conditions cannot completely prevent reflection of waves at the up-
per and lower ends which causes some small oscillations in the state variables ρ , u,
and p as can be seen for example in Fig. 5.4 (b). The oscillations however remain
sufficiently small so that the averaged evolution of the gas dynamics can still reliably
be extracted.
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Figure 5.3: (a) Illustration of the three zones in which the gas domain is split during
the compressible stage: in the “atmospheric zone” on top, the pressure is always
atmospheric and the gas dynamics are neglected. In the “Euler zone” we use the Roe
scheme to calculate the fully compressible gas dynamics. In the “bubble zone” again
the pressure is constant and given by the pressure at the end of the Euler zone. (b)
Schematic illustration of the alignment of Euler cells and BI nodes: the BI nodes are
always placed at the height of the center of the Euler cells. In the neck area a BI node
is placed in every 2nd Roe cell, while away from the neck the spacing is larger to
save computation time.

5.2.3 Coupling between boundary-integral and Roe method

During the compressible stage of the simulation, the gas domain is split into three
separate zones as illustrated in Fig. 5.3 (a). The gas pressure which is required for
coupling to the BIM is obtained in a different way for each zone. First, in the “at-
mospheric zone” the pressure is taken to be atmospheric since the gas dynamics is
negligible. Next, in the “Euler zone” the pressure is provided by the solution of the
Euler equations (5.13)–(5.15). Finally, in the “bubble zone” the gas dynamics is again
neglected. The pressure, however, cannot be taken to be atmospheric since the zone
is not open to the atmosphere. Due to the low gas velocities in that zone (of order
of the disc speed) the pressure is taken equal to the pressure at the bottom end of the
Euler zone.

The upper end of the Euler zone can remain at a fixed vertical position (between
0 and 1 disc radii below the initial free surface). The bottom end is fixed to be at the
maximum radial extension of the cavity below the neck as depicted in Fig. 5.3 (a).
Note that the Euler zone cannot be extended all the way down to the disc since the
free surface departs almost horizontally from the disc’s edge. This leads to large
gradients in the cavity radius on the right-hand side of Eq. (5.14) and can thus cause
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numerical instabilities. Since the bottom end of the Euler zone is moving downward
in time, its length needs to be extended during the simulation. Our algorithm adds a
new Roe cell whenever the distance between the desired location (maximum radial
extension of the cavity) and the actual position of the last Roe cell becomes larger
than the size of a single cell.

For the results presented here, the initial number of cells in the Roe solver is
600 and grows dynamically by extension of the Euler zone. To ensure sufficient
resolution for the high air speeds even during the last moments of the simulation,
we double the number of cells by splitting each cell in half whenever the minimum
cavity radius rneck falls below a certain value. This is done twice: at rneck = 0.2 and
rneck = 0.05. Due to extension and node doubling the number of Roe cells at the end
of the simulation is somewhat above 3000. The height of the Roe cells is always
constant with ∆z = 0.0012. We find that the number of Roe cells is not crucial for the
total computation time which is mainly determined by the BIM calculations.

It is crucial to properly align the positions of the BI nodes with the Euler cells.
For this we place a BI node always exactly in the center of every nth Euler cell as
illustrated in Fig. 5.3 (b). Usually n = 2 in a refined zone around the cavity neck and
n=5 outside this zone. The cross-sectional area S as well as its spatial and temporal
derivatives for each cell are calculated at the height of the cell center from the splines
interpolating the cavity surface in the BIM. To avoid numerical instabilities of the
BIM we use the periodic regridding described above which now makes the BI nodes
“jump” between Euler cells. This implies that there must always be at least one Roe
cell without a BI node between two cells which contain a node, i.e. n≥ 2.

The two-way coupling between the gas and the liquid domain is accomplished as
follows. At each time step j we first do a BI step to advance the shape of the free
surface from j to j + 1 using the gas pressure of step j. This is followed by a Roe
step using the new cavity shape j +1 to obtain the new pressure at j +1 and so forth.

We performed an extensive set of simulations to verify that the results presented
in the next section are numerically robust when changing any of the above mentioned
simulation parameters.

5.3 Results

5.3.1 Justification of the 1D compressible scheme

In Fig. 5.4 (a) we show the gas velocity through the cavity neck as a function of
the shrinking cavity neck rneck for the incompressible two-fluid BIM. We use rneck
instead of time to allow for an easier comparison with experiments in Section 5.3.3
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Figure 5.4: (a) The gas velocity at the neck as obtained from an incompressible two-
fluid BI simulation. The velocity easily surpasses the speed of sound demonstrating
the need for our more sophisticated compressible approach. (b) The velocity obtained
from the multiphase simulation (red line) agrees so well with the velocity from the
two-fluid BIM (blue line) that both are hardly distinguishable for low velocities where
compressibility is negligible. The start of the red curve marks the transition from the
incompressible to the compressible stage. The small oscillations in the red curve are
due to wave reflections at the ends of the Euler zone. (c) The gas flow field obtained
from the two-fluid BIM at the moment when the velocity at the neck reverses and the
simulation passes from the incompressible to compressible stage. Except for a rather
narrow zone around the neck the flow is to a good approximation one-dimensional.

and [18]. Already at rneck = 0.05 (corresponding to 1 mm) an incompressible gas
would surpass the speed of sound. This clearly demonstrates the need for a CFD
method which takes the fully compressible gas dynamics into account if one wants
to study the ejected air stream close to cavity collapse.

A full two-way coupling is required as both gas and liquid flows occur on similar
time scales: We first estimate the typical time scale for the gas flow Tgas as the length
of the cavity L ≈ 10 cm divided by the speed with which a perturbation travels, c =
330 m/s, to obtain Tgas = 0.3 ms. A typical time scale for the variation of the cavity
radius can be derived by considering the time that it takes the cavity to collapse from
a neck radius of 4 mm ‡ down to zero which is Tcav ≈ 1 ms and thus of the same order
as Tgas.

For some time after switching from the incompressible to the compressible stage

‡At rneck ≈ 4 mm the vertical neck motion starts to reverse which marks the beginning when air
effects become important, see Fig. 4.5 in the previous chapter.
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the gas velocities are still moderate and compressibility effects should be negligible.
We can thus expect that in the beginning of the compressible stage the gas velocity
obtained from our multiphase approach should be similar to the two-fluid BIM in
Fig. 5.4 (a). That this is indeed the case is demonstrated in Fig. 5.4 (b) which gives
us a first indication that the coupling between the Roe solver and the BIM works
correctly. It further gives good evidence that the assumption of one-dimensional gas
flow in the compressible stage is justified.

To verify the 1D assumption more explicitly, Fig. 5.4 (c) shows the flow field
obtained from the two-fluid BIM at the moment of flow reversal. Except for a small
region around the neck where by definition at the moment of flow reversal the vertical
velocity is zero, our assumption is well justified.

5.3.2 Structure of the compressible gas flow

The intricate structure of the gas flow in the Euler zone is illustrated by the velocity
profile in Fig. 5.5 for various instants of time. Here we normalize velocities with the
speed of sound to obtain the Mach number Ma=u/c. At early times as in Fig. 5.5 (a)
one appreciates that at the bottom end of the Euler zone air is entrained by the down-
ward moving disc at velocities of the order of the disc speed. This downflux is how-
ever overcompensated by the shrinking of the cavity around the neck so that the total
flux is directed upwards as can be seen by the velocity maximum at z≈−1.9. Above
the maximum the cavity widens again and the velocity decays towards the upper end
of the cavity. The consequence of the competition between cavity expansion at the
bottom and cavity collapse around the neck is the creation of a stagnation point with
Ma = 0 as is clearly visible in Fig. 5.5 (a).

As the collapse progresses gas is pushed through the rapidly diminishing cavity
neck at ever higher and higher speeds leading to a sharp velocity peak at the neck
as illustrated in Fig. 5.5 (b). At the top and bottom boundaries of the Euler zone the
velocities remain almost unaltered as compared to Fig. 5.5 (a).

Finally, as the flow speed increases even further a shock wave develops upstream
of the neck as shown by the magnification in Fig. 5.6. Thanks to the shock-capturing
ability of the employed Roe scheme our method is able to handle the shock formation
quite well.

Figure 5.7 shows the Mach number at the cavity neck. For our standard configu-
ration of a 2 cm disc impacting at 1 m/s the flow becomes sonic at a neck radius of
0.025 (corresponding to 0.5 mm). Here we also add data for a higher impact speed of
2 m/s which qualitatively shows the same behavior but where sonic flow is attained
already at a neck radius of 0.06 (1.2 mm). Once sonic velocities at the neck are
reached our numerical scheme becomes unstable which is why do not present any
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Figure 5.5: The velocity of the gas stream in the Euler zone for various instants of
the cavity collapse (right images) with corresponding cavity profiles (left images). (a)
In the early stage for neck radii around half a disc radius (rneck = 0.46) the velocity
peak is still rather broad. At the bottom end gas leaves the Euler zone with a velocity
approximately equal to the disc velocity of -1 which corresponds to Ma=-0.003. Note
that the velocity peak is located somewhat upstream of the neck which is marked by
the blue dashed line. This is markedly different from steady subsonic flow through
a fixed nozzle where both would coincide. The location of the stagnation point is
indicated by the red dash-dotted line. (b) At a later time (rneck = 0.05) the velocity
peak sharpens and increases in magnitude. The peak is now located almost at the
neck.
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Figure 5.6: A shock wave develops (the numbers 1–5 correspond to neck radii of
0.044, 0.036, 0.034, 0.032 and 0.027; the blue dashed line indicates the neck position
for curve number 5). For even smaller neck radii the simulation destabilizes and no
reliable data is available.
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Figure 5.7: The Mach number at the neck for two different impact speeds: 1 m/s (red
solid curve) and 2 m/s (green dashed curve). The flow becomes sonic when neck has
shrunk to 0.025 or 0.06 disc radii, respectively.

data beyond this point. Note that due to our unsteady situation supersonic speeds are
attained even earlier at locations above the neck, cf. Fig. 5.6.

We now turn to study the pressure distribution in the Euler zone which is illus-
trated in Fig. 5.8. In the early stages of the process (Fig. 5.8 (a)) the pressure remains
virtually atmospheric with only a very slight dip around the cavity neck. At a later
time, however, the pressure at the neck diminishes substantially as can be seen in
Fig. 5.8 (b). In a steady state situation one would expect the neck pressure to reach a
minimum value of

pg,neck

pa
=

(
1+

γ−1
2

)−γ/(γ−1)

≈ 0.53 (5.27)

with γ = 1.4 the isentropic exponent, as Maneck becomes unity [29]. As shown in
Fig. 5.9 (a) our situation – although highly unsteady – exhibits a similar behavior
with pg,neck/pa ≈ 0.6 at the final instant before the simulation destabilizes.

Notably, below the neck the pressure is very uniform all the way down to the
end of the Euler zone (Fig. 5.9 (a)) which allows us to define a single pressure value
for the “bubble” between the neck and the disc. Figure 5.9 (b) demonstrates that
in our unique situation of air being pushed through a rapidly shrinking nozzle sonic
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speeds can be attained with a bubble pressure which is merely 2% higher than the
surrounding atmosphere.

5.3.3 Experimental validation

Here we describe briefly the validation of our numerical results with the experimental
data of [18] which is achieved in three different ways:

(i) We use smoke particles to directly measure the air speed as it is pushed out of
the collapsing cavity. We can reliably measure air speeds up to 10 m/s and very good
agreement with the numerical data is found as presented in Fig. 2 of [18].

(ii) In order to confirm the validity of our predictions also for higher gas velocities
we compare the numerical cavity shape close to pinch-off with experimental images.
We find that the experimental shape is not smoothly curved but exhibits a “kink”-like
shape at its neck. This effect – which is due to the low pressure induced by the high
gas speeds – is not present in single-fluid simulations, but can be reproduced rather
well by the inclusion of air effects as shown in Fig. 3 of [18].

(iii) Finally, we show that the cavity neck in the experiment exhibits a significant
upward motion prior to final collapse as the fast air stream pushes the surface min-
imum upwards. We find very good agreement for this motion between experiment
and our multiphase simulations as shown in Fig. 4 of [18].

The quantitatively consistent observation of the above air effects in our com-
pressible simulations and corresponding experiments gives us strong confidence in
the reliability of our numerical scheme.

5.4 Conclusions

We presented a multiphase model to simulate the impact of a solid object onto a
liquid surface. Our focus was on the fast stream of air that is pushed upwards as the
impact cavity collapses due to hydrostatic pressure. We showed that in our case of a
2 cm disc impacting at 1 m/s the air attains supersonic velocities and thus requires the
use of a fully compressible computational method – in contrast to existing treatments
such as Volume-of-Fluid or Level-Set methods [4–7, 17] in which the air flow was
considered incompressible.

In our simulations the impact process is split in an incompressible and a com-
pressible stage. During the incompressible stage which covers the first part of the
process, air is entrained into the cavity at relatively low speeds (compared to the
speed of sound). This allows us to use a two-fluid boundary-integral method for the
gas and the liquid domain. The compressible stage starts as the air flow reverses and
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Figure 5.8: The pressure profile in the Euler zone at the same instants as in Fig. 5.5.
The low pressure at the neck is caused by the high gas speeds in that region.
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Figure 5.9: (a) The pressure at the neck diminishes over time to reach a minimum
value of approx. 0.6 atmospheres. (b) In contrast, the pressure deep inside the bubble
rises only slightly above atmospheric towards the end.

air is pushed out through the cavity neck. In this stage we couple two different meth-
ods: a Roe scheme to solve the one-dimensional Euler equations in the gas domain
and a single-fluid boundary-integral method in the liquid domain. The two domains
are connected via the pressure at the free surface.

