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Abstract

The Shapley value (Sh) gives each player in a cooperative game his
marginal contribution to the H (art &)M (as-Colell)-potential of the grand
coalition. For cooperative transportation games, computing the worth of
a coalition may involve solving a traveling salesman or a vehicle routing
problem which are known to be NP -hard. Moreover, the computation of
Sh is NP -hard itself. We take into account that in applications a solution,
i.e., an allocation of savings or profits, may be required before all worths of
the coalitions, necessary for the computation of Sh have been established.

An inductive Shapley value (ISh) gives each player in a coopera-
tive game his marginal contribution to an inductively approximated HM -
potential of the grand coalition. First, the worth of the grand coalition
is determined which (by assumption) is always possible. As long as the
constraint is not met, the worths of all coalitions with cardinality 1 are
computed, followed by those for all coalitions with cardinality 2, and so
on. Simultaneously, the HM -potential of the game restricted to the coali-
tion at hand is determined, as well as an auxiliary function based on all
HM -potentials found until then. If the computation time reaches the con-
straint at cardinality U+1, the auxiliary functions determine the inductive
HM -potential of the grand coalition and all coalitions with one member
missing, based on the completed calculations for cardinalities smaller than
or equal to U . If the constraint is not binding, the ISh coincides with the
standard Shapley value. ISh satisfies effi ciency, linearity, but also the
balanced contributions property (a fairness property) in general. ISh is
sensitive up to cardinality U and insensitive beyond cardinality U, i.e., it
depends on and only on information that has been computed, and there-
fore not on factors unrelated to verifiable properties of the game.
JEL-codes: C71.
Keywords: Inductive Hart & Mas-Colell potentials, inductive Shapley
values, cooperative transportation games

1 Introduction

Cooperation in real-world combinatorial optimization problems is an interesting
concept, especially in transportation games as they hold a great promise of a
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considerable reduction in individual and collective costs within the cooperat-
ing entity, as well as in associated negative externalities such as environmental
pollution or congestion typically affecting parts of the outside society.1 These
externalities are, by their very nature, not considered in decision making for
which they are irrelevant by-products, but may be of great relevance to society.
Applications of cooperative game theory to transportation problems may

suffer from a double curse of dimensionality. Firstly, finding several widely
used solutions2 to cooperative games3 constitutes a problem which is increas-
ingly hard to solve if the number of agents that cooperate increases. Secondly,
prominent problems studied in transportation frameworks are traveling sales-
man problems and vehicle routing problems, and these are known to be NP -hard
(cf., e.g., Schulte et al. [2017]).
Shapley [1953b] introduced one of the most important single-valued solutions

for cooperative games, the Shapley value. A value here solves the problem of
how the worth of the grand coalition, i.e., the benefits of all agents cooperating,
should be divided among its members. The Shapley value is characterized, i.e.,
uniquely determined, by the axioms of effi ciency, linearity, symmetry and the
null-player property (or minor variations).4

The scientific discipline focussing on cooperative transportation problems
(CTPs) is rather geared to using the Shapley value.5 Admittedly, the Shap-
ley value has an abundance of attractive properties for transportation related
contexts. For instance, the Shapley value expresses how important an individ-
ual agent is by attributing his average marginal contribution to each coalition
taken over all permutations of the player set. So, the higher his contribution is
to any given coalition, the more the Shapley value gives to an agent. Intuitively
attractive solutions proposed in the literature may be lacking this aspect, and
this may be a serious impediment to cooperation in real-world problems (cf.,
e.g., Cruijssen et al. [2007]).
One of the most unattractive properties of the Shapley value is undoubtedly

that it becomes increasingly hard to compute for games with increasing num-
bers of players as mentioned. This problem is known to be NP -hard (cf., e.g.,
Theorem 3, Faigle & Kern [1992]). This is reflected also, albeit implicitly, in
Schulte et al. [2017] and Guajardo & Rönnqvist [2016] as the bulk of contribu-
tions found6 focus on CTPs with a small number of players. To address this
issue, Schulte et al. [2018] propose a row generation algorithm to calculate the

1See e.g., Figliozzi [2010], Pradenas et al. [2013], Schulte et al. [2017].
2Such as the Shapley value (Shapley [1953b]), the (pre)nucleolus (Schmeidler [1969],

Sobolev [1975]), the τ -value (Tijs [1981,1987]), the Banzhaf value [1965] and variants e.g.,
weighted, discounted or egalitarian Shapley values (Shapley [1953a], Joosten [1996,2016]), the
least square (pre)nucleolus (Ruiz et al. [1996,1998]), compromise values (Otten & Tijs [1993]),
the consensus value (Ju et al. [2007]) or the normalized Banzhaf value (e.g., Van den Brink
& Van der Laan [2007], Alonso-Meijide [2015]).

3For overviews on cooperative game theory and solutions, we gladly refer to Peters [2008],
Maschler, Solan & Zamir [2013], Gonzáles Díaz et al. [2010].

4Cf., e.g., Maschler et al. [2013], Gonzáles-Díaz et al. [2010], Peters [2008].
5 In Schulte et al. [2018], 12 (8) out of 20 contributions studied the Shapley value (ex-

clusively), the core and the nucleolus were used 4 (1) resp. 3 (0) times (exclusively). In
another overview (Guajardo & Rönnqvist [2016]) the Shapley value, proportional methods,
the nucleolus were used in 23, 18 resp. 12 scientific contributions.

6Schulte et al. [2017] find 14 out of 20 contributions with at most 5 players, an additional
2 feature 5-10 players. Guajardo & Rönnqvist [2016] found a distribution of 34, 5 and 9
contributions with at most 5, 6-10 respectively 11-80 players.
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core, and a procedure to construct the Shapley value iteratively in the context
of truck drayage operations.
Cruijssen et al. [2007] point out that three of the main impediments to

horizontal cooperation are (i) the diffi culty of determining benefits and savings
beforehand, (ii) the complexity of ensuring a fair allocation of the shared work-
load in advance, and (iii) the problem of finding a fair allocation of benefits.
Point (iii) can be taken care of theoretically by using game theoretical concepts,
provided that (i) and (ii) are covered by effi cient computational procedures.
Another facet which may hinder the formation of larger entities of cooper-

ating agents is the nature of their very existence. If they are not cooperating,
these agents compete, sometimes fiercely. Information may play a crucial role
in yielding a competitive advantage, having certain returning customers, having
certain relationships may be crucial, too. Sharing information or losing control
may be considered too risky in this respect (cf., e.g., Cruijssen et al. [2007]),
even if the greater good is served.
Such impediments to achieve cooperation can be partly solved by appointing

an outside agent, e.g., a government agency or consultancy firm, trusted by all
to provide a fair distribution of the gains of cooperation, and to deal diligently
with information shared. Applying several game theoretical solution concepts
may require solving a considerable number of NP -hard subproblems, so the
agent should be well provided with computational means. There may be some
effi ciency gain in having one outside agent incur the necessary investments in
personnel and infrastructure, instead of a large number of agents making the
same investments each to compare and check the others’ computations and
resulting proposals for distributing the gains of cooperation.
Our main idea is practically motivated, namely that computation of a solu-

tion to the problem of dividing the benefits of cooperation in a CTP may be
subject to contextual time constraints. Hence, it may not be possible to compute
all primitives, i.e., the worths of the coalitions, necessary for the computation
of game theoretical solutions such as the Shapley value. Our second aim is to
draw attention to a rather effi cient way of computing the Shapley value, namely
by means of the HM -potential (Hart & Mas-Colell [1988,1989]).
The challenge presented by our problem is that for the HM -potential the

worths of all coalitions should be known, too. For each coalition of which the
value of the HM -potential cannot be determined, we define an approximation,
the inductive HM -potential, based on the true HM -potentials for all coalitions
with at most U members. The HM -potential of the grand coalition is approxi-
mated by using the true worth of the grand coalition, which by assumption can
always be computed, and the approximated potentials of all coalitions with one
player lacking from the grand coalition.
The Shapley value (Sh) gives each player in a cooperative game his marginal

