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The thermodynamic framework for predicting the electric-field induced fluid like-solid like phase

transition of dielectric colloids developed by Khusid and Acrivos [Phys. Rev. E. 54, 5428 (1996)]

is extended to examine the impact of multiscattering/multiparticle effects on the resulting phase

diagrams. This was accomplished using effective permittivity models suitable both over the entire

composition region for hard spheres (0 � c < cmax) and for multiple types of solid packing

structures (random close-packed structure, FCC, BCC). The Sihvola-Kong model and the self-

consistent permittivity model of Sen et al. [Geophysics 46, 781 (1981)] were used to generate the

coexistence (slow phase transition) and spinodal (rapid phase transition) boundaries for the system

and compared to assuming Maxwell-Garnett permittivity. It was found that for larger dielectric

contrasts between medium and particle that the impact of accounting for multiscattering effects

increased and that there was a significant shift in the resulting phase diagrams. Results obtained for

model colloidal systems of silica-dimethylsulfoxide and silica-isopropanol showed that critical electric

field strength required for phase transitions could rise by up to approximately 20% when considering

multiparticle effects versus the isolated dipole case. The impact of multiparticle effects on the phase

diagrams was not only limited purely to the direct effect of volume fraction on permittivity and

particle dipoles but also on the curvature of the volume fraction dependence. This work stresses the

importance of accounting for particle effects on the polarization of colloidal suspensions, which has

large implications for predicting the behavior of electrorheological fluids and other electric-field

driven phenomena. VC 2012 American Institute of Physics. [http://dx.doi.org/10.1063/1.4714550]

I. INTRODUCTION

The phenomena of electric field induced phase transi-

tions of colloidal suspensions are a well-established field,

with many interesting applications. Electric fields have been

used to drive colloidal crystal formation with lattice struc-

tures not normally obtainable via other methods for templat-

ing colloidal crystals and other transitions of interest. These

lattice structures include colloidal martensite (body-centered

tetragonal lattice) from refractive index matched silica-

dimethylsulfoxide (DMSO)-water suspensions, large scale

polystyrene colloidal crystals in aqueous suspension and drive

the phase transition and aligned block copolymer micelles.1–5

Additionally, these types of phase transitions also govern elec-

trorheological (ER) fluids, where the phase transition of the

suspended solid phase into a more concentrated form causes a

large shift in the rheological behavior (viscosity).6 More spe-

cifically, particles in the suspension can align into chains (1d

analog of 2d colloidal crystals) and this chaining behavior can

significantly impact the viscosity in a system.

To predict the phase transition, a number of different

frameworks have been approached from continuum mechan-

ics, molecular/Brownian dynamics type approach to solve for

the motion of individual particles to treating the pattern for-

mation in terms of the classic Ginzburg-Landau function and

solving for concentration profiles by variational principles.7–9

Of particular interest is the thermodynamic framework first

developed by Khusid and Acrivos and extended to account

for interparticle interactions and a wide range of frequency-

dependent behavior.10–12 In this approach, the properties of

the overall suspension, along with any electric-field induced

phases, are treated in a continuum manner. Using Maxwell-

type polarization, the authors were able to explore the phase

behavior over a wide range of possible particle and medium

combinations. With the theory developed, the authors were

able to calculate the spinodal and coexistence boundaries for

a given particle-medium combination, as well as conditions

where aggregation is inhibited by interparticle interactions.

This approach has been utilized by a number of authors for

phase transitions specifically related to ER fluids, as well as

for examining suspension behavior in cases with external

fluid flows and electric fields.13–18 This framework was also

the basis for predicting pattern formation in non-uniform

electric fields that we have used in the previous work.

In this work, we examine the influence of multiscatter-

ing/multiple particle effects on the overall phase transitions

of dielectric particles in a non-conducting suspension. The

original derivation is based on assuming that the Maxwell-

Garnett model holds over the entire composition range and

for any type of resulting “solid” phase structure, which is to

say it assumes that the dipole coefficient of a particle in the

mixture is equal to that of a single isolated dipole. This type

of assumption has been shown to perform very poorly for

concentrated suspensions, and it is worth examining its va-

lidity due to the importance of being able to accurately pre-

dict the electric-field driven colloidal phase transitions. Toa)Electronic mail: aris.docoslis@chee.queensu.ca.
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accomplish this we utilize two effective permittivity models,

the model of Sihvola and Kong20 and Sen et al.,21 which

have been shown experimentally to describe permittivity

(and conductivity) behavior over a wide range of composi-

tions and for different types of solids-packings (face centered

cubic, body centered cubic, simple cubic, random close

packed, etc.) with the overall framework proposed by Khusid

and Acrivos to calculate the resulting phase diagrams. The

effect of permittivity model and the degree of change of

dipole coefficient with particle packing are examined on the

coexistence (slow phase transition/aggregation region) and

spinodal (fast phase transition/aggregation region) lines for a

hard sphere suspension, with the diverging region of high

concentration treated as a random close-packed structure

(RCP).

