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Preface

As the title of this thesis suggests, it contains research results in the area of
hamiltonian graph theory, in particular on sufficient conditions for hamilto-
nian properties. Such conditions guarantee that a graph has a specific hamil-
tonian property if the condition is imposed on the graph.

After an introductory chapter (Chapter 1), the reader will find seven chap-
ters (Chapters 2-8), each containing results involving different types of suffi-
cient conditions for a variety of hamiltonian properties. Apart from the intro-
ductory chapter, all chapters have the structure of a journal paper. Chapter 2
is mainly based on research that was done while the author was working as
a PhD student at Northwestern Polytechnical University in Xi’an, China. The
other chapters are mainly based on research that was done when the author
was a visiting joint PhD student at the University of Twente.

Apart from a general background and an overview of our contributions
to the field, in the introductory chapter we also present most of the neces-
sary terminology and notation that will be used in the subsequent chapters.
There are several more specific terms and notations that are not defined in
the introductory chapter, but they can be found in the chapters where they
are used.

Chapters 2-4 investigate hamiltonian properties implied by conditions in-
volving implicit degrees, in two distinct ways. One approach is to put implicit
degree conditions on specific induced subgraphs, and falls into the category
that is commonly known under the name of heavy subgraph conditions. The
other approach is to consider minimum implicit degree conditions restricted
to some specific classes of graphs.
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Chapters 5-7 deal with three different hamiltonian properties implied by
conditions involving the toughness and forbidden induced subgraphs.

In Chapter 8, we present partial solutions to an interesting, and still wide
open conjecture due to Thomassen [74] from 1996.

Papers underlying this thesis

[1] On implicit heavy subgraphs and hamiltonicity of 2-connected graphs,
Discussiones Mathematicae Graph Theory, DOI: 10.7151/dmgt.2170
(with W. Wideł and L. Wang). (Chapter 2)

[2] Implicit heavy subgraph conditions for hamiltonicity of almost distance-
hereditary graphs (with H.J. Broersma and L. Wang). (Chapter 3)

[3] Implicit minimum degree conditions for hamiltonicity of claw-free
graphs (with H.J. Broersma, E. Flandrin, H. Li and Y. Zhu). (Chapter 4)

[4] Toughness, forbidden subgraphs, and hamiltonian-connected graphs
(with H.J. Broersma and L. Wang). (Chapter 5)

[5] Toughness, forbidden subgraphs and pancyclicity
(with H.J. Broersma and L. Wang). (Chapter 6)

[6] On hamiltonicity of 1-tough triangle-free graphs
(with H.J. Broersma and L. Wang). (Chapter 7)

[7] On Thomassen’s Conjecture for some classes of graphs
(with H.J. Broersma and L. Wang). (Chapter 8)
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Chapter 1

Introduction

In order to explain in layman’s terms what this thesis is about, and provide
some intuition for the concepts, we start this introduction with an illustrative
small example. The next section contains formal definitions of the frequently
used graph-theoretical concepts and properties.

Example 1.1. Suppose we have a round table, and we want to arrange the
seats of a number of participants of an international conference around this
table in such a way that all the participants can talk to their two neighbors.
For the sake of simplicity say we have seven participants who we name A, B,
C , D, E, F , and G, and suppose they master the following languages:

A speaks English;

B speaks English and Chinese;

C speaks English, Italian and Russian;

D speaks Japanese and Chinese;

E speaks German and Italian;

F speaks French, Japanese and Russian;

G speaks French and German.

1



2 Chapter 1. Introduction

Is it possible to arrange the seats of A− G around the table in the required
way? And how to check this and find a suitable solution if there is one?

In order to check whether this is possible, the only relevant information
is which of the pairs of participants master a common language. We can
visualize this information graphically by drawing seven points on a piece of
paper, putting the labels A to G next to the corresponding points, and drawing
lines between two points whenever the corresponding pairs of participants
share a common language.

A

B C

D

E

F

G

FIGURE 1.1

Once this has been completed (see Figure 1.1), we can easily check that
there is a suitable arrangement, and in fact find such an arrangement, for
example the arrangement A− B− D− F − G − E − C −A. For larger numbers
of participants one can imagine that this becomes much harder.

The drawing in the above example is a visualization of what we call a
graph in mathematics. Such a graph consists of a set of vertices (represent-
ing the points or the participants in the above example) and a set of edges
(representing the lines or the pairs of participants that share a common lan-
guage in the above example). For the formal definitions we refer to the next
section and the references we give there. We continue here with some intu-
itive descriptions of the graph concepts that play a key role in this thesis.
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It is clear that a graph can represent any set of objects together with the
existing relationships between pairs of these objects. This makes graphs very
widely applicable as mathematical abstractions in a diversity of practical set-
tings and a huge range of scientific areas. Like many other disciplines, graph
theory originates from practical needs and also serves as a tool in solving
practical problems. However, far beyond a tool in life, graph theory has de-
veloped into a mature independent branch within mathematics and plays an
important role in scientific research work.

After modeling general problems using graphs, exploring the properties
of graphs becomes a natural demand. For instance, in the above example, we
need to determine whether the corresponding graph has the property that
it admits a cyclic way of passing through each vertex exactly once. In fact,
this kind of cyclic arrangement is known within graph theory as a Hamilton
cycle. The decision problem to determine whether a given graph contains
a Hamilton cycle (or not) is one of the most well-known decision problems
within graph theory and computational complexity, and is one of the notori-
ous NP-complete problems. People have approached this problem from many
different angles, but no one has come up with an easy criterium in terms of a
necessary and sufficient condition yet. Part of this thesis deals with sufficient
conditions that guarantee that a graph admits a Hamilton cycle. In the other
parts, we focus on related sufficient conditions for graph properties that are
stronger than the property of having a Hamilton cycle, and are commonly
known as hamiltonian properties.

One of the stronger hamiltonian properties we consider in this thesis is
called hamiltonian-connectedness, and requires that every pair of distinct ver-
tices of the graph is connected by a Hamilton path, i.e., a path passing through
each vertex of the graph exactly once. Another stronger hamiltonian property
called pancyclicity requires that the graph contains cycles of any length from
3 up to the number of vertices.

The graph theoretical concepts of degree, subgraph and toughness are
three commonly used concepts in studying conditions for hamiltonian proper-
ties. Sufficiency results in terms of these concepts impose certain restrictions
on the degrees, subgraphs or toughness in order to guarantee the existence
of a Hamilton cycle, but in many papers we see that these concepts appear in
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conjunction.

The degree of a vertex is the number of other vertices to which the vertex
is related, in the above sense. Intuitively, increasing the degree of the vertices
of a graph makes it more likely that the graph has a Hamilton cycle. This
idea was the basis for many results that have appeared since the 1950s, and
degree conditions are still among the most studied conditions for hamiltonian
properties. In Chapters 2 to 4 of this thesis we focus on conditions involving
the more recently introduced concept of the implicit degree of a vertex.

Subgraph conditions impose restrictions on the graph structure, e.g., that
some fixed smaller graphs are not allowed to appear as a (subgraph) copy in
the larger graph. Next to degree conditions, these forbidden subgraph condi-
tions have attracted a lot of attention in the context of hamiltonian properties.
Forbidden subgraph conditions are involved in almost all the chapters of this
thesis.

Toughness conditions were introduced in the 1970s as another means to
analyse hamiltonian properties. These conditions take into account how well
the graph fits together. A larger toughness intuitively reflects that one has to
remove more vertices from the graph to let it fall apart into many unrelated
parts. In Chapters 5 to 7 of this thesis, we involve toughness in our study of
hamiltonian properties of graphs.

Chapter 8 deals with an open conjecture that we will describe in more
detail after we have introduced the necessary terminology. We show that this
conjecture is valid for several classes of graphs that are defined by forbidden
subgraph conditions.

The next section contains formal definitions of some of the most fre-
quently used concepts throughout this thesis. We assume that the reader
is familiar with basic mathematical concepts and elementary graph theory.

1.1 Terminology and notation

All graphs we consider in this thesis are finite, simple and undirected graphs.
For terminology, notation and concepts not defined here, we refer the reader
to [10].
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Let G be a graph with vertex set V (G) and edge set E(G). If there is an
edge e ∈ E(G) that joins two distinct vertices u, v ∈ V (G), then we usually
write uv (or vu) instead of e, and we say that u and v are adjacent vertices
or that they are neighbors. We also say that e is incident with u (and v) and,
vice versa that u (and v) are incident with e.

A path of G is a sequence of distinct adjacent vertices of G, i.e., more
precisely a sequence v1v2 . . . vk such that {v1, v2, . . . , vk} ⊆ V (G), vi 6= v j for
all i 6= j, and vi vi+1 ∈ E(G) for all i ∈ {1,2, . . . , k − 1}. The length of such a
path is its number of edges, i.e., k−1 in the definition. The graph that consists
of a path on n vertices (and no additional edges) is denoted by Pn. The graph
G is called connected if there exist paths in G between any two distinct vertices
of G. A cycle of G is a sequence v1v2 . . . vkv1 such that k ≥ 3, {v1, v2, . . . , vk} ⊆
V (G), vi 6= v j for all i 6= j, vi vi+1 ∈ E(G) for all i ∈ {1,2, . . . , k − 1}, and
additionally vkv1 ∈ E(G). As with a path, the length of a cycle is also its
number of edges, i.e., k in the definition. The graph that consists of a cycle
on n vertices (and no additional edges) is denoted by Cn.

For the hamiltonian properties that we intuitively described in the begin-
ning of this introductory chapter, we now give the formal definitions. A cycle
in a graph G is called a Hamilton cycle (or hamiltonian cycle), if it contains
all the vertices of G, and G is called hamiltonian if it contains a Hamilton
cycle. Similarly, a Hamilton path in a graph G is a path that contains all the
vertices of G. We say a graph is traceable if it contains a Hamilton path, and
is hamiltonian-connected if every pair of distinct vertices of the graph is con-
nected by a Hamilton path. A graph G of order |V (G)| = n is called pancyclic
if G contains cycles of any length from 3 up to n. Obviously, a pancyclic graph
or a hamiltonian-connected graph is also a hamiltonian graph, and a hamil-
tonian graph is also a traceable graph, but the reverse statements do not hold
in general.

We next turn to several definitions related to the number of vertices that
are adjacent to a given vertex. We first define what we mean with a (proper)
subgraph and an induced subgraph of a given graph G. A graph H with vertex
set V (H) and edge set E(H) is called a subgraph of G if V (H) ⊆ V (G) and
E(H) ⊆ E(G). This subgraph H is said to be a proper subgraph of G if H 6= G,
i.e., if at least one of the inclusions is a proper inclusion. For a nonempty
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set S ⊆ V (G), the subgraph of G induced by S, denoted by G[S] or 〈S〉, is
the graph with vertex set S and all edges of E(G) that join pairs of vertices
of S. If S = {x1, x2, ..., x|S|}, then G[S] = G[{x1, x2, ..., x|S|}] is also written
as G[x1, x2, ..., x|S|]. A graph H is called an induced subgraph of G if H is
isomorphic to G[S] for some S ⊆ V (G).

For a vertex u ∈ V (G) and a subgraph H of G, the neighborhood of u
in H is denoted by NH(u) = {v ∈ V (H) | uv ∈ E(G)}, and the degree of
u in H, denoted as dH(u), is defined by dH(u) = |NH(u)|. For two vertices
u, v ∈ V (H) in a connected graph H, the distance between u and v in H,
denoted by dH(u, v), is the length of a shortest (u, v)-path in H, which is a
path connecting u and v. When there is no danger of ambiguity, we will use
N(u), d(u) and d(u, v) instead of NG(u), dG(u) and dG(u, v), respectively. We
use δ(G) to denote the minimum degree of (the vertices of) G, and σk(G) =
min{Σk

i=1d(vi) | {v1, . . . , vk} is a set of mutually nonadjacent vertices of G}.
We use N2(u) to denote the set of vertices which are at distance two from u,
i.e., N2(u) = {v ∈ V (G) | d(u, v) = 2}.

Apart from the above more or less standard and traditional definitions
based on the neighbors and the degrees of the vertices of a graph, we will
focus in particular on the more recent concept of implicit degree that was
introduced by Zhu, Li and Deng at the end of the 1980s [79]. Since the
definition of this concept is rather technical and nonstandard but essential in
some of our chapters, we give it explicitly for later reference.

Definition 1.1 (Zhu et al. [79]). Let u ∈ V (G) and suppose d(u) = ` + 1
for some integer `. Set M2(u) = max{d(v) | v ∈ N2(u)}. If N2(u) 6= ; and
d(u) ≥ 2, then let du

1 ≤ du
2 ≤ du

3 ≤ . . . ≤ du
`
≤ du

`+1 ≤ . . . be the degree
sequence of the vertices of N(u)∪ N2(u). Define

d∗(u) =

�

du
`+1, if du

`+1 > M2(u);
du
`
, otherwise.

Then the implicit degree of u is defined as id(u) = max{d(u), d∗(u)}. If
N2(u) = ; or d(u)≤ 1, then we define id(u) = d(u).

Clearly, the above definition implies that id(u) ≥ d(u) for every vertex u
of G. This is important for the purpose of improving existing results based
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on conditions that impose a lower bound on the degrees of the vertices of
a graph: if one can prove that the same condition imposed on the implicit
degrees instead of the degrees guarantees that the same concluding statement
holds, it is very likely that the result is more generally applicable. We will
encounter several examples of this phenomenon in the sequel of this thesis.

We continue with some additional definitions that we need in order to
describe the results in the sections that follow. The complete graph on n ver-
tices, i.e., the graph in which all

�n
2

�

pairs are adjacent, is denoted by Kn. The
complete bipartite graph on m+ n vertices, denoted by Km,n, consists of a ver-
tex set A∪ B with |A| = m > 0, |B| = n > 0, and A∩ B = ;, and edge set
{uv | u ∈ A, v ∈ B}. The special case K1,3 with vertex set {u, v, w, x} and edge
set {uv, uw, ux} is commonly known as the claw, and we call u the center, and
v, w, x the end vertices of this claw. For a given graph H, we say that G is
H-free if G does not contain an induced copy of H. In the special case that
H is the claw, we use claw-free instead of H-free. More generally, for a set of
graphsH , G is said to beH -free if G is H-free for every H ∈H .

For a proper subset S ⊆ V (G), we use G − S to denote the subgraph of G
induced by the vertices of V (G) \ S. In case S = {v}, we write G − v instead
of G − {v}. A cut or vertex cut of a graph G is a proper subset S ⊆ V (G) such
that G − S is disconnected. Note that S may be the empty set, in which case
G is a disconnected graph. In that case, the (inclusion) maximal connected
subgraphs of G are called the components of G. The number of components
of a graph G is denoted by ω(G). The connectivity or vertex connectivity κ(G)
of G is the smallest size of a vertex cut of G in case G is not a complete
graph, and κ(Kn) = n − 1 by definition. A graph G is called k-connected or
k-vertex-connected if κ(G)≥ k.

The following variant on connectivity introduced by Chvátal [32] in the
1970s is more relevant than connectivity in the context of hamiltonian prop-
erties. He defined a noncomplete graph G to be t-tough if t ·ω(G − S) ≤ |S|
for all vertex cuts S of G. The toughness of G, denoted by τ(G), is the max-
imum value of t such that G is t-tough (taking τ(Kn) =∞ for all n ≥ 1).
It is an easy exercise to show that every hamiltonian graph is 1-tough, but
that the reverse statement does not hold. It is still an open problem whether
there exists a constant t0 such that every t0-tough graph on n ≥ 3 vertices
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is hamiltonian. This was already conjectured by Chvátal in [32], and is cur-
rently usually referred to as Chvátal’s Conjecture. In this thesis we will derive
several hamiltonicity results that involve conditions on the toughness.

In the next three sections, we will briefly present the main contributions of
this thesis, together with some background, motivation and related results.
More details and the proofs of our results can be found in the subsequent
chapters. The next three sections deal with subgraph conditions, implicit
degree conditions, and toughness conditions for hamiltonian properties, re-
spectively.

1.2 Subgraph conditions for hamiltonian properties

Next to degree conditions, subgraph conditions and mixes of the two types of
conditions are the most commonly found conditions within the graph theory
research that deals with path and cycle properties. There have been many
results established on hamiltonian properties related to subgraph conditions.
The overwhelming majority of these results deal with the class of claw-free
graphs, its subclass of line graphs, and superclasses of claw-free graphs in
which claws are allowed as induced subgraphs, but additional conditions are
imposed on these claws. These results are motivated by early conjectures on
claw-free graphs and line graphs, and many more recent conjectures, most of
which turned out to be equivalent with the earlier conjectures. We refer the
interested reader to [14] and [18] for more background and details.

We apply forbidden subgraph conditions in each of the chapters of this
thesis. In Chapter 2, we impose implicit degree conditions on different pairs
of induced subgraphs to study the hamiltonicity of graphs. In Chapter 3, we
consider the hamiltonicity of superclasses of claw-free graphs by imposing
implicit degree conditions on induced claws. In Chapter 4, we establish mini-
mum implicit degree conditions that guarantee the hamiltonicity of claw-free
graphs. We will give more details of the results we obtain in Chapters 2 to 4
in the next section.

In Chapters 5 and 6, we consider two hamiltonian properties of graphs
that do not contain an induced copy of a subgraph of K1 ∪ P4. We obtain
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that for any proper subgraph H of K1∪P4, every H-free graph with toughness
larger than one is hamiltonian-connected and every H-free 1-tough graph is
pancyclic except for a few specific classes of graphs. In Chapter 7, we consider
the hamiltonicity of {4, K1 ∪ K1,3}-free graphs and {4, K1 ∪ P4}-free graphs
(where 4 is shorthand for a K3), and the two results we obtain there give
partial answers to two conjectures in [66]. More details of the results we
obtain in Chapters 5 to 7 can be found in the last section of this chapter.

In Chapter 8, we present and prove two results that deal with affirma-
tive answers to the conjecture due to Thomassen [74] that every hamiltonian
graph G of minimum degree at least 3 contains an edge e such that G − e
and G/e are both hamiltonian. Here G − e denotes the graph obtained from
G by deleting the edge e, while G/e denotes the graph obtained from G by
contracting the edge e = uv ∈ E(G). Hence, G/e is obtained from G by re-
placing u and v by a new vertex x and making x adjacent to the vertices of
NG(u)∪ NG(v) (so avoiding multiple edges). We show that the conjecture is
valid for K1 ∪ P4-free graphs and for K1 ∪ K1,3-free graphs, where the latter
result extends a result due to Bielak [8].

1.3 Implicit degree and hamiltonian properties

The oldest existing sufficiency conditions that guarantee hamiltonicity are
based on the traditional degrees of the vertices, and date back to the work of
Dirac [33] from the 1950s and extensions due to Ore [69] from the 1960s.
Since then, many extensions and generalizations of their results have ap-
peared, and degree conditions are still the most popular conditions in hamil-
tonian graph theory to date. All these results are based on the intuitive idea
that a denser graph (in terms of the edge density) is more likely to be hamil-
tonian than a less dense (sparser) graph. Lower bounds on the minimum
degree, degree sums, cardinalities of neighborhood unions, and other vari-
ants of degree-like parameters are a natural and effective way of imposing
a certain density (and reasonable distribution) of the edges of a graph. The
concept of implicit degree due to Zhu et al. [79], that we introduced in Defini-
tion 1.1, is based on the same intuition. As we noted before, it is obvious from
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the definition that for every vertex of a graph, the implicit degree is greater
than or equal to its degree. Relaxing a degree condition to an implicit degree
condition is one way to try in order to improve existing results. Results such
as Ore’s Theorem [69], Fan’s Theorem [36] and Bondy’s Theorem [11], have
all been extended in this sense. For details we refer the reader to [79], [26]
and [61], respectively.

Conditions in terms of degree-like parameters have also often been com-
bined with other conditions, e.g., structural conditions like forbidden sub-
graph conditions. As an example, it is known that lower bounds on degree-
like parameters that guarantee hamiltonicity of general graphs can be relaxed
considerably if one restricts oneself to claw-free graphs. But a degree condi-
tion can also help to relax the forbidden subgraph condition itself, by allowing
the subgraphs in the graph, but with some requirements regarding neighbor-
hoods or degrees of their vertices imposed on them. The earliest ideas in this
direction date back to the 1990s by accounts in [19] and [17]. These ideas
gave rise to the notion of a heavy subgraph, and according to the different
requirements of the degree on subgraphs people studied different notions,
such as the notions of an f–heavy [68], o–heavy [21, 68] and c–heavy sub-
graph [55]. Just to give the flavor of these results, without going into detail
and without defining the special graphs that appear in the below statements,
we mention a few examples of results in which different groups of authors
have fully characterized the pairs that imply hamiltonicity. For the definitions
of the notions and special graphs mentioned here we refer to Chapter 2.

Theorem 1.1 (Li, Ryjáček, Wang and Zhang [53]). Let R and S be connected
graphs with R 6= P3, S 6= P3 and let G be a 2-connected graph. Then G being
{R, S}–o–heavy implies G is hamiltonian if and only if (up to symmetry) R =
K1,3 and S = C3, P4, P5, Z1, Z2, B, N or W.

Theorem 1.2. Let R and S be connected graphs with R 6= P3, S 6= P3 and let G be
a 2-connected graph. Then G being {R, S}–f–heavy implies that G is hamiltonian
if and only if (up to symmetry) R= K1,3 and S is one of the following:
- P4, P5, P6 (Chen, Wei and Zhang [29]),
- Z1 (Bedrossian, Chen and Schelp [7]),
- B (Li, Wei and Gao [58]),
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- N (Chen, Wei and Zhang [27]),
- Z2, W (Ning and Zhang [68]).

Theorem 1.3 (Li and Ning [55]). Let S be a connected graph of order at least
three and let G be a 2-connected claw–o–heavy graph. Then G being S–c–heavy
implies that G is hamiltonian if and only if S = P4, P5, P6, Z1, Z2, B, N or W.

As analogous counterparts of o–heavy, f–heavy and c–heavy graphs, one
can define implicit o–heavy, implicit f–heavy and implicit c–heavy graphs by
replacing the degree condition in the corresponding definition by an implicit
degree condition. In Chapter 2 we pose the following problems and give
partial answers.

Problem 1.1. Characterize all graphs S such that every 2–connected implicit
claw–heavy and implicit S–o–heavy graph is hamiltonian.

Problem 1.2. Characterize all graphs S such that every 2–connected implicit
claw–heavy and implicit S–f–heavy graph is hamiltonian.

Problem 1.3. Characterize all graphs S such that every 2–connected implicit
claw–heavy and implicit S–c–heavy graph is hamiltonian.

A graph G is almost distance-hereditary if each connected induced sub-
graph H of G has the property dH(x , y)≤ dG(x , y)+1 for any pair of vertices
x , y ∈ V (H). Combining the condition of almost distance-hereditary and
heavy subgraph conditions, Chen and Ning [25] gave the following results.

Theorem 1.4 (Chen and Ning [25]). Let G be a 2-connected claw-heavy graph.
If G is almost distance-hereditary, then G is hamiltonian.

Theorem 1.5 (Chen and Ning [25]). Let G be a 3-connected 1-heavy graph. If
G is almost distance-hereditary, then G is hamiltonian.

In Chapter 3, we extend the above two results by replacing the heavy
subgraph conditions by implicit heavy subgraph conditions, respectively.

As we noted before, Dirac’s result of 1952 has inspired multiple lines of
research aimed at finding milder sufficient conditions for hamiltonicity of
graphs that can either be applied to a larger class of general graphs, or to
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a specific class of graphs. We mentioned two of these lines of research here,
namely the restriction to claw-free graphs and the introduction of the no-
tion of the implicit degree. Our aim in Chapter 4 was to combine the two
approaches, motivated by the following result.

Theorem 1.6 (Matthews and Sumner [64]). Let G be a 2-connected claw-free
graph of order n such that δ(G)≥ n−2

3 . Then G is hamiltonian.

Note that the lower bound on the minimum degree in Dirac’s result can be
improved considerably from n

2 to n−2
3 , by restricting the statement to claw-

free graphs. Like Dirac’s result, the above theorem is best-possible, in the
sense that there are infinitely many nonhamiltonian 2-connected claw-free
graphs in which all vertices have degree at least n−1

3 . Unlike Dirac’s result
however, it is known that the lower bound in the above result can be relaxed
considerably further by imposing a larger connectivity, or by excluding spe-
cific infinite families of claw-free graphs. The degree condition can even be
omitted completely if the imposed connectivity is sufficiently large. For a dis-
cussion on such results and several open problems on claw-free graphs we
refer the interested reader to Section 4 in [14] and to Section 7 in [18].

We use δ1(G) to denote the minimum implicit degree of a graph G. In
[79], Zhu, Li and Deng presented generalizations of many degree condition
results, implying the following analogue of Dirac’s result.

Theorem 1.7 (Zhu, Li and Deng [79]). Let G be a graph on n vertices with
δ1(G)≥

n
2 . Then G is hamiltonian.

Motivated by the above results, it is natural to expect that the follow-
ing counterpart of Theorem 1.6 holds: any 2-connected claw-free graph G
of order n with δ1(G) ≥

n−2
3 is hamiltonian. However, unfortunately this is

not the case. The following infinite class of nonhamiltonian claw-free graphs
shows that this statement is false. Suppose n is a sufficiently large integer
that is divisible by 3. Let G be the graph of order n consisting of three vertex-
disjoint complete graphs on n

3 vertices each, with the additional edges of two
vertex-disjoint triangles, each containing one vertex from each of the three
complete graphs. Then G is claw-free, nonhamiltonian and δ1(G)≥

n+3
3 . So,

there does not exist a straightforward counterpart of Theorem 1.6 in which
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δ(G) is simply replaced by δ1(G). Exploring the structure of the above ex-
amples in more detail, note that for every 2-cut {u, v} of G, G − {u, v} has a
complete component of order n−6

3 . Excluding this by imposing an additional
condition, we prove the following result in Chapter 4.

Theorem 1.8. Let G be a 2-connected claw-free graph on n vertices withδ1(G)≥
n+3

3 . If G contains no 2-cut {u, v} such that G−{u, v} has a complete component
of order less than n−5

3 , then G is hamiltonian.

We give examples to show that the condition on the 2-cuts in the above
result cannot be omitted and is sharp. We clearly get rid of this condition if
we restrict ourselves to 3-connected claw-free graphs. However, in this case
we can lower the degree bound by a factor if we add a similar condition on
the 3-cuts, and obtain the following result.

Theorem 1.9. Let G be a 3-connected claw-free graph on n vertices withδ1(G)≥
n+6

4 . If G contains no 3-cut {u, v, w} such that G−{u, v, w} has a complete com-
ponent of order less than n−7

4 , then G is hamiltonian.

1.4 Toughness and hamiltonian properties

Since its introduction by Chvátal [32] in the 1970s, the toughness notion has
received a lot of attention, mainly inspired by what we referred to earlier
as Chvátal’s Conjecture. The survey paper [5] deals with a large number of
results that have been established until more than ten years ago. A more
recent survey of results and open problems appeared a few years ago [13].

The notions of toughness and (vertex) connectivity have a lot of com-
monality, but are essentially different in the context of hamiltonicity as well
as computational complexity. Both toughness and connectivity are measures
that capture how well the parts of the graph are tight together, but the clear
difference is that the connectivity only deals with the minimum number of
vertices that need to be removed to separate the remaining vertices into more
than one component, while the toughness also takes into account how many
components there are in the resulting graph.
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From the definitions we have given earlier, it is obvious that every hamil-
tonian graph is 1-tough and 2-connected, so the latter are clearly necessary
conditions for hamiltonicity. It is natural to wonder whether there are suffi-
cient conditions for hamiltonicity in terms of the connectivity or the tough-
ness. However, it is easy to come up with examples of nonhamiltonian graphs
with an arbitrarily high connectivity, while it is still open whether there exist
nonhamiltonian graphs with an arbitrarily high toughness. In fact, Chvátal’s
Conjecture states that this is not the case.

In the context of computational complexity, there is a striking difference
between connectivity and toughness. It is well-known that there exists a
polynomial algorithm to determine the connectivity of a graph, whereas it
is NP-hard to determine the toughness of a graph. We omit the details. Nev-
ertheless, from a theoretical viewpoint it is interesting to study whether im-
posing that the graphs are 1-tough instead of 2-connected (which is implied
by 1-toughness) enables relaxations of other conditions that imply that a 2-
connected graph is hamiltonian. We now turn to examples in the light of
forbidden subgraph conditions.

Over the years, researchers have established full characterizations of all
possible single forbidden graphs and pairs of forbidden subgraphs ensuring
that every 2-connected graph is hamiltonian. We refer the reader to [6], [38]
and [57] for details. It can be observed that many of the nonhamiltonian
graph families that show the necessity of forbidding certain subgraphs are
not 1-tough. This fact caused researchers to think about using the neces-
sary condition of being 1-tough instead of 2-connected. In a recent study,
Li et al. [54] considered single forbidden subgraphs under the condition of
1-toughness, and came up with the following partial solution.

Theorem 1.10 (Li, Broersma and Zhang [54]). Let R be an induced subgraph
of P4, K1 ∪ P3 or 2K1 ∪ K2. Then every R-free 1-tough graph on at least three
vertices is hamiltonian.

Here K1 ∪ P3 denotes the disjoint union of a complete graph on one ver-
tex and a path on three vertices, and 2K1 denotes two disjoint copies of a
complete graph on one vertex. The other graphs are similarly defined. More-
over, in [54] the authors gave an almost complete characterization of single
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forbidden subgraphs ensuring hamiltonicity of 1-tough graphs by proving the
following complementary result.

Theorem 1.11 (Li, Broersma and Zhang [54]). Let R be a graph on at least
three vertices. If every R-free 1-tough graph on at least three vertices is hamilto-
nian, then R is an induced subgraph of K1 ∪ P4.

The two results together leave K1∪ P4 as the only open case. As far as we
are aware it is still open whether every 1-tough K1 ∪ P4-free graph is hamil-
tonian. In fact, this is a conjecture due to Nikoghosyan [66].

Various sufficient conditions for a graph to be hamiltonian are so strong
that they imply considerably more about the cycle structure of the graph.
Based on this observation, Bondy [9] presented a metaconjecture in 1971 in
which he stated that almost any nontrivial condition on a graph which im-
plies that the graph is hamiltonian also implies that it is pancyclic (except for
maybe a simple family of exceptional graphs). Inspired by Bondy’s metacon-
jecture, we examined whether the condition in Theorem 1.10 in fact implies
pancyclicity. The results of our findings are presented in Chapter 6.

Turning to hamiltonian-connectedness, analogous to hamiltonicity one
easily checks that every hamiltonian-connected graph is 3-connected and has
toughness strictly larger than 1. Again, it is easy to show that no level of
connectivity is large enough to ensure a graph is hamiltonian-connected. In
1978, Jung [51] presented the following result, in which he shows that for
P4-free graphs, the toughness condition τ(G)> 1 is a necessary and sufficient
condition for hamiltonian-connectivity.

Theorem 1.12 (Jung [51]). Let G be a P4-free graph. Then G is hamiltonian-
connected if and only if τ(G)> 1.

Chen and Gould [28] concluded in 2000 that if {S, T} is a pair of graphs
such that every 2-connected {S, T}-free graph is hamiltonian, then every 3-
connected {S, T}-free graph is hamiltonian-connected. Following up on this
idea, we considered the following question. Suppose R is a graph such that
every 1-tough R-free graph is hamiltonian. Is then every R-free graph G with
τ(G) > 1 hamiltonian-connected? For the purpose of answering this ques-
tion, we have checked every case of Theorem 1.10, and report on our positive
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findings in Chapter 5. Note that the case with R= P4 had already been solved
by Jung in Theorem 1.12.

In 2013, Nikoghosyan [66] posed several related conjectures that we
listed at the end of this introductory chapter, including the open case that
we mentioned in the context of Theorem 1.10. In Chapter 7, we will reflect
on the following conjectures and present partial solutions.

Conjecture 1.1. Every 1-tough K1 ∪ P4-free graph is hamiltonian.

Conjecture 1.2. Every K1 ∪ K1,3-free graph with τ > 4/3 is hamiltonian.

Conjecture 1.3. Every K2 ∪ K2-free graph with τ > 1 is hamiltonian.



Chapter 2

Implicit heavy subgraphs and
hamiltonicity

In this chapter, we study various implicit degree conditions, including but
not limited to Ore–type and Fan–type conditions. We will prove that impos-
ing these conditions on specific induced subgraphs of a 2–connected implicit
claw–heavy graph ensures its hamiltonicity. In particular, we improve a recent
result of Huang [49], and complete the characterization of pairs of o–heavy
and f–heavy subgraphs for hamiltonicity of 2–connected graphs.

2.1 Introduction

As we mentioned before, forbidden subgraph conditions and degree condi-
tions are two important and well-studied types of sufficient conditions for
the existence of Hamilton cycles in graphs. It is known that P3 is the only
connected graph of order at least three forbidding of which in a 2–connected
graph G implies hamiltonicity of G (recall that we use Pn to denote a path on
n vertices). When disconnected subgraphs are also considered, forbidding an
induced 3K1 also ensures hamiltonicity. The former fact can be deduced from
results in [38] and the latter follows directly from a classical theorem due to
Chvátal and Erdős [31]. In fact, the graphs P3 and 3K1 are the only graphs

17
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of order at least three having this property. In [57], Li and Vrána proved the
necessity part of the following theorem.

Theorem 2.1 (Li and Vrána [57]). Let G be a 2–connected graph and S be a
graph of order at least three. Then G being S–free implies that G is hamiltonian
if and only if S is P3 or 3K1.

Before we continue, let us first present the symbols and illustrations for
some frequently used forbidden induced subgraphs. We refer to Figure 2.1
for these graphs and refrain from giving formal definitions, as the structure
of these graphs is clear from the illustrations.
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FIGURE 2.1: Some frequently used forbidden induced sub-
graphs: B (the bull), H (the hourglass), N (the net), D (the

deer), W (the wounded) and Zi .

The case with pairs of forbidden subgraphs other than P3 and 3K1 is much
more interesting. The complete characterization of forbidden pairs of con-
nected subgraphs for hamiltonicity, based partially on results from [19], [34],
[44] and [46], was obtained by Bedrossian in [6]. The ‘only if’ part of the
following theorem is due to Faudree and Gould [38].

Theorem 2.2 (Bedrossian [6]; Faudree and Gould [38]). Let R and S be con-
nected graphs with R, S 6= P3, and let G be a 2-connected graph. Then G being
{R, S}-free implies G is hamiltonian if and only if (up to symmetry) R = K1,3

and S = P4, P5, P6, C3, Z1, Z2, B, N or W.
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In [57], Li and Vrána considered pairs of forbidden subgraphs that are
not necessarily connected.

Theorem 2.3 (Li and Vrána [57]). Let R and S be graphs of order at least
three other than P3 and 3K1, and let G be a 2-connected graph. Then G being
{R, S}-free implies G is hamiltonian if and only if (up to symmetry) R = K1,3

and S is an induced subgraph of P6, W, N or K2 ∪ P4.

A widely studied way of relaxing the forbidden induced subgraph condi-
tions for hamiltonicity is allowing the subgraphs in the graph, but with some
requirements regarding degrees of their vertices imposed on them. Some of
these extensions exploit the concept of implicit degree, as it was introduced
in Definition 1.1 in Chapter 1.

Some of the (implicit) degree conditions suitable for relaxing the forbid-
den subgraph conditions originate from the following classical results.

Theorem 2.4 (Fan [36]). Let G be a 2-connected graph of order n≥ 3. If

d(u, v) = 2⇒max{d(u), d(v)} ≥ n/2

for every pair of vertices u and v in G, then G is hamiltonian.

Theorem 2.5 (Ore [69]). Let G be a graph of order n ≥ 3. If every pair of
nonadjacent vertices of G has degree sum at least n, then G is hamiltonian.

The authors of [79] prove a counterpart of Ore’s Theorem 2.5, where the
degree sum condition is replaced by an implicit degree sum condition. A
similar extension of Theorem 2.4 can be found in [26]. Theorems 2.4 and
2.5, and their extensions, gave rise to the notions of f–heavy graphs [68], o–
heavy graphs [21], [68], implicit f–heavy graphs [24], and implicit o–heavy
graphs. Here, we adopt the definitions of o–heavy graphs and f–heavy graphs
from [68].

Let G be a graph of order n. A vertex v of G is called heavy (or implicit
heavy) if d(v) ≥ n/2 (or id(v) ≥ n/2). If v is not heavy (or not implicit
heavy), we call it light (or implicit light, respectively). For a given graph H we
say that G is H–o–heavy (or implicit H–o–heavy) if in every induced subgraph
of G isomorphic to H there are two nonadjacent vertices with degree sum
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(implicit degree sum, respectively) at least n. And G is said to be H–f–heavy
(or implicit H–f–heavy), if for every subgraph S of G isomorphic to H, and
every two vertices u, v ∈ V (S), we have

dS(u, v) = 2⇒max{d(u), d(v)} ≥ n/2

(max{id(u), id(v)} ≥ n/2, respectively).

For a family of graphs H , G is said to be (implicit) H –o–heavy, if G is
(implicit) H–o–heavy for every H ∈H . The classes ofH –f–heavy and implicit
H –f–heavy graphs are defined similarly. We note that the above definitions of
H–f–heavy,H –o–heavy, andH –f–heavy are also all taken from [68]. When
a graph is implicit K1,3–o–heavy we will call it implicit claw–heavy.

Observe that every H–free graph is trivially H–o–heavy and H–f–heavy.
Furthermore, every H–o–heavy (or H–f–heavy) graph is implicit H–o–heavy
(implicit H–f–heavy, respectively). Replacing forbidden subgraph conditions
by conditions expressed in terms of heavy subgraphs yielded the following
extensions of Theorem 2.2.

Theorem 2.6 (B. Li et al. [53]). Let R and S be connected graphs with R 6= P3

and S 6= P3, and let G be a 2-connected graph. Then G being {R, S}–o–heavy
implies G is hamiltonian if and only if (up to symmetry) R = K1,3 and S =
C3, P4, P5, Z1, Z2, B, N or W.

