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Density functional theory (DFT) has been applied to the study of the fluid-solid transition 
in systems with realistic potentials (soft cores and attractive forces): the purely repulsive 
WCA Lennard-Jones reference potential (LJT), the full Lennard-Jones potential (LJ) and 
the exponential-6 potential appropriate for helium and hydrogen. Three different DFT 
formalisms were used: the formulation of Haymet and Oxtoby (HO) and the new theories of 
Denton and Ashcroft (MWDA) and of Baus (MELA). The results for the melting 
pressure are compared with recent simulation and experimental data. The results of the HO 
version are always too high, the deviation increasing when going from the repulsive 
Lennard-Jones to the exponential-6 potential of H2. The MWDA gives too low results for the 
repulsive Lennard-Jones potential. At low temperatures, it fails for the full LJ potential 
while at high temperatures it is in good agreement. Including the attraction as a mean-field 
correction gives good results also for low temperatures. The MWDA results are too 
high for the exponential-6 potentials. The MELA fails completely for the LJT potential and 
the hydrogen exponential-6 potential, since it does not give a stable solid phase. 

I. INTRODUCTION 

The density functional theory (DFT) of freezing first 
proposed by Ramakrishnan and Yussouff I has by now be
come a standard tool for studying the liquid-solid transi
tion in simple systems.2

,3 While successful for simple hard 
sphere models, the simplest version of the theory,4 which 
involves a second-order expansion in the density change 
ps(r) - PH gives increasingly worse results as the poten
tial becomes "softer" and completely fails for the Coulom
bic interaction.5

,6 Inclusion of higher-order terms was 
shown to be necessary in this cases though this seemed to 
worsen the results for hard spheres.7 The density expansion 
including part of the third-order terms has been applied to 
the Lennard-Jones potential8,9 with reasonable agreement 
with simulation data. 

Recently several more sophisticated versions of the 
theory, involving an approximate resummation of high
order terms, were proposedlO--I2 and applied with quanti
tative success to the hard-sphere system. Curtin and Ash
croft13 have calculated the melting line of the Lennard
Jones system by using a perturbation expansion around the 
hard-sphere system, finding good agreement with simula
tion data. Our goal, however, is to apply DFT to the full 
potential without perturbation expansion. 

In this paper we present a test of these new theories for 
more realistic potentials with soft cores and attractive 
forces. The following systems have been studied: 

(1) the 6-12 Lennard-Jones potential truncated at its 
minimum (LJT) and shifted upwards by the depth of the 
Lennard-Jones potential, as for the WCA LJ reference sys
tem,14 

(2) the full 6-12 Lennard-Jones potential (LJ), 

(3) the Buckingham-exponential-6 potential with pa
rameters appropriatefor helium (a = 13.1, E/kB = 10.2 K, 
rM = 2.9673 A), named EXP-6-He and hydrogen 
(a = 11.1, €IkB = 36.4K, rM = 3.43A),namedEXP-6-Hz. 
The EXP-6 potentials are widely recognized as a good de
scription of the interactions in helium and hydrogen. The 
hydrogen parameters have been obtained from shock wave 
experiments by Ross et af. IS For helium the parameters 
were obtained on experimental melting data by Young et 
al. 16 In recent papers LeSar l7 and Barrat et af. 18 have 
shown that the EXP-6 potential is the best potential to 
describe the properties of solid helium and the melting of 
helium at 300 K. 

This sequence of potentials is ordered according to the 
increasing difficulty they present as benchmarks for the 
freezing theories: LJT is a purely repulsive potential of 
finite range, the LJ potential has an attractive part while 
the EXP-6 potentials have a softer repulsive part, EXP-
6-H2 being the softer and having the larger well depth of 
the two. 

In Sec. II we present the calculation scheme used in 
the determination of the fluid structure. The different ver
sions of the DFT used in this paper are summarized in Sec. 
III, the results are presented in Sec. IV followed by a dis
cussion in Sec. V. Finally, Sec. VI contains concluding 
remarks. 

