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1.1 Motivation
There is a long way from the initial discovery of physical phenomena until they can
be routinely used in science laboratories and in industrial processes. In that regard,
X-ray metrology is not an exception. Starting with its discovery in 1913, X-ray
diffraction on crystals [1] has been used as a unique tool for fundamental research
in solid state physics and quantum physics, among other things. The use of very
short probe wavelengths, like X-ray radiation, has revealed materials properties
with extreme resolution. However, the effects of this discovery have only become
tangible in everyday life after half century. This was when Rietveld developed
a mathematical model for the analysis of X-ray powder diffraction, the Rietveld
refinement algorythm [2], which allowed the analysis of the crystalline structure of
complex compounded materials. Consequently, this boosted developments in many
different fields of industry like energy, semiconductor, pharmaceutical and medical
industries (see examples in [3–6])

A similar tool for analytical research is X-ray reflectivity. Its potential for the
characterization of thin-film structures was demonstrated by Kiessig in a landmark
experiment [7] in 1933. Later, in 1954 Parratt derived equations to account for in-
terference, refraction and absorption processes in complex multilayered structures
with layer thicknesses down to sub-tenth nanometers [8]. This allowed the use of
X-ray reflectivity for structural analysis of multilayers, and found its application in
the development of lasers [9], instruments for astronomy observations [10], and in
the fabrication of integrated circuits elements [11]. Initially, the technological ap-
plications were focused on the internal, nm-thin subsurface structure of the sample
and were later also aimed at the characterization of the internal structure of crystals
and thin film multilayered structures.

Currently applied X-ray analytical methods have an extremely broad spectrum
of applications, both in fundamental and in industrially driven research. An ex-
emple of the first is the recent ultra-fast Einstein–de Haas effect study, which used
X-ray diffraction [12]. This effect consists of conversion of the magnetic moment
into mechanical angular momentum during rapid demagnetization of certain types
of ferromagnets. This was predicted and experimentally observed in 1996 [13], al-
though the physical process involved in the momentum transfer remained unknown
until recently. In [12], surface X-ray diffraction has been used to characterize this
process. It revealed that such momentum transfer involves vibration of the crystal
lattice on an ultra-fast time scale. This is a vivid example of the use of X-ray diffrac-
tion for fundamental research. In parallel, this high resolution X-ray diffraction is
routinely applied in industrially driven research. For example, it is used for the
analysis of thin epitaxial films employed in LEDs [14]. X-ray reflectivity is applied
for the characterization of the thickness of optical coatings [15] and various metallic
coatings [16] in semiconductor devices. X-ray scattering can be routinely applied
by pharmaceutical industry for the characterization of nano-particles [17], colloid
solutions and protein shapes [18]. Recent developments of nano-surface patterning
and nano-fabrication have demonstrated unique capabilities of surface based de-
vices, for example topological insulators [19], spintronics [20] and superconducting
computing[21].
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Although many techniques are considered to be fully developed, in practice their
direct application to objects developed for cutting edge technologies often has room
for improvement. An example is the manufacturing of periodic multilayer struc-
tures for short wavelength optics. Interest in studies on such ‘mirrors’ is driven by
the fact that the performance of these devices is very sensitive to interface imper-
fections. The requirements of the modern industry necessitates a reduction of the
thin film dimensions, down to the level where the characteristic depth of the inter-
face imperfection is comparable to the thickness of the layer itself. This raises two
main questions. Firstly, how does mutual diffusion affect the optical parameters of
each layer in the device? Conventional X-ray reflectivity analysis is sensitive to the
diffusion depth, but does not have sensitivity to the elemental composition of each
layer. This may lead to incorrect conclusions on the optical properties of multilayer
mirrors, for instance in the Extreme UV range. Secondly, can interface roughness
in such thin film systems be affected by the bulk imperfections of the layer itself?
Grazing-incidence small-angle X-ray scattering is commonly applied to the study of
interface roughness. However, this technique does not consider bulk imperfections
and interface roughness simultaneously. In addition to the example of multilayer
structures other examples can be given such as 2D and 3D periodically patterned
nano-scale structures. Among other structural parameters, the performance of such
devices depends on their structure along the lateral direction. Recently, a state of
the art experimental scheme [22, 23], based on the X-ray standing wave technique,
has been demonstrated for an element-selective study of the atomic distribution
along the lateral plane as well as in-depth. However, novel computational schemes
were found to be required for the analysis of this experimental data [23]. Many sci-
entific challenges of using X-ray diffraction and X-ray reflectivity can be addressed
by using lab-scale X-ray tools, while grazing-incidence small-angle X-ray scatter-
ing, surface X-ray diffraction typically require higher brilliance, but less accessible
sources like synchrotron light sources or free-electron lasers. As we discussed above,
a broad availability of metrological tools is of high importance for industry.

The above depicted state of short-wavelength metrology justifies a further, spe-
cific metrological development. In this thesis we revisit several known techniques in
order to extend their applicability for the characterization of ultra-thin multilayers,
single-crystal surfaces and 3D patterned nanoscale devices. The work covered in
this thesis is of a theoretical character with many cases demonstrated by experimen-
tal verifications. Our effort is focused on modern nano-metrology characterization
techniques with evidence of improvements by better understanding of the underlay-
ing physics. In the following section we will discuss the problems posed above and
ways to solve them in detail.

1.2 Structure of this thesis

1.2.1 Periodical multilayer as a 1D system

X-ray reflectivity (XRR) measurements are widely used in the physics of thin films
[24]. They allow in-depth analysis of optical properties of thin film single- and
multilayer structures. More specifically, this implies solving the inverse problem of
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X-ray reflectivity of the multilayer systems, i.e. one can reconstruct the depth profile
of the refractive index that represents the atomic distribution in the multilayer. In
that regard a multilayer is basically a 1D structure since the optical properties of a
multilayer vary only with the depth in the layered stack.

However, different multilayer systems with different chemical compounds and/or
stoichiometry can have a similar profile. This ambiguity might be problematic when
the XRR data is used to predict optical properties of the structure in a different
spectral range. This is especially important in the EUV spectral range since photon
interaction with matter is stronger here than in the X-ray range [18]. This problem
is dealt with in Chapter 2; we simultaneously analyze reflectivity curves measured
at different photon energy, namely in the X-ray and EUV range. We use the co-
variation analysis based on the so-called inverse Hessian matrix [25] to estimate the
stoichiometry values of the multilayer and their uncertainties. The error analysis
showed that simultaneous fitting of the X-ray and EUV reflectivity data reduces er-
rors in the stoichiometry. This can be explained by different absorption coefficients
in the X-ray and EUV ranges, consequently reducing the cross-correlation between
parameters of the system. Covariation analysis confirms this assumption. This al-
lowed us to simulate optical properties of the multilayer correctly (in accordance to
the experiment) in the EUV regime. Moreover, covariation analysis allowed us to
separately investigate contribution of different sets of data to verify the correctness
of the characterization of the multilayer structure.

1.2.2 Effect of 3D imperfections in 1D systems

As discussed above, optical properties of thin film multilayers are strongly dependent
on their 1D structure. This approximation is valid when the lateral fluctuations of
interface roughness or layer densities can be neglected. However, in samples with
large interface roughness or contamination inclusions in the form of nanoparticles,
part of the incident beam elastically scatters from these imperfections causing diffuse
scattering. Generally, these imperfections have a 3D character and thus diffusely
scattered photons can scatter off-specularly. One can think of diffuse scattering as
a sub-specular reflection event i.e. a specular reflection from the effective interface
of the imperfection. Consequently, emerging patterns in the spatial distribution
of defects leads to patterns in the distribution of diffuse scattering intensity along
different scattering directions. Small-angle X-ray scattering is a technique which
consists of a set of theoretical and experimental tools for the study of the morphology
of structural imperfections. In theoretical physics such characterization tasks are
assessed using the perturbation theory [26].

The perturbation theory is used for finding approximate solutions for systems
in which only a part can be solved exactly while system as a whole lacking exact
solution. Take for instance an example of the motion of our planet around the sun.
Our planet deviates slightly form its Kepler orbit, being attracted by other planets
in the solar system. Amplitude of such deviations can be calculated by using the
perturbation thory, where only the interaction of our planet only with the sun yields
an exact solution (Kepler orbit) and the complex, yet weak, attraction to other
planets is considered as perturbation. Analogously, in our case a multilayer model
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is composed of two parts: a perfect 1D multilayer system and a 3D distribution of
structural imperfections. Propagation through the perfect multilayer is calculated
using the Parratt formalism and structural imperfections are considered as a source
of diffusely-scattered photons. Sequentially, their propagation is considered as a
propagation in an ideal multilayer. The quality of such approximation is considered
good when the characteristic sizes of the imperfections are lower than those of an
ideal structure [27].

In Chapter 3 we study a multilayer system using Grazing-Incidence Small-Angle
X-ray scattering (GISAXS). We found that off-specular scattering from our W/Si
multilayer, prepared by magnetron sputtering deposition, contains a pattern that
could not be described in conventional GISAXS theory simulating scattering at
interface roughness. Subsequent characterization of our multilayers with scanning
transmission electron microscopy revealed peculiar density fluctuations within the
Si layers. To investigate these, and to confirm STEM observation, GISAXS is
used. To the best of our knowledge such density fluctuations in multilayer systems
were not covered by GISAXS study before. Therefore we build a mathematical
model of diffuse X-ray scattering on density fluctuations, based on the para-crystal
model [28, 29]: a model in which defects are considered to be distributed similarly
to atoms in a crystal that have a short range order but lack a long range order.

The study in Chapter 3 covers effects appearing in diffuse X-ray scattering due
to density fluctuations, and how these effects are distinguished from those resulting
from interface roughness. We also discuss how diffuse scattering changes with a
change of parameters of density fluctuations, based on mathematical simulations.
Independently, Maruyama et.al. found similar density fluctuations in Ge-containing
multilayers [30], emphasizing the relevance of such research.

1.2.3 Single-crystal surface as a 2D periodical system

In the previous sections we considered specular reflection and diffuse scattering of
X-rays from multilayer structures. In most of the practical cases, specular reflection
intensity is much higher than the intensity of diffuse scattering at grazing incidence
(see Eqs. 7-9 in [31]). Therefore, the effect of interference between specularly re-
flected photons and diffusely scattered photons on the specular reflection itself is
negligible. Generally speaking, the reverse is not true: interference between reflected
and scattered photons give rise to resonant Bragg sheets in diffuse scattering inten-
sity distribution [32–34]. But what if the intensities of the reflected and scattered
photons are of the same order of magnitude? Such a scattering mechanism can be
observed in grazing incidence diffraction (GID) experiments [35, 36].

In the geometry of GID, the incident beam and the sample are aligned such that
the angle of incidence is between θc and 2θc , with θc being the critical angle, while
the sample is azimuthally rotated to meet the Bragg conditions for crystal lattice
planes perpendicular to the surface of the sample. In the publications of Bushuev
et.al. [37–39] it is shown that in these conditions the specular reflection intensity
is modulated by the diffraction near the Bragg conditions. These modulations are
extremely sensitive to the structure of the surface of the crystal. In that regard
one can consider the surface sample as a 2D system where the change of the lateral
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crystal structure is taken into account as a function of its depth.
Using the dynamical diffraction theory with a two-beam approximation in Chap-

ter 4, we predict an interesting effect. For the samples with modified sub-structure
(for example due to the interaction with oxygen in atmosphere or a nm-thick epi-
taxial layer on top of a single-crystal) we predict specular reflectivity modulations
in a wide angular range far from the Bragg conditions. One can think of this effect
as an analogy to an acoustic beat when two acoustic waves with a slight difference
in phase interfere, creating time-dependent modulations in the amplitude of the
wave. Similarly, in GID a photon diffracted from a modified surface of the sample
can interfere with photons diffracted from the bulk of the sample, creating thickness
oscillations which consequently modulate the specular reflectivity.

In Chapter 4 we analyze these modulations of specular reflectivity, and how
they depend on the crystal structure of the sub-surface with respect to depth.
We show that these modulations potentially can be used for the crystal surface
characterization using lab-based instruments unlike standard implementations of
GID using large-scale, but difficult-to-access synchrotron radiation sources.

1.2.4 Artificial 3D shaped nanoscale systems

A common feature of the above techniques is that they are directly sensitive to the
spatial distribution of the electron density. The photon energy of XRF is character-
istic to each element, hence XRF is directly sensitive to the probe beam-averaged
elemental composition of the irradiated sample. That is the basis of XRF spec-
troscopy. There are techniques sensitive to the spatial distribution of the electron
density and techniques that are sensitive to the spatially averaged elemental com-
position. We now focus on the analysis which is selectively sensitive to the spatial
distributions of different elements.

Such analysis is possible using the X-ray standing wave (XSW) technique: trans-
mitted and elastically scattered X-rays interfere, generating a standing wave. The
X-ray standing wave is represented by a time-independent spatial distribution of the
amplitude inside the sample, with minima and maxima in the nodes and anti-nodes
of the standing wave, respectively. As an analogy, one can think of the periodic
nano-scale structure as of an optical cavity, used in lasers to create a standing
wave. However, unlike a simple optical cavity which simply consists of two parallel
mirrors, nano-scale devices have a complex structure and as such the configuration
of the XSW requires more advanced calculations. A configuration of the spatial
distribution of the X-ray standing wave is dependent on the incidence angle and
the parameters of the structure. Consequently, the probability of emission of XRF
photons is spatially modulated in XSW analysis. By detecting intensities of char-
acteristic XRF lines of different elements with respect to different incidence angles,
one can analyze the spatial distribution of their atomic density. That constitutes the
basis of the XSW technique (see comprehensive rewiev in [40]). In the pioneering
works of Batterman [41, 42] XSW was used to study the Borrmann effect [43, 44]
(anomalous transmittance of a crystal near the Bragg conditions). Nowadays it is
a powerful tool to study the atomic structure of Langmuir-Blodgett films [45, 46],
epitaxial films, thin film multilayers [47] and multilayer mirrors[48].
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We now have discussed that XSW allows to resolve atomic concentration distri-
butions of selected elements in depth. This is 1D element selective characterization
of the structure in which the lateral distribution is averaged. However, with ad-
vances in science and technology the demand in analysis, capable of the genuine 3D
characterization of the atomic distribution, is growing. This challenge is obvious
in the work of Dialameh et.al. [22]. There, the structure of 3D Cr nano-columns
were studied using grazing incidence XRF (GIXRF). Two samples were prepared
by means of e-beam lithography [49]: the first one had a stochastic arrangement
of nano-columns on top of a substrate, the second had a regular periodic arrange-
ment of the columns. To study the lateral structure, the Cr-Kα line intensity was
measured, not only for various incidence angles, but also under various azimuthal
orientations of the sample. It is expected that the lateral structure of the stochas-
tically arranged sample is averaged and that the GIXRF curves are independent on
the azimuthal orientation of the sample. Therefore, in this case, in-depth XSW char-
acterization is sufficient. In contrast, in the case of periodically arranged structures,
the GIXRF signal is strongly dependent on the azimuthal orientation, demonstrat-
ing the sensitivity to the lateral distribution of the element atomic concentration.
Thus, there is a need for a mathematical model capable of taking into account the
lateral structure of standing X-ray waves.

In recent work of Soltwisch et.al. [23] this problem is approached by using finite
element (FEM) simulations. There, the 2D structure of Si3N4 lamellar gratings was
studied. GIXRF was measured under various azimuthal orientation of a grating
for the N-Kα line. The distribution of the XSW amplitude was calculated by
solving the Helmholtz equation [50] using FEM [51] on a 2D mesh (depth and
one lateral axis). Simulations of GIXRF curves for various azimuthal orientation
showed good agreement, with the possibility to analyze the lateral distribution of
elements. FEM has a major advantage of high precision, but also a disadvantage of
high computational cost. This disadvantage significantly limits the application of
FEM for 3D XSW analysis: in particular, the computational effort increases with
the computational domain which depends on the wavelength of the incident beam
and characteristic size of the structure. For instance, the wavelength of the incident
radiation which is sufficient to excite the N-Kα line, is an order of magnitude larger
than the one needed to excite the Cr-Kα line, as in the previous nano-columns
example. The characteristic size of the Si3N4 lamellar grating studied was less by
a factor of 10. XSW analysis demands more computational effort for simulation of
XSW induced by harder X-ray radiation (smaller wavelength) and larger structures.
Concerning the 3D arrangement of nano-columns, this renders FEM calculation
practically impossible for GIXRF analysis of Cr nano-columns. That necessitates
the development of a novel calculation scheme for the XSW field. This request was
also expressed in [23].

In Chapter 5 we present a semi-analytical, mathematical model based on the
dynamical diffraction theory in many beam approximation [52] (also known as rigor-
ous coupled wave analysis [53]). The semi-analytical nature of that theory allowed
us to derive equations for the calculation of GIXRF intensity in linear-algebraic
form. These equations negate the problem of computational effort for XSW analy-
sis of systems as complex as 3D periodic structures. A new mathematical model is
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tested on the same experimental data published in [23] showing qualitatively similar
quality of fit as compared with FEM calculations in [23]. Calculations using new
computational scheme are faster by three orders of magnitude. Next, we implement
our approach to the 3D arranged nano-columns structure and the simulations shows
excellent quantitative agreement with experimental data published in [22].

Further, in Chapter 6 we compare near field calculations using a dynamical
diffraction theory directly with FEM calculations. We choose a lamellar grating
irradiated by an EUV beam as a benchmark model since it can be used in EUV
lithography and since EUV requires less computational effort in TEM than the X-ray
regime. Unlike the equations in Chapter 5, where for simplicity scalar approxima-
tion is used to solve the Helmholz equation, in Chapter 6 we rederive equations for
the dynamical diffraction theory in the vector form. This approach shows a better
agreement with FEM, which we believe to be more precise since its computational
scheme is based on fundamental principles.

In conclusion of the status of short-wavelength metrology and the major analyt-
ical challenges described above, this thesis captures several analytical approaches
to extend the scope of current X-ray and EUV analysis. This notably concerns
the broadening of the dimenstionality of studied nano-scale devices and structures,
and methods to deliver an enhanced precission by combining different wavelength
ranges.
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2
Combined EUV and X-ray

analysis of periodic
multilayer structures

We present a way to analyze the chemical composition of periodical multilayer struc-
tures using the simultaneous analysis of grazing incidence hard X-Ray reflectivity
(GIXR) and normal incidence extreme ultraviolet reflectance (EUVR). This allows
to combine the high sensitivity of GIXR data to layer and interface thicknesses with
the sensitivity of EUVR to the layer densities and atomic compositions. This method
was applied to the reconstruction of the layered structure of a LaN/B multilayer mir-
ror with 3.5 nm periodicity. We have compared profiles obtained by simultaneous
EUVR and GIXR and GIXR-only data analysis, both reconstructed profiles result in
a similar description of the layered structure. However, the simultaneous analysis
of both EUVR and GIXR by a single algorithm lead to a ∼ 2x increased accuracy of
the reconstructed layered model, or a more narrow range of solutions, as compared
to the GIXR analysis only. It also explains the inherent difficulty of accurately
predicting EUV reflectivity from a GIXR-only analysis.
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2.1 Introduction
Layered materials find many applications nowadays. These range from nanomateri-
als in general to XUV reflecting Bragg optics, also down to atomic scale dimensions.
Traditional characterization of such, periodic multilayer mirrors usually involves
two types of measurements of the reflectance, one performed using hard X-rays
at grazing incidence (GIXR), and a second performed at an application relevant
wavelength. A structural model obtained from hard X-ray reflectometry analysis
is generally not able to accurately predict the application relevant reflectivity data.
The reason for this is that the reflectivities at different wavelengths have different
sensitivities to the multilayer structural parameters. For example, while hard X-
rays are very sensitive to the layer thicknesses in the multilayer period, it is less
sensitive to the chemical composition of the layers. Soft X-rays are extremely sen-
sitive to the compositional parameters of the layers, such as stoichiometry and the
presence of impurity atoms, but the analysis of such data suffers from the large
correlation between model parameters that describe the measurement curves.

A recent attempt to obtain a consistent model of a multilayer period structure
that describes both hard X-ray reflectivity (GIXR, 0.154 nm) and extreme ultravi-
olet reflectivity (EUVR, ∼ 6.7 nm) measurements is discussed in [1]. In that article
authors have analyzed sequentially GIXR and EUVR data, concluding that inter-
face roughness values for the model that describes EUVR should be higher than
interface roughness values for the model that describes GIXR data. One of the
possible reasons of inconstancy between these models was attributed to neglecting
the atomic composition of diffused layers.

In this chapter we will discuss simultaneous fitting of GIXR and EUVR data
using a single model that simultaneously describes both sets of data. This approach
is expected to result in a reliable and accurate model of the multilayer structure that
provides more accurate information about the internal structure, as well as enabling
a more accurate prediction of the reflectivity of multilayers with changing model
parameters such as a variation of the multilayer period thickness or a variation of
the number of periods as discussed in [2, 3]. In order to account for the different
sensitivities of X-rays and EUV radiation to the chemical composition of the layers,
we propose to add the chemical composition of layers and interfaces as a parameters
during the combined fit of GIXR and EUVR data.

Basic mathematical techniques optimized for the simulation of reflectivity data
for a periodic multilayer structure are discussed. To study the benefits of using
several sets of data for the reconstruction of the material parameters such as den-
sities and atomic compositions of layers, we have performed an extensive analysis
of errors of the reconstructed optical constants profiles and correlations between fit
parameters. To illustrate the performance of a combined GIXR and EUVR analy-
sis, we will analyze a LaN/B multilayer optimized for normal incidence reflectivity
at a wavelength of 6.8 nm and discuss reconstructed profiles from GIXR-only and
from combined GIXR and EUVR analysis. This material combination is of par-
ticular interest because of its current application as spectroscopic element in XRF
analysis equipment and its potential application as reflective optical element in next
generation EUV photolithography.
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2.2 Modeling of reflectivity from periodic multilayer
structures

In this part we present a brief description of electromagnetic wave propagation,
optimized for fast calculation of the reflectivity from a periodic multilayer struc-
ture. The wave propagation in a homogeneous layer can be characterized using the
transfer matrix [4] Mi that connects the electric field and it’s first derivative at the
interfaces between neighboring layers i and i+ 1:

Mi =

(
cos kz,idi 1/kz,i sin kz,idi

−kz,i sin kz,idi cos kz,idi

)
, (2.1)

where di is the layer thickness and kz,i is a projection of the wave vector on to the
z-direction in layer i. In general case, kz,i depends on the polarization [5] of the
incident radiation:

kz,i =

{
k0

√
n2
i − n2

0 cos 2θ s polarization;

k0n
2
i /
√
n2
i − n2

0 cos 2θ p polarization,
(2.2)

where ni = 1− δi− iβi is the complex refractive index inside layer i [6], k0 = |k0| =
2π/λ is the absolute value of the wave vector in vacuum, λ is the incident beam
wavelength and θ is the grazing incident angle.