Theorem 2.7. Let R and S be connected graphs with R 6= P3 and S 6= P3,
and let G be a 2-connected graph. Then G being {R, S}–f–heavy implies that
G is hamiltonian if and only if (up to symmetry) R = K1,3 and S is one of the
following:
- P4, P5, P6 (Chen et al. [29]),
- Z1 (Bedrossian et al. [7]),
- B (G. Li et al. [58]),
- N (Chen et al. [27]),
- Z2, W (Ning and S. Zhang [68]).

Recently, motivated by the main result of [48], Li and Ning [55] intro-
duced another type of heavy subgraphs. We say that an induced subgraph
H of G is c–heavy in G, if for every maximal clique C of H every non–trivial
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component of H −C contains a vertex that is heavy in G. The graph G is said
to be H–c–heavy if every induced subgraph of G isomorphic to H is c–heavy.
For a familyH of graphs, G is calledH –c–heavy if G is H–c–heavy for every
H ∈H .

Observe that every graph is trivially {K1,3, C3, P3}–c–heavy, since removal
of a maximal clique from any of the three subgraphs results in a graph con-
sisting of trivial components (or an empty graph). With that remark in mind,
the authors of [55] extended Theorem 2.2 in the following way.

Theorem 2.8 (B. Li and Ning [55]). Let S be a connected graph of order at
least three, and let G be a 2-connected claw–o–heavy graph. Then G being S–c–
heavy implies that G is hamiltonian if and only if S = P4, P5, P6, Z1, Z2, B, N
or W.

Similarly to implicit o–heavy and implicit f–heavy graphs, we can define
implicit H–c–heavy and implicit H –c–heavy graphs by replacing the degree
condition in the definition of c–heavy graphs by an implicit degree condition.
In the light of the results presented so far, and noting that every implicit claw–
f–heavy graph is implicit claw–heavy, it seems worthwhile to try to tackle the
following problems.

Problem 2.1. Characterize all graphs S such that every 2–connected implicit
claw–heavy and implicit S–o–heavy graph is hamiltonian.

Problem 2.2. Characterize all graphs S such that every 2–connected implicit
claw–heavy and implicit S–f–heavy graph is hamiltonian.

Problem 2.3. Characterize all graphs S such that every 2–connected implicit
claw–heavy and implicit S–c–heavy graph is hamiltonian.

As byproducts of the proof of our main result, we obtained the following
partial answers to Problems 2.1– 2.3.

Theorem 2.9. Let G be a 2–connected implicit claw-heavy graph. If G is implicit
S–o–heavy for a subgraph S of K2 ∪ P4, then G is hamiltonian.

Theorem 2.10. Let G be a 2–connected implicit claw-heavy graph. If G is
implicit S–f–heavy, where S is one of the graphs K1 ∪ P3, K2 ∪ P3, K1 ∪ P4,
K2 ∪ P4, P4, Z1 and Z2, then G is hamiltonian.
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Theorem 2.11. Let G be a 2–connected implicit claw-heavy graph. If G is im-
plicit S–c–heavy, where S is one of the graphs K1 ∪ K2, 2K1 ∪ K2, K1 ∪ 2K2,
K2∪K2, K1∪ P3, K2∪ P3, K1∪ P4, K2∪ P4, P4, P5 and P6, then G is hamiltonian.

Clearly, if S is any of the graphs K1 ∪ K2, 2K1 ∪ K2, K2 ∪ K2 and K1 ∪ 2K2,
then every graph is S–f–heavy. Observe also that each of the remaining sub-
graphs of K2∪P4 appears in each of Theorems 2.9–2.11. Hence, as corollaries
from these theorems and Theorems 2.6–2.8, we get the following complete
characterizations of heavy pairs of (not necessarily connected) subgraphs for
hamiltonicity.

Corollary 2.12. Let R and S be graphs other than P3 and 3K1, and let G be a
2-connected graph. Then G being {R, S}–o–heavy implies G is hamiltonian if
and only if (up to symmetry) R= K1,3 and S is an induced subgraph of P5, W, N
or K2 ∪ P4.

Corollary 2.13. Let R and S be graphs other than P3 and 3K1, and let G be
a 2-connected graph. Then G being {R, S}–f–heavy implies G is hamiltonian if
and only if (up to symmetry) R= K1,3 and S is one of P4, P5, P6, Z1, Z2, B, N , W,
K1 ∪ P3, K2 ∪ P3, K1 ∪ P4 and K2 ∪ P4.

Corollary 2.14. Let S be a graph of order at least three other than P3 and 3K1,
and let G be a 2-connected claw–o–heavy graph. Then G being S-c-heavy implies
G is hamiltonian if and only if S is one of P4, P5, P6, Z1, Z2, B, N, W, K1 ∪ K2,
2K1 ∪ K2, K1 ∪ 2K2, K2 ∪ K2, K1 ∪ P3, K2 ∪ P3, K1 ∪ P4 and K2 ∪ P4.

We note that the assumption of the graph S being of order at least three
in Corollary 2.14 is necessary, since every graph is trivially {K1, 2K1, K2}–c–
heavy.

For triples of forbidden subgraphs there are also many results. The fol-
lowing are two well–known results of this type.

Theorem 2.15 (Broersma and Veldman [19]; Brousek [20]). Let G be a 2-
connected graph. If G is {K1,3, P7, D}–free, then G is hamiltonian.

Theorem 2.16 (Faudree et al. [37]; Brousek [20]). Let G be a 2-connected
graph. If G is {K1,3, P7, H}–free, then G is hamiltonian.
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Note that the pair {K1,3, P6} that is present in Theorem 2.2 is missing in
Theorem 2.6. A construction of a 2–connected, claw–free and P6–o–heavy
graph that is not hamiltonian can be found in [53] 1. Since every P6–o–heavy
graph is also implicit {P7, D}–o–heavy, it is clear that Theorems 2.15 and 2.16
can not be improved by imposing the condition of implicit o–heaviness on all
of their forbidden subgraphs. However, a slightly stronger implicit degree
sum conditions is sufficient to ensure hamiltonicity. Our main result is the
following.

Theorem 2.17. Let G be a 2-connected, implicit claw–heavy graph of order n
such that in every path v1v2v3v4v5v6v7 induced in G at least one of the following
conditions is satisfied:

(a) id(v4)≥ n/2, or

(b) id(vi) + id(v j)≥ n for some i ∈ {1, 2}, j ∈ {6,7}.

If

(1) in every induced D of G with vertex set {u1, u2, u3, u4, u5, u6, u7} and edge
set {u1u2, u2u3, u3u4, u3u5, u4u5, u5u6, u6u7} at least one of the following
conditions is satisfied:

(a) id(u4)≥ n/2, or

(b) id(ui) + id(u j)≥ n for some i ∈ {1,2, 4}, j ∈ {6,7}, or

(2) in every induced H of G with vertex set {u1, u2, u3, u4, u5} and edge set
{u1u2, u2u3, u1u3, u3u4, u3u5, u4u5} at least one of the following condi-
tions is satisfied:

(a) both u1 and u2 are implicit heavy, or

(b) id(ui) + id(u j)≥ n for some i ∈ {1,2}, j ∈ {4,5},

then G is hamiltonian.
1Nevertheless, the condition of P6–o–heaviness can be replaced with other degree condi-

tions on paths P6 to ensure hamiltonicity of 2-connected claw–o–heavy graphs. We refer the
interested reader to [56] for details.
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Note that the conditions imposed on paths of order seven in Theorem 2.17
are satisfied in particular by implicit P7–f–heavy and implicit P7–c–heavy graphs.
Similarly, the conditions imposed on induced deers are satisfied by implicit D–
f–heavy graphs and implicit D–c–heavy graphs, and the conditions imposed
on hourglasses are satisfied by implicit H–c–heavy graphs, implicit H–f–heavy
graphs and implicit H–o–heavy graphs. Hence, Theorem 2.17 implies the fol-
lowing new results.

Corollary 2.18. Let G be a 2-connected, implicit claw–heavy graph. If G is

– implicit {P7, D}–c–heavy or implicit {P7, H}–c–heavy, or

– implicit P7–f–heavy and implicit D–c–heavy, or

– implicit P7–f–heavy and implicit H–c–heavy, or

– implicit P7–f–heavy and implicit H–o–heavy, or

– implicit P7–c–heavy and implicit H–o–heavy, or

– implicit P7–c–heavy and implicit H–f–heavy,

then G is hamiltonian.

Some previously known results, including recent extensions of Theorem 2.15
and Theorem 2.16, can also be deduced from Theorem 2.17.

Corollary 2.19 (Huang [49]). Let G be a 2–connected, implicit claw–heavy
graph. If G is P6–free, then G is hamiltonian.

Corollary 2.20 (Broersma et al. [17]). Let G be a 2–connected, claw–f–heavy
graph. If G is {P7, D}–free or {P7, H}–free, then G is hamiltonian.

Corollary 2.21 (Cai and H. Li [23]). Let G be a 2–connected, implicit claw–f–
heavy graph. If G is {P7, D}–free or {P7, H}–free, then G is hamiltonian.

Corollary 2.22 (Ning [67]). Let G be a 2–connected, claw–f–heavy graph. If
G is {P7, D}–f–heavy or {P7, H}–f–heavy, then G is hamiltonian.

Corollary 2.23 (Huang [50]). Let G be a 2-connected, claw–f–heavy graph. If
G is implicit {P7, D}–f–heavy or implicit {P7, H}–f–heavy, then G is hamiltonian.
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Corollary 2.24 (Cai and Zhang [24]). Let G be a 2-connected, implicit claw–
heavy graph. If G is implicit {P7, D}–f–heavy or implicit {P7, H}–f–heavy, then
G is hamiltonian.

The rest of this chapter is organized as follows. In Section 2.2 we define
some auxiliary notions, and present lemmas that are used throughout the
later proofs. The proofs of Theorems 2.9, 2.10, 2.11 and 2.17 are presented
in Section 2.3.

2.2 Preliminaries

In this section, we present two lemmas that will be used throughout the proofs
of our main results. They make use of the notion of an implicit heavy cycle,
which is a cycle that contains all implicit heavy vertices of a graph. For a
vertex v ∈ V (G) lying on a cycle C with a given orientation, we denote by v+

its immediate successor on C and by v− its immediate predecessor. For a set
A⊂ V (C), the sets A+ and A− are defined analogously, i.e., A+ = {v+ | v ∈ A}
and A− = {v− | v ∈ A}. We write xC y for the path from x ∈ V (C) to y ∈ V (C)
following the orientation of C , whereas xC y denotes the path from x to y in
the opposite direction. Similar notation is used for paths.

The next lemma is implicit in [60].

Lemma 2.25 (Li et al. [60]). Every 2-connected graph contains an implicit
heavy cycle.

A cycle C is called nonextendable if there is no cycle longer than C in G
containing all vertices of C . We use E∗(G) to denote the set {x y | x y ∈ E(G)
or id(x) + id(y) ≥ n}. We sometimes call the nonadjacent pairs that satisfy

the second condition pseudo-edges.

Another useful lemma appeared in [49].

Lemma 2.26 (Huang [49]). Let G be a 2-connected graph on n ≥ 3 vertices,
and let C be a nonextendable cycle of G of length at most n − 1. If P is an
x y–path in G such that V (C) ⊂ V (P), then x y /∈ E∗(G).
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2.3 Proofs of Theorems 2.9–2.11 and 2.17

For a proof by contradiction suppose that a graph G satisfying the assumptions
of any of the Theorems 2.9, 2.10, 2.11 or 2.17 is not hamiltonian. Then G is a
2-connected implicit claw-heavy graph. By Lemma 2.25, there is an implicit
heavy cycle in G. Let C be a longest (nonextendable) implicit heavy cycle
in G and give C an orientation. From the assumption of 2-connectivity of
G it follows that there is a path P connecting two vertices x1, x2 ∈ V (C)
internally-disjoint with C such that |V (P)| ≥ 3. Let P = x1u1u2 . . . ur x2 be
such a path of minimum length. Note that this implies that P is induced
unless x1 x2 ∈ E(G). The following four claims also appeared in [24,49,50],
since they are basic properties of a longest (nonextendable) implicit heavy
cycle. We also use them to start our proof.

Claim 1. uk x+i /∈ E∗(G) and uk x−i /∈ E∗(G) for every k ∈ {1, 2, . . . , r} and
i ∈ {1,2}.

Proof. Since P ′ = x+1 C x1Puk and P ′′ = x−1 C x1Puk are paths such that V (C) ⊂
V (P ′) and V (C) ⊂ V (P ′′), uk x+1 /∈ E∗(G) and uk x−1 /∈ E∗(G) by Lemma 2.26.
Similarly, uk x+2 /∈ E∗(G) and uk x−2 /∈ E∗(G).

Claim 2. x−1 x+1 ∈ E∗(G) and x−2 x+2 ∈ E∗(G).

Proof. If x−1 x+1 ∈ E(G), the first statement is obvious. Suppose x−1 x+1 /∈ E(G).
Then the set {x1, x−1 , x+1 , u1} induces a claw. By Claim 1, we have id(u1) +
id(x−1 ) < n and id(u1) + id(x+1 ) < n. Since G is implicit claw–heavy, this
implies that id(x−1 ) + id(x+1 ) ≥ n. Thus, x−1 x+1 ∈ E∗(G). Similarly, x−2 x+2 ∈
E∗(G).

Claim 3. x−1 x−2 /∈ E∗(G) and x+1 x+2 /∈ E∗(G).

Proof. Observe that the paths P ′ = x−1 C x2P x1C x−2 and P ′′ = x+1 C x2P x1C x+2
are paths such that V (C) ⊂ V (P ′) and V (C) ⊂ V (P ′′). Thus, the claim follows
from Lemma 2.26.

Claim 4. x−1 x+1 ∈ E(G) or x−2 x+2 ∈ E(G).
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Proof. Suppose to the contrary that x−1 x+1 /∈ E(G) and x−2 x+2 /∈ E(G). Then
id(x−1 ) + id(x+1 ) ≥ n and id(x−2 ) + id(x+2 ) ≥ n by Claim 2. Thus, id(x−1 ) +
id(x−2 )≥ n or id(x+1 ) + id(x+2 )≥ n, contradicting Claim 3.

By Claim 4, without loss of generality, we assume that x−1 x+1 ∈ E(G). The
following two claims were proved in [24], hence we omit their proofs.

Claim 5 (Cai and Zhang [24]). For i ∈ {1, 2}, x i x
−
3−i /∈ E∗(G) and x i x

+
3−i /∈

E∗(G).

By Claim 5, there is a vertex in x+i C x−3−i not adjacent to x i in G for i = 1, 2.
Let yi be the first vertex in x+i C x−3−i not adjacent to x i in G for i = 1, 2. Let u
be any vertex of P other than x1 and x2, and let zi be an arbitrary vertex in
x+i C yi for i = 1,2.

Claim 6 (Cai and Zhang [24]). The (pseudo-)edges uz1, uz2, z1 x2, z2 x1, and
z1z2 do not exist in G.

The proof of the different results now splits into cases, depending on the
conditions satisfied by G in each of the results.

Case 1. G is implicit K2 ∪ P4–o–heavy or implicit K2 ∪ P4–f–heavy.

By Claim 6, we have that both of the vertex sets {y−1 , y1, ur , x2, y−2 , y2} and
{y−2 , y2, u1, x1, y−1 , y1} induce a graph isomorphic to K2 ∪ P4 in G.

First assume that G is implicit K2 ∪ P4–f–heavy. Since none of the ver-
tices u1 and ur belongs to C , both these vertices are implicit light. This im-
plies that both y−2 and y−1 are implicit heavy, contradicting Claim 6. This
contradiction proves the part of Theorem 2.10 regarding implicit K2 ∪ P4–f–
heavy graphs. By taking induced subgraphs from {y−1 , y1, ur , x2, y−2 , y2} and
{y−2 , y2, u1, x1, y−1 , y1} corresponding to K1 ∪ P4, P4, K1 ∪ P3 and K2 ∪ P3, we
get the same contradiction which can also prove the part of Theorem 2.10 re-
garding implicit K1 ∪ P4–f–heavy graphs, implicit P4–f–heavy graphs, implicit
K1 ∪ P3–f–heavy graphs and implicit K2 ∪ P3–f–heavy graphs, respectively.

Next consider the case that G is implicit K2 ∪ P4–o–heavy. Then there is a
pair of nonadjacent vertices with implicit degree sum at least n in each of the
vertex sets {y−1 , y1, ur , x2, y−2 , y2} and {y−2 , y2, u1, x1, y−1 , y1}. Let us focus on
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the set {y−1 , y1, ur , x2, y−2 , y2}. Since uz1, z1 x2, z1z2 /∈ E∗(G) by Claim 6, it
follows that the pair of nonadjacent vertices with implicit degree sum at least
n belongs to the set {ur , x2, y−2 , y2}. Since uz2 /∈ E∗(G) by Claim 6, we have
id(x2) + id(y2) ≥ n. Now, since id(x1) + id(y1) + id(x2) + id(y2) ≥ 2n, we
have id(x1) + id(y2) ≥ n or id(x2) + id(y1) ≥ n, which contradicts Claim 6.
This contradiction proves the part of Theorem 2.9 regarding implicit K2∪ P4–
o–heavy graphs. The remaining part regarding implicit S–o–heavy graphs for
any proper subgraph S of K2∪ P4 is implied by the validity of the theorem for
K2 ∪ P4. Thus, the proof of Theorem 2.9 is complete.

Case 2. G is implicit S–f–heavy for S being one of Z1 and Z2.

Suppose first that G is implicit Z1–f–heavy. Then, since the vertex u1 is implicit
light by the choice of C and the set {x−1 , x+1 , x1, u1} induces Z1, both vertices
x−1 and x+1 are implicit heavy. Now it follows from Claim 3 that both x−2
and x+2 are implicit light. Then x−2 x+2 ∈ E(G), by Claim 2. But now the set
{x−2 , x+2 , x2, ur} induces Z1, a contradiction. Thus, G is Z2–f–heavy.

Suppose that either r ≥ 2 or r = 1 and x1 x2 /∈ E(G). Then one of the
sets {x−1 , x+1 , x1, u1, u2} or {x−1 , x+1 , x1, u1, x2} induces Z2. Similarly to the
previous paragraph, this implies that both x−1 and x+1 are implicit heavy, and
in consequence x−2 and x+2 are implicit light vertices forming an edge in G.
But then either {x−2 , x+2 , x2, ur , ur−1} or {x−2 , x+2 , x2, ur , x1} also induces a Z2,
a contradiction.

Thus, r = 1 and x1 x2 ∈ E(G). But now both sets {u1, x2, x1, y−1 , y1}
and {u1, x1, x2, y−2 , y2} induce Z2, implying that both y−1 and y−2 are implicit
heavy. This contradicts Claim 6. Together with Case 1, this contradiction
completes the proof of Theorem 2.10.

Case 3. G is implicit K1 ∪ P3–c–heavy.

We continue the proof with a number of claims.

Claim 7. x1 and x2 are implicit heavy.

Proof. By Claim 6, we have that both sets {x+1 , x2, y−2 , y2} and {x+2 , x1, y−1 , y1}
induce a graph isomorphic to K1 ∪ P3 in G. Since G is implicit K1 ∪ P3–c–
heavy and the independent vertex of K1 ∪ P3 is a maximal clique, there is an
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implicit heavy vertex in both sets {x2, y−2 , y2} and {x1, y−1 , y1}. If y1 or y−1 is
implicit heavy, then none of the vertices of {x2, y−2 , y2} can be implicit heavy
by Claim 6, a contradiction. Hence, x1 is implicit heavy. Similarly, x2 is also
implicit heavy.

Claim 8. x−2 x+2 ∈ E(G).

Proof. By Claim 5 and Claim 7, we have that x−2 and x+2 are implicit light.
Since G is implicit claw-heavy, x−2 x+2 ∈ E(G).

By Claim 3, there is a vertex in x+i C x−3−i not adjacent to x−i in G for i = 1, 2.
Let wi be the first vertex in x+i C x−3−i not adjacent to x−i in G for i = 1,2. Note
that wi 6= x+i .

Claim 9. uw−i /∈ E(G) and uwi /∈ E(G).

Proof. Suppose that uw−1 ∈ E(G). By Claim 1, we have that w−1 6= x+1 . Then
C ′ = x1Puw−1 C x−1 w−−1 C̄ x1 is a cycle such that V (C) ⊂ V (C ′), a contradic-
tion. Hence, uw−1 /∈ E(G). We also have that uw1 /∈ E(G); otherwise, C ′′ =
x1Puw1C x−1 w−1 C̄ x1 is a cycle such that V (C) ⊂ V (C ′′), a contradiction. By
symmetry, we have that uw−2 /∈ E(G) and uw2 /∈ E(G).

From Claim 1 and Claim 9 we have that {u, x−1 , w−1 , w1} induces a graph iso-
morphic to K1 ∪ P3 in G. Since G is implicit K1 ∪ P3–c–heavy, there is an
implicit heavy vertex in the set {x−1 , w−1 , w1}. By Claim 5 and Claim 7 we
have that x−1 is implicit light. If w−1 is implicit heavy, then w−1 6= x+1 by
Claim 5 and Claim 7. Thus P ′ = w−1 C x−2 x+2 C x−1 w−−1 C̄ x1P x2 is a path such
that V (C) ⊂ V (P ′) and w−1 x2 ∈ E∗(G), contradicting Lemma 2.26. If w1

is implicit heavy, then P ′′ = w1C x−2 x+2 C x−1 w−1 C̄ x1P x2 is a path such that
V (C) ⊂ V (P ′′) and w1 x2 ∈ E∗(G), contradicting Lemma 2.26. Thus, the
part of Theorem 2.11 regarding implicit K1 ∪ P3–c–heavy graphs is finished
by these contradictions. The proof of the validity of the remaining part of
Theorem 2.11 will be completed after the next case.

Case 4. G satisfies the assumptions of Theorem 2.17.

Claim 10. x1 x2 ∈ E(G).
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Proof. Suppose that x1 x2 /∈ E(G). By the choice of P, Claim 1 and Claim 6 we
have that P ′ = y1 y−1 x1u1u2 . . . ur x2 y−2 y2 is an induced Pr+6, where r ≥ 1. Let
y1 y−1 x1u1v5v6v7 be the path induced by the first seven vertices of P ′. Since
u1 is implicit light, it follows from the assumptions of Theorem 2.17 that for
some a ∈ {y1, y−1 } and b ∈ {v6, v7} the inequality id(a) + id(b) ≥ n holds.
Since b ∈ V (P)∪ {x2, y−2 , y2} , this contradicts Claim 6.

We complete the proof by considering two cases, depending on the value of r.
When r ≥ 2, we can use the method of the proof of Case 2 in [24] completely,
because the proof does not involve any heavy subgraphs other than the claw.
Here we omit this part of the proof and consider the case when r = 1.

Suppose that r = 1. Then the set {y1, y−1 , x1, u1, x2, y−2 , y2} induces a
D. Since the vertex u1 is implicit light, Claim 6 implies that G does not satisfy
the conditions imposed on induced deers in Theorem 2.17. Hence, it satisfies
the conditions imposed on H.

Observe that {x−1 , x+1 , x1, u1, x2} induces an H. Now, using Claim 5 and
Claim 6, we get that both vertices x−1 and x+1 are implicit heavy. Similarly as in
Case 2, this implies that both x−2 and x+2 are implicit light and x−2 x+2 ∈ E(G).
But now the set {u1, x1, x2, x−2 , x+2 } induces an H. Using Claim 5 and Claim 6,
we conclude that this contradicts the assumptions of Theorem 2.17. This final
contradiction completes the proof of Theorem 2.17.

Observe that every 2–connected implicit–claw–heavy graph that is im-
plicit S–c–heavy for S being one of K1 ∪ K2, 2K1 ∪ K2, K1 ∪ 2K2, K2 ∪ K2,
K2 ∪ P3, K1 ∪ P4, K2 ∪ P4, P4, P5 and P6 satisfies the assumptions of Theo-
rem 2.17. Hence, together with Case 3, Case 4 also completes the proof of
Theorem 2.11. �



Chapter 3

Hamiltonicity of almost
distance-hereditary graphs

Recall that a graph G is said to be almost distance-hereditary if each con-
nected induced subgraph H of G has the property dH(x , y) ≤ dG(x , y) + 1
for any pair of vertices x , y ∈ V (H). In this chapter, we give two sufficient
conditions for hamiltonicity of almost distance-hereditary graphs. One states
that every 2-connected implicit claw-heavy almost distance-hereditary graph
is hamiltonian, and the other says that every 3-connected implicit 1-heavy
almost distance-hereditary graph is hamiltonian. These results improve two
recent results due to Chen and Ning [25].

3.1 Introduction

Considering the intersection of the classes of almost distance-hereditary graphs
and claw-free graphs, about ten years ago Feng and Guo [40] proved the fol-
lowing result.

Theorem 3.1 (Feng and Guo [40]). Let G be a 2-connected claw-free graph. If
G is almost distance-hereditary, then G is hamiltonian.

The same authors later improved this result by relaxing the condition of being
claw-free by putting a Dirac–type degree condition on the end vertices of

31
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every induced claw, adopting ideas that originate from [17] and [21]. Let G
be a graph on n vertices. A vertex v of G is called heavy if d(v) ≥ n/2. The
graph G is called 1-heavy (respectively 2-heavy) if at least one (respectively
two) of the end vertices of each induced claw of G are heavy. By using this
concept of a 2-heavy graph, Feng and Guo [41] extended Theorem 3.1 in the
following way.

Theorem 3.2 (Feng and Guo [41]). Let G be a 2-connected 2-heavy graph. If
G is almost distance-hereditary, then G is hamiltonian.

Replacing the Dirac–type degree condition by an Ore–type degree condition,
Fujisawa and Yamashita [43] introduced the notion of a claw-heavy graph.
A graph G on n vertices is called claw-heavy if each claw of G has a pair of
end vertices with degree sum at least n. Chen and Ning [25] recently used
the above notions to obtain the following two results related to Theorems 3.1
and 3.2.

Theorem 3.3 (Chen and Ning [25]). Let G be a 2-connected claw-heavy graph.
If G is almost distance-hereditary, then G is hamiltonian.

Theorem 3.4 (Chen and Ning [25]). Let G be a 3-connected 1-heavy graph. If
G is almost distance-hereditary, then G is hamiltonian.

Replacing the degree conditions in the above definitions by implicit degree
conditions, we say that a graph G on n vertices is implicit 1-heavy if at least
one end vertex of each claw of G is implicit heavy, i.e., has implicit degree
at least n/2. We call G implicit claw-heavy if each claw of G has a pair of
end vertices with implicit degree sum at least n. In this chapter we prove the
following two improvements of Theorems 3.3 and 3.4.

Theorem 3.5. Let G be a 2-connected implicit claw-heavy graph. If G is almost
distance-hereditary, then G is hamiltonian.

Theorem 3.6. Let G be a 3-connected implicit 1-heavy graph. If G is almost
distance-hereditary, then G is hamiltonian.
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The implicit degree conditions in Theorems 3.5 and 3.6 can not be omitted.
From the complete bipartite graphs Km,m+1 it is obvious that a large connec-
tivity together with the condition of almost distance-hereditary cannot guar-
antee a graph to be hamiltonian.

We postpone the proofs of Theorems 3.5 and 3.6 to Sections 3.3 and 3.4,
respectively, and present some useful auxiliary lemmas in Section 3.2. To
complete this introductory section, we continue with presenting an infinite
class of examples of graphs that do not satisfy the conditions of Theorems 3.3
and 3.4, but that can be easily verified to be hamiltonian using Theorem 3.5
or 3.6.

Let k be a nonnegative integer. For any m≥ k+ 1, let Gm denote the join
of a complete graph K2m and a graph H, where H is the disjoint union of a K4

and m copies of a K2. Then Gm is a 2m-connected graph of order n= 4m+4,
and it is easy to check that Gm is almost distance-hereditary and hamiltonian.
The degrees and implicit degrees of the vertices of Gm can also be determined
in a straightforward way. For any vertex u belonging to the m copies of a K2 of
H, we obtain that d(u) = 2m+1< n

2 and id(u) = 2m+3> n
2 ; for any vertex

v belonging to the K2m, we obtain that id(v) ≥ d(v) = 4m+ 3 > n
2 ; for any

vertex w belonging to the K4 of H, we obtain that id(w)≥ d(w) = 2m+3> n
2 .

Using this, it is easy to check that Gm is implicit claw-heavy (and so implicit
1-heavy) but not 1-heavy (and so not claw-heavy) for all m≥ 3.

3.2 Some auxiliary lemmas

We start this section with some additional notation and terminology. For a
cycle C with a given orientation and a vertex x ∈ V (C), with x+ and x−

we denote the immediate successor and predecessor of x on C , respectively.
Similarly, for any I ⊆ V (C), we let I− = {x− | x ∈ I} and I+ = {x+ | x ∈ I}.
For two vertices x , y ∈ V (C), xC y denotes the subpath of C from x to y in
the direction specified by the orientation of C . The vertex set of xC y will
be denoted as C[x , y] if both the end vertices x and y are included, and as
C(x , y] (C[x , y), respectively C(x , y)) if x (y , respectively x and y) are not
included. We use yC x to denote the path from y to x in the reverse direction.
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A similar notation is used for paths. We use (x , y)-path as shorthand for a
path between a vertex x and a vertex y .

Let G be a graph on n vertices. A cycle C of G is called implicit heavy if
it contains all implicit heavy vertices of G; it is said to be extendable if there
exists a longer cycle in G containing all the vertices of C . We use E∗(G) to
denote the set {x y | x y ∈ E(G) or id(x)+id(y)≥ n}. Our proofs of Theorems
3.5 and 3.6 are based on the following three lemmas, the first two of which
are given without proofs.

Lemma 3.7 (H. Li et al. [60]). Every 2-connected graph contains an implicit
heavy cycle.

Lemma 3.8 (Huang [49]). Let G be a 2-connected graph on n≥ 3 vertices and
C be a nonextendable cycle of G with length at most n− 1. If P is an x y-path
in G such that V (C) ⊂ V (P), then x y /∈ E∗(G).

The above results are used to state and prove the following useful state-
ments. Let G be a 2-connected nonhamiltonian graph of order n. Then, by
Lemma 3.7, there exists an implicit heavy cycle in G. Since G is nonhamil-
tonian, there exists a nonextendable implicit heavy cycle C of G with length
at most n − 1. We consider an arbitrary component R of G − V (C), and let
A= {v1, v2, . . . , vk} denote the set of neighbors of R on C . Using Lemma 3.8,
it is now easy to deduce the following result.

Lemma 3.9. For any u ∈ V (R) and vi , v j ∈ A, the following statements hold.

(a) uv−i /∈ E∗(G) and uv+i /∈ E∗(G);

(b) v−i v−j /∈ E∗(G) and v+i v+j /∈ E∗(G);

(c) If v−i v+i ∈ E(G), then vi v
−
j /∈ E∗(G) and vi v

+
j /∈ E∗(G);

(d) Let p ∈ C[vi , v−j ] ∩ N(vi) ∩ N(v−j ). If v−i v+i ∈ E(G), then p−p+ /∈ E∗(G)
and vi p

+ /∈ E∗(G);

(e) Let p ∈ C[vi , v−j ]∩N(vi). If v−i v+i ∈ E(G), then p−v−j /∈ E∗(G) and v+j p+ /∈
E∗(G).
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If, moreover G is implicit claw-heavy, then the following statements also hold.

(f) v−i v+i ∈ E∗(G);

(g) v−i v+i ∈ E(G) or v−j v+j ∈ E(G);

(h) vi v
−
j /∈ E∗(G) and vi v

+
j /∈ E∗(G).

Proof. If we write ‘By Lemma 3.8 and the path P ’ (or in the opposite order) in
the proofs that follow, we mean that P is an (x , y)-path in G such that V (C) is
a proper subset of V (P), and we conclude from Lemma 3.8 that x y /∈ E∗(G).

(a) Since vi , v j ∈ A and u ∈ R, there exists a (u, vi)-path Q1 and a (u, v j)-path
Q2 such that all the internal vertices of Q1 and Q2 (if any) are in R. By
Lemma 3.8 and the path P = uQ1viC v−i , we obtain that uv−i /∈ E∗(G).
Similarly, uv+i /∈ E∗(G).

(b) By Lemma 3.8 and the path P = v−i C v jQ2uQ1viC v−j , we obtain that
v−i v−j /∈ E∗(G). Similarly, v+i v+j /∈ E∗(G).

(c) If v−i v+i ∈ E(G), then by the path P = viQ1uQ2v jC v−i v+i C v−j and using
Lemma 3.8, we obtain that vi v

−
j /∈ E∗(G). Similarly, vi v

+
j /∈ E∗(G).

(d) If v−i v+i ∈ E(G) and p− 6= vi , then by Lemma 3.8 and the path P =
p−C v+i v−i C v jQ2uQ1vi pv−j C p+, we obtain that p−p+ /∈ E∗(G). If v−i v+i ∈
E(G) and p− = vi , then by the path P = viQ1uQ2v jC v−i v+i v−j C p+ and
Lemma 3.8, we obtain that vi p

+ /∈ E∗(G), i.e., p−p+ /∈ E∗(G). If v−i v+i ∈
E(G), then by the path P = viQ1uQ2v jC v−i v+i C pv−j C p+ and Lemma 3.8,
we obtain that vi p

+ /∈ E∗(G).

(e) If v−i v+i ∈ E(G), then p 6= v−j by Lemma 3.9(c). If p = v+i , then p−v−j /∈
E∗(G) by Lemma 3.9(c). If p ∈ C(v+i , v−j ), by Lemma 3.8 and the path P =

p−C v+i v−i C v jQ2uQ1vi pC v−j , we obtain that p−v−j /∈ E∗(G). By Lemma 3.8

and the path P = v+j C v−i v+i C pviQ1uQ2v jC p+, we obtain that v+j p+ /∈
E∗(G).

If, moreover G is implicit claw-heavy, then the statements in (f), (g), and (h)
correspond to Claims 2, 1, and 4 in [24], respectively. Therefore, we omit the
proofs of these statements. This completes the proof of Lemma 3.9.
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3.3 Proof of Theorem 3.5

Suppose, to the contrary, that G is a graph satisfying the conditions of The-
orem 3.5, but that G is nonhamiltonian. Since G is a 2-connected implicit
claw-heavy graph, by Lemma 3.7, G contains an implicit heavy cycle. Let C
be a longest implicit heavy cycle and give C a cyclic orientation. Since G is
nonhamiltonian, V (G)\V (C) 6= ;. Let R be a component of G−V (C), and let
A= {v1, v2, . . . , vk} be the set of neighbors of R on C . Since G is 2-connected,
there exists a path P connecting two vertices vi , v j ∈ V (C) such that P is
internally-disjoint with C , and with |V (P)| ≥ 3. Let P = viu1u2 . . . ur v j be
such a path, chosen subject to the following rules:

(1) |C(vi , v j)| is as small as possible;

(2) |V (P)| is as small as possible subject to (1).

By Lemma 3.9(g), without loss of generality, we may assume that v−i v+i ∈
E(G). We first prove the following simple claim.

Claim 1. r = 1, i.e., V (P) = {vi , u1, v j}.

Proof. Suppose that r ≥ 2. Consider the subgraph H = 〈V (P) ∪ C[vi , v j)〉.
By Lemma 3.9(h), vi v

−
j /∈ E(G). Thus dH(v−j , vi) ≥ 2. By the choice of P, we

have dH(v−j , ur) = dH(v−j , vi)+dP(vi , ur)≥ 2+2= 4, but dG(v−j , ur) = 2. This
contradicts the fact that G is almost distance-hereditary. Hence r = 1.

Next, we consider the subgraph H = 〈C[vi , v j)∪{u1}〉. Since C(vi , v j)∩{u1}=
; and vi v

−
j /∈ E(G) by Lemma 3.9(h), we obtain that dH(v−j , u1) = 3 from the

facts that G is almost distance-hereditary and dG(v−j , u1) = 2. Thus there
exists a vertex w ∈ C[v+i , v−j ] such that viw ∈ E(G) and v−j w ∈ E(G). We
consider the following two subcases, depending on whether v−j v+j ∈ E(G) or
not.

Case 1. v−j v+j ∈ E(G).

We prove three new claims in order to complete this case.

Claim 2. v+j w ∈ E(G).
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Proof. If v+j w /∈ E(G), then the induced subgraph H = 〈{v+j , v−j , w, vi , u1}〉
is isomorphic to P5 and dH(v+j , u1) = 4. This contradicts the facts that G is
almost distance-hereditary and dG(v+j , u1) = 2.

By Claim 2 and Lemma 3.9(b), we conclude that w 6= v+i .

Claim 3. v+j w+ /∈ E∗(G).

Proof. Consider the path Q = w+C v j PviwC v+i v−i C v+j . By using that V (C)
is a proper subset of V (Q), applying Lemma 3.8, we obtain that v+j w+ /∈
E∗(G).

Claim 4. viw
+ /∈ E∗(G).

Proof. Consider the path Q = w+C v−j wC v+i v−i C v j Pvi . By using that V (C) is a
proper subset of V (Q), applying Lemma 3.8, we obtain that viw

+ /∈ E∗(G).

Using Claims 2-4 and Lemma 3.9(h), we conclude that {w, vi , w+, v+j } induces
a claw, and that G is not implicit claw-heavy, a contradiction. This completes
the proof for Case 1.

Case 2. v−j v+j /∈ E(G).

We prove four new claims in order to complete this case.

Claim 5. w 6= v+i .

Proof. Suppose that w = v+i . Consider H = 〈{v−i , v+i , v−j , v j , u1}〉. Using
Lemma 3.9(b), (h), and (a), we conclude that H is isomorphic to P5 and that
dH(v+j , u1) = 4. This contradicts the facts that G is almost distance-hereditary
and dG(v+j , u1) = 2. Hence, w 6= v+i .

Claim 6. w−v j /∈ E(G).

Proof. Suppose w−v j ∈ E(G) and consider Q = v−j Cwvi Pv jw
−C v+i v−i C v+j .