II. LIQUID STRUCTURE FROM SELF-CONSISTENT 
INTEGRAL EQUATIONS 

At present, the use of integral equations is a well es
tablished method for computing the structure and the 
equation of state of a homogeneous fluid. 19 Briefly, one 
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FIG. I. Radial distribution function of the UT fluid at knT/E = 1.25 and 
pdl = 1.0. 

must simultaneously solve the Ornstein-Zernike relation 
and an additional closure relation between the radial dis
tribution function, g(r), and the direct correlation function 
c(r) of the fluid, that also involves the interaction poten
tial. 

For the potentials used in this paper, the HMSA clo
sure of Zerah and Hansen,20 a hybrid closure constructed 
from the hypernetted chain and the mean spherical ap
proximation closures, is very suitable since it is self
consistent. This means that the compressibility (X T) ob
tained through the virial expression is consistent with the 
compressibility calculated from the structure factor S(k) 
at k = O. The resulting integral equations are readily solved 
with the iteration scheme of Gillan. 21 

Since the direct correlation functions are the main in
put to the DFT, the structure of the liquid, calculated 
through the integral equations, is compared with computer 
simulation data. We performed constant-NVT Monte 
Carlo simulations on a system of 500 particles using stan
dard periodic boundary conditions. The first 105 configu
rations were discarded for equilibration, the next 2 X 105 

configurations were used for production. For the LJT po
tential, the radial distribution function, g(r), is presented 
in Fig. 1, at a reduced temperature kBTIE = 1.25 and 
reduced density pa3 = 1.0. Note that this is a little above 
the freezing density. It can be seen that the solution of the 
integral equations is in very close agreement with our 
Monte Carlo data. We have also checked the structure of a 
softer potential. In Fig. 2 the results are shown for the 
EXP-6-He potential with the parameter set of Ref. 15, as 
given in the Introduction. In order to accommodate for 
quantum effects when comparing EXP-6-He and EXP-
6-H2 results with experimental helium and hydrogen, we 
have included the Wigner-Kirkwood quantumcorrection 
in our calculations. The integral equation results were 
compared with simulation data at a temperature T = 300 
K and a molar volume V=4.7 cc/mol. Notice that the 
molar volume on freezing is circa 4.2 cc/mol. Again, the 
agreement between both g(r)'s is very good. The calcu
lated pressures for H2 near the melting line are in accor-
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FIG. 2. Radial distribution function of the EXP-6-He fluid at T= 300 K 
and V=4.7 cc/mol. The parameters used are from Ref. 16. 

dance with the experimental data.22 Therefore, the solu
tions of the integral equations with the HMSA closure 
form a reliable input for the density functional theory of 
freezing. 

It was observed that the HMSA closure does not give 
self-consistent solutions for the LJT and LJ potentials at 
low density and low temperature (p~<;0.5 and kBTIE 
<; 1.0). The calculated pressure can deviate from the 
Monte Carlo results up to 20% (at pa3 = 0.2 and 
kBTIE = 0.5). However, notice that results which do not 
depend on liquid input data at low temperature (kBTIE 
<; 1.0) combined with low density (pa3<;0.5) do not suffer 
from this lack of self-consistency. 

III. THE VARIOUS FORMULATIONS OF OFT USED IN 
THIS WORK 

As already mentioned in the Introduction, the earliest 
version4 of the DFT of freezing relies on an expansion of 
the solid Helmholtz free energy around the free energy of 
a liquid with the same chemical potential 11-, temperature T, 
and volume V. The expansion parameter is the difference 
between the inhomogeneous density of the solid, ps(r), 
and the homogeneous fluid density PF' Since third- and 
higher-order correlation functions are difficult to calculate, 
this expansion is usually limited to second order and can be 
written in terms of the grand potential difference, 
Os - OF, between the solid and the fluid as 

AO Or Ps] - or PF] 

kBT kBT 

= J dr ps(r) loge PS(r)/PF) - V( Ps - PF) 

-~ J J dr dr'c(r - r';PF)( ps(r) - PF) 

X ( ps(r') - PF), (1) 
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where c(r - r';PF) is the direct correlation function 
(DCF) of the fluid. 