The wave propagation through a system with N layers is then represented by
the characteristic matrix:

M = MNMN−1 · · ·M2M1 =

1∏
i=N

Mi. (2.3)

For periodic multilayer structures with identical periods, the multiplication of ma-
trices Mi can be calculated via the exponentiation formula [4]:

M̃K =

(
m̃11 m̃12

m̃21 m̃22

)K
=

=

(
m̃11UK−1(a)− UK−2(a) m̃12UK−1(a)

m̃21UK−1(a) m̃22UK−1(a)− UK−2(a)

)
. (2.4)

Here UK(a) = sin [(n+ 1) arccos a]/
√

1− a2 is the Chebyshev polynomial of the
second kind [7], where a = 1/2(m̃11 + m̃22), M̃ is the characteristic matrix cal-
culated for a multEilayer period and K is the number of periods in a multilayer
structure. This approach is valid for unimodular matrices and can be applied to
the characteristic matrices discussed here because det(Mi) = 1. Using Chebyshev
polynomials allows to save computational resources, proportionally to the number
of periods in a multilayer stack in comparison with standard matrix multiplication
procedures in Eq. 2.3.

The reflectance amplitude is now given by [4]:

r =
kz,N+1kz,0M12 + ikz,0M22 − ikz,N+1M11 +M21

kz,N+1kz,0M12 + ikz,0M22 + ikz,N+1M11 −M21
, (2.5)
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where kz,0 and kz,N+1 are the wave vector projections in ambient and substrate
media respectively. Reflected beam intensity can then be calculated by:

Icalc(θ, λ,p) = |r|2I0, (2.6)

where p is the set of structural parameters (layer thicknesses and refractive indices)
and I0 is the incident beam intensity. Formulas Eq. 2.1 – Eq. 2.6 will further be
used for model simulations of GIXR and EUVR curves.

2.3 Parameterization of a multilayer structure
For simulations analysis of GIXR and EUVR data, Eq. 2.6 can be written as

I =

{
Icalc
GIXR(θ, λ,p)

∣∣
λ=λ0

;

Icalc
EUVR(θ, λ,p)

∣∣
θ=θ0

,
(2.7)

where λ0 is a fixed wavelength used for the measurements of GIXR, and θ0 is a fixed
angle used for measurements of EUVR. According to Eq. 2.1 – Eq. 2.6, a multilayer
is described by a set of individual layers with thicknesses di and complex refractive
indices ni.

The refractive index of the i–th layer (ni = 1−δi− iβi) depends on it’s chemical
composition and density according to [8]:

δi = 2.7007× 10−4 × ρiλ
2

µi

Ωi∑
j=1

ωijf
(1)
j (λ);

βi = 2.7007× 10−4 × ρiλ
2

µi

Ωi∑
j=1

ωijf
(2)
j (λ).

(2.8)

Here ρi is the density, µi is the molar weight of a compound with Ωi different atomic
species, ωij is the atomic concentration of atoms j in layer i, and fj is the atomic
scattering factor for atomic species j [9].

Although p contains the thicknesses needed to describe the layered model for
reflectivity simulations, periodic multilayer mirrors are often described using tech-
nological parameters such as period thickness D and layer thickness ratio Γ instead
of the individual layer thicknesses di. In analogy to the technological parameters D
and Γ we introduce the relative (to the period) interface imperfections parameter
S and the interface imperfections ratio parameter SΓ. Thus for a two-layer model,
it is convenient to use a set of effective parameters:

D = d1 + d2 + σ1 + σ2;
Γ = (2d2 + σ1 + σ2)/2D;
S = (σ1 + σ2)/D;
SΓ = σ2/(σ1 + σ2).

(2.9)

Interface imperfections between layers i and i+1, resulting from intermixing and/or
surface roughness over a depth range of σi, effectively create a gradual change in
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δ and β from layer i to layer i + 1. This gradual change is taken into account
in the model by replacing this depth range σi by a finite set of layers with total
thickness σi that introduce a gradual stepwise profile from δi to δi+1 and from
βi to βi+1 [10]. Here the profile is chosen according to a sinusoidal distribution
of optical characteristics between homogeneous media. This approach maintains
the continuity of the electric field at the interfaces and properly considers dynamic
effects, unlike the commonly used Debye-Waller or Nevot-Croce statistical factors [5,
11]. Also it takes into account the shift of the diffraction peaks caused by interface
imperfections. Furthermore this description of the interfaces does not affect the
unimodularity condition for the characteristic matrix Eq. 2.1, and therefore allows
the application of the exponentiation formula Eq. 2.4.

2.4 Reconstruction and error analysis of structural
parameters

The reconstruction of the structural parameters is formulated as an optimization
problem [12]:

p̃ = min
p
χ2(p), (2.10)

where p̃ is a resulting set of reconstructed parameters and χ2 is a goodness of fit
value similar to Pearson’s criterion.

In order to reconstruct parameters from two sets of experimental data the cri-
terion for fit goodness has the form:

χ2 =
1

LGIXR + LEUVR − l

∑
θ

(
Icalc
GIXR(θ,p)

∣∣
λ=λ0

− Iexp
GIXR(θ)

)2

σ2
GIXR(θ)

+

+
∑
λ

(
Icalc
EUVR(λ,p)

∣∣
θ=θ0

− Iexp
EUVR(λ)

)2

σ2
EUVR(λ)

 , (2.11)

where LGIXR and LEUVR are numbers of measured data points, l is the number of
parameters that are used to describe the layered structure, and σGIXR and σEUVR

are the uncertainties in the measured GIXR and EUVR data respectively. Both
σGIXR and σEUVR are calculated according to σ2(θ) = σ2

sys + σ2
stat, where σsys

is a systematic error that relates to uncertainties in the measurement setup, and
σstat is the statistical error in the measured data relates to the discrete nature
of radiation. If errors in the experimental data are normally distributed and the
number of experimental points is much larger than the number of fit parameters, a
goodness of fit for a perfect model has a value of χ2 = 1.

In order to solve the optimization problem of Eq. 2.10, a Levenberg-Marquardt
algorithm is used [12]. Standard deviations of reconstructed parameters ∆pi are
calculated by the least squares method [13]. To estimate standard deviations the
covariance matrix C is used [14] which can be calculated as inverse modifyed Hessian
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matrix C = H−1, where elements of modifyed Hessian have a form:

Hij =

L∑
k=1

1

σ2
k

∂Ik
∂pi

∂Ik
∂pj

. (2.12)

In case of simultaneous analysis of GIXR and EUVR data the concatenation of
two experimental data sets is taken into account in Eq. 2.12. Consequently I =
(IGIXR, IEUVR) is a cumulative set of measured data, σ = (σGIXR, σEUVR) is a
cumulative error, and L = LGIXR + LEUVR is the total number of data points.
Structural parameters pi are considered as normally distributed random variables
to obtain standard deviations:

∆pi =
√
Cii. (2.13)

The degree of linear dependency of the parameters is determined by the matrix of
Pearson correlation coefficients [12]:

Rij =
Cij√
CiiCjj

. (2.14)

Elements of matrix R are ranging from −1 to 1. As an example a large absolute
value of correlation coefficient |Rij | implies a large dependence between structural
parameters pi and pj . If Rij > 0, an increase of parameter pi can be compensated
by an increase of parameter pj and vice versa, keeping the same χ2 value. If Rij < 0,
an increase of parameter pi can be compensated by a decrease of the parameter pj
and vice versa.

Based on the reconstructed parameters of the structure, one can obtain the
depth distribution of the dispersion parameter δ(z). For the analysis of δ(z) the
uncertainties correlation analysis is used [15]:

ε(z) =

∑
i,j

∂δ(z)

∂pi

∂δ(z)

∂pj
Cij

1/2

. (2.15)

2.5 Experiment layout and data processing
A simultaneous analysis of GIXR and EUVR was performed for a 50 period LaN/B
multilayer. Both La and B were deposited using DC magnetron sputtering. The
LaN layer was created using nitrogen assisted growth similar to the approach de-
scribed in [16]. The layer thicknesses were controlled by pre-calibrated deposition
rates.

For the detailed analysis of the accuracy of the measurements it is essential to
take all uncertainties into account. Unlike statistical error which strictly depends
on experimental data, a systematic error is included that arises from the specific
geometry of experimental setup.

The hard X-ray reflectivity measurements were carried out on a laboratory
difractometer (PanAlytical Empyrean) using the characteristic CuKα1 radiation
with a wavelength of λ = 0.15406 nm. The monochromatization and primary col-
limation of the incident beam was done using a four bounce asymmetricaly cut
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germanium monochromator which gives a beam divergence of ∆θ ≈ 0.015◦. For the
calculation of errors we have also taken into account the fluctuation of the direct
beam within – 2.5% of intensity, and possible errors in determination of incidence
angle of ∆θ ≈ 0.017◦.

The geometry of the experimental scheme, the cross section of the beam and
the sample size were used for calculation of geometrical effects near the angle of
total external reflection for GIXR data analysis. The measurement of EUV re-
flectivity was performed at PTB (Physikalisch-Technische Bundesanstalt) [17–19].
The accuracy of measurement was: intensity stability – 0.02%; fluctuations in the
detector – 0.04%; the presence of high-order harmonics – 0.02%; diffusely scattered
radiation – 0.08%. The total systematic error did not exceed 0.1%.

To reconstruct the multilayer structure, the calculations of GIXR and EUVR
data were fitted to the measured data. Initially only GIXR data were fitted, having
effective parameters Eq. 2.9 and layer densities as free parameters. The fit model
consisted of 49 periods with identical parameters and one additional top period
with independent parameters to account for the effect of surface contamination
(e.g. oxidation). The best fit model from GIXR analysis was subsequently used
as the initial model for the simultaneous fit of GIXR and EUVR data, where the
material compositions of layers are added as additional fit parameters.

For the analysis of a LaN/B multilayer, the LaN layer composition is defined
as (LaN)ωLaN

B1−ωLaN
and the B layer composition is defined as BωB

(LaN)1−ωB
.

Especially for a wavelength in the vicinity of the B-Kα absorption edge the EUVR
simulations are very sensitive to the B optical constants [20, 21] and therefore to the
B layer composition. For calculations of EUVR measured boron optical constants
were used [21].

To estimate uncertainties in reconstructed parameters, standard deviations of fit
parameters were calculated according to Eq. 2.13. Matrices of Pearson correlation
coefficients are calculated for GIXR, EUVR and cumulative fits using Eq. 2.14,
in order to analyze the stability of the solution of the optimization problem. The
correlation matrix is calculated separately for each experiment to analyze sensitivity
of the various experimental techniques to the parameters of the structure.

2.6 Results
The results of GIXR-only fitting are shown in Fig. 2.1 and the parameters of best
fit models are presented in Table 2.1. Fig. 2.1 shows experimental data and best
fit calculations, as well as the residuals u = (Iexp − Icalc)/σ. The good agreement
between fit calculations and experimental data can be recognized from the residuals
that stay well within a range of (−3÷ 3), and the fit quality value of χ2 = 1.01.

Fig. 2.2 shows measured and calculated EUVR curves. The dashed reflectivity
curve was calculated based on the model obtained after the GIXR-only fit. Although
the GIXR curve was fitted almost perfectly, the calculated EUVR curve does not
fit to the measurements at all. It is clear that the structure parameters obtained
from a GIXR-only fit are not sufficient to predict the multilayer characteristics in
the EUV range.
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Figure 2.1: Calculated and measured GIXR curves for a LaN/B multilayer (top section), and the
fit residuals (bottom section).

When a simultaneous analysis of GIXR and EUVR data is performed, the EUVR
data can be reproduced accurately, as shown in Fig. 2.2 (solid line). The fit quality
of the GIXR data, as obtained from the simultaneous GIXR and EUVR analysis,
remained similar to that shown in Fig. 2.1. Resulting fit parameters from the
simultaneous analysis are also shown in Table 2.1.

To explore the discrepancy between the calculated EUVR response from GIXR-
only and simultaneous GIXR and EUVR analysis, the δ-profiles and their tolerance
areas were calculated, based on the parameters presented in Table 2.1. The tolerance
areas are calculated using Eq. 2.15. The δ-profiles and their tolerance areas were
calculated for two wavelengths: 0.15 nm and 6.8 nm. The δ-profiles calculated for a
wavelength of 0.15 nm are indicated as δCuK in Fig. 2.3a. Profiles that are calculated

Figure 2.2: Calculated (see text for details) and measured curves for EUVR fit (top section) and
the residual between best fit solution and the measured data (bottom section).
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Figure 2.3: Tolerance areas of δ-profiles of double period, calculated for 0.154 nm (a) and 6.8 nm (b)
obtained for GIXR data fit (light) and cumulative GIXR and EUVR fit (dark).

Table 2.1: Resulting model of the periodic multilayer structure:

GIXR Simultaneous
D, nm 3.432± 0.001 3.434± 0.001

Γ 0.542± 0.005 0.529± 0.004
S 0.85± 0.01 0.846± 0.006
SΓ 0.529± 0.007 0.573± 0.005

ρB, g/cm3 2.7± 0.2 2.94± 0.07
ρLaN, g/cm3 5.4± 0.6 5.58± 0.14

ωB 1.00± 0.04 0.977± 0.002
ωLaN 1.0± 0.7 1.00± 0.03

for a wavelength of 6.8 nm are indicated as δEUV in a Fig. 2.3b. The profiles that
were calculated for a structural model obtained from the GIXR-only analysis will
be referred to further as δG

CuK and δG
EUV, while the profiles that correspond to the

simultaneous GIXR and EUVR analysis will be referred to as δS
CuK and δS

EUV.
The profiles can be divided into two types of regions, one region where the

value of δ is constant, related to the thicknesses d1 and d2 of the LaN and B layers
respectively, and another region where a gradual transition of δ occurs between the
LaN and B layers and between the B and LaN layers, corresponding to the interface
widths σ1 and σ2, respectively.

2.7 Discussion
The comparison of δG

CuK and δS
CuK profiles as plotted in Fig. 2.3a explains why the

fit quality of GIXR was not changed. The solution of the simultaneous fit stays
within the tolerance corridor of the solution of the GIXR-only fit. In Fig. 2.3a we
can also see that the introduction of EUVR data into the analysis strongly increases
the accuracy of the determination of optical constants, in particular at the position
of the La and B layers. Table 2.1 shows that after the simultaneous fit, the error in
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Figure 2.4: (top section) The relative errors of structural parameters. (bottom section) Matrices of
Pearson’s correlation coefficients. (left) for GIXR, (middle) for EUVR and (right) for simultaneous
optimization.

the determination of densities decreases significantly.
The comparison of δG

EUV and δS
EUV profiles shows that within the tolerance cor-

ridor of the δG
EUV, a large variety of optical profiles calculated for 6.8 nm wavelength

can be placed. The tolerance corridor of δS
EUV is dramatically narrower than that

of δG
EUV.
The δG

EUV profile, which corresponds to the best fit model of GIXR-only analysis,
does not fit into the δS

EUV corridor, which explains the poor prediction of EUVR data
from the GIXR-only analysis as shown in Fig. 2.2. The main reason for the large
tolerance regions of δG

EUV is that a variation of ωLaN, ωB, ρLaN and ρB parameters
would lead to only a small change in δCuK while leading to much larger changes in
δEUV.

Fig. 2.4 shows the errors of the determined parameters as well as Pearson’s cor-
relation coefficient matrices, calculated using Eq. 2.14, for the GIXR (a), EUVR (b)
and simultaneous (c) GIXR and EUVR analysis. Although we did not fit EUVR
curves separately, we have calculated errors of possible EUVR-only fit for discus-
sions. From Fig. 2.4a it can be concluded that the effective parameters (D,Γ,S
and SΓ) are determined with high accuracy from the GIXR-only fit. Specifically
the period D of the multilayer mirror can be determined within an uncertainty of
εD ≈ 0.01%. This high accuracy can be explained due to the fact that D is strongly
associated with the angular positions of the diffraction peaks, where a slight change
in D leads to a large change in χ2. As shown in Fig. 2.4a the parameter D is only
weakly correlated with other parameters. This is due the fact that shifting peaks
position cannot be compensated by the change of other structural parameters.

Effective parameters Γ,S and SΓ determine the shape of the δCuK-profile which
determines the intensity ratio of the diffraction peaks. The accuracy with which
these parameters can be determined from the GIXR analysis alone is typically in
the order of ε ≈ 0.1%. One can notice that the correlation between Γ, S and SΓ is
much larger than between D and the other parameters. This is related to the fact
that a change in the layer asymmetry parameter Γ can be partially compensated by
a change in the interface parameters S and SΓ. This large correlation explains the
large tolerance areas in the interface regions of δCuK, and indicates that GIXR-only
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data analysis is not sensitive to the exact shape of δ-profile in the interface regions.
In effect, the same fit goodness can be achieved with a linear or Gaussian interface
shape instead of the sinusoidal shape that was used in the analysis. To increase
the sensitivity to the interface shape, reflectivity information from a much larger
measured angular range is required. For GIXR reflectivity the minimal resolvable
feature can be estimated by the formula δz = λ/2π sin θmax, were θmax is the maxi-
mal measured angle. For the measurements presented here θmax = 5◦, therefore the
resolution of the optical contrast profile determination is limited by 0.3 nm.

Fig. 2.3a and Table 2.1 show that the addition of EUVR data to the reflectivity
analysis does not significantly increase the accuracy of determination of Γ and SΓ.
This is primarily because of the high correlations between S and SΓ for EUVR
data as showed on Fig. 2.4b. However the error of determination S was reduced
by a factor two as a result of the simultaneous data analysis of the EUV and
X-ray range. Fig. 2.4b shows that the EUVR-only analysis would not provide
accurate information about multilayer structure because of the large correlation
between parameters. The analysis of correlated errors in simultaneous EUVR and
GIXR data analysis showed only a minor decrease of the correlation coefficients as
compared to the GIXR-only analysis.

The analysis of correlated errors in simultaneous EUVR and GIXR data anal-
ysis showed only a minor decrease of the correlation coefficients as compared to
the GIXR-only analysis. However, the simultaneous analysis does significantly in-
crease the accuracy of the determination of the optical constants of the layers in the
multilayer structure. According to the Table 2.1, the largest increase of sensitivity
was observed for the determination of the density of the LaN layer (ρLaN) and for
the determination of the LaN atomic fraction in B layer (ωB). The reason for it is
the sensitivity of EUVR data to the optical contrast between spacer and reflector
layers in the multilayer. A reduction of the LaN layer density and an increase of
the B layer impurity would decrease the optical contrast and result in a decrease
of the EUV reflectivity and strong increase of the EUVR χ2. The precise recon-
struction of the optical constant profile and especially the optical contrast provides
a valuable towards comparing multilayer multilayer mirror deposition processes [2]
and towards predicting the reflectivity of multilayerswith different thicknesses or
number of periods [3].

2.8 Conclusions
In conclusion, a simultaneous analysis of both GIXR and EUVR significantly in-
creases the accuracy of the reconstruction of layer densities and material combi-
nation compared to GIXR-only analysis, which will be essential for the use of the
reconstructed models for the prediction of EUV reflectivity. The refractive index
profiles and their uncertainties can be accurately obtained by GIXR-only data anal-
ysis. The addition of EUVR data to the analysis marginally increases the accuracy
of the determination of the dimensional parameters. The analysis of correlations
indicated that EUVR-only fit will not give accurate representation of multilayer
period structure, and therefore can be used only in combination with GIXR.
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3
GISAXS study of

correlated lateral
density fluctuations in

W/Si multilayers

A structural characterization of W/Si multilayers using X-Ray Reflectivity (XRR),
Scanning Transmission Electron Microscopy (STEM) and Grazing Incidence Small
Angle X-ray Scattering (GISAXS) is presented. STEM images revealed lateral,
periodic density fluctuations in the Si layers, which were further analysed using
GISAXS. Characteristic parameters of the fluctuations such as average distance
between neighbouring fluctuations, average size and lateral distribution of their po-
sition were obtained by fitting numerical simulations to the measured scattering
images, and these parameters are in good agreement with the STEM observations.
For the numeric simulations the density fluctuations were approximated as a set of
spheroids distributed inside the Si layers as a 3D para-crystal (a lattice with short-
range ordering but lacking any long range order). From GISAXS, the density of the
material inside the density fluctuations is calculated to be 2.07 g/cm3 which is 89%
of the bulk value of the deposited layer (2.33 g/cm3).
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3.1 Introduction
Thin film periodic multilayer reflective coatings are used in spectroscopy and op-
tical instruments in the photon energy range of few tens of eV up to few keV, i.e.
from the XUV to the soft X-ray range [1, 2]. Depending on the application, various
aspects of the structural quality of reflective coatings should be prioritized during
the coating development process. As an example, often the reflectivity should be
maximized over a certain bandwidth around a particular wavelength. However, for
some applications like X-ray focusing optics the minimization of the off specular
diffuse scattering can be more important than maximization of the reflectivity. Pri-
marily, diffuse scattering in multilayers is caused by interface roughness. In specific
cases, diffuse scattering in multilayers may also be caused by a 3D distribution of
defects in the volume of the structure [3]. Analysis of the diffuse scattering pro-
vides information about the growth process including defects [4]. Such information
can indicate directions for further optimization of the reflective properties of the
multilayers.

In this study we focus on the characterization of the structural imperfections
of a W/Si periodic multilayer with a 4.5 nm period. Such a multilayer is typically
being used for fluorescent spectroscopy analysis in the XUV range. A first multi-
layer structure characterization using Scanning Transmission Electron Microscopy
(STEM) suggested that the Si spacer layers have lateral density fluctuations, as
opposed to what was expected from the growth model [5]. This observation was
confirmed using Grazing Incidence Small Angle X-ray Scattering (GISAXS). Nu-
meric simulations of the GISAXS experimental data were performed to analyse the
statistics of the distribution of the density fluctuations and the morphology of the
interface roughness.