Observing that V (C) is a proper subset of V (Q), applying Lemma 3.8, we
obtain that v−j v+j /∈ E∗(G), but this contradicts Lemma 3.9(f).

Claim 7. w−v−j /∈ E∗(G).
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Proof. Consider the path Q = v−j Cwvi Pv jC v−i v+i Cw−. Observing that V (C)
is a proper subset of V (Q), applying Lemma 3.8, we obtain that w−v−j /∈
E∗(G).

Claim 8. w−vi /∈ E(G).

Proof. If w−vi ∈ E(G), then wv j /∈ E(G) (otherwise v−j Cwv j Pviw
−C v+i v−i C v+j

is a path containing all the vertices of C . Then, using Lemma 3.8, we obtain
that v−j v+j /∈ E∗(G), but this contradicts Lemma 3(f)). By Claims 6 and 7,
in combination with Lemma 3.9(a), we conclude that the induced subgraph
H = 〈{u1, v j , v−j , w, w−}〉 is isomorphic to P5, and that dH(w−, u1) = 4. This
contradicts the facts that G is almost distance-hereditary and dG(w−, u1) = 2.
Hence, w−vi /∈ E(G).

Using Claims 7 and 8, in combination with Lemma 3.9(h), we conclude that
{w, vi , w−, v−j } induces a claw, and vi v

−
j /∈ E∗(G) and w−v−j /∈ E∗(G). Since G

is implicit claw-heavy, we obtain that id(vi) + id(w−) ≥ n. Combining this
with the fact that id(v−j ) + id(v+j ) ≥ n, we deduce that id(vi) + id(v+j ) ≥ n
or id(w−) + id(v−j ) ≥ n, but in both cases we reach a contradiction. This
completes the proof of Theorem 3.5. �

3.4 Proof of Theorem 3.6

Suppose, to the contrary, that G is a graph satisfying the conditions of The-
orem 3.6, but that G is nonhamiltonian. Since G is a 3-connected implicit
1-heavy graph, by Lemma 3.7, G contains an implicit heavy cycle. Let C
be a longest implicit heavy cycle, and give C a cyclic orientation. Since G
is nonhamiltonian, V (G) \ V (C) 6= ;. Let R be a component of G − V (C).
Since G is 3-connected, for any vertex u ∈ V (R) there exists a (u, C)-fan F
such that F = {u;Q1,Q2,Q3}, where Q1 = ux1 . . . xr1

wi , Q2 = uy1 . . . yr2
w j

and Q3 = uz1 . . . zr3
wk are three internally-disjoint paths of length at least

1, with V (Q1) ∩ V (C) = wi , V (Q2) ∩ V (C) = w j and V (Q3) ∩ V (C) = wk,
and wi , w j , wk are in this order according to the chosen orientation of C (so
w j ∈ C(wi , wk)).
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By the choice of C , all internal vertices of F are not implicit heavy. We
call such vertices light throughout the proof, and similarly we call an induced
claw light if all its end vertices are light. By Lemma 3.9(b), there is at most
one implicit heavy vertex in N+C (R) and at most one implicit heavy vertex
in N−C (R). So, for at least one ` ∈ {i, j, k}, w−

`
and w+

`
are light. Hence,

w−
`

w+
`
∈ E(G); otherwise a light claw is immediate, contradicting that G is

implicit 1-heavy. We may assume without loss of generality that ` = i. We
may also assume that u= xr1

, since for every u ∈ V (R), in particular u= xr1
,

a (u, C)-fan with (at least) three internally-disjoint paths exists, and we can
choose one of these paths to consist of the edge xr1

wi . Our first claim shows
that we can in fact assume that all three paths of the (u, C)-fan F consist of
just one edge.

Claim 1. There exists a u ∈ V (R) and a (u, C)-fan F such that V (F) =
{u, wi , w j , wk}.

Proof. Suppose that there is no such fan F with V (F) = {u, wi , w j , wk}. By
the above discussion, we may assume that the fan F in chosen in such a way
that:

(1) V (Q1) = {u, wi} and w−i w+i ∈ E(G);

(2) |C(wi , w j)| is as small as possible subject to (1);

(3) |V (Q2)| is as small as possible subject to (1) and (2);

(4) |C(wk, wi)| is as small as possible subject to (1), (2), and (3);

(5) |V (Q3)| is as small as possible subject to (1), (2), (3), and (4).

To complete the proof of Claim 1, we prove two subclaims.

Claim 1.1. V (Q2) = {u, w j}.

Proof. Suppose there exists a vertex in V (Q2) \ {u, w j}. Let x = yr2
, and let

H = 〈V (Q1) ∪ V (Q2) ∪ C[wi , w j]〉 − {w j}. By Lemma 3.9(c), we have that
wiw

−
j /∈ E(G), so dH(w−j , wi) ≥ 2. Condition (2) in the choice of F implies

that no vertex of V (Q2) \ {w j} has a neighbor in C(wi , w j). This implies that
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dH(wi , x) = dF (wi , x). If xwi /∈ E(G), then dF (wi , x) ≥ 2. Since |V (Q2)| > 2,
we have dH(w−j , x) = dH(w−j , wi) + dF (wi , x)≥ 4. This yields a contradiction
with the facts that G is almost distance-hereditary and dG(w−j , x) = 2. Thus,
xwi ∈ E(G). Let F = (x; xwi , xw j ,Q2[x , u]Q3[u, wk]). Then F is an (x , C)-
fan satisfying (1), (2), and |{x , w j}| = 2, contradicting condition (3) in the
choice of F . Hence V (Q2) = {u, w j}.

Claim 1.2. V (Q3) = {u, wk}.

Proof. Suppose there exists a vertex of V (Q3) \ {u, wk}. Let x = zr3
. We first

show that xwi ∈ E(G). Supposing that xwi /∈ E(G), let H = 〈V (Q1)∪V (Q3)∪
C[wk, wi]〉−{wk}. By Lemma 3.9(c), we have that wiw

+
k /∈ E(G). This means

dH(w+k , wi) ≥ 2. By conditions (4) and (5) in the choice of F , no vertex
of V (Q3) \ {wk} has a neighbor in C(wk, wi). Since |V (Q3)| > 2, we have
dH(wi , x) ≥ 2, and we have dH(w+k , x) = dH(w+k , wi) + dF (wi , x) ≥ 4. This
yields a contradiction with the facts that G is almost distance-hereditary and
dG(w+k , x) = 2. Thus, xwi ∈ E(G). If xw j ∈ E(G), then (x; xwi , xw j , xwk) is
the required fan. Next suppose xw j 6∈ E(G).

Let H = 〈C[wi , w j] ∪Q3[u, x]〉 − {wi}. By condition (2) in the choice of
F , no vertex of V (Q3) \ {wk} has a neighbor in C(wi , w j). Since G is almost
distance-hereditary and dG(w+i , x) = 2, we conclude that dH(w+i , x) = 3. This
implies that w+i w j ∈ E(G). Consider the subgraph induced by {w j , w+i , w+j , u}.
This is clearly an induced claw. Recalling that w+i and u are light, we con-
clude that w+j is implicit heavy. We show in a similar way that w−j is im-
plicit heavy. For this purpose, let H = 〈{w−i } ∪ C[wi , w j] ∪Q3[u, x]〉 − {wi}.
Since G is almost distance-hereditary and dG(w−i , x) = 2, we conclude that
dH(w−i , x) = 3, implying that w−i w j ∈ E(G). Now consider the claw induced
by {w j , w−i , w−j , u}, and recall that w−i and u are light. We obtain that w−j is
implicit heavy.

Since both w−j and w+j are implicit heavy, w−j w+j ∈ E∗(G). This contradicts

Lemma 3.8, since there exists a path P = w−j Cw+i w juwiCw+j such that V (C) ⊂
V (P). Hence V (Q3) = {u, wk}.

This completes the proof of Claim 1.
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By Claim 1, there exists a (u, C)-fan F such that V (F)\V (C) = {u}. Suppose
that NC(u) = {v1, v2, . . . , vr} (r ≥ 3) and v1, v2, . . . , vr are in the order of the
orientation on C , meaning that u has no neighbors on C between vi and vi+1

(1≤ i ≤ r − 1) or between vr and v1. In the following, all subscripts of v are
taken modulo r, with v0 = vr . We continue with a simple claim.

Claim 2. For any vertex vi ∈ NC(u) such that v−i v+i ∈ E(G), there exists a
vertex li ∈ C[v+i , v−i+1) such that v−i+1li ∈ E(G) and vi li ∈ E(G); by symmetry,
there exists a vertex si ∈ C(v+i−1, v−i ] such that v+i−1si ∈ E(G) and visi ∈ E(G).

Proof. Let H = 〈{u} ∪ C[vi , vi+1)〉. Since dG(v−i+1, u) = 2 and G is almost
distance-hereditary, we have dH(v−i+1, u) ≤ 3. By Lemma 3.9(c), we have
vi v
−
i+1 /∈ E(G). Thus dH(v−i+1, u) = 3. It follows that dH(v−i+1, vi) = 2. So there

exists a vertex li ∈ C[v+i , v−i+1) such that v−i+1li ∈ E(G) and vi li ∈ E(G). The
other assertion can be proved similarly.

By Lemma 3.9(b), there is at most one implicit heavy vertex in N+C (u) and at
most one implicit heavy vertex in N−C (u). As before, this implies there exists
a vertex v j ∈ NC(u) such that v−j , v+j are light and v−j v+j ∈ E(G). Without loss
of generality, we assume that v−1 , v+1 are light, hence v−1 v+1 ∈ E(G). In the
remainder of the proof, we distinguish two cases, depending on whether one
of v2 and vr has a similar property or both have not. We start with the latter
case.

Case 1. v−2 v+2 /∈ E(G) and v−r v+r /∈ E(G).

In this case, both {v2, v−2 , v+2 , u} and {vr , v−r , v+r , u} induce claws. Using the
fact that G is implicit 1-heavy and Lemma 3.9(b), we conclude that both v−2
and v+r are implicit heavy or both v+2 and v−r are implicit heavy. Before we
distinguish these two subcases, we first prove the following claim.

Claim 3.

(1) v1, v−1 , v+1 , l−1 , l+1 , s−1 , s+1 are light;

(2) v1l−1 ∈ E(G) and v1s+1 ∈ E(G);

(3) l1 and s1 are light;
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(4) v−1 v2 /∈ E(G);

(5) v−1 l1 ∈ E(G) and l1v2 ∈ E(G).

Proof.

(1) We already know that v−1 and v+1 are light by our assumptions. Since
v−2 , v+r are implicit heavy or v+2 , v−r are implicit heavy, by Lemma 3.9(a),
v1 is light. To prove that l−1 , l+1 , s−1 , s+1 are light, we consider two subcases.

Case a. v−2 , v+r are implicit heavy.

Then l−1 is light; otherwise P = l−1 C v+1 v−1 C v2uv1l1C v−2 is a path such that
V (C) ⊂ V (P) and l−1 v−2 ∈ E∗(G), contradicting Lemma 3.8. Similarly, by
symmetry we can prove that s+1 is light. Next, we claim that l+1 is light;
otherwise P = l+1 C vruv1l1C v+1 v−1 C v+r is a path such that V (C) ⊂ V (P)
and l+1 v+r ∈ E∗(G), contradicting Lemma 3.8. Similarly, by symmetry we
can prove that s−1 is light.

Case b. v+2 , v−r are implicit heavy.

Considering the path P = l+1 C v2uv1l1C v+1 v−1 C v+2 and Lemma 3.8, we
obtain that l+1 is light. Similarly, by symmetry we obtain that s−1 is light.
Considering the path P = l−1 C v+1 v−1 C vruv1l1C v−r and Lemma 3.8, we
obtain that l−1 is light. Similarly, by symmetry we obtain that s+1 is light.

(2) Suppose that v1l−1 /∈ E(G). Note that v1l+1 /∈ E∗(G) and l−1 l+1 /∈ E∗(G)
by Lemma 3.9(d). Since l+1 , v1, l−1 are all light, in this case {l1, l+1 , v1, l−1 }
induces a light claw, a contradiction. The other assertion follows by sym-
metry.

(3) Since v1l−1 ∈ E(G), using Lemma 3.9(e) we get v+2 l1 /∈ E∗(G) and v+r l1 /∈
E∗(G). Note that either v+r or v+2 is implicit heavy. This implies that l1 is
light. Similarly, we can prove that s1 is light.

(4) Suppose that v−1 v2 ∈ E(G) and v−2 , v+r are implicit heavy. Then P =
v−2 C v1uvr C v2v−1 C v+r is a path such that V (C) ⊂ V (P) and v−2 v+r ∈ E∗(G),
contradicting Lemma 3.8. Suppose that v−1 v2 ∈ E(G) and v+2 , v−r are im-
plicit heavy. Then {v2, v−2 , u, v−1 } induces a light claw, a contradiction.
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(5) Suppose that v−1 l1 /∈ E(G). Note that uv−1 /∈ E∗(G) by Lemma 3.9(a), and
that ul1 /∈ E(G) by assumption. Now {v1, l1, u, v−1 } induces a light claw,
a contradiction. Hence v−1 l1 ∈ E(G). Suppose that l1v2 /∈ E(G). Then
H = 〈{v−1 , l1, v−2 , v2, u}〉 is an induced path of length 4 in G. It follows
that dH(v−1 , u) = 4, contradicting the facts that dG(v−1 , u) = 2 and G is
almost distance-hereditary. Hence l1v2 ∈ E(G).

This completes the proof of Claim 3.

We continue by considering the aforementioned two subcases.

Case 1.1. v−2 , v+r are implicit heavy.

By Lemma 3.9(c) and v1l−1 ∈ E(G), ul1 /∈ E∗(G). By Lemma 3.9(a) and 3.9(e),
we have uv+2 /∈ E∗(G) and l1v+2 /∈ E∗(G). Using Claim 3(3), we conclude that
{v2, l1, u, v+2 } induces a light claw, a contradiction.

Case 1.2. v+2 , v−r are implicit heavy.

We first prove another claim.

Claim 4. {v+r , s1, l1, v2, u} induces a path in G.

Proof. It is easy to check that v+r s1 ∈ E(G), l1v2 ∈ E(G) and v2u ∈ E(G). By
Lemma 3.9(a), v+r u /∈ E(G). By using Lemma 3.8 with respect to the path
P = v+r C v−1 v+1 Cl−1 v1uvr Cl1, we obtain that v+r l1 /∈ E(G). We also have that
ul1 /∈ E(G) and us1 /∈ E(G). It remains to show that s1l1 ∈ E(G), v+r v2 /∈ E(G)
and s1v2 /∈ E(G). This is done by proving the next two subclaims.

Claim 4.1. s1l1 ∈ E(G).

Proof. Otherwise, {v1, l1, s1, u} induces a light claw, a contradiction.

Claim 4.2. v+r v2 /∈ E(G) and s1v2 /∈ E(G).

Proof. Suppose that v+r v2 ∈ E(G). Consider the subgraph 〈{v2, v−2 , v+r , u}〉.
By Lemma 3.9(a), we have uv−2 /∈ E(G) and uv+r /∈ E(G). Since v−2 , v+r , u
are light and G is implicit 1-heavy, we conclude that v+r v−2 ∈ E(G). Now
the cycle C ′ = uv1l−1 C v+1 v−1 C v+r v−2 Cl1v2C vru contradicts the assumption that
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C is a longest implicit heavy cycle. Suppose that s1v2 ∈ E(G). Consider
the subgraph induced by {v2, v−2 , s1, u}. Since us1 /∈ E(G), uv−2 /∈ E(G) and
G is implicit 1-heavy, we conclude that s1v−2 ∈ E(G). Now the cycle C ′′ =
uv2Cs1v−2 C v+1 v−1 Cs+1 v1u contradicts the assumption that C is a longest implicit
heavy cycle.

This completes the proof of Claim 4, hence that {v+r , s1, l1, v2, u} induces a
path in G.

Let H = 〈{v+r , s1, l1, v2, u}〉. By Claim 4, dH(v+r , u) = 4, contradicting the facts
that dG(v+r , u) = 2 and G is almost distance-hereditary. This completes the
proof for Case 1.

Case 2. v−2 v+2 ∈ E(G) or v−r v+r ∈ E(G).

In both cases, we have that v−i v+i ∈ E(G) and v−i+1v+i+1 ∈ E(G) (for i = 1 or
i = r). By Claim 2, for any vertex vi ∈ NC(u) such that v−i v+i ∈ E(G), there
exists a vertex li ∈ C[v+i , v−i+1) such that v−i+1li ∈ E(G) and vi li ∈ E(G). Before
we continue with distinguishing two subcases, we first prove the following
claim.

Claim 5. If v−i v+i ∈ E(G) and v−i+1v+i+1 ∈ E(G), then v+i+1li ∈ E(G) and
{li , l−i , vi , v−i+1} induces a claw.

Proof. Suppose that v+i+1li /∈ E(G). Let H = 〈{v+i+1, v−i+1, li , vi , u}〉. We have
vi v
−
i+1 /∈ E(G) and vi v

+
i+1 /∈ E(G) by Lemma 3.9(c). We observe that H is

an induced path of length 4 in G. Hence dH(v+i+1, u) = 4, contradicting
the facts that dG(v+i+1, u) = 2 and G is almost distance-hereditary. We con-
clude that v+i+1li ∈ E(G). By Lemma 3.9(c), we have vi v

−
i+1 /∈ E∗(G). By

Lemma 3.9(e), we have l−i v−i+1 /∈ E∗(G). Supposing that vi l
−
i ∈ E(G), the

cycle C ′ = v+i+1C v−i v+i Cl−i viuvi+1Cli vi+1 contradicts the choice of C . Hence,
vi l
−
i /∈ E(G), and {li , l−i , vi , v−i+1} induces a claw.

By Claim 5 and Lemma 3.9(b), we have li 6= v+i . Without loss of generality,
by symmetry, assume that v−2 v+2 ∈ E(G). We distinguish two subcases.

Case 2.1. v−r v+r /∈ E(G).
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By Lemma 3.9(a), we have uv−r /∈ E(G) and uv+r /∈ E(G). Now {vr , v−r , v+r , u}
induces a claw. Since G is implicit 1-heavy and u is light, v−r is implicit heavy
or v+r is implicit heavy.

Claim 6. v+r is implicit heavy.

Proof. Suppose that v−r is implicit heavy. By Lemma 3.9(b) and (c), v−2 , v1

are light. Using the path P = l−1 C v+1 v−1 C vruv1l1C v−r and Lemma 3.8, we
conclude that l−1 is light. By Claim 5, {l1, l−1 , v1, v−2 } induces a light claw, a
contradiction.

Claim 7. v+1 , v+2 , v1, l+1 are light.

Proof. By Claim 6, v+r is implicit heavy. By Lemma 3.9(b) and (c), we have
that v+1 , v+2 , v1 are light. Using Lemma 3.8 and P = l+1 C vruv1l1C v+1 v−1 C v+r ,
we conclude that l+1 is light.

Claim 8. v1l+1 /∈ E(G).

Proof. Suppose that v1l+1 ∈ E(G). Then the cycle uv1l+1 C v−2 l1C v+1 v−1 C v2u
contradicts the choice of C .

Now consider the subgraph 〈{l1, l+1 , v1, v+2 }〉. Using Claim 6, Lemma 3.9(c)
and (e), we have v1v+2 /∈ E∗(G) and l+1 v+2 /∈ E∗(G). By Claims 7 and 8, we
have v1l+1 /∈ E∗(G). Hence {l1, l+1 , v1, v+2 } induces a light claw, a contradiction.
This completes the proof for Subcase 2.1.

Case 2.2. v−r v+r ∈ E(G).

We again proceed by proving a number of claims.

Claim 9. v1 is implicit heavy.

Proof. By Claim 5, {lr , l−r , vr , v−1 } and {l1, l−1 , v1, v−2 } both induce claws. Sup-
pose first that v−2 is implicit heavy. By Lemma 3.9(b) and (c), we conclude
that v−1 and vr are light. Using Lemma 3.8 with respect to the path P =
l−r C v+r v−r C v2uvr lr C v−2 , we conclude that l−r is light. Now {lr , l−r , vr , v−1 } in-
duces a light claw, a contradiction. Hence, v−2 is light. Suppose next that l−1 is
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implicit heavy. Using Lemma 3.8 with the paths P = l−1 C v+r v−r C v+2 l1C v2uvr ,
P ′ = l−1 C v1uv2Cl1v+2 C v−1 , and P ′′ = l−1 Clr vruv2Cl1v+2 C v−r v+r Cl−r , we con-
clude that l−1 vr /∈ E∗(G), l−1 v−1 /∈ E∗(G) and l−1 l−r /∈ E∗(G). This implies that
vr , v−1 , l−r are light. Now {lr , l−r , vr , v−1 } induces a light claw, a contradiction.
Hence, l−1 is light. Noting that {l1, l−1 , v1, v−2 } induces a claw and recalling that
v−2 , l−1 are both light, we conclude that v1 is implicit heavy.

By Claim 2, there exists a vertex s2 ∈ C(v+1 , v−2 ] such that v+1 s2 ∈ E(G) and
v2s2 ∈ E(G).

Claim 10. l−r , l+r , s−2 , s+2 are light.

Proof. By Claim 5, lr v+1 ∈ E(G). Using Lemma 3.8 with respect to the paths
P = l+r C v−1 v+1 C v−r v+r Clr vruv1 and P ′ = l−r C v+r v−r C v+1 v−1 Clr vruv1, we con-
clude that l+r v1 /∈ E∗(G) and l−r v1 /∈ E∗(G). Since v1 is implicit heavy (by
Claim 9), l+r and l−r are light. Similarly, by symmetry, we can prove that s−2 , s+2
are light.

Claim 11. vr is implicit heavy.

Proof. Consider the subgraph 〈{lr , l−r , l+r , vr}〉. By Claim 5 and Lemma 3.9(e),
we have vr l−r /∈ E(G). By Lemma 3.9(d), we have l−r l+r /∈ E∗(G) and vr l+r /∈
E(G). Since G is implicit 1-heavy, using Claim 10, we conclude that vr is
implicit heavy.

Claim 12. {v−1 , v+1 , l+r , s+2 } induces a light claw.

Proof. By Claim 10, l+r , s+2 are light. Recall that v+1 is light by assumption.
Now it is sufficient to prove the following facts: {v−1 l+r , v−1 s+2 } ⊂ E(G) and
{v+1 l+r , v+1 s+2 , l+r s+2 } ∩ E(G) = ;. This will be done in the form of the following
two subclaims.

Claim 12.1. {v−1 l+r , v−1 s+2 } ⊂ E(G).

Proof. Suppose that v−1 l+r /∈ E(G). By Lemma 3.9(d) and (e), we have l−r l+r /∈
E∗(G) and v−1 l−r /∈ E∗(G). Now {lr , l−r , l+r , v−1 } induces a light claw, a contradic-
tion. Suppose that v−1 s+2 /∈ E(G). By Claim 5 and symmetry, we have v−1 s2 ∈
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E(G). Consider the subgraph induced by {s2, s−2 , s+2 , v−1 }. By Lemma 3.9(d)
and (e), we have s−2 s+2 /∈ E∗(G) and v−1 s−2 /∈ E∗(G). Now {s2, s−2 , s+2 , v−1 } in-
duces a light claw, a contradiction.

Claim 12.2. {v+1 l+r , v+1 s+2 , l+r s+2 } ∩ E(G) = ;.

Proof. By Lemma 3.9(e), since vr lr ∈ E(G) and v2s2 ∈ E(G), we have v+1 l+r /∈
E∗(G) and v+1 s+2 /∈ E∗(G). Using Lemma 3.8 with respect to the path P =
l+r C v−1 s2C v1uvr lr C v+r v−r Cs+2 , we conclude that l+r s+2 /∈ E∗(G).

This completes the proof of Claim 12, hence {v−1 , v+1 , l+r , s+2 } induces a light
claw.

Since Claim 12 contradicts the assumptions, this completes the proof of The-
orem 3.6. �





Chapter 4

Implicit degree for
hamiltonicity of claw-free
graphs

Degree conditions are among the most studied sufficient conditions for hamil-
tonicity, inspired by the classical result due to Dirac that every graph G on
n ≥ 3 vertices with minimum degree δ(G) ≥ n

2 has a Hamilton cycle. The
lower bound on δ(G) in this result is best-possible, but Matthews and Sum-
ner proved that it can be improved to δ(G) ≥ n−2

3 if G is claw-free and 2-
connected. In another direction, Zhu, Li and Deng introduced the implicit
degree and generalized Dirac’s result by replacing δ(G) in the condition by
the minimum implicit degree. All of the above results have been general-
ized to conditions involving the minimum degree sum of sets of independent
vertices. In this chapter, we discuss a combination of the two approaches,
i.e., we aim for best-possible implicit degree conditions that guarantee the
hamiltonicity of claw-free graphs. In contrast to our earlier expectations, we
cannot prove straightforward analogues of the above results, and we explain
why this does not work.

49
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4.1 Introduction

The research on sufficient degree conditions for hamiltonicity of graphs orig-
inates with Dirac [33], one of the leading graph theorists of the 1950s. He
developed methods of great originality and made many fundamental discov-
eries. He showed in a paper of 1952 [33] that a graph G on n ≥ 3 vertices
is hamiltonian if δ(G) ≥ n

2 . This result is best-possible in the sense that the
lower bound n

2 in this result cannot be relaxed, i.e., there exist infinitely many
nonhamiltonian graphs in which all vertices have degree at least n−1

2 . Never-
theless, one can try to improve, extend or generalize Dirac’s result in many
other different ways. And, in fact this has been done to a great extent! In-
stead of listing a large number of related results here, we refer the reader
to the excellent survey paper due to Gould [45] and the references therein,
including references to earlier surveys, and we stick here to the most relevant
ones for our exposition.

Dirac’s result has inspired multiple lines of research aimed at finding
milder sufficient conditions for hamiltonicity of graphs that can either be ap-
plied to a larger class of general graphs, or to a specific class of graphs. We
focus mainly on two of these lines of research here, namely the restriction
to claw-free graphs and the introduction of the notion of the implicit degree.
Our aim is to combine the two approaches, as we will explain shortly. Apart
from Dirac’s classical result, our starting point is the following analogue of
Dirac’s result for claw-free graphs.

Theorem 4.1 (Matthews and Sumner [64]). Let G be a 2-connected claw-free
graph of order n such that δ(G)≥ n−2

3 . Then G is hamiltonian.

Note that the lower bound on the minimum degree in Dirac’s result can be
improved considerably from n

2 to n−2
3 , by restricting the statement to claw-

free graphs. Like Dirac’s result, the above theorem is best-possible, in the
sense that there are infinitely many nonhamiltonian 2-connected claw-free
graphs in which all vertices have degree at least n−1

3 . Unlike Dirac’s result
however, it is known that the lower bound in the above result can be relaxed
considerably further by imposing a larger connectivity, or by excluding spe-
cific infinite families of claw-free graphs. The degree condition can even be
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omitted completely if the imposed connectivity is sufficiently large. We will
refrain from listing such results explicitly here, since they are not relevant for
our purpose. For a discussion on such results and several open problems on
claw-free graphs we refer the interested reader to Section 4 in [14] and to
Section 7 in [18]. There is one result due to Zhang that we do want to state
explicitly for our discussion.

Theorem 4.2 (Zhang [77]). Let G be a k-connected claw-free graph of order
n such that k ≥ 2 and Σv∈Sd(v) ≥ n − k for any independent set S of k + 1
vertices. Then G is hamiltonian.

Note that for k = 2, the above result is more general than Theorem 4.1.
We will use an analogue of this result (Lemma 4.6 in the next section) for
preparing the set-up for our proofs.

We use δ1(G) to denote the minimum implicit degree of a graph G. In
[79], Zhu, Li and Deng presented generalizations of such degree condition
results, implying the following analogue of Dirac’s result involving the mini-
mum implicit degree.

Theorem 4.3 (Zhu, Li and Deng [79]). Let G be a graph on n vertices with
δ1(G)≥

n
2 . Then G is hamiltonian.

For more results involving implicit degrees, we refer the reader to [30,62,
76, 78]. Motivated by the above results, it is natural to expect that the fol-
lowing counterpart of Theorem 4.1 holds: any 2-connected claw-free graph
G of order n with δ1(G)≥

n−2
3 is hamiltonian. However, unfortunately this is

not the case. The following infinite class of nonhamiltonian claw-free graphs
shows that this statement is false. Suppose n is a sufficiently large integer
that is divisible by 3. Let G be the graph of order n consisting of three vertex-
disjoint complete graphs on n

3 vertices each, with the additional edges of two
vertex-disjoint triangles, each containing one vertex from each of the three
complete graphs. Then one readily checks that G is claw-free, nonhamilto-
nian and that δ1(G) ≥

n+3
3 . So, there does not exist a straightforward coun-

terpart of Theorem 4.1 in which δ(G) is simply replaced by δ1(G). Exploring
the structure of the above examples in more detail, note that for every 2-cut
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{u, v} of G, G−{u, v} has a complete component of order n−6
3 . If we exclude

this by imposing an additional condition, we can prove the following result.

Theorem 4.4. Let G be a 2-connected claw-free graph on n vertices withδ1(G)≥
n+3

3 . If G contains no 2-cut {u, v} such that G−{u, v} has a complete component
of order less than n−5

3 , then G is hamiltonian.

We postpone the proof of Theorem 4.4 to Section 4.3. Note that the ad-
ditional condition is easy to check, since any 2-cut in a 2-connected claw-free
graph leaves precisely two components. The examples show that the condi-
tion on the 2-cuts in the above result cannot be omitted and is sharp. We
clearly get rid of this condition if we restrict ourselves to 3-connected claw-
free graphs. However, in this case we can lower the degree bound by a factor
if we add a similar condition on the 3-cuts, and obtain the following result.

Theorem 4.5. Let G be a 3-connected claw-free graph on n vertices withδ1(G)≥
n+6

4 . If G contains no 3-cut {u, v, w} such that G−{u, v, w} has a complete com-
ponent of order less than n−7

4 , then G is hamiltonian.

We continue with some standard, but useful observations and some pre-
liminary results for setting up the proofs of Theorems 4.4 and 4.5.

4.2 Some useful observations and preliminary results

We start with some notational conventions that are used in the previous chap-
ters, but we repeat them here for convenience. For a cycle C in a graph
G with a chosen fixed orientation and a vertex x on C , we use x+ and x−

to denote the (immediate) successor and the (immediate) predecessor of x
on C , respectively. Similarly, for any I ⊆ V (C), we let I− = {x− | x ∈ I}
and I+ = {x+ | x ∈ I}. We use x+2 for (x+)+, et cetera. For two vertices
x , y ∈ V (C), we use xC y to denote the subpath (or segment) of C from
x to y in the direction of the orientation of C . We use yC x for the same
path in the reverse direction, and we use |xC y| for the number of vertices
of xC y (including x and y). Similar notations are used for paths. Sup-
pose that H is a component of G − V (C). Then for any two distinct vertices
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x , y ∈ NC(H)∪V (H), there exists an (x , y)-path in G whose internal vertices
are all in V (H). Sometimes we denote such a path by xH y without specifying
its internal vertices.

We will use the following variation for claw-free graphs on a cyclability
result due to Shi [72] for general graphs. It is the cyclability analogue of
Theorem 4.2, i.e., Zhang’s result on hamiltonicity of claw-free graphs [77].
The result is an immediate consequence of Theorem 5 in [15].

Lemma 4.6 (Broersma and Lu [15]). Let G be a k-connected claw-free graph on
n vertices, and let S = {v ∈ V (G) | d(v)≥ n−k

k+1}. Then G has a cycle containing
all vertices of S.

Recall that a cycle C is called (non)extendable if there is a (there is no)
longer cycle in G containing all vertices of C . We continue with listing the
following useful observations about nonextendable cycles.

Lemma 4.7. Let G be a 2-connected claw-free nonhamiltonian graph of order
n, and let C be a nonextendable cycle of G. Define R = G − V (C), let H be a
component of R, and let A = {v1, v2, . . . , vk} denote the set of neighbors of H
on C in the order of a chosen fixed orientation of C. For any distinct vi , v j ∈ A
(assuming 1≤ i < j ≤ k without loss of generality), we have:

(a) A∩ A+ = ;, A∩ A− = ;;

(b) v−i v+i ∈ E(G);

(c) |v+i C v−i+1| ≥ 3;

(d) {v−2
j , v−j , v+j , v+2

j } ∩ N(vi) = ;;

(e) {v−2
j , v−j } ∩ N(v−i ) = ;, {v

+
j , v+2

j } ∩ N(v+i ) = ;;

(f) N−vi C v j
(v+i )∩ Nvi C v j

(v+j ) = ;, Nv j C vi
(v+i )∩ N−v j C vi

(v+j ) = ;;

(g) |Nvi C v j
(v+i )∩ Nvi C v j

(v+j )| ≤ 1, |Nv j C vi
(v+i )∩ Nv j C vi

(v+j )| ≤ 1;

(h) NR(v+i )∩ NR(v+j ) = ;, NR(v−i )∩ NR(v−j ) = ;.
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Proof. (a) If A∩A+ 6= ; or A∩A− 6= ;, it means that there are two consecutive
vertices on C that are both neighbors of H. Then C is clearly extendable,
a contradiction.

(b) Suppose the neighbor of vi in H is x i . By (a), v−i , v+i are not neighbors of
x i . If v−i v+i /∈ E(G), then {vi , v−i , v+i , x i} induces a claw, a contradiction.

(c) In case |v+i C v−i+1| = 1 or |v+i C v−i+1| = 2, it is easy to show that C is ex-
tendable, a contradiction.

(d) Suppose that vi v
−2
j ∈ E(G). Using (c), we know v−2

j 6= v+i . Now the
cycle C ′ = viHv j v

−
j v+j C v−i v+i C v−2

j vi clearly contradicts the choice of C .
Suppose that vi v

−
j ∈ E(G). Then the cycle C ′′ = viHv jC v−i v+i C v−j vi con-

tradicts the choice of C . By symmetry, vi v
+
j /∈ E(G) and vi v

+2
j /∈ E(G).

(e) Suppose that v−i v−2
j ∈ E(G). Then the cycle C ′ = viHv j v

−
j v+j C v−i v−2

j C vi

contradicts the choice of C . Suppose that v−i v−j ∈ E(G). Then the cycle

C ′′ = viHv jC v−i v−j C vi contradicts the choice of C . By symmetry, v+i v+j /∈
E(G) and v+i v+2

j /∈ E(G).

(f) To the contrary, suppose there is a vertex x ∈ N−vi C v j
(v+i )∩Nvi C v j

(v+j ). Us-

ing (d) and (e), x /∈ {vi , v+i , v+2
i , v−j , v j}. Now C ′ = viHv jC x+v+i C x v+j C vi

contradicts the choice of C . By symmetry, Nv j C vi
(v+i )∩ N−v j C vi

(v+j ) = ;.

(g) Suppose that |Nvi C v j
(v+i ) ∩ Nvi C v j

(v+j )| ≥ 2. Let x and y be two dis-
tinct vertices in Nvi C v j

(v+i ) ∩ Nvi C v j
(v+j ), with x before y in the order of

the orientation. Using (d), (e) and (f), we know x , y ∈ v+3
i C v−3

j , and
x−, y− /∈ N(v+j ), x+, y+ /∈ N(v+i ). In order to avoid an induced claw with
center x or y , we have x−, y− ∈ N(v+i ), x+, y+ ∈ N(v+j ), and, using (f),
we know |x+C y−| ≥ 3.

Next, we first prove that {x−, x , y−, y} induces a K4. For any vertex p ∈
Nvi C v j

(v+j ), we have v−i p− /∈ E(G); otherwise C ′ = viHv jC pv+j C v−i p−C vi

contradicts the choice of C . So, x−, x , y−, y /∈ N(v−i ). To avoid induced
claws with center v+i and v−i as one of the end vertices, we conclude that
{x−, x , y−, y} induces a K4. Now, using that |x+C y−| ≥ 3, we observe
that C ′ = viHv jC y x−C v+i x y−C x+v+j C vi contradicts the choice of C . By
symmetry, |Nv j C vi

(v+i )∩ Nv j C vi
(v+j )| ≤ 1.
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(h) From (a), we know that v+i and v+j have no neighbors in H. If NR(v+i )∩
NR(v+j ) 6= ;, then there is another component H ′ of R such that v+i , v+j ∈
NC(H ′). Now there is a cycle C ′ = viHv jC v+i H ′v+j C vi contradicting the
choice of C . By symmetry, NR(v−i )∩ NR(v−j ) = ;.

4.3 The proofs of our two results

We start with a rough sketch of the common ingredients of the proofs, and
provide the details for the two different results in the subsections that follow.
The main idea of the proof for k-connected graphs (k = 2, 3) is that we start
with a longest nonextendable cycle C among all cycles that contain all vertices
of degree at least n−k

k+1 . Such a cycle exists by Lemma 4.6. Assuming that C is
not a Hamilton cycle, we consider a component W of G−V (C). Clearly, using
the lower bounds n+3

3 and n+6
4 on δ1(G) for k = 2 and k = 3, respectively, for

a vertex w ∈ W , we have that id(w) ≥ δ1(G) and d(w) < δ1(G), implying
that d∗(w) ≥ δ1(G), and hence that dw

`+1 ≥ δ1(G), where d(w) = `+ 1. The
latter inequality can be strengthened to dw

`
≥ δ1(G) if M2(w)≥ dw

`+1.

Using the hypothesis of the theorem and the definition of implicit degree
we are able to find at least k+1 neighbors of W on the cycle. Using the lower
bound on the implicit degrees, among these neighbors of W on C and their
immediate predecessors and successors on C , we can find suitable vertices
with sufficiently high degree at least δ1(G). The statements of the technical
Lemma 4.7 and additional counting arguments are then applied to reach a
contradiction.

