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Abstract. The exponential-affine term structure model is a class of models in
which the yields to maturity are affine functions of some state vector x(t). This
model has been first proposed by Duffie and Kan (1994), and subsumes Vasicek,
Cox-Ingersol-Ross and other commonly used interest rate models as special cases.
Since the interest rate factors x(t) are not directly observed, unknown parameters
in these models need to be estimated on the basis of observing the bond prices
of different maturities. Although financial models are commonly formulated in
continuous time, all existing parameter estimation techniques discretize the ob-
servation equation in time in order to use known statistical or filtering methods.
We resolve this incongruity in the present paper by working throughout with the
original continuous-time formulation.
Key-words: nonlinear filtering, term structure models

1 Introduction

Short rate modeling of the term structure has been developed as early as 1973
by Merton [17] where he assumes instantaneous short rate to be a Brownian dif-
fusion process with constant coefficients. Later Vasicek [21] extended the model
incorporating the mean reversal of the interest rate. These initial models describe
the instantaneous short rate as Gaussian processes, which allow negative interest
rates. A general equilibrium approach to short rate modeling developed by Cox et
al. [6] leads to the modification of the mean reverting diffusion model of Vasicek.
The model is known as the square root model and does not allow negative interest
rates while maintaining the mean reverting feature. Further generalizations and
modifications can be found in Longstaff and Schwartz [15] and Hull and White
[13], among others. An even more general model is proposed by Duffie and Kan
[9]. Known as the exponential-affine model, it is a popular model for least three
reasons. First of all, as the name suggests, bond yields are expressed as linear
function with respect to the interest rates factors. Secondly, this class of models
reduced the more complicated bond pricing partial differential equation (PDE)
into a set of ordinary differential equations (ODE). Thirdly, it spans many of the
popular one factor and multi-factor models.
As the development of the interest rate models continues and the models allows
greater flexibility, for the purpose of analysis of the yield curve and for pricing
of derivatives one needs to estimate the parameters of the models. This too has
evolved along with the development of the interest rate model itself. One popu-
lar method used to estimate interest rates models is the Generalized Method of
Moments (GMM). This method compares the moments of the sample with their
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theoretical values. Parameters are chosen such that the values of the theoretical
moments are close to those obtained from samples. It has been used by Heston
[12], Gibbons and Ramaswamy [11], and Longstaff and Schwartz [15] to estimate
parameters of one and two factors Cox-Ingersol-Ross models. A particular case
of GMM, which is known both as the Efficient Method of Moments (EMM) and
the Simulated Method of Moments (SMM), has been used by Duffie and Singleton
[10] in asset pricing and by Dai and Singleton [7] to estimate parameters in the
three-factor affine models.
A completely different approach, based on the stochastic filtering theory prevalent
in control and communication engineering, also has been used for parameter esti-
mation of term structure models. The work of Ball and Torous [5] is one of the first
efforts in this direction, where they fitted spot rates of different maturities to the
two-factor Cox-Ingersol-Ross model. Pennachi [19], Babbs and Newman [1] and
Lund [16] investigated the two factor generalized Vasicek model. The application
of more general exponential affine models is discussed in Duan and Simonatto [8]
where they include the estimation of the two-factor Cox-Ingersol-Ross model as
an example. In all these studies, the method of maximum likelihood is used. The
likelihood function formula contains the (linear) Kalman filter, thereby connecting
the solution to that of the filtering theory.
One characteristic of the estimation methods existing in the literature is that they
invariably discretize the observation equation in time in order to apply known
statistical/filtering techniques. This phenomenon is rather strange, considering the
fact that the rest of the analysis in interest rate mathematics is almost always done
in continuous time. At this point, all existing literature discretize the observation
process and assume that the discretized data is disturbed by a Gaussian white-
noise sequence. In the present paper, we resolve this incongruity by working
throughout in the original continuous-time formulation.
For the remaining part of this paper we will introduce the mathematical formu-
lation of the exponential affine model, followed by the proposed continuous time
maximum likelihood parameter estimation method where we introduce a robust
likelihood functional. An example of parameter estimation of the Cox-Ingersol-
Ross model using simulated data is given to compare the performance of the robust
and the non-robust likelihoods. Finally, some concluding remarks are given at the
end.