3.2 Sample preparation and characterization
3.2.1 Sample preparation
W/Si multilayers were deposited on Si superpolished substrates using a magnetron
sputtering system [2]. A 6.35 mm thick substrate was used in order to avoid a de-
formation (curvature) of the substrate caused by the tensile stress in the multilayer.
A W target of 99.95% and Si target of 99.99% purity were used. Ar was used as a
sputtering gas at a base pressure of 10−4 mbar. Magnetrons were set at a constant
power mode equal to 86.7 W and 213 W for the W and Si targets respectively. The
multilayer coating prepared contained 50 W/Si bi-layers with a period thickness
D = 4.5 nm and W layer-thickness to period-thickness ratio of Γ = 0.23.

3.2.2 Preliminary sample characterization
with XRR and HAADF-STEM

As a post-growth characterization of the manufactured sample, X-ray reflectivity
(XRR) was used. The XRR curve was measured on an Empyrean laboratory diffrac-
tometer from Malvern Panalytical using characteristic CuKα1 radiation from a long
fine focus line source. Monochromatization and primary collimation of the incident
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Figure 3.1: HAADF-STEM image of W/Si multilayer. The W layers are shown as brighter areas
and Si as darker areas.

beam was achieved using a four bounce asymmetrically cut germanium monochro-
mator, which yields a beam divergence of 0.012◦. Collimation at the detector side
was achieved by an antiscatter slit in combination with a tunable electronic receiv-
ing slit of a PIXcel3D detector. XRR data was analysed using the assumption-
independent approach [6]. The resulting electron density depth profile was used to
verify initial estimations of D and Γ resulting in: D = 4.46 nm and Γ = 0.2. The
reconstructed parameters differ slightly from the design values because of the inter-
diffusion between W and Si occurring during the deposition. These parameters are
used further for the GISAXS numerical simulations presented in Section 3.4 for the
qualitative investigation of the structure of the Si layer.

STEM measurements were performed in a Titan 80-300 equipped with a spher-
ical aberration corrector (probe corrector), using an acceleration voltage of 300 kV.
The microscope was equipped with an energy-dispersive X-ray Si(Li) spectrometer
EDAX; high angle annular dark field electron detector Fischione and Gatan image
filter. High resolution bright field TEM measurements and electron diffraction pat-
tern (not shown here) indicated the presence of W nano-crystals in the W layers,
with a crystallite size comparable to the W layer thickness, typical for nanometer
thickness metal layers grown by sputter deposition. To study the microstructure
of the Si layers, high angle annular dark field scanning transmission electrom mi-
croscopy (HAADF-STEM) measurements were performed. The HAADF-STEM
images (see Fig. 3.1) revealed the presence of inhomogeneities inside the Si layers.
Such inhomogeinities are unexpected, since to our knowledge amorphous Si is not
known to develop any such density fluctuations during growth.

In Fig. 3.1 Si layers appear darker than the W layers due to both atomic number
contrast in HAADF-STEM and thickness effects as considered in [7]. The inhomo-
geneities inside the Si layers appear to be quasi-periodic, and their distribution is
statistically analysed in Appendix 3.6.C. The HAADF-STEM image however does
not provide more detailed information on the density fluctuations including their
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positional correlations throughout the multilayer. To extract such information, a
GISAXS study was performed, since GISAXS is highly sensitive to correlated struc-
tural imperfections (see comprehensive review in [8]).

3.2.3 GISAXS experiment

GISAXS measurements were done on the bending magnet beamline Langmuir of the
synchrotron radiation source Siberia-2 at the Kurchatov Institute [9]. Monochrom-
atization at the beamline is carried out by a thermally stabilized two bounce Si
monochromator with (111) reflection. Higher harmonics of the monochromatized
beam are suppressed with quartz and tungsten X-ray mirrors. The synchrotron
beam was collimated with three sets of slits. The resulting beam size is 50×300 µm2

and the corresponding average direct beam intensity is approximately 3 · 107 c.p.s.
The vertical beam divergence is 4 arcsec and 20 arcsec horizontally.

Experimental data was measured with a Pilatus100k 2D detector. Measurements
were taken at the wavelength λ = 0.1 nm in 12 exposures of 15 minutes each, in
order to avoid detector saturation. The angle of incidence was set to θ0 = 0.4◦ in
between total external reflection and the first Bragg peak. The sum of 12 GISAXS
measurements is shown in Fig. 3.2 at a logarithmic scale, where the colorscale of
Fig. 3.2a is chosen to emphasize high intensity scattering, whereas the same data is
given in Fig. 3.2b with the colorscale adjusted to emphasize lower intensity details.

The most pronounced feature in the GISAXS scattering are the resonant diffuse
scattering sheets [10]. The series of these sheets is marked by arrows 1 in Fig. 3.2a.
These sheets are caused by the correlated interface roughness [11]. In literature,
resonant diffuse scattering sheets are also being referred to as Bragg sheets [12].
Scattering geometry for the Bragg sheets is shown in Fig. 3.2a′. Here, kin, ksc are
the wave vectors for incidence and scattered beam respectively and q = ksc − kin

is the reciprocal space vector. Bragg sheets are located at qz ≈ 2πm/D.

A second feature marked by arrows 2 in Fig. 3.2a is known in literature as the
Bragg singularity lines [13]. These Bragg singularity lines are minima caused by
the distructive interference of the scattered waves with each other (ksc and k′sc in
Fig. 3.2a′′), while Bragg sheets are due to the Bragg interference of incident and
scattering waves. Bragg singularity lines are located at positions for which exit angle
of scattered beam θsc satisfies Bragg condition 2D sin(θsc) = mλ for the multilayer
structure.

In addition to the features discussed above one can observe two other features
in Fig. 3.2b. The first feature is the "halo" in between Bragg sheets (marked with
arrows 3 in Fig. 3.2b. The second feature is the "shadow" in between the third and
the fourth Bragg sheets (marked with arrows 4 in Fig. 3.2b). In Section 3.4 we will
show that these "halo" and "shadow" features can be reproduced by simulations
taking scattering on correlated density fluctuations of the material in the Si layers
into account. Within this approach the position of the "shadow" is due to the size
of the density fluctuations and the "halo" is due to the correlation in the positions
of fluctuations.
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Figure 3.2: a) Experimentally measured GISAXS intensity in arbitrary units in logarithmic scale.
b) Same experimental data, though the color scheme and color depth is chosen to emphasize low
intensity features. a′) Scattering geometry for the Bragg sheets. a′′) Scattering geometry for the
Bragg singularity lines.

3.3 GISAXS theoretical background
Calculations of diffuse X-ray scattering are performed using a perturbation the-
ory [14]. A rigorous formulation of the second order perturbation theory is given
in [10]. There, the theory is formulated in terms of the reciprocity theorem of elec-
trodynamics [15]. In this theorem, the scattering length f of the diffuse scattering
wave Ediff = f/r exp(−ikr) has the form:

f =
k2

0

4π

∫
Ein(r)Esc(r)δχ(r)d3V, (3.1)

where the function δχ(r) = χ(r)−χ0 represents a deviation of the actual dielectric
susceptibility χ(r) of a structure from the value χ0 of an ideal structure. Eq. 3.1 is
written in a scalar approximation. This χ0 value is used in the calculation of the
wave fields in the structure: the field Ein is induced by the incident beam, and the
field Esc by the diffusely scattered wave. Eq. 3.1 is commonly referred to as the
distorted wave Born approximation (DWBA). We have considered here s-polarized
radiation, as this was used in the measurements. Therefore, the fields Ein and Esc

are represented as scalar functions.
The intensity of the diffuse scattering is described with the scattering differential

cross section:
dσ

dΩ
=
〈
|f |2

〉
. (3.2)

Here averaging is applied to account for the random nature of imperfections δχ(r)
of the structure. δχ(r) is considered to be a stochastic variable, describing a spatial
distribution and a structure of the imperfections. In this work we will consider the
form of Eq. 3.2 explicitly written for interface roughness (in Section 3.3.1) and 3D
paracrystal of the density fluctuations (in Section 3.3.2). Finally, the wave fields
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Ein,sc are considered as plane waves with phase terms exp(±ikin,sc · r). Therefore,
considering the integration in Eq. 3.1 it is convenient to represent the imperfection
of the structure in the form of a Fourier transform: δχ̂(q), where q = ksc − kin.
The way of defining the probability density function of δχ̂(q) defines a recipe for
the simulation of the diffuse scattering on various types of imperfections. We now
briefly review the theoretical models.

3.3.1 Scattering on correlated interface roughness
For the calculation of the diffuse scattering on interface roughness of the multilayer,
the wave field within the j-th layer is considered to be E(j)(z) = E

(j)
t exp(ikzz) +

E
(j)
r exp(−ikzz). Amplitudes of transmitted E

(j)
t and reflected E

(j)
r components

of the standing wave can be calculated based on a model of the layered structure
reconstructed from XRR measurements (see [16] among others). In reference [17],
the integration for the scattering length in DWBA (similar to Eq. 1) was done,
considering the wave-fields described above, resulting in:

dσ

dΩ
=

k4
0

16π2

∑
j,k

∑
l,m,n,p
∈{r,t}

E
(j)
l,inE

(j)
m,scE

∗(k)
n,inE

∗(k)
p,sc Cjk(q). (3.3)

The second summation in Eq. 3.3, where the indices l,m, n, p denote the transmitted
(t) and reflected (r) waves, has sixteen terms. Each term has a correlation function
Cjk(q) = 〈δχ̂j(q)δχ̂∗k(q)〉 that describes the interface roughness morphology [5] of
each j, k pair of interfaces.

In our numeric simulations, we employ Ming’s model [18] for the calculation. For
the characterization of roughness morphology, Ming’s model involves the following
parameters: r.m.s. roughness amplitude σ; lateral correlation length ξ; Hurst pa-
rameter H that characterizes the jaggedness of a sample and the vertical correlation
length Lvert. For the detailed description of these parameters, see [4, 18].

3.3.2 Scattering on the density fluctuations
Here we consider lateral density fluctuations as an array of spheroids included into
a homogeneous matrix of the Si spacer layer. In the STEM image (see Fig. 3.1), one
can note that the fluctuations are confined within the Si layers. We note that the
vertical sizes are close to the value of the Si layer thickness and are not correlated
with the positions along the vertical direction. One can also note that the density
fluctuations appear as spheroids of comparable sizes. Additionally, we assume that
the density fluctuations are isotropically arranged in the lateral plane inside the Si
layers and we neglect correlations between their sizes and positions. Based on these
considerations, the density fluctuations are best described using a 3D para-crystal
model employing the mono-dispersion and decoupling approximations.

A comprehensive model for the simulation of diffuse scattering on a 3D para-
crystal [19] is given in [20], where scattering from quantum-dots is investigated.
There, an expression for the differential cross-section is derived using a decoupling
approximation. In addition to the decoupling approximation we simplify the ex-
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pression for the differential cross-section given in [20] assuming the mono-dispersion
approximation:

dσ

dΩ
=

k4
0

16π2
|titf |2|∆χ|2

∣∣∣F̂ (q)
∣∣∣2G(q). (3.4)

That equation is derived assuming:

δχ(r) = ∆χ
∑
R

FR(r). (3.5)

Here FR(r) is the shape function of the density fluctuation. It is equal to unity
inside the density fluctuation located at R and equal to zero elswhere.

Taking the Fourier transform of Eq. 3.5 in Eq. 3.1 results in two functions: F̂ (q)
and G(q). Form factor function F̂ (q) is a Fourier transform of a single density
fluctuation shape function FR(r) located at the origin R = 0. This function is
deterministic due to the mono-dispersion approximation. We considered a spheroid
shape of the density fluctution which has a form factor [21] that can be approximated
by:

F̂ (q) = 4πVsp
sinφ− φ cosφ

φ3
, (3.6)

where φ = q‖dL + qzdz, dL and dz are lateral diameter and height of the spheroid
respectively and Vsp is the spheroid volume.

The correlation function G(q) is a sum of phase displacements related to posi-
tions of the density fluctuations:

G(q) =

〈∑
R,R′

exp(−i {q ·R− q∗ ·R′})

〉
. (3.7)

Explicit mathematical expressions for this model are given in Appendix 3.6.A. The
characteristic parameters of this model are: lateral mean distance aL between each
two neighbouring density fluctuations, dispersion σL of the lateral mean distance,
vertical mean distance az and dispersion σz defined analogously to the lateral pa-
rameters, lateral dL and vertical dz sizes of the density fluctuations. Thus, parame-
ters aL, az, σL, σz describe positions of the density fluctuations and dL, dz describe
the size of the density fluctuations.

3.4 Results and discussion
3.4.1 Analysis of correlated interface roughness
The diffuse scattering due to interface roughness was analysed by fitting model
simulations, as described in Section 3.3.1 to three line-extractions of the data: the
first line-extraction is taken in the plane of incidence (along qz direction in qy =
0 nm−1), while the second and third line-extractions are in the Bragg sheet planes
(along qy in qz = 1.5 nm−1 and qz = 2.9 nm−1). Experimental data and best fits
are shown in Fig. 3.3.

The best-fit parameters are: Hurst parameter H = 1, roughness r.m.s. ampli-
tude σ = 0.2 nm, vertical correlation length Lvert = 48.3D and lateral correlation
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Figure 3.3: Experimental data (markers) and model simulations based on interface roughness (solid
line), for line-extractions of data at (a) qy = 0 nm−1, (b) qz = 1.5 nm−1, (c) qz = 2.9 nm−1.

length ξ = 8 nm. From the good agreement between simulations of the inter-
face roughness and the experimental data, we conclude that the diffuse scattering
along the plane of incidence Fig. 3.3a and in the Bragg sheets Fig. 3.3b,c is pri-
marily caused by interface roughness, which is well described by Ming’s model.
The interface roughness at σ = 0.2 nm is considered small. The value of H = 1
suggests that interfaces are smooth with no jaggedness. The vertical correlation
length (Lvert = 48.3D) is close to the full stack thickness, indicating a high degree
of roughness replication from interface to interface.

The obtained parameters allowed us to simulate the scattering caused by the
interfaces for the full range of experimental values of qy, qz. The results are shown
in Fig. 3.4a. As a visual aid, Fig. 3.4b shows the experimental data, together with
a contour line based on the simulations of interface roughness scattering that is
shown in Fig. 3.4a. We attribute the scattering intensity inside this contour line
to the correlated interface, and roughness and intensity outside the contour to the
density fluctuations.

3.4.2 Analysis of correlated density fluctuations
The intensity of the scattering from density fluctuations is strongly depending on
the correlation function and the form factor that describe the distribution of the
fluctuations. To build the initial model for fitting of the cross sections one can al-
ready assume the characteristic parameters of the density fluctuations distribution.

In the approximation of an ideally ordered distribution of density fluctuations
(described in Appendix 3.6.A), the scattering will have a peak at qy ≈ 2π/aL. In
Fig. 3.5 one can see maxima at qy ≈ ±0.8nm−1. Thus, as an initial guess we
assume that the mean lateral distance aL = 8 nm. Tails of the curves in Fig. 3.5 are
primarily determined by the form factor (see Appendix 3.6.A). Thus, simulating the
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Figure 3.4: GISAXS (a) Simulation of scattering from interface roughness (b) experimental data;
black solid contour separates two areas: inner area is mostly affected by interface roughness; the
outer area is mostly affected by density fluctuations. (c) Simulation of scattering from density
fluctuations inside the Si layers.

slopes of the cross section curves in Fig. 3.5 (qy range from 0.9 nm−1 untill 1.5 nm−1)
as an initial guess, we assume the sizes of the density fluctuations dL = 4 nm,
dz = 2 nm.

Statistical parameters of the density fluctuations were estimated using a best
fit to the GISAXS line-extractions of experimental data. The confidence intervals
of these parameters were estimated using a Hessian matrix calculated at the lo-
cal minima of the best fit. Statistical parameters of the density fluctuations were
also estimated using STEM data (see Appendix 3.6.C). The results are shown in
Table 3.1.

Visible in Table 3.1, the excellent agreement between STEM and GISAXS in
estimates of the positional parameters (aL, az, σL and σz). It is noted that the
mean lateral distance of the density fluctuations matches very well with interface
roughness lateral correlation aL ≈ ξ = 8nm. It hints that formation of the density
fluctuations affects interface roughness morphology. The mean vertical distance az
matches very well to the period of the multilayer D = az = 4.5±0.2 nm and disper-
sion of the mean vertical distance σz is lower than the r.m.s. roughness amplitude
σ estimated by fitting an interface roughness model, σz < σ (see Table 3.1). Thus,
we conclude that the density fluctuations are confined in the Si layer and do not
penetrate into the W layer. This observation is consistent with the STEM image
shown in Fig. 3.1.

Considering the absolute value of the scattered intensity, the size of the density
fluctuations and correlated parameters, using Eq. 3.4 we find the density contrast:
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Figure 3.5: Experimental data (markers) and model simulations based on interface roughness (red
line) and density fluctuations (blue line), for line-extractions of data at (a) qz = 2.2 nm−1, (b)
qz = 3.6 nm−1.

∆ρ = 0.26 ± 0.05g/cm3, which is approximately 11% percent of bulk Si density in
normal conditions.

Using the GISAXS best fit parameters, the intensity of the diffuse scattering
was simulated for the full area of the 2D detector shown in Fig. 3.4c. In Fig. 3.4c
one notes the interesting effect that scattering on the density fluctuations not only
causes an enhancement of the scattered intensity between Bragg sheets ("halo"),
but also a "shadow" of the scattering by destructive interference. This "shadow"
is defined by the shapes of the density fluctuations in the statistical ensemble.
The position of the shadow in Fig. 3.4c is consistent with experimental data in
Fig. 3.4b. Numerical examples of how "shadow" and "halo" features change with
the variation of the parameters of the para-crystal model are discussed in detail in
Appendix 3.6.B. The model used for the numerical simulations is one of the simplest
to describe the arrangement of the density fluctuations in the periodical structure.
However, the good agreement of simulations with measurement data justifies the
used approximation.

Comparing the absolute scattered intensities from interface roughness and den-
sity fluctuations, we conclude that diffuse scattering in the studied W/Si multilayer
system is primarilly due to the interface roughness, with only approximately 8%
of the total scattered intensity being caused by the density fluctuations. The for-
mation of the density fluctuations in the Si layers of a W/Si multilayer system is
unexpected. Additionaly, comparison of the mean lateral distance of the density
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Table 3.1: Calculated parameters of the density fluctuations using HAADF-STEM and GISAXS:

HAADF-STEM GISAXS
aL, nm 8.1± 0.8 8.0± 0.6
σL, nm 4± 1 3.2± 0.9
az, nm 4.92± 0.09 4.5± 0.2
σz, nm 0.13± 0.07 0.11± 0.09
dL, nm 4± 1 4.7± 0.4
dz, nm 2.2± 0.4 1.7± 0.2

fluctuations and lateral correlation length of the interface roughness hints that den-
sity fluctuations affect the interface roughness morphology. Thus, the analysis of
these density fluctuations is of interest for understanding of the multilayer growth
model.

Our hypothesis is that the density fluctuations in the Si layers are formed due
to the interaction with the high energy back scattered ions present during the mag-
netron sputtering deposition. Interacting with the sample surface during the Si
layer growth, these high energy ions distribute energy to the Si layers allowing the
formation of the lower density phase i.e. density fluctuations. Preliminary analy-
sis of various W/Si multilayers deposited with various doses of ion assistance show
that higher ion currents result in stronger "shadow" and "halo" effects. For a more
detailed investigation of the density fluctuations, the formalism of physical kinetics
[22] can be used. That theory allows to analyze the dynamics of statistical pa-
rameters of density fluctuations. In this work, we estimated the final statistical
parameters of the density fluctuations, which can be used in further analysis in the
formalism of physical kinetics as a subject of further research.

3.5 Conclusions
HAADF-STEM and GISAXS were used to study density fluctuations inside Si layers
in periodic W/Si multilayers of nanoscale thickness films. The fluctuations are
ordered vertically with a dispersion of σz ≈ 0.11 nm and mean distance az ≈ 4.5 nm
which is equal to the period of the multilayer sample. In the lateral direction,
i.e. within the Si layer,these density fluctuations have a mean mutual distance of
aL ≈ 8 nm, while the dispersion in the lateral direction is σL ≈ 3.2 nm. The
density fluctuations are strongly confined within the Si layers and have reduced
density (∆ρ ≈ 0.26g/cm3). This study exemplifies the level of detail on growth
phenomena that can be found using a combination of STEM and GISAXS analysis.

3.6 Appendix
3.6.A Correlation function of the para-crystal model
For the simulations in Section 3.4.2, the distribution of the density fluctuations is
taken into account using a para-crystal model. Considering the HAADF-STEM
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data (Fig. 3.1) we assume that fluctuations have short range ordering: the positions
are correlated stronger for neighboring density fluctuations then for distant density
fluctuations. Short range ordering is taken into account using cumulative position
errors [20]. Within that approach the correlation function for a 1D para-crystal
lattice has a form:

G(q) = Φγ + 2ΦRe(ν[γ − τ ]), (3.8)

where ν = ξη/(ξξ∗ − ξη) and τ = (1 − (ξη)N )/(1 − ξη), ξ = exp(−iq · a) is the
phase displacement related to the para-crystal lattice vector a, η = 〈exp(q · δ)〉 is
attributed to the position dispersion, δ is the cumulative position error vector and γ
is an effective parameter related to the number of irradiated particles N and X-ray
absorption:

γ =
1− Φ(q, N)

1− Φ(q, 1)
; Φ(q, N) = exp(−2N Im(q · a)). (3.9)

Assuming that the positions of the density fluctuations are normally distributed, η
can be calculated using a general formula [23]:

η = exp{(qxσx)2/2} exp{(qyσy)2/2} exp{(Re(qz)σz)
2/2}, (3.10)

where σ is the vector which components are position dispersion parameters along x,
y, and z axes. In the correlation function Eq. 3.8 absorption of X-rays is taken into
account. Note here that Eq. 3.8 takes into account 3D displacement of an object
from its original positions defined as a 1D para-crystal lattice.