4.3.1 The proof of Theorem 4.4

Suppose G is a graph that satisfies the conditions of Theorem 4.4. Let C be
a longest nonextendable cycle among all cycles in G that contain all vertices
with degree at least n−2

3 . Such a cycle exists by Lemma 4.6. If C is a Hamilton
cycle, there is nothing to prove. Assuming that C is not a Hamilton cycle,
consider a component W of G−V (C). Clearly, W only contains vertices whose
degree is smaller than their implicit degree. Since G is 2-connected, W has
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at least two neighbors on C . We first prove three claims before we start the
counting arguments.

Claim 1. W has at least three neighbors on C .

Proof. Suppose to the contrary that |N(W )∩V (C)|= 2. We first deal with the
case that W is not a complete subgraph of G. In this case, let w1 and w2 denote
two vertices at distance 2 in W , such that |N(w1)∩ V (C)| ≤ |N(w2)∩ V (C)|.
Clearly, w1 and w2 cannot have a common neighbor on C , since G is claw-
free and by the choice of C . This implies that d(w1) ≤ |N(w1) ∩ V (W )| +
1. Obviously, since d(w1, w2) = 2, |(N(w1) ∪ N2(w1)) ∩ V (W )| ≥ |N(w1) ∩
V (W )|+1. Applying the definition of implicit degree with d(w1) = `+1, and
recalling that all vertices of W have degree smaller than n−2

3 , we conclude
that dw1

`+1 <
n−2

3 , a contradiction. The remaining case is that W is a complete
subgraph of G. If one of the vertices of W has two neighbors on C , then
this vertex has degree |W |+ 1, which is at least n−2

3 by the hypothesis on 2-
cuts of the theorem, a contradiction. In the other case all vertices of W have
at most one neighbor on C . Then there exist two vertices z1, z2 in W such
that z1v1 ∈ E(G) and z2v2 ∈ E(G) for two distinct vertices v1, v2 on C . Then
d(z1, v2) = d(z2, v1) = 2. Let d(z1) = `+ 1. Then d(z1) = dW (z1) + dC(z1) =
|W |= `+1. Since all ` neighbors of z1 in W have degree less than δ1(G), the
implicit degree of z1 is equal to dz1

`+1. From the definition of implicit degree,
we conclude that z1 satisfies the condition M2(z1) < dz1

`+1. This implies that
id(z1) = d(v1), and hence that d(v1) > d(v2), since v2 ∈ N2(z1). On the
other hand, by analyzing the vertex z2, and using symmetry, we obtain that
d(v2)> d(v1), a contradiction. We conclude that |N(W )∩ V (C)| ≥ 3.

Claim 2. For any neighbor w of C in W , at least 2dC(w) + 2 of the neighbors
of w on C and their immediate successors and predecessors on C have degree
at least δ1(G).

Proof. For a fixed neighbor w of C in W , let d(w) = `+1. By Lemma 4.7(c), it
is clear that |N(w)∪ N2(w)| ≥ dW (w) + 3dC(w). Since dw

`+1 = dw
dW (w)+dC (w)

≥
δ1(G), we get that dw

i ≥ δ1(G) for any i ≥ dW (w) + dC(w), so for at least
|N(w)∪N2(w)|−(dW (w)+dC(w))+1≥ 2dC(w)+1 vertices. By the definition
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of implicit degree, if we can prove that M2(w) ≥ dw
`+1, then the lower bound

can be increased by one, establishing the claim.

By observing that |(N(w)∩ V (W ))∪ (N(w)∩ V (C))+|= d(w) = `+ 1, we
know that at least one vertex of (N(w)∩V (C))+ has degree at least δ1(G), so
the vertex with the largest degree in (N(w)∩V (C))+ has degree at least dw

`+1.
This implies that M2(w) =max{d(v) | v ∈ N2(w)} ≥ dw

`+1, hence the proof of
Claim 2 is complete.

Let u1, u2, . . . , up denote the vertices of N(W ) ∩ V (C) in this cyclic order
around C . Denote with x1, x2, . . . , xp and with y1, y2, . . . , yp the immediate
successors and predecessors of u1, u2, . . . , up, respectively. We call any com-
bination of {ui , x i , yi}, for i = 1,2, . . . , p, a {u, x , y}-triple. If we say that
such a triple has degree at least δ1(G) we mean that every vertex of the triple
has degree at least δ1(G). We use the same convention for subpairs of such
triples. We next show that without loss of generality (possibly reversing the
orientation of C), we may assume the following.

Claim 3. There exist three distinct indices i, j and m such that all the vertices
of {x i , x j , xm} have degree at least δ1(G).

Proof. From Claim 2, we can infer that any neighbor w of C in W has at
least two neighbors on C , and if w has precisely two neighbors on C , then
all six indicated vertices have degree at least δ1(G). If no vertex of W has
more than two neighbors on C , then by Claim 1 and Claim 2, we can find
at least three neighbors of W on C with the property that these three and all
their immediate successors and predecessors on C have degree at least δ1(G).
Then the statement of the claim holds. Finally, assume that a vertex w of W
has t ≥ 3 neighbors on C . Then, by Claim 2, at least 2t + 2 of the neighbors
of w on C and their immediate successors and predecessors on C have degree
at least δ1(G). Using straightforward counting arguments, this implies that
at least two distinct {u, x , y}-triples have degree at least δ1(G), and if this
number is exactly 2, then additionally at least one of the other {u, x}, {u, y}
or {x , y}-pairs has degree at least δ1(G). In all cases (after possibly reversing
the orientation of C) we can find three distinct indices i, j and m such that
all the vertices of {x i , x j , xm} have degree at least δ1(G).



58 Chapter 4. Implicit degree for hamiltonicity of claw-free graphs

We will reach a contradiction with the statement of Claim 3 by showing
that d(x i)+d(x j)+d(xm)≤ n+2. Since we will only focus on these three suc-
cessors and ignore the other possible neighbors of W on C , for convenience
we use the indices 1, 2 and 3 instead of i, j and m, and consider the neigh-
borhoods of x1, x2 and x3 in the three segments x1Cu2, x2Cu3 and x3Cu1

separately. We use C1, C2 and C3 to denote these three segments, respectively
(so C3 does not indicate a cycle on three vertices).

We start with the segment C1 and the following claim.

Claim 4. N−C1
(x1)∪NC1

(x2)∪NC1
(x3) ⊆ V (C1), and the following intersections

are empty: N−C1
(x1) ∩ NC1

(x2), N−C1
(x1) ∩ NC1

(x3), and N−C1
(x1) ∩ NC1

(x2) ∩
NC1
(x3).

Proof. Using Lemma 4.7, we obtain NC1
(x1) ⊆ V (C1) \ {x1, u2}, N−C1

(x1) ⊆
V (C1)\{y2, u2}, NC1

(x2) ⊆ V (C1)\{x1, x+1 }, and NC1
(x3) ⊆ V (C1)\{x1, x+1 , u2}.

Thus N−C1
(x1)∪ NC1

(x2)∪ NC1
(x3) ⊆ V (C1).

Suppose that q ∈ N−C1
(x1) ∩ NC1

(x2). By Lemma 4.7 we know that q /∈
{x1, x+1 , y2, u2}, hence q ∈ x+2

1 C y−2 . Then the cycle C ′ = u1Wu2Cq+x1Cqx2Cu1

contradicts the choice of C . Similarly, we obtain that N−C1
(x1)∩ NC1

(x3) = ;.
Then it is obvious that N−C1

(x1)∩ NC1
(x2)∩ NC1

(x3) = ;.

Using Claim 4, Lemma 4.7(g), and the Inclusion-Exclusion Principle we
obtain:

|NC1
(x1)|+ |NC1

(x2)|+ |NC1
(x3)|= |N−C1

(x1)|+ |NC1
(x2)|+ |NC1

(x3)|=
|N−C1
(x1)∪ NC1

(x2)∪ NC1
(x3)|+ |N−C1

(x1)∩ NC1
(x2)|+ |N−C1

(x1)∩ NC1
(x3)|+

|NC1
(x2)∩ NC1

(x3)| − |N−C1
(x1)∩ NC1

(x2)∩ NC1
(x3)| ≤ |V (C1)|+ 1.

By symmetry, for the segments C2 and C3, we obtain in a completely anal-
ogous way:

|NC2
(x1)|+ |NC2

(x2)|+ |NC2
(x3)| ≤ |V (C2)|+ 1 and

|NC3
(x1)|+ |NC3

(x2)|+ |NC3
(x3)| ≤ |V (C3)|+ 1.

From Lemma 4.7 we know that x1, x2 and x3 have no neighbor in W ,
and that none of the pairs has a common neighbor in V (G − V (C)) \W . So
their degree sum outside the cycle C is at most n− |V (C)| − |V (W )|. So we
get |NG−V (C)(x1)|+ |NG−V (C)(x2)|+ |NG−V (C)(x3)| ≤ n− |V (C)| − 1.
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Combining the above inequalities, and using Claim 3 (recalling the rela-
beling of the indices), we obtain that

3δ1(G)≤ d(x1) + d(x2) + d(x3)≤ n+ 2,

contrary to the assumption that δ1(G)≥
n+3

3 . �

4.3.2 The proof of Theorem 4.5

Our proof of Theorem 4.5 is very similar to the above proof of Theorem 4.4,
with several arguments that are almost exactly the same, but we present it
here for completeness. However, we allow ourselves to shorten very similar
parts of the argumentation, and leave some of the details to the reader.

Suppose the graph G satisfies the conditions of Theorem 4.5. Let C be
a longest nonextendable cycle among all cycles in G that contain all vertices
with degree at least n−3

4 . Such a cycle exists by Lemma 4.6. If C is a Hamilton
cycle, there is nothing to prove. Assuming that C is not a Hamilton cycle,
consider a component W of G−V (C). Clearly, W only contains vertices whose
degree is smaller than their implicit degree. Since G is 3-connected, W has
at least three neighbors on C . Just as in the above proof of Theorem 4.4, we
can get one more, as follows.

Claim 5. W has at least four neighbors on C .

Proof. Suppose to the contrary that |N(W )∩V (C)|= 3. If W is not a complete
subgraph of G, let w1 and w2 denote two vertices at distance 2 in W such
that |N(w1) ∩ V (C)| ≤ |N(w2) ∩ V (C)|. Clearly, w1 and w2 cannot have a
common neighbor on C since G is claw-free and by the choice of C . This
implies that d(w1) ≤ |N(w1)∩ V (W )|+ 1 and |(N(w1)∪ N2(w1))∩ V (W )| ≥
|N(w1) ∩ V (W )| + 1. With d(w1) = ` + 1 we conclude that dw1

`+1 <
n−3

4 , a
contradiction. The remaining case is that W is a complete subgraph of G. If
one of the vertices of W has two neighbors on C , then the vertex has degree
|W |+ 1, which is at least n−3

4 by the hypothesis on 3-cuts of the theorem, a
contradiction. In the other case all vertices of W have at most one neighbor
on C . Then there are two vertices z1, z2 in W such that z1v1 ∈ E(G) and



60 Chapter 4. Implicit degree for hamiltonicity of claw-free graphs

z2v2 ∈ E(G) for two distinct vertices v1, v2 on C . Then d(z1, v2) = d(z2, v1) =
2. Let d(z1) = `+ 1. Then d(z1) = dW (z1) + dC(z1) = |W | = `+ 1. Since all
` neighbors of z1 on W have degree less than δ1(G), the implicit degree of
z1 is equal to dz1

`+1. From the definition of implicit degree, we conclude that
z1 satisfies the condition M2(z1) < dz1

`+1. This implies that id(z1) = d(v1),
and hence that d(v1) > d(v2), since v2 ∈ N2(z1). On the other hand, by
analyzing the vertex z2, and using symmetry, we obtain that d(v2)> d(v1), a
contradiction. We conclude that |N(W )∩ V (C)| ≥ 4.

The next claim and its proof are identical to Claim 2 and its proof. We
recall the statement for convenience.

Claim 6. For every neighbor w of C in W , at least 2dC(w)+2 of the neighbors
of w on C and their immediate successors and predecessors on C have degree
at least δ1(G).

We adopt the notation, and use u1, u2, . . . , up, x1, x2, . . . , xp and y1, y2, . . . , yp

to denote the vertices of N(W ) ∩ V (C) and their immediate successors and
predecessors, in this cyclic order around C , respectively. We next prove the
following slightly different analogue of Claim 3. It shows that without loss
of generality (possibly reversing the orientation of C), we may assume the
following.

Claim 7. There exist four distinct indices i, j, p and q such that all the vertices
of {ui , x j , xp, xq} have degree at least δ1(G).

Proof. From Claim 6, we can infer that any neighbor w of C in W has at
least two neighbors on C . If w has precisely two neighbors on C , then all
six indicated vertices have degree at least δ1(G). Next we distinguish the
following three cases to complete the proof of the claim.

1. If no vertex of W has more than two neighbors on C , then by Claim 5
and Claim 6, we can find at least four neighbors of W on C with the
property that these four and all their immediate successors and prede-
cessors on C have degree at least δ1(G), and the statement of the claim
clearly holds.
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2. If some vertex w of W has t ≥ 4 neighbors on C , then using Claim 6,
among these t neighbors there are at least two that together with their
immediate successors and predecessors constitute triples with degree
at least δ1(G). Among the other t − 2 neighbors and their immediate
successors and predecessors on C , there are at least 2(t−2)≥ 4 vertices
with degree at least δ1(G). This implies that there are either a triple
and a single ui , x i or yi vertex with degree at least δ1(G), or two pairs
of {ui , x i}, {ui , yi} and {x i , yi} with degree at least δ1(G). In all cases
(after possibly reversing the orientation of C) we can find four distinct
indices i, j, p and q such that all the vertices of {ui , x j , xp, xq} have
degree at least δ1(G).

3. In the remaining case, all neighbors of C in W have two or three neigh-
bors on C , and some neighbor w of C in W has three neighbors on C .
Then assume that the neighbors of w on C are u1, u2, u3, in this order
around C . Using Claim 6, at least two distinct {u, x , y}-triples have
degree at least δ1(G) among these three neighbors of w on C . With-
out loss of generality, we assume {u1, x1, y1} and {u2, x2, y2} are such
triples. In addition, either the other triple or one of the other pairs
{u3, x3}, {u3, y3} and {x3, y3} has degree at least δ1(G). By Claim 5,
there is another neighbor ui of a vertex w′ 6= w in W on C , and w′ has
two or three neighbors on C . Using the same arguments as before, we
either find another triple or another pair with degree at least δ1(G). In
all cases (after possibly reversing the orientation of C) we can find four
distinct indices i, j, p and q such that all the vertices of {ui , x j , xp, xq}
have degree at least δ1(G).

This completes the proof of Claim 7.

We proceed in a similar way as in the proof of Theorem 4.4, so we forget
about the earlier indices and assume that u1, x2, x3, x4 are of degree at least
δ1(G), and in this order around C . We divide the cycle C into four segments
and give bounds for the degree sums of u1, x2, x3, x4 on every segment. Due
to the inclusion of u1, unfortunately we have less symmetry than in the proof
of Theorem 4.4, but the argumentation is very similar.
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The segment C1 = x1Cu2

For the segment C1, we obtain the following result.

Claim 8. N+C1
(u1)∪NC1

(x2)∪NC1
(x3)∪NC1

(x4) ⊆ (V (C1)∪ {x2}) \ {x1}, and
the following intersections are empty: N+C1

(u1)∩ NC1
(x2), N+C1

(u1)∩ NC1
(x3),

N+C1
(u1)∩ NC1

(x4), and NC1
(x2)∩ NC1

(x3)∩ NC1
(x4).

Proof. Using Lemma 4.7, we obtain NC1
(u1) ⊆ V (C1) \ {y−2 , y2}, N+C1

(u1) ⊆
(V (C1) ∪ {x2}) \ {x1, y2, u2}, NC1

(x2) ⊆ V (C1) \ {x1, x+1 }, NC1
(x3) ⊆ V (C1) \

{x1, x+1 , u2} and NC1
(x4) ⊆ V (C1) \ {x1, x+1 , u2}. Thus N+C1

(u1) ∪ NC1
(x2) ∪

NC1
(x3)∪ NC1

(x4) ⊆ (V (C1)∪ {x2}) \ {x1}.
Now suppose that q ∈ N+C1

(u1)∩NC1
(x2). Using Lemma 4.7, we know that

q /∈ {x1, x+1 , y2, u2}, hence q ∈ x+2
1 C y−2 . Now C ′ = u1Wu2Cqx2C y1 x1Cq−u1

contradicts the choice of C . Similarly, we can obtain that N+C1
(u1)∩NC1

(x3) =
N+C1
(u1) ∩ NC1

(x4) = ;. If NC1
(x2) ∩ NC1

(x3) ∩ NC1
(x4) 6= ;, then G contains

an induced claw, a contradiction.

Using Claim 8 and the Inclusion-Exclusion Principle we obtain:

|NC1
(u1)|+ |NC1

(x2)|+ |NC1
(x3)|+ |NC1

(x4)|

=|N+C1
(u1)|+ |NC1

(x2)|+ |NC1
(x3)|+ |NC1

(x4)|

=|N+C1
(u1)∪

4
⋃

i=2

NC1
(x i)|+

4
∑

i=2

|N+C1
(u1)∩ NC1

(x i)|

+|NC1
(x2)∩ NC1

(x3)|+ |NC1
(x2)∩ NC1

(x4)|+ |NC1
(x3)∩ NC1

(x4)|

−|N+C1
(u1)∩ NC1

(x2)∩ NC1
(x3)| − |N+C1

(u1)∩ NC1
(x2)∩ NC1

(x4)|

−|N+C1
(u1)∩ NC1

(x3)∩ NC1
(x4)| − |NC1

(x2)∩ NC1
(x3)∩ NC1

(x4)|

+|N+C1
(u1)∩ NC1

(x2)∩ NC1
(x3)∩ NC1

(x4)|

≤|V (C1)|+ |NC1
(x2)∩ NC1

(x3)|+ |NC1
(x2)∩ NC1

(x4)|+ |NC1
(x3)∩ NC1

(x4)|.
(4.1)

The segments C2 = x2Cu3 and C3 = x3Cu4
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For the segments C2 and C3, using completely analogous arguments, we ob-
tain the following inequalities:

|NC2
(u1)|+ |NC2

(x2)|+ |NC2
(x3)|+ |NC2

(x4)|

≤|V (C2)|+ |NC2
(x2)∩ NC2

(x3)|+ |NC2
(x2)∩ NC2

(x4)|+ |NC2
(x3)∩ NC2

(x4)|.
(4.2)

|NC3
(u1)|+ |NC3

(x2)|+ |NC3
(x3)|+ |NC3

(x4)|

≤|V (C3)|+ |NC3
(x2)∩ NC3

(x3)|+ |NC3
(x2)∩ NC3

(x4)|+ |NC3
(x3)∩ NC3

(x4)|.
(4.3)

The segment C4 = x4Cu1

For the segment C4, using slightly different but analogous arguments, we get
the following result.

Claim 9. N+C4
(u1)∪NC4

(x2)∪NC4
(x3)∪NC4

(x4) ⊆ V (C4)\{x4}, and the follow-
ing intersections are empty: N+C4

(u1)∩NC4
(x2), N+C4

(u1)∩NC4
(x3), N+C4

(u1)∩
NC4
(x4), and NC4

(x2)∩ NC4
(x3)∩ NC4

(x4).

Proof. Using Lemma 4.7, we obtain NC4
(u1) ⊆ V (C4)\{x4, x+4 , u1}, N+C4

(u1) ⊆
V (C4) \ {x4, x+4 , x+2

4 }, NC4
(x2) ⊆ V (C4) \ {x4, x+4 , u1}, NC4

(x3) ⊆ V (C4) \
{x4, x+4 , u1}, and NC4

(x4) ⊆ V (C4)\{x4, u1}. Thus N+C4
(u1)∪NC4

(x2)∪NC4
(x3)∪

NC4
(x4) ⊆ V (C4) \ {x4}.
Now suppose that q ∈ N+C4

(u1)∩NC4
(x2). Using Lemma 4.7, we know that

q /∈ {x4, x+4 , x+2
4 , u1}, hence q ∈ x+3

4 C y1. Now C ′ = u1Wu2C x1 y1Cqx2Cq−u1

contradicts the choice of C . Similarly, we obtain that N+C4
(u1) ∩ NC4

(x3) =
N+C4
(u1) ∩ NC4

(x4) = ;. If NC4
(x2) ∩ NC4

(x3) ∩ NC4
(x4) 6= ;, then G contains

an induced claw, a contradiction.
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Using Claim 9 and the Inclusion-Exclusion Principle we obtain:

|NC4
(u1)|+ |NC4

(x2)|+ |NC4
(x3)|+ |NC4

(x4)|

=|N+C4
(u1)|+ |NC4

(x2)|+ |NC4
(x3)|+ |NC4

(x4)|

=|N+C4
(u1)∪

4
⋃

i=2

NC4
(x i)|+

4
∑

i=2

|N+C4
(u1)∩ NC4

(x i)|

+|NC4
(x2)∩ NC4

(x3)|+ |NC4
(x2)∩ NC4

(x4)|+ |NC4
(x3)∩ NC4

(x4)|

−|N+C4
(u1)∩ NC4

(x2)∩ NC4
(x3)| − |N+C4

(u1)∩ NC4
(x2)∩ NC4

(x4)|

−|N+C4
(u1)∩ NC4

(x3)∩ NC4
(x4)| − |NC4

(x2)∩ NC4
(x3)∩ NC4

(x4)|

+|N+C4
(u1)∩ NC4

(x2)∩ NC4
(x3)∩ NC4

(x4)|

≤|V (C4)| − 1+ |NC4
(x2)∩ NC4

(x3)|+ |NC4
(x2)∩ NC4

(x4)|

+|NC4
(x3)∩ NC4

(x4)|.

(4.4)

Using Lemma 4.7(g), we deduce that

4
∑

i=1

|NCi
(x2)∩ NCi

(x3)| ≤ 2.

Similarly, we have

4
∑

i=1

|NCi
(x2)∩ NCi

(x4)| ≤ 2,
4
∑

i=1

|NCi
(x3)∩ NCi

(x4)| ≤ 2.

Hence, we conclude that

4
∑

i=1

(|NCi
(x2)∩ NCi

(x3)|+ |NCi
(x2)∩ NCi

(x4)|+ |NCi
(x3)∩ NCi

(x4)|)≤ 6.

(4.5)

From Lemma 4.7 we know that x i (i ∈ {2, 3,4}) has no neighbor in W ,
u1 has no neighbor in V (G − V (C)) \W , and x i , x j (i, j ∈ {2, 3,4}) have no
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common neighbor in V (G − V (C)) \W . So we have the following inequality

|NG−C(u1)|+
4
∑

i=2

|NG−C(x i)| ≤ n− |V (C)|. (4.6)

Combining the above inequalities (4.1)−(4.6), and using Claim 9 (recall-
ing the relabeling of the indices), we obtain that

4δ1(G)≤ d(u1) + d(x2) + d(x3) + d(x4)≤ n+ 5,

contrary to the assumption that δ1(G)≥
n+6

4 . �





Chapter 5

Toughness, forbidden
subgraphs,
hamiltonian-connectivity

In a recent paper due to Li et al. [54], the aim was to characterize all possible
graphs H such that every 1-tough H-free graph is hamiltonian. The almost
complete answer was given there by the conclusion that every proper induced
subgraph H of K1 ∪ P4 can act as a forbidden subgraph to ensure that every
1-tough H-free graph is hamiltonian, and that there is no other forbidden
subgraph with this property, except possibly for the graph K1 ∪ P4 itself. This
was left as an open case for hamiltonicity, and it seems to be a very hard case.
Instead of researching this open case, we consider the stronger property of
being hamiltonian-connected under the same additional forbidden subgraph
conditions, assuming the toughness to be strictly larger than one. We find that
the results are completely analogous to the hamiltonian case: every graph H
such that any 1-tough H-free graph is hamiltonian also ensures that every
H-free graph with toughness larger than one is hamiltonian-connected. And
similarly, there is no other forbidden subgraph having this property, except
possibly for the graph K1 ∪ P4 itself. We leave this as an open case.

67
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5.1 Introduction

It is easy to verify and a well-known fact that a hamiltonian graph is 1-
tough, and that a hamiltonian-connected graph has toughness strictly larger
than one. It is also known that the reverse statements do not hold, i.e.,
there exist infinitely many nonhamiltonian 1-tough graphs, and there ex-
ist infinitely many graphs with toughness strictly larger than one that are
not hamiltonian-connected. More specifically, to answer Chvátal’s Conjec-
ture [32] which states that there exists a constant t0 such that every t0-tough
graph on n≥ 3 vertices is hamiltonian, the authors in [4] proved that t0 ≥ 9/4
by constructing an infinite family of nonhamiltonian graphs with toughness
arbitrarily close to 9/4 from below. It is natural and interesting to investigate
under which additional conditions the reverse statements do hold. In other
words, under which additional conditions are the properties of being 1-tough
and being hamiltonian equivalent, and similarly for the stronger properties of
having toughness strictly larger than one and being hamiltonian-connected.
The type of additional conditions we focus on in this chapter are forbidden
subgraph conditions. For hamiltonicity this type of problem was recently ad-
dressed by the authors of [54]. More relations between different hamilto-
nian properties and toughness conditions have been studied in [3], leading
to several equivalent conjectures, some seemingly stronger and some seem-
ingly weaker than Chvátal’s Conjecture. The survey paper [5] deals with a
large number of results that have been established until more than ten years
ago. A more recent survey of results and open problems appeared a few years
ago [13].

Recall that a path on k vertices is denoted by Pk, a complete graph on
k vertices by Kk, and that we use G ∪ H to denote the disjoint union of two
disjoint graphs G and H, and we use kG to denote the graph consisting of k
disjoint copies of the graph G. In [54], the following sufficient condition for
hamiltonicity of H-free 1-tough graphs was established.

Theorem 5.1 (B. Li et al. [54]). Let R be an induced subgraph of P4, K1 ∪
P3 or 2K1 ∪ K2. Then every R-free 1-tough graph on at least three vertices is
hamiltonian.
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Note that every induced subgraph of P4, K1 ∪ P3 or 2K1 ∪ K2 is also an
induced subgraph of K1 ∪ P4, and that K1 ∪ P4 is the only induced subgraph
of K1 ∪ P4 that is not an induced subgraph of P4, K1 ∪ P3 or 2K1 ∪ K2. The
following complementary result in [54] shows that there is no graph H other
than the induced subgraphs of K1 ∪ P4 that can ensure every 1-tough H-free
graph is hamiltonian.

Theorem 5.2 (B. Li et al. [54]). Let R be a graph on at least three vertices. If
every R-free 1-tough graph on at least three vertices is hamiltonian, then R is an
induced subgraph of K1 ∪ P4.

The two theorems together clearly leave K1 ∪ P4 as the only open case
in characterizing all the graphs H such that every H-free 1-tough graph is
hamiltonian, and it seems to be a very hard case. In fact, this was the con-
jecture of Nikoghosyan in [66] that motivated the work in [54]. To date it is
even unknown whether there exists some constant t such that every t-tough
K1 ∪ P4-free graph is hamiltonian.

A hamiltonian graph is 1-tough, and hence 2-connected, so a hamiltonian-
connected graph G on at least three vertices is also 2-connected. It is even
clearly 3-connected: if there exists a cut set {u, v} in G, then u and v cannot be
connected by a Hamilton path in G, because only the vertices of one compo-
nent of G−{u, v} can be picked up between u and v. It is almost equally easy
to show that a hamiltonian-connected graph has toughness strictly larger than
one. This can be seen by considering an arbitrary cut set S in a hamiltonian-
connected graph G, and a Hamilton path P between two distinct vertices u
and v of S (noting that |S| ≥ 3 since G is 3-connected). Now, obviously
ω(G − S)≤ω(P − S)≤ |S| − 1, hence τ(G)> 1.

In 1978, Jung [51] obtained the following result, in which he showed
that for P4-free graphs, the necessary condition τ(G) > 1 is also a sufficient
condition for hamiltonian-connectivity.

Theorem 5.3 (Jung [51]). Let G be a P4-free graph. Then G is hamiltonian-
connected if and only if τ(G)> 1.

In a paper of 2000 [28], Chen and Gould concluded that if {S, T} is a pair
of graphs such that every 2-connected {S, T}-free graph is hamiltonian, then
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every 3-connected {S, T}-free graph is hamiltonian-connected. Following up
on this idea, we considered the following question. Suppose R is a graph such
that every 1-tough R-free graph is hamiltonian. Is then every R-free graph G
with τ(G) > 1 hamiltonian-connected? For the purpose of answering this
question, we tried to prove each of the forbidden subgraph cases analogous
to the statement in Theorem 5.1. Of course Theorem 5.3 has already given
us a partial positive answer. And indeed, we get a positive answer for each of
these cases, as indicated in the following result.

Theorem 5.4. Let R be an induced subgraph of K1∪ P3 or 2K1∪K2. Then every
R-free graph G with τ(G)> 1 on at least three vertices is hamiltonian-connected.

We note here that from the proof of this result, it can be observed that
the toughness condition τ(G) > 1 in the above result cannot be weakened
to the condition that the graph is 3-connected. We also proved the following
analogue of Theorem 5.2, showing that except for the induced subgraphs of
K1∪P4, there are no other forbidden induced subgraphs that can ensure every
graph with toughness larger than one is hamiltonian-connected.

Theorem 5.5. Let R be a graph on at least three vertices. If every R-free graph
G with τ(G) > 1 on at least three vertices is hamiltonian-connected, then R is
an induced subgraph of K1 ∪ P4.

We conclude this section with the left unknown case as an open problem.

Problem 5.1. Is every K1 ∪ P4-free graph G with τ(G) > 1 on at least three
vertices hamiltonian-connected?

As remarked earlier, we do not even know whether such graphs are hamil-
tonian, even if the condition on the toughness is replaced by τ(G)> t for any
constant t ≥ 1.

The next two closing sections of this chapter are devoted to the proofs of
Theorem 5.4 and Theorem 5.5, respectively.

5.2 Proof of Theorem 5.4

Similar to the conventions in the other chapters, for a path P in G with a given
orientation and a vertex x on P, x+ and x− denote the immediate successor
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and the immediate predecessor of x on P (if they exist), respectively. For any
subset I ⊆ V (P), let I− = {x− | x ∈ I} and I+ = {x+ | x ∈ I}. For two vertices
x , y ∈ V (P), x P y denotes the subpath of P from x to y , and yP x denotes the
path from y to x in the opposite direction. For a subgraph H disjoint from P
in G, we use xH y to denote a path in G from x to y with all internal vertices
in H.

Now, let P be a longest (u, v)-path in a graph G, and let H be a component
of G − V (P). Furthermore, let I = NP(H) = {x1, x2, . . . , xs}, and let w be a
vertex of H. Then we start with the following lemma.

Lemma 5.6. Both {w} ∪ I+ and {w} ∪ I− are independent sets.

Proof. Suppose, to the contrary, that there is an edge in {w} ∪ I+. If the
edge appears between w and a vertex of I+, say wx+i ∈ E(G) with x+i ∈ I+,
then uP x iH x+i Pv is a (u, v)-path longer than P, contradicting the choice of
P. If the edge appears between two vertices of the set I+, say x+i x+j ∈ E(G)

with x+i , x+j ∈ I+, then uP x iH x j P x+i x+j Pv is a (u, v)-path longer than P, a
contradiction. Hence {w} ∪ I+ is an independent set. Similarly, by symmetry
{w} ∪ I− is also an independent set.

Next we complete the proof for the two choices of R in Theorem 5.4, respec-
tively. Note that we do not have to consider proper induced subgraphs of R,
since a graph is R-free if it is S-free for an induced subgraph S of R.

The case R= K1 ∪ P3.

Assume that G is a K1∪P3-free graph with τ(G)> 1. Suppose to the contrary
that G is not hamiltonian-connected, and that u, v is a pair of distinct vertices
of G that is not connected by a Hamilton path in G. Let P be a longest (u, v)-
path in G. Since P is not a Hamilton path, V (G) \ V (P) 6= ;. Assume that
H is a component of G − V (P). Then |NP(H)| ≥ 3 since τ(G) > 1. Assume
that NP(H) = {v1, v2, . . . , vs} with s ≥ 3, in this order according to the fixed
chosen orientation of P. We denote the segment of P from v+i to v−i+1 by Q i

for all i with 1 ≤ i ≤ s − 1. If v1 6= u, then let Q0 = uPv−1 . If vs 6= v, then let
Qs = v+s Pv.

Before completing the proof for this case, we first prove the following two
claims.
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Claim 1. At least two of the segments of P are connected by a path (possibly
an edge) that is internally-disjoint with P.

Proof. By Lemma 5.6, the neighbors of H on P are not consecutive vertices
on P. If none of the segments of P is connected to another segment of P by a
path (or edge) internally-disjoint with P, then every segment is in a separate
component after removal of the vertices of NP(H). Then there will be at least
s components after deleting the s vertices of NP(H), contradicting the fact
that τ(G)> 1.

Using Claim 1, we assume that Q i and Q j (0 ≤ i < j ≤ s) are connected by
a path (edge) that is internally-disjoint with P. In fact, the next claim shows
that we may assume that this path is actually an edge.

Claim 2. Q i and Q j are connected by an edge.

Proof. Supposing the statement is false, we consider a shortest path that
connects Q i and Q j and is internally-disjoint with P, and denote it as Q =
q1q2 . . . qr (with q1 ∈ V (Q i) and qr ∈ V (Q j)). Obviously, Q is an induced
path, and N(Q) ∩ V (H) = ;. If r ≥ 3, then {w, q1, q2, q3} induces a copy of
K1 ∪ P3, where w is a vertex of V (H), a contradiction. Hence, the shortest
path connecting Q i and Q j is an edge, and the claim holds.

We use Claim 2 and distinguish two cases, depending on the value of the
indices i and j, as follows.

Case A. Q i and Q j are connected by an edge, for some i and j with 1 ≤ i <
j ≤ s− 1.

Suppose that x y is an edge with x ∈ V (Q i) and y ∈ V (Q j), and chosen such
that |v+i P x yPv+j | is as small as possible. Using Lemma 5.6, we know that
either x 6= v+i or y 6= v+j . Without loss of generality, say x 6= v+i . By the
choice of x y , we have that x− y /∈ E(G). Then an arbitrary vertex w of V (H)
together with the three vertices of {x−, x , y} induces a copy of K1 ∪ P3, a
contradiction.

Case B. All edges connecting two different segments of P have at least one
end vertex in Q0 or Qs.
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By Claim 2, the assumption of this case implies that any two of the s − 1
segments Q i (i ∈ {1,2, . . . , s−1}) of P are not connected by a path internally-
disjoint with P. Then there must be a segment Q i (i ∈ {1, 2, . . . , s−1}) that has
a neighbor in Q0 or Qs. Otherwise, P has s+ 1 segments and only Q0 and Qs

among all these segments are connected by such a path. Then, by deleting the
s neighbors of H on P, we obtain s+1 components, contradicting the fact that
τ(G)> 1. Without loss of generality, we assume that Q i (i ∈ {1, 2, . . . , s−1})
is connected to Q0 by an edge. We use x y to denote an edge between V (Q0)
and V (Q i), chosen in such a way that |v−1 P x yPv−i+1| is as small as possible.
Using Lemma 5.6, we know that either x 6= v−1 or y 6= v−i+1. Without loss of
generality, say x 6= v−1 . By the choice of x y , we have that x+ y /∈ E(G). Then
an arbitrary vertex w of V (H) together with the three vertices of {x+, x , y}
induces a copy of K1 ∪ P3, a contradiction.

This completes the proof for the case R = K1 ∪ P3. We now turn to the re-
maining case that R= 2K1 ∪ K2.

The case R= 2K1 ∪ K2.

Suppose that G is a 2K1 ∪K2-free graph with τ(G)> 1, and assume that G is
not hamiltonian-connected. Let u, v be a pair of distinct vertices of G that is
not connected by a Hamilton path in G, and let P be a longest (u, v)-path in
G. Then V (G) \ V (P) 6= ;. Assume that H is a component of G− V (P). Since
τ(G) > 1, we have |NP(H)| ≥ 3. Similarly as in the case R = K1 ∪ P3, we use
NP(H) = {v1, v2, . . . , vs} to denote all neighbors of H on P, so with s ≥ 3 and
in this order according to the chosen orientation of P.

We continue with first proving three useful claims.

Claim 3. H is trivial, i.e., |V (H)|= 1.

Proof. Suppose H contains an edge w1w2. Using Lemma 5.6, we get that
{w1, v+1 , v+2 } and {w2, v+1 , v+2 } are independent sets. Then {v+1 , v+2 , w1, w2} in-
duces a copy of 2K1 ∪ K2, a contradiction.

Let H = {w}. Then NP(w) = {v1, v2, . . . , vs}, with s ≥ 3. Let Q i be the segment
of P from v+i to v−i+1 for 1 ≤ i ≤ s − 1, denoted as Q i = x i1 x i2 . . . x iri

, with
x i1 = v+i and x iri

= v−i+1. If v1 6= u, then let Q0 = ux01
x02

. . . x0r0
, with
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x0r0
= v−1 . If vs 6= v, then let Qs = xs1

xs2
. . . xsrs

v, with xs1
= v+s . Now we

prove the following useful facts.

Claim 4. For all i ∈ {1,2, . . . , s − 1}, we have v+1 x i j
/∈ E(G) for every odd

j, v+1 x i j
∈ E(G) for every even j, and ri is odd. In addition, if Q0 and Qs

exist, then v+1 is alternately adjacent and nonadjacent to the vertices of the
segments Q0 and Qs with v+1 x0r0

/∈ E(G) and v+1 xs1
/∈ E(G).

Proof. We divide the proof into two cases according to the length of the seg-
ment Q1.

Case A. |Q1|= 1, i.e., v2 = v++1 .