II. THEORETICAL BACKGROUND

For a suspension of dielectric (non-conducting) par-

ticles, the average electrical energy density, Welec, can be

derived as11

Welecðc; hj~E
2jiÞ ¼ 1

2
esðcÞhj~E

2ji; (1)

where esðcÞ is the dielectric constant of the suspension and

hj~E2ji is the time-averaged magnitude of the electric field

norm.

The Helmholtz free energy of the suspension is taken as

a combination of entropic and electrical contributions

F ¼ kBT

vp
f0V �WelecV; (2)

where in Eq. (2), f0 represents the entropic contribution to

the free energy which is a function of the volume fraction, c,

and is determined by

f0 ¼ c ln
c

e

� �
þ c

ðc

0

Z � 1

c
dc

� �
; (3)

where in Eq. (3), Z represents the compressibility factor.

From the free energy, the osmotic pressure, P, and

chemical potential, l, of the suspension can be derived

P ¼ kBT

vp
cZ þWelec � c

dWelec

dc

� �
; (4)

l ¼ kBT

vp

df0

dc

� �
� dWelec

dc

� �
: (5)

Substituting Eq. (1) into Eqs. (4) and (5) results in state equa-

tions for the suspension depending on volume fraction, c,

and the time-averaged electrical field norm, hj~E2ji10–12

l ¼ kBT

vp

df 0

dc
� 1

2

des

dc

� �
hj~Ej2i; (6)

P ¼ kBT

vp
cZ þ

�
es �

1

2
c

�
des

dc

��
hj~Ej2i: (7)

The entropic contributions can be determined from an equa-

tion of state (EOS) for hard-spheres. As with the work of

Khusid and Acrivos, we choose the Carnahan-Starling EOS.

The high-solids phase is assumed to behave as a RCP struc-

ture, giving a maximum packing-fraction (cmax) of 0.64.

Z ¼

1þ cþ c2 � c3

ð1� cÞ3
0 � c � 0:5

1:85

0:64� c
0:5 < c < 0:64

:

8>><
>>:

(8)

The coexistence line, or two-phase region, is described by

equating the chemical and osmotic pressure of each phase, as

in the following equation:

lðc1Þ ¼ lðc2Þ and Pðc1Þ ¼ Pðc2Þ: (9)

The spinodal line, or region beyond which a random suspen-

sion of particles becomes unstable, is determined from set-

ting the derivative of osmotic pressure with respect to

volume fraction equal to zero. This represents the series of

(c;E) points where the free energy shifts from convex to con-

cave.12 Expanding out this derivative in terms of the previ-

ously defined terms yields as

Z þ c

�
dZ

dc

�
� 1

2
c

�
vp

kBT

��
d2es

dc2

�
hj~Ej2i ¼ 0: (10)

The critical point, common to both the spinodal and coexis-

tence curves, is determined by the inflection point of P with

respect to volume fraction, meaning the critical concentra-

tion (ccr) and field strength (hj~Ecrji) can be determined from

the solution of Eqs. (10) and (11)

2

�
dZ

dc

�
þ c

d2Z

dc2
�1

2

�
vp

kBT

���
d2es

dc2

�
þ c

�
d3es

dc3

��
hj~Ej2i¼ 0:

(11)

In their previous work, Khusid and Acrivos considered the

suspension permittivity to be described by the Maxwell-

Garnett equation directly or derived an equivalent result

using a cell model, with the expression shown as

es ¼ em þ
3cðep � emÞem

ep þ 2em � cðep � emÞ
: (12)