Let us now consider limiting cases. In case of no absorption: γ → N , correlation
function converges to:

G(q) = N + 2Re(ν[N − τ ]). (3.11)

Both functions Eq. 3.8 and Eq. 3.11 have limits: lim|q|→0G→ N2 and lim|q|→∞G→
N . In Eq. 3.4 one can notice that dependence of the differential scattering cross-
section on qy is defined with the correlation function and the form factor Eq. 3.6.
For |q| → ∞ the correlation function is constant. Thus, in this case the scattering
intensity is primarily due to the form factor Eq. 3.6. In other words we can assume
that shape of the scattering "tales" in line-extractions of the experimental data
shown in Fig. 3.5 is solely defined with the form factor. This assumption was used
as an initial guess in the fitting procedure in Section 3.4.2. Finally in the limiting
case of no dispersion |δ| → 0, we obtain:

G =
sin2(q · aN/2)

sin2(q · a/2)
. (3.12)

In this case the correlation function converges to the interference function. In
other words within the para-crystal model scattering on an ideal distribution of
fluctuations is similar to diffraction from an ideal crystal.

For the numeric simulations in Section 3.4.2 we approximate the correlation
function of the 3D distribution as:

G3D(q) ≈ G1(q)G2(q)G3(q), (3.13)



Appendix

3

53

where Gi is the correlation function of the 1D para-crystal model Eq. 3.8, with 3D
lattice basis vectors chosen as:

a1 = (aL, 0, 0); a2 = (0, aL, 0); a3 = (0, 0, az), (3.14)

and the dispersion is parametrized with vectors:

σ1,2,3 = (σL, σL, σz). (3.15)

Strictly speaking, Eq. 3.13 is not taking into account position cross-correlations
between different lattice vectors, i.e. displacements of an object along ai and aj ,
i 6= j are considered as statistically independent. To compensate for this in the
simulations we performed azimuthal averaging of the correlation function: Eq. 3.13
is numerically integrated with respect to rotation of basis vectors around the z
axis. In the following sections we discuss how variation of the statistical parameters
around the best fit solution affects the correlation function and the form factor.

3.6.B Variation of statistical parameters
The correlation function (Eq. 3.13), calculated for the best fit parameters (see Ta-
ble 3.1) is shown in Fig. 3.6a,b,c and in Fig. 3.6d,e,f for various lateral and vertical
mean distance parameters aL and az. Examples of the density fluctuations en-
sembles were made by Monte Carlo process using the same statistical parameters
that were used to calculate the corresponding correlation functions, see Fig. 3.6a′–
f ′. Blue lines represent W layers, white lines – Si layers. Positions of the density
fluctuations are represented schematichally with dots.

It has been shown in Appendix 3.6.A that for the limiting case |q| → ∞ the
correlation function converges to a constant value. Indeed, in Fig. 3.6 one can see
that the correlation function is constant near the edges of the frame. Increasing and
decreasing the value of lateral mean distance aL results in a change of the "halo"
along the qy axis (see Fig. 3.6a,b,c). The width of the "halo" is proportional to
∼ 2π/aL. A change of the vertical mean distance az Fig. 3.6d,e,f results in a shift
of Bragg sheets and the "halo" along the qz direction. It is important to note here
that Bragg sheets in Fig. 3.6d,e,f are not caused by interface roughness. Here, Bragg
sheets are due to the periodicity of the density fluctuations in the z direction. In
the experimental data in Fig. 3.4a these peaks are not resolvable due to interface
roughness contribution to the diffuse scattering Fig. 3.4b. However, the vertical
position of fluctuations can be estimated by the shape of the "halo" feature.

In the HAADF-STEM image Fig. 3.1 one can see that density fluctuations are
confined within the Si-spacer layer. The same conclusion can be drawn from best
fit parameters: mean vertical distance az is equal to the period of the multilayer
D = az = 4.5 nm and dispersion of the mean vertical distance σz is lower than r.m.s.
roughness amplitude σ estimated by fitting interface roughness model, σz < σ.
Let us consider the case in which fluctuations starts to penetrate W layer. One
can simulate that situation with increasing parameter σz. In that case the "halo"
features are blurred significantly already at the dispersion values of σz = 0.5 nm
(see Fig. 3.7f).
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Figure 3.6: Correlation function |G(q)| with various mean lateral distance: (a) aL = 5 nm, (b)
aL = 8 nm, (c) aL = 12 nm; and with various mean vertical distance: (d) az = 4 nm, (e)
az = 4.5 nm, (f) az = 5 nm. (a′)–(f′) Examples of the density fluctuations ensembles that satisfy
the corresponding statistical parameters.
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Figure 3.7: Correlation function |G(q)| with various dispersion in lateral distance: (a) σL =
0.8 nm, (b) σL = 3.23 nm, (c) σL = 8 nm; and with various dispersion in vertical distance: (d)
σz = 0.05 nm, (e) σz = 0.11 nm, (f) σz = 0.5 nm. (a′)–(f′) Examples of the density fluctuations
ensembles that satisfy the corresponding statistical parameters.
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Figure 3.8: Form factor function |F̂ (q)|2 with various lateral size: (a) dL = 2 nm, (b) dL = 4.7 nm,
(c) dL = 12 nm; and with various vertical size: (d) dz = 1.3 nm, (e) dz = 1.7 nm, (f) dz = 2.3 nm.

In the opposite case of low values of distance dispersion σz = 0.11 nm and
σL = 0.8 nm (see Fig. 3.7a) the correlation function similar to the diffraction on
the crystal powder. That observation is consistent with Eq. 3.12 where the limiting
case |σ| → 0 is considered.

The form factor function Eq. 3.6 calculated for various size parameters is shown
in Fig. 3.8. One can observe in Fig. 3.8 that position of the "shadow" from the best
fit model (see Fig. 3.4c) is not as broad as it is in experimental data (see Fig. 3.4a).
This might be due to the mono-dispersion approximation. Finally, one can observe
in Fig. 3.8 that value of the form factor is decreasing along the qz direction. Since
the scattering differential cross-section distribution along qy is defined only with the
correlation function and the form factor (see Eq. 3.4) and the correlation function
is constant near the edge of the frame in Fig. 3.6, the tails in Fig. 3.5 are defined
by the form factor.

3.6.C Statistical analysis of HAADF-STEM image

In this section we describe procedure that has been employed for the estimation of
the statistical parameters in Table 3.1 from STEM image. Boundaries of fluctua-
tions were manually marked on the STEM image four points for each dark object
in Fig. 3.9.
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Figure 3.9: HAADF-STEM image of a W/Si multilayer. Each density fluctuation is manually
marked with four dots for the statistical analysis.

Position of each fluctuation has been calculated as a center of mass of these
four points. Lateral and vertical sizes has been calculated for each fluctuation as
max(xi) − min(xi) and max(yi) − min(yi) respectively, where i = 1, 2, 3, 4. Thus
statistical parameters has been estimated. To estimate confidence intervals of these
parameters we used t-distribution. Position parameters aL, az, σL and σz were
considered to be normally distributed, while size parameters dL and dz were con-
sidered to be gamma-distributed, since variation of size parameters are big and
negative values are nonphysical. Negative aL and az parameters are nonphysical
as well, however since variation of these parameters is smaller than that of the size
parameters, therefore we consider normal distribution to be a valid assumption for
these parameters.

3.6.D XRR analysis
X-ray reflectivity (XRR) curve fitting has been used for a preliminary character-
isation of the sample. XRR was measured on a laboratory diffractometer using
the characteristic CuKα radiation (incident beam wavelength λ = 0.154 nm). The
free-form approach were used for XRR fitting, see [6] for detailed description. XRR
curve was measured up until incidence angle θmax = 8◦. That corresponds to the
maximal vertical momentum transfer q(max)

z = 11.4 nm−1. According to the sam-
pling theorem, minimal discretisation step of the optical constant profile (δ-profile)
is dmin = π/q

(max)
z . Fitting by a model with discretisation step lower than dmin
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do not provide relevant information about the structure of the sample. Therefore,
the model of W/Si bi-layer period contained 16 sublayers with individual thickness
of approximately 0.28 nm each. In the model all 50 periods were assumed identi-
cal. Measured XRR curve were fitted by simulated curve using the derivative-free
bound-constrained optimisation algorithm BOBYGA [24]. The χ2 functional [25]
were used as a goodness of fit criterion. The measured XRR curve and the best
fit simulated curve are shown in Fig. 3.10a. Residuals normalised on measurement
uncertainty are shown in in Fig. 3.10b. The best fit model corresponds to the good-
ness of fit criterion of χ2 = 2.3. The δ-profile of the best fit is shown in Fig. 3.10c.
Model uncertainties (blue error corridors in Fig. 3.10c were calculated using the
formalism of inverse Hessian.

In the model, the surface of the sample was assumed separately from the period
to take oxidation into account. That allowed to improve goodness of fit in-between

Figure 3.10: XRR analysis. (a) Measured XRR curve and best fit. (b) Residuals. (c) Best fit
δ-profile.
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Bragg peaks (see inset in Fig. 3.10a). As a reference the vertical size of the density
fluctuations dz is shown in Fig. 3.10c. One can note that vertical size of the density
fluctuation fits perfectly in the Si layer, which is consistent with GISAXS and TEM
data.
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4
Specular-reflection

intensity modulated by
GID in a wide angular

range

Grazing incidence X-ray diffraction (GID) is a well known technique for the char-
acterization of crystal surfaces. We have performed a theoretical study of the sen-
sitivity of GID to the structure of a crystal surface and distorted nm-thin surface
layers. To simulate GID from crystals that have a complex subsurface structure,
we have applied a matrix formalism of the dynamical diffraction theory. We have
found that the azimuthal rocking curves of a crystal that has a distorted subsurface,
measured over a wide angular range, shows asymmetric thickness oscillations with
two distinguishable sets of frequencies: one corresponding to the diffraction in the
single crystal subsurface layer and the second corresponding to the diffraction in the
single crystal substrate. Therefore, azimuthal rocking curves allow characterization
of the subsurface structure of a single crystal. Furthermore, thickness oscillations
induced by evanescent diffraction modulate the specular-reflection intensity, showing
high intensity modulations. This will potentially allow implementation of subsurface
crystal characterization using, for instance, a lab-scale X-ray diffractometer.
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4.1 Introduction
The motivation for the characterization of crystal surfaces can be found in, for ex-
ample, the development of topological insulators [1] and spin-injection structures [2]
in which their properties depend on the crystal subsurface structure. However, the
characterization of this crystal subsurface is challenging because it typically requires
high brilliance synchrotron radiation [3] that is generally not as readily available as
radiation from compact lab-scale X-ray source setups.

Theoretical study of diffraction of evanescent X-rays and its relation to disper-
sion surface [4] has shown that diffraction in grazing incidence (GID) geometry is
sensitive to the surface structure of the crystals. In particular, grazing incidence
ensure a limited penetration depth, thus the beam mainly irradiates the surface
and subsurface of the crystal. Near-surface horizontally propagating X-rays diffract
from crystal planes perpendicular to the surface if the angle between the X-ray beam
and the crystal planes satisfies Bragg’s condition. This effect has been demonstrated
experimentally [5].

However, the intensity of the diffracted beam is very low in GID, necessitating
synchrotron-based experiments. Yet the specular-reflection intensity, at grazing
incidence is much higher than that of diffraction. It has been shown in [6, 7] that
specular-reflection intensity is modulated by the Bragg peak in GID. The intensity of
the specular-reflection in the Bragg’s condition for GID gives information about the
structure of the subsurface layer; namely, thickness, amorphization and deformation
(for example with use of static factor [8]).

However, the analysis discussed above is limited to the Bragg’s condition. Yet
information about the depth profile of the lateral lattice parameter and the relative
lattice orientation is within a range far from GID Bragg’s condition. In order to
obtain the structural parameters of ultra-thin crystal subsurface layers, we here pro-
pose to extend the analysed angular range further away from the Bragg’s condition.
In numeric simulations we observed that a GID beam far from Bragg’s condition
also modulates a specular-reflection intensity.

In this chapter, we present a theoretical study of reflection intensity modulation
involving the use of the matrix formalism of the dynamical diffraction theory [9].
Minor difference in structures of the bulk and the surface of the crystal significantly
affect the GID intensity. The phase of the wave diffracted from the surface is
slightly different from the phase of the wave diffracted from a bulk crystal substrate.
Both these waves interfere, in a similar way to an acoustic beat, creating thickness
oscillations with two distinguishable sets of frequencies on the rocking curves far
from the Bragg’s condition.

We have derived approximate expressions for the dispersion surface in order to
understand how the parameters of the structure affect specular-reflection intensity
modulation. In addition to thickness, deformation and amorphization, one can
analyse the depth profiles of the lateral lattice parameter and the lattice orientation.
Finally, a wider angular range allows us to increase the precision of estimation of
these parameters compared to estimates in previous studies.

To study the feasibility of such measurement using low intensity sources, we
have conducted numerical simulation of specular-reflection intensity while assuming
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Figure 4.1: Geometry of the GID azimuthal rocking curves measurement.

typical parameters for lab-scale X-ray instrument. Based on the results of this
simulation, we conclude that it is feasible to take such a measurement using the lab
X-ray source.

4.2 Theoretical background: Dynamical theory of
diffraction

In this section, we review the matrix formalism [10, 11] of the dynamical diffraction
theory [12] that we implement for the numerical simulations in Section 4.4. The
problem of X-ray diffraction is approximated by the scalar wave equation [13]:

∇2E + [1 + χ(r)] q2
0E = 0, (4.1)

where E is the scalar amplitude of polarised electric wave, and q0 = 2π/λ is the
wave number of the wave in vacuum with wavelength λ. This equation was de-
rived by assuming that diffraction is an elastic scattering process and the magnetic
permittivity is equal to unity µ = 1. The crystal structure is represented with a
dielectric susceptibility χ(r) as a function of coordinate r.

In the GID geometry (see Fig. 4.1), one has to consider multiple scattering pro-
cesses. Therefore, the dynamical theory of diffraction is used for GID. In that theory
the solution of the wave equation is in the form of the Bloch wave [14]. The matrix
formalism of the dynamical diffraction theory [10] considers two main scattering
processes: reflection and diffraction. Within such a two-beam approximation, the
wave field has the form:

E(r) = E0e
ik0·r + Ehe

ikh·r, (4.2)

where k0 and kh = k0 + h are the wave vectors and E0 and Eh are Fourier compo-
nents of electric field corresponding to transmitted and diffracted waves respectively,
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and |h| = 2π/a is the reciprocal lattice vector, perpendicular to the lattice planes
with spacing a. The dielectric susceptibility χ describes the optical properties of
the medium [15]. Following the two-beam approximation, in a medium with a pe-
riodical local structure such as in a crystal, one can represent the susceptibility as
a Fourier series:

χ(r) = χ0 + χhe
−ih·r, (4.3)

where the χ0 component represents the amorphous properties of the medium, and
χh defines the local crystal structure. The reciprocal lattice vector h determines
the family of lattice planes on which diffraction occurs.

Following the approximations in Eq. 4.2 and Eq. 4.3, one can derive the disper-
sion equation for s-polarized beam:

(k2
0 − k2)(k2

h − k2) = q4
0χhχ−h, (4.4)

where k =
√

1 + χ0q0 and is the wave number of the transmitted wave in the case of
an amorphous medium. Wave numbers k0 and kh are associated with transmitted
and diffracted waves in a crystal medium and differ from k due to the dispersion
in the crystal. An explicit analytical solution of the dispersion equation in GID
geometry (close to the Laue–Bragg transition point) is given in [16]. For simplicity,
we here consider the exact vector form of the dispersion equation and solve it
numerically.

The tangential component of a wave vector is constant in all media as a result
of translational invariance. The difference between the vertical components of the
wave vectors is expressed as the aberration coefficient ξ; these two states can then
be formulated as:

k0 = q0 + q0ξez; kh = q0 + q0ξez + h, (4.5)

where ez is the unit vector along the z axis normal to the surface of the crystal.
Applying Eq. 4.5, the dispersion equation Eq. 4.4 becomes a polynomial equation
of the fourth order with respect to ξ. Solutions of the dispersion equation Eq. 4.4
represent a geometrical surface – a dispersion surface. The Laue diffraction condi-
tion for vectors k0 and kh is satisfied at the intersection of the dispersion surfaces.
Therefore, the shape of the dispersion surface describes the scattering process. We
describe this in detail in Appendix 4.6.A.

To calculate amplitudes Es and Eh of specular-reflection and diffraction waves
respectively for a layered sample, one needs to consider the continuity conditions
for the electric field [15] in a stratified medium. A semi-infinite vacuum is separated
from a semi-infinite crystal substrate by a stack of N − 1 layers that have parallel
interfaces. The vacuum medium has an index i = 0 and the crystal is enumerated
as i = N . Each i-th layer has a thickness di. Then applying continuity conditions
to each interface one can derive:

v0 = M · vN , (4.6)

where v0 = (1, 0, Es, Eh)T and vN = (D1, D2, 0, 0)T are vectors of values of the
amplitudes in the vacuum and in the substrate respectively, M is the characteristic
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matrix of the sample:

M = M−1
0 M1T1M

−1
1 M2...TN−1M

−1
N−1MN , (4.7)

where Ti = δjk exp(iκ
(j)
i di) is a propagation matrix of the i-th layer, κi = k

(j)
0i,z is the

j-th solution of the dispersion equation in the i-th layer and Mi is the characteristic
matrix of the i-th layer. In the case of a mono-crystalline layer its characteristic
matrix has the form:

Mi =


1 1 1 1

κ
(1)
i κ

(2)
i κ

(3)
i κ

(4)
i

c
(1)
i c

(2)
i c

(3)
i c

(4)
i

u
(1)
i u

(2)
i u

(3)
i u

(4)
i

 ; i 6= 0. (4.8)

Here c(j)i = (|q0 + q0ξ
(j)
i ez|2 − k2

i )/q2
0χ−h,i and u

(j)
i = c

(j)
i κ

(j)
i . In the special case

of the vacuum medium, the characteristic matrix has the form:

M0 =


1 0 1 0
q0,z 0 −q0,z 0
0 1 0 1
0 −qh,z 0 qh,z

 . (4.9)

Element qh,z is the vertical component of the wave vector of the diffracted wave
in the vacuum medium. Due to the translational invariance, the wave numbers of
diffracted and incident wave are the same: q0 = qh. Therefore, one can derive:

q2
h,z = q2

0 − (q0 + h)2
‖. (4.10)

Finally, solving Eq. 4.6 with respect to Es and Eh allows calculation of the ampli-
tudes of the specular-reflection and diffraction waves:

Es =
M31M22 −M32M21

M11M22 −M12M21
; Eh =

M41M22 −M42M21

M11M22 −M12M21
. (4.11)

4.3 Geometry of the diffraction of evanescent X-
rays.

In general, the measurement of GID rocking curves is carried out through an az-
imuthal rotation of the sample (rotation around the normal to the surface). We
denote the angle between vector h and the xy plane as ψ. Fig. 4.1 shows a typical
measurement geometry for GID, where for clarity of the drawing the lattice planes
are chosen to be perfectly perpendicular to the crystal surface (ψ = 0), although
the equations in Section 5.2 allow any orientation of the lattice planes. For ψ = 0
the reciprocal lattice vector h lies in the surface plane. The coordinate system is
chosen such that the tangential projection of the incident wave vector lies in the
plane yz and the xy plane is parallel to the surface. Thereby, the orientation of the
crystal planes is described by the position of the vector h, i.e. by azimuthal angle φ.
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The Bragg’s condition in this geometry can be formulated as q0 ·h = −q0h sin θB,
where θB is the Bragg angle. Since lattice planes are chosen to be perpendicular
to the surface, the diffracted wave propagates towards the bottom of the crystal:
Rekhz < 0. If the grazing angle of incidence is slightly above the critical angle
θ0 ∈ (θc, 2θc) then the diffracted wave kh also propagates at an angle nearly parallel
to the surface and reflects from the surface [4, 17].

The nature of that evanescent diffracted wave with wave vector qh is counter
intuitive. On the one hand, that wave has a diffraction nature, but on the other
hand it clearly does not satisfy the Laue diffraction condition qh − q0 6= h, since
qhz > 0. However, Eq. 4.10 holds, and that yields the interesting result that a small
change of the azimuthal angle φ will lead to a much larger change in the diffraction
exit angle θh. The ratio can be two to three orders of magnitude, depending on
wavelength and lattice spacing.

The fact that θh changes during azimuthal rotation is not the only consequence
of Eq. 4.10. One can notice that in the case of q2

0 < (q0 + h)2
‖, Eq. 4.10 has no

solution in real numbers. In that case, by analogy with the effect of total external
reflection, the evanescent diffracted wave is extinct. The point q2

0 = (q0 + h)2
‖ is

termed as the Laue point. By analogy with the situation of a critical angle, the
Laue point is the azimuthal angle position below which a GID beam cannot exit
the crystal.

4.4 Diffraction of an evanescent wave from a dis-
torted subsurface layer

In this section, we discuss predictions of the dynamical theory for the diffraction of
a GID wave on a distorted crystal subsurface. The model sample is a silicon single
crystal incorporating a thin "distorted" single crystalline Si layer with a lattice
mismatch on top. Layer and substrate consist of the same material, and the lateral
lattice mismatch of 0.1% is not sufficient to change the optical density, hence there
is no optical contrast between the subsurface layer and the bulk of the single crystal.
In this example, the thickness of the layer is d = 9 nm.

Consider the ideal case in which the Laue point is close to the Bragg’s condition.
In that case, the crystal planes are perpendicular to the surface of the sample.
As described in Section 4.3, in this case the Bragg’s condition is satisfied for the
diffracted wave propagating towards the bottom of the crystal but due to the small
angle of propagation that beam partially reflects and exits the crystal through the
surface. That process is due to the diffraction that occurs in the lateral direction,
and the phase rapidly changes in the vertical direction due to constraints on the
wave vector in a vacuum medium, Eq. 4.10. That makes this scattering process
sensitive to the lateral crystal structure with respect to its vertical displacement
from the surface of the sample.

Although the model of the sample have not any optical contrast, there are
actually strong thickness oscillations (see Fig. 4.2a). Three details are relevant
about these oscillations. First, the frequency of the oscillations varies with the
azimuthal angle φ. Second, the thickness oscillations have a duplet structure: an
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Figure 4.2: Simulation of a GID azimuthal rocking curve. Model: Incident angle θ0 = 0.5◦,
wavelength λ = 0.154 nm. Si mono-crystal, surface orientation (001), scattering crystal planes
series {220}, no miscut ψ = 0◦; with 9 nm distorted crystalline Si layer with lateral lattice
constant difference 1 − aCrystal/alayer = 0.1%. (a) GID azimuthal rocking curve. (b) Dispersion
surface cross-section. Orange curves – dispersion in the substrate, blue curves – dispersion in the
subsurface layer, blue dashed curve – neglected root of dispersion equation.

oscillation consists of two peaks. Third, there are no oscillations for azimuthal
angles bellow the Laue point. The Laue point for the layer is shown in Fig. 4.2 as
a vertical black dashed line.