In this case, the claim holds for the segment Q1 itself. For the segments Q i

(i = 0, 2,3, . . . , s), we first prove that if v+1 x i j
∈ E(G), then v+1 x i j+1

/∈ E(G),
and if v+1 x i j

/∈ E(G), then v+1 x i j+1
∈ E(G) for all j ∈ {1, 2, ..., iri

− 1}. Suppose
that there is a segment Q i with i = 0,2, 3, . . . , s such that v+1 x i j

∈ E(G) and
v+1 x i j+1

∈ E(G) for some j ∈ {1, 2, ..., iri
−1}. Then there exists a longer (u, v)-

path P ′ = uPv1wv2P x i j
v+1 x i j+1

Pv (if i 6= 0), or P ′ = uP x i j
v+1 x i j+1

Pv1wv2Pv
(if i = 0), a contradiction. Suppose that Q i (i = 0,2, 3, . . . , s) is a seg-
ment with v+1 x i j

/∈ E(G) and v+1 x i j+1
/∈ E(G) for some j ∈ {1,2, ..., iri

− 1}.
Then {w, v+1 , x i j

, x i j+1
} induces a copy of 2K1 ∪ K2, a contradiction. Thus the

neighbors of v+1 occur on every segment Q i alternately along the path. By
Lemma 5.6 we have v+1 x i1 /∈ E(G) for i = 2,3, . . . , s and v+1 x iri

/∈ E(G) for
i = 0,2, 3, . . . , s − 1. Hence ri is odd for i ∈ {1, 2, . . . , s − 1}, and the claim
holds.

Case B. |Q1| ≥ 2, i.e., v++1 /∈ NP(w).

Firstly, we consider the case that i ∈ {0,2, 3, . . . , s}. By Lemma 5.6, v+1 x i1 /∈
E(G) for i ∈ {2,3, . . . , s}. To avoid that {w, x i1 , v+1 , v++1 } induces a copy of
2K1∪K2, we have v++1 x i1 ∈ E(G). If there exists an index j ∈ {1, 2, ..., iri

−1}
such that v+1 x i j

∈ E(G) and v+1 x i j+1
∈ E(G), then we have a longer (u, v)-

path P ′ = uPv1wvi Pv++1 x i1 P x i j
v+1 x i j+1

Pv (if i 6= 0), or a longer (u, v)-path
P ′ = uP x i j

v+1 x i j+1
Pv1wv2Pv++1 x21

Pv (if i = 0), a contradiction. If v+1 x i j
/∈

E(G) and v+1 x i j+1
/∈ E(G) for some j ∈ {1, 2, ..., iri

− 1}, then {w, v+1 , x i j
, x i j+1

}
induces a copy of 2K1 ∪ K2, a contradiction. Thus the neighbors of v+1 oc-
cur on every segment Q i (i = 0, 2,3, . . . , s) alternately along the path. We
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know v+1 x i1 /∈ E(G) for i = 2, 3, . . . , s, by Lemma 5.6. Now v+1 x iri
/∈ E(G) for

i = 0, 2,3, . . . , s − 1; otherwise P ′ = uPv+1 x iri
P x i1 v++1 Pviwvi+1Pv is a longer

(u, v)-path (if i 6= 0), or P ′ = uP x iri
v+1 v1wv2Pv++1 x21

Pv is a longer (u, v)-path
(if i = 0). Hence ri is odd for i ∈ {2, . . . , s− 1}.

Secondly, we consider the remaining case that i = 1. If v+1 x1 j
∈ E(G)

and v+1 x1 j+1
∈ E(G) for some j ∈ {2, 3, ..., iri

− 1}, then we have a longer
(u, v)-path P ′ = uPv1wv2P x1 j+1

v+1 x1 j
Pv++1 x21

Pv (if x1 j
6= v++1 ), or P ′ =

uPv1wv2P x1 j+1
v+1 x1 j

x21
Pv (if x1 j

= v++1 ), a contradiction. If v+1 x1 j
/∈ E(G)

and v+1 x1 j+1
/∈ E(G) for some j ∈ {2, 3, ..., iri

− 1}, then {w, v+1 , x1 j
, x1 j+1

} in-
duces a copy of 2K1 ∪ K2, a contradiction. Thus the neighbors of v+1 occur
on the segment Q1 alternately along the path. Suppose that v+1 x1r1

∈ E(G).

If wx22
∈ E(G), then uPv+1 x1r1

Pv++1 x21
v2wv3Pv is a longer (u, v)-path. If

wx22
/∈ E(G), then v+1 x22

∈ E(G) and uPv1wv2 x21
v++1 P x1r1

v+1 x22
Pv is a

longer (u, v)-path. Hence, v+1 x1r1
/∈ E(G) and r1 is odd. Therefore the claim

holds for all cases.

We need one more claim which is easy to prove.

Claim 5. N(v+1 ) ⊆ V (P).

Proof. If there is a vertex z ∈ V (G)\V (P) such that v+1 z ∈ E(G), then the ver-
tex set {w, x21

, v+1 , z} induces a copy of 2K1 ∪ K2, a contradiction. Therefore,
N(v+1 ) ⊆ V (P).

Let S = N(v+1 ) ∪ NP(H) and |S| = s′. By Claim 4, the vertices of S occur on
the path P alternately. If |V (P)| is odd, then s′ = d |V (P)|2 e; if |V (P)| is even,
then s′ = |V (P)|

2 . Moreover, S is a cut set whose deletion yields at least three
components, including the two trivial ones with vertices w and v+1 . If one
of the other components contains an edge z1z2, then {w, v+1 , z1, z2} induces a
copy of 2K1 ∪ K2, a contradiction. Thus all components of G − S are trivial,
meaning that every vertex of V (P) \ S is a component. Hence, ω(G − S) ≥
s′ − 1+ 1= |S|, contradicting the fact that τ(G)> 1.

This completes the proof of Theorem 5.4. �
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5.3 Proof of Theorem 5.5

For our proof that there is no graph H, apart from the induced subgraphs of
K1 ∪ P4, that can ensure every H-free graph with toughness larger than one
is hamiltonian-connected, we make use of the following lemma.

Lemma 5.7 (B. Li et al. [54]). Let R be a graph on at least three vertices. If
R is not an induced subgraph of K1 ∪ P4, then R contains one of the graphs in
H = {C3, C4, C5, K1,3, 2K2, 4K1} as an induced subgraph.

Using Lemma 5.7, we can complete our proof of Theorem 5.5 by showing
that not every R-free graph with toughness larger than one is hamiltonian-
connected, for each of the graphs R ∈H . To show this, we continue by giving
suitable counterexamples; some of these graphs are even not hamiltonian.
The only class for which we cannot refer to known results, is the class of 4K1-
free graphs. It is not difficult to check that the graphs sketched in Figure 5.1
are examples of 4K1-free graphs that are not hamiltonian-connected but have
toughness larger than one. In this sketch, the middle three vertices in the
figure are supposed to be joined to all the vertices of the complete graph on
the left, and u and v are also joined to all vertices of the complete graphs on
the right; the other middle vertex is only joined to the two indicated vertices
on the right; these indicated vertices are not joined to u or v. Note that
between u and v there is no Hamilton path (even if m = s = t = 1), since
the deletion of {u, v} leaves a graph with a cut vertex z (the other vertex in
the middle), and one cannot pick up all the vertices in both components that
result from deleting z.

m
K

s
K

t
K

u

v

FIGURE 5.1: 4K1-free non-hamiltonian-connected graphs
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For R = C3, the well-known nonhamiltonian Petersen graph is a suitable
counterexample, since it is C3-free and has toughness 4/3.

For R = C4, C5 or 2K2, we can find suitable split graphs as counterexam-
ples. Split graphs consist of a clique C and an independent set I with some
(or possibly all or none) of the edges joining a vertex of C and a vertex of
I (but no edges joining pairs of vertices of I). Split graphs are known to
be {C4, C5, 2K2}-free. It was proved in [52] that every 3

2 -tough split graph
is hamiltonian, and that there is a sequence {Gn}∞n=1 of split graphs with
no 2-factor (a 2-regular spanning subgraph, not necessarily connected) and
τ(Gn) → 3/2. The latter graphs clearly serve as suitable examples for our
purposes.

For R = K1,3, we use the known fact that for a claw-free noncomplete
graph G, 2τ(G) = κ(G), where κ(G) denotes the (vertex) connectivity of
G. In [63], the authors conjectured that every 4-connected claw-free graph
is hamiltonian, and they showed examples of 3-connected claw-free graphs
that are not hamiltonian. These examples have toughness 3/2 and clearly
serve our purposes.

This completes our proof of Theorem 5.5. �





Chapter 6

Toughness, forbidden
subgraphs and pancyclicity

Various sufficient conditions for a graph to be hamiltonian are so strong that
they imply considerably more about the cycle structure of the graph. Based
on this observation, Bondy [9] presented a metaconjecture in 1971 in which
he stated that almost any nontrivial condition on a graph which implies that
the graph is hamiltonian also implies that it is pancyclic (except for maybe a
simple family of exceptional graphs). Inspired by Bondy’s metaconjecture, in
this chapter we examine whether the conditions on toughness and forbidden
subgraphs for hamiltonicity in [54] in fact imply pancyclicity, and we get a
positive answer except for a few specific classes of graphs.

6.1 Introduction

For hamiltonicity, Chvátal’s Conjecture states that there exists a constant t0

such that every t0-tough graph on n ≥ 3 vertices is hamiltonian, and it is
proved in [4] that t0 ≥ 9/4. For pancyclicity, the following theorem shows
that there exists no such constant.

Theorem 6.1 (Brandt [12]). There are t-tough graphs with t arbitrarily large
which are not weakly pancyclic.

79
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A graph is called weakly pancyclic if it contains cycles of every length between
the girth (the length of a shortest cycle) and the circumference (the length of
a longest cycle). Hence, if a graph is not weakly pancyclic, then it will also
not be pancyclic.

As introduced in previous chapters, forbidden subgraph conditions are an
important type of sufficient conditions for the existence of Hamilton cycles
in graphs. Over the years, researchers have established full characterizations
of all possible single forbidden graphs and pairs of forbidden subgraphs en-
suring that every 2-connected graph is hamiltonian. Some of these forbidden
subgraph results give support for Bondy’s metaconjecture, as shown by the
following theorems.

Theorem 6.2 (Bedrossian [6]; Faudree and Gould [38]). Let R and S be con-
nected graphs with R, S 6= P3, and let G be a 2-connected graph. Then G being
{R, S}-free implies G is hamiltonian if and only if (up to symmetry) R = K1,3

and S = P4, P5, P6, C3, Z1, Z2, B, N or W (see Figure 2.1).

Theorem 6.3 (Bedrossian [6]). Let R and S be connected graphs with R, S 6= P3,
and let G be a 2-connected graph which is not a cycle. Then G being {R, S}-free
implies G is pancyclic if and only if (up to symmetry) R= K1,3 and S = P4, P5, Z1

or Z2.

It can be observed that many of the nonhamiltonian graph families that show
the necessity of forbidding certain subgraphs are not 1-tough. This fact caused
researchers to consider using the necessary condition of being 1-tough in-
stead of 2-connected. In [66], Nikoghosyan posed several conjectures re-
lating toughness and forbidden subgraph conditions to hamiltonicity. Moti-
vated by one of these conjectures, as we introduced in the previous chapter,
Li et al. [54] considered single forbidden subgraphs under the condition of
1-toughness, and came up with the following results.

Theorem 6.4 (Li et al. [54]). Let R be an induced subgraph of P4, K1 ∪ P3 or
2K1 ∪ K2. Then every R-free 1-tough graph on at least three vertices is hamilto-
nian.
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Theorem 6.5 (Li et al. [54]). Let R be a graph on at least three vertices. If
every R-free 1-tough graph on at least three vertices is hamiltonian, then R is an
induced subgraph of K1 ∪ P4.

Inspired by Bondy’s metaconjecture, we examined whether the condition in
Theorem 6.4 in fact implies pancyclicity, and we obtained the following three
results. We postpone the proofs of these result to Sections 6.3, 6.4 and 6.5,
respectively.

Theorem 6.6. Let G be a K1 ∪ P3-free 1-tough graph on n ≥ 3 vertices. Then
G is pancyclic or G ∈ {C5, K n

2 , n
2
}.

Clearly, the latter case can only occur when n is even. For the next result
we first define the graph C+6 and the class of graphs K −. The graph C+6 is
obtained from C6 by adding an edge between two vertices at distance 2 in C6.
The classK − consists of all balanced bipartite graphs Ks,s−M (s ≥ 2), where
M is a matching of Ks,s with 0≤ |M | ≤ s.

Theorem 6.7. Let G be a 2K1∪K2-free 1-tough graph on at least three vertices.
Then G is pancyclic or G ∈K − ∪ {C5, C+6 }.

Theorem 6.8. Let G be a P4-free 1-tough graph on n ≥ 3 vertices. Then G is
pancyclic or G = K n

2 , n
2
.

By Theorem 6.5, there is no graph H other than the induced subgraphs of
K1 ∪ P4 that can ensure every 1-tough H-free graph is hamiltonian. Hence,
we obtain the following conclusion.

Theorem 6.9. Let R be a graph on at least three vertices. If every R-free 1-tough
graph G on at least three vertices is pancyclic, then R is an induced subgraph of
K1 ∪ P4.

For the open case with K1 ∪ P4, it is natural to ask whether every K1 ∪ P4-
free 1-tough graph G on at least three vertices is pancylic (except possibly
for some well-defined classes of graphs). Note that the small cycles C4, C5

and C6, as well as the graph C+6 are exceptional graphs for this statement. In
fact, there are infinite classes of exceptional graphs for this statement. One of
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these classes is illustrated in Figure 6.1. This class C s
5 consists of graphs that

are obtained from a C5 by replacing each vertex v of the C5 by an independent
set Iv of cardinality s ≥ 1, and adding all edges between Iu and Iv whenever
uv is an edge of the C5. These graphs clearly contain no C3, so they are not
pancyclic. They are hamiltonian (even if the sets Iv have different cardinali-
ties, as long as the graphs are 1-tough. We refer to [16], where these graphs
are called C∗5 -type graphs and treated as special cases of triangle-free 2K2-
free graphs). Using that C5 is K1 ∪ P4 -free, it is easy to check that all these
graphs are K1 ∪ P4 -free. There are basically two choices for cut sets that
should be considered for determining the toughness. One option is to delete
two nonconsecutive sets Iv and Iw , resulting in s + 1 components; the other
option is to delete an additional set Iz , resulting in 2s components. The latter
option determines the toughness if s ≥ 3, i.e., the toughness of these graphs
is 3

2 if s ≥ 3. Hence, the class of graphs C s
5 shows that even with a toughness

strictly larger than one, there exist infinitely many exceptional graphs to the
above statement. In a similar way, one can define the classes C s

4 (balanced
complete bipartite graphs K2s,2s) and C s

6 , based on a C4 and C6, respectively.
Graphs from these classes are also not pancyclic, K1 ∪ P4-free, and they have
toughness equal to one. Here, we pose the following problem.

FIGURE 6.1: Graphs C s
5

Problem 6.1. Except for C+6 and the graphs from C s
4 ,C s

5 , and C s
6 , are there

any other 1-tough K1 ∪ P4-free graphs that are not pancylic?
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In Theorems 6.6, 6.7 and 6.8, all the exceptional graphs have toughness ex-
actly one. Hence, recalling the above remarks on the class C s

5 , we obtain the
following corollary.

Corollary 6.10. Let R be a graph, and let G be a graph with τ(G) > 1. Then
G is R-free implies G is pancyclic if and only if R is a proper induced subgraph
of K1 ∪ P4.

The remainder of this chapter is devoted to the proofs of our main results,
but we start with a short section containing some preliminaries.

6.2 Preliminaries

We call a cycle with m vertices an m-cycle. Let C be an m-cycle of G with a
given orientation, and denoted as C = x1 x2 . . . xm x1. For a vertex x i ∈ V (C)
(1 ≤ i ≤ m), let x−l

i , x+l
i (1 ≤ i − l < i + l ≤ m) denote the vertices x i−l and

x i+l on C , respectively. Instead of x−1
i and x+1

i , we simply use x−i and x+i
to denote the immediate predecessor and successor of x i on C , respectively.
For two vertices x i , x j ∈ V (C), x iC x j denotes the subpath of C from x i to x j ,
and x jC x i denotes the path from x j to x i in the reverse direction. For any
I ⊆ V (C), let I− = {x−i | x i ∈ I} and I+ = {x+i | x i ∈ I}. A similar notation is
used for paths. In the proofs, we often use {u, v, w, x} ∼= H as shorthand for
{u, v, w, x} induces a copy of H in G.

The main idea of our proofs of Theorems 6.6–6.8 is as follows. First we
consider a shortest cycle of the graph G. In case G does not contain some
specific short cycles, we characterize G as one of the exceptional graphs. For
the other case, we prove by contradiction that if G contains a k-cycle, then it
also contains a (k+1)-cycle for any integer k ∈ {3,4, . . . , n−1}. By induction,
this is sufficient to show that G is pancyclic. All our proofs are modelled
along these lines and look similar, but contain different argumentations. In
particular, our proofs considerably differ in length.
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6.3 Proof of Theorem 6.6

Suppose that G is a graph satisfying the conditions of Theorem 6.6. Since G
is 1-tough, G contains a cycle. Clearly, the shortest (induced) cycle of G is C3,
C4 or C5; otherwise, G has an induced subgraph isomorphic to K1 ∪ P3. We
first prove the following claim to characterize the exceptional graphs.

Claim 1. If the shortest cycle of G is C5, then G is C5; if the shortest cycle of
G is C4, then G is Ks,s (s ≥ 2).

Proof. Suppose that the shortest cycle of G is C5. Let C = v1v2 . . . v5v1 be
a shortest cycle. Then C is an induced cycle. If |V (G)| = 5, then G = C5,
and the claim holds. Now we assume that |V (G)| ≥ 6 and x is a vertex
of G − V (C). To avoid {x , v1, v2, v3} inducing a K1 ∪ P3, we have that x is
adjacent to v1, v2 or v3. Without loss of generality, we assume x v1 ∈ E(G). If
N(x)∩{v2, v3, v4} 6= ;, then G has a C3 or C4, contradicting the fact that C5 is
a shortest cycle. If N(x)∩ {v2, v3, v4} = ;, then {x , v2, v3, v4} induces a copy
of K1 ∪ P3, a contradiction. Hence, G has 5 vertices and G is C5.

Suppose that the shortest cycle of G is C4. Let C = v1v2 . . . v4v1 be a
shortest cycle. Hence C is an induced cycle. If G has 4 vertices, then G = C4 =
K2,2, and the claim holds. If G is not C4, then there is a vertex x0 in G−V (C).
Similar to the above case, without loss of generality, we assume x0v1 ∈ E(G).
To avoid inducing K1 ∪ P3 and C3, we have that N(x0) ∩ {v2, v3, v4} = {v3}.
Using the same arguments, we have that every vertex x i of G−V (C) has two
neighbors on C , which are {v1, v3} or {v2, v4}. For two vertices x i , x i ∈ G −
V (C), if x i and x j have the same neighbors on C , then x i x j /∈ E(G); otherwise
x i , x j and one of their neighbors on C induce a copy of C3, a contradiction.
If x i and x j have different neighbors on C , without loss of generality assume
that NC(x i) = {v1, v3} and NC(x j) = {v2, v4}. Then x i x j ∈ E(G); otherwise
{x i , x j , v2, v4} ∼= K1 ∪ P3, a contradiction. Now denote A = NG(v1, v3), B =
NG(v2, v4). Then V (G) = A∪ B. Moreover, A, B are two independent vertex
sets and every vertex of A is adjacent to every vertex of B. Hence, G is a
complete bipartite graph, and according to the toughness, G is a balanced
complete bipartite graph Ks,s.
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By Claim 1, we see that if G has no C3, then G is either C5 or Ks,s. Next, we
suppose that G is neither C5 nor Ks,s. This implies that G contains a C3. We
show that G is pancyclic by proving the following fact.

Fact: If G has a k-cycle (k = 3,4, . . . , n− 1), then G has a (k+ 1)-cycle.

Proof. Suppose, by contradiction, that G has a k-cycle, but no (k + 1)-cycle,
for some k ∈ {3, 4, . . . , k− 1}. Let C = v1v2 . . . vkv1 be a k-cycle, and let H be
a component of G − V (C). Since G is 1-tough, H has at least two neighbors
on C . We distinguish two cases.

Case 1. H has two neighbors that are consecutive on C .

Clearly, H is not trivial in this case. We prove a number of claims before we
complete the proof for this case.

Claim 2. H contains an edge ab such that avi ∈ E(G) and bvi+1 ∈ E(G),
i ∈ {1,2, ..., k}.

Proof. Choose two consecutive neighbors of H on C such that their distance in
H is shortest. Without loss of generality, assume that v1, v2 are such vertices,
and a, b ∈ V (H) are neighbors of v1 and v2, respectively. We have that a 6= b;
otherwise G has a (k+ 1)-cycle v1av2C v1, contradicting the assumption that
G has no (k + 1)-cycle. Let P = ax1 x2 . . . xs b be a shortest (a, b)-path in H.
Clearly, V (P) ∩ N(v1) = {a} and V (P) ∩ N(v2) = {b}. Then we have s ≤ 1;
otherwise {v2, a, x1, x2} ∼= K1 ∪ P3, a contradiction. Suppose that s = 1 and
P = ax1 b. By the choice of v1, v2 and the assumption that G has no (k + 1)-
cycle, we have that {x1, b}∩N(v3) = ; and {a, x1}∩N(vk) = ;. If k = 3, i.e.,
vk = v3, then {vk, a, x1, b} ∼= K1 ∪ P3, a contradiction. Assume that k ≥ 4. To
avoid {vk, a, x1, b} and {v3, a, x1, b} inducing K1∪P3, we have bvk ∈ E(G) and
av3 ∈ E(G). To avoid {v3, x1, b, vk} inducing K1 ∪ P3, we have v3vk ∈ E(G).
If k = 4, then v1ax1 bv2v1 is a (k + 1)-cycle, a contradiction. If k ≥ 5, then
according to the choice of v1, v2 and the assumption that G has no (k+1)-cycle
we have that v4a, v4 x1 /∈ E(G). To avoid {v4, a, x1, b} inducing K1 ∪ P3, we
have v4 b ∈ E(G), but then v3ax1 bv4C vkv3 is a (k+ 1)-cycle, a contradiction.
Hence, s = 0 and the claim holds.
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By Claim 2 and the assumptions, we have that k ≥ 4. Without loss of gener-
ality, assume that ab ∈ E(H) and av1 ∈ E(G), bv2 ∈ E(G). We next prove the
following claim.

Claim 3. av3 ∈ E(G).

Proof. Suppose that av3 /∈ E(G). To avoid {v3, b, a, v1} inducing K1 ∪ P3, we
have v1v3 ∈ E(G). We also have that av4 /∈ E(G) and bv4 /∈ E(G); other-
wise, v2 bav4C v2 or v2 bv4C v1v3v2 is a (k + 1)-cycle, respectively. To avoid
{v4, a, b, v2} inducing K1 ∪ P3, we have v2v4 ∈ E(G). Then v1abv2v4C v1 is a
(k+ 1)-cycle, a contradiction.

We now divide V (C) into two sets. Let A = {vi | i is odd, 1 ≤ i ≤ k}, and
B = {vi | i is even, 1 ≤ i ≤ k}. Then clearly V (C) = A∪ B. We prove the
following claim on the structure of A and B.

Claim 4. k is even, and A⊆ N(a) \ N(b), B ⊆ N(b) \ N(a). Moreover, A and
B are independent sets, and each vertex of A is adjacent to each vertex of B.

Proof. We use induction to prove that A⊆ N(a) \N(b) and B ⊆ N(b) \N(a).
First, we show that v4 ∈ N(b) \ N(a). Since av3 ∈ E(G), av4 /∈ E(G). We
also have v2v4 /∈ E(G); otherwise, v1abv2v4C v1 is a (k + 1)-cycle, a contra-
diction. Hence v4 ∈ N(b); otherwise {v4, a, b, v2} ∼= K1 ∪ P3, a contradic-
tion. Next, we show that if vs−1 ∈ N(a), vs ∈ N(b) (s ≥ 4), then vs+1 ∈
N(a) \ N(b). First, vs+1 /∈ N(b) since vs ∈ N(b). We have vs−1vs+1 /∈ E(G);
otherwise, v1abv2C vs−1vs+1C v1 is a (k + 1)-cycle, a contradiction. To avoid
{vs+1, b, a, vs−1} inducing a K1∪P3, we have vs+1 ∈ N(a). By a similar analysis,
we get that if vs−1 ∈ N(b), vs ∈ N(a) (s ≥ 4), then vs+1 ∈ N(b) \ N(a). Thus,
V (C) ⊆ N(a) ∪ N(b), and NC(a) and NC(b) occur alternately on C . Since
v1 ∈ N(a), vk ∈ N(b). Hence, k is even, and A⊆ N(a)\N(b), B ⊆ N(b)\N(a).

Suppose that vi , v j ∈ A and vi v j ∈ E(G). Then vi+1, v j+1 ∈ B ⊆ N(b),
and there is a (k + 1)-cycle vi+1 bv j+1C vi v jC vi+1, a contradiction. Hence,
A is an independent set. Similarly, B is also an independent set. Suppose
that there is a pair of vertices vi ∈ A, v j ∈ B such that vi v j /∈ E(G). We
have that v j 6= vi+1, and since {v j , vi+1} ∈ B, we have v j vi+1 /∈ E(G). Then
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{v j , a, vi , vi+1} ∼= K1 ∪ P3, a contradiction. Hence, vi v j ∈ E(G) for any vi ∈ A,
v j ∈ B, and the claim holds.

We need two more claims before we can complete our proof for this case.

Claim 5. G − V (C) = H.

Proof. Suppose, by contradiction, that H ′ is another component distinct from
H of G − V (C). Then there is a vertex y ∈ V (H ′) such that y has a neighbor
on C . By symmetry, assume yv1 ∈ E(G). If y has another neighbor vi on C
distinct from v1, then vi /∈ A; otherwise, {b, v1, y, vi} ∼= K1 ∪ P3, a contradic-
tion. Thus, vi ∈ B \ {v2, vk} and k 6= 4. By Claim 4, vi+1v2 ∈ E(G). Then
vi yv1C vi+1v2C vi is a (k + 1)-cycle, a contradiction. Hence y has only one
neighbor on C . Since G is 1-tough, there is another vertex y ′ in V (H ′), and
y ′ has a neighbor on C distinct from v1. By the same arguments, y ′ has only
one neighbor on C , say vi . If y y ′ ∈ E(G), then {b, y ′, y, v1} ∼= K1 ∪ P3, a
contradiction. If y y ′ /∈ E(G), then there is an induced P3 in H ′, and this in-
duced P3 together with the vertex a in H will induce a K1∪P3, a contradiction.
Hence, G − V (C) = H.

By Claim 5, we know that H is the only component of G−V (C), and ab is an
edge of H. We denote A′ = NH(a) and B′ = NH(b).

Claim 6. The following properties hold:

(1) V (H) = A′ ∪ B′ and A′ ∩ B′ = ;.

(2) each vertex of A′ is adjacent to each vertex of B, and
each vertex of B′ is adjacent to each vertex of A.

(3) A∪ A′ and B ∪ B′ are independent sets.

(4) each vertex of A′ is adjacent to each vertex of B′.

Proof. We prove the properties in the same order.

(1) If V (H) = {a, b}, then the claim holds. Now we suppose that V (H) 6=
{a, b} and by contradiction, we suppose that V (H) 6= A′ ∪ B′. There is a
vertex x ∈ V (H) \ (A′ ∪ B′) such that xa1 ∈ E(G) or x b1 ∈ E(G), where
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a1 ∈ A′ and b1 ∈ B′. Without loss of generality, assume that xa1 ∈ E(G).
If x is adjacent to a vertex vi of B, then by Claim 4 we have that vi vi+3 ∈
E(G), and there is a (k + 1)-cycle vi−1aa1 x vi vi+3C vi−1 (if k = 4, vi+3 =
vi−1), a contradiction. Thus, x has no neighbor in B. For a vertex vi of
B, {x , a, b, vi} induces a K1 ∪ P3, a contradiction. Hence, V (H) = A′ ∪ B′.
Suppose that x ′ ∈ A′ ∩ B′. Then there is a (k + 1)-cycle v1ax ′bv2v5C v1

(possible v5 = v1), a contradiction. Hence, A′ ∩ B′ = ;.

(2) Let a1 be a vertex of A′. From (1), we have ba1 /∈ E(G). Since k ≥ 4,
|A| = |B| ≥ 2. If there are two vertices vi , v j ∈ B such that a1vi /∈ E(G)
and a1v j /∈ E(G), then {a1, vi , b, v j} ∼= K1 ∪ P3, a contradiction. Thus,
there is at most one vertex of B that is not adjacent to a1. Suppose that
a1vi /∈ E(G) and a1v j ∈ E(G) (vi , v j ∈ B). Then {vi , a, a1, v j} ∼= K1 ∪ P3, a
contradiction. Hence, a1 is adjacent to each vertex of B. By the arbitrary
selection of a1, each vertex of A′ is adjacent to each vertex of B. By
symmetry, each vertex of B′ is adjacent to all the vertices of A.

(3) First, A′ is independent set; otherwise, suppose a1, a2 ∈ A′ and a1a2 ∈
E(G). Then by (2), there is a (k+1)-cycle v1aa1a2v4C v1, a contradiction.
Similarly, B′ is also an independent set. Next, N(A′)∩ A= ;; otherwise,
suppose that a1 ∈ A′ and vi ∈ A such that a1vi ∈ E(G). Then there
is a (k + 1)-cycle vi−2aa1viC vi−2, a contradiction. Hence, A ∪ A′ is an
independent set. Similarly, B ∪ B′ is also an independent set.

(4) Suppose that a1 ∈ A′, b1 ∈ B′ and a1 b1 /∈ E(G). By (2) and (3), for any
pair of vertices vi , v j ∈ A, {a1, vi , b1, v j} ∼= K1∪P3, a contradiction. Hence,
each vertex of A′ is adjacent to each vertex of B′.

From Claims 4–6, we have that G is a complete bipartite graph with two
independent sets A∪A′ and B∪B′. Since G is 1-tough, G is a balanced complete
bipartite graph Ks,s, contradicting the assumption. This completes the proof
for Case 1.

Case 2. For every component H of G − V (C), any two neighbors of H on C
are not consecutive.
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Let NC(H) = {u1, u2, . . . , us} (s ≥ 2, and with all ui chosen in this order accord-
ing to the orientation of C). The s neighbors of H on C divide the cycle C into
s segments, denoted by Si = u+i Cui+1 (i = 1, 2, . . . , s, and with us+1 = u1), so
with |Si| ≥ 2 for any i ∈ {1,2, . . . , s}. Since G is 1-tough, there are at least two
segments that are connected by a path internally-disjoint with V (C)∪ V (H).
As we will see, the choice of these two segments is irrelevant for the remainder
of the proof. So we ignore the indices, and assume without loss of generality
that S1 and S2 are connected by such a path. We choose a path P with two end
vertices y ∈ S1, y ′ ∈ S2 such that the path u+1 C yP y ′Cu+2 is as short as possi-
ble. Then we have that |V (P)| = 2 and y = u+1 , y ′ = u+2 ; otherwise, the path
u+1 C yP y ′Cu+2 contains an induced P3. Combining that induced P3 with one
vertex of H we get an induced K1 ∪ P3, a contradiction. Thus, u+1 u+2 ∈ E(G).
Suppose that au1 ∈ E(G), bu2 ∈ E(G) for a, b ∈ V (H). We have a 6= b; oth-
erwise, u1au2Cu+1 u+2 Cu1 is a (k + 1)-cycle. We also have that ab ∈ E(G);
otherwise, H contains an induced P3, and combining that induced P3 with
u+1 we get an induced K1 ∪ P3, a contradiction. If u+1 = u−2 , then u1abu2Cu1

is a (k + 1)-cycle, a contradiction. Hence, u+1 6= u−2 . If u++1 u+2 ∈ E(G), then
u1abu2Cu++1 u+2 Cu1 is a (k+1)-cycle, a contradiction. Hence, u++1 u+2 /∈ E(G).
Then {a, u++1 , u+1 , u+2 }

∼= K1 ∪ P3, our final contradiction.

This completes the proof of Theorem 6.6. �

6.4 Proof of Theorem 6.7

Suppose that G is a graph satisfying the conditions of Theorem 6.7. Since G
is 1-tough, G contains a cycle. The shortest (induced) cycle of G is C3, C4, C5

or C6; otherwise, G clearly has an induced subgraph isomorphic to 2K1 ∪ K2.
We again start by proving a number of claims.

Claim 1. If the shortest cycle of G is C5 or C6, then G is C5 or C6, respectively.

Proof. Suppose that the shortest cycle of G is C5. Let C = v1v2 . . . v5v1 be an
induced 5-cycle. If G is not C5, then there is a vertex u ∈ G − V (C) such that
u is adjacent to a vertex of C , say v1. Since G has neither a C3 nor a C4, u
has no other neighbor on C distinct from v1. Now {u, v2, v4, v5} ∼= 2K1 ∪ K2,
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a contradiction. In the same way, we can prove that if the shortest cycle of G
is C6, then G is C6.

Claim 2. If the shortest cycle of G is C4, then G is C4 or Ks,s−M , where s ≥ 3
and M is a matching of Ks,s with 0≤ |M | ≤ s.

Proof. Suppose that w is a vertex of G with the maximum degree. If d(w) = 2,
then G is C4, and the claim holds. Assume that d(w) ≥ 3. Now we draw the
graph G arranged as a rooted tree: w is the root and denoted as the first
layer L1, all the neighbors of w are arranged as the second layer L2, all the
neighbors of vertices of L2 that are new (where new means that the vertices
do not appear in existing layers) are arranged as the third layer L3, etc., until
all layers together cover V (G). By this labeling method, we know that there
is no edge between Li and L j if i 6= j−1 and i 6= j+1. Since G has no C3, L2

is an independent set. Next we prove three subclaims on the structure of the
layers.

Claim 2.1. G has at most 4 layers.

Proof. Suppose that G has 5 or more layers. Let u1, u2 be two vertices of
L2, and let x and y be two vertices of L4 and L5, respectively, such that
x y ∈ E(G). Then {u1, u2, x , y} ∼= 2K1 ∪ K2, a contradiction.

Let li = |Li| for i = 1, 2,3, 4. Then we denote L1 = {w}, L2 = {u1, u2, . . . , ul2},
L3 = {v1, v2, . . . , vl3}, L4 = {z1, z2, . . . , zl4}.

Claim 2.2. L4 = {z1} or L4 = ;.

Proof. If L4 has 2 or more vertices, then {z1, z2, w, u1} ∼= 2K1 ∪ K2 (if z1z2 /∈
E(G)) or {u1, u2, z1, z2} ∼= 2K1 ∪ K2 (if z1z2 ∈ E(G)), a contradiction.

Claim 2.3. L3 is independent set.

Proof. By contradiction, suppose that vi v j is an edge of L3. Since G has no
C3, vi and v j have no common neighbor in L2. Assume that ui vi , u j v j ∈ E(G)
and ui 6= u j . We have that ui , u j have no common neighbor in L3. Other-
wise, suppose that vk is a common neighbor of ui and u j in L3. Obviously,



6.4. Proof of Theorem 6.7 91

vi vk, v j vk /∈ E(G); otherwise G contains a C3. Then {w, vk, vi , v j} ∼= 2K1 ∪ K2,
a contradiction. Moreover, NL3

(ui) = {vi} and NL3
(u j) = {v j}. Otherwise,

suppose that vk ∈ NL3
(ui) \ {vi}. Clearly, vi vk /∈ E(G); otherwise G con-

tains a C3. Then {vi , vk, w, u j} ∼= 2K1 ∪ K2, a contradiction. For any vertex
uk ∈ L2\{ui , u j}, we have that NL3

(uk) = {vi} or NL3
(uk) = {v j}. Otherwise,

suppose that vk is a vertex of L3 different from vi , v j that is adjacent to uk.
Then {ui , u j , uk, vk} ∼= 2K1 ∪ K2, a contradiction. Thus, L3 = {v1, v2} and
every vertex of L2 has degree 2. Since G is 1-tough and L2 is independent,
l2 ≤ 3. Since l2 = d(w) ≥ 3, l2 = 3. Without loss of generality, assume that
u1v1, u2v2, u3v2 ∈ E(G). Then {u2, u3, u1, v1} ∼= 2K1∪K2, a contradiction.

To complete the proof of Claim 2, we consider two cases.

Case A. L4 = {z1}. Suppose that v1 is a neighbor of z1 in L3. Since G is
1-tough, the two independent sets L2 and L3 obviously have the same order,
i.e., l2 = l3 ≥ 3. If there is a vertex vi ∈ L3 \ {v1} such that viz1 /∈ E(G),
then {w, vi , v1, z1} ∼= 2K1 ∪ K2, a contradiction. Hence, N(z1) = L3. If there
are two vertices ui , u j ∈ L2 that are not adjacent to a vertex vk ∈ L3, then
{ui , u j , vk, z1} ∼= 2K1 ∪ K2, a contradiction. If all the vertices of L2 are neigh-
bors of vk, then d(vk) = l2 + 1 > d(w), contradicting the assumption that w
is a vertex with maximum degree. Thus, every vertex of L3 has exactly l2−1
neighbors in L2. Similarly, every vertex of L2 has exactly l3 − 1 neighbors in
L3. Hence, G is a balanced bipartite graph Ks,s − M∗ with two independent
vertex set L2∪{z1} and L3∪{w}, where s = l2+1= l3+1 and M∗ is a perfect
matching of Ks,s.

Case B. L4 = ;. Since G is 1-tough, l2 = l3 + 1. For a vertex uk ∈ L2, if there
are two vertices vi , v j ∈ L3 that are not neighbors of uk, then {vi , v j , uk, w} ∼=
2K1∪K2, a contradiction. Thus, every vertex of L2 has at least l3−1 neighbors
in L3, and has degree at least l3 in the graph G. For a vertex vk ∈ L3, suppose
that vkuk ∈ E(G). If there are two vertices ui , u j ∈ L2 that are not neighbors
of vk, then {ui , u j , vk, uk} ∼= 2K1 ∪ K2, a contradiction. Thus, every vertex of
L3 has at least l2 − 1 = l3 neighbors in L3. Hence, G is a balanced bipartite
graph Ks,s − M with two independent vertex sets L2 and {w} ∪ L3, where
s = l2 = l3 + 1 and M is a matching of Ks,s with 0≤ |M | ≤ s− 1.