Fluid-solid coexistence is obtained when 

(2a) 

and 

(2b) 

are simultaneously satisfied. Equation (1) ensures the 
equality of the chemical potentials in both phases and Eq. 
(2a) states that the solid is in equilibrium. The minimiza
tion in Eq. (2a) can be carried out only if a parameterized 
form for the density ps(r) is a priori assumed. This implies 
choosing a crystalline lattice and describing the density by, 
e.g., a sum of Gaussian peaks centered at the lattice sites,23 
i.e., 

(3) 

With this description, Eq. (2a) reduces to a minimization 
with respect to the two parameters Ps (average solid den
sity) and a (squared inverse width of the peaks). In this 
paper only close packed structures were considered since 
all the systems studied are known to freeze into either FCC 
or HCP structures. 

Since the function c(r) is determined numerically, we 
found it more convenient to work with the reciprocal space 
representation of the density: 

( ) _ ~ e - G2/4aeiG'r Ps r -Ps ~ , (4) 
G 

where the G's are the reciprocal lattice vectors (RLV). 
The last integral in Eq. (1) then reads 

TABLE I. Reduced fluid and solid(FCC) densities and reduced pressure 
transition data for the UT potential. HO denotes the Haymet and Oxtoby 
formulation, MWDA the Denton and Ashcroft formulation. The reduced 
weighted density pUJ is calculated with Eq. (7). L is the Lindemann 
parameter and I1plpF is the fractional density change. 

kBTIE p~ psUJ I1plpF pif/E L pUJ 

HO 0.25 0.812 1.014 0.25 2.55 0.060 (na) 
HO 0.5 0.884 1.051 0.19 5.21 0.085 (na) 
MWDA 0.82 0.94 0.15 4.32 0.094 0.42 
HO 1.0 0.989 1.13 0.14 14.3 0.094 (na) 
MWDA 0.905 1.015 0.12 10.4 0.103 0.56 
HO 2.0 1.132 1.267 0.12 36.9 0.104 (na) 
MWDA 1.05 1.13 0.08 27.3 0.110 0.72 
HO 5.0 1.397 1.51 0.08 135.1 0.127 (na) 
MWDA 1.275 1.35 0.06 93.9 0.110 0.92 

(5) 

where c(k) is the Fourier transform of c(r). This last ex
pression shows very clearly the role of the fluid structure 
factor in the freezing process: the density waves with a G 
vector corresponding to peaks in the structure factor 
(c(G) >0) yield a negative contribution to an and thus 
stabilize the solid. 

A second class of density functional theories was ini
tiated by the work of Tarazona24 and further developed by 
Ashcroft and co-workers. IO,11 The basic idea underlying 
these theories is that the solid Helmholtz free energy can 
be put equal to the free energy of a fluid at a weighted 
density p < Ps. In the simplest version ll (the modified 
weighted density approximation, MWDA), which we will 
consider in this paper, one writes the excess free energy of 
the solid per particle as the excess free energy of a homo
geneous fluid at a weighted density p 

(6) 

where p is given by 

p = f dr dr'w(r - r';p )ps(r)ps(r') / f dr"ps(r"). 

(7) 

The weighting function w is designed in such a way that 
the approximate functional (6) has the correct second 
functional derivative at small inhomogeneities, namely the 
fluid DCF. This condition yields for w in Fourier space, the 
explicit expression 

A - f3 - I c F(k;p) - pip ( p ) {jk,O 

w (k;p) = 2iF( p) (8) 

Such theories can be understood as density expansion to all 
orders, the second-order term being exact and the higher
order terms approximate. 