contribution to the HM -potential of the grand coalition. Likewise, the inductive
Shapley value (ISh) gives each player in a cooperative game his marginal con-
tribution to the inductive HM -potential of the grand coalition. Consequently, if
the restriction is quite loose, ISh = Sh, i.e., the inductive Shapley value and the
Shapley value coincide. In other cases, ISh is identical to well-known alterna-
tives. If the restriction is very tight, i.e., U = 0, ISh = η, the egalitarian value
(e.g., Joosten [1996]), and if it is slightly less tight, i.e., U = 1, ISh = CIS, the
center-of-the-imputation-set value or, more concisely, the CIS value (Driessen
& Funaki [1991], Moulin [2003]).
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An issue is which interesting properties of Sh can be recovered for ISh. In
decreasing degrees of generality we show that certain of these properties can.
For instance, ISh satisfies effi ciency and the balanced contributions property
of Myerson [1980] for all games. Furthermore, depending on diligent choices
regarding how to establish the approximated HM -potential, ISh satisfies sym-
metry for all games. Symmetry and the balanced contributions property are
widely regarded as requirements of fairness. Another fairness aspect, social
acceptability (cf., e.g., Joosten et al. [1994], Driessen & Radzik [2011]) can be
guaranteed only for subclasses of games.
We introduce two criteria dealing with links between the information avail-

able and the value at hand. We call a value sensitive up to cardinality U if the
value is able to differentiate in attributing amounts to the players for pairs of
games which are perfectly identical for coalitions with more than U members,
but different for at least one coalition with at most U members. A value is
called insensitive beyond cardinality U if the difference between the amounts
two players receive depends only on what they contribute to coalitions with at
most U members. So, a value that is sensitive up to cardinality U uses all infor-
mation from the worths of coalitions up to a certain size, and if it is insensitive
beyond U it does not differentiate between players on the basis of information
from worths of coalitions larger than U .
The inductive Shapley value is both sensitive up to any cardinality U and

insensitive beyond any cardinality U. We regard this as an appropriate pair of
properties for the context in which U can be only determined by doing the
calculations. They involve two different notions of fairness as we see it. All
differences in contributions players have in the part of the cooperative game for
which we can compute the exact worths, do matter for ISh. In this sense, this
value can be regarded as fair, as it recognizes and acknowledges differences in
players’power. On the other hand, for the part of the cooperative game for
which the restriction regarding the computation time causes a lack of informa-
tion about the worths of, and hence contributions of players to the latter, of
coalitions with more members, the value treats each and every player equally.
So, information which is simply not available (under the restriction) does not
distort any (in)differences between players justified by the former part.
Although the inductive Shapley value coincides with the egalitarian value or

the CIS value if the restrictions on the computation time are tight, neither uses
information in the way ISh does. The egalitarian value is not sensitive up to
any strictly positive cardinality, hence information about worths of coalitions
which are not equal to the grand coalition, is not used at all, even if they can be
computed under the restriction. The CIS value is sensitive up to cardinality 1,
but it does not use possibly available information about coalitions of larger size.
ISh uses all information available. Other easy-to-compute alternative values
such as the proportional value (Ortmann [2000]) and generalizations thereof
called proportional methods (cf., e.g., Cruijssen et al. [2007]) are sensitive up
to cardinality 1, but not insensitive beyond cardinality 1.
Necessary preliminaries are up next, we proceed with the inductive HM -

potential and Shapley value. Section 4 is devoted to one particular interesting
choice on how to generate these potentials, for which ISh possesses properties
widely regarded as fair. We describe the computational steps for ISh in Section
5. Section 6 features possible variants. Section 7 concludes, all proofs are
relegated to the Appendix.

4



2 Preliminaries

Let R denote the set of real numbers, Z be a non-empty set of natural numbers,
representing the set of potential players. (Strict) inclusions are denoted by
(⊂) ⊆. A coalition is a finite subset of Z. A transferable utility game
is a pair (N, v) where N is a coalition and v : 2N → R, with v(∅) = 0, is a
characteristic function. GN is the set of all games with player set N, G
denotes the set of all games.
Let (N, v) ∈ G, then:

• for M ⊆ N , the characteristic function of the game (M, v) is the map v
restricted to 2M ;

• the marginal contribution of player i ∈ S ⊆ N is given by ∆v
i (S) =

v(S)− v(S\{i});

• player i ∈ N is a null-player in (N, v) if v(S) = v(S\{i}) for all S ⊆
N,S 3 i; N (N, v) is the set of null-players in (N, v);

• players i, j ∈ N are symmetric in (N, v), if ∆v
i (S) = ∆v

j (S) for all
S ⊆ N,S ⊇ {i, j}.

Let v, w : 2N → R, and α, λ ∈ R, then ((αv+ λw))(S) = αv(S) + λw(S), for all
S ⊆ N . With this operation GN is a linear space. For non-empty T ⊆ N ⊆ Z,
the T-unanimity game (N, uT ) is the game with uT (S) = 1 if T ⊆ S ⊆ N ,
and uT (S) = 0 otherwise.
For given β ∈ R we associate a hyperplane in the |N |-dimensional Euclidian

space H(β) by

H(β) =

{
x ∈ R|N ||

∑
i∈N

xi = β

}
.

Then, we call H(v(N)) the effi cient hyperplane of (N, v) ∈ G.
Shapley [1953b] showed that the collection of all T -unanimity games (∅ 6=

T ⊆ N) forms a basis of GN . So, for every game (N, v) with non-empty player-
set N , there exists a unique set of numbers {cT ∈ R | ∅ 6= T ⊆ N}, satisfying
v =

∑
∅6=T⊆N cTuT where cT =

∑
∅6=S⊆T (−1)

|T |−|S|
v(S) for any T ⊆ N

A value is a map ψ assigning to each game (N, v), a vector in R|N |. The
interpretation is that if the value is applied to a game (N, v), the i-th component
of the vector represents the utility attributed to player i ∈ N in the game (N, v).
Let ψ be a value, then:

• ψ is effi cient if ψ ∈ H(v(N)) for every (N, v) ∈ G;

• ψ is symmetric if ψi(N, v) = ψj(N, v) whenever i, j ∈ N are symmetric
players in (N, v) ∈ G;

• ψ is linear if ψ(N,λv + µw) = λψ(N, v) + µψ(N,w) for all λ, µ ∈ R, and
all (N, v), (N,w) ∈ G;

• ψ satisfies the null-player property if ψi(N, v) = 0 for all i ∈ N (N, v);

• ψ is α-egalitarian if ψi(N, v) = α
∑

j∈N ψj(N,v)

|N | for all i ∈ N (N, v), α ∈ R.
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Giving a non-zero amount to null-players may induce an issue concerning
fairness if the worth of the grand coalition is to be distributed. One may raise
the question, does this value give to the poor at the expense of the rich, or does
it take from the poor, to benefit the rich? Even if the value redistributes from
the rich to the poor, it might be too generous. In this tension, the concept of
social acceptability (cf., e.g., Joosten et al. [1994], Driessen & Radzik [2011])
may be useful. The following translates the original definition (using unanimity
games) in order to make it meaningful here.

Definition 1 Let (N, v) ∈ G, then the value ϕ is socially acceptable if for
all (N, v) ∈ G and all i, j ∈ N satisfying

∆v
i (S) ≥ 0 ≥ ∆v

j (S) for all S ⊆ N ⊇ {i, j},

it follows that for all k ∈ N (N, v)

(a) ϕi(N, v) ≥ ϕk(N, v) ≥ ϕj(N, v),
(b) ϕk(N, v) · v(N) ≥ 0.

Clearly, (a) means that players contributing more (less) than a null player get
more (less) under a socially acceptable value. This could be interpreted as
giving a reflection of the importance (or power) of a player relative to a null-
player (marginalism). Moreover, (b) implies that the null-player receives not
less (more) than zero if the worth of the grand coalition is positive (negative).
This could be seen as a reflection of solidarity among those cooperating (egal-
itarianism). The tension between marginalism and egalitarianism is studied in
several contributions, e.g., Van den Brink [2007], Van den Brink et al. [2013],
Joosten [1996]. Social acceptability restricts the range of α in α-egalitarianism
in combination with effi ciency and linearity, to [0, 1].

Remark 1 Many CTP games studied in the literature are monotone (cf., Schulte
et al. [2017]), then 0 ≥ ∆v

j (S) in (a) in Def. 1 cannot occur, so (a) reduces
to ϕi(N, v) ≥ ϕk(N, v) whenever k is a null-player and i is not. Moreover,
v(N) ≥ 0, hence (b) reduces to ϕk(N, v) ≥ 0 whenever k is a null-player.

The following deals with the (in)ability of values to make distinctions be-
tween games in attributing amounts to the players.