To address these features, we refer to the cross-section of the dispersion surface.
The curves in Fig. 4.2b show the dependency of the vertical component of the
wave vectors with respect to the azimuthal position. Essentially, these wave vectors
describe the propagation angles of the waves in the sample. There are two branches
of the dispersion surface: the orange curves are due to the waves in the substrate
and the blue curves are due to the waves in the distorted layer.

During azimuthal rotation of the sample, the angles of propagation of transmit-
ted and reflected wave are constant. Therefore, transmitted and reflected waves
are represented by horizontal lines. Note that the dispersion curves of the trans-
mitted and reflected waves in the layer and substrate coincide. That is due the
absence of any optical contrast. The wave reflected on the interface between layer
and substrate (black dashed line) is negligible due to the small angle of incidence
and the absence of optical contrast. For this reason, that wave was neglected in the
three-roots approach (see Appendix 4.6.B).

The dispersion curves of the diffracted waves diverge in the range above the
Laue point, because the propagation angle of the diffracted wave changes with
azimuthal angle, as discussed in Section 4.3. That is the reason why the frequency
of the thickness oscillations shifts with azimuthal angle. The difference between
orange and blue branches (see Fig. 4.2b) yields the duplet shape of the oscillations
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Figure 4.3: Exact (solid lines) and approximated (dashed lines) solutions of the dispersion equation.
Model: Incident angle θ0 = 3◦, wavelength λ = 0.154 nm. Single Si crystal, surface orientation
(001), scattering crystal planes series {220}, miscut angle ψ = 2◦; (a) Large scale (b) Near the
Laue point (c) Close to Bragg condition.

in Fig. 4.2a. The physical explanation for this phenomenon is the fact that there
are two evanescent waves propagating through the layer representing diffraction in
both the layer and in the substrate.

Now consider approximated analytic solutions of the dispersion equation. To
derive these we will approximate the dispersion equation by a continuity condition,
expressed as Eq. 4.10. Following that approach, solutions for the specular waves
simply converge to translational invariance:

k0,z

q0
= ±(χ0 + sin2 θ0)1/2. (4.12)

Assuming that |qh| ≈ |kh| for diffracted waves we derive:

k2
h,z ∝ sin2 θ0 − γ2

B cos2 ψ − 2γBη, (4.13)

where η = cosψ cos θ0 sinφ and γB = 2 sin θB = λ/a for lattice constant a. The
approximation |qh| ≈ |kh| is due to the fact that in an in-plane geometry the
asymmetry of the diffraction is significantly higher than the refraction. Yet the
refraction can be taken into account by a factor 1 + χ0 into the left-hand term of
Eq. 4.10. The Laue point then satisfies equality:

sin2 θ0 − γ2
B cos2 ψ = 2γBη. (4.14)

Now, consider the displacement related to the miscut angle ψ:

kh,z
q0
≈ ±(sin2 θ0 − γ2

B cos2 ψ − 2γBη)1/2 − γB sinψ. (4.15)

Thus, Eq. 4.15 and Eq. 4.12 are approximated solutions of the dispersion equa-
tion. The comparison of the approximated and exact solution is shown in Fig. 4.3.
Therefore the diffraction, is the result of coupled oscillations of these two evanescent
waves.
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Figure 4.4: Simulations of the specular reflection intensity and GID azimuthal rocking curve.
Model: Si mono-crystal with various thicknesses of distorted layer: (a) d = 0 nm (b) d = 2 nm
(c) d = 5 nm and (d) d = 12 nm. Incident angle θ0 = 0.5◦, wavelength λ = 0.154 nm. Single Si
crystal, surface orientation (001), scattering crystal planes series {220}, miscut angle ψ = 2◦.

This approximate solution can be used for easy analysis of the frequencies of
the thickness oscillations, omitting complex numerical simulations. Finally, below
the Laue point the dispersion curves converge to zero and remain constant. Within
that range, diffracted waves in the layer are extinct and there are no interference,
and thus no oscillations.

Now, by an analogy with the study of amorphous layers with specular-reflection
intensity [18], let us consider how diffraction of the evanescent wave in the distorted
layer affects the specular-reflection. To observe modulation of the specular-reflection
intensity by GID, a small miscut of ψ = 1◦ is considered in the model of the sample.
Fig. 4.4 shows a simulation of the specular-reflection and evanescent diffraction for
various thicknesses of the top layer, as a function of the azimuthal angle around
substrate Bragg peak.

For the simulations shown in Fig. 4.4a there is no top layer present, and one
can observe that the intensity of the specular-reflection intensity is modulated by
the diffraction from the substrate Bragg peak alone. With a thickness d = 2 nm
of the top layer (see Fig. 4.4b), the diffracted intensity of the Bragg peak from
the substrate decreases drastically and one can note how thickness oscillations are
appearing. In Fig. 4.4c, one can see the shape of the Bragg peak from a distorted
crystal layer at a thickness of d = 5 nm. At this thickness, both diffraction from the
subsurface and diffraction from the substrate simultaneously modulate the specular-
reflection. At a 12 nm layer, there is no peak of diffraction from the substrate but
there is still a modulation to the specular-reflection. That can be explained by the
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Figure 4.5: Specular reflection intensity. Comparison between ideal curve and measurement sim-
ulation. Instrument model parameters: Ge {220} monochromator, wavelength (CoKα – line)
λ = 0.18 nm, photon energy dispersion δE = 1.1 eV, incidence angle θ0 = 0.7◦, angular diver-
gence in azimuthal direction δφ = 15 arcsec, direct beam intensity I = 104 c.p.s., measurement
time 85 min. Sample model: Single Si crystal, surface orientation (001), scattering crystal planes
series {220}, miscut angle ψ = 1◦, with distorted d = 7 nm thick layer.

fact that there is no diffracted wave propagating towards the surface, but there is
still a transmitted diffracted wave in the substrate propagating toward the bottom
of the crystal.

Notice that for the case of a thick subsurface layer shown in Fig. 4.4d, there is
almost no Bragg peak from the substrate visible in the GID rocking curve. However,
modulation of the specular-reflection intensity by the Bragg peak from the substrate
is still observed. This can be used in an experiment as a reference point in order
to estimate the difference of lattice constants between the distorted layer and the
substrate. The approximated solution Eq. 4.15 of the dispersion equation depends
on the lattice constant γB = λ/a and the miscut angle ψ. The form of this equation
implies that it would be possible to distinguish the influence of the lattice constant
and the miscut angle on the frequencies and the shape of oscillations during the
experiment.

Finally, in order to check the feasibility of specular-reflection intensity modula-
tion, we conducted numerical simulation. The results of this numerical simulation
are shown in Fig. 4.5.

Here we consider the typical parameters of lab X-ray instrument. For higher
resolutions, compared to conventional CuK-line X-ray tube, we consider an X-ray
tube with a lower photon energy: CoK-line. We have considered the Ge {220}
monochromator. The spectral width of the Ge {220} peak for the CoK-line is δE =
1.03 eV. For the simulation, we consider the worst parameters for which features of
the ideal curve are still resolvable: photon energy dispersion δE = 1.1 eV, angular
divergence in azimuthal direction δφ = 15 arcsec, direct beam intensity considered
to be low I = 104 c.p.s. due to a strong collimation of the beam. Measurement
uncertainties were estimated considering that measurement took 90 minutes. Thus
we conclude the feasibility of specular-reflection intensity modulation measurement
on lab-scale X-ray diffractometer
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As a logical next step, experimental evaluation of these new predictions of the
dynamical theory would be necessary. In particular, the simplicity of the specular
geometry and the high intensity of the reflected beam provide an opportunity to
implement the technique on a relatively (compared to synchrotron) low power lab
based X-ray diffractometer, as distinct from a synchrotron-based system.

4.5 Conclusions
Implementation of the matrix formalism of the dynamical X-ray diffraction theory
allowed us to describe theoretically a novel scattering process for single crystals that
have defects in the crystal structure of the subsurface layers, that were introduced
by the interaction with the atmosphere. GID waves induced in the subsurface
interface and on the surface yield strongly asymmetric azimuthal curves. That
asymmetry allowed us to estimate the difference between lattice constants of the
subsurface and crystal substrate, the thickness of the distorted subsurface structure,
the difference in miscut between subsurface and substrate, and the optical contrast.
Based on obtained approximate solutions of dispersion equation we conclude that
these parameters are uncorrelated. It was also shown by means simulations that
GID also modulates the specular-reflection which potentially allows one to take
measurements using lab-based instruments, making the technique widely accessible
to researchers.

4.6 Appendix

4.6.A Numerical simulation of the dispersion surface
The roots ξ of Eq. 4.4 are aberration coefficients. They determine the deviations
from the vertical components of the wave vectors. Tangential components are known
due to translational invariance. So, for a given set of ξ calculated for every possible
incident wave vector q0 and using Eq. 4.5, one can calculate the dispersion surface.
The physical interpretation of the roots of the dispersion equation is that each of
them is assigned to a component of a Bloch as wave expressed in Eq. 4.2. Thus,
one can distinguish the role of a particular component in the scattering process.

For simplicity, we first consider the trivial case of conventional symmetric X-ray
diffraction. The cross-section of the dispersion surface for that case is shown in
Fig. 4.6. The axes of Fig. 4.6 represent the vertical and the tangential components
of the wave vectors. The surface of the crystal is shown schematically in Fig. 4.6a
as a solid black line at the center. In the case of symmetric X-ray diffraction,
the lattice planes are parallel to the surface (see Fig. 4.6a). It is similar to an
Ewald construction, considering two spheres of k =

√
1 + χ0q0 radius. The distance

between the centers of the spheres is the length of the reciprocal lattice vector h.
The sphere that has it center in (kz, k‖) = (0, 0) (blue circle) represents the set of
k0 vectors while the other sphere (orange circle) represents the set of kh vectors.
The point of intersection corresponds to the Bragg angle.

Due to dispersion, absolute values of incident and diffracted waves are not re-
stricted to being the same. Indeed, close to the Bragg angle one can see deviations
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0

Figure 4.6: The dispersion surface cross-section of symmetrical diffraction in co-planar geometry.
Scattering planes Si {111} lattice planes family. Surface orientation (111). a) Large scale. b)
Small scale near Bragg’s condition.

of the dispersion surface from a spherical shape; see Fig. 4.6b. This is qualitatively
explained by the formation of a standing wave under the Bragg’s conditions due to
the coherence between the incident and the scattered waves. Fig. 4.6b shows that
in the case of symmetrical diffraction there are two roots of the dispersion equation
involved.

In the case in which the lattice planes are not parallel to the surface of the
crystal, the process of X-ray diffraction is asymmetric. The angle of the reflected
beam and the exit angle of the diffracted beam are no longer equal. The shape of
the dispersion surface is different in that case, see Fig. 4.7. It can be observed that
the Ewald sphere is rotated with reciprocal lattice vector h at an angle ψ. In this
case, part of the blue sphere (corresponding to k0) to the right from the dotted
dash line in Fig. 4.6b is not covered above with the orange sphere (corresponding
to kh). This means that an incident beam unnecessarily spawns a diffracted beam
exiting the crystal. The dotted vertical dash line represents the Laue point. At
that point, the configuration of the scattering process is changing. The diffracted
beam propagates towards the bottom of the crystal instead of exiting through the
surface. The effect of the Bragg – Laue transition on in-plane diffraction curves is
considered in Section 4.3.

The shape of the dispersion surface close to the Bragg condition shows that
three roots of the dispersion equation are involved in the diffraction (see Fig. 4.7b).
The fourth root is far on the other side of the Ewald sphere. In other words, the
wave represented by this root is not coherent to the other waves; therefore, its
contribution to the diffraction is negligible. We assume that in any geometry at
least one wave is not coherent to the others. Following that assumption, we modify
the matrix formalism to accommodate only three roots of the dispersion equation,
as discussed in Appendix 4.6.B.

4.6.B Comparison of simulations that use three roots and four
roots matrices

The propagation matrix T may become poorly conditioned due to exponents in
its elements. Reducing the number of elements in the matrix T can significantly
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0

Figure 4.7: The dispersion surface cross-section of asymmetrical diffraction in co-planar geometry.
Scattering planes Si {111} lattice planes family. Surface orientation (111). a) Large scale. b)
Small scale near Bragg’s condition.

improve the calculation stability. Therefore, following our assumption (see Ap-
pendix 4.6.A) that only three roots of the dispersion Eq. 4.4 are relevant, one can
reduce the matrix, neglecting the root of the incoherent wave:

Mi =


1 1 1

κ
(1)
i κ

(2)
i κ

(3)
i

c
(1)
i c

(2)
i c

(3)
i

u
(1)
i u

(2)
i u

(3)
i

 ; i 6= 0. (4.16)

For given atomic coordinates in a unit cell and atomic scattering factors for each
atom in that unit cell, one can calculate the components of the susceptibility:

χg = −relλ
2

πV

∑
s

fse
−ig·rs ; g = 0,h,−h, (4.17)

where V is the unit cell volume, rel – the classical electron radius, rs – the coordi-
nates of atom in a unit cell and fs – the atomic scattering factor [19]. Summation
is performed over all atoms s in a unit cell of the lattice.

Next, the dispersion equation Eq. 4.4 is solved and each root is associated with
an amplitude in an array from one to four. The first root should correspond to a
transmitted wave, the second to a diffracted wave towards the bottom of a crystal,
the third to a specular-reflection wave and the fourth to a diffracted wave towards
the surface. Next, roots of the incoherent wave are neglected and then via Eq. 4.7
and Eq. 4.11 amplitudes Es and Eh are calculated. Finally, the intensities are
calculated:

Is = |Es|2; Ih = |Eh|2
∣∣∣∣qh,zq0,z

∣∣∣∣ . (4.18)

We tested these approaches with three and four roots for simulation of sym-
metric diffraction and reflection. The discrepancies concerned the levels of machine
epsilon. For the GID geometry, discrepancies were highest at a level of δI ≈ 10−5.
However, such discrepancies are irrelevant for practical applications. Thus, three-
root approximation was used for all numerical examples described in this chapter.
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5
3D X-ray standing waves

Following the recent demonstration of the sensitivity of grazing-incidence X-ray flu-
orescence (GIXRF) to the 3D atomic distribution of different elementss in periodic
nanoscale structures, this chapter presents a new computational scheme for the sim-
ulation of GIXRF intensity from such periodic 2D and 3D nanoscale structures. The
computational scheme is based on the dynamical diffraction theory in many-beam
approximation, which allows to derive a semi-analytical solution to the Shermann
equation in linear-algebraic form. The computational scheme has been used to ana-
lyze recently published GIXRF data measured on 2D Si3N4 lamellar gratings, as well
as on 3D Cr nano-columns. Parameters of these structures have been reconstructed
by fitting numeric simulations to the experimental data. Reconstructed parameters
show good agreement with nominal parameters used in the manufacturing of the
structures, as well as with reconstructed parameters based on finite element method
simulations, in case of the Si3N4 grating.
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5.1 Introduction
Achievements in the field of science and technology related to the manufacture of
nanoscale devices are associated with the systematic decrease of the characteristic
sizes of the structure of such devices. Decrease in characteristic size leads to the
fact that the performance of some nanoscale devices is affected by minor variations
in its structure geometry, elemental composition and atomic distribution of differ-
ent elements inside the structure. Examples of such structures can be found in
microelectronic industry [1, 2]. Understanding and improving the performance of
such devices therefore requires the use of nanometrology techniques that are ca-
pable to reconstruct geometry of the structure, the elemental composition and the
three dimensional atomic concentration distributions of different elements. Such
element selective analysis can be done by measuring X-ray fluorescence excited by
the grazing-incidence radiation (GIXRF). When an X-ray standing wave (XSW) is
excited in an object, the GIXRF intensity will be determined by the XSW ampli-
tude at the location of the fluorescent atoms. By varying the angle of incidence
and/or incident photon energy, the location of XSW field nodes and anti-nodes can
be varied in depth. Consequently, the emission of GIXRF induced by the electric
field depends on the incident angle and the incident photon energy, as well as on
the spatial distribution of the fluorescent atoms.

Measurement procedures and data analysis for one dimensional depth distribu-
tions of fluorescent atoms have been well developed [3] and implemented for the
study of epitaxial layers [4], multilayers [5] and Langmuir-Blodgett films [6], among
others. However, properties of some nanoscale devices like light-trapping structures
in solar cells [4], field emitter arrays [7] and nanorods [8] depend on their complex
2D or 3D architecture. The depth atomic distribution profile of such structures can
still be analyzed in the framework of conventional 1D XSW method with use of the
effective layer approximation [9]. In this approximation, the atomic concentration
distribution is averaged along lateral directions. Such approach does not take into
account diffraction on the lateral structure of the sample and therefore is appli-
cable only in case of randomly distributed objects along latteral direction of the
structure. Inherently, the information about lateral distribution is lost within the
effective layer approach, and the effective atomic concentration profile can never
fully explain the properties of such 2D or 3D devices.

In recent work [10], the sensitivity of GIXRF to the lateral distribution of atomic
concentration in a 3D structure of periodically arranged nano-columns has been ex-
perimentally demonstrated. To achieve such sensitivity, a new experimental scheme
has been employed. Measurements were done under different grazing incidence and
azimuthal orientation angles, unlike conventional XSW experiments, where mea-
surements are done solely with respect to the grazing angle of incidence. The
optical matrix method [11] used for the analysis in conventional XSW [5] does not
allow analysis of the lateral distribution of atomic concentration.

The problem of GIXRF data analysis for complex structures has been addressed
in [12]. There the 2D structure of a lamellar grating has been analyzed. The experi-
mentally measured GIXRF curves were analyzed by solving the Maxwell’s equations
by means of the finite-element method (FEM) [13]. However applicability of FEM
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is limited due to its high demand in computational effort. FEM’s computational
effort increases with the increase of the incident photon energy, the size and the
dimensionality of the structure. For instance, FEM simulations for the experiment
published in [10] are practically irrealizable. This problem has been recognized
by the scientific community [12] and a new computational scheme will have to be
developed to allow the simulation of GIXRF under conditions in which use of the
FEM approach is not practical.

In this study we derive semi-analytic equations based on the dynamical diffrac-
tion theory for the calculation of GIXRF intensity. We derive the solution of Sher-
man equation [14, 15] for the GIXRF intensity induced by XSW in the 3D periodic
structure in linearalgebraic form. In order to test the new computational scheme,
we perform numerical simulations for the 2D structure of lamellar grating and qual-
itatively compare them with the results of FEM simulations and measurements
published in [12]. The semi-analytical nature of the derived equations allowed us
to strongly reduce the computational effort, and to perform analysis of GIXRF
from a 3D nanostructured surface for the first time (experimental data previously
published in [10]).

5.2 Theory
In this section we consider a theory which will be used further for the analysis of
GIXRF experimental data measured from 2D and 3D structures. The problem of
calculation of GIXRF intensity is divided on two parts: calculation of the near field
excited in the structure by the incident beam, and calculation of the corresponding
fluorescence intensity using Sherman [15] equation. In Sections 5.2.1 – 5.2.3 we
consider the theoretical background of the dynamical diffraction theory in many
beam approximation (MBDDT) [16]. In Section 5.2.4 we consider a solution to the
problem of numerical stability which occurs in the numerical simulations. In Sec-
tion 5.2.5 we derive the solution of the Shermann equation in linear-algebraic form,
which will further allow us to calculate GIXRF intensity of 2D and 3D structures.

5.2.1 Many beam dynamical diffraction theory
Experimental geometry used in [10, 12] for the GIXRF measurments is shown in
Fig. 5.1a. An X-ray beam impinges onto a sample surface under grazing incident
angle αi and azimuthal angle φ. Excited GIXRF intensity is measured using an
energy-dispersive silicon drift detector D. In order to calculate the fluorescent
intensity from the sample, the near field needs to be calculated. The problem of
near field (NF) calculation is formulated by the Helmholtz equation:

(∆ + k2
0)E(r) = −k2

0χ(r)E(r). (5.1)

Here, for simplicity we consider the Helmholtz equation in a scalar approxima-
tion, E(r) is the electric field, the sample structure is represented by the dielectric
susceptibility function χ(r) and k0 = 2π/λ is the wave number of the incident
beam with the wavelength λ. The Helmholtz equation can be solved using the fi-
nite element method (FEM), kinematical diffraction theory or dynamical diffraction
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(a) (b) (c)

Figure 5.1: a) Experimental geometry of GIXRF; D – energy-dispersive silicon drift detector, αi
– angle of incidence, k0 – wave vector of the incident beam. b) Sketch of a typical 2D periodic
structure, with azimuthal rotation angle φ. c) Sketch of a typical 3D periodic structure.

theory. With FEM being computationally challenging, and kinematical theory is
not sufficiently precise under grazing incidence conditions [16], we further consider
dynamical diffraction theory. Furthermore, to take into account the lateral struc-
ture of the sample one needs to consider dynamical diffraction theory in many beam
approximation (MBDDT).

In the dynamical diffraction theory, Eq. 5.1 is solved assuming that NF is rep-
resented as a Bloch wave:

E(r) =
∑
h

Eh(z) exp(ikh‖ · r), (5.2)

and the structure is represented as the Fourier series:

χ(r) =
∑
h

χh exp(ih · r), (5.3)

where h = hx + hy, is the reciprocal space vector with components

hx,y =
2πnx,y
Dx,y

ex,y,

with order of diffraction nx,y and Dx,y the periods along x or y directions respec-
tively. The parallel component of the wave vector of the h-th diffraction order
kh‖ = k0‖+ h is translationally invariant along the z direction; i.e. kh‖ is constant
across all medias in the multilayer system for given h, while the vertical compo-
nent is generally different in each medium and defined with the spherical dispersion
equation:

q2
hz = k2

0(1 + χ0)− k2
h‖. (5.4)

This equation is derived assuming that diffraction scattering is an elastic process:
kh = (1 + χ0)k0 and assuming translational invariance of kh‖ mentioned above.
Finally, substituting Eq. 5.2, Eq. 5.3 and Eq. 5.4 in Eq. 5.1 result in a system of
inhomogeneous linear ordinary differential equations (ODE) of second order:

q2
hzEh(z) +

d2

dz2
Eh(z) + k2

0

∑
g 6=h

Eg(z)χg−h = 0. (5.5)
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The general solution of such a system of ODE is a linear combination of particular
solutions of corresponding homogeneous ODEs, where the n-th particular solution
has the form of a standing wave with amplitudes Tn and Rn.

