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Emission pattern of an atomic dipole in a high-finesse
optical cavity
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An atom placed in a small high-finesse optical cavity will dominantly emit into modes sustained by the cavity.
If the cavity supports many frequency-degenerate modes, the radiation pattern depends strongly on the position
of the atom. These patterns can be used to detect the position of the atom with high sensitivity. © 2003
Optical Society of America
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The spectacular advances in mirror technology and
laser cooling of atoms now allow one to perform
real-time experiments with single atoms moving in a
high-finesse optical cavity.1 – 3 These experiments are
based on the effect by which the radiation properties
of an atom are altered once it is placed inside a cavity.
For example, if the cavity is resonant with an atomic
transition, the emission rate of an excited atom is
enhanced.4 At least as intriguing is that the spatial
characteristics of the emission are also changed. In
the case of a single-mode optical cavity, the emission
pattern as seen through one of the cavity mirrors is
the profile of that cavity mode. If the cavity supports
several frequency-degenerate modes, the radiation
pattern becomes nontrivial and strongly dependent
on the position of the atom. Observation of this
pattern should therefore allow one to track a single
atom.5 Such radiation patterns are the topic of this
Letter.

For our discussion it is assumed that the mirrors are
identical and spherical and that the paraxial approxi-
mation applies. We focus on the transverse structure
of the modes supported by the cavity and use the Her-
mite–Gaussian (HG) modes as a basis, where HGm, n
indicates the HG mode with m and n nodal lines in the
x and y directions, respectively. The transverse mode
functions can be described by6
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where Hm is the Hermite polynomial of order m and
w0 is the waist of the lowest-order HG0, 0 mode. The
factor Cm, n � �2m2nm!n!�21�2�w0
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the normalization �cm,n, cm,n� � 1 with the scalar
product �c1, c2� �
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modes with the same mode order, N � n 1 m, form a
frequency-degenerate mode family spanned by the HG
orthonormal basis BN � �ci�x, y� � ci,N2i�x, y�, i �
0, 1, . . . , N�. It is assumed that all these modes
have the same field loss rate, k. Note that we do
not imply any special relation between the radius
of curvature and the mirror separation. We only
assume that there are no other modes close to or on
resonance with those in BN . This assumption is well
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justified in current experiments with near-planar cav-
ities.1,2 However, additional degeneracies as, e.g., in
confocal cavities,7 can straightforwardly be accounted
for by incorporation of the modes into BN .

As a simple example of higher-order HG modes, we
consider the family of HG0, 2, HG1, 1, and HG2, 0 modes.
The intensity patterns cm,n

�cm, n�x, y� corresponding
to these three basis modes are shown in Fig. 1(a).
Note that regions separated by a nodal line have a rela-
tive phase of p. The symmetry axes are arbitrarily
set to vertical and horizontal. Linear combinations
with complex-valued coeff icients are also allowed and
are specif ically required for constructing modes with
angular momentum, as, e.g., the Laguerre–Gaussian
modes.

To understand what the emission pattern of an atom
looks like, we consider the situation in which an excited
atom is fixed at �x, y�a � �0.5, 0�w0. Here only the
HG0, 2 mode has a nonzero amplitude. Therefore, the
atom will couple only to mode HG0, 2, and the radiation
pattern will be that of the HG0, 2 mode.

In general, however, the excited atom can be at a po-
sition where more than one basis mode is nonzero. As
an example, we take �x, y�a � �cos�p�6�, sin�p�6��w0.
Now it is not clear a priori in which pattern the
radiation is emitted. However, by use of a suitable

Fig. 1. (a) Hermite–Gaussian basis modes, HG0,2, HG1, 1,
and HG2, 0, respectively, for the frequency-degenerate
N � 2 mode family. (b)– (d) Example showing another or-
thonormal basis set of modes where the effective mode (b)
couples maximally to the atom (cross) and all noncoupling
modes are given by superpositions of (c) and (d).
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unitary transformation, it is always possible to find
an orthonormal basis where only one mode is nonzero
at the position of the atom. This mode we call the
effective mode, a concept related to that of the effective
polarization of an ensemble of atoms.8 One can show
that the effective mode is the mode in the subspace
BN that maximizes the mode amplitude at the position
of the atom.9 The effective mode function, ceff�r, ra�,
depends on the position of the atom, ra, and defines
the radiation pattern in which the light of an excited
atom in the cavity is emitted. It can be expressed in
the basis modes as the following linear combination9:

ceff�r, ra� �
NX
i�0

c
�
i �ra�

feff�ra�
ci�r� , (2)

where ci�ra� is the value of the basis mode function ci
at the position of the atom, ra, and the value of the
effective mode at the position of the atom feff�ra� �
�
PN

i�0 jci�ra�j2	1�2 is determined by the magnitudes of
all basis mode functions at the position of the atom.
Note that ceff �ra, ra� � feff�ra�. The expression for
ceff [Eq. (2)] is unique, apart from an overall phase
factor, normalized and independent of the choice of ba-
sis. Since one can always choose a set of real-valued
basis modes, like the HG modes, it follows from Eq. (2)
that ceff is real valued apart from a global phase. For
�x, y�a � �cos�p�6�, sin�p�6��w0 the effective mode is
shown in Fig. 1(b). As can be seen in the f igure, the
effective mode has a large intensity near the atomic
position, which is indicated by the crosses. Note, how-
ever, that the maximum of the effective mode is not ex-
actly at the position of the atom, since superpositions
of the f inite number of modes available in BN will in
general not allow production of f ield maxima at an ar-
bitrary position. With an increasing number of con-
tributing modes the effective-mode maximum matches
the atomic position more closely. For the special case
of a confocal resonator all higher-order modes with
even N are degenerate with the HG0, 0 mode, leading to
the hourglass modes introduced in the study reported
in Ref. 7. For the higher-order modes considered here,
the effective mode tends to two isolated spots of di-
ameter 
w0�

p
N , as illustrated in Fig. 2 for N � 10.