Definition 2 The value ϕ is called

• sensitive up to cardinality U, 0 < U < |N |, if for any (N, v) ∈ G
and any s = 1, 2, ..., U some (N,w) ∈ G exists satisfying w(S) 6= 0 for
some S with |S| = s, and w(S) = 0 whenever |S| ≥ U, it holds that
ϕ(N, v + w) 6= ϕ(N, v);

• insensitive beyond cardinality U, 0 ≤ U ≤ |N |, if ϕi(N, v + w) −
ϕj(N, v+w) = ϕi(N, v)−ϕj(N, v) for all (N, v) ∈ G and all (N,w) ∈ G,
i, j ∈ N satisfying w(S) = 0 for all |S| = 1, 2, ..., U.

Hence, if a value is sensitive up to some cardinality U, it is responsive to changes
in worths of coalitions with cardinality up to U . If the value is insensitive beyond
some cardinality U, it means that the difference between the amounts any pair
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of players obtain in a pair of games which are completely identical for coalitions
up to cardinality U , does not depend on differences in worths of coalitions with
cardinality greater than U. So, (in)equality between players remains the same
for changes regarding higher cardinality sets. Stated differently, if (N, v) were
to change into a new game (N, v + w) as described above, the second part of
the definition implies ϕi(N, v + w) − ϕi(N, v) = ϕj(N, v + w) − ϕj(N, v). So,
gains or losses would be identical for any pair of players.

2.1 Some values

For any (N, v) ∈ G, the egalitarian value η is defined by ηi(N, v) = v(N)
|N |

for all i ∈ N, i.e., η distributes the worth of the grand coalition equally among
the players. So, η is effi cient, symmetric, linear, and it does not satisfy the
null-player property, it is even 1-egalitarian.7

The center(-of-gravity) of the imputation set value, or CIS (Funaki
& Driessen [1991], Moulin [2003]) defined as follows

CISi(N, v) = v({i}) +
v(N)−

∑n
j=1 v({j})

| N | for all i ∈ N, (N, v) ∈ G.

This value gives to each player i his stand alone-worth v({i}) and the remaining
amount v(N)−

∑n
j=1 v({j}) is divided equally among all members of the grand

coalition. So, CIS is effi cient, symmetric, linear, but it does not satisfy the
null-player property.
The proportional value PV (cf., Ortmann [2000]) is defined as follows:

PVi(N, v) = v({i}) +
v({i})∑n
j=1 v({j})

v(N)−
n∑
j=1

v({j})


=

v({i})∑n
j=1 v({j})v(N) for all i ∈ N, (N, v) ∈ G.

For the above to make sense mini∈N v({i}) ≥ 0 < maxi∈N v({i}) should hold.
So, each player receives his stand alone-worth and the remaining amount is
divided among all members of the grand coalition proportional to their stand
alone worths. PV is effi cient, symmetric, and it satisfies the null player property,
it is not linear.
Note that these three values require very little information from the game.

Furthermore, each value projects some vector unto the effi cient hyperplane. The
PV and CIS project the vector of stand-alone worths on said hyperplane by
ray-projection and orthogonal projection respectively.8 The CIS and η use an
orthogonal projection unto the effi cient hyperplane of the vector of stand-alone
worths respectively the origin.
Proportional methods (cf., e.g., Cruijssen et al. [2007], Guajardo & Rön-

nqvist [2016]) can be described similarly. Let w ∈ R|N | be a vector of weights
satisfying wi > 0 for all i ∈ N , then define proportional method PMw by

PMw
i (N, v) =

wi∑n
j=1 wj

v(N) for all i ∈ N, (N, v) ∈ G.

7Van den Brink [2007] characterizes the egalitarian value by effi ciency, linearity, symmetry
and the nullifying player property.

8Following the terminology of Joosten & Roorda [2008,2011] in a different framework.
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The weights might be determined outside the cooperative game, e.g., if wi = c >
0 for all i ∈ N we have PMw(N, v) = η(N, v). If the weights are taken exactly
equal to the vector of stand-alone worths, i.e., wi = v({i}) for all i ∈ N , then
PMw(N, v) = PV (N, v). Cruijssen et al. [2007] and Guajardo & Rönnqvist
[2016] offer practical alternatives on how to establish w. Proportional methods
may be viewed as unfair and this in turn may impede cooperation in real-world
problems, cf., Cruijssen et al. [2007].
A value requiring substantially more information and computational opera-

tions is the Shapley value (cf., Shapley [1953b], Roth [1988]) Sh. For every
(N, v) ∈ G and every i ∈ N, Sh is given by

Shi(N, v) =
∑

S⊆N :i∈S

(|S| − 1)!(|N | − |S|)!
|N |! ∆v

i (S). (1)

The Shapley value is based on permutations of the player set. Recall that ∆v
i (S)

is player i’s marginal contribution to the set S, and observe that the predecessors
to i in S could have arrived in (|S| − 1)! different orders and the players outside
of S could be arriving after i in (|N |− |S|)! different orders, the total number of
orders for all players is |N |!. The Shapley value assigns to each player his average
marginal contribution taken over all permutations of the player set. To apply
(1), the worths of all coalitions should be known and the computation involves
|N |! steps. The Shapley value is uniquely determined by effi ciency, symmetry,
linearity and the null-player property.
In the introduction, we mentioned other solution concepts from cooperative

game theory, the (pre)nucleolus, the least squares (pre)nucleolus, the Banzhaf
and the τ -value, and the compromise values, the discounted and egalitarian
Shapley values. All these one-point solutions have the same informational re-
quirements as the Shapley value. The most frequently used set-valued solution
concept in cooperative game theory, the core (Gillies [1953]) requires the same
amount of information. Establishing whether an allocation belongs to the core
is an NP -complete problem.
It can be verified that the values η and PM are not sensitive up to cardinality

U for any strictly positive U. Similarly, the values PV and CIS are sensitive
up to cardinality 1; η is insensitive beyond cardinality 0, PM is not insensitive
beyond cardinality 0, CIS is insensitive beyond cardinality 1 and PV is not
insensitive beyond cardinality 1. The Shapley value is sensitive up to cardinality
|N |, where N is the player set.

2.2 The HM -potential and the Shapley value

Hart & Mas-Colell [1988,1989] defined the HM -potential as a function attribut-
ing a real number to each game. The vector of marginal contributions of each
player to the HM -potential of the grand coalition in a game coincides with the
Shapley value. Joosten [1996,2017] presented linear potentials and associated
values as pairs, the next definition keeps this custom of presenting a potential
and an associated value as a pair.
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Definition 1 The HM-potential is the unique map P : G→ R given by

P (N, v) = 0 for N = ∅,∑
i∈N

[P (N, v)− P (N\{i}, v)] = v(N), for all (N, v) ∈ G, with N 6= ∅.

The value associated to the HM-potential is the Shapley value Sh for all (N, v) ∈
G, i ∈ N given by Shi(N, v) = P (N, v)− P (N\{i}, v).

The HM -potential is uniquely determined recursively by using

P (M,v) =
v(M) +

∑
k∈M P (M\{k}, v)

|M | (2)

on every game (M, v) restricted to the subset M ⊆ N .
Observe that the expression P (N, v) − P (N\{i}, v) in the definition is the

marginal contribution of player i ∈ N to the potential of the grand coalition, as
P (N\{i}, v) is the potential of the game without him.

Computing the Shapley value by Eq. (2) is more effi cient than by Eq. (1).
To obtain the value of the potential for each coalition requires 2|N | calculations,
to compute the marginal contributions of each player to the potential of the
grand coalition requires another |N | rather elementary ones.

3 Inductive potentials and values

Our main aim is to provide a Shapley value like allocation of costs or profits
avoiding to compute all worths of the coalitions in a cooperative game. Our
computations make use of approximated HM -potentials but may be generalized
by using larger classes of potentials (e.g., Joosten [1996, 2016]).
The outside agent mentioned in the introduction entrusted with gathering

the necessary information and diligently performing the required computations
works, under the following explicit assumptions in (N, v) ∈ G:

A1 A finite upper bound on the computation time CTmax exists. However,
CTmax ≥ CTv(N), i.e., it is always possible to compute the worth of the
grand coalition v(N).

A2 The remaining computing time CTmax − CTv(N) results in a number U
such that all worths v(S) with |S| ≤ U can be computed, and at least one
worth of a coalition with cardinality U + 1 cannot.

A3 U ≥ 0, but U need not be known before computations start.