92 Chapter 6. Toughness, forbidden subgraphs and pancyclicity

In both cases, we conclude that G is either C4 or Ks,s−M , where s ≥ 3 and M is
a matching of Ks,s with 0≤ |M | ≤ s. This completes the proof of Claim 2.

Claim 3. If the minimum cycle of G is C3 and G 6= C3, then G contains
C4, unless G = C+6 , where C+6 is the graph obtained by adding an edge to C6

between two vertices at distance 2 in C6.

Proof. Suppose that C = abca is a 3-cycle of G. For a component H of G −
V (C), H has at least two neighbors on C . If one vertex of H has two neighbors
on C , then G contains C4, and the claim holds. Assume that each vertex of
H is adjacent to at most one vertex of C . Suppose that a1, b1 ∈ V (H) and
aa1, bb1 ∈ E(G). If a1 b1 ∈ E(G), then G contains C4, and the claim holds.
Assume that a1 b1 /∈ E(G). Let P = a1 x1 x2 . . . xs b1 be a shortest (a1, b1)-path
in H. We prove the following claims.

Claim 3.1. s = 1, i.e., P = a1 x1 b1.

Proof. Suppose that s ≥ 2. Since P is a shortest path, x1 b1 /∈ E(G). If x1c ∈
E(G), then G contains C4, and the claim holds. Assume x1c /∈ E(G). Then
{b1, c, a1, x1} ∼= 2K1 ∪ K2, a contradiction.

Claim 3.2. H = P.

Proof. Suppose, by contradiction, that w ∈ V (H)\{a1, x1, b1}. If wa1 ∈ E(G)
and wb1 ∈ E(G), then a1wb1 x1a1 is a 4-cycle, and the claim holds. Without
loss of generality, we assume that wb1 /∈ E(G). If wa1 ∈ E(G) and wc ∈ E(G),
then a1wcaa1 is a 4-cycle, and the claim holds. If wa1 ∈ E(G) and wc /∈
E(G), then {c, b1, a1, w} ∼= 2K1 ∪ K2, a contradiction. Thus, wa1 /∈ E(G), and
NH(a)∪ NH(b) = {x1}. There must be a vertex w′ ∈ V (H) \ {a1, x1, b1} such
that w′x1 ∈ E(G) (possibly w′ = w). If w′b ∈ E(G), then w′bb1 x1w′ is a
4-cycle, and the claim holds. Assume that w′b /∈ E(G). If w′c ∈ E(G), then
{a1, b1, w′, c} ∼= 2K1 ∪ K2, a contradiction. If w′c /∈ E(G), then {a1, w′, b, c} ∼=
2K1 ∪ K2, a contradiction. Hence, H = P.

By Claim 3.2, H = a1 x1 b1. If x1 is adjacent to a vertex of C , then G contains
C4, and the claim holds. Assume that x1 has no neighbor on C . If G − V (C)
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has no other component than H, then G is C+6 , and the claim holds. If H ′

is a component of G − V (C) different from H, then H ′ is trivial; otherwise,
an edge of H ′ with a1, b1 will induce a 2K1 ∪ K2, a contradiction. Since G is
1-tough, the vertex of H ′ has two neighbors on C . Thus, G contains C4, and
the claim holds.

By Claims 1 and 2, if G has no 3-cycle, then G is C4, C5, C6 or Ks,s−M , where
s ≥ 3 and M is a matching of Ks,s with 0 ≤ |M | ≤ s. By Claim 3, if G has a
3-cycle and G is not C3, then G has a 4-cycle, unless G is C+6 . Now we assume
that G /∈ {C4, C5, C6, C+6 , Ks,s −M}, hence that G has a C3 and a C4. Next we
will show that G is pancyclic by proving the following fact.

Fact: If G has a k-cycle (k = 4,5, . . . , n− 1), then G has a (k+ 1)-cycle.

Proof. Suppose, by contradiction, that G has a k-cycle but no (k + 1)-cycle
for some k ∈ {4,5, . . . , k− 1}. Let C = v1v2 . . . vkv1 be a k-cycle, and let H be
a component of G − V (C). Since G is 1-tough, H has at least two neighbors
on C . We distinguish the cases that H is trivial, i.e., |V (H)| = 1, and that all
components of G − V (C) contain at least one edge.

Case 1. H is trivial.
Suppose that H = {w}. Denote NC(w) = {u1, u2, . . . , us}, with s ≥ 2, the
vertices ui chosen in this order according to the orientation of C , and taking
us+1 = u1. Clearly, ui+1 6= u+i for any i ∈ {1, 2, . . . , s}; otherwise G contains
a (k + 1)-cycle, a contradiction. Now, the s neighbors of H on C divide the
cycle C into s segments. Let Si be the segment of C from u+i to u−i+1, denoted
as Si = x i1 x i2 . . . x iri

. We again prove a number of claims.

Claim 4. For any i ∈ {1,2, . . . , s}, ri is odd, and x11
x i j
/∈ E(G) for every odd

j, and x11
x i j
∈ E(G) for every even j.

Proof. We divide the proof into two cases according to the length of the seg-
ment S1.

Case A. |S1| = 1. In this case, S1 = x11
, and the claim holds for segment

S1 itself. For any segment Si (i = 2, 3, . . . , s), we have that if x11
x i j
∈ E(G),

then x11
x i j+1

/∈ E(G); otherwise, suppose that x11
x i j
∈ E(G) and x11

x i j+1
∈
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E(G). Then there is a (k+1)-cycle u1wu2C x i j
x11

x i j+1
Cu1, a contradiction. If

x11
x i j
/∈ E(G), then x11

x i j+1
∈ E(G); otherwise, suppose that x11

x i j
/∈ E(G)

and x11
x i j+1

/∈ E(G). Then {w, x11
, x i j

, x i j+1
} ∼= 2K1 ∪ K2, a contradiction. For

the first vertex x i1 and the last vertex x iri
of a segment, we have x11

x i1 /∈ E(G)

and x11
x iri

/∈ E(G); otherwise, u1wuiC x11
x i1 Cu1 or u2wui+1C x11

x iri
Cu2 is a

(k + 1)-cycle, a contradiction. Thus, the neighbors of x11
occur alternately

along the cycle on every segment Si , and the two end vertices of Si are not its
neighbor. Hence, ri is odd, and x11

x i j
/∈ E(G) for every odd j, and x11

x i j
∈

E(G) for every even j.

Case B. |S1| ≥ 2. First, we deal with the segment S1. We have that x11
x21

/∈
E(G); otherwise, u1wu2C x11

x21
Cu1 is a (k + 1)-cycle, a contradiction. We

also have that x12
x21
∈ E(G); otherwise, {w, x21

, x11
, x12
} ∼= 2K1 ∪ K2, a con-

tradiction. If x11
x1 j
∈ E(G) and x11

x1 j+1
∈ E(G), then we have a (k + 1)-

cycle u1wu2C x1 j+1
x11

x1 j
C x12

x21
Cu1, a contradiction. If x11

x1 j
/∈ E(G) and

x11
x1 j+1

/∈ E(G), then {w, x11
, x1 j

, x1 j+1
} ∼= 2K1 ∪ K2, a contradiction. For the

last vertex x1r1
of S1, we will show that it is not a neighbor of x11

. Suppose
that |S2| ≥ 2. We have that x11

x22
∈ E(G); otherwise, {w, x11

, x21
, x22
} ∼=

2K1∪K2, a contradiction. If x11
x1r1
∈ E(G), then u1wu2 x21

x12
C x1r1

x11
x22

Cu1

is a (k + 1)-cycle, a contradiction. Suppose that |S2| = 1. If x11
x1r1
∈ E(G),

then u2wu3C x11
x1r1

C x12
x21

u2 is a (k + 1)-cycle, a contradiction. Hence,
x11

x1r1
/∈ E(G). Then the neighbors of x11

on segment S1 occur alternately
along the cycle, and the first vertex and the last vertex of S1 are not its neigh-
bor. Therefor, r1 is odd and the claim holds for segment S1.

Next, we consider the other segments Si (i = 2,3, . . . , s). Similar with
x21

, for x i1 we have that x11
x i1 /∈ E(G). Also, we have that x12

x i1 ∈ E(G);
otherwise, {w, x i1 , x11

, x12
} ∼= 2K1 ∪ K2, a contradiction. If x11

x i j
∈ E(G) and

x11
x i j+1

∈ E(G), then we have a (k+1)-cycle u1wuiC x12
x i1 C x i j

x11
x i j+1

Cu1, a
contradiction. If x11

x i j
/∈ E(G) and x11

x i j+1
/∈ E(G), then {w, x11

, x i j
, x i j+1

} ∼=
2K1 ∪ K2, a contradiction. Thus the neighbors of x11

occur alternately on
every segment Si along the cycle. Moreover, x11

x iri
/∈ E(G); otherwise, we

have a (k + 1)-cycle uiwui+1C x11
x iri

C x i1 x12
Cui , a contradiction. Hence, ri

is odd, and x11
x i j
/∈ E(G) for every odd j, and x11

x i j
∈ E(G) for every even

j.
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Denote W = NC(w) and A = NC(x11
) \W . By Claim 4, |W |+ |A| = |V (C)|

2 . If
N(x11

) = NC(x11
), then A∪W is a cut set and G − (A∪W ) generates at least

three components, including two trivial components with vertex sets {w} and
{x11
}. Since G is 2K1∪K2-free, all the other components are also trivial. Then

we get |V (C)|2 +1 components by deleting |V (C)|2 vertices, contradicting the fact
that G is 1-tough. Hence, we next assume that x11

has a neighbor outside
the cycle C . Suppose that y is a neighbor of x11

in G − V (C). Then y 6= w
and yw /∈ E(G). Denote B = V (C) \ (W ∪A). Before continuing the proof for
Case 1, we first prove three more claims.

Claim 5. B ⊆ N(y), A ∩ N(y) = ;, W ∩ N(y) = ; and A, B, and W are
independent sets.

Proof. By the definition of B, we have B ∩ N(x11
) = ;. If there is a vertex

vi ∈ B such that b y /∈ E(G), then {w, vi , x11
, y} ∼= 2K1 ∪ K2, a contradiction.

Hence, B ⊆ N(y). Suppose that v j ∈ A and v j y ∈ E(G). Since v+j ∈ B,
v+j y ∈ E(G), and there is a (k + 1)-cycle, a contradiction. For any vertex
vi ∈ W , v−i , v+i ∈ B, hence v−i y, v+i y ∈ E(G). If vi y ∈ E(G), then there is a
(k+ 1)-cycle, a contradiction. Hence, A∩ N(y) = ; and W ∩ N(y) = ;.

If there is an edge vi v j in A, then {w, y, vi , v j} ∼= 2K1∪K2, a contradiction.
If there is an edge vi v j in B, then {w, x11

, vi , v j} ∼= 2K1 ∪ K2, a contradiction.
Suppose vi , v j ∈ W and vi v j ∈ E(G). Since v−i , v−j ∈ B, v−i y, v−j y ∈ E(G).

Then v−i yv−j C vi v jC v−i is a (k+1)-cycle, a contradiction. Hence, A, B, and W
are independent sets.

Claim 6. A= ;.

Proof. Suppose, by contradiction, that A 6= ;. We claim that every vertex of
A is adjacent to every vertex of W ; otherwise, suppose that vi ∈ A, v j ∈ W
and vi v j /∈ E(G). Then, using Claim 5 we have that {y, vi , v j , w} ∼= 2K1 ∪ K2,
a contradiction. Suppose that vi ∈ A and v j ∈ W , with vi v j ∈ E(G). Since
v+i , v+j ∈ B, by Claim 5, v+i y ∈ E(G), v+j y ∈ E(G). Then there is a (k + 1)-

cycle v+i yv+j C vi v jC v+i , a contradiction.
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By Claim 6, Si = x i1 for every i ∈ {1,2, . . . , s}, and V (C) = B ∪W , |B| = |W |.
By Claim 5, we have that B and W are independent sets and B ⊆ N(y), W =
N(w), W ∩ N(y) = ;.

Claim 7. NG−V (C)(C) = {w, y}.

Proof. Suppose, by contradiction, that z ∈ NG−V (C)(C) \ {w, y}. If zvi ∈ E(G)
and vi ∈ B, then yz /∈ E(G); otherwise, viz yv+2

i C vi is a (k + 1)-cycle, a
contradiction. Then, {y, z, v+i , w} ∼= 2K1 ∪ K2, a contradiction. Now sup-
pose that zvi ∈ E(G) and vi ∈ W . We have that yz ∈ E(G); otherwise,
{w, z, y, v+i }

∼= 2K1 ∪ K2, a contradiction. If there is another vertex z′ ∈
NG−V (C)(C) \ {w, y, z}, using the same arguments, we have that NC(z′) ⊆ W
and z′ y ∈ E(G), z′w /∈ E(G). That means, if NG−V (C)(C) 6= {w, y}, then every
vertex a ∈ NG−V (C)(C)\{w, y} has the properties: a y ∈ E(G), aw /∈ E(G) and
NC(a) ⊆ W . By deleting the vertices of W ∪ {y} we obtain at least |B| + 2
components, contradicting the fact that G is 1-tough.

Now, we are ready to complete the proof for Case 1. By Claim 7, the compo-
nent that contains y is trivial; otherwise y is a cut vertex. Thus, G−V (C) has
precisely two trivial components {w} and {y}. Since k ≥ 4, |B| = |W | ≥ 2. If
there are two vertices vi , v j ∈W that are not adjacent to a vertex vk ∈ B, then
{vi , v j , vk, y} ∼= 2K1 ∪ K2, a contradiction. If there are two vertices vi , v j ∈ B
that are not adjacent to a vertex vk ∈ W , then {vi , v j , vk, w} ∼= 2K1 ∪ K2, a
contradiction. Thus, each vertex of W has at least |B| − 1 neighbors in B and
each vertex of B has at least |W | − 1 neighbors in W . Hence, G is a balanced
bipartite graph Ks,s−M with two vertex set {w}∪B and {y}∪W , where s ≥ 3
and M is a matching of Ks,s. Since wy /∈ E(G), 1 ≤ |M | ≤ s. This contradicts
the assumption and completes the proof for Case 1.

Case 2. All the components of G − V (C) contain at least one edge.

Suppose that H is a component of G − V (C). We distinguish three subcases
according to the distribution of NC(H), in particular whether there are non-
trivial segments (containing at least one nonneighbor of H between two sub-
sequent neighbors of H on C) or not. We start with the subcase that there are
at least two such segments.
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Case 2.1. There are at least two nontrivial segments on C .

For a vertex vi ∈ V (C), if vi /∈ NC(H) and v−i ∈ NC(H), then we say vi is a
break vertex. By the assumption, there are at least two break vertices on C .
We call any two break vertices a break pair. Let S denote the set of all break
vertices, and call S the break set (of C). We use the shorthand S is complete
to indicate that S induces a complete graph in G. Suppose ab is an edge of
H. We next prove four claims.

Claim 8. S is complete, V (H) = {a, b}, and V (C) \ S ⊆ N(a)∪ N(b), hence
S = V (C)\NC(H). Moreover, for any two subsequent break vertices vi , v j ∈ S,
|v+i C v−j | is even, and the vertices of v+i C v−j are alternately neighbors of a
and b.

Proof. First, we have that V (C) \ NC(H) induces a complete graph; other-
wise, suppose that vi , v j are two nonadjacent vertices of V (C) \NC(H). Then
{vi , v j , a, b} ∼= 2K1 ∪ K2, a contradiction. Hence, S is complete, since S ⊆
V (C) \ NC(H). Also, H is a complete graph; otherwise, suppose that w1, w2

are two nonadjacent vertices of H, and vi , v j are two vertices of V (C)\NC(H).
Then {w1, w2, vi , v j} ∼= 2K1 ∪ K2, a contradiction.

Suppose that {vi , v j} is a break pair and in the segment v+i C v−j there is
no other break vertex. Since vi , v j ∈ S, vi v j ∈ E(G). We have that NH(v−i ) ∩
NH(v−j ) = ;; otherwise, let w ∈ NH(v−i )∩NH(v−j ). Then v−i wv−j C vi v jC v−i is a
(k+1)-cycle, a contradiction. Since H is complete, without loss of generality,
we assume that v−i a ∈ E(G) and v−j b ∈ E(G). Then v+i 6= v−j ; otherwise,
v−i abv−j C v−i is a (k + 1)-cycle, a contradiction. If v+i /∈ NC(H), then v+i v j ∈
E(C), and v−i abv−j C v+i v jC v−i is a (k+ 1)-cycle, a contradiction. Hence, v+i ∈
NC(H). We have that NH(v+i ) = {a}; otherwise, suppose that v+i c ∈ E(G) and
c ∈ V (H) \ {a}. Then v−i acv+i C v−i is a (k + 1)-cycle, a contradiction. Since
v+2

i is not a break vertex and v−i , v+i ∈ N(a), we have v+2
i ∈ N(b); otherwise,

{vi , v+2
i , a, b} ∼= 2K1 ∪ K2, a contradiction. If V (H) 6= {a, b}, suppose c ∈

V (H) \ {a, b}. Then v−i acbv+2
i C v−i is a (k+ 1)-cycle, a contradiction. Hence,

V (H) = {a, b}.
Since v+i C v−j contains no other break vertex, v+i C v−j ⊆ NC(H) = N(a) ∪

N(b). Since G has no (k + 1)-cycle, the vertices of v+i C v−j are alternately
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neighbors of a and b. And since the two end vertices of v+i C v−j belong to
different neighbor sets of a and b, |v+i C v−j | is even.

By the definition of break vertex, any two break vertices are not consec-
utive vertices on C . Thus the break vertices divide the cycle into segments,
and from the above analysis we know that each segment (between two break
vertices, and not containing any break vertices) belongs to the union of the
neighbor sets of a and b. Hence, V (C) \ S ⊆ N(a) ∪ N(b), and therefore,
S = V (C) \ NC(H).

Claim 9. |S|= 2.

Proof. Suppose, by contradiction, that |S| ≥ 3. Assume that vi , v j , vk ∈ S. By
Claim 8, S is complete. Thus, vi v j , vi vk, v j vk ∈ E(G). Since V (H) = {a, b},
two of the three vertices v−i , v−j , v−k have a common neighbor in {a, b}. With-

out loss of generality, assume that v−i , v−j ∈ N(a). Then v−i av−j C vi v jC v−i is a
(k+ 1)-cycle, a contradiction.

Suppose that S = {vs, vt}. By Claim 8, all vertices of V (C) \ {vs, vt} are ad-
jacent to a or b alternately, v−s , v+s share the same neighbor in {a, b}, while
v+s , v−t have different neighbors in {a, b}. Thus, we have that either v−s , v+s ∈
N(a) and v−t , v+t ∈ N(b), or v−s , v+s ∈ N(b) and v−t , v+t ∈ N(a). Without loss of
generality, we assume that v−s , v+s ∈ N(a) and v−t , v+t ∈ N(b). Let A= NC(a),
B = NC(b). Clearly, A∩ B = ;, |A|= |B| and V (C) = A∪ B ∪ S.

Claim 10. A∪ {vt} and B ∪ {vs} are independent sets.

Proof. First, we prove that A and B are independent sets. Suppose that vi , v j ∈
A and vi v j ∈ E(G). If {vi , v j} = {v−s , v+s }, then v+s abv+2

s C v−s v+s is a (k + 1)-
cycle, a contradiction. If {vi , v j} 6= {v−s , v+s }, then either v+i , v+j ∈ B or v−i , v−j ∈
B. Without loss of generality, assume that v+i , v+j ∈ B. Then v+i bv+j C vi v jC v+i
is a (k + 1)-cycle, a contradiction. Hence, A is independent. Similarly, B is
also independent.

Next, we prove that N(vt) ∩ A = ; and N(vs) ∩ B = ;. Suppose that
vi ∈ A and vi vt ∈ E(G). Clearly, either v−i ∈ B or v+i ∈ B. Without loss of
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generality, assume v−i ∈ B. Then we have a (k + 1)-cycle v−t bv−i C vt viC v−t , a
contradiction. Hence, N(vt)∩ A= ;. Similarly, N(vs)∩ B = ;.

Claim 11. G − V (C) = H.

Proof. Suppose that w ∈ V (G) \ (V (C) ∪ V (H)). We have that wvs, wvt ∈
E(G); otherwise, suppose that wvs /∈ E(G). Then {w, vs, a, b} ∼= 2K1 ∪ K2,
a contradiction. Since G has no (k + 1)-cycle, v−s , v+s , v−t , v+t /∈ N(w). Using
Claim 10, {v−t , v+t , vs, w} ∼= 2K1 ∪ K2, a contradiction.

For a vertex vi ∈ A, if vi vs /∈ E(G), then {vi , b, vs, vt} ∼= 2K1 ∪ K2, a contradic-
tion. Hence, for each vertex vi ∈ A, vi vs ∈ E(G). Similarly, for each vertex
v j ∈ B, v j vt ∈ E(G). If there are two vertices vi , v j ∈ B that are not adjacent to
a vertex vk ∈ A, then {vi , v j , vk, a} ∼= 2K1 ∪ K2, a contradiction. Hence, every
vertex of A has at least |B|−1 neighbors in B. Similarly, every vertex of B has
at least |A| −1 neighbors in A. Let A′ = A∪{vt}∪ {b} and B′ = B ∪{vs}∪ {a}.
From the above analysis, we conclude that G = Kp,p−M for the two indepen-
dent vertex set A′ and B′, and a matching M of Kp,p. Since vs b, vt a /∈ E(G),
2 ≤ |M | ≤ p. This final contradiction to the assumption completes the proof
for Case 2.1.

Case 2.2. There is precisely one nontrivial segment on C .

In this subcase, there exist two vertices vi , v j on C such that viC v j ⊆ NC(H)
and v+j C v−i ∩ NC(H) = ;. Let P = v+j C v−i , and let ab be an edge of H. We
again start by proving several claims and considering some subcases.

Claim 12. |V (P)| ≤ 2.

Proof. Suppose, by contradiction, that |V (P)| ≥ 3. We have that 〈V (P)〉 is
complete; otherwise, any two nonadjacent vertices of P together with the
edge ab will induce a 2K1 ∪ K2. Similarly, H is complete; otherwise, two
nonadjacent vertices of H together with an edge of P will induce a 2K1 ∪ K2,
a contradiction. Let vk, v+k be two consecutive vertices of NC(H), and w1, w2

be their neighbors in H, respectively. Then w1w2 ∈ E(G) and we get a (k+1)-
cycle vkw1w2v+k C v+j v+3

j C vk, a contradiction.
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We distinguish the subcases that |V (P)|= 2 and |V (P)|= 1.

Case 2.2.1. |V (P)|= 2, i.e., P = v+j v−i .

For convenience, we denote C = v1v2...vkv1, and NC(H) = v1C vk−2. Then P =
vk−1vk. In this case, H is complete; otherwise, any two nonadjacent vertices
of H together with the edge of P will induce a 2K1 ∪ K2, a contradiction.

Claim 13. V (H) = {a, b} and k is even.

Proof. If v1 and vk−2 have two different neighbors in H, without loss of gener-
ality, assume that v1a, vk−2 b ∈ E(G). Then V (H) = {a, b}; otherwise, suppose
c ∈ V (H)\{a, b}. Then v1acbvk−2C v1 is a (k+1)-cycle, a contradiction. Sup-
pose that NH(v1) = NH(vk−2) = {a}. If v1vk−2 ∈ E(G), then V (H) = {a, b};
otherwise, suppose that c ∈ V (H)\{a, b}, and without loss of generality, sup-
pose v2 b ∈ E(G). Then v1acbv2C vk−2v1 is a (k+ 1)-cycle, a contradiction. If
v1vk−2 /∈ E(G), then V (H) = {a, b}; otherwise, for any vertex c ∈ V (H)\{a, b}
we have {v1, vk−2, b, c} ∼= 2K1 ∪ K2, a contradiction. Hence, V (H) = {a, b}
and V (C) \ V (P) ⊆ N(a)∪N(b). Since G has no (k+ 1)-cycle, each vertex of
V (C) \ V (P) is adjacent to one and only one of {a, b}, alternately. If we can
prove that v1, vk−2 are adjacent to different vertices of {a, b}, then we get that
k is even. First, we have that vkv2 /∈ E(G) and vk−3vk−1 /∈ E(G); otherwise,
suppose vkv2 ∈ E(G). Then v2 bav3C vkv2 (if k ≥ 5) or vkv2 bav1vk (if k = 4)
is a (k + 1)-cycle, a contradiction. Suppose that v1, vk−2 are adjacent to the
same vertex of {a, b}, say a without loss of generality. Clearly, v2vk−1 /∈ E(G).
Then {a, v2, vk−1, vk} ∼= 2K1∪K2, a contradiction. Hence, v1, vk−2 are adjacent
to different vertices of {a, b}, and |V (C) \ V (P)| is even, so k is even.

Let A = NC(a) = {v1, v3, . . . , vk−3}, B = NC(b) = {v2, v4, . . . , vk−2}. Then
V (C) = A∪ B ∪ V (P), A∩ B = ; and |A|= |B|.

Claim 14. G − V (C) = H.

Proof. Suppose, by contradiction, that w ∈ V (G) \ (V (C) ∪ V (H)). To avoid
{w, vk−1, a, b} or {w, vk, a, b} inducing 2K1 ∪ K2, we have that wvk−1, wvk ∈
E(G). Then there clearly is a (k+ 1)-cycle, a contradiction.

Claim 15. A∪ {vk−1} and B ∪ {vk} are independent sets.
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Proof. First, we prove that A and B are independent sets. If |A|= |B|= 1, then
the claim holds. Now we suppose that |A| = |B| ≥ 2. If vi , v j ∈ A and vi v j ∈
E(G), then either v−i , v−j ∈ B or v+i , v+j ∈ B. Without loss of generality, assume

v−i , v−j ∈ B. Then there is a (k + 1)-cycle v−i bv−j C vi v jC v−i , a contradiction.
Hence, A is independent set. Similarly, B is also independent set.

Next, we prove that N(vk−1) ∩ A = ; and N(vk) ∩ B = ;. Suppose that
vi ∈ A and vi vk−1 ∈ E(G). If vi = v1, then vk−1v1abv2C vk−1 is a (k + 1)-
cycle. If vi 6= v1, then v−i ∈ B and v−i bvk−2C vi vk−1C v−i is a (k + 1)-cycle, a
contradiction. Hence, N(vk−1)∩ A= ;. Similarly, N(vk)∩ B = ;.

If there is a vertex vi ∈ A such that vi vk /∈ E(G), then vi 6= v1. Since v1 ∈ A,
vi v1 /∈ E(G). Then {b, vi , vk, v1} ∼= 2K1 ∪ K2, a contradiction. Hence, A ⊆
N(vk). Similarly, B ⊆ N(vk−1). If there are two vertices vi , v j ∈ B that are
not adjacent to a vertex vs ∈ A, then {vi , v j , vs, a} ∼= 2K1∪K2, a contradiction.
Hence, each vertex of A has at least |B| − 1 neighbors in B. Similarly, each
vertex of A has at least |B| −1 neighbors in B. Thus, G = Ks,s −M for the two
independent vertex sets A∪{b}∪{vk−1} and B∪{a}∪{vk}, and a matching M
of Ks,s. Since avk−1 /∈ E(G) and bvk /∈ E(G), 2 ≤ |M | ≤ s. This contradiction
to the assumption completes the proof for Case 2.2.1.

Case 2.2.2. |V (P)|= 1.

Without loss of generality, we assume that vk is the only vertex that has no
neighbor in H.

Claim 16. |V (H)| ≥ 3.

Proof. Suppose, by contradiction, that V (H) = {a, b}. All vertices except vk

of C are adjacent to a or b. Without loss of generality, assume v1 ∈ N(a).
Since G has no (k + 1)-cycle, k is even, and NC(a) = {v1, v3, v5, . . . , k − 1},
NC(b) = {v2, v4, v6, . . . , k − 2}. Denote A = NC(a) and B = NC(b). Then
V (C) = A∪ B ∪ {vk}, and A∩ B = ;.

Claim 16.1. G − V (C) = H.

Proof. Suppose that H ′ is another component of G − V (C). We have that
V (H ′) ⊆ N(vk); otherwise, suppose that w ∈ V (H ′) and wvk /∈ E(G). Then
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{w, vk, a, b} ∼= 2K1 ∪ K2, a contradiction. Now v1, vk−1 /∈ NC(H ′); otherwise
there is a (k+1)-cycle. Since k ≥ 4 and |NC(H ′)| ≥ 2, the neighbors of H ′ on
C are not consecutive, and we are in Case 2.1, a contradiction.

Claim 16.2. A and B are independent sets.

Proof. Suppose that vi , v j ∈ A and vi v j ∈ E(G). If {vi , v j} = {v1, vk−1}, then
v1abv2C vk−1v1 is a (k+1)-cycle, a contradiction. If {vi , v j} 6= {v1, vk−1}, then
either v+i , v+j ∈ B or v−i , v−j ∈ B, say v+i , v+j ∈ B without loss of generality.

Then we have a (k + 1)-cycle v+i bv+j C vi v jC v+i , a contradiction. Hence, A is
an independent set. If vi , v j ∈ B and vi v j ∈ E(G), then v+i , v+j ∈ A and we get

a (k+1)-cycle v+i av+j C vi v jC v+i , a contradiction. Hence, B is an independent
set.

Claim 16.3. A⊆ N(vk) and N(vk)∩ B = ;.

Proof. Suppose there is a vertex vi ∈ A such that vi vk /∈ E(G). Clearly,
vi 6= v1, and vi v1 /∈ E(G) by Claim 16.2. Then {b, vi , vk, v1} ∼= 2K1 ∪ K2,
a contradiction. Hence, A ⊆ N(vk). If v j ∈ B such that v j vk ∈ E(G), then
v−j ∈ A and there is a (k+1)-cycle v−j avk−1C v j vkC v−j , a contradiction. Hence,
N(vk)∩ B = ;.

If there are two vertices vi , v j ∈ B that are not adjacent to a vertex vk ∈ A, then
{vi , v j , vk, a} ∼= 2K1 ∪ K2, a contradiction. Similarly, if there are two vertices
vi , v j ∈ A that are not adjacent to a vertex vk ∈ B, then {vi , v j , vk, b} ∼= 2K1∪K2,
a contradiction. Hence, every vertex of A has at least |B| − 1 neighbors in B,
and every vertex of B has at least |A| − 1 neighbors in A. Thus, G = Ks,s −M
for the two independent sets A∪{b} and B∪{a}∪{vk}, and a matching M of
Ks,s. Since bvk /∈ E(G) and A∪ {b} ⊆ N(a), 1 ≤ |M | ≤ s− 1. This contradicts
the assumption.

Claim 17. H is not complete.

Proof. Suppose, by contradiction, that H is complete. Using Claim 16, if
v1w1 ∈ E(G), vk−1w2 ∈ E(G) for two distinct vertices w1, w2 ∈ V (H), then
v1w1w2vk−1C v1 is a (k + 1)-cycle, a contradiction. Hence v1 and vk−1 have



6.4. Proof of Theorem 6.7 103

only one common neighbor, say w1. We have that vkvk−2 /∈ E(G); otherwise,
v1C vk−2vkvk−1w1v1 is a (k + 1)-cycle, a contradiction. Suppose that w1w2 ∈
E(H). To avoid {vk, vk−2, w1, w2} inducing 2K1∪K2, we have w2vk−2 ∈ E(G).
Since |V (H)| ≥ 3 and H is complete, there is another vertex w3 ∈ V (H) \
{w1, w2} and w1w3, w2w3 ∈ E(G). Then v1C vk−2w2w3w1v1 is a (k+1)-cycle,
a contradiction. Hence, H is not complete.

Denote A= {vi ∈ V (C) | 1 ≤ i < k and i is odd}, B = {vi ∈ V (C) | 2 ≤ i < k
and i is even}, and denote AH = NH(A) and BH = NH(B).

Claim 18. AH and BH are independent sets.

Proof. It is sufficient if we can prove that for any two vertices vi , v j (1 ≤
i < j < k) such that |viC v j| is odd, either they share a common neighbor
in H or their neighbors in H are nonadjacent. We use induction to prove
that fact. First, suppose that |viC v j| = 3. If vi , v j have different neighbors
in H, say w1, w2, respectively, then using Claim 17, w1w2 ∈ E(H). But then
viw1w2v jC vi is a (k + 1)-cycle, a contradiction. Hence the claim holds for
the case |viC v j| = 3. Now suppose that the claim holds for |viC v j| ≤ 2m− 1
(m ≥ 2). Then it is sufficient to deal with the case |viC v j| = 2m + 1. Sup-
pose that viw1 ∈ E(G), v jw2 ∈ E(G) and w1w2 ∈ E(H). If v+2

i w1 ∈ E(G),
then |v+2

i C v j| = 2m− 1 and w1w2 ∈ E(H), contradicting the assumption. If
v+2

i w2 ∈ E(G), then |viC v+2
i | = 3 and w1w2 ∈ E(H), contradicting the as-

sumption. Hence, v+2
i has a neighbor different from w1, w2 in H, say w3,

and w1w3, w2w3 /∈ E(G). To avoid {w3, v+i , w1, w2} inducing 2K1 ∪ K2, we
have v+i w2 ∈ E(G). For the vertex v−j , by the same arguments we get that
v−j w1 ∈ E(G). Then |v+i C v−j |= 2m−1 and w2, w1 are their neighbors, respec-
tively. Since w1w2 ∈ E(H), that contradicts the induction hypothesis. Hence,
the claim holds for the case |viC v j|= 2m+ 1 and the proof is complete.

Claim 19. AH ∩ BH = ; and V (H) = AH ∪ BH .

Proof. Suppose that there is a vertex w ∈ AH ∩BH . Then w has two neighbors
vi , v j on C such that i is odd and j is even. Clearly, j 6= i + 1, j 6= i − 1
and v+i v+j /∈ E(G); otherwise there is a (k + 1)-cycle. By Claim 18, w has no
neighbor in AH ∪ BH . Since H is connected and nontrivial, there is a vertex
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w′ ∈ V (H)\(AH ∪BH) such that ww′ ∈ E(G). Since NH(C) = AH ∪BH , w′v+i /∈
E(G) and w′v+j /∈ E(G). Then {v+i , v+j , w, w′} ∼= 2K1 ∪ K2, a contradiction.
Hence, AH ∩ BH = ;.

Suppose that w ∈ V (H)\(AH∪BH). Since NH(C) = AH∪BH , N(w)∩V (C) =
;. Assume that w1 ∈ BH and w1v2 ∈ E(G). We have that ww1 ∈ E(G); other-
wise, {w, w1, v1, vk} ∼= 2K1∪K2, a contradiction. Assume that w2vk−1 ∈ E(G).
We have that w2 6= w1; otherwise, vkv3 /∈ E(G) and {vk, v3, w1, w} ∼= 2K1∪K2,
a contradiction. If ww2 ∈ E(G), then we get a (k+1)-cycle v2C vk−1w2ww1v2,
a contradiction. Thus, ww2 /∈ E(G). To avoid {w, w2, v1, vk} or {w2, vk, w, w1}
inducing 2K1 ∪ K2, we have that w2v1 ∈ E(G) and w2w1 ∈ E(G). Thus,
w2 ∈ AH and vk−1 ∈ A. We have v1vk−1 /∈ E(G); otherwise, v1w2w1v2C vk−1v1

is a (k + 1)-cycle, a contradiction. Since AH ∩ BH = ;, w1vk−1 /∈ E(G). Then
{v1, vk−1, w, w1} ∼= 2K1 ∪ K2, a contradiction. Hence, V (H) = AH ∪ BH .

Claim 20. |BH | ≥ 2.

Proof. Suppose, by contradiction, that BH = {w}. Since V (H) = AH ∪ BH

and |V (H)| ≥ 3, |AH | ≥ 2. Suppose first that k is odd. Then vk−1w ∈ E(G).
Suppose that v1w1 ∈ E(G) and w1 ∈ AH . We have that ww1 /∈ E(G); oth-
erwise, v1C vk−1ww1v1 is a (k + 1)-cycle, a contradiction. By Claim 18 and
Claim 19, w1 has no neighbor in H, contradicting the fact that H is con-
nected. Hence, k is even. Moreover, we have that B ∪ {vk} is an indepen-
dent set; otherwise, suppose that vi , v j ∈ B ∪ {vk} and vi v j ∈ E(G). Then
{w1, w2, vi , v j} ∼= 2K1 ∪ K2, where w1, w2 ∈ AH , a contradiction. Now, if we
delete all the vertices of A∪{w}, then we will get |B∪{vk}|+ |AH | trivial com-
ponents. Since |B∪{vk}|= |A| and |AH | ≥ 2, |B∪{vk}|+ |AH |> |A∪{w}|. This
contradicts the fact that G is 1-tough.

By Claims 18–20, there are two vertices w1, w2 ∈ BH such that w1w2 /∈ E(G)
and w1, w2 /∈ N(v1). Then {w1, w2, v1, vk} ∼= 2K1∪K2, our final contradiction
that completes the proof for Case 2.2.

Case 2.3. There is no nontrivial segment on C .
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In this case, all the vertices of C are neighbors of a component H of G−V (C).
We first claim that H has at least three vertices; otherwise G belongs to the
class of graphs that we have excluded.

Claim 21. |V (H)| ≥ 3.

Proof. Suppose, by contradiction, that V (H) = {a, b}. Then all the vertices of
C are adjacent to a or b. Without loss of generality, assume that v1a ∈ E(G).
Then we have that k is even and NC(a) = {vi | 1 ≤ i ≤ k and i is odd},
NC(b) = {v j | 1 ≤ j ≤ k and i is even}. Denote A= NC(a), B = NC(b). Then
V (C) = A∪ B.

Claim 21.1. A and B are independent sets.