The predominantly one-dimensional character of the air stream and the shape
of the impact cavity make our system reminiscent to the common problem of air
flow through a converging-diverging nozzle in aerodynamics. There is, however, an
important and fundamental difference: since in our case the confining cavity is a
liquid, the “nozzle” shape is rapidly evolving in time. We showed that due to this
unique feature the air stream can attain supersonic velocities with the cavity pressure
being no more than 2% larger than the surrounding atmosphere.

For low gas velocities we find very good agreement between our simulations
and direct experimental measurements [18]. The shape of the cavity as well as a
final upward motion of the cavity neck [18] give further strong evidence that our
multiphase numerical method faithfully reflects reality.
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6
Approach to universality in axisymmetric

bubble pinch-off ∗

The pinch-off of an axisymmetric air bubble surrounded by an inviscid fluid is com-
pared in four physical realizations: (i) cavity collapse in the wake of an impacting
disc, (ii) gas bubbles injected through a small orifice, (iii) bubble rupture in a strain-
ing flow, and (iv) a bubble with an initially necked shape. Our boundary-integral
simulations suggest that all systems eventually follow the universal behavior char-
acterized by slowly varying exponents predicted in [Eggers et al., PRL 98, 094502
(2007)]. However, the time scale for the onset of this final regime is found to vary
by orders of magnitude depending on the system in question: while for the impact-
ing disc it is well in the millisecond range, for the gas injection needle universal
behavior sets in only a few microseconds before pinch-off. These findings reconcile
the different views expressed in recent literature about the universal nature of bubble
pinch-off.

∗Published as: Stephan Gekle, Jacco H. Snoeijer, Detlef Lohse, and Devaraj van der Meer, “Ap-
proach to universality in axisymmetric bubble pinch-off”, Phys. Rev. E 80, 036305 (2009).
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6.1 Introduction

The precise nature of axisymmetric bubble collapse in a low-viscosity fluid has been
a subject of controversy over the last years. Such a collapse may be initiated by a vari-
ety of different forces (e.g. surface tension, hydrostatic pressure, and external flows).
In a later stage, however, it is only the requirement of mass conservation that forces
the liquid to accelerate more and more as the shrinking bubble neck closes in on the
axis of symmetry. This purely inertial nature of the final collapse motivated the first
hypotheses about universality of the final collapse regime [1, 2]. A simple power-law
was predicted with the neck radius scaling as the square root of the time remaining
until the pinch-off singularity. Neither numerically nor experimentally could this be-
havior be confirmed. Instead, for different systems and initial conditions a variety of
scaling exponents all slightly above 1/2 have been obtained [3–10] leading to doubts
about the universal nature of bubble collapse.

Recently, the idea of universality has been revived by [11, 12] who suggested
an intricate coupling between the radial and axial length scale. The authors of [12]
explicitly predict the existence of a final universal regime which however is no longer
a simple power-law, but characterized by a local exponent that slowly varies in time.
The value of 1/2 is recovered in the asymptotic limit infinitesimally close to pinch-off.
According to this theory the variety of observed exponents corresponds to different
time averages of this local exponent. Note that this is different from the universality
as observed for example in the pinch-off of a drop [13] where the behavior of the
neck radius can be described by a scaling law whose universal exponent remains
constant in time. With the exception of the rather idealized system used in [12],
this universality has thus far never been directly observed in neither experiments nor
simulations.

In the present work we aim to reconcile the different views about universality in
axisymmetric bubble pinch-off expressed over the last years. The key aspect is that
we examine in detail how and when different physical realizations of bubble pinch-
off reach the universal regime. We present detailed numerical simulations which are
able to follow the neck evolution over more than 12 decades in time even for com-
plex realistic systems. With these we demonstrate that all systems that have recently
been studied in the context of bubble pinch-off eventually follow the same universal
behavior predicted by [12]. The time scale on which universality is reached, how-
ever, varies enormously: For an impacting disc [4, 14] universality can be observed
during several milliseconds prior to pinch-off and thus on a time scale which is ex-
perimentally accessible. However, for gas bubbles injected through a small needle
[1, 2, 5–10, 15–17] universality sets in only a few microseconds (or even less, de-
pending on the precise initial conditions) before pinch-off. This may well be the
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reason why universality has thus far never been observed even in very precise gas
injection experiments and why non-inertial effects like surface tension have been
claimed to play a dominant role in this geometry [9, 10]. By specifying the onset
times of universality our work thus provides a solid basis to which onset times of
non-universal disturbance effects such as viscosity, air flow, or non-axisymmetry can
be compared in order to assess whether or not a given system would in reality exhibit
such universal behavior.

Four different physical systems have been reported in the literature on bubble
pinch-off, numerically and experimentally, and will be compared in this work:

(i) Impacting disc. The bubble is created by the impact of a circular disc on
a liquid surface [4, 14] as shown in Fig. 6.1(i). Upon impact an axisymmetric air
cavity forms and eventually pinches off halfway down the cavity under the influence
of hydrostatic pressure. Immediately after pinch-off the ejection of a violent jet can
be observed whose formation however is not caused by the singularity alone [18] as
one might expect. Since surface tension is negligible [4, 14, 18] the only relevant
control parameter is the Froude number Fr = V 2

0 /gR0 with the impact velocity V0,
gravity g and the disc radius R0. In the data reported here the disc radius varies
between 1 and 3cm and the impact velocity ranges from 1 to 20m/s.

(ii) Gas injection through an orifice. A small needle sticks through the bottom
of a quiescent liquid pool [1, 2, 5–10, 15–17] as illustrated in Fig. 6.1(ii). A pres-
sure reservoir connected to the needle slowly pushes a gas bubble out of the needle’s
orifice. The bubble then rises under the influence of buoyancy. When the air thread
between the orifice and the main bubble becomes long enough, surface tension causes
the thinning of the neck which eventually leads to the pinch-off of the bubble. We
present data for three sample configurations A-C corresponding to Figs. 4, 10, and 6
of [2] and characterized by a Weber number WeA,B,C =0.007, 36 and 173, respec-
tively. (Here, We = ρQ2/(π2a3σ) with water density ρ , gas flow rate Q, needle
radius a and surface tension σ ).

(iii) Bubble in a straining flow. The initially spherical bubble collapses due to a
surrounding hyperbolic straining flow [3, 11, 19, 20], see Fig. 6.1(iii).

(iv) Initially necked bubble. Surface tension causes the pinch-off of a bubble
starting off with an initially already pronounced neck [12] as illustrated in Fig. 6.1(iv).

6.2 Local scaling exponents

In all systems we consider the idealized invisicid, axisymmetric bubble pinch-off ne-
glecting the influence of the inner gas dynamics [3, 8–10, 20–23], viscosity [6, 9, 10,
15], and non-axisymmetric perturbations [16, 17]. For our numerical investigations
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Figure 6.1: Illustration of the bubble collapse in the 4 different systems: impacting
disc (i), gas injection through a needle orifice (ii), bubble in a straining flow (iii), and
initially necked bubble (iv). Solid blue lines correspond to the free surface at pinch-
off, while dashed and dotted black lines represent earlier bubble shapes. The disc and
needle are depicted in red (light gray).
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Figure 6.2: “Classical” plot of the neck radius versus the time to pinch-off. (a) for
system (i) with Fr=5.1 (R0 = 2 cm, V0 = 1 m/s), (b) for system (ii) in setup A, and (c)
for systems (iii) and (iv) shown in dark gray (lower line) and magenta (upper line),
respectively. The dashed line represents a slope of 1/2.
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0r cr

Figure 6.3: Illustration of the cavity surface, the minimal neck radius r0 and the local
radius of curvature rc.

we employ an axisymmetric boundary-integral (BI) code similar to the one described
in [14] which has shown very good agreement with experiments of system (i) for var-
ious impact geometries [4, 14, 24]. The validity of our implementation for the other
systems is verified by comparison with the bubble shapes from various earlier works
[2, 12, 19]. Some details about the simulation parameters are given in the appendix.

In a first approach to an analytical description of bubble collapse, the bubble
shape can be approximated as an infinitely long cylinder (neglecting axial velocities)
which yields a two-dimensional version of the well-known Rayleigh equation [2–
4, 11, 15] for the neck radius r0

d (r0ṙ0)
dt

ln
r0

R∞
+

1
2

ṙ2
0 =

F
ρ

. (6.1)

Here, ρ is the liquid density, F represents the pressure force initiating the collapse,
and dots denote the derivative with respect to time t. R∞ is a cut-off radius required
to saturate the pressure at large distances. Assuming constant R∞ leads to the neck
radius r0 shrinking as a power-law (possibly with logarithmic corrections [3, 4, 11])
with exponent 1/2 as a function of the time to pinch-off τ = tc− t, where tc is the
closure time. At first sight, this expectation seems to be very well confirmed for all
four systems by the lines in Fig 6.2 which to the naked eye appear perfectly straight
over more than 12 decades. The slope which corresponds to the scaling exponent
is slightly larger than 1/2, in agreement with previous experiments and simulations
which have reported exponents between 0.5 and 0.6 [3–6, 8–11, 15].

A more detailed look at the local exponent, defined as the slope in Fig. 6.2,
α(τ) = ∂ lnr0/∂ lnτ , reveals that the behavior of the neck radius cannot be described
by a simple power-law. The local exponent α varies during the approach to pinch-off
[12]. In fact, the relevant equation for the time-dependence of α in [12] can be de-
rived directly from Eq. (6.1) by letting R∞ = 2

√
r0rc. Here rc is the local axial radius
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Figure 6.4: The aspect ratio γ plotted as a function of the time to pinch-off τ for
system (i) with Fr=5.1 (blue lower line) as well as system (ii) in setup A (red upper
line). This shows that one can use γ instead of τ as a measure for the approach to
pinch-off.

of curvature (see Fig. 6.3). The combination
√

r0rc is the scale by which the axial
coordinate has to be rescaled in order to collapse neck profiles at different times when
rescaling radial coordinates by r0 [4, 6] †. This leads to the aspect ratio of the cavity
naturally being defined as γ = r0/

√
r0rc. With the above substitutions and working in

the limit of vanishing F , i. e., in the regime where the influence of the driving force
has become subdominant, we obtain from Eq. (6.1):

(
− dα

d lnτ
+α−2α2

)
ln

(
4
γ2

)
=−α2 (6.2)

which is exactly identical to Eq. (4) in [12] (being Γ1 = 8 [25] and a′′0 = 2γ2 in the
original notation). Equation (6.2) with the dα/d lnτ term neglected due to the slow
variation of α ‡ represents the universal regime where the only driving is provided
by inertia and all external forces have become negligible. We will now proceed to
compare the approach of the different systems (i)-(iv) to this universal curve. Equa-
tion (6.2) with the above approximation suggests to represent α not as a function of
time to pinch-off τ , but instead as a function of the aspect ratio γ . Since there is a
one-to-one correspondence between τ and γ shown in Fig. 6.4 we can use the aspect
ratio γ as a universal “clock” replacing the time to pinch-off τ [25]. Note that γ → 0
as τ → 0 meaning that the cavity becomes more and more slender [6, 11]. Another

†A Taylor expansion of the cavity profile around the neck yields: r(z) = r0 + ∂ 2r/∂ z2 ·∆z2/2 =
r0 +1/rc∆z2/2. To collapse these profiles one can rescale the radial length scale with r′ = r/r0 and the
axial length scale with z′ = z/

√
r0rc to obtain the time-independent shape r′ = 1+∆z′2/2.

‡In the BI data we verified that |dα/d lnτ| ¿ ∣∣α−2α2
∣∣.
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Figure 6.5: (a) The local exponent α as a function of the aspect ratio γ for system (i)
with Fr=3.4 (cyan, rightmost curve), Fr=5.1 (blue), Fr=46 (brown), Fr=500 (green),
and Fr=4000 (black, leftmost curve). After an initial transient all curves follow the
same universal regime. The dashed line is Eq. (6.2). The local maxima correspond
roughly to the start of the universal regime. (b) The local exponent for system (ii)
in the three configurations: A (red, dark gray), B (gray) and C (yellow, very light
gray). All curves A-C lie practically on top of each other. (c) The local exponent
for system (iii) in dark gray (upper curve) and system (iv) in magenta (light gray,
lower curve) follows the same universal behavior close to pinch-off. Small jumps
in the data are due to the crossover between different node positioning algorithms
employed in the initial and the final stages of the simulation (see appendix) while the
deviation of the numerical data away from the universal curve at the very end stems
from the uncertainty in determining the exact time of closure.
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motivation to use γ instead of τ is that Eq. (6.2) is invariant under a rescaling of time
τ → βτ reflecting an arbitrariness of the time coordinate in this problem. The aspect
ratio γ does not possess this arbitrariness.

6.3 Approach to universality

One of the key points to address is if and how this behavior can be observed experi-
mentally. Besides the obvious difficulty of obtaining a sufficient number of decades
to observe the slow variation of the local exponent, the crucial question is: at what
time (before pinch-off) does the system exhibit universal behavior? This is crucial
because, firstly, the duration of the universal regime needs to be within the time reso-
lution of the experimental equipment. And secondly, the onset of universality needs
to happen before other effects such as air flow, viscosity, non-axisymmetric instabil-
ities, etc. unavoidably destroy the purely inertial regime. We will now provide those
time scales for the various systems based on numerical BI simulations which do not
have these limitations.