By using this expression, the authors were able to explore the

effect of numerous combinations of particle, ep, and medium

permittivity, em, on the coexistence and spinodal lines of the

suspension. The results are non-dimensional, that is could be

scaled in terms of critical applied field, and only depend on

the dielectric contrast between medium and particle (Clau-

sius-Mossotti factor). However, using Maxwell or Maxwell-

Garnet type polarization treats the dipole coefficient of par-

ticles as being independent of particle concentration (volume

fraction) meaning the dipole coefficient of the mixture is that

of an isolated particle. This is a tenuous assumption for higher

volume fractions and for a system where there are potentially

phase changes (“fluid” to “solid”). It has been shown that the

094106-2 J. A. Wood and A. Docoslis J. Appl. Phys. 111, 094106 (2012)



dipole approximation can be accurate even for spheres in con-

tact when 2=5 < ep=em < 4, however, this implies using a

particle-medium combination with an extremely small per-

mittivity difference which is not necessarily the case for

many systems of interest such as silica-DMSO or silica-

water.19 Fortunately, a number of alternative expressions for

suspension permittivity exist which account for these effects.

For our work, we chose the semi-empirical model derived by

Sihvola and Kong, Eq. (13), as well as the model of Sen

et al., Eq. (14), both of which have been used previously for

correlating permittivity (and conductivity) at high solid vol-

ume fractions with various solid packing structures for mono-

disperse and polydisperse suspensions.20–23

es ¼ em þ
3cðep � emÞ½em þ aðes � emÞ�

3em þ 3aðes � emÞ þ ð1� cÞðep � emÞ
; (13)

�
ep � es

ep � em

��
em

es

�ð1=3Þ
¼ 1� c: (14)

The Sihvola-Kong formulation introduces an empirical pa-

rameter, a, representing concentration effects on the dipole

coefficient, allowing for multibody/particle effects to be

accounted for. Choosing the value of a as zero reduces the

Sihvola-Kong model to Maxwell-Garnett type mixing, while

for random close packed structures over a wide range of vol-

ume fractions, it has been found that a value of a ¼ 0:2
describes experimental data well.22,23 For other cubic lattice

types (FCC, BCC), measured permittivity values fall some-

where between a ¼ 0:2 and being described by the Sen et al.
model. For increasing values of hard sphere packing fraction

(c), the dielectric behavior for RCP structures also

approaches that described by Eq. (14). The Sen et al. model

is a self-consistent effective permittivity model and has been

demonstrated experimentally to form the lower limit of per-

mittivity versus volume fraction behavior for any type of

emergent solid packing.22 More complicated expressions

involving multiple calculated or fitted parameters have been

derived and used to very accurately describe the concentra-

tion dependence of suspension permittivity for FCC, BCC,

and other lattice structures, but for our purposes solving for

the permittivity case falling between Maxwell-Garnett and

Sen et al. is sufficient for examining the validity of the iso-

lated dipole approximation compared with accounting for

multiscattering effects on overall electric field driven aggre-

gation behavior.