3.1 The inductive HM -potential

Recall that the HM -potential is denoted by P. Let for given game (N, v) and
let for given U ≤ |N | : V U = {P (S, v)| 0 ≤ |S| ≤ U}, let {V u}|N |u=0 denote the
collection of all such sets, and let g : {V u}|N |u=0 → R|N |. Then, we define the
inductive HM -potential (with restriction U) PU : 2N → R in a rather general
manner:
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PU (S, v) = P (S, v) if |S| ≤ U ,
PU (S, v) =

∑
j∈S

gj(V
U ) if U < |S| ≤ |N | − 1, (3)

PU (N, v) =
v(N) +

∑
k∈N P

U (N\{k}, v))

|N | .

Note that if U = |N |, |N | − 1 all values of the inductive HM -potential PU (S, v)
are equal to the HM -potentials P (S, v), S ∈ 2N . For the more challenging case
that U ≤ |N |−2, we approximate the HM -potential for all S with |S| > U . For
the final approximation, PU (N, v), we use the true worth of the grand coalition,
but still rely on the approximations of potentials for coalitions with one member
less than the grand coalition.
The expression

∑
j∈S gj(V

U ) can be interpreted as follows. Suppose we
‘freeze’ the part of which all relevant information is lacking into an additive
game based on what information obtained for subgames of the original game
with cardinality smaller than or equal to U . In this hypothetical additive game,
we construct the potential of larger coalitions such that the addition of more
members leads to another value, and that the marginal contribution to the
potential is exactly the marginal contribution to the additive game. So, if the
amounts given to the agents in such a coalition were attributed according to
their marginal contributions to the approximated potentials, they would receive
the same amount regardless of the coalition at hand, and that amount is based
on the information obtained from the coalitions for which the worths can be
determined exactly. In mathematical notations, for coalition S with |S| > U,
we find the approximated HM -potential, already knowing the approximations
of all coalitions with fewer than |S| members, by realizing that this means

PU (S, v)− PU (S\{j}, v) = gj
(
V U
)
for all j ∈ N, (4a)

hence, we must have∑
j∈S

[
PU (S, v)− PU (S\{j}, v)

]
=
∑
j∈S

gj
(
V U
)
. (4b)

Then, from this it follows that

PU (S, v) =

∑
j∈S gj

(
V U
)

+
∑
j∈S P

U (S\{j}, v)

|S| . (4c)

There is no way to confirm whether the constructed hypothetical additive game
is anywhere near the real game for the coalitions of which we are unable to
compute the worths. So obviously, it is doubtful whether the approximated
potential will induce an effi cient vector of marginal contributions of all players
in a coalition. Yet, when we compute the approximate potential for the grand
coalition, we do have information about its worth by Assumption A1, and we
use this so that effi ciency for the grand coalition is guaranteed (as will be shown
formally in the sequel). Recall that for the potential of the grand coalition we
have

PU (N, v) =
v(N) +

∑
j∈N P

U (N\{j}, v)

|N | . (4d)

We introduce the following notions to be used in the sequel.
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Definition 3 Let g : {V u}|N |u=0 → R|N | be given, then the game (N, v) is

• U -superadditive if
∑
i∈N g(V U ) ≤ v(N);

• U -subadditive if
∑
i∈N g(V U ) ≥ v(N).

A game that is both U -superadditive and U -subadditive is U -additive.

In Section 4, we discuss one ‘suitable’candidate for the function g exten-
sively, and in this variant the marginal contribution of a player to the approxi-
mated HM -potentials coalitions with more than U members, is taken equal to
the average amount given by the Shapley value to this player in all subgames
(S, v) of (N, v) with exactly U members, i.e., |S| = U .
In Section 6 we treat several alternatives. It seems appropriate though, to

present a harmless, technical restriction on g here, applicable to all alternatives.

Restriction 1: g(V 0) = (0, ..., 0) and g(V 1) = (v({1}, ..., v({|N |}).

3.2 The inductive Shapley value

Having established an inductive HM -potential PU , we can formulate the asso-
ciated inductive Shapley value IShU as the vector attributing to each player his
marginal contribution to the potential of the grand coalition:

IShUi (N, v) = PU (N, v)− PU (N\{i}, v) for all i ∈ N, (N, v) ∈ G.

Although all 2|N | potentials PU (S, v), S ⊆ N, are well-defined, for the com-
putation of IShU we only need those for coalitions with cardinality |N | − 1.
So, in total |N |+ 1 potentials are to be approximated, 2U potentials are to be
determined exactly. Recall that U is not known in advance.

Remark 2 In order to avoid confusion, we emphasize the following. The in-
ductive Shapley value IShU (N, v) is uniquely determined for each and every
game and for U = 0, 1, ..., |N | and g, so the set

{IShu(N, v)}|N |u=0

is uniquely determined. However, only one element out of this set is chosen by
the procedure and as the number U is not known in advance we have

ISh(N, v) = IShU (N, v) ∈ {IShu(N, v)}|N |u=0 .

The following result allows a geometrical interpretation of the inductive
Shapley value.

Lemma 4 IShU (N, v) is the orthogonal projection of g
(
V U
)
on the effi cient

hyperplane H(v(N)).

This means that the inductive Shapley value is easily established for low U . The
following result demonstrates this and its proof is trivial.

Corollary 5 For all (N, v) ∈ G: ISh0(N, v) = η(N, v), ISh1(N, v) = CIS(N, v).

11



Furthermore, if the game at hand happens to be U -additive, more can be said
about the inductive Shapley value, regardless of how g is constructed.

Corollary 6 Let (N, v) ∈ G be U -additive, then IShU (N, v) = g(V U ) =
PMw(N, v) with

w =
1∑

k∈N gk(V U )

(
g1(V

U ), ..., g|N |(V
U )
)
.

So, for tightly restricted computations, the inductive Shapley value boils down
to η, the egalitarian value in the terminology of e.g., Joosten [1996], or the center
of gravity of the imputation set value of Driessen & Funaki [1991], whereas for U -
additive games the inductive Shapley value coincides with a special proportional
method.

Corollary 7 For any g, if (N, v) is U -subadditive (U -superadditive), then for
all i, j ∈ N : IShUi (N, v)− gi(V U ) = IShUj (N, v)− gj(V U ) ≤ (≥) 0.

Under the inductive Shapley value all players receive an equal amount more or
less compared to what g(V U ) would attribute to them.

Remark 3 Note that the amounts attributed by the inductive Shapley value
are determined by one part which uses information obtained from all coalitions
with known worths, namely g

(
V U
)
. As we have no idea what the worths of

all other coalitions, except the grand coalition by Assumption A1, are (un-
til we solve the corresponding optimization problems), the players are treated
equally for the second part which takes care of effi ciency. So, any difference
in utility attributed is equal to the difference in the components of g

(
V U
)
, i.e.,

IShUi (N, v) − IShUj (N, v) = gi(V
U ) − gj(V U ). This can be regarded as a form

of fairness as information not available does not have an influence on the
amounts attributed by the value. All these observations have the following im-
portant implication.

Lemma 8 For given U, IShU is insensitive beyond cardinality U.

This property holds in general, hence in particular for any game w such that
(v+w)(S) = v(S) for all |S| ≤ U and |S| = N. Taking this additional restriction
guarantees that computation times for v and v + w are identical.

Myerson [1980] highlighted the balanced contributions property of the Shap-
ley value which is widely regarded as another notion of fairness, cf., e.g., Yokote
et al. [2016]. The following formalizes this concept.

Definition 9 The value ϕ satisfies the balanced contributions property if
and only if ϕi(N, v)−ϕi(N\{j}, v) = ϕj(N, v)−ϕj(N\{i}, v) for any (N, v) ∈ G
with |N | ≥ 2, i, j ∈ N, i 6= j.

The next result shows that the inductive Shapley value satisfies the balanced
contributions property, too.

Proposition 10 The inductive Shapley value satisfies the balanced contribu-
tions property.
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The balanced contributions property can be seen as an interpersonal fairness
property: player i benefits from player j joining to form the grand coalition ex-
actly in the same fashion as j benefits from i joining to form the grand coalition.
Stated slightly more poetically: one would like the other to do unto him, as the
other would like him to do unto the other.