We start by considering the impacting disc system (i) in Fig. 6.5 (a). It is evident
that the data for all values of the control parameter follow – after some initial transient
– the same universal curve in very good agreement with Eq. (6.2). Our data thus
confirms the existence of a universal regime as predicted in [12]. Since from Fig. 6.5
the closure time cannot be determined in a straightforward manner, the closure time
has been estimated by fitting straight lines in plots like Fig. 6.2. As this procedure
is not exact due to the time-dependence of the local scaling exponent, it leads to a
deviation of the numerical data from the universal curve in Fig. 6.5 towards the very
end which however is merely an artifact of the uncertainty in the exact closure time.

Figure 6.5 (a) further gives us a good measure at what aspect ratio the univer-
sal regime is attained: approximately after passing their respective local maxima
all curves follow the same behavior. The aspect ratio of this maximum can then
easily be related to the physical time before pinch-off τu using Fig. 6.4. We find
τu ≈ 6ms and τu ≈ 1ms for Fr=3.4 and Fr=4000, respectively. That the high Froude
case reaches universality later can be intuitively understood: at high Froude the cavity
closes deeper and therefore the hydrostatic driving pressure is larger and its effects on
the neck dynamics can be felt longer. It is remarkable nevertheless that the duration
of the universal regime changes only by a factor of less than 10 while the correspond-
ing control parameter varies over three orders of magnitude. At the same time both
values are easily within experimentally accessible time scales.

We now compare this to system (ii), the bubble injection through a small needle in
Fig. 6.5 (b). While also this system clearly exhibits universal behavior, the approach
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to the universal regime is much less abrupt than in system (i). Due to this more
gradual approach, it is difficult to specify precisely the time when universality is
reached for the gas injection needle. We thus choose to keep our previous definition
of τu being the time corresponding to the local maximum in Fig. 6.5 (b). This gives a
good upper bound for the time when universality sets in. Surprisingly, we find even
these times to be of the order of 5µs in case A, 60ns in case C and as low as 10ns in
case B, respectively §. Thus, the duration of the universal regime in the needle setup
is dramatically (by at least three orders of magnitude) shorter than for the impacting
disc. This may well explain why, besides possible disturbing effects (viscosity, gas
flow, non-axisymmetry) an observation of the universal regime has thus far never
been reported in the literature on this widely used system.

Figure 6.5 (c) confirms that also the systems (iii) and (iv) follow the universal
regime. System (iii) does so even over the entire plotted range. Both are somewhat
idealized systems for which we are not aware of any experimental investigations
regarding the approach to pinch-off. Without a relevant length and time scale it is
impossible to specify the physical time to universality in these cases.

The different behaviors of the individual systems can intuitively be understood
as follows. System (iii) contains no external driving force other than liquid inertia
which makes it the ideal system to compare with Eq. (6.2). Indeed, this entirely
inertial system follows the universal regime over the widest range in aspect ratios of
all systems studied. Similarly, due to the relatively large dimensions of the collapsing
cavity in system (i) a correspondingly large amount of inertia is introduced into the
system which consequently follows the universal regime also for a rather long time.
On the other hand, the two systems where pinch-off is initiated by surface tension (ii)
and (iv) contain little inertia and thus approach the universal regime only relatively
late and in a similar fashion.

To make the above arguments more quantitative we realize that the universal
regime sets in when the inertial driving of the collapse becomes dominant over the
external driving force. This can be expressed by a local balance between inertia and
the respective driving force. For system (i) the driving force is hydrostatic pressure
and the relevant parameter thus the local Froude number Frlocal = ṙ2

0/(gzc) with grav-
ity g and zc the depth below the surface where the cavity eventually closes. For system
(ii) the local Weber number Welocal = ρ ṙ2

0r0/σ (with density ρ and surface tension σ
of water) gives the balance between inertia and surface tension as the relevant driving

§The long duration of the universal regime for the quasi-static case A can be understood as follows:
in case A the maximum diameter of the bubble is only slightly larger than the orifice in contrast to the
other two situations where the bubble is much larger than the needle exit. Accordingly, the neck in case
A possesses already initially a rather symmetrical shape with its upper half being very similar to the
lower one which is prerequisite for the universal solution to be applicable.
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Figure 6.6: The local Froude number for system (i) and an impact Froude number
Fr=3.4 (cyan, rightmost curve) and Fr=4000 (black) and the local Weber number
for system (ii) with configuration A (red/dark gray) and B (gray, leftmost curve).
The onset of the universal regime can be located roughly after the respective non-
dimensional quantities have become larger than order unity (horizontal dashed line).

force. The duration of the universal regime can then be estimated as the time before
pinch-off when these local quantities become of order unity. Figure 6.6 shows the
local Froude and Weber numbers as a function of time to pinch-off τ for a number
of representative cases of system (i) and (ii), respectively. One can clearly appreciate
that Welocal for the needle system becomes unity later than Frlocal for the impacting
disc. This explains the large discrepancy in τu for the two systems.

At the same time the distance between the two disc impacts with Fr=3.4 and
Fr=4000 is smaller than that between the two needle setups A and B. Accordingly,
the duration of the universal regime varies only between∼1ms and∼6ms for the disc
while in the needle setup it depends much stronger on initial conditions varying from
micro- down to several nanoseconds as seen above.

6.4 Relation to earlier work on disc impact

We will now explain the Froude-dependence of the experimentally and numerically
observed exponents in [4] for the impacting disc. Based on Fig. 6.5 (a) these ex-
ponents can be viewed as a time-average of the local exponent. Due to the limited
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Figure 6.7: (a) Illustration of the characteristic aspect ratio of the cavity. (b) The
averaged exponent measured in [4] (black diamonds) is reproduced very well by our
model with the constant K = 0.46 (red line).

resolution and the onset of other effects (e.g. air flow) only the right part of these
plots is accessible in experiments and the time-average will be heavily weighted to-
wards the beginning of the universal regime, i. e., to a region just around and left of
the maximum in Fig. 6.5 (a). We can thus assume the experimentally observed effec-
tive exponent to be roughly equal to the maximum value of the local exponent which
is where universal behavior sets in. As can be seen in Fig. 6.5 (a) the approach to the
maximum is almost vertical which implies that γ remains constant during a certain
time before pinch. This allows us to approximate the aspect ratio where universality
is reached by the macroscopic aspect ratio γi of the cavity at the start of the universal
regime. Using Eq. (6.2) we can predict this value once the characteristic initial aspect
ratio γi for each cavity is known.

This quantity γi however is not straightforward to determine since the configura-
tion before impact is simply a flat surface and the only value available to characterize
the initial conditions is the Froude number. We are nevertheless able to provide an
estimate for γi as illustrated in Fig. 6.7 (a) which shows the cavity shape at the be-
ginning of the universal regime. The horizontal size of this cavity is its maximum
radial expansion Rmax. The characteristic vertical length scale can be assumed to be
proportional to the depth of eventual closure zc. For both quantities the dependence
on initial conditions can be written in terms of scaling laws with the impact Froude
number. The horizontal length scales approximately as Rmax ∼ Fr1/4 [14] while the
vertical length behaves as zc ∼ Fr1/2 [14, 26].

With these two quantities in hand we can estimate the characteristic initial aspect
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ratio as
γi = C

Rmax

zc
≈ 2K−1/4Fr−1/4 (6.3)

with C and K constants of order unity. Inserting this γi into Eq. (6.2) and solving for
α (Fr), again neglecting dα/d lnτ gives:

α =
ln(KFr)

2ln(KFr)−2
. (6.4)

We can thus predict the experimentally observable averaged exponent which is found
in very good agreement with [4] as demonstrated by Fig. 6.7 (b). Thus, the way how
the experimentally and numerically observed exponents depend on the global impact
parameters [4] constitutes an impressive manifestation of universal behavior in this
system.

6.5 Conclusion

In conclusion, we have demonstrated that the universal theory of [12, 25] faithfully
predicts the approach of the neck radius for inviscid, axisymmetric bubble pinch-off
in four different systems widely studied in the literature over the past years. Remark-
ably, however, the duration of the final regime is shown to be strongly dependent on
the type of system and the various control parameters employed. While it lies easily
within experimentally accessible time scales (∼ms) for an impacting circular disc, it
can be as low as a few nanoseconds for gas bubbles injected through a small orifice
into a quiescent liquid pool. We were able to trace this difference back to the relative
importance of the respective driving forces. Our findings reconcile the prediction of
universality in bubble pinch-off [11, 12] with an apparent dependence on initial con-
ditions [4], an apparently constant scaling exponent [5, 6, 8], and with the observation
that non-inertial forces can be dominant in many experimental settings [9, 10, 20].

Appendix: Simulation details

Simulations are conducted using an axisymmetric boundary-integral code similar to
[14]. In order to obtain reliable data over more than 12 time decades in complex
physical situations such as the impacting disc or the injection needle it is necessary to
split each simulation in an initial and a final part. In the former the node density along
the surface is adapted proportional to the local curvature. Smoothing is required to
ensure stability of the numerical scheme and is achieved by periodic regridding [14].
In the second part close to pinch-off the node density around the neck is taken to
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be inversely proportional to the neck radius to achieve a high enough resolution and
the regridding procedure is turned off to avoid numerical noise. At the crossover
small jumps in the simulation data may result when plotting derived quantities such
as α = d lnr0/d lnτ . We checked carefully that our results are independent of the
location of this jump.

The control parameters for the four systems are as follows:
(i) Initial conditions for the disc impact are characterized by the disc radius R0 and
the impact velocity V0 which can be combined with gravity g into the Froude number
Fr = V 2

0 /(gR0) as the only relevant control (surface tension is included but irrele-
vant [14, 18]). Length and time scales are non-dimensionalized by the disc radius
R0 and the typical time T0 = R0/V0. Five different cases are reported in this chapter:
R0 = 3cm and V0 = 1m/s (Fr=3.4); R0 = 2cm and V0 = 1m/s (Fr=5.1); R0 = 2cm and
V0 = 3m/s (Fr=46); R0 = 1cm and V0 = 7m/s (Fr=500); R0 = 1cm and V0 = 20m/s
(Fr=4000). The pressure inside the cavity is atmospheric throughout.
(ii) For the gas injection needle each realization is characterized by the needle ra-
dius a, the gas flow rate Q, the overpressure in the chamber pc − p∞, and the ef-
fective needle length l [2]. Three different cases A-C are presented: aA,B,C=2mm,
0.1mm, 0.27mm; QA,B,C=198mm3/s, 162mm3/s, 1564mm3/s; pc;A,B,C− p∞=73.73Pa,
1494.8Pa, 546.410Pa; and lA,B,C=128m, 20mm, 40mm. If the Weber number de-
fined as We = ρQ2/(π2a3σ) with the water density ρ and surface tension σ is
small the bubble growth proceeds in a quasi-static regime. We find for our cases
WeA,B,C=0.007, 36, and 173, respectively, meaning that case A represents a quasi-
static case while the other two go beyond the quasi-static regime. Units are non-
dimensionalized by the needle radius a and the typical time T0 = a/V0 with V0 =
Q/(πa2). The air inside the bubble is assumed to be incompressible during the entire
process and the bubble pressure is modeled as described in [2].
(iii) The bubble in a straining flow is characterized by the non-dimensional Euler
number: Eu = p0/(ρV 2) (with V a typical velocity, ρ the density and p0 the initial
absolute pressure inside the bubble). Here we choose Eu=1000, that is an almost
incompressible bubble. Other values have been tried and show qualitatively similar
results. The bubble is filled with an ideal gas obeying an adiabatic relation and sur-
face tension is not included in the simulations presented in the main text. It is worth
noting though, that the inclusion of surface tension leads to the curve in Fig. 2 (e)
bending down, assuming a shape more similar to the surface-tension driven scenario
of system (iv).
(iv) For the initially necked bubble only the Weber number is of relevance which we
choose to equal unity. Due to the short duration of the collapse in this system the gas
phase inside the bubble can safely be neglected. Different shapes have been tried and
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yield qualitatively similar results.
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7
Non-continuous Froude number scaling for

the closure depth of a cylindrical cavity ∗

A long, smooth cylinder is dragged through a water surface to create a cavity with
an initially cylindrical shape. This surface void then collapses due to the hydro-
static pressure, leading to a rapid and axisymmetric pinch-off in a single point. Sur-
prisingly, the depth at which this pinch-off takes place does not follow the expected
Froude1/3 power-law. Instead, it displays two distinct scaling regimes separated by
discrete jumps, both in experiment and in numerical simulations (employing a bound-
ary integral code). We quantitatively explain the above behavior as a capillary waves
effect. These waves are created when the top of the cylinder passes the water surface.