III. RESULTS AND DISCUSSION

A. Suspension permittivity and derivatives

In order to examine the influence of high volume frac-

tion polarization effects on the resulting phase diagrams of

electric-field induced aggregation, two model colloidal sys-

tems were considered. The first is silica-DMSO, which is a

near-refractive index matched suspension suitable for colloi-

dal crystallization. Refractive index matching eliminates

attractive van der Waals interactions between particles,

which can promote crystallization/phase change in either the

presence or absence of an applied electric field and has been

used for silica-DMSO, silica-DMSO/DMF and silica-DMSO/

H2O suspensions under the influence of an applied electric

field to induce phase transitions.1,2,24,25 The resulting solid

structure type has been identified as a body-centered tetragonal

(BCT) crystal, but for our purposes, we are interested primar-

ily in demonstrating the influence of high volume fraction/

solid structure effects versus specific lattice structure and will

treat the suspension as a hard sphere suspension with the

diverging region being that of a random close packed struc-

ture. Based on the previous experimental work for cubic lattice

types, the permittivity model of Sen et al. or Sihvola-Kong

with a parameter between 0.2 and 0.3 is able to describe the

observed behavior over the entire physical concentration

range.22,23 To use the equations listed previously in Sec. II

for phase equilibrium, conductivity effects must be

neglected. DMSO is well known to be an approximately

non-conducting liquid over a wide frequency range (relec

¼ 3x10�3 mS=m), while for silica at 1 MHz, we can neglect

any conductivity effects on the overall polarizability.26,27 At

higher frequencies (MHz and above), the dielectric constant

(relative permittivity) of silica can be taken as approximately

4.5.27 For the second system, silica-isopropanol (iPrOH) was

considered in order to examine the impact of dielectric

contrast between particle and medium on the resulting

phase diagrams calculated assuming either Sihvola-Kong or

Sen et al. permittivity behavior. Isopropanol has a smaller

dielectric constant compared to DMSO and therefore has a

smaller dielectric contrast with silica and is also an insulat-

ing liquid (relec ¼ 3x10�4 mS=m).28 The relative permittiv-

ity of DMSO was taken as 46.8, while the value for

isopropanol used was approximately 18.29–31 Given these

particle and suspending liquid combinations, the real part of

the Clausius-Mossotti factor, b ¼ ðep � emÞ=ðep þ 2emÞ, can

be determined as �0.43 and �0.33 respectively. For our

region of interest (MHz and above), the effects of dielectric

relaxation are negligible.12 In this work, suspensions are

taken as monodisperse spherical colloids, which still repre-

sent a relevant system for different applications such as the

previously discussed colloidal crystallization systems and for

electrorheological fluids with silica and other colloids.32–34

Accounting for polydispersity can be accomplished through

employing an appropriate EOS for the entropic contributions

and permittivity model for the electrical contributions to free

energy.

To explore the entire range of physically possible behav-

ior for permittivity versus volume fraction, as well as com-

parison with using the Maxwell-Garnett approximation, the

model of Sihvola and Kong was used with the adjustable pa-

rameter, a, having values of 0, 0.1, 0.2, and 0.3 as well as the

model of Sen et al. As previously discussed, Sen et al.
should form the lower limit to permittivity versus volume

fraction curves and Maxwell-Garnett the upper limit so the

entire range of physical behavior for the system is captured.

Plots of permittivity versus volume fraction for silica-DMSO

are given in Figure 1 and for isopropanol in Figure 2 for the

entire physical volume fraction range (0 � c < 0:64). As can

be seen from these plots, the permittivity values are bounded

between Maxwell-Garnett type behavior (a ¼ 0) and values

predicted using the model of Sen et al. which is the expected
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result. The absolute contrast between permittivity values is

lesser in the case of silica-isopropanol versus silica-DMSO,

which is also to be expected, and indeed the overall deviation

between different models is much smaller in the case of iso-

propanol compared to DMSO.22 However, the relevance of

multiscattering/higher volume fraction effects on polariza-

tion are not limited purely to the value of the permittivity but

to its curvature/rate of change with respect to c. Going back

to Eqs. (9)–(11) for calculating the coexistence line, spinodal

line and critical point, respectively, it can be seen that these

equations depend not just on suspension permittivity but also

on the first, second, and third order derivatives with respect

to volume fraction. In their original derivation based on

Maxwell type polarization, Khusid and Acrivos noted that

the signs of the permittivity derivatives play a large role in

determining the stability and behavior of electric-field

induced phase transitions.

The plots of des=dc versus c for silica-DMSO and silica-

iPrOH for the Sihvola-Kong and Sen et al. permittivity models

are shown in Figures 3 and 4. For the entire composition range,

the values are negative for all chosen permittivity models,

which is to be expected as each permittivity model predicts a

monotonically decreasing permittivity for the case where the

medium permittivity is greater than that of particle permittiv-

ity. The smallest magnitude versus particle volume fraction

(upper most curves in Figures 3 and 4) represents Maxwell-

Garnett type polarization, while the largest magnitude (lowest

curves in Figures 3 and 4) is given by the model of Sen et al.
The curves shift downwards with increasing value of the a pa-

rameter to account for volume-fraction related polarization

effects. From examining Eqs. (6) and (7), des=dc impacts the

osmotic pressure and chemical potential of the suspension

directly, and the suspension permittivity will effect osmotic

pressure. Changing the a parameter from 0 to 0.3 and Sen

et al. shifts both the permittivity and first derivative of permit-

tivity curves downwards, which will have competing effects

on the magnitude of the osmotic pressure as decreasing sus-

pension permittivity decreases osmotic pressure (# es; # P)

FIG. 1. Suspension permittivity versus volume fraction

for silica-DMSO.