2 Exponential-Affine Term Structure Models

2.1 Basic Assumptions

Following Duffie and Kan (1994), we assume that the stochastic process{
Xt =

[
x1

t , . . . , x
n
t

]∗ ∈ Rn, t ≥ 0
}

to be the short rate factors, and that Xt satisfies the following stochastic differen-
tial equation (SDE):

dXt = (AXt +B) dt+ diag (AXt + B)1/2
dWt (1)
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where A,A ∈ Rn×n, B,B ∈ Rn×1 are constant matrices. Assume that the instan-
taneous short rate process is given by the following affine relation:

rt = ψ0 + ψ∗1Xt (2)

where ψ0 ∈ R and ψ∗1 ∈ Rn×1. The vector Wt =
[
W 1

t , . . . ,W
n
t

]∗ ∈ Rn×1 is
composed of independent Brownian motions under the risk neutral measure Q.

2.2 Bond Pricing

With the setup given above, we denote V (t, T ;x) , 0 ≤ t ≤ T as the value of a
derivatives instrument that pays off h (XT ) ∈ R at a delivery time T , given that
Xt = x. Using the risk neutral valuation method, V (t, T ;x) is given by:

V (t, T ;x) = EQ

(
exp

(
−
∫ T

t

rs ds

)
h (xT ) |Ft

)
where Ft is the σ-algebra generated by {Xs, 0 ≤ s ≤ t}. Equivalently, by Feynman-
Kac theorem (see e.g. Oksendal [18]), V (t, T ;x) satisfies the following partial
differential equation (PDE):

(ψ0 + ψ∗1x)V =
∂V

∂t
+
∂V

∂x∗
(Ax+B) +

1
2
Tr
(

∂2V

∂x∂x∗
diag (Ax+ B)

)
where

∂V

∂x∗
=
[
∂V

∂x1
, . . . ,

∂V

∂xn

]
,

∂2V

∂x∂x∗
=


∂2V

∂x1∂x1
∂2V

∂x1∂xn

...
. . .

...
∂2V

∂xn∂x1
∂2V

∂xn∂xn


subject to the boundary condition V (T, T ;x) = h (x).
Thus, the price of a zero coupon bond that pays a unit amount at the delivery
time T is given by:

P (t, T ;x) = EQ

(
exp

(
−
∫ T

t

rs ds

)
|Ft

)
Theorem 1 (Duffie and Kan (1994)) Given the short rate model (2), P (t, T ;x)
satisfies:

P (t, T ;x) = exp (C (t, T ) x+D (t, T ))

where

∂D (t, T )
∂t

= ψ0 − C (t, T )∗B − 1
2
C2 (t, T )∗ B (3)

∂C (t, T )∗

∂t
= ψ∗1 − C (t, T )∗A− 1

2
C2 (t, T )∗A (4)
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C2 (t, T ) =

 C2 (t, T )1
...

C2 (t, T )n


subject to boundary conditions:

C (T, T ) = 0, and
D (T, T ) = 0

3 Maximum Likelihood Parameter Estimation

3.1 State-space Representation

Given a set of maturities T = {T1, T2, . . . , Tm}, the yield of a zero coupon bond
with maturity Ti can be written as:

yP (t, Ti) =
1

Ti − t
{C∗ (t, Ti) Xt +D (t, Ti)} , i = 1, . . . ,m (5)

where C∗ (t, Ti) and D (t, Ti) are solutions of (3) and (4). The linear relation is
very convenient and motivates us to consider zero coupon bonds as the basis to
estimate the short rate model from.
We first assume that bonds of fixed time to maturities τi = Ti − t, i = 1, . . . ,m
are available for all t ≥ 0. In this case, we can write C∗ (t, t+ τi) = C∗ (0, τi) and
D (t, t+ τi) = D (0, τi). Therefore, (5) becomes:

yP (t, t+ τi) =
1
τi
{C∗ (0, τi) Xt +D (0, τi)} , i = 1, . . . ,m

where C∗ (0, τi) and D (0, τi) are time-invariant matrices.
We further assume that the yield process is corrupted by a small noise. It is
realistic, considering that in practice bid and ask prices are not equal. In order
to apply the model, a unique price have to be determined based on bid and ask
prices. For our purpose we set yP to be equal to the mid-price

yP := yM (t, T ) =
1
2
(
yB (t, T ) + yA (t, T )