Thus, the h-th solution of Eq. 5.5 has the form:

Eh(z) =
∑
n

[Tn exp(−iknzz) +Rn exp(iknzz)]Ehn, (5.6)

with linear combination coefficients Ehn. Therefore, the distribution of the NF is
defined with Eq. 5.2 and Eq. 5.6. Thus, the problem of NF calculation is reduced
to finding kn,z, Ehn, Tn and Rn.

5.2.2 Characteristic equation
In this section we discuss the calculation of kn,z and Ehn. Variable kn,z has a
physical meaning as the vertical component of the wavevector (see Eq. 5.6). It
defines the phase of the standing wave in the structured layer. One can assume that
kn,z is defined with spherical dispersion kz = qz, however under that assumption
Eq. 5.5 has no solutions. Therefore, values of kn,z deviate from spherical dispersion.
To calculate the precise value of kn,z in the structured layer one can substitute
Eq. 5.6 in Eq. 5.5. The result is represented as the eigenvalues-eigenvectors problem:(

A− k2
znI
)
En = 0, (5.7)

whre k2
zn is an eigenvalue of matrix A and En is an eigenvector composed of the

coefficients Ehn from Eq. 5.6: En = (. . . E−1,n, E0,n, E1,n . . . )
T ; A is of the form:

A = k2
0C−X. (5.8)

Matrix C is the Toeplitz circulant matrix:

C =



. . .
χ0 χ−1 χ−2

χ1 χ0 χ−1

χ2 χ1 χ0

. . .

 , (5.9)

and X is the diagonal matrix with diagonal (· · · − k2
−1,‖,−k

2
0,‖,−k

2
1,‖ . . . ). Circu-

lant matrices have a remarkable property: with increasing circulant matrix size,
its eigenvalues asymptotically approach the exact values for an infinite matrix [17].
Therefore, one can use a finite amount of Fourier components in Eq. 5.3 to approx-
imate the exact solution of Eq. 5.5. Consider a set of 2N + 1 Fourier components
{χ−N , χ−N+1, . . . , χ0, . . . χN−1, χN}. These Fourier components constitutes a cir-
culant matrix C of a size C ∈ CM×M , where M = N +1. Solving the characteristic
Eq. 5.7 will give M eigenvalue-eigenvector pairs.
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5.2.3 Boundary conditions
In this section we calculate amplitudes Tn and Rn. Consider a sample as a stratified
medium, consisting of layers. Tn and Rn are calculated in each layer using continuity
conditions of the electric field and its first derivative. The continuity conditions [18]
for the j-th and (j + 1)-th pair of layers can be written in a matrix form:

P(j)

[
T(j)

R(j)

]
= P(j+1)Q(j+1)

[
T(j+1)

R(j+1)

]
. (5.10)

Here T and R are vectors composed of amplitudes Tn and Rn:

T = (T−N/2, T−N/2+1, . . . , T0, . . . TN/2−1, TN/2)T . (5.11)

Eq. 5.10 links amplitudes T(j),R(j) at the interface between (j − 1)-th and j-th
layer, and amplitudes T(j+1),R(j+1) at the interface between j-th and (j + 1)-th
layer, Matrix P is the refraction matrix. For a structured layer it has a form:

P =

[
E E
−Ekz Ekz

]
, (5.12)

and for a homogeneous layer:

P =

[
I I
−kz kz

]
. (5.13)

Here, the matrix E is composed of columns of eigenvectors and matrix kz is a
diagonal matrix filled with kz,n. Refraction matrix P is a 2× 2 block matrix, thus
P ∈ C2M×2M . Finally Q is the propagation matrix:

Q =

[
Q+ 0
0 Q−

]
, (5.14)

where Q± are diagonal matrices with corresponding diagonals:

(. . . e∓ik−h,zdj , e∓ik0,zdj , e∓ikh,zdj . . . ),

where dj is the thickness of j-th layer. Although these equations can be used to
calculate Tj and Ri, solving Eq. 5.10 might be problematic due to the poorly
conditioned transmission matrix in case of sufficiently large thickness of the sam-
ple and/or in case of sufficiently high number of Fourier components used in the
calculation.

5.2.4 Numerical stability
The problem of numerical stability in the matrix formalism of dynamical diffraction
theory was considered in [19]. There the problem of numerical stability has been
solved for the dynamical diffraction theory in two-beam approximation (only χ−1,
χ0 and χ1 has been taken into account). It has been solved by dividing matrices in
2× 2 block matrices and solving Eq. 5.10 separately for each block matrix by using
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Figure 5.2: Sketch of the three layer model. Arrows schematically depicts the direction of prop-
agation of the plane waves. Amplitudes of the plane waves are assembled into T and R vectors.
T̃ and R̃ are amplitudes defined at the upper interface of the layer. T and R are defined at the
bottom interface of the layer.

recurrent formula. Although the recurrent matrix equations in [19] were derived
for the two-beam case, they are generally applicable to the many-beam case. For
brevity, we present these equations explicitly written for a three-layer system (see
Fig. 5.2), which is relevant to the experimental data we will considered further. The
continuity conditions for such a three-layer structure (vacuum – structured layer –
substrate) are represented by the system of linear equations:[

T(v)

R(v)

]
=
(
P(v)

)−1

P(g)Q(g)

[
T(g)

R(g)

]
;[

T(g)

R(g)

]
=
(
P(g)

)−1

P(s)

[
T(s)

R(s)

]
. (5.15)

One can rewrite that system as follows:[
T(g)

R(v)

]
= Mvg

[
T(v)

R(g)

]
;

[
T(s)

R(g)

]
= Mgs

[
T(g)

R(s)

]
, (5.16)

Here matrix M has the form of a block matrix:

M =

[
Q−V−1

11 −Q−V−1
11 V12Q

−

V21V
−1
11 V22Q

− −V21V
−1
11 V12Q

−

]
, (5.17)

where Vij is a matrix element of 2 × 2 block matrix V(vg,gs) =
(
P(v,g)

)−1
P(g,s)

Note that this equation does not include Q+ which elements are growing exponen-
tially with respect to the thickness of the structured layer. Hence this matrix is
numerically stable. Amplitudes T(v) represent the incident beam, therefore

T(v) = (. . . 0, 1, 0 . . . )T .

Additionally, for a sufficiently thick substrate we can assume

R(s) = (. . . 0, 0, 0 . . . )T . (5.18)
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Taking into account these considerations, we derive equations for amplitudes in the
structured layer:

R(g) =
(
I−M

(gs)
21 M

(vg)
12

)−1

M
(gs)
21 M

(vg)
11 T(v), (5.19)

and:
T(g) =

(
I−M

(vg)
12 M

(gs)
21

)−1

M
(vg)
11 T(v), (5.20)

These amplitudes are calculated at the interface between the structured layer and
the substrate (see Fig. 5.2). One can calculate amplitudes at the vacuum-structured
layer interface using: [

T̃(g)

R̃(g)

]
=
(
P(g)

)−1

P(v)

[
T(v)

R(v)

]
. (5.21)

Finally, we need to rewrite Eq. 5.6:

Eh(z) =
∑
n

[
T̃n exp(−iknzz) +Rn exp(iknz[z + d])

]
Ehn. (5.22)

Here, both exponents decrease with respect to the depth, providing numerical sta-
bility.

5.2.5 X-ray fluorescence intensity
The fluorescence intensity Y can be calculated with use of Sherman equation [14],
adapted for GIXRF [15]:

Y ∝ G(αi)

∫∫∫
|E(r)|2p(r) exp(−µρz)dr, (5.23)

where p(r) is the numeric density of fluorescent atoms which describes its distri-
bution in the structure, and G(αi) is the geometrical factor [20–22]. The integral
is taken over the area of thr elementary cell. The exponential term exp(−µρz) in
Eq. 5.23 takes into account the absorption of fluorescent photons. Here, µ is the
absorption coefficient and ρ is the effective density of the absorbing media. The
integral in Eq. 5.23 can be separated as follows (further, for brevity we do not
explicitly write the multiplicative term G(αi)):

Y ∝
∑
g,h

∫∫
p(r‖) exp(i[kg‖ − k∗h‖] · r)dxdy×

×
∑
m,n

∫
[Tm exp(−ikmzz) +Rm exp(ikmzz])]×

× [T ∗n exp(ik∗nzz) +R∗n exp(−ik∗nzd)]EgmE
∗
hn exp(−µρz)dz. (5.24)

Such integral separation imposes a restriction on numeric density function: it must
not be dependent on z coordinate p(r) ≡ p(r‖); i.e. Eq. 5.24 can only be used in
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cases when fluorescent atoms are distributed homogeneously along the z direction.
Distribution in the xy -plane can be arbitrary. In case of an inhomogeneous vertical
distribution, one can discretize the structure along the z direction as a stack of
sublayers and calculate Eq. 5.24 for each sublayer.

Eq. 5.23 was rewritten in the form of Eq. 5.24, so it can be conveniently repre-
sented in a linear algebraic language. The fluorescence intensity can be expressed
as the sum of matrix elements Y ∝

∑
g,h Fgh of the matrix:

F = Φ ◦ (EΨE∗) . (5.25)

Here ◦ represent element-wise (Hadamard) multiplication. Elements of matrix Φ
have the form:

Φhg ≡
Dx/2∫
−Dx/2

dx

Dy/2∫
−Dy/2

dy p(r‖) exp(i[kg‖ − k∗h‖] · r), (5.26)

and elements of matrix Ψ have the form:

Ψmn ≡ TmT ∗nU(−kzm + k∗zn) + TmR
∗
nU(−kzm − k∗zn)+

+RmT
∗
nU(kzm + k∗zn) +RmR

∗
nU(kzm − k∗zn), (5.27)

where

U(q) ≡
0∫
−d

exp(iqz) exp(−µρz)dz. (5.28)

The Φ matrix takes into account the distribution of fluorescent atoms and the elec-
tric field distribution in lateral direction and the Ψ matrix takes into account photon
absorption and the electric field distribution in vertical direction. Eq. 5.25 allows to
calculate the integral in Eq. 5.23 analytically, which is much more computationally
efficient compared to the numerical integration.

Thus, the fluorescence intensity calculation includes the following steps:

• Calculate the Fourier components in Eq. 5.3 of the elementary cell of the
structure and create a Toeplitz matrix Eq. 5.9 using Fourier components.

• For each pair of angles (αi, φ) calculate the eigenvalues k2
zn and the corre-

sponding matrix of eigenvectors E using the dispersion equation (Eq. 5.7).

• Calculate amplitudes R(g) using Eq. 5.19 and T̃(g) using Eq. 5.21.

• Finally, calculate GIXRF intensity using Eq. 5.25.

5.3 Numerical simulations
In this section we compare the theory derived in Section 5.2.5 with experimental
results. The purpose of this comparison is to determine whether the theory is
appropriate for further implementation of the dynamical diffraction theory as a tool
for the reconstruction of atomic concentration profiles. We will use a simple model
taking into account one structured surface layer and the homogeneous substrate
(see Fig. 5.2).



5

88 3D X-ray standing waves

5.3.1 2D structure: Si3N4 lamelar grating
Here, we consider a 2D lamelar Si3N4 grating prepared using electron beam lithog-
raphy. The original study with experimental data and numerical simulation of
GIXRF intensity by means of FEM has been published by Soltwisch et. al. [12].
The grating has a nominal period of Dx = 100 nm, the thickness of the structured
layer is d = 90 nm and the line width is 40 nm.

The GIXRF measurements were carried out at the plane-grating monochroma-
tor (PGM) beamline [23] for undulator radiation at the PTB laboratory [24] of
the BESSY II synchrotron radiation facility. A monochromatic excitation with a
photon energy of 520 eV. was used. GIXRF intensity curves were measured for
the N-Kα line under various incidence angle αi and azimuthal sample orientation
angle φ (see Fig. 5.1b); φ = 0◦ corresponds to the conical orientation [25] of the
sample grating. The recorded spectra were deconvoluted using detector response
functions in order to isolate the fluorescence signal from N-Kα from other spectral
contributions. Further corrections, to take into account the detection efficiency and
the geometrical factor (effective solid angle) were applied.

Best-fit simulations based on theory described in Section 5.2, and experimental
GIXRF curves are shown in Fig. 5.3 for various azimuthal orientation angles φ. For
the simulation we use a simple box model, in which the grating lines are treated as an
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Figure 5.3: N−Kα GIXRF intensity curves, measured for various azimuthal orientation angles
(a) φ = 0◦ - conical, (b) φ = 0.2◦, (c) φ = 1◦ and (d) φ = 3◦. Red lines – numerical simulation,
gray markers – experimental data.
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Figure 5.4: (2D XSW) Comparison between the experimental GIXRF map (a) of the Si3N4 lamelar
grating measured with the incidence photon energy E = 520 Ev and the simulated GIXRF map
(b) based on a best fit model.

array of boxes on top of the substrate. Thus, the medium is divided into three areas:
the vacuum, the structured layer in which the boxes are located, and the substrate.
Within box model, sidewalls of the grating line are considered to be parallel while
the actual grating has a sidewall tilt angle. Based on the reconstruction in [12],
this angle is not greater than β = 4◦. In terms of the model it means that the
Fourier transform in Eq. 5.3 is changing along z axis. To compensate for that in the
simulations, within one layer model averaged Fourier components have been used,
i.e. 〈χh〉 = χh exp(−h2σ2/2), with σ defined as half the projection of the sidewall
on the x axis: σ ≡ d arctan (β)/2. Best-fit line width (defined as the half-height
width) is Dl = 43 nm and the best-fit sidewall tilt angle β = 5◦.

Another feature of the actual sample that must be considered in the simulations
is the effect of surface oxidation. It affects the actual structure such that the
concentration of fluorescent N atoms at the top part is strongly reduced. In the one
layer model, oxidation of the surface can be effectively incorporated by changing the
integration limits in Eq. 5.28, such that the integration in Eq. 5.28 is taken only over
a range where fluorescent atoms are present. The best agreement with experimental
data was obtained with an effective oxide layer thickness of d0 = 1.5 nm. Note that
this value only describes the effect of an oxide layer in terms of absence of fluorescent
N atoms, ignoring the gradual change in stoichiometry throughout the oxide layer.
It also neglects the change of optical properties of the structure due to oxidation.
Best-fit parameter of the grating height, including effective oxide layer, is d = 92 nm.
Average density of the grating line is ρ = 2.8 g/cm3.

Best-fit model and experimental data are qualitatively in good agreement. Qual-
itative agreement is also apparent on GIXRF intensity (αi, φ)-maps shown in Fig. 5.4.
A full set of 48 experimental GIXRF curves taken along different azimuthal angles φ
(from 0◦ untill 2◦) was interpolated on a (αi, φ) grid (see Fig. 5.4a). The theoretical
GIXRF map was calculated on the same (αi, φ) grid using best fit parameters from
the data presented in Fig. 5.4.
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m=1m=-1

m=2m=-2

Figure 5.5: Resonant lines in GIXRF map for Si3N4 grating structure, caused by interference
between reflected beam and m-th order of diffraction.

One can note a distinctive feature on the GIXRF map – resonant lines also known
in literature as Yoneda lines [26]. Resonant lines are visible on experimental data
in Fig. 5.4a and they are reproduced in the numerical simulations (see Fig. 5.4b).
As a visual aid to notice these lines one can refer to the sketch in Fig. 5.5. In
Fig. 5.5 the position of the resonant lines is marked with black contour lines. We
assume that these lines are due to the interference between the reflected beam (0-th
order of diffraction) and a diffracted beam (m-th order of diffraction). Therefore,
the resonant lines must satisfy the Laue condition, which for this geometry can be
formulated as k2

x + k2
z = (kx + h)2. This formula geometrically corresponds to the

Ewald sphere. For convenience we rewrite this equation in terms of incidence and
azimuth angles:

sinφ =
sin2 αi − γ2

2γ cosαi
, (5.29)

where γ = λm/Dx. The contour lines in Fig. 5.5 were calculated using this equa-
tion. Note that the resonant lines depend only on the lateral period of the structure
γ (see Eq. 5.29, no other structural parameters play a role. Due to their explicit
dependence on only the period, such lines might be used in the analysis of experi-
mental data as a reference, to determine the lateral period of the structure, without
needing a full structure reconstruction through model simulations.

5.3.2 3D structure: Cr nano-columns
In this section we consider a 3D nano-columnar structure of Cr, manufactured
using electron beam lithography [27] on top of a SiO2 substrate. The structure
of the sample is a regular square grid of box-shaped columns (see Fig. 5.1c) on a
substrate, with 300 nm × 300 nm lateral box dimensions and a Dx = Dy = 1µm
grid. The nominal height of the nano-columns is d = 25 nm.



Numerical simulations

5

91

0

1

2

In
te

ns
ity

, a
.u

.
1e 4

(a)

 = 0.0 deg

(b)

 = 0.3 deg

0

1

2

In
te

ns
ity

, a
.u

.

1e 4
(c)

 = 0.5 deg

(d)

 = 0.6 deg

0

1

2

In
te

ns
ity

, a
.u

.

1e 4
(e)

 = 0.7 deg

(f)

 = 1.0 deg

10 1 100

Incidence angle i, deg

0

2

In
te

ns
ity

, a
.u

.

1e 4
(g)

 = 1.2 deg

10 1 100

Incidence angle i, deg

(h)

 = 2.0 deg

Figure 5.6: Cr−Kα GIXRF intensity curves, measured for various azimuthal orientation angles
(a) φ = 0◦ - conical (b) φ = 0.3◦, (c) φ = 0.5◦, (d) φ = 0.6◦, (e) φ = 0.7◦, (f) φ = 1.0◦, (g)
φ = 1.2◦, and (h) φ = 2.0◦. Red lines – numerical simulation, gray markers – experimental data.

GIXRFmeasurements were carried out at the four crystal monochromator (FCM)
beamline [28] the PTB laboratory [23] of the BESSY II synchrotron radiation fa-
cility and reported by Dialameh et. al. [10]. The photon energy was E = 7 keV.
Numerical simulations are done similarly to those in Section 5.3.1. GIXRF experi-
mental data and the best-fit dynamical diffraction theory simulations are shown in
Fig. 5.6, for a selection of azimuthal angles.

Best-fit model parameters are: lateral period of the structure Dx = Dy = 1µm,
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Figure 5.7: (3D XSW) Comparison between the experimental GIXRF map (a) of the Cr nano-
column structure measured at incidence photon energy E = 7 kEv and the simulated GIXRF map
(b) based on a best fit model.

matching the same nominal values, lateral sizes of the nano-columns are 301 nm×
301 nm, nano-columns height d = 24 nm with effective depth of the surface oxidation
d0 = 1.4 nm, density of the material of nano-columns is nominal Cr density ρ ≈
7.2 g/cm3 Considering the large lateral period Dx = Dy = 1µm (significantly larger
than that of Si3N4 lamelar grating structure) the sidewalls tilt is negligible, therefore
σ = 0 nm, i.e. the best-fit model for the nano-column structure implies perfectly
parallel sidewalls 〈χh〉 ≡ χh. The interpolated experimental GIXRF map and the
theoretical GIXRF map are shown in Fig. 5.7. Both experimental GIXRF curves
Fig. 5.6 and experimental maps Fig. 5.7 are in good qualitative agreement with
numerical simulations. Positions of the resonance lines in the experimental map
and in numerical simulations in Fig. 5.7 match to the theoretical values calculated
using Eq. 5.29 (see Fig. 5.8).

m=6 m=5 m=4

m=3

m=2

m=1m=-1

m=-6m=-5m=-4
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m=-2

Figure 5.8: Resonant lines in GIXRF map for Cr nano-columns structure, caused by interference
between reflected beam and m-th order of diffraction.
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Figure 5.9: Comparison of effective 2D and genuine 3D simulations of GIXRF curve for 3D Cr
nano-columns structure in conical geometry (φ = 0◦).

It is important to note that in the case of grazing incidence geometry, the GIXRF
curves calculated for the 3D structure could also be approximated with the use of
an effective 2D model, albeit with reduced density. This is because in the grazing
incidence geometry |ky| � |kx|. In other words, measurements in grazing incidence
geometry are sensitive to the lower frequencies of the Fourier transform of the
structure along the x direction and to the higher frequencies along the y direction,
while the spacing between nodes in reciprocal space along kx and ky direction are
identical due to the symmetry Dx = Dy of the periodic structure.

Thus, GIXRF curves of Cr nano-columns can be effectively represented as a
lamellar Cr grating with reduced density equal to the averaged density of the actual
3D structure. Indeed, GIXRF calculations with an effective 2D model and a genuine
3D model are qualitatively similar, see Fig. 5.9. However, there are clear differences
between 2D and 3D calculations. For higher angles, the 2D model (dashed blue
line in Fig. 5.9) yields a monotonous angular dependence, while the experimental
GIXRF curve clearly exhibits oscillatory behaviour in that angular range, with a
maximum at αi ≈ 1.5◦. In Fig. 5.9, curves are shown only for φ = 0◦, but this
oscillation in the range of higher incidence angles αi is present in all experimental
curves measured at different azimuthal orientations of the sample (see Fig. 5.6).
We attribute this oscillation to interference due to the periodicity of the structure
along the y direction, which becomes more important at high incident angles since
the value of |ky| decreases with increasing incidence angle αi and the measurement
becomes more sensitive to the lower frequencies of the Fourier transform along the
y direction. Such interference mode is not taken into account in the 2D simulations.
Additionally, the 3D simulations show resonant peaks at αi ≈ 1.15◦ and αi ≈ 1.54◦

which are not resolved in experimental data. To observe these peaks, measurements
with step sizes of δαi = 0.01◦ should be resolved, which is near the resolution limit
of modern synchrotron sample stage equipment.
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5.4 Discussion
In Table 5.1 we compare the structure parameters of the 2D lamellar Si3N4 grating,
as reconstructed from MBDDT simulations in Section 5.2.5, with those obtained
from the FEM reconstruction from [12]. The nominal parameters used in fabrication
of the grating are also shown in Table 5.1. Qualitatively, results of reconstruction
by means of FEM and MBDDT are in good agreement.