7.1 Introduction

Many phenomena in fluid dynamics are known to be self-similar [1] and universal,
allowing physicists to describe their final outcome without precise knowledge of the
initial conditions. Prime examples for such universality are the break-up of an elon-
gated fluid filament inside another viscous fluid [2] and the pinch-off of a liquid

∗Published as: Stephan Gekle, Arjan van der Bos, Raymond Bergmann, Devaraj van der Meer, and
Detlef Lohse, “Non-continuous Froude number scaling for the closure depth of a cylindrical cavity”,
Phys. Rev. Lett. 100, 084502 (2008).
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122 CHAPTER 7. NON-CONTINUOUS FROUDE SCALING

droplet in air [3–5]. For the inverse problem [6–10], i.e., when an air-bubble pinches
off inside a liquid, the dynamics retains a memory of its creation until the very end,
indicating that at least no simple universal behavior exists. As an example for such
a break-up, we examine the air-filled cavity created when a solid object is rapidly
submerged through a water surface. The walls of the cavity subsequently collapse
due to hydrostatic pressure from the liquid bulk. When the colliding walls meet, a
violent jet shoots up into the air. Regardless of the behavior of the pinch-off [7], the
location at which it takes place has been reported (experimentally and theoretically)
to scale in a continuous fashion with the object velocity for such different systems
as spheres on fluidized sand [11], solid disks [12], spheres and cylinders [13] on
water and even water columns on water [14]. Our experimental and numerical ev-
idence shows the lower limit where this scaling is broken through the interference
of a second phenomenon unrelated to hydrostatic pressure. Surface waves created
as the object passes the water surface significantly alter the pinch-off location in a
non-continuous manner. Similar effects for the breakdown of a universal behavior
due to waves interaction have been observed in, e.g., magnetohydrodynamics [15]
and turbulence [16].

7.2 Experimental results

In our experiment we drag a cylinder with radius R0 = 20 mm and length l = 147 mm
through the surface of a large water tank using a linear motor connected to the cylin-
der bottom by a rod. We prescribe a constant cylinder velocity V between 0.5 and 2.5
m/s. With the kinematic viscosity ν the global Reynolds number Re = R0V/ν is of
the order of 104, while the local Reynolds number Re = RṘ/ν defined with the cav-
ity radius R for the point of minimum radius lies between 102 and 105 demonstrating
that inertia dominates viscous effects. Further, with the surface tension coefficient σ ,
ρgR0 À σ/R0, i.e. gravity dominates over surface tension. The relevant dimension-
less parameter is thus the Froude number Fr = V 2/(R0g) with g = 9.81 m/s2, which
in our experiment ranges between 1.2 and 32.

The shape of the axisymmetric cavity is imaged with a high speed camera at
up to 10,000 frames/sec, with the vertical coordinate z pointing upwards along the
cylinder axis and r being the radial coordinate. Figure 7.1 shows a typical sequence
of the cavity dynamics. We choose the starting position of the lower edge of the
cylinder slightly below the water surface to suppress the splash. From there it is
pulled downwards with high acceleration such that it has reached its prescribed speed
before the top passes the water surface at t = 0. The submerging cylinder creates
an air-filled cavity with an initially cylindrical shape whose side walls immediately
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start to collapse (a). Magnification of the cavity walls as in (b) shows that they are
not smooth surfaces, but exhibit pronounced ripples. Note that these ripples are of
different origin than those observed after pinch-off [17].

From the high-speed video images we extract the closure depth of the cavity zc for
cylinder velocities up to 2.5 m/s. Plotting the closure depth over the Froude number
as in Fig. 7.2, we find two asymptotic regimes. The regime for low Froude numbers
obeys a scaling behavior zc ∼ Frα with an exponent α = α1 ≈ 0.1. This is in contrast
to earlier experiments [13] which showed a single continuous scaling behavior with
α ≈ 1

3 , for which a theoretical explanation in terms of inertia and gravity could be
given [11, 13, 14]. At the end of the low Froude regime the data abruptly departs to an
intermediate regime without any experimentally clearly discernable structure. After
a pronounced jump we find a third regime, which due to experimental limitations
can be observed only between Fr=22.4 and 35.5. While this is too short to ascribe
a definite power-law behavior, we can nevertheless conclude that this last regime –
in contrast to the preceding two regimes – is not disagreeing with the theoretically
predicted value of a scaling exponent of 1/3.

7.3 Numerical results

To understand the underlying mechanism leading to this discontinuous behavior, we
conducted boundary integral simulations. Our numerical results match very well with
the high-speed videos without the use of any adjustable parameter, see Fig. 7.1. The
agreement of the wave pattern in Fig. 7.1 (b) can even further be improved when at
the expense of introducing a free parameter we allow for a deviation from the precise
ninety degrees angle between the cylinder wall and the free surface accounting for
the free surface being dragged down and resulting in a slightly curved profile close
to the cylinder wall.

The numerical simulations allow us to study the ripples in Fig. 7.1 (b) in great de-
tail. As the cylinder top passes the water surface, the rectangular corner between the
cylinder wall and the water surface is no longer held in place by the solid boundary
of the cylinder. The newly created free surface thus possesses a corner with very high
(initially infinite) curvature. Surface tension immediately tries to flatten this surface
by pulling the corner diagonally inwards into the fluid bulk. This results in a shock
similar to throwing a stone onto a lake, which consequently leads to the formation
of capillary waves travelling out- and downward on the free surface. The downward
waves can be observed in Fig. 7.1 (b). The shock creates a wave packet containing
waves of different frequencies. Each of these waves spreads with a velocity c = ω/k
given by the dispersion relation ω2 = (σ/ρ)k3, where we assume plane capillary
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Figure 7.1: (a) - (c) Snapshots of the cavity for Fr=11.5. The area designated by
the yellow rectangle in (a) is magnified in (b) illustrating the rippled surface of the
cavity walls. Red lines show the numerical simulation. In (a) and (b) video frames
are connected to simulation time by matching the cylinder position, for (c) it was
more convenient to match the cavity closure times instead. (d) - (g) The transition
from one closing ripple to the other. At Fr=18.8, (d) and (e), the upper of the two
marked ripples closes. At Fr=20.6, (f) and (g), it is the lower of the two ripples which
pinches.
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Figure 7.2: The experimental closure depth as a function of the Froude number. The
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Only in the limit of high Froude numbers does the data not contradict an exponent of
1
3 (blue dashed line). For the intermediate regime the experiments show no systematic
behavior.
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Figure 7.3: (a) Capillary waves for V = 3 m/s (Fr = 45.9) as obtained from the sim-
ulation. Wave crests are marked by red circles and allow an estimate of the dominant
wave length λ = 2π/k at a given position. The inset compares these wave lengths for
the downward (blue circles) and outward (black crosses) waves to the theoretically
expected behavior for capillary waves (red line). (b) The natural cavity dynamics (red
solid) as a superposition of two hypothetical settings: without surface tension (black
dashed) and without gravity (blue dotted) for V = 1 m/s (Fr = 5.1).
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waves (since kR À 1 during all but the very rapid collapse at the end of the cav-
ity evolution) and ω designates the angular frequency, k the wave vector and ρ the
density.

Using stationary phase approximation we calculate the dominant wave vector k∗

at a given distance x from the source at time t: k∗ =
(2

3 x/t
)2 ρ/σ . Our simulations

allow for an accurate estimate of the dominant wave length λ from the shape of
the surface, cf. Fig. 7.3 (a). Comparison with the above equation as in the inset
of Fig. 7.3 (a) confirms that the observed ripples on the surface are indeed capillary
waves originating from the corner point as the cylinder top passes the water surface.
The damping for capillary waves can be estimated as tdamp ∼ 1/(νk2) obtaining, with
a wave length of the order of 6mm (see Fig. 7.1 (b)), a damping time of 900ms, which
is well beyond the closure time of the cavity.

The closing of the cavity is driven by hydrostatic pressure acting on every point
of the free surface accelerating it inward as soon as the cylinder has passed. This
accelerating force increases with the depth. Thus, points near the top surface start
moving early with a small acceleration, while deeper points start with increasing
delay, but higher acceleration [11, 13]. On a rippled surface this process favors the
wave crests over the other points. The resulting closure depth will thus be determined
by a combination of (i) hydrostatic pressure induced by gravity and (ii) capillary
waves created by surface tension.

The numerically obtained closure depth shown in Fig. 7.4 reasonably reproduces
the experimental results. The final regime scales with α2 ≈ 0.43. Considering that
the theory from [11, 13, 14] assumes a purely radial flow pattern and an initially per-
fectly cylindrial cavity shape, the prediction of 1

3 is reasonably close to our observed
exponent. Our simulations even make the identification of an intermediate regime
possible, which due to its small range in Froude numbers cannot be clearly observed
in experiments. The shift between numerical and experimental data on the Froude
axis can be attributed to the fragility of the measurement process in and around the
intermediate regime as well as to small contaminations which lower the surface ten-
sion of the water.

The insets in Fig. 7.4 elucidate precisely how the capillary waves lead to the
discontinuous jumps between the different regimes of the closure depth: For Froude
numbers near the transition point three different local minima of the radius come
very close to meeting their counterpart on the opposite side. In the first regime the
uppermost of the three minima closes first and thus determines the closure depth,
while in the second regime the one located in the middle is the fastest to reach the
central axis. Finally, when the lowest minimum closes before the other two, the third
regime is attained. Figure 7.1 (d) – (g) show experimental photographs of this effect
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Figure 7.4: Comparison of the experimental closure depth (black crosses) with the
numerical data (blue diamonds). The insets illustrate the shape of the cavity at pinch-
off for one representative of each regime (axis are the same for all insets). The
regimes are determined by which local minimum first meets its counterpart on the
central axis.

at the transition point from the intermediate to the high Froude regime.

Since the behavior of capillary waves is determined by surface tension, one ex-
pects that modifications of the surface tension coefficient σ should significantly alter
the closure depth in the first and any intermediate regimes. For the last regime capil-
lary waves are irrelevant and the scaling behavior of the closure depth can be derived
independent of surface tension [11, 13, 14]. We have performed simulations with a
ten-fold increase and decrease of σ as compared to the natural value of 72.8mN/m
for water as well as for a hypothetical liquid without any surface tension (σ = 0). As
Fig. 7.5 demonstrates, the Froude number ranges for the three regimes are found to
depend indeed strongly on the value of the surface tension coefficient. The length of
the first regime significantly enlargens for a higher surface tension coefficient. As ex-
pected, the last regime is almost uninfluenced by changes in surface tension. For low
surface tension merely the two asymptotic regimes exist and the intermediate regime
is not observed anymore. The limiting case completely without surface tension pos-
sesses only one regime in reasonable agreement with the theoretical Fr1/3-scaling.
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Figure 7.5: The numerical closure depth as a function of the Froude number and
corresponding scaling exponents for different surface tension coefficients: σ1 = 728
mN/m (black circles), σ2 = 72.8 mN/m (blue diamonds), σ3 = 7.28 mN/m (red
crosses) and σ4 = 0 (magenta squares). For σ = 0 no data at low Froude numbers is
shown, since axial velocity components during the collapse prohibit the application
of the Fr1/3-theory. The inset shows the onset of the high Froude number regime as
a function of the Bond number with the red line depicting the expected scaling law
Frtrans ∼ Bo−3/4.

With x = zc and k∗ ∼ 1/zc we estimate the relevant time scale for the capillary
waves as tw ∼

√
ρ/σz3/2

c while the time scale for cavity closure is tc ∼ zc/V . The
onset of the high Froude number regime is now readily found by equating the ratio
tw/tc to a constant of order 1. Introducing the Bond number Bo = gR2

0ρ/σ and
making use of the theoretically expected scaling zc∼ Fr1/3 this yields Frtrans∼Bo−3/4

which is in good agreement with our observations as shown in the inset of Fig. 7.5.
The cavity dynamics completely without surface tension and thus deprived of all

capillary waves is illustrated by the black dashed lines in Fig. 7.3 (b). The blue dotted
lines depict the evolution of a free surface starting with a (nearly) rectangular corner
without gravity allowing us to study the formation of capillary waves in an isolated
setting. The cavity dynamics under realistic conditions (g = 9.81 m/s2 and σ = 72.8
mN/m) is shown in red and can clearly be identified as a superposition of the above
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mentioned limiting cases. In the first instants, the real dynamics is almost identical
to the one without gravity with its main feature being the capillary waves. Later,
hydrostatic pressure becomes more important until finally the cavity approaches the
shape of the pure gravity simulation with the capillary waves superposed on the cavity
walls.

7.4 Conclusion

In conclusion, we have shown that capillary waves created when a submerging object
passes the water surface have a strong and lasting influence on the dynamics of the
cavity. This influence remains observable until the very end of the cavity collapse
manifesting itself in clearly distinct regimes of the closure depth as a function of
the submerging velocity. We have thus illustrated the lower limit to the continuous
inertial-gravitational scaling regime observed in [11–14]. Since capillary waves are
an unavoidable consequence of disturbances on a water surface, we expect that the
effects elaborated in this Chapter will be of relevance to a wide range of related
phenomena.
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8
Nucleation threshold and deactivation

mechanisms of nanoscopic cavitation nuclei ∗
†

The acoustic nucleation threshold for bubbles trapped in cavities has theoretically
been predicted within the crevice theory by Atchley & Prosperetti [J. Acoust. Soc.
Am. 86, 1065-1084 (1989)]. Here, we determine this threshold experimentally, by
applying a single pressure pulse to bubbles trapped in cylindrical nanoscopic pits
(“artificial crevices”) with radii down to 50 nm. By decreasing the minimum pres-
sure stepwise, we observe the threshold for which the bubbles start to nucleate. The
experimental results are quantitatively in excellent agreement with the theoretical
predictions of Atchley & Prosperetti. In addition, we provide the mechanism which
explains the deactivation of cavitation nuclei: gas diffusion together with an aspher-
ical bubble collapse. Finally, we present superhydrophobic nuclei which cannot be
deactivated, unless with a high-speed liquid jet directed into the pit.