FIG. 2. Suspension permittivity versus volume fraction

for Silica-iPrOH.
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and decreasing the first derivative of suspension permittivity

increases osmotic pressure (# des=dc; " P). These changes

will also shift the chemical potential curve upwards, as

decreasing the first derivative of suspension permittivity will

increase the chemical potential (# des=dc; " l). For the spino-

dal transition to exist over the entire range of volume fractions,

d2W=dc2 > 0, which is guaranteed explicitly by the nature of

the Maxwell-Garnett permittivity model. In the case of

Sihvola-Kong and Sen et al., for DMSO and iPrOH this also

holds, although the trend with respect to volume fraction is

inverted, as is illustrated in Figures 5 and 6, respectively. That

is, for Maxwell-Garnett d2es=dc2 monotonically decreases

over the entire range of c, while for increasing values of a, this

trend ceases to hold. In the case of a ¼ 0:1, the second deriva-

tive decreases over the entire range of c, but the concavity is

changed compared to a ¼ 0, for a ¼ 0:2 initially the second

derivative increases slightly before decreasing and this is also

the case for a ¼ 0:3 while for Sen et al. d2es=dc2 monotoni-

cally increases in value. The value of d2es=dc2 for both DMSO

and iPrOH, and therefore d2W=dc2, was positive over the

entire range of composition for all permittivity models studied,

but the behavior versus c was still quite different compared

with assuming Maxwell-Garnett type polarization. This shift

in behavior will also effect the location of the critical point, as

will the behavior of the third derivative. The third derivatives

for silica-DMSO and silica-iPrOH are shown in Figures 7 and

8, respectively. The behavior of d3es=dc3 varies considerably

with the choice of permittivity model, from being a negative

function which monotonically increases over the entire com-

position range for Maxwell-Garnett (a ¼ 0), to being an

almost constant negative value for a ¼ 0:1, starting as a pos-

itive value and decreasing monotonically over the entire

composition range for a ¼ 0:2 and 0:3 while for the model

of Sen et al. the third derivative is a positive, monotonically

increasing function. This holds for both silica-DMSO and

silica-iPrOH, although the shift in silica-iPrOH is relatively

less than that of silica-DMSO, which holds for all deriva-

tives. All of these results indicate that a shift in the

FIG. 3. First derivative of suspension permittivity with

respect to volume fraction vs. volume fraction for

silica-DMSO.

FIG. 4. First derivative of suspension permittivity with

respect to volume Fraction vs. volume fraction for

silica-iPrOH.
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coexistence and spinodal lines, and the critical point com-

mon to the onset of aggregation, should occur with account-

ing for c effects on es.

B. Critical point for silica-DMSO and silica-iPrOH

As a first measure of the influence of particle/multiscat-

tering effects on permittivity and the subsequent impact on

electric-field induced phase transitions, we examined how

the critical point for these suspensions shifted with the differ-

ent permittivity models as well as for different particle

sizes. Previously, we have examined the use of the Khusid

and Acrivos framework to predict the electric-field induced

assembly of colloidal particles into larger structures of vari-

ous shapes and sizes,35 with the suspension permittivity

described by Maxwell-Garnett polarization as in the original

framework.10–12 In that work, silica particles of 0.32 lm and

2 lm in DMSO were taken as the system of interest and the

permittivity behavior of the system was assumed to be

described by the Maxwell-Garnett model. This approxima-

tion was done in the interest of examining the influence of

any fluid flows which arise due to gradients in chemical

potential. However, it is now of interest for us to explore the

validity of that hypothesis at least in terms of examining the

influence on phase transitions. The critical point, ccr and Ecr

for silica-DMSO and silica-iPrOH suspensions with particle

diameters of 0.32 lm and 2 lm were determined for each of

the permittivity models described previously by solving Eqs.

(10) and (11) to determine the inflection point of the spinodal

line. The results for each system, permittivity model, and

particle size are shown in Table I.

As was expected from the generated permittivity and

permittivity derivative data for these systems, there is indeed

a large impact of the polarization model on both the critical

volume fraction and critical electric field strength. For

DMSO, the critical volume fraction shifts from 0.1121 to

0.1424 with changing from Maxwell-Garnett to Sihvola-

Kong with a ¼ 0:3, with the value for using the permittivity

FIG. 5. Second derivative of suspension permittivity

with respect to volume fraction vs. volume fraction for

silica-DMSO.

FIG. 6. Second derivative of suspension permittivity

with respect to volume fraction vs. volume fraction for

silica-iPrOH.