A similar formulation, with a somewhat different phys
ical motivation, was recently proposed by Baus 12 (the 
modified effective liquid approximation, MELA). Equa
tions (6) and (7) remain valid but now w is given, in real 
space, by 

w(r;p) = fol dA(1-A)cF(lr l ;Ap)/ 

f dr' fol dA(1 - A)CF( I r' I ;Ap) (9) 

to ensure self-consistency for the local excess free energy 
per particle. We refer to the original paper for the discus
sion of this choice. 

To obtain the coexistence conditions from Eq. (6), the 
free energy of the solid has to be minimized first with 
respect to the parameter a in Eq. (4) at a given average 
solid density Ps. A double tangent construction on the 
curves F s ( p) / V and F F( p) / V then yields the coexistence 
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FIG. 3. The melting line of the UT potential. Simulation data are from 
Ref. 25. The HO and MWDA data are from this work. 

densities. Note that both Eq. (6) and the double tangent 
construction require a knowledge of the fluid Helmholtz 
free energy, which can be obtained by thermodynamic in
tegration of the equation of state, calculated from the in
tegral equations. 

IV. RESULTS 

The results for the UT potential are presented in Ta
ble I and compared to computer simulation data in Fig. 3. 
The solid data are for an FCC lattice. The difference with 
an HCP lattice is very small; typically the fluid and solid 
densities were 0.004 larger in the case of the HCP lattice. It 
can be seen that HO yields fluid densities and consequently 

pressures that are too high. The difference in pressure 
amounts up to 30% at kBT/€ = 5.0. The Lindemann pa
rameter doubles as a function of the melting temperature 
from about 0.06 to 0.13 while the fractional density change 
decreases from 0.25 to 0.08. It is expected that the Linde
mann parameter (a measure for the relative displacement 
of the molecules around their lattice positions) is constant 
along the melting line, having a value of approximately 0.1. 
The MWDA yields fluid densities and pressures that are 
lower than the simulation results up to 10% in pressure. 
The Lindemann parameter is nearly constant 0.1 while the 
fractional density change decreases from 0.15 to 0.06. No
tice that, except for the MWDA point at kBT/€ = 0.5 and 
iF if = 0.42, all points were calculated at temperatures and 
densities where the HMSA closure gives self-consistent re
sults which are in agreement with simulation data. At 
kBT/€ = 0.5 and pif = 0.42, the difference in HMSA and 
MC pressure is about 5%. We notice that this apparently 
does not affect the MWDA result seriously since its melt
ing pressure (see Table I) is consistent with the results at 
higher temperatures. 

The MELA did not yield a (meta- ) stable solid phase 
for reduced temperatures kBT/€ between 1.0 and 10.0. 
Only at kBT/€ = 0.5 and 1.0, a metastable solid solution 
was found since a local minimum was observed in the solid 
free energy at a#O. Since MELA uses liquid data input 
over the entire range of densities [see Eq. (9)] one might 
suspect the HMSA results at low density to cause this 
failure. However, this can not be the case since, e.g., at 
kBT/€ = 2.0 the HMSA results agree with the MC data 
within 2.5% over the entire density range. Since we en
countered the same problem with the other potential 
forms, we discarded this version of the DFT. 

The results for the full Lennard-lones potential are 
presented in Table II and Fig. 4 . The HO formulation 
yields fluid densities and pressures that, compared to sim
ulation data, are too high: about 9% in density and 40% in 

TABLE II. Reduced fluid and solid(FCC) densities and reduced pressure transition data for the U 
potential. HO denotes the Haymet and Oxtoby formulation, MWDA the Denton and Ashcroft formulation. 
MF denotes the mean-field approach and MC indicates the Monte Carlo data of Ref. 26 and 27. The 
reduced weighted density pif is calculated with Eq. (7). L is the Lindemann parameter and AplpF is the 
fractional density change. 