∗To be published as: Bram M. Borkent, Stephan Gekle, Andrea Prosperetti, and Detlef Lohse,
”Nucleation threshold and deactivation mechanisms of nanoscopic cavitation nuclei”, Phys. Fluids
accepted (2009).

†The numerical simulations in this Chapter are part of the present thesis. The experimental and
theoretical work is due to Bram Borkent.
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134 CHAPTER 8. NUCLEATION THRESHOLD OF CAVITATION NUCLEI

8.1 Introduction

Water can be ruptured at much smaller tensile stresses than theoretically is expected [1].
The reason for this discrepancy could be the existence of small inhomogeneities in
the liquid, which may exist even when special care on the cleanliness of the water has
been taken [2]. The inhomogeneities, whatever their origin might be, have received
the generic name “cavitation nuclei”, while the bubble generation produced in this
way is termed heterogeneous nucleation. Cavitation nuclei are generally long-lived
and it is believed that they consist at least in part of a volume of gas [3]. This observa-
tion excludes the possibility of the inhomogeneities being free spherical gas bubbles,
as these are unstable. To account for stable gaseous cavitation nuclei, two types are
distinguished in the literature: bubbles stabilized by a skin (see Ref. [3] and refer-
ences therein) and bubbles trapped inside a surface defect (“crevice model”) [4–9].
The principle of the crevice model dates back to 1944 [4] and has found extensive
qualitative experimental evidence over the years. Greenspan and Tschiegg [10],
for example, reported that removing particles larger than 0.2µm in diameter in-
creased the tensile strength of water to about 200 bar (see also Refs. [2, 11]). Others
found that the addition of suspended particles lowers the nucleation threshold [12–
17], while pre-experimental pressurization of water increases the nucleation thresh-
old [5, 18]. Although these findings are in line with the general idea of the crevice
model, none of the experiments could quantitatively verify the theoretical crevice
model as developed by Atchley & Prosperetti [8] in 1989. One of the reasons is that
their predictions are valid for a single cavity of a well-defined shape, while in prac-
tice the liquid usually contains a wide variety of nuclei of different sizes and shapes.
Even in ultrapure water with a controlled number of microparticles, the sizes of the
nuclei present on the microparticles can exhibit size variations yielding a wide range
of thresholds [18].
A step forward was achieved by Bremond et al. who were able to create monodis-
perse cavitation nuclei by trapping gas inside cylindrical holes of well-defined shape
etched in silicon surfaces using standard lithography techniques [19–21]. Not only
was the position and size of the nuclei perfectly controlled, but the nucleation event
itself was also highly reproducible, so that it could be followed in time with strobo-
scopic methods without the need of expensive high-speed cameras.
Both conditions, the reproducibility of the experiment and the monodispersity of the
nuclei present at fixed positions, are important ingredients of this Chapter. Here, we
have downscaled the micropits of Bremond et al. two orders of magnitude, so that
it becomes possible to experimentally verify the theoretical predictions made in the
framework of the crevice model. This is the first aim of this Chapter. Secondly, we
explore the mechanisms leading to the deactivation of nuclei after a single nucleation
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event. In addition, we show that superhydrophobic cavitation nuclei can nucleate
hundreds of times, without being deactivated. Our observations and interpretations
have implications for an increased understanding of the behavior of cavitation nuclei
down to length scales of a few tens of nm (”surface nanobubbles”) [22].

8.2 Brief theoretical description

A comprehensive description and development of the crevice model can be found in
the paper of Atchley & Prosperetti [8] with extensions to any axisymmetric geome-
try, including cylindrical cavities, given by Chappell & Payne [23]. In both papers,
the authors predict the various nucleation thresholds as function of crevice shape, gas
tension, and receding contact angle. Atchley & Prosperetti argue that a true nucle-
ation event must be the result of the loss of mechanical stability of the nucleus, and
calculated the threshold for two situations: the first threshold denotes the pressure
at which the nucleus inside a crevice begins its unstable growth, and is the lowest
pressure value belonging to a bubble reaching either the critical radius of curvature
Rc, or the receding radius of curvature RR, i.e. the radius of curvature at which the
receding contact angle θR is reached. The second threshold is equivalent in defini-
tion, but holds for the bubble growing outside of the crevice mouth. The lower value
of the first and second nucleation threshold is the one for which the bubble grows ex-
plosively out of the cavity. For the case of a bubble trapped in a cavity with volume
Vc with its interface at the crevice mouth, the (second) nucleation threshold is given
by

pL +
2σ
R

= pv +
V0 pg,0

Vc +(π/3)g(θ)R3 , (8.1)

with pL the liquid pressure, pv the vapor pressure, V0 the initial volume of the gas,
pg,0 the initial gas pressure in the bubble, σ the liquid-gas surface tension, and
(π/3)g(θ)R3 the volume of the spherical-cap-shaped bubble with radius R as it ex-
pands above the cavity [8] (see Fig. 8.1). Here, g(θ) =

(
2+(2+ sin2 θ)cosθ

)
is a

geometric function depending on the contact angle θ . The right-hand side of Eq. 8.1
represents the expanding forces caused by the vapor and gas pressure, pv + pg, respec-
tively, while the left-hand side represents the collapsing forces due to the liquid pres-
sure and surface tension, respectively. Eq. 8.1 implies that, for nucleation to occur,
the expanding forces should exceed the collapsing forces (condition 1). Secondly,
this condition should persist for increasing R, i.e. d(pg + pv)/dR > d(pL +2σ/R)/dR
(condition 2).
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Figure 8.1: Cylindrical cavity with its dimensions. The initial gas-liquid interface is
flat (dashed line), while the expanding bubble has a radius of curvature R and contact
angle θ with the flat surface.

Let us now consider the case - which we will examine experimentally - of a cylin-
drical cavity with radius rc and depth dc, under the assumption that the initial gas-
liquid interface at the crevice mouth is approximately flat (i.e. we assume a negligi-
ble effect of the hydrostatic pressure and gas-saturated water), so that we can write
V0 = Vc = πr2

c dc. For θR ≥ π/2 the nucleation threshold is the pressure needed to
pull the bubble beyond its minimum radius while it expands from the cavity, i.e.
Rmin = RR = rc/sinθR. Now, Eq. 8.1 can be rewritten as

pL = pv +
3pg,0

3+(rc/dc)g(θR)/sin3 θR
− 2σ sinθR

rc
. (8.2)

This prediction will be verified experimentally in this Chapter. At the point R =
Rmin = RR the bubble experiences the maximum collapsing force. Any further reduc-
tion of the liquid pressure will make the bubble expand, thus reducing the surface ten-
sion pressure, and the bubble will grow explosively with the contact angle fixed at θR.
Equations 8.1 and 8.2 are illustrated in Fig. 8.2, for an air bubble trapped in a cylin-
drical pit with dimensions rc = 250nm and dc = 500nm and with pg,0 = 105 Pa− pv,
pv = 73 · 102 Pa and θR = 100o. The graph shows the expanding and the collapsing
forces for two cases: 1) pL =−0.20MPa (Blake threshold [24, 25] for a free bubble
with R0 = rc) and 2) pL = −0.486MPa (prediction of Eq. 8.2). From this plot it is
readily seen that the expanding pressure in the second case is always larger than the
collapsing pressure, and that d(pg + pv)/dR > d(pL +2σ/R)/dR.
For θR < π/2 the nucleation threshold is much more complicated to calculate. At
R = Rmin = rc the collapsing force due to surface tension is indeed maximum, but now
d(pg + pv)/dR < d(pL +2σ/R)/dR and therefore pL(Rmin) cannot be the nucleation
threshold. Also pL(RR) is not the correct threshold, as this gives a stable equilibrium
in the upper branch of the compressive force curve. Instead, the threshold needs to
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Figure 8.2: Graph of the expanding forces (right-hand side of Eq. 8.1, dashed line)
and the collapsing forces (left-hand side of Eq. 8.1, solid lines) for a bubble ex-
panding from a cylindrical pit with rc = 250nm, dc = 500nm, pg,0 = 105 Pa− pv,
pv = 73 · 102 Pa and θR = 100o. The expanding forces (dashed line) show two
branches corresponding to the possible solutions of R. The upper branch reflects
the initially flat bubble during its first expansion phase: R decreases from R = R∞ to
R = RR; the lower branch shows the solutions for the bubble expanding during its sec-
ond phase: R increases from R = RR to larger sizes. The collapsing forces are shown
for two cases: 1) pL = −0.20MPa (thin solid line) and 2) pL = −0.486MPa (thick
solid line). For case 1, the expanding forces dominate over the collapsing forces and
the bubble will expand, until at R = 0.49µm a stable equilibrium is reached. No
nucleation will occur in this case. In case 2 the expanding forces are larger than the
collapsing forces for all possible solutions of R, and as a result the bubble will grow
explosively.
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be found by numerically solving d(pg + pv)/dR = d(pL + 2σ/R)/dR, which is an
implicit equation as the contact angle depends on the radius R, through sinθ = rc/R,
as long as the receding contact angle has not yet been reached.
In the prediction of pL the gas term is significant for cavities down to a few hundred
nm in radius and will therefore be taken into account in the present analysis.

8.3 Materials & methods

8.3.1 Experimental setup

The experimental setup to investigate the nucleation behavior of bubbles trapped in
well-defined cavities is similar to that used by Bremond et al. [19–21] and sketched
in Fig. 8.3. Cavitation is induced by a focused shock wave generator (Piezoson 100,
Richard Wolf GmbH) consisting of piezoelectric elements mounted on a spherical
cap at the bottom of the liquid bath, which is filled with 1 liter of air-saturated water
(Milli-Q Synthesis A10, Millipore). The cavitation activity is recorded optically with
a CCD camera (Flowmaster, LaVision) through a long-distance microscope (Model
K2, Infinity). Illumination is provided by a flash lamp in reflection mode. The
liquid pressure pL is obtained with the help of a calibrated glass fiber hydrophone
(FOPH 500, RP Acoustics). The pressure is derived by measuring the reflected in-
tensity of the laser beam at the fiber tip, which depends on the density of the water
as affected by the local pressure [26]. At the acoustic focus the pressure signal is
typically characterized by a pressure peak (duration ∼ 1 µs) followed by a negative
pressure phase (∼ 5µs). The intensity of the pressure pulse can be varied in twenty
discrete steps. Since the smallest possible pressure decrease at the acoustic focus
min(pL) =−3.2MPa is already too large for our purpose, the samples are translated
horizontally (away from the acoustic focus) along the line of sight, until the pres-
sure signal is sufficiently weak that nucleation does not occur at the smallest pressure
drop, but only at larger pressure decreases. The hydrophone tip (diameter: 100 µm)
is positioned∼ 0.1mm in front of the chip surface, at an angle with the vertical plane
of 10−20◦. We took care of the close proximity between tip and surface by check-
ing: 1) that the hydrophone tip end was not touching the chip surface (as this gave
noisy data); 2) that the tip was in the optical focus of the camera (differences of 0.1
mm could be detected by comparing sharpness of the pictures). The corresponding
pressure signals are recorded using a low pass filter (cutoff frequency 2.2 MHz) and
averaged over 25 recordings to reduce the noise. A typical recording of the averaged
pressure signal obtained 25 mm out of focus is shown in Fig. 8.4 and corresponds to
the experiment with the sample containing pits of 246 nm in radius.
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Figure 8.3: Sketch of the experimental setup.
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Figure 8.4: Three pressure signals with increasing strength recorded at the chip
surface 25 mm out of focus, corresponding to the experiment with sample B (rc =
246nm). Each line is the mean of 25 recordings. From these signals the minimum
pressure can be extracted: -0.24 MPa (thin solid line), -0.35 MPa (dashed line) and
-0.54 MPa (thick solid line)
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8.3.2 Samples with nanopits

The substrates of interest are silicon pieces of 5×5mm2 diced from a Si(100) wafer.
The nanoscopic cylindrical pits are directly etched into the substrate by a focused
ion beam (FIB) in a 6× 6 square pattern, with 200 µm distance between the pits.
The resulting 1× 1mm2 pattern is located at the center of the chip. In order to fa-
cilitate detailed imaging by atomic force microscopy (AFM) and scanning electron
microscopy (SEM) identical pits are etched near the chip corner. Four samples (A-D)
were studied with the following dimensions (determined with SEM) of the nanopits:
A) rc = 495 nm; B) rc = 246 nm; C) rc = 53 nm; D) rc = 50−60 nm. In sample A-C
the pattern consisted of uniformly sized pits, with depth dc = 2rc, while in sample
D each column of pits had different depths (75, 100, 200, 300, 500, and 1000 nm),
which influenced the radial pit size per column by a few nm (50, 50, 50, 55, 57,
and 60 nm resp.); see Fig. 8.5 for the corresponding SEM pictures. Notice that rc

has been measured precisely with SEM, while dc could not be measured and should
therefore be regarded as an indicative value of the depth. In contrast to rc, the exact
depth of the pits (which only determines the initial gas volume) does not matter too
much for the overall bubble dynamics, provided that the radius rc is small enough,
which is the case in our experiments. After production the samples were cleaned
ultrasonically in ethanol (15 minutes), followed by an oxygen plasma (5 min.), a
chemical cleaning step using a fresh (5:1) Piranha mixture (30 min.) and again an
ultrasonic bath in ethanol (15 min.). This yielded clean and completely wetting sub-
strates, which were characterized by a smoothly dewetting contact line (if not, the
whole process was repeated). Subsequently, the samples were hydrophobized with
1-H,1-H,2-H,2H-perfluorodecyltrichlorosilane following Ref. [27]. The advancing
and receding contact angles on the surface were θa = 124o and θr = 100o. After
immersion in water it was confirmed with AFM in tapping mode that a horizontal
gas-liquid meniscus was present at the mouth of the pits.