094106-6 J. A. Wood and A. Docoslis J. Appl. Phys. 111, 094106 (2012)



equation of Sen et al. being 0.1401. The critical volume frac-

tion does not change with particle size, which was the case

for the previous work of Khusid and Acrivos using the

Maxwell-Garnett model (ccr was only a function of b). For

isopropanol, the ccr also increases with increasing value of

the Sihvola-Kong parameter but the Sen et al. result is much

closer to that of a ¼ 0:3 compared to the case of DMSO

(0.1367 vs. 0.1368). The critical electric field strength

increases with increasing value of a while Sen et al. model

has the largest value for all systems studied. This increase in

the electric field strength required for the onset of phase tran-

sition is to be expected with accounting for multiscattering

effects, as these will lessen the overall interparticle force.

The critical field strength at the same particle size is higher

for silica-iPrOH versus silica-DMSO, which is also expected

as the permittivity of silica-iPrOH is lower than that of

silica-DMSO. Of interest is that for a ¼ 0:3 and the Sen

et al. model, the critical volume fraction is higher for

a ¼ 0:3, while the critical field strength is higher for Sen

et al. This can be explained from examining the second

derivatives (Figures 5 and 6) and third derivatives (Figures 7

and 8) between these two models. For the second derivatives,

the values are positive for both permittivity models and the

case of a ¼ 0:3 is larger than that of Sen et al. for composi-

tions up to approximately 0.5 (DMSO) and 0.45 (iPrOH). In

the case of the third derivative, for Sen et al. model, the

function is positive over the entire composition range and

also larger than the value for a ¼ 0:3 which starts off as a

lower positive value and eventually becomes negative. Since

Eq. (10) depends on the second derivative of permittivity

and Eq. (11) depends on both the second and third deriva-

tives, the interplay between these values gives rise to the

interesting shift in critical volume fraction. The impact is

smaller for isopropanol compared to DMSO, as the deriva-

tive values for Sen et al. model and Sihvola-Kong a ¼ 0:3
are closer in that case.

FIG. 7. Third derivative of suspension permittivity

with respect to volume fraction vs. volume fraction for

silica-DMSO.

FIG. 8. Third derivative of suspension permittivity

with respect to volume fraction vs. volume fraction for

silica-iPrOH.
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C. Coexistence and spinodal lines for silica-DMSO
and silica-iPrOH

To continue the study of the influence of composition

related polarization effects, the coexistence and spinodal lines

for silica-DMSO and silica-iPrOH were constructed for

0.32 lm and 2 lm diameter particles. The spinodal line is

determined through solution of Eq. (10), for electric field

intensities ranging from near to the critical field strength (Ecr)

to field intensities much higher than the critical value. More

specifically, the spinodal compositions in the range of dimen-

sionless electric field strength (E=Ecr) from 1 to 7 were calcu-

lated by solving Eq. (10) for each permittivity model. After

obtaining these values, the spinodal compositions were used

as an initial guess for solving for the coexistence line, Eq. (9),

at the same range of dimensionless field strengths. The result-

ing phase diagrams are shown for silica-DMSO in Figure 9,

where volume fraction has been normalized against the criti-

cal volume fraction (c=ccr). As can be seen from examining

this figure, the Maxwell-Garnett polarization model occupies

a larger dimensionless space compared with other permittiv-

ity models and the spacing between the spinodal and coexis-

tence line is also larger. With increasing values of the

Sihvola-Kong parameter, the spinodal and coexistence lines

shift to the left and the distance between them decreases. The

spinodal and coexistence lines for Sen et al. model are to the

right of a ¼ 0:3, which results from the large difference in

critical volume fraction between Sen et al. and a ¼ 0:3,

where Sen et al. model has a lower value, shifting the normal-

ized curve to the right. Additionally, there is a slight kink/dis-

continuity which arises when the volume fraction becomes

higher than 0.5 corresponding to the particle entering the

diverging region of compressibility (Z and its derivatives are

continuous at c ¼ 0:5). For silica-isopropanol, the result is

similar but with a few important differences, as seen in Figure

10. Once again, the Maxwell-Garnett model result occupies

the largest amount of dimensionless space and this region

decreases with increasing values of the Sihvola-Kong param-

eter. Sen et al. model is still to the right of a ¼ 0:3 but in this

case, the results are much closer together. In particular, the

coexistence lines are virtually overlapping each other. This is

due to the critical composition for Sen et al. model being vir-

tually identical to that obtained by assuming the suspension

follows the Sihvola-Kong model with a ¼ 0:3, which as

explained previously results from the lower permittivity con-

trast between silica and isopropanol compared to silica and

DMSO.