Example 11 Let the cooperative game ({1, 2, 3}, v) be determined by

v(∅) = 0 v({1}) = 1 v({2}) = 2 v({3}) = 3
v({1, 2}) = 4 v({1.3}) = 9 v({2, 3}) = 12 v({1, 2, 3}) = 36

These worths result in the following eight HM-potentials

P (∅, v) = 0 P ({1}, v) = 1 P ({2}, v) = 2 P ({3}, v) = 3
P ({1, 2}, v) = 7

2 P ({1, 3}, v) = 8 P ({2, 3}, v) = 10 P ({1, 2, 3}, v) = 1916

This again induces the following inductive Shapley values

IShU ({1, 2, 3}, v) =

 (12, 12, 12) U = 0
(10, 11, 15) U = 1
(9 16 , 11 16 , 15 23 ) U = 2, 3

Note Restriction 1 implies that

ISh0({1, 2, 3}, v) =

(
36 + 0 + 0 + 0

3
− 0,

36

3
,

36

3

)
= (12, 12, 12) ,

moreover,

ISh1({1, 2, 3}, v) =

(
36 + 2 · (1+2+3)2

3
− 2 · (2 + 3)

2
, 11, 15

)
= (10, 11, 15) .

Finally, we obtained

ISh2({1, 2, 3}, v) = Sh({1, 2, 3}, v) =

(
36 + 7

2 + 8 + 10

3
− 10, 11

1

6
, 15

2

3

)
=

(
9

1

6
, 11

1

6
, 15

2

3

)
.

4 A prominent candidate for g

We propose and then discuss the following candidate for g to be used in the
approximation of the HM -potential, namely the function g1 given by

g1j (V U ) =
1(|N |−1

U−1
) ∑
T :j∈T,|T |=U

PU (T, v)− PU (T\{j}, v) for all j ∈ N.

The main notion to be explained is the part behind the summation sign. Note
that PU (T, v)−PU (T\{j}, v) may be replaced by P (T, v)−P (T\{j}, v). Hence,
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PU (T, v) − PU (T\{j}, v) = Shj (T, v) . This leads to the alternative represen-
tation

g1j (V U ) =
1(|N |−1

U−1
) ∑
T :j∈T,|T |=U

Shj (T, v) .

So alternatively, the number g1j (V U ) can be interpreted as the average of the
amounts attributed by the Shapley value to player j ∈ N in all games (T, v)
containing j such that |T | = U .
Although the worth of v(S) is not known for |S| > U, we could ask what

would the marginal contribution of player i ∈ S (hypothetically) be to the
potential of S? Clearly,

PU (S, v)− PU (S\{i}, v) =
∑
j∈S

g1j (V U )−
∑

j∈S\{i}

g1j (V U ) = g1i (V U ).

Hence, each player has a constant marginal contribution to the approximated
potential of each coalition with cardinality between U and |N | − 1.

4.1 Standard properties

We examine whether several properties of the original Shapley value used to
axiomatize it, are preserved while generating the approximations. The first
result pertains to a subset of such properties (cf., e.g., Peters [2008]).

Proposition 12 IShU satisfies effi ciency, linearity and symmetry for the func-
tion g1 for all U .

To emphasize an important detail in the proposition, we mention the following.
With respect to {IShu(N, v)}|N |u=0 it can be claimed that for U = 0, 1, ..., |N |,
the corresponding inductive Shapley value satisfies effi ciency and symmetry.
However, we do not claim that IShu(N, v + w) = IShu(N, v) + IShu

′
(N,w)

whenever u 6= u′.
Symmetry of a value is widely regarded as incorporating one important as-

pect of fairness: likes should be treated alike. Any pair of players who are
identical with respect to what they contribute to each and every coalition they
do not belong to, should be treated in the same fashion, i.e., they should receive
the same amount.

4.2 Social acceptability and sensitivity

A fourth property to characterize the standard version of the Shapley value is
the null-player property, as mentioned earlier. The IShU need not satisfy the
null-player property, as for j ∈ N (N, v), we have

ISh0j (N, v) =
v(N)

|N | and ISh
1
j (N, v) =

v(N)−
∑
k∈N v({k})
|N | .

However, this aspect of attributing amounts to players who do not contribute
themselves to the benefit of the whole, by taking from those who do, is a major
concern according to Cruijssen et al. [2007]. As in the introductory part of this
paper, we forward the concept of social acceptability in this tension as a possible
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solution to this concern. The following shows that this property is guaranteed
to hold for inductive Shapley values provided they are U -superadditive, i.e., the
vector g

(
V U
)
is below the relevant effi cient hyperplane.

Proposition 13 Let (N, v) ∈ G, let g1 as presented and let U ∈ {2, ..., |N |−2}
be given and let (N, v) be U -superadditive, then the inductive Shapley value
IShU (N, v) is socially acceptable.

From the proof of this result, it follows that (a), i.e., the desired ordering of
amounts attributed associated to social acceptability is universally satisfied.
So, the only possibly problematic part is (b).
To show that the inductive Shapley value is sensitive up to cardinality U , it

is necessary to specify g. Since this section is devoted to the special case g1 we
now present the following.

Lemma 14 Let (N, v) ∈ G, let g1 as presented and let U ∈ {2, ..., |N | − 2} be
given. Then, IShU (N, v) is sensitive up to cardinality U.

We have shown in Subsection 3.2, Lemma 9, that in general but for given U
the inductive Shapley value IShU is insensitive beyond level U .

5 The computational procedure for the induc-
tive Shapley value

As in Assumption A1, let CTmax be the maximum computing time allowed, let
tc denote the computation time-limit (commonly determined by the application
at hand). Now, we proceed with a detailed description of the procedure in
pseudo code.

Step 1. Compute v(N), then

—P 0(∅, v) := 0,

— V 0 := {P 0(∅, v)},
—P 0(N\{i}, v) := 0 for all i ∈ N ;

—P 0(N, v) := v(N)
|N | ,

— ISh0i (N, v) := P 0(N, v)− P 0(N\{i}, v) for all i ∈ N ;

— ISh0(N, v) := (ISh01(N, v), ..., ISh0|N |(N, v));

—K := 1 and go to Step K.

Step K. While (tc < CTmax)

—Compute v(S) for all S ⊆ N , |S| = K,

—PK(S, v) :=
v(S)+

∑
j∈S P

K−1(S\{j},v}
|S| for all S ⊆ N , |S| = K;

— V K := V K−1 ∪ {PK(S, v)| S ⊆ N, |S| = K};
— If (K = |N | − 1)

∗ PK(N, v) :=
v(N)+

∑
j∈N PK(N\{j},v)
|N | ;
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∗ IShKi (N, v) := PK(N, v)− PK(N\{i}, v), for all i ∈ N ;

∗ IShK(N, v) =
(
IShK1 (N, v), ..., IShK|N |(N, v)

)
;

∗ Stop with ISh(N, v) = IShK(N, v);

—Otherwise
∗ g1i

(
V K
)

:= 1

(|N|−1K−1 )

∑
S:|S|=K,
i∈S

(PK(S, v) − PK(S\{i}, v), for all

i ∈ N ;

∗ PK(N\{i}, v) :=
∑
k∈N\{i} g

1
k

(
V K
)
, for all i ∈ N ;

∗ PK(N, v) :=
v(N)+

∑
j∈N PK(N\{j},v)
|N | ;

∗ IShKi (N, v) := PK(N, v)− PK(N\{i}, v), for all i ∈ N ;

∗ IShK(N, v) :=
(
IShK1 , ..., ISh

K
|N |

)
.

If (tc ≥ CTmax), then stop with ISh(N, v) = IShK−1(N, v).

Otherwise, set K := K + 1, ISh(N, v) := IShK(N, v), go to Step K.

The procedure stops in two cases with an inductive Shapley value ISh(N, v). In
one case the time constraint is not binding, and ISh(N, v) = Sh(N, v). In the
other case, U = K−1 < |N |−1 and ISh(N, v) = IShU (N, v). For the latter, all
information is used for potentials and worths up of coalitions up to cardinality
U , and due to the failure to complete the computations on time, information
available for larger coalitions is neglected with the exception of the information
on the worth of the grand coalition.

6 Alternative candidates for g

The basic idea formulated in Equations (4a-c) can be used to generate a series
of alternative approximations for the potentials used. What is important with
respect to the preservation of properties of the Shapley value is that all functions
considered depend on one part connected to some manipulation of the Shapley
value applied to restricted games of the original one, and another part which
has some egalitarian traits.
The manipulations we provide below determine approximations of the HM -

potential. As before, the potential of any coalition for which the worth can
not be determined due to the restriction mentioned, is generated inductively by
finding the potential such that each and every player’s marginal contribution is
exactly equal to the corresponding component of g.