)
where yB (t, T ) and yA (t, T ) are bid and ask prices respectively.
Let us now denote

yM (t) =

 yM (t, t+ τ1)
...

yM (t, t+ τm)

 ∈ Rm, C∗ =


1
τ1
C∗ (0, τ1)

...
1

τm
C∗ (0, τm)

 ∈ Rm×n,

D =


1
τ1
D (0, τ1)

...
1

τm
D (0, τm)

 ∈ Rm
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and to write the actual observation y (t) as:

y (t) = yM (t) + Σ0ε (t)
= C∗Xt +D + Σ0ε (t)

where we have assumed that yM (t) is corrupted by Gaussian white noise ε (t) ∈
Rm. The matrix Σ0 ∈ Rm×m is a constant, allowing possible correlations between
the noises.
Although it is possible to model noisy observations with the white noise process
ε (t) (see e.g. [4]), we will follow the standard approach by defining an integrated
observation Y (t) of y (t) as:

dYt = (C∗Xt +D) dt+ Σ0dW̃t (6)

where each components of the vector W̃ (t) are independent to each components
of W (t).

3.2 Robust Likelihood Functional

Let θ denotes the vector of unknown parameters and Yt = {Ys, 0 ≤ s ≤ t} be the
observations up to time t. Given the partially observable system (1) and (6), the
log-likelihood function is given by:

Lθ
affine (YT ) =

∫ T

0

(Σ0Σ∗0)
−1
[
C∗ (θ) X̂s +D (θ) , dYs

]
−

1
2

∫ T

0

∥∥∥(Σ0Σ∗0)
−1/2

(
C∗ (θ) X̂s +D (θ)

)∥∥∥2

ds (7)

where the filtered state X̂t, defined as the conditional expectation of Xt given the
observation Yt, is given by:

X̂t =

∫
Rn x q(t, x) dx∫
Rn q(t, x) dx

where q(t, x) satisfies the Zakai equation (see e.g. Poor [20]) :

dq (t, x) = L∗q (t, x) dt+ q (t, x)
〈
(Σ0Σ∗0)

−1 (C∗ x+D) , dY (t)
〉

and

Lξ =
∂ξ

∂x∗
(Ax+B) dt+

1
2
Tr
(

diag (Ax+ B)
∂2ξ

∂x∂x∗

)
To evaluate the log-likelihood function, we have to calculate the Itô integral ap-
pearing in the second term of Lθ

affine (YT ). Note, however, that the observation
equation (6) is only an idealization. We can never observe Yt precisely, since the
Brownian motion term is nowhere differentiable almost surely. Observed data is
always a band-limited approximation, albeit of a large enough bandwidth to jus-
tify our model, of the ideal observation process Ẏt coming from (6). A little more
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precise, let Mk (s) be an ideal low-pass filter with cut-off frequency 2πk, actual
observation yk is a band-limited approximation:

yk (t, θ, ω) =
∫

Rn

Mk (t− s) dY (s, θ, ω)

It is shown by Balakrishnan [3] that as k −→ ∞, the the log-likelihood function
converges to:

L̃θ
affine (YT ) =

∫ T

0

〈
(Σ0Σ∗

0)
−1
(
C∗ (θ) X̂s +D (θ)

)
, y(s)

〉
ds

−1
2

∫ T

0

∣∣∣∣∣∣(Σ0Σ∗
0)
−1/2

(
C∗ (θ) X̂s +D (θ)

)∣∣∣∣∣∣2 ds
−1

2
Tr

(∫ T

0

(Σ0Σ∗
0)
−1
C∗ (θ) P̂ (s) C (θ)

)
ds (8)

where P̂ (s) is the conditional covariance of X(t) given the observation Yt. y(t)
can be approximated with the actual bond yields.
The log-likelihood (8) is valid for the general exponential-affine model with yield
observations. Parameter estimates are given by parameters that maximize the
log-likelihood, i.e.