Proof. Suppose that vi , v j ∈ A. Clearly, v+i , v+j ∈ B. If vi v j ∈ E(G), then we

get a (k+1)-cycle v+i bv+j C vi v jC v+i , a contradiction. Hence, A is independent.
Similarly, B is also independent.

Claim 21.2. G − V (C) = H or V (G) \ (V (C) ∪ V (H)) = {a′, b′}. Moreover,
in the latter case A⊆ N(a′) and B ⊆ N(b′).

Proof. Since G is 2K1∪K2-free and all components of G−V (C) are nontrivial,
G−V (C) has either one component or two complete components. If G−V (C)
has one component, then the claim holds. Suppose that there is another
component H ′ = G− (V (C)∪V (H)). Then there is a vertex a′ ∈ H ′ such that
a′ has a neighbor on C . Without loss of generality, assume a′v1 ∈ E(G). Then
A ⊆ N(a′); otherwise, suppose via

′ /∈ E(G) and vi ∈ A. Then {b, vi , a′, v1} ∼=
2K1 ∪ K2, a contradiction. Hence, A ⊆ N(a′) and B ∩ N(a′) = ;. Suppose
that a′b′ ∈ E(H ′). Then B ⊆ N(b′); otherwise, suppose vi b

′ /∈ E(G) and
vi ∈ B. Then {a, vi , a′, b′} ∼= 2K1 ∪ K2, a contradiction. If V (H ′) 6= {a′, b′},
assume c′ ∈ V (H ′) \ {a′, b′}. Then there is a (k + 1)-cycle v1a′c′b′v4C v1, a
contradiction. Hence, the claim holds.

If there are two vertices vi , v j ∈ B that are not adjacent to a vertex vk ∈ A, then
{vi , v j , vk, a} ∼= 2K1 ∪ K2, a contradiction. Similarly, if there are two vertices
vi , v j ∈ A that are not adjacent to a vertex vk ∈ B, then {vi , v j , vk, b} ∼= 2K1∪K2,
a contradiction. Hence, every vertex of A has at least |B| − 1 neighbors in B,
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and every vertex of B has at least |A|−1 neighbors in A. Thus, if G−V (C) = H,
then G = Ks,s − M for the two independent sets A∪ {b} and B ∪ {a}, and a
matching M of Ks,s. Since N(a) = A∪{b} and N(b) = B∪{a}, 0≤ |M | ≤ s−2.
If V (G)\(V (C)∪V (H)) = {a′, b′}, then G = Ks,s−M for the two independent
sets A∪ {b, b′} and B ∪ {a, a′}, and a matching M of Ks,s. Since ab′ /∈ E(G)
and ba′ /∈ E(G), 2≤ |M | ≤ s. This contradicts the assumption.

Claim 22. H is not complete.

Proof. Suppose, by contradiction, that H is complete. If |NH(C)| = 2 and
NH(C) = {a, b}, then all the vertices of C are neighbors of a or b alternately.
Denote A= NC(a) and B = NC(b). Then |A| = |B| ≥ 2 and A, B are indepen-
dent sets. Taking two vertices vi , v j from A and a vertex c from V (H) \ {a, b},
we get that {vi , v j , b, c} ∼= 2K1 ∪ K2, a contradiction. Hence, |NH(C)| ≥ 3.
Then there are three vertices a, b, c ∈ V (H) and a vertex vi ∈ V (C) such that
avi , bv+i , cv+2

i ∈ E(G). Then we get a (k + 1)-cycle viacv+2
i C vi , a contradic-

tion. Hence, H is not complete.

Using Claim 22, we get that G− V (C) = H; otherwise, suppose H ′ is another
component of G−V (C). Then two nonadjacent vertices of H with an edge of
H ′ will induce a 2K1 ∪K2, a contradiction. Denote A= {vi ∈ V (C) | 1≤ i ≤ k
and i is odd}, B = {vi ∈ V (C) | 2 ≤ i ≤ k and i is even}, and denote AH =
NH(A) and BH = NH(B).

Claim 23. AH and BH are independent sets.

Proof. The only difference between the conditions of Claim 18 and Claim 23
is that vk is a neighbor of H in the latter one but not in the former one. In
the induction proof of Claim 18, the absence of vk does not affect the result.
Hence, the proof of Claim 18 is also valid here.

Claim 24. V (H) = AH ∪ BH and AH ∩ BH = ;.

Proof. Suppose, by contradiction, that V (H) 6= AH ∪ BH . There is a vertex
w ∈ V (G)\(AH ∪ BH) such that ww1 ∈ E(H), where w1 ∈ AH ∪ BH . Since
NH(C) = AH∪BH , w has no neighbor on C . Without loss of generality, assume
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that w1 ∈ AH and w1v1 ∈ E(G). If vkv2 /∈ E(G), then {vk, v2, w1, w} ∼= 2K1∪K2,
a contradiction. Hence, vkv2 ∈ E(G). Suppose that v2w2, v3w3 ∈ E(G) with
w2, w3 ∈ V (H). Obviously, w2 6= w1, w2 6= w3, and since vkv2 ∈ E(G) we
have w1 6= w3 and w1v3, w3v1 /∈ E(G). By Claim 23, w1w3 /∈ E(G). Moreover,
we have w2w3 /∈ E(G); otherwise, v2w2w3v3C vkv2 is a (k + 1)-cycle, a con-
tradiction. If w1w2 /∈ E(G), then {w2, w3, w1, v1} ∼= 2K1∪K2, a contradiction.
Hence, w1w2 ∈ E(G). If k = 4, then we get a (k + 1)-cycle v1w1w2v2vkv1,
a contradiction. Thus, k ≥ 5 and v4 6= vk. We have v1v4 /∈ E(G) and
w1v4 /∈ E(G); otherwise, vkv2w2w1v1v4C vk or v2w2w1v4C v2 is a (k+1)-cycle,
respectively, a contradiction. Then {w3, v4, w1, v1} ∼= 2K1 ∪ K2, a contradic-
tion. Hence, V (H) = AH ∪ BH .

Suppose that w ∈ AH ∩ BH . By Claim 23, w has no neighbor in AH ∪ BH .
Since V (H) = AH ∪BH , w is a independent vertex of H, contradicting the fact
that H is connected. Hence, AH ∩ BH = ;.

Claim 25. k is even.

Proof. For two vertices vi , v j ∈ V (C), if i and j are both odd or both even,
then we say that vi , v j are in the same group, and by Claim 23 we know that
their neighbors on H are independent. Suppose that k is odd, and vkw ∈ E(G)
with w ∈ V (H). Clearly, w ∈ AH . Since v+2

k = v2, v+4
k = v4, . . ., if we relabel

the vertices on C by increasing the subscript of every vertex by one, then vk

becomes v1, v2 becomes v3, . . .. Then the original vk and the original v2, v4, . . .
are in the same group. Then w is independent with every vertex of BH . By
Claims 23 and 24, w has no neighbor in H, contradicting that H is connected.
Hence, k is even.

Claim 26. A and B are independent sets.

Proof. Suppose that vi , v j ∈ A and vi v j ∈ E(G). If |BH | = 1, assume BH =
{w}. Then v+i w, v+j w ∈ E(G) and we get a (k + 1)-cycle v+i wv+j C vi v jC v+i ,
a contradiction. If |BH | ≥ 2, assume w1, w2 ∈ BH . Then {w1, w2, vi , v j} ∼=
2K1∪K2, a contradiction. Hence, A is an independent set. Similarly, B is also
and independent set.
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By Claims 23–26, A∪BH and B∪AH are independent. Since G is 1-tough and
V (G) = A∪ B ∪ AH ∪ BH , we have |A∪ BH |= |B ∪ AH |.

Claim 27. For each vertex x ∈ A∪BH , x has at least |B∪AH |−1 neighbors in
B ∪ AH , and for each vertex y ∈ B ∪ AH , y has at least |A∪ BH | − 1 neighbors
in A∪ BH .

Proof. Suppose that y1, y2 are two vertices of B ∪ AH such that they are not
adjacent to a vertex x ∈ A∪ BH . If x ∈ A and y1, y2 ∈ B, then {y1, y2, x , w} ∼=
2K1 ∪ K2, where w is a neighbor of x in AH , a contradiction. If x ∈ A and
y1, y2 ∈ AH , then {y1, y2, x , x+} ∼= 2K1 ∪ K2, a contradiction. If x ∈ A and
y1 ∈ B, y2 ∈ AH , then there is another vertex y3 ∈ AH\{y2} such that x y3 ∈
E(G), and {y1, y2, x , y3} ∼= 2K1 ∪ K2, a contradiction.

If x ∈ BH and y1, y2 ∈ B, then {y1, y2, x , z} ∼= 2K1 ∪ K2, where z is
a neighbor of x in AH , a contradiction. If x ∈ BH and y1, y2 ∈ AH , then
{y1, y2, x , z′} ∼= 2K1 ∪K2, where z′ is a neighbor of x in B, a contradiction. If
x ∈ BH and y1 ∈ B, y2 ∈ AH , then there is another vertex y ′3 ∈ B\{y1} such
that x y ′3 ∈ E(G), and {y1, y2, x , y ′3}

∼= 2K1 ∪ K2, a contradiction. Hence, for
each vertex x ∈ A∪ BH , x has at least |B ∪ AH | − 1 neighbors in B ∪ AH . By
symmetry, for each vertex y ∈ B∪AH , y has at least |A∪BH |−1 neighbors in
A∪ BH .

By Claim 27, we have that G = Ks,s −M for the two independent sets A∪ BH

and B∪AH , and a matching M of Ks,s with 0≤ |M | ≤ s. This final contradiction
to the assumption completes the proof for Case 2.3, and also completes the
proof of the fact.

This completes the proof of Theorem 6.7. �

6.5 Proof of Theorem 6.8

Before we present our proof of Theorem 6.8, we state the following lemma
to narrow down the category of graphs that we need to consider.

Lemma 6.11 (Hendry [47]). If G is a graph of order n with δ(G)≥ (n+1)/2,
then G is fully cycle extendable.
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Here a graph G is called fully cycle extendable if every vertex of G lies on
a triangle of G and furthermore every nonhamiltonian cycle C of G can be
extended to another cycle C ′ such that V (C) ⊆ V (C ′) and |V (C ′)|= |V (C)|+1.
Hence, if a graph is fully cycle extendable then it is surely pancyclic. By
Lemma 6.11, if δ(G) ≥ (n + 1)/2, then G is pancylic. So we only need to
consider graphs whose minimum degree is less than (n+ 1)/2. Suppose that
G is a graph of order n satisfying the conditions of Theorem 6.8 and with
δ(G) < (n+ 1)/2, i.e., δ(G) ≤ n/2. Let S be a minimal cut set of G. Since
δ(G) ≤ n/2, |S| ≤ n/2. The following claim was given by Li et al. in [54].
We add its proof for convenience.

Claim 1 (Li et al. [54]). Every vertex of S is adjacent to every vertex of
V (G) \ S.

Proof. Clearly, the choice of S implies that for every vertex x ∈ S and every
component H of G − S, x is adjacent to at least one vertex of H; otherwise
S\{x} is a vertex cut, contradicting the choice of S. Suppose that x y /∈ E(G)
for some y ∈ V (G) \ S. Let H be the component of G − S containing y , let P
be a shortest path from y to x with all internal vertices in H, and let y ′ be
a neighbor of x in a component of G − S other than H. Then yP x y ′ is an
induced path on at least 4 vertices, contradicting that G is P4-free.

We now proceed with the proof of Theorem 6.8 and consider two cases.

Case 1. |S|= n/2.

Clearly, n is even and |V (G)\S)|= n/2. Denote S = {x1, x2, . . . , xn/2}, V (G)\
S = {y1, y2, . . . , yn/2}. If S and V (G) \ S are independent sets, then G =
Kn/2,n/2, and we get the result. Without loss of generality, assume that S is not
independent and x1 x2 ∈ E(S). By Claim 1, Kn/2,n/2 is a spanning subgraph of
G. Then from Kn/2,n/2 we can get all cycles of even length from 4 up to n−2
containing x1 but not x2. By inserting x2 after vertex x1 in every even cycle,
we get all cycles of odd length from 5 up to n−1. Since x1 x2 y1 x1 is a 3-cycle
and Kn/2,n/2 contains an n-cycle, G is pancyclic.

Case 2. |S|< n/2.
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Let s = |S|, hence |V (G) \ S| = n − s, and clearly n − s > n/2. Since G is
1-tough, G − S is not independent. Let H be the subgraph of G induced by S
and s vertices of G − S that contain at least one adjacent pair. Then Ks,s is a
spanning subgraph of H. By the same method as in Case 1, we can prove that
H contains cycles of length 3 up to 2s, and hence G contains cycles of length
3 up to 2s.

We know from earlier results that every 1-tough P4-free graph on at least
three vertices is hamiltonian, so G contains a Hamilton cycle C . Let the ver-
tices of S = {x1, x2, . . . , xs} be arranged in this order around C according to
a fixed orientation of C , and denote every segment of C from x i to x i+1 by
Si = x i yi1 yi2 . . . yiri

x i+1 (possible with ri = 0, i.e., no vertex yi in between
for some 1 ≤ i ≤ s). By Claim 1, x i is adjacent to every vertex of Si\{x i+1}.
Hence, if ri 6= 0, then we can get cycles of length from n down to n− ri + 1
using x i yik C x i (1 ≤ k ≤ ri). In this way, if ri 6= 0 for each 1 ≤ i ≤ s, then
we can delete the vertices within every segment one by one, until we are left
with only two end vertices and one inside. Thus, we get cycles with length
from n down to 2s. Hence, G is pancyclic. If ri = 0 for some 1 ≤ i ≤ s, we
can use similar arguments for the segments with ri 6= 0 to get cycles with all
possible missing lengths. Hence, G is pancyclic. This completes the proof of
Theorem 6.8. �



Chapter 7

More on the hamiltonicity of
1-tough graphs

In the previous two chapters, we mentioned the open problem of [54] asking
whether every K1∪P4-free 1-tough graph on at least three vertices is hamilto-
nian. In fact, this problem has already appeared as a conjecture in a paper of
2013 [66]. Another conjecture in [66] states that every K1∪K1,3-free graph G
with τ(G) > 4/3 is hamiltonian. In this chapter we give partial answers cor-
responding to these two conjectures by involving the triangle as an additional
forbidden subgraph.

7.1 Introduction

Nikoghosyan [66] investigated the hamiltonicity of 1-tough graphs by con-
sidering disconnected single forbidden subgraphs, and he presented the fol-
lowing conjectures.

Conjecture 7.1 (Nikoghosyan [66]). Every 1-tough K1 ∪ P4-free graph on at
least three vertices is hamiltonian.

As we saw in the previous chapters, Li et al. [54] considered all possible sub-
graphs of K1 ∪ P4, and they proved that there is no forbidden subgraph apart
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from the subgraphs of K1 ∪ P4 that can ensure every 1-tough graph is hamil-
tonian, leaving K1 ∪ P4 as the only open case. We recall the two results for
convenience.

Theorem 7.1 (B. Li et al. [54]). Let R be an induced subgraph of P4, K1 ∪
P3 or 2K1 ∪ K2. Then every R-free 1-tough graph on at least three vertices is
hamiltonian.

Theorem 7.2 (B. Li et al. [54]). Let R be a graph on at least three vertices. If
every R-free 1-tough graph on at least three vertices is hamiltonian, then R is an
induced subgraph of K1 ∪ P4.

While forbidding any proper subgraph of K1∪P4 can guarantee 1-tough graphs
to be hamiltonian, the case with the graph K1 ∪ P4 itself is still open. Since
Conjecture 7.1 seems to be very hard to resolve, we considered partial so-
lutions. In particular, if we impose the additional condition that the graphs
under consideration are triangle-free, we can prove the following partial re-
sult. Here we use4 to denote a triangle, i.e., a complete graph on 3 vertices.

Theorem 7.3. Every 1-tough {4, K1 ∪ P4}-free graph on at least three vertices
is hamiltonian.

We postpone the proof of Theorem 7.3 to Section 7.2.

Another conjecture in [66] deals with the hamiltonicity of K1 ∪ K1,3-free
graphs. Clearly, Theorem 7.2 implies that the toughness of these graphs must
be strictly larger than one.

Conjecture 7.2 (Nikoghosyan [66]). Every K1∪K1,3-free graph G on at least
three vertices with τ(G)> 4/3 is hamiltonian.

In [66], the Petersen graph was used to show that the condition τ(G) > 4/3
in Conjecture 7.2 cannot be relaxed to τ(G) = 4/3. Similarly as in Theorem
7.3, we involved the triangle as another forbidden subgraph, in order to get
the following partial result related to Conjecture 7.2.

Theorem 7.4. If G is a 1-tough {4, K1 ∪ K1,3}-free graph on at least three
vertices, then G is hamiltonian or the Petersen graph.
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The proof of Theorem 7.4 is postponed to Section 7.3. In [66], Nikoghosyan
also raised the following conjecture.

Conjecture 7.3 (Nikoghosyan [66]). Every K2 ∪ K2-free graph G on at least
three vertices with τ(G)> 1 is hamiltonian.

As far as we know, this conjecture is still open, but it is known from a recent
paper due to Shan [70] that 3-tough 2K2-free graphs on at least three vertices
are hamiltonian. This result considerably improves the result due to Broersma
et al. [16] that 25-tough 2K2-free graphs on at least three vertices are hamil-
tonian. A partial result in [16] deals with triangle-free 2K2-free graphs, and
supplements our results, as follows.

Theorem 7.5 (Broersma et.al [16]). If G is a 1-tough {4, K2∪K2}-free graph
on at least three vertices, then G is hamiltonian.

Another open conjecture from [66] states that every K1 ∪ P5-free graph G on
at least three vertices with τ(G) > 1 is hamiltonian. By involving triangle-
freeness, we propose the following conjecture for future work.

Conjecture 7.4. If G is a 1-tough {4, K1 ∪ P5}-free graph on at least three
vertices, then G is hamiltonian.

7.2 Proof of Theorem 7.3

Suppose, to the contrary, that G is a 1-tough {4, K1 ∪ P4}-free graph on
at least three vertices, but not hamiltonian. Then G contains a cycle. We
choose a longest cycle C of G. Since G is not hamiltonian, we use H to
denote a component of G − V (C). We denote all neighbors of H on C as
NC(H) = {u1, u2, . . . , ut} with t ≥ 2, in this order around C according to a
fixed orientation of C , and we denote the segment of C from u+i to u−i+1 as
Si = u+i Cu−i+1 for i = 1, 2, . . . , t. The next result is obvious, but we give it and
its proof for later reference.

Claim 1. NC(H)+ and NC(H)− are independent, and there is no path outside
C connecting any two vertices of any one of these two sets.
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Proof. Without loss of generality, assume that u+i and u+j are connected by
a path P outside C (possibly P is an edge). We find a cycle longer than C:
uiHu jCu+i Pu+j Cui , a contradiction.

We continue with proving another set of claims that are more specific for this
graph class. We say that two sets A and B are connected by a path outside C
if there is a path between a vertex x ∈ A and y ∈ B with all internal vertices
not on C .

Let Si and S j be two distinct segments.

Claim 2. If segments Si and S j are connected by a path outside C , then
{u+2

j , u+4
j , . . . , u−2

j+1} ⊆ N(u+i ) and {u+2
i , u+4

i , . . . , u−2
i+1} ⊆ N(u+j ), and |Si| and

|S j| are odd.

Proof. Suppose Si and S j are connected by a path outside C . Then we can
find a shortest path from u+i to u+j along u+i C x P yCu+j , where x ∈ Si , y ∈ S j

and P is a path such that V (P) ∩ (V (C) ∪ V (H)) = {x , y}. We use Pi j to
denote this shortest path for segments Si and S j . Then Pi j is an induced path.
If |V (Pi j)| ≥ 4, then any vertex of H together with a subpath of Pi j of length
3 induces a copy of K1 ∪ P4, contradicting the hypothesis. Using Claim 1,
|V (Pi j)| = 3. Thus, P is a path with x = u+i or y = u+j . Denote Pi j = p1p2p3,
with p1 = u+i and p3 = u+j . Since P is a path outside C connecting Si and S j ,
and by Claim 1, we have that p2 ∈ Si ∪ S j , and |Si| > 1 or |S j| > 1. Without
loss of generality, we assume |Si| > 1. If p2 6= u+2

i , then to avoid any vertex
w ∈ V (H) with the path u+2

i u+i p2u+j inducing K1∪ P4, we have p2u+2
i ∈ E(G).

Then {u+i , u+2
i , p2} ∼=4, a contradiction. Hence, u+j u+2

i ∈ E(G). If u+4
i exists,

then to avoid inducing triangles and to avoid any vertex w ∈ V (H) with the
path u+j u+2

i u+3
i u+4

i inducing K1 ∪ P4, we have u+j u+4
i ∈ E(G). Similarly, we

have u+6
i , u+8

i . . . ∈ N(u+j ) if these vertices exist. For the last vertex of Si , if
u+j u−i+1 ∈ E(G), then u+j 6= u−j+1 by Claim 1. To avoid any vertex w ∈ V (H)with
the path u+i u+2

i u+j u+2
j inducing K1∪ P4, we have u+i u+2

j ∈ E(G). Then there is

a cycle longer than C: uiHui+1Cu+j u−i+1Cu+i u+2
j Cui , a contradiction. Hence,

u+j u−i+1 /∈ E(G) and |Si| is odd. If u+2
j , u+4

j , u+6
j , . . . exist, then by symmetry, we

have that u+2
j , u+4

j , u+6
j , . . . ∈ N(u+i ) and |S j| is odd.
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For any segment Si that is connected to another segment by a path outside
C , by Claim 2 we know that |Si| is odd. We divide Si into two sets: So

i =
{u+i , u+3

i , . . . , u−i+1} and Se
i = {u

+2
i , u+4

i , . . . , u−2
i+1}. By Claim 2, if Si is connected

to S j by a path outside C , then Se
i ⊆ N(u+j ), and since G is4-free, So

i ∩N(u+j ) =
;.

Claim 3. If Si and S j are connected by a path outside C , then So
i ∪ So

j is
independent.

Proof. Suppose that u+s
i , u+t

i ∈ So
i (t > s) and u+s

i u+t
i ∈ E(G). Since G is 4-

free, t > s+2, and since u+(s+1)
i , u+(t−1)

i ∈ N(u+j ), u+s+1
i ut−1

i /∈ E(G). Then any

vertex w ∈ V (H) with the path us+1
i u+s

i u+t
i u+(t−1)

i induces a copy of K1 ∪ P4,
contradicting the hypothesis. Hence, So

i is independent. Similarly, So
j is also

independent.

Suppose that u+l
i ∈ So

i , u+m
j ∈ So

j and u+l
i u+m

j ∈ E(G). By Claim 2, u+l
i 6=

u+i , u+m
j 6= u+j and u+(m−1)

j u+i ∈ E(G). Also we know that u+(l+1)
i = ui+1 or

u+(l+1)
i u+j ∈ E(G). Then the cycle uiHu jCu+(l+1)

i u+j Cu+(m−1)
j u+i Cu+l

i u+m
j Cui

is longer than C , a contradiction.

Claim 4. If Si is connected to S j by a path outside C , and Si has a neighbor
w′ ∈ V (G) \ (V (C)∪ V (H)), then Se

i ⊆ N(w′) and So
i ∩ N(w′) = ;.

Proof. First, u+i /∈ N(w′); otherwise, to avoid any vertex w ∈ V (H) with a
path w′u+i u+2

j u+j (if |S j| 6= 1) or with a path w′u+i u+2
i u+j (if |Si| 6= 1) inducing

K1 ∪ P4, we have w′u+j ∈ E(G). That contradicts Claim 1.

Suppose that u+k
i ∈ N(w′) (k 6= 1). To avoid any vertex w ∈ V (H) with a

path w′u+k
i u+(k+1)

i u+(k+2)
i or with a path w′u+k

i u+(k−1)
i u+(k−2)

i inducing K1∪P4,
we have w′u+(k+2)

i ∈ E(G) and w′u+(k−2)
i ∈ E(G) if these vertices exist. By this

argumentation, we know that every vertex on Si having even distance to u+k
i

on C is a neighbor of w′. Since u+i /∈ N(w′) and G is 4-free, Se
i ⊆ N(w′) and

So
i ∩ N(w′) = ;.

We use So to denote the union of all So
i , and Se to denote the union of all Se

i ,
for all segments Si (1≤ i ≤ t) that are connected to some other segment by a
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path outside C . By Claim 3 and Claim 4, there is no path outside C connecting
any two vertices of So. Hence, if we remove all the vertices of NC(H)∪Se, we
get at least |NC(H)∪Se|+1 components, contradicting the hypothesis that G
is 1-tough. This completes the proof of Theorem 7.3. �

7.3 Proof of Theorem 7.4

Let G be a 1-tough {4, K1 ∪ K1,3}-free graph. For any vertex u ∈ V (G) of
degree larger than 2, since G is 4-free, we have that u and any three of its
neighbors together induce a K1,3. Next we distinguish two cases according to
the connectivity of G in order to complete the proof of Theorem 7.4.

Case 1. G is 3-connected.

Suppose that G is not hamiltonian. Using a number of claims, we are going
to prove that G is the Petersen graph. Here we use the same notations as in
the proof of Theorem 7.3. Let C be a longest cylce of G, let H be a component
of G − V (C), and let NC(H) = {u1, u2, . . . , ut} be all the neighbors of H on C ,
in this order according to a fixed orientation of C . Since G is 3-connected,
t ≥ 3. We denote the segment of C from u+i to u−i+1 as Si = u+i Cu−i+1 for
i = 1, 2, . . . , t. Claim 1 in the proof of Theorem 7.3 clearly also holds here,
but we recall it here without proof for later reference.

Claim 5. NC(H)+ and NC(H)− are independent, and there is no path outside
C connecting any two vertices of any one of these two sets.

We present several other claims, each followed by a proof.

Claim 6. If Si and S j are connected by a path Pi j outside C , then Pi j = u+i u−j+1

or Pi j = u−i+1u+j .

Proof. Let Pi j = p1p2 . . . ps (s ≥ 2) be such a path with p1 ∈ Si and ps ∈ S j .
If p1 /∈ {u+i , u−i+1} or ps /∈ {u+j , u−j+1}, then {w, p1, p−1 , p+1 , p2} ∼= K1 ∪ K1,3 and
{w, ps, p−s , p+s , ps−1} ∼= K1 ∪ K1,3 for any vertex w ∈ V (H), a contradiction. By
Claim 5, if p1 = u+i , then ps = u−j+1; if p1 = u−i+1, then ps = u+j ( j 6= i + 1). In
both cases, |Si| ≥ 2 and |S j| ≥ 2.
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To avoid any vertex of V (H) with {u+i ; ui , u+2
i , p2} or {u+j ; u j , u+2

j , ps−1}
inducing K1 ∪ K1,3, we have V (H) ⊆ N(ui) or V (H) ⊆ N(u j). Since G is
4-free, |V (H)|= 1 and NC(H) is independent. Denote H = {w}.

Suppose s ≥ 3 and p2 ∈ V (H ′), where H ′ is another component of G −
V (C) different from H. If Pi j is connecting u+i to u−j+1, then ui 6= u j+1,
and p2ui /∈ E(G), p2u j+1 /∈ E(G); otherwise there clearly is a longer cycle.
Then to avoid p2 with {w; ui , u j , u j+1} inducing K1 ∪ K1,3, we have p2u j ∈
E(G). Since {u+2

i , u+j } ∈ NC(H ′)+, u+2
i u+j /∈ E(G) by Claim 5. To avoid

u+j with {u+i ; ui , u+2
i , p2} inducing K1 ∪ K1,3, we have u+j ui ∈ E(G). Then

u−i u+j /∈ E(G); otherwise 〈{ui , u−i , u+j }〉
∼= 4. To avoid u−i with {u j; u−j , u+j , w}

inducing K1 ∪ K1,3, we have u−i u j ∈ E(G). Then we find a cycle longer
than C: uiwu j+1Cu−i u jCu+i Pi ju

−
j+1Cu+j ui , a contradiction. If Pi j is connect-

ing u−i+1 to u+j , then ui+1 6= u j and p2ui+1 /∈ E(G), p2u j /∈ E(G). We have
p2ui ∈ E(G); otherwise, p2 with {w; ui , ui+1, u j} induces K1∪K1,3. By Claim 5,
u+i ui+1 /∈ E(G) since {u+i , ui+1} ∈ NC(H ′)+. To avoid ui+1 with {ui; u+i , u−i , p2}
inducing K1 ∪ K1,3, we have ui+1u−i ∈ E(G). Then u+i+1u−i /∈ E(G); otherwise
〈{u−i , ui+1, u+i+1}〉

∼= 4. To avoid u+i+1 with {ui; u−i , u+i , w} inducing K1 ∪ K1,3,
we have u+i+1ui ∈ E(G). Then the cycle ui+1wu jCu+i+1uiCu−i+1Pi ju

+
j Cu−i ui+1

is longer than C , a contradiction. Hence, s = 2 and Pi j = u+i u−j+1 or Pi j =
u−i+1u+j .

Since G is 1-tough, there are two distinct segments Si and S j that are con-
nected by a path outside C . By Claim 6, u+i u−j+1 ∈ E(G) or u−i+1u+j ∈ E(G). To
avoid any vertex of V (H)with {u+i ; ui , u+2

i , u−j+1} or with {u+j ; u j , u+2
j , u−i+1} in-

ducing K1∪K1,3, we have V (H) ⊆ N(ui) or V (H) ⊆ N(u j). Since G is4-free,
|V (H)|= 1 and NC(H) is independent. Denote H = {w}.

Claim 7. |Si|= 2 for all i ∈ {1,2, . . . , t}.

Proof. Suppose that there is a segment Si with i ∈ {1, 2, . . . , t} such that |Si| ≥
3. Then u+i 6= u−2

i+1. By Claim 6, u−2
i+1 has no neighbor in V (C) \ (Si ∪ NC(H).

To avoid u−2
i+1 with {ui+2; u−i+2, u+i+2, w} inducing K1∪K1,3, we have u−2

i+1ui+2 ∈
E(G). To avoid u−i with {u−2

i+1; u−i+1, u−3
i+1, ui+2} inducing K1 ∪ K1,3, we have

u−i ui+2 ∈ E(G). To avoid u−i+1 with {ui+2; u−i+2, u−i , w} inducing K1 ∪ K1,3, we
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have u−i+1ui+2 ∈ E(G). But now 〈{u−2
i+1, u−i+1, ui+2}〉 ∼= 4, a contradiction.

Hence, |Si| ≤ 2 for all i ∈ {1, 2, . . . , t}.
Suppose that there is a segment Si with i ∈ {1,2, . . . , t} such that |Si|= 1.

Then u+i = u−i+1. By Claim 5 and Claim 6, u+i has no neighbor in V (C)\NC(H).
To avoid u+i with {u j; u−j , u+j , w} inducing K1 ∪ K1,3 ( j 6= i + 1, j 6= i − 1), we
have u+i u j ∈ E(G) for all j ∈ {1, 2, . . . , t}. Since G is 1-tough, there are two
segments S j and Sk (k > j) that are connected by an edge u+j u−k+1 or u−j+1u+k .
Since |Si| ≤ 2 for all i ∈ {1,2, . . . , t} and by Claim 5, |S j| = |Sk| = 2 in both
cases. If u+j u−k+1 ∈ E(G), then to avoid u+j with {uk; u+k , u+i , w} inducing K1 ∪
K1,3, we have u+j uk ∈ E(G). Since G is 4-free, k 6= j + 1 and u−j+1uk /∈ E(G).
Then u−j+1 with {uk; u−k , u+i , w} induces a K1∪K1,3, a contradiction. If u−j+1u+k ∈
E(G), then k > j+1. To avoid u−j+1 with {uk; u−k , u+i , w} inducing K1∪K1,3, we
have u−j+1uk ∈ E(G), but then 〈{u−j+1, uk, u+k }〉

∼= 4, a contradiction. Hence,
|Si|= 2 for all i ∈ {1, 2, . . . , t}.

Claim 8. For any component H ′ 6= H of G − V (C), NC(H ′) = NC(H).

Proof. Suppose that H ′ has a neighbor in V (C) \ NC(H). By Claim 7, this
neighbor of H ′ is either u+i or u−i for some i ∈ {1,2, . . . , t}. Without loss of
generality, we assume that w′u+1 ∈ E(G), where w′ ∈ V (H ′). By Claim 5,
w′u+2 /∈ E(G). To avoid u+2 with {u+1 ; u1, u+2

1 , w′} inducing K1 ∪ K1,3, we have
u1u+2 ∈ E(G). To avoid u+3 with {u1; u+1 , u+2 , w} inducing K1 ∪ K1,3, we have
u1u+3 ∈ E(G). To avoid u+2

2 with {u1; u+1 , u+3 , w} inducing K1 ∪ K1,3, we have
u+1 u+2

2 ∈ E(G). We also have w′u+2
2 /∈ E(G); otherwise, 〈{w′, u+1 , u+2

2 }〉
∼=

4, a contradiction. But now w with {u+1 ; u+2
1 , u+2

2 , w′} induces K1 ∪ K1,3, a
contradiction. Hence, NC(H ′) ⊆ NC(H). Since we have chosen H arbitrarily,
by symmetry we have NC(H) ⊆ NC(H ′). Hence, NC(H ′) = NC(H).

Claim 9. t = 3.

Proof. Since G is 1-tough, there are at least two distinct segments that are
connected by a path outside C . By Claim 6 and Claim 7, without loss of gen-
erality, we can assume u+1 u−i ∈ E(G) (i ≥ 3). To avoid u+i with {u+1 ; u1, u−2 , u−i }
inducing K1 ∪ K1,3, we have u1u+i ∈ E(G) or u−2 u+i ∈ E(G). If u1u+i ∈ E(G),
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then ui+1 6= u1 and u−i+1u1 /∈ E(G). To avoid u−i+1 with {u+1 ; u1, u−2 , u−i } in-
ducing K1 ∪ K1,3, we have u−i+1u+1 ∈ E(G). But then w with {u+1 ; u−2 , u−i , u−i+1}
induces a K1 ∪ K1,3, a contradiction. Hence, u1u+i /∈ E(G). Suppose that
u−2 u+i ∈ E(G). If i 6= t, then u−i+1 6= u−1 . To avoid u+i with {u1; u+1 , u−1 , w} in-
ducing K1 ∪ K1,3, we have u+i u−1 ∈ E(G). But then w with {u+i ; u−1 , u−2 , u−i+1}
induces a K1 ∪ K1,3, a contradiction. Hence, i = t.

If i 6= 3, then ui−1 6= u2. To avoid u+2 with {u+1 ; u1, u−2 , u−i } inducing
K1 ∪ K1,3, we have u+2 u−i ∈ E(G) or u+2 u1 ∈ E(G). If u+2 u−i ∈ E(G), then w
with {u−i ; u+1 , u+2 , u+i−1} induces a K1 ∪ K1,3, a contradiction. If u+2 u1 ∈ E(G),
then u−3 u1 /∈ E(G). To avoid u−3 with {u+1 ; u1, u−2 , u−i } inducing K1 ∪ K1,3, we
have u−3 u+1 ∈ E(G). Then w with {u+1 ; u−2 , u−3 , u−i } induces a K1 ∪ K1,3, a con-
tradiction. Hence, i = t = 3.

Since G is 1-tough and by Claims 5–9, without loss of generality, we can
assume that u+1 u−3 ∈ E(G). To avoid u+3 with {u+1 ; u1, u−2 , u−3 } inducing K1 ∪
K1,3, we have u−2 u+3 ∈ E(G). To avoid u−1 with {u−3 ; u3, u+2 , u+1 } inducing K1 ∪
K1,3, we have u−1 u+2 ∈ E(G). By Claims 5–9, there is no other edge joining a
pair of nonadjacent vertices on C . Suppose that H ′ 6= H is another component
of G − V (C). By Claim 8, NC(H ′) = {u1, u2, u3}. Assume that w′ ∈ V (H ′) and
w′u1 ∈ E(G). Then u+3 with {u1; u+1 , w, w′} induces a K1∪K1,3, a contradiction.
Hence, H is the only component of G − V (C). Recalling that |V (H)|= 1, it is
clear that G is the Petersen graph. This completes the proof for Case 1.

Case 2. κ(G) = 2.

Suppose that {u1, u2} is a cut set of G. Since G is 1-tough, G − {u1, u2} has
exactly two components, say H1 and H2. Since G is {4, K1∪K1,3}-free, each of
H1 and H2 is an induced path or an induced cycle. We again prove a number
of claims in order to reach a contradiction.

Claim 10. If Hi is an induced cycle C ′ for i ∈ {1, 2}, then there are two
consecutive vertices on C ′ such that one vertex is adjacent to u1 and the other
one is adjacent to u2.

Proof. Suppose, by contradiction, that for any neighbor of u1 on C ′, its pre-
decessor and successor on C ′ are not adjacent to u2. Since G is 4-free,
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any two vertices of NHi
(u1) ∪ NHi

(u2) are not consecutive on C ′. Since C ′

is induced, by removing all the vertices of NHi
(u1) ∪ NHi

(u2) from G we get
|NHi
(u1) ∪ NHi

(u2)| + 1 components, contradicting the hypothesis that G is
1-tough.

Claim 11. If Hi is an induced path P for i ∈ {1, 2}, then one end vertex of P
is adjacent to u1 and the other one is adjacent to u2.