6.1 Averages and special instances

Recall that g1(V U ) is given essentially by the average of a certain number of
Shapley values for games with a player set of cardinality U ≤ N. Next, we
present an alternative by similarly taking first the averages discussed for every
coalition with cardinality u ∈ [lu, U ] with lu ∈ [2, U ] and then computing the
simple average over all averages determined, i.e.,

g2j (V U ) =
1

U − 1

U∑
u=lu

1(|N |−1
u−1

) ∑
T :j∈T,|T |=u

P (T, v)− P (T\{j})
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=
1

U − 1

U∑
u=lu·

1(|N |−1
U−1

) ∑
T :j∈T,|T |=U

Shj(T, v).

Clearly, taking lu = U, yields the candidate (disc)u(s)sed in the previous two
sections.
Another option is to take certain elements from the entire information gathered
until U. A rather simple, yet attractive, special element is, for instance

g3j (V U ) = max
T :j∈T,|T |≤U

P (T, v)− P (T\{j}) = max
T :j∈T,|T |≤U

Shj(T, v).

It should be noted that the latter alternative may take more time to compute,
whereas for the former, all information has been already gathered.

Remark 4 The list might be extended if deemed useful. Note that g2j (V U ) =

g3j (V U ) = 0 whenever j ∈ N (N, v), moreover g2i (V U ) = g2j (V U ) and g3i (V U ) =

g3j (V U ) for symmetric players i, j ∈ N . Linearity is not guaranteed in general,
nor in particular here.

6.2 Rescaling

For θ ≥ 0, define gθ : {V u}|N |u=0 → R|N | component-wise by

gθj (V U ) = θgj(V
U ) for all j ∈ N.

Generating such a function gθ will be referred to as rescaling g.
There is an interesting effect from rescaling, as for θ = 0, we obviously

get that PU (N\{k}, v) =
∑
j∈N\{k} θgj(V

U ) = 0 for all k ∈ N. It is easily
confirmed that

P (N, v)|g=0·g(V U ) =
v(N)

|N | = IShUj (N, v)|g=0·g(V U ) for all j ∈ N.

So, we have complete egalitarianism. Now, increasing θ from 0 slightly still
induces a large degree of egalitarianism, but decreasingly so. The question
is, how far can we increase θ from 0 before we lose social acceptability? The
following intermediate result connects various notations facilitating the ensuing
proposition answering this question.

Lemma 15 For all (N, v) ∈ G, gθ as presented and given U ∈ {2, ..., |N | − 2},
it holds that

P (N, v)|g=θ·g(V U ) = (1− θ)P (N, v)|g=0·g(V U ) + θP (N, v)|g=g(V U )

IShUj (N, v)|g=θ·g(V U ) = (1− θ) v(N)

|N | + θ
[
ShUj (N, v)|g=g(V U )

]
.

The following result has rather interesting consequences.

Proposition 16 For all (N, v) ∈ G, let g : {V u}|N |u=0 → R|N | with gj(V U ) = 0
whenever j ∈ N (N, v) and gθ as presented, let U ∈ {2, ..., |N | − 2}, let θα =
(1−α)v(N)∑
j∈N gj(V U )

, then the θ-based rescaled variant of the inductive Shapley value

satisfies
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• social acceptability for θ ∈ [0, θ0];

• α-egalitarianism for θ = θα;

• the null-player property for θ = θ0.

Remark 5 We can always rescale the functions g at the desire of agents in-
volved, such that the inductive Shapley value satisfies social acceptability, mean-
ing that the order of the amounts the players receive is the same as the order of
their average marginal contributions, yet amounts may be shifted among agents
decreasing inequality among them. This may seem awkward in a one shot con-
text, but recall that the agents are preferably induced to cooperate over longer
periods of time, this may change the nature of the interaction. However, the
null-player property, i.e., agents not contributing to the worths of the coalitions
they belong to, receive nothing, may also be inforced if agents find that a fair
and attractive property. The range of rescaling parameters inducing social ac-
ceptability increases if the number

∑
j∈N gj(V

U ) decreases.

6.3 Symmetric increasing returns to coalition size

We might want to find the approximated HM -potential associated with increas-
ing returns to the size of the coalition see also Moldovanu &Winter [1994]. What
we have in mind is that we let all agents have a marginal contribution to the
potentials for the coalitions we are unable to compute exactly, which increases
by a fixed growth rate γ in the cardinality of the coalition. We have, already
knowing the approximations of all coalitions with fewer than |S| members, that
the potential of S with |S| > U + 1 members satisfies

PU (S, v)− PU (S\{j}, v) = (1 + γ)
|S|−U

gj
(
V U
)
for all j ∈ N.

We associate growth rate γ with increasing returns to coalition size if γ > 0.
So, the potential for S is constructed in such a way that instead of letting
agent j ∈ N just have marginal contribution equal to gj

(
V U
)
, the marginal

contribution becomes (1 + γ)
|S|−U

gj
(
V U
)
. This implies∑

j∈S

[
PU (S, v)− PU (S\{j}, v)

]
= (1 + γ)

|S|−U∑
j∈S

gj
(
V U
)
. (5a)

As can be gathered by taking γ = 0, the procedure, i.e., Equations (4a-c), in
Section 4 forms a special case of the above. Then, taking

PU (S, v) =
(1 + γ)

∑
j∈S gj

(
V U
)

U + 1
whenever |S| = U + 1, (5b)

the other potentials with cardinality up to |N | can be determined inductively us-
ing (5a). An explicit formula which is possibly more convenient, is the following
(p ≤ |N | − U − 1):

PU (S, v) =
U − 1 +

∑p
t=1 (1 + γ)

t

U + p

∑
j∈S

gj
(
V U
)
. (5c)
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An alternative potential with the central property mentioned yields an even
more straightforward formula than the above, but this potential is not the HM -
potential. Rather, it is the potential associated with the discounted Shapley
value (cf., Joosten et al. [1994]) treated in Joosten [2016].
Arguments for a specific growth rate γ might come from common sense or

from experience gathered in similar calculations. Also, one could estimate γ
from the information gathered in the process. This estimation takes computa-
tion time away from the computation of the worths of the coalitions. Note that a
positive growth rate makes the distribution less egalitarian than the distribution
without growth.

6.4 Asymmetric returns to coalition size

The approach in the preceding section can be generalized. Let the potential of
S with |S| > U + 1 members satisfy

PU (S, v)− PU (S\{j}, v) =
(
1 + γj

)|S|−U
gj
(
V U
)
for all j ∈ N.

So, instead of letting each agent j ∈ N just have marginal contribution equal
to (1 + γ)

|S|−U
gj
(
V U
)
, the marginal contribution is

(
1 + γj

)|S|−U
gj
(
V U
)
.

Hence, the players’contributions may grow at different rates. This implies∑
j∈S

[
PU (S, v)− PU (S\{j}, v)

]
=
∑
j∈S

(
1 + γj

)|S|−U
gj
(
V U
)
. (6a)

Then, taking

PU (S, v) =

∑
j∈S P

U (S\{j}, v) +
∑
j∈S

(
1 + γj

)|S|−U
gj
(
V U
)

U + 1
(6b)

whenever |S| = U + 1, the other potentials can be determined inductively by
using Eq. (6a). Only for S = N we establish

PU (N, v) =
v(N) +

∑
j∈N P

U (N\{j}, v)

|N | . (6c)

7 Conclusions

For real-world cooperative transportation problems (CTPs), determining the
Shapley value may prove to be very cumbersome. Not only is the computation
of the Shapley value with known worths of all coalitions in a cooperative game,
NP -hard, the very calculation of even one of these primitives is known to be
NP -hard as well, and there are exponentially many to be calculated. So, for
large real-world CTPs, this joint complexity may be an impediment to attribute
the gains of cooperation according to the Shapley value. Methods requiring less
information or fewer computations, to divide the gains of cooperation exist, but
they are widely regarded as lacking fairness (cf., e.g., Cruijssen et al. [2007]).
We consider the situation that an outside agent is given the task to propose

a distribution of the gains of cooperation among all agents. This outside agent
operates under the following explicit assumptions: a finite upper bound on the
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computation time exists, but it is always possible to compute the worth of the
grand coalition; computations on the worths of the remaining coalitions might
end prematurely, so the additional information available consists of the worths
of all coalitions up to a certain cardinality; it is unknown at the start of the
computations whether and with which information the computations will end.
We propose a method of obtaining an approximation of the Shapley value

based on employing an inductive approximation of the Hart & Mas-Colell po-
tential, if some, or even all, worths of coalitions apart from the grand coalition,
cannot be established in time. The inductive Shapley value is the vector of mar-
ginal contributions of each player to the inductive HM -potential of the grand
coalition. This turns out to be an orthogonal projection unto the effi cient hy-
perplane of the original vector function incorporating the information obtained
for all coalitions for which the worths are known.
Going into more detail, the inductive HM -potential depends on two aspects.