Table 5.1: Comparison of the structure parameters of the Si3N4 lamellar grating, as reconstructed
by FEM and MBDDT with nominal parameters. Nominal structure parameters are also shown.

Nominal FEM MBDDT
Line height d, nm 90 87 89
Line width, nm 40 43 43
Period Dx nm 100 100 100
Effective top layer d0, nm — 3.5 1.5
Side walls tilt α, deg — 4 5
Density ρ, g/cm3 3.2 2.8 2.8

One can note in Table 5.1 a small discrepancy between FEM and MBDDT in
reconstruction of line height d and the thickness of oxidized top layer d0. However,
when the full line height, including the oxidized top, is considered, both FEM and
MBDDT consistently yield d + d0 = 90.5 nm. Diffraction of X-rays under grazing
incidence condition is sensitive to the structure of the surface [29]. Therefore, we
assume that this discrepancy is due to the dynamical surface diffraction effects
which are not taken into account within simple box model. We will discuss how
these effects can be taken into account within MBDDT later in this section.

In Table 5.2 we compare the structure parameters of the 3D Cr nanocolums, as
reconstructed from MBDDT simulations in Section 5.2.5, with nominal parameters
used in fabrication of the nano-columns. Reconstruction of parameters of this struc-
ture by means of FEM is not feasible due to the following reasons. Cr is a heavy
element and therefore bigger incident photon energy is required to excite CrKα flu-
orescence as compared to N from previous example. Additionally, compared to the
previous example, the value of period of this structure is one order of magnitude
higher. That in combination with 3D dimensionality of the sample increases the
computational effort of FEM to such a level that it practically becomes inapplicable
for this structure.

Comparing reconstructed and nominal parameters in Table 5.2, a good agree-
ment is obtained, especially since for the current case only a simple box model is
used for the numerical simulations to describe the distribution of fluorescent atoms
in the structure. While the results presented here already demonstrate the po-
tential of MBDDT as a tool for nanometrology of 2D and 3D structures, further
improvements can be made to expand the area of application.

The optimization scheme for fitting numerical simulations to the experimental
data can be improved by using a rigorous formalism described in [30]. In [30],
equations for the calculation of Pearson’s χ2 criterion for the simulteneous analysis
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Table 5.2: Comparison of the 3D structure parameters of the regularly arranged Cr nano-columns
reconstructed by MBDDT with nominal parameters.

Nominal MBDDT
Column height d, nm 25 24
Column width, nm 300 301
Period Dx,y, µm 1 1
Effective top layer d0, nm — 1.4
Density ρ, g/cm3 7.19 7.2

of rocking curves from different crystallographic planes of a single crystal has been
derived. Similarly, χ2 can be calculated for the simultaneous analysis of GIXRF
curves measured on different azimuthal orientation angles φ. Further, to estimated
the contribution of each GIXRF curve to the quality of the fit, one can use the
covariation approach described in Chapter 2. That will also allow to estimate
confidential intervals of the reconstructed parameters.

To take into account a structure with tilted sidewalls and surface oxidation, the
model of a structure can be discretized along the z direction according to [31]. The
sample, can be approximated as a stack of homogeneous and/or structured layers,
where each layer can have arbitrary structure parameters with the exception of
period – period must be maintained throughout the whole stack. That restriction on
period parameter does not limit the area of applications of such an approach, since
by definition it is possible to find an elementary cell for each periodical structure.

The main interest in applications of 3D XSW technique is its proposed sensitivity
to the inhomogeneous fluorescent atoms distribution within the structure. Although
the examples considered in this work exhibited homogenious lateral distribution of
N and Cr within the grating line and nano-column, an inhomogeneous distribution
of fluorescent atoms in the lateral direction can be taken into account by selecting
a polynomial function to approximate p(r‖) in Eq. 5.26. Approximation of p(r‖)
with a polynomial function is preferable since the integral in Eq. 5.26 can then be
conveniently solved by parts.

To demonstrate the sensitivity of XSW to an an inhomogeneous distribution
of fluorescent atoms, the simple box model can be used. Simulations were per-
formed for a model of a Si3N4 lamellar grating, similar as the one described in
Section 5.3.1. However, here we consider the N atoms to be localized at a specific
lateral or transversal location within the structure, instead of being homogeneously
distributed, as assumed in Section 5.3.1. Figs. 5.10(a–c) and 5.11(a–c) show the
assumed specific localization (green boxes) of N atoms, as well as the simulated
GIXRF maps obtained for such localizations. In the simulations, the effect of the
specific distribution of N atoms on the optical properties of the structure (i.e. on
the intensity distribution of the XSW) is neglected, since the optical density of N
is much lower than that of Si. In Fig. 5.10(a–c), the range of distribution of fluo-
rescent atoms is chosen such that it varies with respect to the center of the grating
line. It can be observed that the corresponding GIXRF maps are highly sensitive
to this variation. Only for the case of a symmetric distribution of fluorescent atoms
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(a)

(b)

(c)

Figure 5.10: Simulation of GIXRF maps for inhomogeneous distribution of fluorescent atoms
within the lamellar grating structure. From (a) to (c): sketch of the structure, green box depicts
the localization of fluorescent atoms. From (a′) to (c′): corresponding GIXRF map.

with respect to the center of the line Figs. 5.10(b), one obtains a symmetric GIXRF
map (with respect to azimuthal angle phi). For "assymetric" distributions of fluo-
rescent atoms, also an assymmetry is observed in the GIXR maps. One may exploit
such asymmetry to distinguish chemical compositions of the left and right sidewall
of the line. This might be useful in, e.g., the characterization of double-pattern
gratings [32].

From Fig. 5.11(a–c), it can be observed that when the distribution of fluores-
cent N atoms is varied in depth, the resulting simulations of GIXRF show strong
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(a)

(b)

(c)

Figure 5.11: Simulation of GIXRF maps for inhomogeneous distribution of fluorescent atoms
within the lamellar grating structure. From (a) to (c): sketch of the structure, green box depicts
the localization of fluorescent atoms. From (a′) to (c′): corresponding GIXRF map.

differences between the considered cases. Such differences are well resolvable under
typical experimental conditions. This demonstrates the sensitivity of the technique
to the depth distribution of fluorescent atoms.

It is important to note that while the analysis of GIXRF curves of Cr nano-
columns structure in Section 5.3.2 could also be performed with the use of an
effective 2D model, in case of a strong asymmetry in lateral periodicity of the
3D structure Dx Dy, the use of an effective 2D model will fail. For the case of
strong asymmetry, the effects of interference on periodical structure along x and y
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directions would strongly affect the GIXRF curves. The examples of such structures
can be found in spectroscopic instruments for astrophysics [33, 34] or in EUV plasma
source spectroscopy [35].

As a direction of further research, the MBDDT can be modified to take into
account dispersions along the order of the structures in correlated 3D structures,
using the formalism of para-crystal structures as it was done in Chapter 3 for the
density fluctuations. Such computational scheme might find its implementation in
highly correlated structures like quantum dots. Finally, XSW techniques can be
implemented on lab-scale diffractometer [36] as opposed to the synchrotron source,
making it widely accessible which is important for a nanometrological tool.

5.5 Conclusions
A new computational scheme based on the dynamical diffraction theory has been
developed for the analysis of GIXRF experiments on 2D and 3D periodic struc-
tures. It is capable of simulating GIXRF data from structures with specific element
distributions both in-plane as well as in-depth. The computational scheme has
been benchmarked on GIXRF experimental data measured on Si3N4 2D lamellar
gratings and Cr 3D nano-columns. Parameters of the elemental distribution in the
Si3N4 2D lamellar grating reconstructed with the novel computational scheme are
in good agreement with nominal values, as well as with parameters obtained from
a reconstruction performed using a finite element method. Further, parameters of
the elemental distribution in Cr 3D nano-columns were reconstructed for the first
time. Results of this reconstruction are in good agreement with nominal parame-
ters of the structure. We conclude that this computational scheme can be further
developed and used as a powerful tool in element selective nanometrology for 3D
periodic structures.
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6
EUV near field
calculation for

nano-scale gratings

In this work we compare calculations of the near field in nano-scale 2D periodic
structures in the EUV wavelength range done by dynamical diffraction theory, with
calculations done using a finite element method. We found that near field calcula-
tions based on the dynamical diffraction theory are on the same level of accuracy as
finite element methods but orders of magnitude faster. The observed gain in simu-
lation speed is an essential step towards solving the inverse problem of analysis of
grating structures by fitting simulations to measurement data.
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6.1 Introduction
Nano-scale 3D structures have a wide range of applications, from integrated cir-
cuits [1] (such as random access memory cells [2]) and semiconductor optoelec-
tronic devices [3] to transmission gratings for UV and soft X-ray spectroscopy [4].
Recently, in particular due to increased demand from the semiconductor industry,
EUV and X-ray scattering methods have been employed to non-destructively char-
acterize such structures. These methods provide information on imperfections in
the structures which affect their performance [5–7].

EUV and X-ray scattering can be simulated using finite element methods (FEM),
such as such as the FEM based Maxwell solver JCMSuite [8]. Finite element meth-
ods are highly accurate, but when the ratio of the wavelength to the structure size
becomes small they are computationally expensive (in both time and memory), as a
finer mesh is required to deal with such structures. A semianalytical theory that re-
tains the high accuracy and significantly reduces computational expense is therefore
sought after for practical measurement data reconstruction [9].

Various semianalytical dynamical theories exist for the numerical calculation of
diffraction efficiencies. The earliest such theory is the rigorous vector theory [10]
which employs the Rayleigh expansion to express the electric field as a sum of
spherical waves. However, the Rayleigh expansion is not always valid depending
on the grating and region of interest (in particular in the near field it may fail)
and therefore the rigorous vector theory is limited in its applicability. The differen-
tial method uses a Fourier series for both the electric field and susceptibility. The
Fourier series is more often applicable than the Rayleigh expansion, and can easily
be adapted to non-rectangular grating profiles as well. However, the differential
method only takes into account dynamical interaction between diffraction orders at
interfaces, but neglects interaction during propagation through a layer [11]. Dy-
namical diffraction theory also uses a Fourier series expansion for the electric field,
and additionally takes into account dynamical interaction during propagation in
between layer interfaces [10].

Dynamical diffraction theory in many-beam approximation (MBDDT) [12–14],
also known as rigorous coupled wave analysis (RCWA), was originally developed for
electron diffraction [15] and later for X-ray diffraction of crystal lattices [16] and
gratings [17]. The theory was extended to blazed gratings [12] and to multilayer
gratings [13]. To the best of our knowledge, its accuracy has so far not been tested
in the near field nor for gratings azimuthally rotated with respect to the incident
beam.

In this work, simulations by MBDDT and a Maxwell solver based on the finite
element method are compared for the case of gratings in the EUV regime. We
compare simulations of both the far field (diffraction efficiencies) and the near field.
The good agreement between MBDDT simulation and reference FEM simulations
makes MBDDT an excellent candidate for further development. For completeness,
an efficient linear-algebraic formalism for calculation of the near field is presented
and the dispersion surface calculated for the structured layers is examined, to study
the diffraction process. Details are described in Appendix 6.4.
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6.2 Numerical simulations
In this section the numerical simulations performed using the dynamical diffraction
theory are presented. The MBDDT simulations were compared to reference sim-
ulations using JCMSuite. JCMSuite is established as a reliable FEM package for
rigorous numerical simulation of EUV and X-ray scattering from laterally extended
gratings in the EUV regime [9, 18, 19].

Table 6.1: Parameters of the models used in simulations. Model 1 – grating with parallel sidewalls.
Model 2 – lines with trapezoidal profile.

Model 1 Model 2
d, nm 90 90
t, nm 100 100
L1, nm 45 35
L2, nm 45 45

We performed calculations of the diffraction efficiencies and the near field under
the conditions of an s-polarized incident beam of wavelength λ=13.5nm, incidence
angles from 0◦ to 50◦ (from the surface), for two models: a rectangular profile (model
1) and a trapezoidal profile (model 2), see Table 6.1 and Fig. 6.1 for specifications.

We include a trapezoidal model as this type of gratings are often used rather
than rectangular gratings [9, 18, 19]. In order to represent the tilted sidewalls,
the discretization along the z axis is used [20]. Thus, a slab of a non-rectangular
profile is divided into multiple thin sublayers with continuously increasing width
of the sublayers along z axis. This model approximates a non-rectangular profile.
(see Fig. 6.1b,c for the profiles, Table 6.1 for the specifications). In simulations,
20 structured layers were used as at this number of layers the diffraction efficien-
cies converged, i.e. adding more layers did not significantly change the simulation
results.

z,
 n

m

Figure 6.1: Model profiles, (a) model 1 and (b) model 2, ideal profile (as used in JCMSuite) and
(c) sliced profile (20 structured layers, as used in MBDDT).
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Figure 6.2: Model 1, parallel geometry, (a) diffraction efficiencies (lines from MBDDT and dots
from JCMSuite), (b) and (c) near field (crosssection along the periodic direction) for incidence
angle 5◦ and 50◦, respectively. MBDDT and JCM intensities are drawn using the same colorscales.

Both model 1 and model 2 are composed out of Silicon with electrical suscepti-
bility χ = (−1.998+ i3.656) ·10−3. Both models are simulated for parallel geometry
(incident beam parallel to the y axis) and model 1 is also simulated for an azimuthal
rotation of φ=30◦ with respect to conical geometry. The diffraction efficiencies and
the near field simmulations for model 1 are shown in Figs. 6.2 and 6.4. The diffrac-
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Figure 6.3: Model 2, diffraction efficiencies (lines from MBDDT and dots from JCMSuite).

tion efficiencies simulated for model 2 are shown in Fig. 6.3 The near field plots
uses the same color scale for both, MBDDT and FEM simulations. The results for
model 1 in conical geometry show excellent agreement between the FEM and MB-
DDT results. The near field is closely reproduced for both grazing and nongrazing
incidence. The diffraction efficiencies are also correctly reproduced, though some
of the higher orders (with reflectance values well below 10−8) are overestimated (in
particular m = 3, 4, but the effect can already be noticed for m = 2). The diffrac-
tion efficiencies for model 2 show the same behaviour: the curves from JCMSuite
are reproduced, but the higher order m = 2 is overestimated. However, for both
models the modulations are correctly reproduced, as are the critical angles of each
order.

The modulations are the result of interference between the wave modes, which
depends on the phase of the field. As the phase of the field is correctly reproduced,
so are the modulations. The overestimation of the intensity is likely due to the
following assumption made in MBDDT: absorption is only taken into account for
propagation along the z axis - through the imaginary components of the wave
vector components kzn – but neglected for propagation in the x, y plane - kx and
ky are always taken as real numbers. The finite element method does take into
account this absorption and therefore results in slightly lower intensities. As for
higher diffraction orders the path through the grating is longer (at least in conical
geometry), the difference due to missing absorption terms is larger, as can been
seen in the diffraction efficiencies. This could possibly be corrected by introducing
the phase change due to this absorption into the propagation matrix Q(j).

The results for model 1 azimuthally rotated with respect to the incident beam
are shown in figure Fig. 6.4. The shape of the near field is reproduced, even though
the magnitude is overestimated by the MBDDT. The features (modulations and
critical angles) of the diffraction efficiencies are again well reproduced.
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Figure 6.4: Model 1, φ=30◦ azimuthal rotation, (a) diffraction efficiencies (lines from MBDDT
and dots from JCMSuite), (b) and (c) near field (crosssection along the periodic direction) for
incidence angle 5◦ and 50◦, respectively, intensity I = | ~E|2. MBDDT and JCM intensities are
drawn using different colorscales.

6.2.1 Dispersion surface

The eigenvalues k(j)
zn , together with the parallel components of the wave vectors ~km||

form the dispersion surface of j-th layer. The dispersion surface is used in detailed
analysis of the diffraction process [21–23]. For the case of multilayer gratings,
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Figure 6.5: First three eigenvalues kzn calculated for the structured layer in model 1, parallel
geometry.

plotting of the dispersion surface also links different eigenvalues kzn to orders of
diffraction m. Finite element methods do not provide access to the dispersion
surface, so this is an advantage of MBDDT over FEM.

In particular the eigenvalues kzn are of interest here. The real part determines
- together with the predetermined ~Km|| – the direction of the travelling wave inside
the grating structure, while the imaginary part accounts for absorption. One can
define the penetration depth Ln as the depth at which the amplitude of a mode n
has decreased by a factor of e. Then the penetration depth is Ln = 1/Im(kzn).

In Fig. 6.5 the first three eigenvalues as calculated for the structured layer by
MBDDT for model 1 are shown. For each mode, the transition from evanescent wave
to travelling wave occurs at the same angle as the associated diffraction efficiency
becomes nonzero (see Fig. 6.2a. Below this angle, the real part is close to zero while
the imaginary part increases, i.e. an evanescent wave with a decreasing penetration
depth.

In addition to providing physical insight into the diffraction process, examination
of the eigenvalues also allows selection of the right number of modes D to include
in the simulation. Inclusion of modes n with a penetration depth Ln smaller than
the characteristic size of feature of interest is unnecessary. Including many evanes-
cent modes can even lead to numerical precision issues, and also slows down the
simulations. In particular, the matrix multiplication used to solve equations for the
amplitudes of different wave modes ~T and ~R (see Eq. 6.26) slows down significantly
with an increase of modes D.

6.2.2 Comparison to scalar formulation
Here we aim to compare the vector formalism used in the MBDTT simulations
presented in this work, to the previous forms of MBDDT applied to (multilayer)
gratings which used scalar approximation. Previous studies start from a scalar wave
equation [13, 14, 24], whereas in this work the full vector wave equation is used (see
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Figure 6.6: Model 1 (parallel geometry), residuals of diffraction efficiencies, JCMSuite minus scalar
MBDDT (dashed lines) and JCMSuite minus vector MBDDT (full lines).

Eq. 6.8), which more accurately incorporates multiple beam interactions. The scalar
wave equation leads to a different formulation of the eigenvalue problem (see Eq. 28
in [13])

(κ2
zm − k2

zn)Emn +
∑
l 6=m

χm−lEln = 0, (6.1)

while the vector formalism leads to Eq. 6.18:

(κ2
zm − k2

zn)Emn +
∑
l 6=m

χm−lEln~em · ~el = 0. (6.2)

The difference is in the term ~em · ~el, which increases the accuracy of the multiple
beam interaction. Note that if ~em · ~el = 1 the model reduces to the scalar case. In
Fig. 6.6, the differences (residuals) between diffraction efficiencies calculated using
scalar/vector forms of MBDDT and those calculated using JCMSuite are shown for
model 1 are shown.

It is interesting to note that for the odd order, the MBDDT residuals show the
same shape and the vector form is only slightly more accurate (the residuals curve is
almost the same but slightly smaller) while for the even orders the vector form much
more closely follows the shape of the JCMSuite curve (the residuals oscillate less,
indicating a closer replication of the JCMSuite curve). The physical reason for this
is that for model 1 the grating profile is half a period wide, so all even diffraction
orders are suppressed due to destructive interference. That these orders are excited
is entirely due to the multiple beam interaction. Therefore the even orders are more
strongly affected by the vector formulation improvement to the interaction terms.
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6.3 Conclusions
In this work, we have shown that dynamical diffraction theory in many-beam ap-
proximation (MBDDT) shows good agreement with FEM based simulations (JCM-
Suite) in simulating diffraction on grating structures. MBDDT reproduces results
for diffraction efficiencies and near field for parallel geometry and azimuthally ro-
tated models in the EUV regime. Non-rectangular profiles can be simulated using
slicing without loss of accuracy. The vector MBDDT formalism considered in this
work more accurately accounts for the interference between different diffraction or-
ders, improving accuracy of diffraction efficiency simulations in cases where many
beam interaction have a significant role, such as critical angle regions and otherwise
suppressed orders of diffraction.

6.4 Appendix
The derivation of multiple beam dynamical diffraction theory presented here is
largely based on the work by Mikulík and Baumbach [13]. The most distinguishing
difference is that we start from the vector wave equation, rather than the scalar
wave equation. Also, we present a linear algebra formalism for efficient calculation
of the near field.

6.4.A The parametrization of test samples and geometry of
the simulations

Here we consider multilayer gratings of N periodic layers deposited on a substrate
(see Fig. 6.7). Therefore there are N+1 horizontal interfaces, labelled 0 through N .
The vacuum above the grating is layer 0, and the vacuum interface is at z0 = 0, and
the substrate is located interface at zN . We consider here the ideal structure, with

Figure 6.7: Schematic representation of scattering geometry of a sliced grating model.
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a sharp interface j between every pair of layers at z = zj . A layer can either consist
of one material with a constant susceptibility (homogeneous layer) or it can consist
of multiple materials with a susceptibility that is periodic along x (structured layer)
with period d. This allows expansion of the susceptibility χ(x, z) into a Fourier
series in each layer j:

χ(x) =
∑
m

χme
ihmx, (6.3)

with Fourier coefficients:

χm =
1

d

∫ d

0

χ(x)e−ihmxdx. (6.4)

Here h = 2πm
d is the grating vector of order m ε Z. We analytically evaluate the

integral for the Fourier coefficients χm for the case where χ(x) is a sequence of b
rectangular profiles:

χm =
1

d

∫ d

0

χ(x)e−ihmxdx =

b∑
a=1

χm,a, (6.5)

with

χm,a =
χa
d

∫ xa+1

xa

e−ihmxdx. (6.6)

The evaluation of the integral depends on the value of hm:

χm,a =

{
χa

d (xa+1 − xa) (hm = 0);
iχa

dhm

[
e−ihmxa+1 − e−ihmxa

]
(hm 6= 0),

(6.7)

where χa is the value of the susceptibility from xa to xa+1 and x0 = 0, xb = d.

6.4.B Dynamical solution to the wave equation
Maxwell’s equations describe the propagation of X-rays through gratings. In the
case of the plane wave approximation, they reduce to:(

K2 +∇2
)
~E(~r) +K2χ(~R) ~E(~r) = 0. (6.8)

We expand the electric field around the incident beam wave vector on the same
reciprocal space lattice as the susceptibility:

~E(~r) =
∑
m

~eme
i~km||~r||Em(z), (6.9)

~km|| = ~K|| + ~hm =

Kx + hm
Ky

0

 . (6.10)
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Here ~em is the unit vector pointing in the direction of the electric field wave mode
m. We then define

κzm =
√

(1 + χ0)K2 − ~k2
m||, (6.11)

the wave vector z-component according to spherical dispersion (taking into ac-
count the change in wavelength due to refraction and the continuity of the parallel
wavevector components). Note that the z-components are different in each layer
(depending on the average susceptibility of the layer χ0) while the parallel compo-
nents ~km|| are continuous as is required by the boundary conditions on the electric
field.