Proof. Suppose that H1 = P = p1p2 . . . pt . If t ≤ 2, then the claim clearly
holds. Suppose that t ≥ 3 and {p1, pt} ∈ N(u1) \ N(u2). Let pi ∈ V (H1)
(1 < i < t) be a vertex adjacent to u2. If u1u2 ∈ E(G), then there is a vertex
x ∈ V (H2) such that xu2 /∈ E(G). Then x with {pi; pi−1, pi+1, u2} induces a
K1 ∪ K1,3, a contradiction. Thus, u1u2 /∈ E(G). If |V (H2)| ≥ 2, then there
will also be a vertex in H2 not adjacent to u2, and similarly we can get an
induced K1 ∪ K1,3. Hence, |V (H2)| = 1. Denote V (H2) = {w}. If t ≥ 6, then
p3u1 ∈ E(G) and p4u1 ∈ E(G); otherwise, p3 or p4 with {u1; p1, pt , w} induces
K1 ∪ K1,3, a contradiction. Now 〈{u1, p3, p4}〉 ∼=4, a contradiction. If t = 5,
then to avoid p3 with {u1; p1, pt , w} inducing K1∪K1,3, we have p3u1 ∈ E(G).
To avoid u2 with {u1; p1, p3, pt} inducing K1 ∪ K1,3, we have p3u2 ∈ E(G). To
avoid inducing a triangle, {p2, p4} ∩ (N(u1) ∪ N(u2)) = ;. Obviously, now
{u1, p3} is a cut set that induces three components consisting of p1p2, p4p5

and u2w. This contradicts the hypothesis that G is 1-tough. If t = 4, then
precisely one vertex of {p2, p3} is adjacent to u2. Without loss of generality,
assume p2u2 ∈ E(G). To avoid inducing a triangle, p2u1 /∈ E(G) and p3u1 /∈
E(G). Then {u1, p2} is a cut set that induces three components consisting of
p1, p3p4 and u2w. This contradicts the hypothesis that G is 1-tough. If t = 3,
then {u1, p2} is a cut set that induces three components consisting of p1, p3

and u2w, contradicting the hypothesis that G is 1-tough.

Using Claim 10 and Claim 11, it is clear that there is a cycle in G containing
all the vertices of G. Hence, G is hamiltonian. This completes the proof of
Theorem 7.4. �



Chapter 8

Thomassen’s Conjecture on
two classes of graphs

In this short chapter, we present two results that deal with affirmative answers
to the conjecture due to Thomassen [74] that every hamiltonian graph G of
minimum degree at least 3 contains an edge e such that G − e and G/e are
both hamiltonian. Here G− e denotes the graph obtained from G by deleting
the edge e, while G/e denotes the graph obtained from G by contracting the
edge e = uv ∈ E(G). Hence, G/e is obtained from G by replacing u and v by
a new vertex x and making x adjacent to the vertices of NG(u) ∪ NG(v) (so
avoiding multiple edges). Bielak [8] proved that the above conjecture holds
for claw-free graphs. In this chapter, we prove that the conjecture holds for
K1∪K1,3-free graphs and K1∪P5-free graphs. The general conjecture remains
open and seems to be very hard to resolve.

8.1 Introduction

As we have seen, the research area of hamiltonian graph theory has been
attracting many researchers and has resulted in great research efforts since
its appearance. Many related topics arose and earned a lot of attention as
well. Undoubtedly, these topics have increased the richness and interest of
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graph theory, and added some color to graph theory. Carsten Thomassen is
one of the many scholars who have made outstanding contributions to the
field of graph theory. Not only is he known for his excellent work in solving
difficult problems with elegant and brilliant methods, but also for his good
questions and conjectures. In [1], the authors summarized 19 questions and
conjectures due to Thomassen, most of which remain open to date. For more
questions posed by Thomassen, we refer the reader to [10] and [65]. In this
chapter, we study one of the conjectures that has been restated in [1].

Whereas the Hamilton problem deals with the question whether a graph
contains a Hamilton cycle or not, the conjecture we will consider is related to
the question under which conditions a hamiltonian graph has more than one
Hamilton cycle. For cubic hamiltonian graphs, Smith [75] gave an affirma-
tive answer by proving that every cubic hamiltonian graph has at least three
Hamilton cycles. In fact, he proved the following result.

Theorem 8.1 (Smith [75]). Every edge of a cubic graph lies in an even number
of Hamilton cycles. Consequently, a cubic hamiltonian graph has at least three
Hamilton cycles.

This result has been extended to graphs with only odd degree vertices by using
the so-called lollipop method due to Thomason [73]. Thomassen [74] applied
the lollipop technique to bipartite graphs and proved that a bipartite uniquely
hamiltonian graph must have a vertex of degree 2 in each class. He also
stated the following conjecture to indicate how the existence of more than
one Hamilton cycle may lead to a general reduction method for hamiltonian
graphs.

Conjecture 8.1 (Thomassen [74]). Every hamiltonian graph G of minimum
degree at least 3 contains an edge e such that G − e and G/e are both hamil-
tonian.

Here, G − e is the graph obtained from G by deleting the edge e, and G/e is
the graph obtained from G by contracting the edge e = uv, i.e., replacing the
vertices u and v by a new vertex w, and making w adjacent to all vertices of
NG(u)∪ NG(v).
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It is easy to show that if a graph G has a second Hamilton cycle, then
Conjecture 8.1 holds for graph G (see the proof in the next section). So, for
trying to prove Conjecture 8.1 one can restrict oneself to uniquely hamiltonian
graphs. For regular graphs, it is still not known whether uniquely hamiltonian
k-regular graphs exist for k ≥ 4, but from [75] it is known that if such a graph
were to exist, it must be for even k. As a subcase, Sheehan’s Conjecture [71]
states that there are no 4-regular uniquely hamiltonian graphs. In the light of
this conjecture, note the importance of restricting oneself to simple graphs,
i.e., graphs in which each pair of vertices is joined by at most one edge. The
conjecture does not hold for multigraphs, since Fleischner [42] constructed
a 4-regular uniquely hamiltonian multigraph. For almost 3-regular graphs,
Entringer and Swart [35] obtained the following related results.

Theorem 8.2 (Entringer and Swart [35]). A hamiltonian graph G having one
vertex of degree 2 or 4 and all others of degree 3 has at least two Hamilton cycles.

Theorem 8.3 (Entringer and Swart [35]). For each n = 2k, for k > 11, there
exists a graph on n vertices having two vertices of degree 4, all others of degree
3, and having a unique Hamilton cycle.

There is little known about Conjecture 8.1 for general graphs, but Bielak [8]
proved the conjecture for claw-free graphs.

Theorem 8.4 (Bielak [8]). Every hamiltonian claw-free graph G of minimum
degree at least 3 contains an edge e such that G − e and G/e are both hamilto-
nian.

Furthermore, Bielak proved that any possible counterexample to Conjecture
8.1 must contain a claw two edges of which are on a Hamilton cycle.

Theorem 8.5 (Bielak [8]). Let G be a hamiltonian graph of minimum degree
at least 3 such that a Hamilton cycle of G does not contain two edges of a claw.
Then G contains an edge e such that G − e and G/e are both hamiltonian.

In this chapter, we extend Theorem 8.5 as follows.

Theorem 8.6. Let G be a hamiltonian graph of minimum degree at least 3, and
suppose G is K1∪K∗1,3-free, where K∗1,3 is a claw having two edges on a Hamilton
cycle. Then G contains an edge e such that G− e and G/e are both hamiltonian.
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Corollary 8.7. Every hamiltonian K1 ∪ K1,3-free graph G of minimum degree
at least 3 contains an edge e such that G − e and G/e are both hamiltonian.

Next, we also prove the validity of the conjecture for K1 ∪ P5-free graphs.

Theorem 8.8. Every hamiltonian K1 ∪ P5-free graph G of minimum degree at
least 3 contains an edge e such that G − e and G/e are both hamiltonian.

The remainder of this chapter contains our proofs of the two main results,
but before we start the proofs, in the next section we present some notational
conventions and auxiliary results.

8.2 Preliminaries

A k-cycle is a cycle with k vertices. Throughout the rest of this chapter, we
use {u; v, w, x , y} to denote an induced subgraph isomorphic to K1∪K1,3 with
the independent vertex u and the claw induced by {v, w, x , y}. Similarly, we
use {u; v, w, x , y, z} to denote an induced subgraph isomorphic to K1∪P5 with
the independent vertex u and the induced P5 = vwx yz. Our proofs of The-
orem 8.6 and Theorem 8.8 are based on the following three lemmas. Most
of these observations have been made before, but we include their easy and
short proofs for convenience.

Lemma 8.9. If a hamiltonian graph G contains a second Hamilton cycle, then
G contains an edge e such that G − e and G/e are both hamiltonian.

Proof. Let C and C ′ be two different Hamilton cycles of G, i.e., with distinct
edge sets. For any edge e ∈ E(C)\E(C ′), clearly C/e is a Hamilton cycle of
G/e, and C ′ is a Hamilton cycle of G − e.

Lemma 8.10. If a hamiltonian graph G of order n with δ(G) ≥ 3 contains
an (n− 1)-cycle, then G contains an edge e such that G − e and G/e are both
hamiltonian.

Proof. Let C and C ′ be a Hamilton cycle and an (n−1)-cycle of G, respectively.
Suppose that V (C) \ V (C ′) = {v}. Since δ(G) ≥ 3, there is a chord e of C
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incident with v. Now G−e has the Hamilton cycle C and G/e has the Hamilton
cycle C ′.

Lemma 8.11. Let G be a hamiltonian graph with δ(G) ≥ 3, and let C =
v1v2v3 . . . vnv1 be a Hamilton cycle of G. If one of the following cases holds
(with 1 ≤ i 6= j ≤ n and the usual convention that vn+1 = v1, etc.), then G
contains an edge e such that G − e and G/e are both hamiltonian.

(1) There exists a chord vi vi+2;

(2) There exist two chords e1 = vi v j and e2 = v+i v+j or e2 = v+i v+2
j ;

(3) There exists a chord vi v j such that
Nv+j C v−i

(v+i )∩ [N
−
v+j C v−i

(v−j )∪ N+
v+j C v−i

(v−j )] 6= ;;

(4) There exists a chord vi v j such that
Nv+j C v−i

(v+i )∩ [N
−2
v+j C v−i

(v−j )∪ N+2
v+j C v−i

(v−j )] 6= ;;

(5) There exists a chord vi v j such that
Nv+j C v−i

(v+2
i )∩ [N

−
v+j C v−i

(v−j )∪ N+
v+j C v−i

(v−j )] 6= ; or

Nv+j C v−i
(v−2

j )∩ [N
−
v+j C v−i

(v+i )∪ N+
v+j C v−i

(v+i )] 6= ;.

Proof. We provide short proofs for each of the cases, in the same order, as
follows.

(1) If there exists a chord vi vi+2, then G clearly contains an (n − 1)-cycle.
Then the result follows from Lemma 8.10.

(2) If there exist two chords e1 = vi v j and e2 = v+i v+j , then G contains the

following second Hamilton cycle v+i C v j viC v+j v+i , and the result follows
from Lemma 8.9. If there exist two chords e1 = vi v j and e2 = v+i v+2

j ,

then G contains the (n− 1)-cycle v+i C v j viC v+2
j v+i , and the result follows

from Lemma 8.10.

(3) If vk ∈ Nv+j C v−i
(v+i )∩ [N

−
v+j C v−i

(v−j )∪ N+
v+j C v−i

(v−j )] for a chord vi v j , then G

either contains the second Hamilton cycle v+i C v−j v+k C vi v jC vkv+i or the

second Hamilton cycle v+i C v−j v−k C v j viC vkv+i . The result follows from
Lemma 8.9.
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(4) If vk ∈ Nv+j C v−i
(v+i ) ∩ [N

−2
v+j C v−i

(v−j ) ∪ N+2
v+j C v−i

(v−j )] for a chord vi v j , then

there is an (n−1)-cycle v+i C v−j v+2
k C vi v jC vkv+i or v+i C v−j v−2

k C v j viC vkv+i .
The result follows from Lemma 8.10.

(5) If vk ∈ Nv+j C v−i
(v+2

i ) ∩ [N
−
v+j C v−i

(v−j ) ∪ N+
v+j C v−i

(v−j )] for a chord vi v j , then

there is an (n−1)-cycle v+2
i C v−j v+k C vi v jC vkv+2

i or v+2
i C v−j v−k C v j viC vkv+2

i .
The result follows from Lemma 8.10. The other case is symmetric.

8.3 Proofs of Theorem 8.6 and Theorem 8.8

Suppose, to the contrary, that G is a hamiltonian graph satisfying the condi-
tions of Theorem 8.6 or Theorem 8.8, and G does not contain an edge e such
that G − e and G/e are both hamiltonian. Then G does not satisfy the con-
ditions of any of the three Lemmas 8.9-8.11. Let C be the unique Hamilton
cycle of G. We deal with the two cases according to the forbidden subgraph
involved in each of the two theorems.

Case 1. G is K1 ∪ K1,3-free.

Using Theorem 8.5, we assume that C contains two edges of a claw. Let this
claw {u; u−, u+, v} be chosen in such a way that min{|u+C v−|, |v+Cu−|} is
as small as possible. Without loss of generality, we assume that |v+Cu−| ≤
|u+C v−|. Since G is K1 ∪ K1,3-free, {u; u−, u+, v} is a dominating vertex set of
G. By Lemma 8.11(1) and (2), v+2v /∈ E(G) and v+2u+ /∈ E(G).

Suppose that v+2u ∈ E(G). By the choice of v, {u; u−, u+, v+2} does not
induce K1,3, so v+2u− ∈ E(G). By the choice of u, {v+2; v+, v+3, u} also does
not induce K1,3. By Lemma 8.11(2), v+3u /∈ E(G), so v+u ∈ E(G). Since v+3 is
dominated by {u; u−, u+, v}, and using Lemma 8.11, we have v+3u− ∈ E(G).
Clearly, {u−; u−2, u, v+3} does not induce K1,3. Using Lemma 8.11, we have
v+3u−2 ∈ E(G). Then, again using Lemma 8.11, v+4 is not adjacent to any
of the vertices of {u; u−, u+, v}, a contradiction. Hence, v+2u /∈ E(G), and
v+2u− ∈ E(G).
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Suppose that v+u− ∈ E(G). Then, to avoid {u−; u, u−2, v+2} inducing a
claw which contradicts the choice of u, and using Lemma 8.11, we have
u−2v+2 ∈ E(G). By Lemma 8.11, v+3 is not adjacent to any of the ver-
tices of {u; u−, u+, v}, a contradiction. Hence, v+u− /∈ E(G). Then to avoid
{v+2; v, v+3, u−} inducing a claw which contradicts the choice of u, we have
u−v+3 ∈ E(G). Then {u−; u, u−2, v+2} induces a K1,3, contradicting the choice
of u. This completes our proof for the case that G is K1 ∪ K1,3-free.

Case 2. G is K1 ∪ P5-free.

Let uv be a chord of C such that the distance of u and v on C is minimum
among all chords of C , i.e., min{|u+C v−|, |v+Cu−|} is as small as possible.
Without loss of generality, we assume |u+C v−| ≤ |v+Cu−|. Then both uC v−

and u+C v are induced subgraphs. By the choice of the chord uv and using
Lemma 8.11, [N(u−)∪N(v+)]∩u+C v− = ;. We are going to use the following
claim.

Claim 1. |u+C v−| ≤ 3.

Proof. If |u+C v−| ≥ 5, then {u−; u+Cu+5} induces a K1 ∪ P5, a contradiction.
If |u+C v−| = 4, then to avoid {u−; u+C v} inducing a K1 ∪ P5, we have u−v ∈
E(G). Similarly, to avoid {v+; uC v−} inducing a K1 ∪ P5, we have v+u ∈
E(G). Now we are in case (2) of Lemma 8.11 with e1 = uv+ and e2 = u−v, a
contradiction.

We distinguish two subcases according to |u+C v−|.

Case A. |u+C v−|= 3.

We first prove the following fact.

Claim 2. u−v+ ∈ E(G).

Proof. Suppose, by contradiction, that u−v+ /∈ E(G). To avoid {v+; u−C v−}
and {u−; u+C v+} inducing a K1 ∪ P5, we have v+u ∈ E(G) and u−v ∈ E(G).
Now we are in case (2) of Lemma 8.11 with e1 = uv+ and e2 = u−v, a con-
tradiction.

Now consider the subgraph induced by {v+2; u−C v−}. To avoid an induced
K1 ∪ P5, we have that v+2u+ ∈ E(G) or v+2u+2 ∈ E(G) or v+2u− ∈ E(G).
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If v+2u+ ∈ E(G), then we are in case (2) of Lemma 8.11, a contradiction.
If v+2u+2 ∈ E(G), then we are in case (5) of Lemma 8.11, a contradiction.
Hence, v+2u− ∈ E(G). By symmetry, we have u−2v+ ∈ E(G). Then we are
in case (2) of Lemma 8.11 with e1 = v+2u− and e2 = u−2v+, a contradiction.
This completes Case A.

Case B. |u+C v−|= 2.

We first prove the following statement.

Claim 3. u+u−2 /∈ E(G) or v−v+2 /∈ E(G).

Proof. Suppose, to the contrary, that u+u−2 ∈ E(G) and v−v+2 ∈ E(G). If
u−u−4 /∈ E(G) or v+v+4 /∈ E(G), then we take u+u−2 or v−v+2 to replace uv,
respectively, and the claim holds. If u−u−4 ∈ E(G) and v+v+4 ∈ E(G), then
we take u−u−4 or v+v+4 to replace uv. By repeating the same arguments
that we used for uv, either we end up at a chord for which the claim holds,
or we conclude that G contains a hamiltonian 3-regular graph. In the latter
case, by Theorem 8.1 G has at least three Hamilton cycles, contradicting the
assumption.

Using Claim 3, without loss of generality, we assume u+u−2 /∈ E(G). Let x be
the last neighbor of u+ on v+Cu− according to the orientation of C . We need
three more claims for completing our proof.

Claim 4. uv+ /∈ E(G).

Proof. Suppose, by contradiction, that uv+ ∈ E(G). By Lemma 8.11(2),
we have that {u−, u−2} ∩ [N(v−) ∪ N(v)] = ;. Then {v−, v, u, u−, u−2} in-
duces a P5. By Lemma 8.11(3), we have that v−x− /∈ E(G) and vx− /∈
E(G), by regarding uv and uv+, respectively. By Lemma 8.11(2), we have
that ux− /∈ E(G) and u−x− /∈ E(G). If u−2 x− ∈ E(G), then G contains an
(n − 1)-cycle xCu−2 x−C v+uvv−u+x , a contradiction by Lemma 8.10. Now
{x−; v−, v, u, u−, u−2} induces a K1 ∪ P5, a contradiction.

Claim 5. vu− /∈ E(G).
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Proof. If v−v+2 /∈ E(G), then by symmetry with Claim 4, vu− /∈ E(G). If
v−v+2 ∈ E(G), then to avoid the (n − 1)-cycle v+2Cu−vuu+v−v+2 of G, we
have vu− /∈ E(G).

Claim 6. u−v+ /∈ E(G).

Proof. Suppose, to the contrary, that u−v+ ∈ E(G). By Lemma 8.11(2),
u+v+ /∈ E(G) and u+v+2 /∈ E(G). By Lemma 8.11(3), v−v+2 /∈ E(G). Then
u+C v+2 is an induced P5. By the choice of x , u+x+ /∈ E(G). By Lemma
8.11(2), x+v− /∈ E(G) and x+v /∈ E(G). By Lemma 8.11(3) and (4), x+v+ /∈
E(G) and x+v+2 /∈ E(G) by considering u+x . Now {x+; u+C v+2} induces a
K1 ∪ P5, a contradiction.

Now consider the subgraph induced by {v+; u−2C v−}. Using Lemma 8.11
and Claims 4 and 6, we have that u−C v− ∩ N(v+) = ;. To avoid an induced
K1 ∪ P5, we have v+u−2 ∈ E(G). Then, using Lemma 8.11 and Claims 4 to 6,
we have that {u−; u+C v+2} induces a K1∪P5, a contradiction. This completes
the proofs of Theorem 8.6 and Theorem 8.8. �





Summary

The Hamilton problem, which is the problem of determining whether an ar-
bitrarily given graph admits a Hamilton cycle, is one of the most well-known
NP-complete decision problems within graph theory and computational com-
plexity. Most of the research work related to this Hamilton problem is cen-
tred around finding sufficient conditions for a graph to be hamiltonian, i.e.,
to admit a Hamilton cycle (a cycle containing all the vertices of the graph).
Exploring sufficient conditions for hamiltonicity is also the main topic of this
thesis, although it also includes the study of sufficient conditions for other
hamiltonian properties.

Due to the NP-completeness of the Hamilton problem for general graphs,
a lot of research work has been focused on certain parts of the universe of
graphs, or on some classes of graphs. Forbidding some induced subgraphs
in a graph is a way to categorize graphs into different classes. In this thesis,
we use forbidden subgraphs to restrict our research work to some classes of
graphs rather than to arbitrary graphs.

In the first part of our work, which includes Chapters 2-4, we use the
implicit degree of vertices as a parameter to obtain sufficient conditions for
hamiltonicity. Since the introduction of the notion of the implicit degree,
many existing results based on degree conditions have been extended by re-
laxing the degree condition to an implicit degree condition, including Dirac-
type, Ore-type, Fan-type and Bondy-type sufficient degree conditions. In-
spired by this idea, we tried to improve other existing results about hamil-
tonicity that are based on degree conditions in this way. In Chapter 2 and
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Chapter 3, we impose implicit degree conditions on specific induced sub-
graphs, and extend heavy subgraph conditions to implicit heavy subgraph
conditions. In Chapter 2, we study various implicit degree conditions, includ-
ing but not limited to Ore-type and Fan-type conditions. We prove that impos-
ing these conditions on specific pairs of induced subgraphs of a 2-connected
graph ensures its hamiltonicity. In particular, we complete the characteriza-
tion of pairs of o-heavy and f-heavy subgraphs for hamiltonicity of 2-connected
graphs. In Chapter 3, we give two sufficient conditions for hamiltonicity of
almost distance-hereditary graphs, by imposing implicit degree conditions on
every induced claw of a graph. In Chapter 4, we consider minimum implicit
degree conditions on claw-free graphs to approach the best-possible implicit
degree conditions that guarantee the hamiltonicity of claw-free graphs.

The second part of our work, reported in Chapters 5-7, deals with three
different hamiltonian properties studied for some restricted classes of graphs
by involving toughness conditions. The presented results are inspired by a
recent paper due to Li et al. [54], who tried to characterize all possible graphs
H such that every 1-tough H-free graph is hamiltonian. The almost complete
answer was given there by the conclusion that every proper induced subgraph
H of K1∪ P4 can act as a forbidden subgraph to ensure that every 1-tough H-
free graph is hamiltonian, and that there is no other forbidden subgraph with
this property, except possibly for the graph K1 ∪ P4 itself.

Instead of researching this open case, in Chapter 5 we consider the stronger
property of being hamiltonian-connected under the same additional forbid-
den subgraph conditions, but assuming the toughness to be strictly larger
than one. We find that the results are completely analogous to the hamil-
tonian case: every graph H such that any 1-tough H-free graph is hamilto-
nian also ensures that every H-free graph with toughness larger than one is
hamiltonian-connected. And similarly, there is no other forbidden subgraph
having this property, except possibly for the graph K1∪P4 itself. In Chapter 6,
we examine whether the conditions on toughness and forbidden subgraphs
for hamiltonicity in [54] in fact imply the stronger property of pancyclicity.
We conclude that this is indeed the case, except for a few specific classes of
exceptional graphs. In Chapter 7, we explore the open problem in [54] asking
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whether every K1 ∪ P4-free 1-tough graph on at least three vertices is hamil-
tonian, and the related conjecture in [66] stating that every K1 ∪ K1,3-free
graph G with τ(G) > 4/3 is hamiltonian. By involving the triangle as an ad-
ditional forbidden subgraph we obtain results that partially resolve these two
problems.

The last part of our work is motivated by an interesting conjecture due to
Thomassen which states that every hamiltonian graph G of minimum degree
at least 3 contains an edge e such that G − e and G/e are both hamiltonian.
In Chapter 8, we prove that the conjecture holds for K1∪K1,3-free graphs and
K1 ∪ P5-free graphs.





Samenvatting

Het Hamilton-probleem (H-probleem), dat is het probleem om te bepalen
of een willekeurige gegeven graaf een Hamiltoncykel bevat, is een van de
meest bekende en bestudeerde NP-volledige beslissingsproblemen binnen de
grafentheorie en de complexiteitstheorie. Het overgrote deel van het onder-
zoek dat gerelateerd is aan dit H-probleem is gecentreerd rond het vinden
van voldoende voorwaarden opdat een graaf een Hamiltoncykel bevat, dat
is een cykel die alle punten van de graaf bevat. Het onderzoeken van zulke
voldoende voorwaarden is ook het hoofdthema van dit proefschrift, hoewel
het ook onderzoeksresultaten bevat voor andere hamiltonse eigenschappen.

Omdat het H-probleem NP-volledig is voor algemene grafen, is veel on-
derzoek gericht geweest op kleinere deelklassen van de verzameling van alle
grafen. Een van de benaderingen hierbij is gebaseerd op het verbieden van
bepaalde grafen of kleine verzamelingen van grafen als geïnduceerde deel-
grafen. Hierdoor wordt een groot aantal grafen uitgesloten, en bovendien
hebben we daardoor meer grip op de structuur van de te onderzoeken grafen.
Alle resultaten in dit proefschrift zijn in meer of mindere mate gebaseerd op
deze benadering.

In het eerste deel van dit proefschrift, bestaande uit Hoofdstuk 2–4, ge-
bruiken we impliciete graadvoorwaarden om voldoende voorwaarden voor
het bestaan van Hamiltoncykels af te leiden. Deze resultaten zijn geïnspireerd
door een groot aantal eerdere verbeteringen van bestaande graadvoorwaar-
den in de literatuur tot impliciete graadvoorwaarden, waaronder voorwaar-
den van Dirac-type, Ore-type, Fan-type en Bondy-type. In Hoofdstuk 2 en
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Hoofdstuk 3 leggen we impliciete graadvoorwaarden op aan bepaalde geïn-
duceerde deelgrafen, en veralgemeniseren we daarmee zogenoemde heavy-
deelgraaf-voorwaarden tot impliciete heavy-deelgraaf-voorwaarden. In het
bijzonder geven we in Hoofdstuk 2 een volledige karakterisering van paren
o-heavy en f-heavy deelgrafen voor 2-samenhangende hamiltonse grafen. In
Hoofdstuk 3 worden impliciete graadvoorwaarden opgelegd aan klauwen om
daarmee het bestaan van Hamiltoncykels in de klasse van zogenoemde almost
distance-hereditary grafen af te dwingen. In Hoofdstuk 4 geven we impliciete
graadvoorwaarden die garanderen dat klauw-vrije grafen hamiltons zijn.

Het tweede deel van dit proefschrift, bestaande uit Hoofdstuk 5–7, richt
zich op drie verschillende varianten van hamiltonse eigenschappen die bestu-
deerd worden voor deelklassen van grafen waarbij tevens een taaiheidsvoor-
waarde wordt opgelegd. De gepresenteerde resultaten zijn geïnspireerd door
een recent artikel van Li et al. [54], waarin de auteurs een poging doen om
alle grafen H te karakteriseren zodanig dat elke 1-taaie H-vrije graaf een
Hamiltoncykel bevat. Ze geven in dat artikel een bijna volledige oplossing
met de conclusie dat elke echte deelgraaf H van de graaf K1 ∪ P4 die eigen-
schap heeft, en dat er geen andere grafen voor H in aanmerking komen, be-
halve wellicht de graaf K1 ∪ P4 zelf. Dit open geval ziet er zeer moeilijk uit.

In plaats van het verder onderzoeken van dit open geval, richten we ons in
Hoofdstuk 5 op de sterkere eigenschap dat een graaf hamilton-samenhangend
is, en we concluderen daar dat er een sterke analogie met de resultaten
van [54] bestaat: elke graaf H waarvoor geldt dat elke 1-taaie H-vrije graaf
hamiltons is, garandeert ook dat elke H-vrije graaf G met taaiheid τ(G) > 1
hamilton-samenhangend is. Net als in [54] is er geen andere graaf die dit
laatste garandeert, behalve wellicht de graaf K1 ∪ P4 zelf. In Hoofdstuk 6 on-
derzoeken we of de voorwaarden uit [54] de sterkere eigenschap afdwingen
dat de onderhavige grafen cykels van elke lengte bevatten, van een driehoek
tot een Hamiltoncykel. Dit blijkt inderdaad het geval te zijn, op een paar
duidelijk te karakteriseren uitzonderingen na. In Hoofdstuk 7 gaan we verder
in op het open probleem uit [54] en een gerelateerd vermoeden uit [66] dat
elke K1 ∪ K1,3-vrije graaf G met taaiheid τ(G)> 4/3 hamiltons is. We lossen
deze problemen gedeeltelijk op door te bewijzen dat de uitspraken geldig zijn
als we naast deze verboden deelgrafen ook de driehoek verbieden.
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Het laatste hoofdstuk is gemotiveerd door een interessant vermoeden van
Thomassen dat elke hamiltonse graaf G met minimale graad minstens 3 een
lijn e bevat zodanig dat zowel G − e als G/e hamiltons is. In Hoofdstuk 8
bewijzen we dat dit vermoeden waar is voor K1 ∪ K1,3-vrije grafen en voor
K1 ∪ P5-vrije grafen.
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[53] B. Li, Z. Ryjáček, Y. Wang and S. Zhang, Pairs of heavy subgraphs for
hamiltonicity of 2-connected graphs, SIAM J. Discrete Math., 26 (2012)
1088–1103.

[54] B. Li, H. J. Broersma and S. Zhang, Forbidden subgraphs for hamiltonic-
ity of 1-tough graphs, Discuss. Math. Graph Theory, 36 (2016) 915–929.

[55] B. Li, B. Ning, Heavy subgraphs, stability and hamiltonicity, Discuss.
Math. Graph Theory, 37 (2017) 691–710.

[56] B. Li, B. Ning and S. Zhang, Degree conditions restricted to induced
paths for hamiltonicity of claw-heavy graphs, Acta Math. Sin., Engl. Ser.,
33 (2017) 301–310.

[57] B. Li, P. Vrána, Forbidden pairs of disconnected graphs implying hamil-
tonicity, J. Graph Theory, 84 (2017) 249–261.

[58] G. Li, B. Wei and T. Gao, A structural method for hamiltonian graphs,
Australasian J. Combin., 11 (1995) 257–262.



144 BIBLIOGRAPHY

[59] H. Li, W. Ning, J. Cai, An implicit degree condition for cyclability in
graphs, in: FAW-AAIM 2011, in: LNCS, 6681 (2011) 82–89.

[60] H. Li, W. Ning and J. Cai, An implicit degree condition for cyclability in
graphs, FAW-AAIM 2011, 6681 (2011) 82–89.

[61] H. Li, W. Ning and J. Cai, An implicit degree condition for hamiltonian
graphs, Discrete Math., 312 (2012) 2190–2196.

[62] X. Li, An implicit degree condition for Hamiltonian cycles in k-connected
graphs, Journal of Southwest University for Nationalities (Natural Science
Edition), 33 (2007) 736–738.

[63] M. Matthews, D. Sumner, Hamiltonian results in K1,3-free graphs, J.
Graph Theory, 8 (1984) 139–146.

[64] M. Matthews, D. Sumner, Longest paths and cycles in K1,3-free graphs,
J. Graph Theory, 9 (1985) 269–277.

[65] B. Mohar, Some open problems, From the author’s web pages
http://www.fmf.uni-lj.si/ mohar/Book/BookProblems.html.

[66] Zh. G. Nikoghosyan, Disconnected forbidden subgraphs, toughness and
hamilton cycles, ISRN Combinatorics, 2013 (2013), 4 pages.

[67] B. Ning, Fan-type degree condition restricted to triples of induced sub-
graphs ensuring hamiltonicity, Inform. Process. Letter., 113 (2013) 823
– 826.

[68] B. Ning, S. Zhang, Ore- and Fan-type heavy subgraphs for Hamiltonicity
of 2-connected graphs, Discrete Math., 313 (2013) 1715–1725.

[69] O. Ore, Note on Hamilton circuits, Amer. Math. Monthly, 67 (1960) 55.

[70] S. Shan, Hamiltonian cycles in 3-tough 2K2-free graphs, preprint
(2019).

[71] J. Sheehan, The multiplicity of Hamiltonian circuits in a graph, Recent
Advances in Graph Theory (Proc.Second Czechoslovak Sympos.), 1975,
477–480.



BIBLIOGRAPHY 145

[72] R. Shi, Ore-type conditions for pancyclism of Hamiltonian graphs, J.
Systems Sci. Math. Sci., 11 (1991) 79–90.

[73] A. G. Thomason, Hamiltonian cycles and uniquely edge colorable
graphs, Advances in Graph Theory (Cambridge Combinatorial Conf., Trin-
ity College, Cambridge, 1977), Ann. Discrete Math., 3 (1978) 259–268.

[74] C. Thomassen, On the number of Hamiltonian cycles in bipartite graphs,
Combin. Probab. Comput., 5(4) (1996) 437–442.

[75] W. T. Tutte, On Hamiltonian circuits, J. London Math., 21 (1946) 98–
101.

[76] R. Yu, B. Chen, An implicit degree condition for Hamiltonian cycles in
k-connected claw-free graphs, Journal of Southwest University for Na-
tionalities (Natural Science Edition), 33 (2007) 22–25.

[77] C. Q. Zhang, Hamilton cycles in claw-free graphs, J. Graph Theory, 12
(1988) 209–216.

[78] Y. Zhu, J. Gao, Implicit degrees and Chvátal’s condition for hamiltonic-
ity, Systems Sciences and Mathematical Sciences, 2 (1989) 353–363.

[79] Y. Zhu, H. Li and X. Deng, Implicit-degrees and circumferences, Graphs
Combin., 5 (1989) 283–290.





Acknowledgements

Unconsciously, it has come to the final stage of my doctoral study. In the past
four years, I received a lot of help from many people, and now it is the right
time to express my gratitude to them.

First of all I thank Professor Ligong Wang, my supervisor at NPU, for lead-
ing me into the field of graph theory. I have been studying with him since
2013. He is a good teacher who always showed enough patience when I
encountered difficulties, and he gave me timely reminders when I became
impetuous. He is also a good listener, since he was patient to listen to all my
ideas, preliminary or mature, and was eager to learn what I was learning.
He often organized us to study a book or listen to lectures so that we could
accumulate expertise and keep up with the latest research work. I learned a
lot from him, both on academic issues as well as personality.

I would like to thank Professor Hajo Broersma, my supervisor at the UT,
for inviting me to study in his group. In terms of research, he has keen insights
and advanced knowledge. Therefore, every time he could easily catch my idea
and give me effective suggestions which always broadened my thoughts. And
he spent a lot of time on revising my papers and thesis, hence many efforts are
attributed to him. In life, his kindness and humor helped me get rid of tension
and constraint, and he encouraged me to communicate with other colleagues.
He also helped me with applying for courses, registering for conferences and
handling graduation issues. I benefitted and learned a lot from him.

I would also like to give thanks to all my coauthors of the papers underly-
ing this thesis, in particular W. Wideł, who contributed many ideas and made

147



148 Acknowledgements

a lot of efforts in the work of Chapter 2, and the coauthors of the work un-
derlying Chapter 4 for their permission to add this to my thesis. In addition, I
also would like to thank Professor Shenggui Zhang of NPU. He always shared
with me the latest research work of other scholars, which inspired me to write
another paper that does not appear as a chapter in this thesis.

Thanks also go to my NPU colleagues who shared most of my experience
in the first two years. They are witnesses and companions of my growing. My
thanks also go to all FMT members at the UT, for accepting different person-
alities and sharing their thoughts with me. I have enjoyed many interesting
activities with them. This way they participated in a large part of my memo-
ries of the Netherlands.

I would also like to thank all my friends in Enschede, for their companion
that made me not feel lonely.

My deepest thanks go to my parents, brother, sister in law and my nephew.
With their encouragement and support, I can bravely face every circumstance.

My greatest thanks go to the Lord, my God. He knows me the best, and
his rod and his staff comfort me always.

Wei Zheng
June 2019, Enschede



About the Author

Wei Zheng was born on December 1, 1990 in Qihe County, Dezhou City, P. R.
of China. From 1998 until 2006, she attended primary and secondary school
in her hometown. From 2006 to 2009, she studied at No.1 Middle School Of
Shandong Qihe.

In 2009, she was admitted to Shandong Jianzhu University with the low-
est score of this university and was transferred to the major of mathematics of
the Faculty of Science. Since then, she has had a fate with mathematics to this
day. However, she performed well after entering school. She ranked first in
the profession for three consecutive years and received a national scholarship.

After obtaining her bachelor degree in June 2013, she was accepted by
Northwestern Polytechnical University as a master student under the supervi-
sion of Professor Ligong Wang. In 2015, she received her master degree and
started her PhD education in NPU with the same supervisor.

Starting from September 2017, she visited the group of Formal Methods
and Tools, University of Twente as a joint PhD student to perform research
on hamiltonian properties of graphs under the supervision of Professor Hajo
Broersma. The research has been sponsored by the China Scholarship Coun-
cil.

149


	Preface
	Introduction
	Terminology and notation
	Subgraph conditions for hamiltonian properties
	Implicit degree and hamiltonian properties
	Toughness and hamiltonian properties

	Implicit heavy subgraphs and hamiltonicity
	Introduction
	Preliminaries
	Proofs of Theorems 2.9–2.11 and 2.17

	Hamiltonicity of almost distance-hereditary graphs
	Introduction
	Some auxiliary lemmas
	Proof of Theorem 3.5
	Proof of Theorem 3.6

	Implicit degree for hamiltonicity of claw-free graphs
	Introduction
	Some useful observations and preliminary results
	The proofs of our two results
	The proof of Theorem 4.4
	The proof of Theorem 4.5


	Toughness, forbidden subgraphs, hamiltonian-connectivity
	Introduction
	Proof of Theorem 5.4
	Proof of Theorem 5.5

	Toughness, forbidden subgraphs and pancyclicity
	Introduction
	Preliminaries
	Proof of Theorem 6.6
	Proof of Theorem 6.7
	Proof of Theorem 6.8

	More on the hamiltonicity of 1-tough graphs
	Introduction
	Proof of Theorem 7.3
	Proof of Theorem 7.4

	Thomassen's Conjecture on two classes of graphs
	Introduction
	Preliminaries
	Proofs of Theorem 8.6 and Theorem 8.8

	Summary
	samenvattingname
	Bibliography
	Acknowledgements
	About the Author