One is a given vector function incorporating the information obtained for all
coalitions up to a certain cardinality. We advocate using vector functions such
that the value generated preserves useful properties of the Shapley value beyond
the ones already mentioned above. The other aspect on which the inductive
HM -potential depends, is that for all coalitions for which no worths can be
determined, the approximated potential is generated inductively by finding a
candidate which satisfies that each agent’s marginal contribution to it, is equal
to the component of the above-mentioned vector function containing all infor-
mation gathered. In the final step, we use the true worth of the grand coalition
in order to find the inductive HM -potential of the grand coalition.
By construction, the inductive Shapley value is effi cient, and it satisfies the

balanced contribution property of Meyerson [1980]. Symmetry and the balanced
contribution property reflect aspects of fairness. Symmetry implies that any pair
of players contributing exactly the same amounts to any coalition they both do
not belong to, receive the same amounts under the value at hand. The balanced
contribution property implies that taking one player out of the game has an
effect on the amount attributed by the value to any other player, and this effect
is exactly equal to the one on the amount obtained by the first player if any of
the other players is taken out of the game (cf., Yokote et al. [2016]).

Other aspects of fairness incorporated by the inductive Shapley value are
sensitivity up to and insensitivity beyond cardinality U (for all games and for
general U), and social acceptability in special cases. As to the former two
properties, the inductive Shapley value uses (most of) the relevant information
that can be gathered under the restrictions specified and bases the allocation
of the gains from cooperation on this information exclusively so, in the sense
that the allocation does not depend on information that cannot be obtained.
As to the latter fairness notion, in general games the inductive Shapley value
gives more to each player having a nonnegative marginal contribution than to
a null player. In special cases, to which many CTP games belong as these are
monotonic (cf., e.g., Schulte et al. [2017]), null players additionally share in the
gains of the grand coalition. We also determine conditions under which inductive
Shapley values satisfy social acceptability (Joosten et al. [1994], Driessen &
Radzik [2011]).

20



8 Appendix

Proof of Lemma 4: Let (N, v) ∈ G be given. By (3)

IShUi (N, v) = PU (N, v)− PU (N\{i}, v)

=
v(N) +

∑
k∈N P

U (N\{k}, v))

|N | − PU (N\{i}, v)

=
v(N) +

∑
k∈N P

U (N\{k}, v))

|N | −
∑

k∈N\{i}

gk(V U )

=
v(N) + (|N | − 1) ·

∑
k∈N gk(V U )

|N | −
∑
k∈N

gk(V U ) + gi(V
U )

=
v(N) + (|N | − 1− |N |) ·

∑
k∈N gk(V U )

|N | + gi(V
U )

=
v(N)−

∑
k∈N gk(V U )

|N | + gi(V
U ).

Since ∑
i∈N

IShUi (N, v) =
∑
i∈N

[
v(N)−

∑
k∈N gk(V U )

|N | + gi(V
U )

]

= |N |
v(N)−

∑
k∈N gk(V U )

|N | +
∑
i∈N

gi(V
U )

= v(N)−
∑
k∈N

gk(V U ) +
∑
i∈N

gi(V
U ) = v(N),

we have IShU (N, v) ∈ H(v(N)). Furthermore, by the above IShU − g(V U ) =
v(N)−g(V U )·1|N|

|N | 1|N | , where · between two vectors denotes the usual inner prod-
uct. For x, y ∈ H(v(N)) it holds that

(y − x) ·
(
v(N)− g(V U ) · 1|N |

|N | 1|N |
)

=
v(N)− g(V U ) · 1|N |

|N | (y − x) · 1|N |

=
v(N)− g(V U ) · 1|N |

|N | (v(N)− v(N)) = 0.

Then, it follows immediately that IShU (N, v) is the orthogonal projection of
the vector g(V U ) on effi cient hyperplane H(v(N)).

Proof of Lemma 8: Note that for (N, v + w) satisfying w(S) = 0 for all |S|
= 1, 2, ..., U , we have g((V +W )

U
) = g(V U ), hence by Lemma 4

IShU (N, v + w)

= g((V +W )
U

) +

(
(v + w)(N)− g((V +W )

U
) · 1|N |

|N |

)
1|N |
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= g(V U ) +

(
(v + w)(N)− g(V U ) · 1|N |

|N |

)
1|N |.

This in turn means that

IShUi (N, v + w)− IShUj (N, v + w)

= gi(V
U ) +

(
(v + w)(N)− g(V U ) · 1|N |

|N |

)
1|N |

−
[
gj(V

U )−
(

(v + w)(N)− g(V U ) · 1|N |
|N |

)
1|N |

]
= gi(V

U )− gj(V U )

= gi(V
U ) +

(
v(N)− g(V U ) · 1|N |

|N |

)
1|N |

−
[
gj(V

U ) +

(
v(N)− g(V U ) · 1|N |

|N |

)
1|N |

]
= IShUi (N, v)− IShUj (N, v).

Proof of Proposition 10: For arbitrary (N, v) ∈ G, 0 ≤ U ≤ |N |, i, j ∈ N ,
i 6= j, we have

IShUi (N, v)− IShUi (N\{j}, v)

= PU (N, v)− PU (N\{i}, v)−
[
PU (N\{j}, v)− PU (N\{i, j}, v)

]
= PU (N, v)− PU (N\{j}, v))−

[
PU (N\{i}, v − PU (N\{i, j}, v)

]
= IShUj (N, v)− IShUj (N\{i}, v).

This proves the statement of the proposition.

Proof of Proposition 11:
Effi ciency: Follows from Lemma 4.
Linearity: Linearity is well established for the HM -potential, so PU (S, λv +
µw) = λPU (S, v) + µPU (S,w) if |S| ≤ U.
Let us define (λV + µW )U = {P (S, λv + µw)| 0 ≤ |S| ≤ U}. Transforming the
part of the definition of the inductive potential to the range U < |S| ≤ |N | − 1
yields

PU (S, λv + µw) =
∑
j∈S

g1j ((λV + µW )
U

).

We clearly have for g1 that

g1j ((λV + µW )U )

=
1(|N |−1

U−1
) ∑
T :j∈T,|T |=U

Shj (T, λv + µw)

=
1(|N |−1

U−1
) ∑
T :j∈T,|T |=U

[λShj (T, v) + µShj (T,w)]

= λ
1(|N |−1

U−1
) ∑
T :j∈T,|T |=U

Shj (T, v) + µ
1(|N |−1

U−1
) ∑
T :j∈T,|T |=U

Shj (T,w)

= λg1j (V U ) + µg1j (WU ).
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So, summing up over all agents in S yields

PU (S, λv + µw) =
∑
j∈S

gj((λV + µW )
U

)

=
∑
j∈S

λg1j (V U ) +
∑
j∈S

µg1j (WU ) = λPU (S, v) + µPU (S,w).

Then, for the grand coalition, we obtain

PU (N,λv + µw)

=
(λv + µw) (N) +

∑
k∈N P

U (N\{k}, λv + µw))

|N |

=
λv(N) + µw(N) + λ

∑
k∈N P

U (N\{k}, v)) + µ
∑
k∈N P

U (N\{k}, w))

|N |

=
λv(N) + λ

∑
k∈N P

U (N\{k}, v))

|N | +
µw(N) + µ

∑
k∈N P

U (N\{k}, w))

|N |
= λPU (N, v) + µPU (N,w),

and this implies

IShUi (N,λv + µw)

= PU (N,λv + µw)− PU (N\{i}, λv + µw)

= λPU (N, v) + µPU (N,w)− λPU (N\{i}, v) + µPU (N\{i}, w)

= λIShUi (N, v) + µIShUi (N,w).

Symmetry: Suppose players i and j are symmetric players in (N, v), then they
are also symmetric players in all games (M,v) with M ⊆ N. Now, clearly

g1j (V U )− g1i (V U )

=
1(|N |−1

U−1
) ∑
T :i,j∈T,|T |=U

Shj (T, v) +
1(|N |−1

U−1
) ∑
T :j∈T,i/∈T,|T |=U

Shj (T, v)

− 1(|N |−1
U−1

) ∑
T :i,j∈T,|T |=U

Shi (T, v)− 1(|N |−1
U−1

) ∑
T :i∈T,j /∈T,|T |=U

Shi (T, v)

=
1(|N |−1

U−1
) ∑
T :j∈T,i/∈T,|T |=U

Shj (T, v)− 1(|N |−1
U−1

) ∑
T :i∈T,j /∈T,|T |=U

Shi (T, v) .