These results indicate the importance of moving beyond

using the Maxwell-Garnett framework and accounting for

both concentrated suspension and structural effects on per-

mittivity behavior. However, use of the electrical energy

expression that is the basis for calculating the spinodal and

TABLE I. ccr and Ecr for silica-DMSO and silica-iPrOH.

dp (lm) es ðcÞ ccr Ecr (V/m)

Silica-DMSO 0.32 a ¼ 0 0.1121 1.59� 105

a ¼ 0:1 0.1201 1.64� 105

a ¼ 0:2 0.1299 1.70� 105

a ¼ 0:3 0.1424 1.78� 105

Sen et al. 0.1401 1.89� 105

2.00 a ¼ 0 0.1121 1.02� 104

a ¼ 0:1 0.1201 1.05� 104

a ¼ 0:2 0.1299 1.09� 104

a ¼ 0:3 0.1424 1.14� 104

Sen et al. 0.1401 1.21� 104

Silica-iPrOH 0.32 a ¼ 0 0.1157 3.26� 105

a ¼ 0:1 0.1217 3.34� 105

a ¼ 0:2 0.1286 3.44� 105

a ¼ 0:3 0.1368 3.56� 105

Sen et al. 0.1367 3.67� 105

2.00 a ¼ 0 0.1157 2.09� 104

a ¼ 0:1 0.1217 2.14� 104

a ¼ 0:2 0.1286 2.20� 104

a ¼ 0:3 0.1368 2.28� 104

Sen et al. 0.1367 2.35� 104

FIG. 9. Dimensionless coexistence and spinodal lines

for silica-DMSO.
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coexistence behavior of suspensions, in this work, Eq. (1), is

limited to the case of dielectric colloids in a non-conducting

suspension. Extending for conductivity effects would allow

for a larger class of suspensions to be treated in this frame-

work, with a wider variety of behavior. In addition to direct

volume-fraction dependence of conductivity, nonlinear

effects at higher electric field strengths would also have to be

encorporated.36

It has been observed for so-called “leaky-dielectric” sus-

pensions, that is for suspensions with both a dielectric and

conductive component, that the sign of the 2nd derivative of

the real part of permittivity can change as volume fraction

increases. This change can actually lead to conducting sus-

pensions to be unable to aggregate under certain condi-

tions.12 For purely dielectric particles in our work and for the

results previously obtained using Maxwell-type polarization,

this phenomenon is not possible. An extension to account for

weak conductivity effects is possible by utilizing the Bril-

louin equation, which can be derived from macroscopic con-

tinuum electrodynamics, but only applies for a weakly lossy

material and when the time-variations of the field are of a far

longer time scale compared to the relaxation of the suspen-

sion. This limits use of the Brillouin equation to weakly con-

ducting suspensions at very low frequencies, xts � 1 where

ts is the dielectric relaxation time, although it does reduce to

the electrical energy of a non-conducting suspension, Eq.

(1), if no frequency dependence is assumed. This means the

results from this work and from an extension using the Bril-

louin equation could be potentially combined to use for the

very low frequency and high frequency case. Khusid and

Acrivos extended their theory to account for conductivity

effects using both a statistical mechanics approach based on

assuming a cell-type model and were able to describe sys-

tems over the range of frequency behavior presuming that

dielectric and conductive properties for the particle and me-

dium combination are known. However, in the limit of a

non-conducting suspension, the equation they derived based

on this cell-type approach for electrical energy density yields

that of Eq. (1) with suspension permittivity described by the

Maxwell-Garnett model. From this work, we can conclude

that the Maxwell-Garnett approximation yields very different

results compared with accounting for multiparticle effects

and structural changes in the solid-phase, so finding a way to

extend this framework to account for conductivity effects

would be quite valuable. Additionally it indicates that use of

the Maxwell-Garnett approximation for simulating pattern

formation using electric fields, as we have previous done, is

limited to situations where the maximum concentration in

the system is less than approximately 0.3, which restricts its

applicability and usefulness as a quantitative model. Incorpo-

rating these expressions in a cell-model framework is not

necessarily tractable. However, a similar result to the cell-

model was derived by the previous authors using a statistical

mechanics approach based on assuming a random micro-

structure and this may be a more useful approach to using

existing permittivity models which have shown good predic-

tive ability for hard sphere suspensions over a wide range of

compositions and solid-phase structure types.12

IV. CONCLUSIONS

Electric-field induced phase transitions of dielectric col-

loids were predicted using an extension of a thermodynamic

framework previously developed by Khusid and Acrivos.