8.4 Results

8.4.1 Nucleation from gas-filled nanopits

To see whether it is possible to nucleate bubbles from nanopits as small as 53 nm in
radius, samples A-C were immersed in the liquid bath allowing air to be entrapped
in the pits. In successive experiments the samples were put at the acoustic focus of
the shock wave generator and subjected to a pressure pulse with pm = min(pL) =
−3.2MPa. This value is sufficiently below the nucleation thresholds of the three
samples, i.e. −0.23 MPa, −0.48 MPa, and −2.59 MPa respectively (see Eq. 8.2), to
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Figure 8.5: SEM images of samples A-D, respectively. The bars in each picture
denote 500 nm. The ellipsoidal shapes for sample A and B are due to drift in the
SEM chamber, i.e. the pits have circular cross-sections in reality.

expect nucleation of bubbles from the nanopits. The camera and flash were triggered
a few µs after passage of the negative part of the shock wave to capture the expand-
ing bubbles at maximum sizes. The result is depicted in Fig. 8.6 for the samples
A-C, respectively. Sample A and B showed almost perfect bubble patterns, with each
bubble corresponding to the position of the nanoscopic cavitation nucleus. In each
experiment, the cavitation nuclei had to be ’re-activated’ (filled with air again), since
it was not possible to nucleate bubbles a second time without taking the sample out
of the water first [20]. With sample C a maximum amount of 34 bubbles could be
nucleated in the first experiment, implying that it is indeed possible to nucleate bub-
bles from such small cavities. While sample A and B showed perfect reproducibil-
ity, the number of bubbles nucleating from sample C declined dramatically in later
experiments, even when the negative pressure amplitude was increased to -7 MPa.
Presumably, small contaminant molecules had decreased the contact angle locally,
leading to completely wetted nanopits. To test this possibility, the old hydrophobic
coating was stripped off with an oxygen plasma and the sample was hydrophobized
again through the cleaning and coating steps described before. This process indeed
re-activated part of the nuclei (∼ 80% of the pits) though the number of bubbles
declined again in successive experiments.
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400µm

Figure 8.6: Cavitation bubbles nucleated from cylindrical pits with radius rc =
495 nm (left), rc = 246 nm (middle) and rc = 53 nm (right), and depth dc = 2rc for a
pressure pulse with pm =−3.2MPa.

8.4.2 Determination of the experimental nucleation threshold

The experimental nucleation threshold of the nanosized cavities can be obtained by
moving the samples to a position in the liquid bath where the pressure drop pm is suf-
ficiently small that no nucleation occurs. By lowering pm stepwise the cavities will
nucleate at a certain negative pressure amplitude which is the experimental nucle-
ation threshold. To observe the bubbles optically, it is not sufficient for the negative
pressure to be low enough, but it should also last long enough in time. A lower limit
to the time ∆t the bubble needs to grow to visible size is estimated, by first estimating
the critical size Rc,o to be optically observable. We take Rc,o ∼ 3 image pixels = 3 pix

× 2.9 µm /pix = 8.7 µm. Now, using [21, 28] Ṙ =
(

2
3

pv−pm
ρ

)1/2
with ρ the liquid

density and Ṙ the bubble wall velocity, it follows that ∆t = Rc,o/Ṙ = 0.9 µs (sample
A), 0.6 µs (sample B) and ∼ 0.3 µs (sample C and D). The minimum pressure level
which lasts ∆t is the negative pressure amplitude pm of interest. Note that the differ-
ence with the absolute minimum pressure level is in most cases only a few percent,
much smaller than the typical statistical error, which is ∼ 0.2MPa in the cases of
sample A and B, and ∼ 0.4−0.6MPa in the case of sample C.
Let us first consider the case of sample B (rc = 246nm, dc = 2rc). The sample
was put 25 mm out of the acoustic focus, and three pressure pulses with increasing
strength (Fig. 8.4) were applied successively, without taking the sample out of the
water. A typical result is shown in Fig. 8.7. With the first pulse (pm = −0.24MPa)
no cavitation bubbles could be observed (Fig. 8.7a). The second pressure pulse
(pm =−0.35MPa), resulted in a few nucleated bubbles (always in the top rows of the
pattern), but the majority of the nuclei in the pattern still did not cavitate (Fig. 8.7b).
The third pressure pulse, with pm = −0.54MPa, was able to nucleate all remain-
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pm (MPa)
Amount of bubbles in exp. 1-8

mean
1 2 3 4 5 6 7 8

-0.24 0 0 0 0 0 0 0 0 0
-0.35 11 9 8 15 10 8 8 7 10
-0.54 23 27 28 19 25 27 27 29 26

Table 8.1: Results of eight experiments with sample B (rc = 246nm, dc = 2rc). In
each experiment the minimum pressure pm is decreased in three successive steps.
The majority of the pits nucleates at pm =−0.54 MPa.

ing nuclei (Fig. 8.7c). Note that the nuclei which nucleated with the second pulse
could not be nucleated with the stronger third pulse, implying that the nuclei can be
used only once. Nuclei which were not nucleated during the second pulse, however,
survived and were nucleated with the stronger third pulse. The experiment was re-
peated eight times with reproducible results (Table 8.1): on average 0, 10, and 26
bubbles were counted for the three applied pressure pulses, respectively.When the
third pulse (pm = −0.54MPa) was applied without the other two preceding ones,
the full pattern became visible (Fig. 8.7d). Since the majority of the pits nucle-
ated at pm = −0.54MPa it is reasonable to assume that this pressure amplitude is
above the experimental nucleation threshold for sample B, while the weaker pulse
(pm =−0.35MPa) is (just) below the experimental nucleation threshold.
Since it was always the top row of pits plus some part of the second top row that
nucleated at an apparently less negative pm, it could very well be that there was a
pressure variation along the chip surface in the vertical direction (i.e. direction of
wave propagation), so that the most negative pressure occurred at the top row of the
pits. In Fig. 8.7c and d we can indeed see that bubbles become slightly larger in the
vertical direction, indicating a more negative pressure along this direction. With our
setup we have not been able to measure a difference in pressure between top and
bottom location of the pattern.
A similar experiment was carried out with sample A (rc = 495nm, dc = 2rc, Fig. 8.8).
Again the sample was subjected to three successive pressure signals of decreasing
negative pressure without being taken out of the water. For the lowest pressure ampli-
tude (pm =−0.20MPa) no cavitation bubbles could be detected optically (Fig. 8.8a).
A larger amplitude of pm = −0.23MPa yielded 14 bubbles of different sizes, with
some of them barely visible (Fig. 8.8b), while a further reduction of the liquid pres-
sure (pm = −0.34MPa) resulted in no visible bubbles at all (Fig. 8.8c). What hap-
pened with the remaining 36− 14 = 22 pits? As the lowest negative pressure was
not able to nucleate them, they must already have been nucleated during the first two



144 CHAPTER 8. NUCLEATION THRESHOLD OF CAVITATION NUCLEI

Figure 8.7: Cavitation bubbles emerging from 6×6 cylindrical pits with rc = 246 nm
(sample B), for three successively applied pressure pulses: a) pm = −0.24 MPa;
b) pm = −0.35 MPa; c) pm = −0.54 MPa. The full pattern develops when pm =
−0.54 MPa is applied without the other two preceding pulses (d).



8.4. RESULTS 145

Figure 8.8: Cavitation bubbles emerging from 6×6 cylindrical pits with rc = 495 nm
(sample A), for three successively applied pressure pulses: a) pm = −0.20 MPa;
b) pm = −0.23 MPa; c) pm = −0.34 MPa. The full pattern develops when pm =
−0.34 MPa is applied without the other two preceding pulses (d).

pulses, i.e. the nucleation took place below optical resolution. This is possible as
the resolution of our optical detection is limited and the pressure pulse in this case is
relatively weak (i.e. Ṙ is small). Therefore, in contrast with case B, we are not able
to measure the pressure for which nucleation does not take place. When the third
pulse (pm =−0.34MPa) was applied without the other two preceding pulses, the full
pattern became visible (Fig. 8.8d). Hence, this is the pressure level for which we are
sure that nucleation of the full pattern takes place.
Finally, sample D was studied, which consists of nanopits with 50nm ≤ rc ≤ 60nm
and varying depths. Just like sample C, the shallow pits on sample D nucleated only a
few times, and could not be nucleated in later experiments. Fortunately, two columns
with the deepest pits (dc = 500nm & rc = 57nm, and dc =1000 nm & rc = 60nm)
could be nucleated repeatedly, and the nucleation threshold could be measured for
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a b c

Figure 8.9: Cavitation bubbles emerging from 2× 6 cylindrical pits (sample D)
with rc = 57 nm, dc = 500 nm (left column) and rc = 60 nm, dc = 1000 nm (right
column), for three successively applied pressure pulses: a) pm = −2.3 MPa; b)
pm =−2.6 MPa; c) pm =−3.0 MPa.

these pits. The experiment was very similar to the ones described before, but now
the sample was 12 mm away from the acoustic focus. A typical experimental result
is depicted in Fig. 8.9. First, a pressure pulse with pm = −2.3MPa was applied and
1 pit from the right column (rc = 60 nm) was nucleated. A stronger second pulse
(pm =−2.6MPa) was able to nucleate the remaining 5 pits from this column, though
other pits in the sample did not nucleate, as they were smaller. Reducing the negative
pressure further (pm =−3.0MPa) resulted in the nucleation of the left column of pits
with rc = 57nm. Hence, a small variation in pit sizes of just a few nm is reflected
in a different nucleation threshold. It is also observed that the pits did not nucleate a
second time, despite their huge aspect ratios.

8.4.3 Comparison with theoretical prediction

How do the experimental results compare with theoretical predictions? In Fig. 8.10
the theoretical nucleation threshold (line), based on Eq. 8.2, is plotted as a function
of the pit radius rc together with the experimental results (symbols). We used dc =
2rc as is the case in sample A and B. Note that for the pits present in sample D
the gas pressure term is negligible: the difference between dc = 2rc and dc = 20rc

changes the theoretical prediction for pits of rc = 50nm < 1%. The experimental data
points at which full nucleation was detected for samples A, B and D are depicted by
crosses, while the experimental pressures where nucleation of the full pattern (just)
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Figure 8.10: Nucleation threshold as function of the pit radius for both theory (line)
and experiment (symbols, crosses: nucleation, circles: no nucleation). The in-
set shows a zoom in with errorbars. For visibility overlapping points are shifted
±0.25 nm with respect to each other.

did not happen are marked with circles. The inset shows the experimental results for
sample D including typical error bars depicting the standard deviation of the pressure
recordings.
We observe a striking quantitative agreement between theory and experiment for all
samples. Pressure amplitudes for which nucleation was first detected are below the
line marking the nucleation threshold. Pressure amplitudes for which nucleation did
not occur are either above this line, i.e. in the regime where nucleation is not ex-
pected, or the line is within experimental errorbars. For sample D it was observed
that the nucleation threshold strongly depends on the size of the pits: pit radii just a
few nm smaller resulted in a significantly lower nucleation threshold, in agreement
with the steep slope of pm(rc) around these values.

8.4.4 Deactivation of cavitation nuclei

It is well known that artificial nucleation sites in boiling continue to be active for a
long time, emitting many bubbles [29]. Similarly, the microscopic wall cracks and
scratches in a glass full of beer or champagne are seen to emit bubbles for a very long
time [30]. Even in cavitation studies on bare hydrophobic substrates, bubbles trapped
in localized defects could be nucleated more than a hundred times [19]. Thus, there
is something special in the deactivation of nuclei observed here which makes this
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situation different from the others. What is the physical mechanism responsible for
the deactivation of the nuclei?

The main mechanism responsible for the deactivation of nuclei is encountered during
the collapse phase of the bubble, where a wall-directed jet is formed. In the case of
a single bubble (or weak interaction among bubbles) the jet momentum is expected
to be directed mostly normal to the wall [31, 32]. When bubble-bubble interaction is
non-negligible, on the other hand, the jet momentum may be deflected away from the
normal [21].