kaTlf pp? psif AplpF pif/f L pif 

HO 1.0 0.974 1.094 0.12 6.0 0.105 (na) 
MWDA+MF 0.88 1.025 0.16 3.2 0.100 0.56 
MC ",0.910 '" 1.005 ",0.10 ",3.6 (na) 
HO 2.0 1.131 1.261 0.11 27.5 0.110 (na) 
MWDA+MF 1.04 1.14 0.10 17.7 0.111 0.72 
MC ",1.040 '" 1.120 ",0.08 '" 19.5 (na) 
HO 2.74 1.215 1.335 0.10 47.4 0.114 (na) 
MC 1.113 1.179 0.06 32.2 (na) 
HO 5.0 1.40 1.51 0.08 123.0 0.127 (na) 
MWDA+MF 1.27 1.35 0.06 79.8 0.110 0.92 
MC 1.279 1.349 0.05 86.0 (na) 
HO 10.0 1.65 1.775 0.08 332.3 0.136 (na) 
MWDA+MF 1.53 1.58 0.04 242.0 0.104 1.12 
MWDA 1.52 1.57 0.03 237.0 0.114 1.09 
MC 1.50 1.572 0.05 231.0 (na) 
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FIG. 4. The melting line of the U potential. Simulation data are from 
Refs. 26 and 27. The HO and MWDA data are from this work. 

pressure (2.0 < kBT/€ < 10.0). The solid densities are 
about 10% too high. The fractional density change de
creases from 0.12 to 0.08 which is comparable to the sim
ulation data which show a decrease from 0.10 to 0.05. The 
Lindemann parameter increases from 0.11 to 0.14. The 
MWDA did not yield a (meta- ) stable solid phase at tem
peratures kBT/€ < 5.0. At kBT/€ = 5.0, a stable solid 
phase was obtained at high densities but no solution was 
found at densities low enough (pc? < 1.4) to construct a 
double tangent on the free energy curves. However, at 
kBT/€ = 10.0 we encountered no problems. 

In order to remedy the lack of solutions at low tem
peratures, the repulsive forces were treated with the 
MWDA while the attractive forces were taken into ac
count in a mean-field fashion,14,28 using 

Fu(ps) =F~-;'DA( Ps) ! ap~ 
with 

(10) 

a=41T L'" tPatt(r)? dr, (11) 

where tPatt is the attractive potential as defined in the WCA 
potential splitting. 14 This approach, named 
MWDA + MF, yields pressures and coexisting densities 
that agree well with the simulation data. The differences in 
pressure are less than 10% and the differences in density 
are less than 3%. The fractional density change decreases 
from 0.16 to 0.04 which is in agreement with the simula
tion data, except at the lowest temperature. The Linde
mann parameter remains about constant (L = 0.11). At 
kBT/€ = 10.0, the results of the MWDA are in close 
agreement with the results obtained with the 
MWDA + MF approach. 

In Table III, the results are presented for the EXP-
6-He potential at T = 300 K. With the HO formulation, a 
pressure in excess of 500 kbar and coexisting volumes less 

TABLE III. Fluid-solid(HCP) transition data for the EXP-6-He poten
tial at T= 300 K. HO denotes Haymet and Oxtoby. HO* denotes 
Haymet and Oxtoby without the fourth star in the reciprocal lattice. 
MWDA denotes Denton and Ashcroft. Expt denotes the experimental 
data from Ref. 29. L is the Lindemann parameter and V is the effective 
volume. 

VF(cc/mol) Vs(cc/mol) p(kbar) L V(cc/mol) 

Expt 4.4 4.3 121.0 (na) 
HO <2.5 <2.5 >500 <0.08 (na) 
HO· 4.2 4.0 132.0 0.09 (na) 
MWDA 3.4 3.1 270 0.11 3.5 

than 2.5 cc/mol are found, which is clearly in strong dis
agreement with the experimental data. The MWDA yields 
a pressure that is more than 100% above the experimental 
data and fluid and solid volumes that are 25% too low. The 
Lindemann parameter is 0.11. 