θ̂MLE = argmax
θ

L̃θ
affine (YT )

In the following section, we will compare the performance of the both the non-
robust likelihood (7) and its robust counterpart (8) by taking the one-factor non-
linear Cox-Ingersol-Ross model as a special case of the exponential-affine model.

4 Parameter Estimation of the Cox-Ingersol-Ross
Model

4.1 Model

The Cox-Ingersol-Ross short rate model is given by:

dr(t) = κ(θ − r(t)) dt+ σ
√
r(t) dW (t)

for which, the corresponding bond yield of time to maturity τ at time t is:

y(t, τ) = C(τ) r(t) +D(τ)

where

C(τ) =
1
τ

2(eγτ − 1)
2γ + (κ+ λ+ γ)(eγτ − 1)

D(τ) − −q + 1
τ

log
(

2γ exp(τ(κ+ λ+ γ)/2)
2γ + (κ+ λ+ γ)(eγτ − 1)

)
γ =

√
(κ+ λ)2 + 2σ2

q =
2κθ
σ2

− 1
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κ θ σ λ
0.1862 0.0654 0.0481 -0.0741

Table 1: Cox-Ingersol-Ross parameters reported in Jong and Santa-Clara (1999).

4.2 Data

We simulate 100 paths of 250 weekly data based on parameters reported in de
Jong and Santa-Clara [14]. These parameters are presented on Table (1). We
include bond yields with time to maturities 3 months, 6 months, 1, 2, 3, 5, 7, 10,
20 years.

0 0.5 1
0

10

20

30

40

50

60

! = 0.1862
0 0.1 0.2

0

5

10

15

20

25

30

35

" = 0.0654
0.1 0.15 0.2
0

5

10

15

20

25

# = 0.0481
!0.5 0 0.5
0

5

10

15

20

25

30

35

40

45

50

$= !0.0741

0 0.2 0.4
0

5

10

15

20

25

! = 0.1862
0 0.2 0.4

0

2

4

6

8

10

12

14

16

18

20

" = 0.0654
0.1 0.15 0.2
0

5

10

15

20

25

# = 0.0481
!0.5 0 0.5
0

5

10

15

20

25

30

$= !0.0741

Figure 1: Parameter estimates (100 paths) σ0=10 basis points. Figures in the first and second
rows show histograms of the parameter estimates using the robust and non-robust likelihoods
respectively.

4.3 Results

In this study we employ the Nelder-Mead’s simplex method (MATLAB’s fmin-
search) which is a local optimization procedure. In all estimations, true parameter
values were taken as initial guesses to the optimization procedure. In order to
apply the proposed continuous-time method, interpolated data is used in the com-
putation of the log-likelihood.
The observation error covariance term, Σ0 is assumed to be σ0I9, where σ0 =
10 and 0.1 basispoints. The resulting parameter estimates from 100 paths are
presented as histograms in Figure (1) and (2) given σ0 of 10 basis points and
0.1 basis points respectively. From both figures, we can conclude that resulting
parameter estimates are generally better when using the robust likelihood. With
the robust likelihood, parameter estimates of κ, θ and λ were reasonably close
to their true values. However, the estimates of the volatility σ is biased. It
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Figure 2: Parameter estimates (100 paths) σ0=0.1 basis points. Figures in the first and second
rows show histograms of the parameter estimates using the robust and non-robust likelihoods
respectively.

is interesting to note that the performance both methods were comparable in
estimating the volatility σ. When the observation errors is small (0.1 basis points),
we see in Figure (2) that the performance of both likelihoods, were comparable
across all parameters with a hint of better estimates resulted from the robust
likelihood. We note that estimates of the volatility σ do not bias as much as in
the case when the observation errors is larger.

5 Conclusions

In this paper we have proposed a continuous-time MLE of the exponential-affine
model. The main feature of the method is that it retains the continuous-time for-
mulation of both the interest rate factors and the corresponding bond prices. For
this purpose, we have introduced a robust formulation of the likelihood functional
to use the actual bond yields observations. Taking the Cox-Ingersol-Ross model as
a special case, we have shown through simulated weekly data the robust likelihood
provides better parameter estimates compared to those given by the non-robust
counterpart.
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