In order to shed light on this proposed deactivation mechanism, numerical simu-
lations were carried out to elucidate the shape of the air-liquid interface during the
bubble collapse. For this we used the boundary-integral method described in Ref. [33]
based on a potential flow description of the liquid dynamics. The liquid-solid angle
was prescribed to be θa = 124◦ which corresponds to the experimentally determined
advancing contact angle of water on the substrates. At the starting point of the simu-
lations the bubble was assumed to be a segment of a sphere with a radius significantly
larger than the cavity radius rc, see Fig. 8.11 (a). The pressure inside the bubble was
assumed to be uniform, satisfying the adiabatic relation p0/V 1.4

0 = pbub/V 1.4
bub with

the initial pressure p0 and V0 the volume of the crevice, and pbub and Vbub the in-
stantaneous pressure and volume of the bubble, respectively. After release the bubble
begins to shrink rapidly due to both surface tension and the low internal pressure.
Eventually it evolves into an almost cylindrical shape as illustrated in Fig. 8.11 (c).
This air cylinder collapses radially and finally closes in a single point on the axis
of symmetry, leaving a small air bubble entrapped above the pinch-off point, see
Fig. 8.11 (d). Towards pinch-off the liquid rushing radially inwards has to accelerate
more and more to satisfy the requirement of mass conservation. When the advancing
liquid front reaches the axis of symmetry a high pressure develops and the flow is de-
flected up and down to form two fast, needle-like water jets. The continuing collapse
of the air cavity below and above the pinch-off point provides additional momen-
tum to the two jets[34]. The downward jet protrudes deeply into the cavity until it
hits the bottom of the cavity as illustrated in Fig. 8.11 (e)-(f). For simplicity we ne-
glected the upper bubble here which is expected to have only negligible influence on
the downward jet. Upon reaching the bottom the impacting jet would form a vio-
lent, non-axisymmetric splash which cannot be captured by our numerical technique.
Nevertheless, one can easily imagine the continuation of the process: as more and
more liquid enters the cavity through the jet, the cavity is flooded with liquid, making
a second nucleation impossible. We checked that the jet mechanism is present for
pits in the size range studied here (50 nm < rc <500 nm) and is independent of the
initial bubble size, pit depth, and contact angle.
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Figure 8.11: (a) Initial configuration for a spherical bubble (blue) with radius 5rc on
top of the cavity (red). The (advancing) contact angle is θ = 124◦. Due to the low
pressure inside the cavity the bubble starts to collapse (b) evolving into an almost
cylindrical shape (c), which eventually closes on the axis of symmetry in a single
point (d). From the pinch-off location a downward jet protrudes into the cavity (e)
eventually hitting the cavity bottom (f). Here it would cause a splash filling the cavity
with liquid.
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The previous explanation is not applicable to the case of strong mutual interaction be-
tween the bubbles, when the jet tends to be deflected away from the wall-normal [21],
although the nuclei are still observed to be de-activated after emission of the first bub-
ble. We estimated that within the typical lifetime of the bubble (typically tb ∼ 10µs),
the gas molecules have ample time to fill the bubble volume to reach a uniform gas
pressure. The gas transport is probably a combination of convection and diffusion,
although the latter mechanism alone would already be sufficient to move all the gas:
The typical diffusion length scale is ∼ √

Dtb = 10µm, using the diffusion coeffi-
cient D ∼ 10−5m2/s. In the cases studied here the pits are < 1µm deep, i.e. much
smaller than the typical diffusion length scale. Also, the volume of a typical bub-
ble is 105−107 larger than the volume of the nanopits, allowing the majority of the
gas to move from the pit into the bubble ‡. During collapse, the interaction between
bubbles breaks the bubble in such a way that a large gas-vapor bubble goes away
from the sample, and only a tiny fraction (< 0.001%) of the initial gas remains in
the pit, which therefore remains essentially full of vapor and is easily filled by the
liquid. Suppose that during this filling process a tiny amount of gas remains in the
pit. The contact angle being larger than 90◦ would force the meniscus to be curved
towards the gas and consequently the bubble would grow by diffusion. We estimated
that the waiting time in between two successive shots (in our case: 15 s) would then
be enough to refill the pits completely with gas by diffusion, and a second nucleation
event should then be possible. Since we never have observed a second nucleation, we
conclude that the pits have to be filled with liquid completely during bubble collapse.
These conclusions agree with our experimental results. In the cases A-D we observed
no differences between strong (Fig. 8.6) and weak (Figs. 8.7, 8.8 & 8.9) bubble in-
teraction: in both situations the pits were emptied after one nucleation event, in line
with the explanations provided here.
This situation can be compared with the previously mentioned continuous and long-
lived emission of bubbles in carbonated beverages and the related phenomena ob-
served with enhanced surfaces frequently used in boiling heat transfer [35, 36]. In
none of these cases the bubbles collapse and therefore the primary mechanism for the
filling up and consequent de-activation of the pits is present.

8.4.5 Superhydrophobic nuclei

To show the importance of the liquid jet into the pits, experiments using superhy-
drophobic nuclei are illustrative. Cylindrical pits, etched in Si(100) with a diameter

‡Notice that this estimation does not take into account the confinement of the nanopits and their
large aspect ratios (case D), which may lead to lower values of the diffusion coefficient.
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1 mμ

Figure 8.12: A superhydrophobic pit (left) can be nucleated hundreds of times, pro-
vided that the liquid jet in the bubble collapse phase is not directed into the pit.
Center: a hexagonal pattern of superhydrophobic pits (100 µm in between the pits)
after 230 nucleation events shows only 2 defects. Right: a square pattern (300 µm in
between the pits) is completely intact after 100 shots.

of 4 µm, were created with a superhydrophobic bottom layer (see Fig. 8.12), consist-
ing of hydrophobic pillars of ∼ 100 nm in diameter (created through a black silicon
etching process [37] and a hydrophobic fluoro-carbon top layer). The combination
of hydrophobicity with roughness is known to create superhydrophobicity [38] with
typical contact angles > 160o. When the bubbles were strongly interacting (leading
to wall-parallel jets), we observed that the pits remained active nucleation sites even
after hundreds of shots (see Fig. 8.12). On the contrary, in the case of a single bubble
(wall-normal jet) we observed that the micropits were deactivated after a few nucle-
ation events. To explain this striking difference one really has to take the direction of
the liquid jet into account. Apparently, the wall-parallel jet is not able to wet the su-
perhydrophobic bottom of the pits, while the vigorous, ultra-thin jet directed towards
the superhydrophobic bottom layer presumably pushes the liquid from the dewetted
into the wetted state. From other work it is indeed known that a force may be re-
quired to overcome the energy barrier associated with this wetting transition [39].
Once in the wetted state, the superhydrophobic pit is deactivated and cannot be nu-
cleated again, apart of course from drying the whole sample.

8.5 Conclusion

In conclusion, Atchley & Prosperetti’s 1989 crevice model of cavitation nuclei is ex-
perimentally verified using nanoscopic well-defined nuclei. Advanced etching tech-
niques allowed us to create cylindrical pits down to 50 nm in radius with high ac-
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curacy in both their size, depth and mutual position. Upon immersion in water, the
hydrophobic nanopits trapped air and served as nucleation sites. Stepwise lowering
of the acoustic minimum pressure allowed us to determine the nucleation threshold
at which the pits start to cavitate. We found that the experimental results are in very
good agreement with the theoretical predictions. This implies that in shock wave ex-
periments the size of cavitation nuclei can be determined by measuring the pressure
at which they start to nucleate, provided that either the cavity geometry is known, so
that one can incorporate the effect of the expanding gas from the pit, or that the gas
content of the pit can be neglected, which is roughly the case for rc < 200 nm (in case
dc = rc).
Cavitation nuclei were deactivated after a single nucleation event, despite differences
in width, depth and aspect ratios of the pits. The two mechanisms contributing to this
effect are diffusion of gas out of the pit during the lifetime of the bubble and the subse-
quent aspherical collapse of the bubble. Numerical simulations show that in the case
of weak bubble-bubble interaction, a sharp wall-normal liquid jet is formed which
hits the bottom of the cavities, thus vigorously wetting the pits. Superhydrophobic
nuclei can only be wetted thanks to this wall-normal jet. For strong bubble-bubble
interactions with wall-parallel jets, superhydrophobic pits remain active nucleation
sites, even after hundreds of nucleation events, in contrast to standard hydrophobic
pits. In systems where one wants to control the number of cavitation nuclei which do
not deactivate, superhydrophobic pits may find applications.
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9
Conclusions and Outlook

In this thesis we studied – mainly – the impact of thin circular discs with radii be-
tween 1 and 3 cm on a liquid surface at speeds between 0.5 and 20 m/s. Using a
powerful combination of high-speed video and numerical simulations we could elu-
cidate various aspects of this strikingly beautiful event.

In Chapter 2 we studied the mechanism behind the formation of the high-speed
jets ejected after the closure of the impact cavity. Our main finding was the vital
importance of the radial energy focussing along the entire wall of the impact cavity.
In contrast to other situations [1–4], the hyperbolic flow around the pinch-off point
turned out to be not the relevant mechanism behind jet formation. We proposed an
analytical model which we found in very good quantitative agreement with experi-
mental data and numerical simulations. The only ingredients to the model are two
constants of order one and a sink distribution qc(z) describing the collapsing cavity
at pinch-off. Further, we could show that the liquid forming the jet originates from a
thin layer straddling the surface of the impact cavity.

In Chapter 3 we derived explanations for the entire shape of the jet including
the final, surface-tension driven break-up at the jet tip. For this we divided the flow
structure into three different regions: The axial acceleration region, where the radial
momentum of the incoming liquid is converted into axial momentum, the ballistic
region, where fluid particles experience no further acceleration and move constantly
with the velocity obtained at the end of the acceleration region and the jet tip region
where the jet eventually breaks into droplets. We applied these three modeling steps
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to jets formed after the collapse of an impact cavity as well as to jets created after the
pinch-off of a bubble injected through an underwater nozzle [5–7] and found good
agreement in both cases.

In Chapter 4 we showed that just prior to cavity closure the air is pushed out of
the shrinking cavity so violently that it attains supersonic velocities. For this we ex-
tended our boundary-integral method into a full multiphase scheme combining it with
a compressible Euler solver to account for the gas dynamics which was described in
Chapter 5. Surprisingly, we found that the very high air speeds can be reached even
though the pressure inside the cavity is merely 2% higher than the surrounding atmo-
sphere. We illustrated how the air affects the cavity shape close to the final collapse
in two different ways: (i) the initially smoothly curved neck shape acquires an al-
most ”kinked” shape which can be attributed to a Bernoulli suction effect and (ii)
the initially downward motion of the neck reverses its direction and starts to travel
upwards. The quantitatively consistent observation of both effects in numerics and
experiment made us confident that our rather involved numerical procedure truthfully
reflects reality.

In Chapter 6 we demonstrated that the final universal regime predicted in [8, 9]
for the pinch-off of a bubble surrounded by liquid indeed exists for a variety of differ-
ent realizations under idealized conditions neglecting air flow. Its duration, however,
depends strongly on the type of system. Our simulations showed that for the im-
pacting disc it is in the range of milliseconds while for gas bubbles grown from an
underwater nozzle the duration can be as short as a few nanoseconds. With these
findings we were able to reconcile the claim of universality in bubble pinch-off [8–
10] with an apparent dependence on initial conditions [11], an apparently constant
scaling exponent [6, 7, 12], and with the observation that non-inertial forces can be
dominant in many experimental settings [13–15].

In Chapter 7 we replaced the impacting disc by a long cylinder. This modification
led to the observation of a new and unexpected phenomenon: we found that capillary
waves that are created as the cylinder top passes the water surface can significantly
affect the closure depth of the cavity. In contrast to the completely continuous scal-
ing of the closure depth with the impact velocity (encapsulated in the dimensionless
Froude number) for the impacting disc, the closure depth for the cylinder follows
the scaling predicted in [16–18] only for sufficiently high impact velocities. Below
this threshold it exhibits discontinuous jumps whose origin are precisely the capillary
waves created at the very beginning of the process.

Finally, in Chapter 8 we explained the filling of nanopits after the nucleation and
subsequent collapse of a bubble by a jetting mechanism similar to the one described
in Chapter 2. This effect is the reason why bubble nucleation by a low pressure pulse
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can be triggered only once and why for subsequent pulses no further nucleation is
observed.

Besides the various aspects studied in this thesis, the fascinating process of a
solid object hitting a liquid surface still holds a large number of mostly unexplored
phenomena which seem worth investigating.

It is an intriguing question how the cavity formation and jet ejection process will
look like for non-axisymmetric objects. Recent work for the pinch-off of bubbles
grown from underwater nozzles has revealed how small non-axisymmetric perturba-
tions oscillate during the collapse of the cavity [19]. The behavior of larger distur-
bances beyond the linear regime studied in [19] is still largely unexplored. Using el-
liptical or “flower-shaped” discs one could easily use our existing experimental setup
to impose arbitrary deformations on the initial cavity and then study its subsequent
collapse. On the numerical side, in principle, a full three-dimensional boundary-
integral code would be required to simulate such non-axisymmetric impacts. In a
first approach, however, one could restrict the simulation to the horizontal plane con-
taining the closure location of the cavity, thus neglecting the – presumably small –
vertical flow components. Such a two-dimensional boundary-integral simulation is
significantly simpler and can be obtained in a rather straightforward manner by ex-
tending the existing axisymmetric code.

Taking the above one step further one could imagine two discs being pulled down
simultaneously thus creating two cavities very close to each other. During the col-
lapse these two cavities would interact which will certainly affect the collapse and
jetting dynamics. It would be very interesting to see to what extent this interaction is
similar to the one observed for bubbles collapsing close to each other [20].

The impact of a liquid droplet on a water surface usually creates a jet which is
much slower and thicker than the one observed after the impact of a solid object such
as our disc. That said, there exists a small parameter range for which the jet rather
abruptly becomes very thin and fast [21] – and thus much more reminiscent to the
jets described in Chapters 2 and 3. Most studies report that precisely in this regime
of thin jets a small bubble is formed at the bottom of the initial impact crater [21, 22].
One can therefore expect that these thin jets are created during the pinch-off of this
bubble precisely by the mechanism presented in this thesis. It would be tempting to
furnish a definite proof of this expectation.