With the EXP-6-H2 potential at T= 300 K (see Table 
IV) solutions from the integral equations were obtained up 
to a volume of 5.9 cc/moI, corresponding to a pressure of 
163 kbar. As in the case of EXP-6-He, we had to extrap
olate the An values and the fluid equation of state in order 
to find a transition. The HO formulation yields a pressure 
a factor 6 too high and fluid and solid volumes 50% too 
low. The MWDA shows a pressure a factor 4 above and 
fluid and solid volumes 30% below the experimental data. 
The Lindemann parameter is 0.12. With both the EXP-
6·He and the EXP-6-H2 potentials the differences we found 
between FCC or HCP solid lattices were small. 

A way of improving the melting data for the EXP-
6-He and EXP·6-H2 systems, using the HO formulation, is 
to discard the fourth reciprocal lattice vector as used in the 
application of DFT to the melting of charged fluids. 6 For 
the melting of He and H2 we have obtained the results 
given in Tables III and IV. The agreement with experiment 
is reasonable for H2 and very good for He. 

V. DISCUSSION 

In the case of the UT potential, the HO formulation 
generally yields pressures (and fluid densities) that are 
higher than the simulation data while the MWDA formu
lation yields results that are lower. This is consistent with 
the results of both versions for hard spheres. The large 
increase of the Lindemann parameter with temperature as 
calculated with the HO formulation seems consistent with 

TABLE IV. Fluid-solid(HCP) transition data for the EXP-6-H2 poten
tial at T = 300 K. HO denotes Haymet and Oxtoby, HO* denotes 
Haymet and Oxtoby without the fourth star in the reciprocal lattice. 
MWDA denotes Denton and Ashcroft. Expt denotes the experimental 
data from Ref. 22. L is the Lindemann parameter and V is the effective 
volume. 

VF(cc/mol) Vs(cc/mol) p(kbar) L V(cc/mol) 

Expt 8.2 8.0 53.0 (na) 
HO <4.0 <4.0 >300 <0.07 (na) 
HO· 7.2 6.9 80.0 0.08 (na) 
MWDA 5.4 4.9 195 0.12 5.4 
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the decrease in the fractional density change. At low tem
peratures, the coexisting solid has a relatively higher den
sity and thus the mean-square displacement of the atoms is 
reduced. With the MWDA, the Lindemann parameter 
changes less with temperature which is consistent with the 
smaller decrease of the fractional density change. Hence, 
we expect the MWDA results to be in better agreement 
with simulation data than the HO results. 

The failure of the MELA with the LJT potential is 
quite surprising, especially if one bears in mind that it is 
the theory which gives the best results when applied to the 
hard sphere system. A similar failure of the MELA for soft 
repulsive potentials (soft spheres and Yukawa potential) 
has recently been reported by Laird and Kroll. 3o The rea
son of this failure is not yet understood by us at present. 

In the case of the LJ potential, again, the HO version 
overestimates the pressures and fluid densities. It is 
known8

,9 that inclusion of only a part of the third-order 
terms improves the results, but still the fluid densities and 
thus the coexisting pressures are too high. The Lindemann 
parameter increases slightly with temperature, which 
seems consistent with the increasing deviation of the frac
tional density change from the simulation data. The 
MWDA version of the theory fails to predict crystalliza
tion at low temperatures. This can be understood from the 
fact that the weighted density approximation is reasonable 
for hard-sphere repulsions (the free volume in the solid is 
larger than in the fluid, so that the effective density is 
reduced) but hardly makes sense when attractive forces are 
considered. Inclusion of the attraction in a mean-field ap
proach gives good results, comparable with perturbation 
theory resultsY One might think of a cancellation of er
rors, since the results for the LJT potential are too low and 
there are more sophisticated ways to include the attraction 
than the mean-field method used here, but at kBTIE 
= 10.0 the results of the complete MWDA are in good 
agreement with the ones obtained through the 
MWDA + MF version. Note that Curtin and Ashcroft13 

also obtained very good results for the LJ system by using 
a perturbation expansion around a hard-sphere system, 
where the properties of the hard-sphere system were cal
culated with the weighted density approximation. 