We will show ∑
T :j∈T,i/∈T,|T |=U

Shj (T, v) =
∑

T :i∈T,j /∈T,|T |=U

Shi (T, v)

by using induction. Observe that for symmetric players in (N, v) it holds that

P ({i}, v) = v({i}) + P (∅, v)

= v({j}) + P (∅, v) = P ({j}, v)

So, for |T | = 0, we have shown P (T ∪{i}, v) = P (T ∪{j}, v) if i, j are symmetric.
Now, assume

P (T ∪ {i}, v) = P (T ∪ {j}, v) for all T ⊂ N\{i, j}, 0 ≤ |T | ≤ |S|
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Then,

Shi (S ∪ {i}, v)− Shj (S ∪ {j}, v)

= P (S ∪ {i}, v)− P (S, v)− P (S ∪ {j}, v) + P (S, v)

= P (S ∪ {i}, v)− P (S ∪ {j}, v)

=
v(S ∪ {i}) +

∑
k∈S∪{i} P (S\{k} ∪ {i}, v)

|S|+ 1

−
v(S ∪ {j}) +

∑
k∈S∪{i} P (S\{k} ∪ {j}, v)

|S|+ 1

=

∑
k∈S∪{i} P (S\{k} ∪ {i})−

∑
k∈S∪{j} P (S\{k} ∪ {j}, v)

|S|+ 1

=
P (S\{i} ∪ {i}, v)− P (S\{j} ∪ {j}, v)

|S|+ 1
=
P (S, v)− P (S, v)

|S|+ 1
= 0.

The penultimate equality follows because S\{k} ∪ {i} and S\{k} ∪ {j} have
cardinality |S|, so, P (S\{k} ∪ {i}, v) = P (S\{k} ∪ {j}, v) by our induction as-
sumption.

Proof of Proposition 12. First two observations. In general, it can be seen
that a null-player, say k ∈ N (N, v), has

g1k(V U ) =
1(|N |−1

U−1
) ∑
T :j∈T,|T |=U

Shj (T, v) = 0.

Furthermore, because
∑N
k=1 g

1
k(V U ) =

∑
k 6=j g

1
k(V U ), we have

IShUj (N, v) =
v(N) + (|N | − 1)

∑N
k=1 g

1
k(V U )

|N | −
∑
k 6=j

g1k(V U )

=
v(N) + (|N | − 1− |N |)

∑N
k=1 g

1
k(V U )

|N |

=
v(N)−

∑N
k=1 g

1
k(V U )

|N | .

On the other hand, if there are players who are not null players, they receive
another amount, namely let i /∈ N (N, v),

IShUi (N, v) =
v(N) + (|N | − 1)

∑N
k=1 gk(V U )

|N | −
∑
k 6=i

gk(V U )

=
v(N) + (|N | − 1)

∑N
k=1 gk(V U )− |N |

∑
k 6=i gk(V U )

|N |

=
v(N) + (|N | − 1− |N |)

∑N
k=1 gk(V U ) + |N |gi(V U )

|N |

=
v(N)−

∑N
k=1 gk(V U )

|N | + gi(V
U ).
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Next, let ∆v
i (S) ≥ 0 for all S ⊆ N, S 3 i and ∆v

k(S) ≤ 0 for all S ⊆ N,
S 3 k, and let j ∈ N (N, v), then

IShUi (N, v) =
v(N)−

∑N
k′=1 gk′(V

U )

|N | + gi(V
U )

≥ IShUj (N, v) =
v(N)−

∑N
k′=1 gk′(V

U )

|N |

≥ v(N)−
∑N
k′=1 gk′(V

U )

|N | + gk(V U ) = IShUk (N, v),

because clearly gi(V U ) ≥ gj(V U ) = 0 ≥ gk(V U ). So, by design (a) is fulfilled.
With respect to (b), player j only gets a non-negative amount if

0 ≤ v(N)−
N∑
k′=1

gk′(V
U ).

Hence, (b) requires (N, v) to be U -superadditive.

Proof of Lemma 13 Let (N,w) ∈ G satisfy w(S) = |S| for precisely one set
S with |S| = 1, 2, ..., U , and w(S) = 0 otherwise. Then, by symmetry, effi ciency
and linearity of the Shapley value, we know that δ 6= 0 exists such that for all
j ∈ S :

g1j ((V +W )U )

=
1(|N |−1

U−1
) ∑
T :j∈T,|T |=U

Shj(T, v + w)

=
1(|N |−1

U−1
) ∑
T :j∈T,|T |=U

Shj(T, v) +
1(|N |−1

U−1
) ∑
T :j∈T,|T |=U

Shj(T,w)

= g1j (V U ) + δ.

and for all j ∈ N\S :

g1j ((V +W )U )

=
1(|N |−1

U−1
) ∑
T :j∈T,|T |=U

Shj(T, v + w)

=
1(|N |−1

U−1
) ∑
T :j∈T,|T |=U

Shj(T, v) +
1(|N |−1

U−1
) ∑
T :j∈T,|T |=U

Shj(T,w)

= g1j (V U )− δ |S||N\S| .

More precisely, it can be confirmed that δ > 0. Since the above implies also∑
j∈N

g1j ((V +W )U ) =
∑
j∈N

g1j (V )U + |S|δ − δ|N\S| |S||N\S| =
∑
j∈N

g1j (V U )

we have

IShUj (N, v + w) =

 g1j (V U ) + δ +
v(N)−

∑
j∈N g1j (V

U )

|N | j ∈ S,

g1j (V U )− δ |S|
|N\S| +

v(N)−
∑

j∈N g1j (V
U )

|N | j ∈ N\S.
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This clearly implies that IShU (N, v + w) 6= IShU (N, v).

Proof of Lemma 14 Clearly,

P (N, v)|g=θ·gk(V U )

=
v(N) +

∑
k∈N P (N\{k}, v)|g=θ·gk(V U )

|N |

=
v(N) +

∑
k∈N

∑
j∈N\{k} θg

k
j (V U )

|N |

=
(1− θ) [v(N)− 0] + θ

[
v(N) +

∑
k∈N

∑
j∈N\{k} g

k
j (V U )

]
|N |

= (1− θ) [v(N)− 0]

|N | + θ
v(N) +

∑
k∈N

∑
j∈N\{k} g

k
j (V U )

|N |
= (1− θ)P (N, v)|g=0·gk(V U ) + θP (N, v)|g=gk(V U ).

This in turn implies that

IShUj (N, v)|g=θ·gk(V U )

= PU (N, v)|g=θ·gk(V U ) − PU (N\{j}, v)|g=θ·gk(V U )

= (1− θ)PU (N, v)|g=0·gk(V U ) + θPU (N, v)|g=gk(V U ) −[
(1− θ)PU (N\{j}, v)|g=0·gk(V U ) + θPU (N\{j}, v)|g=gk(V U )

]
= (1− θ)

[
PU (N, v)|g=0·gk(V U ) − PU (N\{j}, v)|g=0·gk(V U )

]
−

θ
[
PU (N, v)|g=gk(V U ) + PU (N\{j}, v)|g=gk(V U )

]
= (1− θ)

[
ShUj (N, v)|g=0·gk(V U )

]
+ θ

[
ShUj (N, v)|g=gk(V U )

]
= (1− θ) v(N)

|N | + θ
[
ShUj (N, v)|g=gk(V U )

]
.

Proof of Proposition 15 Lemma 14 immediately implies that a null player
will receive exactly α v(N)|N | if and only if

α
v(N)

|N | = (1− θ) v(N)

|N | + θ
[
ShUj (N, v)|g=gk(V U )

]
= (1− θ) v(N)

|N | + θ

[
v(N)−

∑
j∈N g

k
j (V U )

|N |

]

=
v(N)

|N | − θ
∑
j∈N g

k
j (V U )

|N | .

The solution is θα = (1−α)v(N)∑
j∈N gkj (V

U )
. Then for all θ ∈ [θ1, θ0] =

[
0, v(N)∑

j∈N gkj (V
U )

]
the null-player receives a non-negative amount under the associated inductive
Shapley value. For the extreme case θ = θ0, it follows immediately that the
inductive Shapley value satisfies the null-player property.
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