We substitute these forms of ~E(x, y) and χ(x) into the wave equation to search
for the Em(z) that solves it:

∑
m

(
K2 − ~k2

m|| +
d2

dz2

)
~emEm(z)ei

~km||·~r

+K2

[∑
m

χme
ihmx

][∑
m

ei
~km||~r~emEm(z)

]
= 0.

Here, χ0 can be taken out of the sum, so that we can introduce the spherical
dispersion components from Eq. 6.11:

∑
m

(
κ2
zm +

d2

dz2

)
~emEm(z)ei

~km||·~r+

+K2

∑
m6=0

χme
ihmx

[∑
l

ei
~kl||~r~elEl(z)

]
= 0. (6.12)

To eliminate the exponents, we make use of the phase-shift property of the Fourier
series, given by:

f(x) =
∑
a

cae
iax =

∑
a−b

ca−be
i(a−b)x. (6.13)

We shift the expansion of χ by −l:

∑
m

(
κ2
zm +

d2

dz2

)
~emEm(z)ei

~km||·~r+

+K2

∑
m 6=l

χm−le
i(hm−hl)x

[∑
l

ei
~K||~r+hlx~elEl(z)

]
= 0, (6.14)
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[∑
m

(
κ2
zm +

d2

dz2

)
~emEm(z)+

+K2

∑
m 6=l

χm−l

(∑
l

~elEl(z)

)]
ei
~km||·~r = 0. (6.15)

With all the exponential functions equal in one order, we must solve the wave
equation for each order separately due to the orthogonality of the plane waves,
resulting in the infinite set of equations:(

κ2
zm +

d2

dz2

)
~emEm(z) +K2

∑
l 6=m

χm−l~elEl(z) = 0. (6.16)

We search for a solution of system Eq. 6.16 in the form of a monochromatic standing
plane wave:

Em(z) =
∑
n

[
Tne

ikzn(z−zj) +Rne
−ikzn(z−zj)

]
Emn. (6.17)

The ±kzn wave modes are included because Eq. 6.17 is invariant with respect to
the sign of kzn, and Tn and Rn have the physical meaning of complex amplitudes
of transmitted (downward travelling) and reflected (upward travelling) waves. The
phase is set to be zero at the bottom interface of the layer. Again, we must solve
the above equations for each wave mode independently due to the exponentials
which can be divided out of the equations. We obtain the final set of equations by
multiplying with ~em, to reduce the vector equations to scalar equations (for each
m,n):

(κ2
zm − k2

zn)Emn +
∑
l 6=m

χm−lEln~em · ~el = 0. (6.18)

These sets of equations describe an eigenvalue problem with eigenvalues k2
zn and

eigenvectors ~En: [
A− k2

znI
]
~En = ~0, (6.19)

A =



. . .
κ2
−1z K2χ−1 K2χ−2

K2χ1 κ0z K2χ−1

K2χ2 K2χ1 κ2
1z

. . .

 . (6.20)

The number of solutions (eigenvalue/vector pairs) is infinite, but the wave modes
corresponding to high diffraction orders (m far from zero) are in practice weak. This
allows us to limit the number of modes included to D, so that numerical evaluation
of the eigenvalue problem Eq. 6.20 becomes possible. The formula for the field in a
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structured layer is then given by:

~E(~r) =
∑
m

∑
n

[
Tne

ikznz +Rne
−ikznz

]
·

~emEmne
i(hm+Kx)xeiKyy, (6.21)

kzn and Emn are determined by numerical solving of the eigenvalue problem, Rn
and Tn by application of the boundary conditions.

6.4.C Boundary conditions
The boundary conditions on the electric field require that at every interface the par-
allel component of the electric field is continuous (as can be derived from Maxwell’s
equations) [25]. In order to apply these boundary conditions, we use the following
definitions. We define the matrix k as the diagonal matrix of eigenvalues kzn and E
as the matrix of column eigenvectors corresponding to it. ~T and ~R denote column
vectors containing the coefficients Tn, Rn. ~T and ~R are the complex-valued ampli-
tudes of the electric field wave modes described by k and E that together form the
standing wave introduced in Eq. 6.17. In order to apply the boundary conditions
across structured and homogeneous layers in the same formulation, we define for
homogeneous layers k as containing the spherical dispersion components κmz on
the diagonal and E as the identity matrix I. These quantities have the shapes k, E
ε CD×D and ~T , ~R ε CD .

As the boundary conditions link these quantities across different layers j, the
notation A(j) denotes quantity A in layer j, and Aj−1,j = (A(j−1))−1A(j).

The boundary conditions require continuity of the parallel components of the
field and its normal (z) derivative at every (x, y, zj) at interface j between layer j−1
and j. The occurrence of the term ei((Kx+hm)x+Kyy) requires these equations to be
solved for each diffraction order m separately. The field at the bottom of a layer,

per order m, is given by
(
E E

)(~T
~R

)
and its z derivative by

(
kE −kE

)(~T
~R

)
.

Both continuity conditions can be combined into one matrix equation by defining
the boundary matrix:

P(j) =

(
E(j) E(j)

k(j)E(j) −k(j)E(j)

)
, (6.22)

and propagation matrix Q(j):

Q(j) =

(
Q(j)+ 0

0 Q(j)−

)
. (6.23)

With Q(j)± the diagonal matrix with elements

Qnn = e∓ik
(j)
nntj , (6.24)

so that the boundary conditions can be written as

P(j−1)

(
~T (j−1)

~R(j−1)

)
= P(j)Q(j)

(
~T (j)

~R(j)

)
. (6.25)
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Or equivalently (
~T (j−1)

~R(j−1)

)
= N(j)

(
~T (j)

~R(j)

)
; N(j) ≡ Pj−1,jQ(j), (6.26)

where N(j) is the transfer matrix of layer j.
Notice that here we have linked all the wave modes of order m in layer j to all

the wave modes of order m in layer j−1 using scalar addition of the entire field. As
in s polarization the field is parallel to the surface, there is no distinction between
parallel component and the complete field. And due to the specific geometry here,
the fields of one order of diffraction m all lie in the same direction so scalar addition
is in this case equal to vector addition. So while it looks like the field is treated as
scalar at this point, this is also the exact solution for the vector treatment.

For the multilayer as a whole we define the transfer matrix as

M =

(
M11 M12

M21 M22

)
=

N+1∏
j=1

N(j). (6.27)

This matrix couples the vacuum and substrate wave fields:(
~T (0)

~R(0)

)
= M

(
~T (N+1)

~R(N+1)

)
. (6.28)

In order to solve this system, two boundary conditions are applied to the vacuum
and substrate layers:

1. The incident beam is the planar wave of order m = 0, so that ~T (0) =
(0, . . . , 0, 1, 0, . . . , 0).

2. The substrate has no lower interface as it is semi-infinite, so reflected waves
are not excited there: ~R(N+1) = ~0.

6.4.D Reflection
Based on the boundary conditions, the reflected waves have amplitudes

~R(0) = M21(M11)−1 ~T (0), (6.29)

and the intensity reflected to order m is |R(0)
m |2. The diffraction efficiency - the

power per unit beam area relative to the incident beam - is then

Rm = |R(0)
m |2

κmz
κ0z

. (6.30)

6.4.E Near field

In order to calculate the near field using Eq. 6.21 it is necessary to calculate ~T (j),
~R(j) for all layers j. ~T (N+1) is given by:

~T (N+1) = (M11)
−1 ~T (0), (6.31)
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and then Eq. 6.26 is used to solve for ~T (j), ~R(j) in the N layers between substrate
and vacuum.

Efficient calculation of the near field is done using a linear algebra formulation
of Eq. 6.21:

Ex(x, y, z) = Y (y) ~X(x)
(
ex ◦E ex ◦E

)
Z(z)

(
~T
~R

)
, (6.32)

where

Y (y) = eiKyy, (6.33)
~X(x) = (. . . , ei(Kx+h−1)x, ei(Kx+h0)x, ei(Kx+h1)x, . . .), (6.34)

Z =

(
Z+(z) 0

0 Z−(z)

)
, Z±nn(z) = e±iknn(z−zj). (6.35)

Z± is diagonal, ex is the matrix containing the x components of the vectors ~emn and
◦ is the elementwise (Hadamard) multiplication operator, so that (e◦E)ij = eijEij .
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Valorization
and outlook

Ultra-thin multilayers, single-crystal surfaces and 3D patterned nanoscale de-
vices, all require state-of-the-art nanometrology to establish the basic structure
parameters. The research summarized in this thesis can be described as a theoret-
ical and numerical study of X-ray scattering in a broad sense. It was motivated to
advance the current state of several X-ray analysis methods, such as X-ray reflec-
tivity (XRR), X-ray diffraction (XRD), X-ray standing wave (XSW) and grazing
incidence small angle X-ray scattering (GISAXS) to a new level in accuracy for the
study of ultra-thin multilayers, single-crystal surfaces and 3D patterned nanoscale
devices.

The combined analysis of X-ray and EUV measurements, as developed and
described in this thesis, allowed us to drastically improve the precision of character-
ization of the multilayer mirrors. This has been cited in the work of Haase et.al. [1]
where another step in the improvement of the characterization was done by in-
corporating resonant EUV reflectivity, X-ray standing wave and X-ray reflectivity
data, all within one mathematical model. The next step was made in the research
of Tryus et.al. [2], where a lab-scale tool for EUV reflectivity measurements was
developed, while in our research EUV reflectivity measurements were done using a
synchrotron. In this research our combined analysis approach has been successfully
employed.

We have demonstrated an approach for the analysis of the 3D distribution of
density fluctuations in one of the materials of a multilayer mirror using grazing-
incidence small-angle X-ray scattering. We observed that the formation of struc-
tural imperfections in the bulk layer affects the interface roughness morphology in
the multilayer. That observation is of particular interest, since the morphology of
interface roughness drastically affects the total performance of the multilayer mir-
rors. Thus, further refinement of multilayer mirrors may require special attention
not only to interfaces but also to 3D bulk defects in layers. The demonstrated
approach can be used for a detailed study of such defects.

Moving from the basically 1D periodical multilayer structures to 2D and 3D
nanoscale structures such as gratings and nano-columns, we have developed a math-
ematical model which allows to selectively analyze the elemental distribution in the
structures. This approach enabled the analysis of the 3D elemental distribution in
periodic nanoscale structures for the first time. It can be useful for a broad spectrum
of nano-scale devices like light-trapping structures in solar cells, field emitter arrays,
nanorods, devices for surface-enhanced Raman scattering and surface-enhanced in-
frared absorption spectroscopy.

A practical feature of the research is that many of the proposed nano-metrology
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methods can be applied on lab-scale equipment. For instance, with the development
of lab-based plasma EUV sources, combined X-ray and EUV reflectivity analysis
can be applied. With modern X-ray diffractometer instruments, like the Malvern
Panalytical Empyrean, the bulk distribution of defects in multilayers can be stud-
ied using our approach developed for the density-fluctuation study. Also, in our
theoretical study of grazing-incidence X-ray diffraction we showed that specular re-
flectivity modulated by diffraction can be used for the study of the crystal surface
structure.
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Summary

The research described in this thesis concerns X-ray and Extreme UV character-
ization of periodic nanoscale structures. Advances in this analysis range from char-
acterization of 1D systems, like multilayer short-wavelength mirrors, to nanoscale
systems with a 2D or 3D, complex architecture. We have drastically improved the
accuracy of the multilayer structure characterization by combining the analysis of
X-ray reflectivity data and EUV normal-incidence reflectivity data, as compared to
the traditional, sole use of X-ray analysis. This was done by using an uncertainty
analysis based on the covariation matrix of the combined goodness of fit criterion for
data taken at both wavelengths. It shows that the X-ray data primarily contribute
to the accuracy of the layer and interface thicknesses, while the EUV data are more
sensitive to the layer densities and atomic compositions.

Multilayer mirrors can have imperfections distributed in all three dimensions.
In a W/Si multilayer system for instance, a 3D distribution of density fluctuations
was observed in the Si layers. These fluctuations have been studied using grazing-
incidence small-angle X-ray scattering. Assuming a 3D para-crystal-like fluctuation
of the density distribution, the parameters reconstructed by numeric simulations
were found to be in excellent agreement with independent observations by scanning
transmission electron microscopy. Moreover, the density fluctuations were noted to
affect the morphology of the interface roughness.

In subsequent theoretical research using grazing-incidence X-ray diffraction, the
surface structure of monocrystals was further assessed. The structures were con-
sidered as 2D objects, assessed by probing the distribution of atoms in depth of
the sample and in a chosen set of planes parallel to the surface. Using advances
in the dynamical diffraction theory, we predicted an interesting effect: a signature
of the off-plane diffraction can be observed by measuring the specular reflectiv-
ity. Another interesting aspect is that the intensity of the specular reflection is
significantly higher than that of the diffracted beam. This may allow the character-
ization of the crystal surface, the surface oxidation and the thin (epitaxial) layers,
using a relatively moderate power, lab-scale X-ray metrology tool as opposed to a
synchrotron-based facility conventionally used for these purposes.

The dimensionality was also addressed in the X-ray standing wave technique. Al-
though it allows the analysis of the atomic in-depth distribution of different species,
information on the lateral direction is normally lost in this approach. We have
derived equations based on the dynamical diffraction theory in a many-beam ap-
proximation, which allows the detailed analysis of the 3D atomic distribution in
the structure. This has been verified on experimental data measured on a Si3N4
lamellar grating structure using an incident photon energy in the EUV range and on
a 3D nano-column Cr structure in the hard X-ray range. The result of simulations
using our mathematical model showed a good agreement with nominal structure
parameters.
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In conclusion, this thesis includes several analytical approaches to extend the
scope of current X-ray and EUV analysis. This notably concerns the broadening of
the dimensionality of the analysis of nano-scale devices and structures, and methods
to arrive at an enhanced precision by combining data from different wavelength
ranges.



Samenvatting

Het onderzoek in dit proefschrift gaat over de karakterisatie van periodieke struc-
turen op nanoschaal met behulp van röntgen (X-ray) en Extreem UV straling. Er
wordt vooruitgang beschreven in het karakteriseren van 1D systemen zoals multi-
laagspiegels voor korte golflengtes, en nanoschaal objecten met een complexe 2D
of 3D structuur. De nauwkeurigheid van de analyse van multilaagstructuren is
enorm verbeterd door de gecombineerde analyse van harde X-ray en EUV reflec-
tiviteitsdata, vergeleken met de traditionele analysemethode die alleen op X-ray
data gebaseerd is. Dit is bereikt door middel van een nauwkeurigheidsanalyse die
gebruikt maakt van de covariantiematrix van de fitfunctie die gebaseerd is op data
voor beide golflengtes. Hieruit blijkt dat de harde X-rays voornamelijk bijdragen
aan de bepaling van de laag- en interfacediktes, terwijl de EUV data juist veel
gevoeliger zijn voor laagdichtheden en materiaalcomposities.

Multilaagspiegels kunnen structurele onvolmaaktheden hebben in alle drie di-
mensies. In een W/Si multilaagsysteem zijn bij voorbeeld driedimensionale vari-
aties van elektronendichtheden waargenomen in de Si lagen. Deze variaties zijn
bestudeerd met behulp van X-ray verstrooiing bij kleine invalshoeken. Uitgaande
van een 3D parakristal-achtige verdeling van de dichtheidsvariaties, was het mo-
gelijk om een zeer goede overeenkomst te behalen tussen gereconstrueerde struc-
tuur parameters uit de X-ray data, en de structuurparameters die uit een scanning
transmissie-elektronenmicroscoop analyse verkregen zijn. Verder is ook gebleken dat
de dichtheidsvariaties in de Si lagen een directe invloed hebben op de morfologie
van de interfaces tussen de lagen.

Het doen van X-ray diffractie metingen bij kleine invalshoek is theoretisch gee-
valueerd om de structuur dichtbij het oppervlak van periodieke structuren zoals
kristallen te analyseren. De structuren werden benaderd als tweedimensionale ob-
jecten, en de diepteverdeling van atomen in een set van vlakken die parallel aan
het oppervlak liggen werd beschouwd. Door middel van vooruitgang in de theorie
van dynamische diffractie werd een interessant effect voorspeld: als gevolg van dif-
fractie aan vlakken niet parallel aan het oppervlak, wordt het reflectiesignaal van
de structuur sterk beïnvloedt. Doordat dit reflectiesignaal veel sterker is dan het
diffractiesignaal, zorgt deze ontdekking ervoor dat de karakterisatie van dit soort
kristaloppervlakken gedaan kan worden met een lage intensiteit X-ray bron zoals
in een laboratoriumdiffractieapparaat, in tegenstelling tot het tot nu toe noodza-
kelijke gebruik van een moeilijk toegankelijke hoge intensiteit X-ray bron zoals een
synchrotron.

De dimensionaliteit van periodieke structuren is ook benaderd door middel van
het gebruik van staande X-ray golven. Hoewel staande X-ray golven gebruikt kun-
nen worden om de in-diepte verdeling van elementen in een structuur te onder-
zoeken, gaat hierbij normaal de laterale informatie verloren. In dit proefschrift zijn
vergelijkingen afgeleid voor dynamische diffractie in de meerdere-bundel benadering,
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waardoor de laterale informatie niet verloren gaat, wat leidt tot de mogelijkheid om
met staande X-ray golven een analyse te doen van de driedimensionale verdeling
van elementen in een structuur. Deze theorie is getoetst door middel van experi-
mentele EUV data van een Si3N4 laminaire tralie, en door middel van harde X-ray
data van een driedimensionale nanokolomnaire Cr structuur. De resultaten van
de modelberekeningen komen goed overeen met de experimentele data, en de struc-
tuurparameters die uit deze analyse voortkomen zijn in goede overeenstemming met
de nominale structuurparameters en parameters uit eerdere analyse.

Samengevat, dit proefschrift bevat meerdere analytische benaderingen die de
huidige mogelijkheden van X-ray en EUV analyse verder uitbreiden. Specifiek richt
het zich op het uitbreiden van de mogelijkheden om structuren met hoge dimensi-
onaliteit te bestuderen, en op het verbeteren van de nauwkeurigheid waarmee de
structuur onderzocht wordt door middel van combineren van data uit verschillende
golflengtegebieden.



Заключение

В этой диссертации исследуются методы анализа периодических наноразмер-
ных структур при помощи излучения в рентгеновском диапазоне и в диапазоне
глубокого ультрафиолета (УФ). В работе рассматривается как анализ одно-
мерных структур, таких как многослойные коротковолновые зеркала, так и
анализ структур со сложной двухмерной или трёхмерной архитектурой. Сов-
местив анализ данных рентгеновской рефлектометрии в скользящем падении
с анализом данных УФ рефлектометрии в нормальном падении в рамках од-
ной математической модели, мы значительно улучшили точность характериза-
ции многослойных структур. Улучшение точности характеризации было проде-
монстрировано с помощью анализа, основанного на ковариационных матрицах
рассчитанных для данных в рентгеновском и в УФ диапазонах. Этот анализ
показал, что данные рентгеновской рефлектометрии в основном чувствитель-
ны к толщинам слоёв и к характерным толщинам взаимной диффузии слоёв,
а данные УФ рефлектометрии чувствительны к плотностям материалов и сте-
хиометрии элементного состава материалов структуры.

Многослойные дифракционные зеркала, по своей сути, являются одномер-
ными структурами, однако дефекты таких структур могут иметь трёхмерный
характер. Трёхмерное распределение флуктуаций плотности было обнаружено
в слоях кремния многослойной системы W/Si. Эти флуктуации были изучены
с использованием малоуглового рентгеновского рассеяния в скользящем па-
дении. Статистические параметры распределения флуктуаций плотности бы-
ли получены при помощи численного моделирования экспериментальных дан-
ных. Математическая модель флцктуаций была построена исходя из предполо-
жения, что флуктации распределенны как трёхмерный пара-кристалл. Полу-
ченные таким образом, статистические параметры распределения флуктаций
плотности хорошо согласуются с экспериментальными данными просвечива-
ющей электронной микроскопии. Более того, было замечено, что флуктации
плотности влияют на морфологию шероховатости границ раздела многослой-
ной структуры.

Далее, в теоретическом исследовании в рамках рентгеновской дифракции в
скользящем падении была рассмотрена структура идеальных монокристаллов.
Структуры были рассмотрены как двухмерные объекты: атомы распределены
по глубине образца и в выбранном наборе кристаллографических плоскостей,
параллельных поверхности. С помощью динамической теории дифракции был
теоретически предсказан интересный эффект: интенсивность зеркально отра-
жённого рентгеновского излучения модулируется осцилляциями интенсивности
дифракции вне плоскости падения. Учитывая то, что интенсивность отражён-
ного луча в условиях скользящего падения под углом, близким к углу полного
внешнего отражения, значительно выше интенсивности дифракции вне плос-
кости падения. Это может позволить анализировать структуры поверхности
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кристаллов, приповерхностных слоёв оксидов и тонких эпитаксиальных плё-
нок, используя лабораторный дифрактометр на рентгеновской трубке, мощ-
ность которой значительно ниже мощности синхротрона или лазера на свобод-
ных электронах.

Проблема размерности была также рассмотрена в применении к методу сто-
ячих рентгеновских волн (СРВ). Классический метод СРВ позволяет раздельно
анализировать распределения концентрации различных элементов в структуре
по глубине. В таких исследованиях информация о латеральном распределении
концентрации утрачивается. Основываясь на динамической теории дифракции
в многоволновом приближении, мы вывели уравнения, учитывающие трёхмер-
ные распределения концентрации различных элементов в структуре. Получен-
ная теория была проверена экспериментально для УФ диапазона на образце
нитрид кремниевой наноразмерной дифракционной решётки и для рентгенов-
ского диапазона на образце трёхмерных нано-столбцов хрома. Результат чис-
ленного моделирования хорошо согласуется с экспериментальными данными.

В заключение, набор аналитических подходов, описанный в этой диссерта-
ции, позволяет расширить область применения современных методов рентгено-
структурного анализа и улучшить качество анализа наноразмерных структур.
В частности, описанные подходы могут быть применены в области анализа
трёхмерных наноразмерных структур, как в рентгеновском, так и в УФ диапа-
зонах.
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