Both the HO formulation as well as the MWDA for
mulation fail when applied to the exponential-6 potentials 
of He and H2: they strongly underestimate the volumes at 
the transition and hence overestimate the pressure. This 
discrepancy with the experimental data is worse in the case 
of the H2 potential where the repulsion is softer. Note that 
in both cases the attractive part of the potential is relatively 
weak at T=300 K (kBTIE=30 for He and kBTIE= 10 for 
H2) so that the MWDA formulation could be used di
rectly. The poor quality of the results obtained from the 
HO theory in this case is not unexpected, since the failure 
of this theory for soft repulsions has been demonstrated 
earlier. 5,6 It is more striking that the nonperturbative 
MWDA does not yield a significant improvement. It seems 
that the basic assumption underlying this theory, while 
well justified physically for hard-sphere systems, ceases to 
be correct as soon as the intermolecular potential becomes 

longer ranged. The approximate high-order correlations 
which are always present in the theory are in this case not 
precise enough to yield the correct freezing parameters. 

VI. SUMMARY AND CONCLUSIONS 

The freezing of various model as well as realistic sys
tems has been studied using both the traditional density 
expansion and a recently proposed weighted density ap
proximation. From this study it appears that while all the
ories are more or less successful in predicting the freezing 
of hard-sphere systems, they equally fail when applied to 
softer interactions. Moreover, the MWDA encounters 
problems at low temperatures when an attractive force is 
present and the MELA fails already with the LJT system. 

We can think of two ways to improve on the DFT 
results presented here. First of all one can try to include 
third-order terms in the density expansion (1), using for 
the triplet correlation of the fluid the approximation dis
cussed in Ref. 32. Although this procedure is feasible and 
has been successfully applied to inverse-power poten
tials5

,33 it requires elaborate numerical effort and thus does 
not form an attractive candidate when routine applications 
are considered. The second alternative, which has been 
used in the early work by Ramakrishnan and Yussouff 1 

and in the application of DFT to charged fluids,6 is to 
discard in Eq. (6) those wave vectors which contribute a 
large positive term to the grand potential of the solid, i.e., 
these G's with c( G) < O. Such a procedure clearly lacks a 
theoretical basis. A tentative justification was proposed by 
Rovere and Tosi6 who stated that the existence of a density 
wave at such wave vectors could only arise from coopera
tive processes (i.e., high-order correlations), the fluid be
ing rigid against such a modulation at the level of its pair 
correlations. Anyhow, this approximation provides a cheap 
and efficient way of obtaining reasonable freezing data. For 
He and H2 we have obtained the results given in Tables III 
and IV by discarding the fourth RLV [this vector coincides 
with the first minimum in c(k)]. This improved the results 
substantially. The same approximation has been used by us 
in the study of freezing of He-H2 mixtures. 34 

ACKNOWLEDGMENTS 

This work has been financially supported by the Centre 
National de Recherche Scientifique (CNRS, France) and 
the Netherlands Organization for Scientific Research 
(NWO, The Netherlands). Two of us (AdK and WLV) 
would like to thank the Ecole Normale Superieure de Lyon 
for its warm hospitality. 

IT. V. Rarnakrishnan and M. Yussouff, Phys. Rev. B 19, 2775 (1979). 
2 A. D. J. Hayrnet, Ann. Rev. Phys. Chern. 38, 89 (1987). 
3M. Baus, J. Stat. Phys. 48, 1129 (1987). 
4A. D. J. Hayrnet and D. W. Oxtoby, J. Chern. Phys. 74, 2559 (1981). 
5 J.-L. Barrat, Europhys. Lett. 3, 523 (1987); J.-L. Barrat, J.-P. Hansen, 
G. Pastore, and E. M. Waisrnan, J. Chern. Phys. 86. 6360 (1987). 