A challenging extension to the experimental setup would be the installation of a
pressure chamber around the water tank. With this one could modify the density of
the surrounding gas (either by changing the pressure or by using gases different from
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air). Besides the obvious relevance that this will have on the results in Chapter 4, it
will most likely also affect the studies of Chapter 6. This is because air flow seems to
be the main limiting factor for the experimental observability of the universal pinch-
off regime. It is therefore conceivable that reducing the air density would prolong
the duration of the universal regime and thereby make it easier to observe in our
experiment.

An interesting aspect related to Chapter 4 is the air flow above the water surface.
It has long been known that the air sucked into the cavity right after impact causes
an underpressure in the center of the crown splash which – for large enough impact
velocities – is able to draw the splash wall together leading to the so-called “surface
seal”. Despite its ubiquity this phenomenon has hardly ever been studied in detail. To
date, not even the thickness of the ejected liquid sheet is known, let alone its intricate
dynamics.

While the motivation for the present research was mainly of fundamental sci-
entific nature, one can nevertheless envision numerous applications of the described
processes. A major factor in climate modeling is the deposition of atmospheric car-
bon dioxide in the oceans. One of the mechanisms behind the deposition process is
the entrainment of air by rain droplets as they impact on the ocean surface [22, 23].
The small bubbles which are left behind after droplet impact will furthermore oscil-
late with a characteristic frequency which is an important component of underwater
noise.

In medical applications, the thin liquid jets which are created after the collapse
of the impact cavity might be of practical use: for this, one would first inject a small
bubble coated with a medical substance into a patient’s blood. Sending an ultrasound
pulse would then make the bubble collapse and release its content in a sharp and
highly-directed jet reminiscent to the jetting observed in solid-object impact. This
jet could be even strong enough to pierce a cell membrane and deliver almost any
desired drug directly into the cell [24, 25].
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Summary

A spectacular example of free surface flow is the impact of a solid object on a liq-
uid: At impact a “crown” splash is created and a surface cavity (void) emerges which
immediately starts to collapse due to the hydrostatic pressure of the surrounding liq-
uid. Eventually the cavity closes in a single point about halfway down its length and
shoots out a fast and extremely slender water jet. In the present thesis we study the
impact of thin circular discs a few centimeters in radius with impact velocities of a
few meters per second. Combining high-speed imaging with sophisticated boundary-
integral computer simulations we elucidate various aspects of this fascinating pro-
cess.

Next to their undisputable interest for fundamental science such impacts can also
be of practical relevance in other disciplines. For oceanographic research it is impor-
tant that raindrops falling on the ocean entrain small air bubbles after the pinch-off of
the impact cavity. This behavior constitutes the main mechanism for carbon dioxide
exchange between the sea and the atmosphere and is furthermore a major source of
underwater noise. As a medical application, the thin liquid jets which are generated
during the collapse of a liquid cavity such as the cavities produced during liquid im-
pact represent a promising possibility for very localized drug delivery into cells or
through a patient’s skin.

The subject of Chapter 2 is the fast, almost needle-like liquid jet shooting upwards
from the cavity closure location, which by then has turned into a stagnation point
surrounded by a locally hyperbolic flow pattern. We show that this flow, however, is
not the mechanism feeding the jet. Instead, only the radial energy focussing along the
entire cavity wall is strong enough to eject the very fast and extremely slender liquid
jet. This focussing makes the process reminiscent of the violent jets of fluidized metal
created during the explosion “of lined cavities” in military and mining operations.
We continue the well-known theory of a collapsing void (using a line of sinks on
the axis of symmetry) beyond pinch-off to obtain a new and quantitative model for
jet formation which agrees well with numerical and experimental data. We further
show that the liquid contained in the jet originates exclusively from a very thin layer
straddling the surface of the impact cavity.
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In Chapter 3 we extend these results in three ways: first, we demonstrate the
applicability of our jetting model also to liquid jets formed after the pinch-off of a
bubble grown from an underwater nozzle. Second, we add a new analytical model
which allows us to explain not only the formation mechanism but the entire shape of
the jet itself. Third, we show that the breakup of the liquid jet due to a surface-tension
driven instability can be described in a universal fashion such that the knowledge
of only two dimensionless parameters defined at the beginning of jet formation is
sufficient to obtain the size of droplets ejected from the jet tip.

In Chapters 4 and 5 we use multiphase simulations combining our boundary-
integral method with a fully compressible Euler solver to illustrate the intricate struc-
ture of the air flow as it is squeezed out of the shrinking impact cavity. The striking
result is that even in our simple system of a 2 cm disc impacting at merely 1 m/s the
air flow easily attains supersonic velocities. Notably, the cavity pressure nonethe-
less is only 2% larger than the surrounding atmosphere and thus much lower than
the pressures usually observed in supersonic flow through converging-diverging (“de
Laval”) nozzles in common aerodynamics. The key difference is that in our case the
confining cavity is a liquid which is rapidly evolving in time – a situation for which
no equivalent exists in the scientific or engineering literature.

Chapter 6 compares the pinch-off of our impact cavity with bubble pinch-off in
three related situations: gas bubbles injected through a small orifice, bubble rupture
in a straining flow, and surface-tension induced break-up of a bubble with an ini-
tially necked shape. Our simulations, extending over 12 decades in time, suggest
that all systems eventually follow the universal behavior predicted in [Eggers et al.,
Phys. Rev. Lett. 98, 094502 (2007)], at least under idealized conditions neglecting air
dynamics. However, the time scale for the onset of this final regime varies by orders
of magnitude depending on the system in question: while for the impacting disc it
is well in the millisecond range, for the gas injection needle universal behavior sets
in only a few microseconds before pinch-off. These time scales determine whether
or not universal behavior may be observable in a real experiment and thus reconcile
the different views expressed in recent literature about the universal nature of bubble
pinch-off.

In Chapter 7 we replace the impacting disc by a long, smooth cylinder. While for
an impacting disc the depth at which the cavity closes scales continuously with the
impact velocity, we show here that for a cylinder the closure depth does not strictly
obey the expected scaling. Instead, it displays distinct regimes separated by discrete
jumps which are consistently observed in experiment and numerical simulations. We
quantitatively explain this behavior as a consequence of capillary waves which are
created when the top of the cylinder passes the water surface.
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Finally, in Chapter 8 we simulate the collapse of nanobubbles nucleating from
small (50 nm) pits drilled into a silicon wafer. We find that just prior to final collapse
a jet very similar in appearance to those in Chapter 2 forms and penetrates deep
into the hole. This effect, by which the pits fill up entirely with water after bubble
collapse, provides the explanation for the intriguing observation that each pit can
nucleate a bubble exactly once.
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Samenvatting

Een van de meest spectaculaire voorbeelden uit de vloeistoffysica is het inslaan van
een object op een wateroppervlak: Direct na de inslag ontstaat een vloeistofkroon
die de rand vormt van een holte. Deze holte implodeert vervolgens onder invloed
van de hydrostatische druk ten gevolge waarvan een vloeistofjet omhoog schiet. In
dit proefschrift bestuderen wij de inslag van een schijf met een straal van enkele
centimeters en een snelheid van enkele meters per seconde. Wij combineren hoge-
snelheids fotografie met geavanceerde boundary-integral computer simulaties om de
verschillende aspecten van dit fascinerende proces beter te begrijpen.

Naast de wetenschappelijke drijfveer om een dermate bekend en zeer vaak op-
tredend verschijnsel beter te begrijpen, is het inslag proces ook van groot praktisch
belang. Als elke dag miljarden regendruppels op de zee vallen, produceert elk van
hen een klein belletje in het water. In de klimaatwetenschappen vormen dergelijke
processen het hoofdmechanisme voor het transport van kooldioxide van de atmosfeer
naar de oceaan. Bovendien is het een belangrijke bron van onderwater geluid. In de
medische fysica zijn wetenschappers bezig met het onderzoek om dunne water jets,
vergelijkbaar met die die ontstaan tijdens de inslag, te gebruiken voor transport van
medicijnen door celwanden of door de huid van een patient.

Het onderwerp van hoofdstuk 2 is het vormingsproces van de snelle en dunne wa-
ter jet die omhoog schiet na het instorten van de holte. Op het moment van sluiten is
het sluitpunt van de holte omgeven door een hyperbolische stroming. Wij laten echter
zien dat deze stroming niet het mechanisme voor het ontstaan van de waterjet vormt
en dat alleen het focusseren van radiële energie door de gehele wand sterk genoeg is
voor het genereren van deze bijzonder snelle jet. Het mechanisme is vergelijkbaar
met dat van de krachtige jets van vloeibaar metaal die optreden tijdens de implosie
van “lined cavities” in militaire en mijnbouw operaties. Wij breiden de bekende theo-
rie voor een instortende holte uit tot na de sluiting en verkrijgen hiermee een nieuw en
kwantitatief model voor het ontstaan van de jet. Dit model is in goede overeenstem-
ming met zowel experimenten als simulaties. Verder laten wij zien dat alle vloeistof
in de jet afkomstig is van een zeer dunne laag aan de oppervlakte van de holte.

In hoofdstuk 3 breiden wij bovengenoemde resultaten op drie manieren uit: ten
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eerste laten wij zien dat onze theorie voor de vorming van de jet ook toegepast kan
worden op jets gevormd na het imploderen van bellen die geı̈njecteerd worden in
een vloeistof tank. Ten tweede formuleren wij een nieuw analytisch model waarmee
wij de volledige vorm van de waterjet kunnen voorspellen. Ten derde onderzoeken
wij hoe de jet in waterdruppels opbreekt door een instabiliteit die veroorzaakt wordt
door de oppervlaktespanning. Wij beschrijven dit opbreken op een universele manier
in termen van twee dimensieloze parameters die gedefinieerd worden bij het begin
van het ontstaan van de waterjet. Daarmee kunnen wij de grootte voorspellen van de
druppeltjes die aan de top van de jet ontstaan.

In hoofdstuk 4 and 5 maken wij gebruik van zogenoemde ‘multiscale’ simulaties.
Deze bestaan uit een combinatie van onze boundary-integral methode en een meth-
ode voor het numeriek oplossen van de Euler vergelijkingen voor een compressibele
gasstroming. Hierdoor maken wij de complexe structuur van de stroming van het gas
tijdens het instorten van de inslagholte. Het verrassende resultaat is dat zelfs in ons
eenvoudig systeem bestaande uit een schijf met een straal van 2 cm die inslaat met
een snelheid van 1 m/s de stroming in het gas supersoon kan worden. Desondanks is
de druk binnen de holte niet meer dan 2% hoger dan de omgevingsdruk en daarmee
veel lager dan de druk die gewoonlijk nodig is voor een supersone gasstroming door
een zogeheten “de Laval nozzle”. Het voornaamste verschil is dat in ons geval de
stroming versneld wordt in een geometrie die gevormd wordt door een vloeibaar wa-
teroppervlak die zeer snel van vorm verandert.

In hoofdstuk 6 vergelijken wij het insnoeren van de holte (de zogeheten “pinch-
off”) in ons geval met de pinch-off in drie verwante situaties: gas bellen geı̈njecteerd
door een naald, het insnoeren van bellen in een vervormende stroming, en het insno-
eren van bellen door middel van oppervlaktespanning. Onze simulaties, die twaalf
decaden in de tijd bestrijken, bevestigen dat alle bestudeerde systemen uiteindelijk
het universele gedrag voorspeld door [Eggers et al., Phys. Rev. Lett. 98, 094502
(2007)] volgen, ten minste onder ideale omstandigheden waarin de luchtstroming
verwaarloosd kan worden. Desalniettemin kan, afhankelijk van het systeem, de ti-
jdschaal waarin het universele regime zichtbaar is over meerdere orden van grootte
variëren: voor de schijf duurt het maar liefst enkele milliseconden, terwijl het bij de
gasinjectie slechts een paar microseconden duurt. Deze tijdschaal is van belang om-
dat zij bepaalt of het universele regime in een echt experiment te observeren zal zijn.
Dit onderzoek verzoent de verschillende opvattingen in de recente literatuur over het
universele karakter van het insnoeren van bellen.

In hoofdstuk 7 vervangen wij de schijf door een lange en gladde cilinder. In
het geval van de schijf schaalt de sluitingsdiepte van de holte op een continue manier
met de inslagsnelheid. Wij laten zien dat de cilinder dit verwacht schalingsgedrag niet
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strikt volgt. Er zijn verschillende regimes met daartussen discrete sprongen die zowel
in experiment en simulatie teruggevonden worden. Wij verklaren dit gedrag als het
gevolg van oppervlaktegolven die ontstaan als de cilinder door het wateroppervlak
wordt getrokken.

In hoofdstuk 8 simuleren wij het imploderen van nanobellen die groeien vanuit
kleine (50 nm) putjes die in een silicon wafer zijn geëtst. Wij laten zien dat net
voor de uiteindelijke implosie van de belletjes een jet ontstaat op een manier die
vergelijkbaar is met die van de jets in de hoofdstukken 2 en 3. Deze jet kan tot op
de bodem van de putjes doordringen. Dit verschijnsel, dat leidt tot het vullen van
de putjes met vloeistof, is de verklaring waarom uit elk putje slechts een keer een
belletje kan ontstaan.
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