This framework treats the free energy of a suspension as hav-

ing two primary contributions, entropic, and electric.

Entropic contributions are treated in a hard-sphere manner,

with the suspension compressibility assumed to follow the

Carnahan-Starling equation of state. Electrical contributions

are accounted for using the average electrical energy of a

non-conducting suspension from continuum electrodynam-

ics. The influence of multiscattering (volume fraction)

effects on the resulting coexistence and spinodal lines of

non-conducting suspensions was examined through use of

two effective permittivity models, the Sihvola-Kong formu-

lation and the self-consistent permittivity model of Sen et al.

FIG. 10. Dimensionless coexistence and spinodal lines

for silica-iPrOH.
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The Sihvola-Kong model is a semi-empirical model which

contains an adjustable parameter, a, to account for volume

fraction effects on the dipole coefficient allowing the model

to shift from the isolated dipole approximation (a ¼ 0) while

the self-consistent permittivity model of Sen et al. is a pre-

dictive model. It has been demonstrated from experimental

dielectric (and conductivity) measurements that these models

are capable of describing the behavior of mixtures of various

solids packing types and lattice structures (RCP, FCC, and

BCC) over the entire composition region for hard spheres. It

has also been shown that the Maxwell-Garnett and Sen et al.
model form an upper and lower bounds, respectively, on the

suspension permittivity of mixtures undergoing these types

of phase transitions, and that a Sihvola-Kong parameter

value of 0.2 describes random close packed structures from

0 � c < cmax. Use of these models should allow for the influ-

ence of nature of the electric-field induced phase transition

(lattice type) to also be explored, in terms of shift in coexis-

tence and spinodal lines. Model colloidal systems were con-

sidered, that of silica-DMSO and silica-isopropanol, which

represent non-conducting suspensions of dielectric particles

in the frequency ranges of interest (MHz). The resulting

coexistence and spinodal lines for these systems experienced

a substantial change upon accounting for multiscattering

effects, with DMSO experiencing a more dramatic change

versus isopropanol owing to the larger dielectric contrast

between silica and DMSO versus silica and isopropanol.

Accounting for multiparticle effects on suspension per-

mittivity causes a significant shift in the behavior of the

derivatives of permittivity with respect to volume fraction.

This shift leads to large changes in the chemical potential

and osmotic pressure, which leads to shifts in the coexistence

and spinodal lines and the critical concentration and field

strength for electric-field induced phase transitions. More

specifically, increasing the value of the Sihvola-Kong param-

eter from 0 (Maxwell-Garnett model) leads to an increase in

the critical concentration and field strength for aggregation,

as well as a decrease in the overall region of coexistence and

spinodal transitions. The behavior of the different permittiv-

ity models was not completely 1:1 with their respective mag-

nitudes in permittivity, the derivatives of these functions

played a large role in determining the magnitude of coexis-

tence and spinodal line shifts. The Sen et al. self-consistent

permittivity model was found to predict a positive, monot-

onically increasing value for d3es=dc3 while the values

obtained when using the Sihvola-Kong model with a ¼ 0:3
are monotonically decreasing, starting off positive but

becoming negative at higher volume fractions. This leads to

the interesting shift in the critical concentration versus criti-

cal electric field strength between these two models, where

the Sihvola-Kong predicts a higher critical concentration but

a lower critical electric field strength. Similarily, d2es=dc2 is

found to be positive and monotonically decreasing when

using the Maxwell-Garnett formulation but is positive and

monotonically increasing for the Sen et al. model, while it is

not necessarily monotonic depending on the choice of

Sihvola-Kong parameter. This affects the resulting spinodal

lines, determining the boundary between slow and fast

aggregation. This framework is not limited to the permittiv-

ity models chosen for this work but is generally applicable to

use with any effective permittivity model, as long as the sus-

pension is non-conducting. Extension to include conductivity

effects, in the form of both volume-fraction dependent and

nonlinear conductivity behavior at high electric field

strengths, along with the volume-fraction dependent permit-

tivity is desirable as it would be suitable for predicting prop-

erties of interest in colloidal phase transition studies, as well

as electrorheology work, and this is the subject of ongoing

investigations.
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