6M. Rovere and M. P. Tosi, J. Phys. C 18 3445 (1985). 
7W. A. Curtin, J. Chern. Phys. 88, 7050 (1988). 
8C. Marshall, B. B. Laird, and A. D. J. Hayrnet, Chern. Phys. Lett. 122, 
320 (1985). 

J. Chern. Phys., Vol. 93, No.7, 1 October 1990 



de Kuijper et a/. : Freezing of simple systems 5193 

9B. B. Laird, J. D. McCoy, and A. D. J. Haymet, J. Chern. Phys. 87, 
5449 (1987). 

lOW. A. Curtin and N. W. Ashcroft, Phys. Rev. A 32,2909 (1985). 
II A. R. Denton and N. W. Ashcroft, Phys. Rev. A 39, 4701 (1989). 
12M. Baus, J. Phys.: Condo Matter 1,3131 (1989). 
I3W. A. Curtin and N. W. Ashcroft, Phys. Rev. Lett. 56, 2775 (1986). 
14J. D. Weeks, D. Chandler, and H. C. Andersen, J. Chern. Phys. 54, 

5237 (1971). 
15M. Ross, F. H. Ree, and D. A. Young, J. Chern. Phys. 79,1487 (1983). 
16D. A. Young, A. K. McMahan, and M. Ross, Phys. Rev. B 24, 5119 

(1981). 
17R. A. LeSar, Phys. Rev. Lett. 61, 2121 (1988). 
18J._L. Barrat, P. Loubeyre, and M. L. Klein, J. Chern. Phys. 90, 5644 

(1989). 
19 J.-P. Hansen and I. R. McDonald, Theory of Simple Liquids, 2nd edi-

tion (Academic, New York, 1986). 
20G. Zerah and J.-P. Hansen, J. Chern. Phys. 84, 2336 (1986). 
21M. J. Gillan, Mol. Phys. 38,1781 (1979). 
22V. Diatschenko., C. W. Chu, D. H. Liebenberg, D. A. Young, M. Ross, 

and R. L. Mills, Phys. Rev. B 32, 381 (1985); H. Shimizu, E. M. 

Brody, H. K. Mao, and P. M. Bell, Phys. Rev. Lett. 47, 128 (1981); H. 
K. Mao, A. P. Jephcoat, R. J. Hemley, L. J. Finger, C. S. Zha, R. M. 
Hazen, and D. E. Cox, Science 239, 1131 (1988). 

23M. Baus, J. Phys.: Cond. Matter 2, 2111 (1990). 
24p. Tarazona, Mol. Phys. 52, 81 (1984). 
25 A. de Kuijper, J. A. Schouten, and J. P. J. Michels, High Pres. Res. 4, 

567 (1990); J. Chern. Phys. (in press). 
26J._p. Hansen and L. Verlet, Phys. Rev. 184, 151 (1969). 
27J._p. Hansen, Phys. Rev. A 2, 221 (1970). 
28H. C. Longuet-Higgins and B. Widom, Mol. Phys. 8, 549 (1964). 
29W. L. Vos, M. G. E. van Hinsberg, and J. A. Schouten, Phys. Rev. B 

(in press); R. Ie Toullec, P. Loubeyre, and J.-P. Pinceaux, Phys. Rev. 
B 40, 2368 (1989). 

30B. B. Laird and D. M. Kroll (submitted to Phys. Rev. A). 
31H. S. Kang, T. Ree, and F. H. Ree, J. Chern. Phys. 84,4547 (1986). 
32 J.-L. Barrat, J.-P. Hansen, and G. Pastore, Phys. Rev. Lett. 58, 2075 

(1987). 
33H. Iyetomi and S. Ichimaru, Phys. Rev. B 38, 6761 (1988). 
34W. L. Vos, A. de Kuijper, J.-L. Barrat, and J. A. Schouten (submitted 

J. Chern. Phys.). 

J. Chern. Phys., Vol. 93, No.7, 1 October 1990 