From numerical calculations it is seen that the maxi-
mum mode amplitude of the two spots has an approxi-
mate value of 
�0.7�w0� �2�p�1�2 in the area of radiusp
N w0 covered by the mode family. Hence, for high

N the effective mode has a high amplitude at the posi-
tion of the atom, leading to strong atom–atom coupling
within an extended region around the cavity axes, as
demonstrated for the special case of a confocal cavity.7

Starting with the effective mode, one can con-
struct an orthonormal basis in BN , e.g., by use of a
Gram–Schmidt orthogonalization. As the effective
mode couples maximally with the atom, none of N 2 1
orthonormal modes couples to the atom. Examples
of two such modes are shown in Figs. 1(c) and 1(d).
The set of noncoupling modes is not unique. Any
unitary transformation in the noncoupling subspace
will produce an equally valid set of noncoupling modes.

The most straightforward method for observation
of the effective mode is to excite the atom and detect
the emission pattern through one of the mirrors with
a sensitive camera. In this case the effective mode
is directly visible on the camera. Alternatively, the
cavity can be pumped along the cavity axis through
one of the mirrors, which complicates the situation,
as mode matching of the pump light with the cavity
modes becomes important. We assign a mode pattern
cpump with a pump rate hpump to the mode-matched
part of the pump light. Mathematically this is a
projection of the pump field on the subspace defined
by the family of near-resonant modes. For instance, a
plane-wave pump would have equal overlap with the
HG2, 0 and the HG0, 2 mode, but no overlap with the
HG1, 1, and, hence, cpump � �c2, 0 1 c0, 2��

p
2. The re-

mainder of the pump does not couple to near-resonant
cavity modes and is ref lected. The mode-matched
pump field can be decomposed further into a f ield
pattern that couples to the effective mode with ef-
fective pump rate heff � �ceff , cpump�hpump and a
field pattern that does not couple to the effective
mode, cnc � cpump 2 �ceff , cpump�ceff , with pump rate
hnc � �cnc, cpump�hpump, where energy conservation
is ref lected in jhncj

2 � jhpumpj
2 2 jheff j

2.
We can find the electric f ield amplitude of cnc by cal-

culating the equilibrium result of a simple rate equa-
tion that takes into account the pump and the losses.
As the atom does not couple to cnc, the atom– light
interaction does not enter the calculation. The mode
amplitude therefore depends on only the detuning of
the pump light with respect to the cavity resonance,
Dc, and the loss rate of the cavity modes, k. The re-
sult for the positive frequency part is

Fig. 2. Examples of cavity emission patterns with an atom
(cross) at (a)–(c) r � 1.6w0 and (d)– (f ) r � 2.8w0 near reso-
nant with the N � 10 mode family. The plots on the left
are normalized with respect to the maximal value of the
HG0, 0 mode, c0,0�0, 0�. (a) and (c) and (b) and (d) are
radial cuts and two-dimensional plots for side pumping,
respectively. The emission patterns equal the effective
mode. (c), (f ) A cavity pumped through the input mir-
ror with a plane-wave pump. These patterns result from
the interference of the noncoupling modes and the effective
mode whose amplitude is inf luenced by the atom.
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E �1�
nc �r� � e0hnc

1
k 2 iDc

cnc�r� , (3)

where e0 � �h̄v��2e0V�	1�2 is the electric field per pho-
ton and v is the frequency of the light.

The electric field amplitude of the effective mode, in
contrast, depends strongly on the atom–light interac-
tion. One has to incorporate the effects of absorption
and dispersion by the atom, which depend on the
cavity– light detuning, Dc, the detuning of the pump
light with respect to the atom, Da, and the decay
rate of the atomic dipole to the vacuum modes out-
side the cavity. If the cavity modes cover only a
small fraction of the full solid angle, this decay rate
is to a good approximation the free-space value g.
The coupling constant quantifies the interaction
strength of the atom to the effective mode. It is
proportional to the mode function at the position of
the atom: geff�ra� � �w0

2p�2�1�2g0feff�ra�, where we
assume the atom to be in an antinode of the axial
standing wave, and g0 � �m2v��2h̄e0V �	1�2 describes
the maximal coupling to the HG0, 0 mode, where m
is the dipole moment of the atomic transition and
V � pw0

2l�4 the volume of the three-dimensional
HG0, 0 mode in the cavity of length l. The steady-state
field in the effective mode is then given by8,10

E �1�
eff �r� � e0heff

g 2 iDa

�geff
2 2 DaDc 1 gk� 2 i�Dcg 1 Dak�

3 ceff �r� . (4)

The field pattern that circulates in the cavity
in the presence of an atom can now be evaluated
by summation of the electric fields of Eqs. (3) and
(4): E �1�

circ � E �1�
nc 1 E �1�

eff . Note that the effective and
noneffective pump, heff and hnc, respectively, may be
complex numbers, which expresses the possible phase
differences with which the effective and noncoupling
modes, ceff and cnc, are pumped. For a plane-wave
pump field, the resulting intensity pattern in the cav-
ity,11 2e0cE

�2�
circE

�1�
circ, can be seen in Figs. 2(c) and 2(f ).

The output pattern behind the cavity has the same
transverse intensity distribution as the circulating
light.

So far, we have assumed that the atom does not
move. As long as the atom moves slower than
kw0�

p
N in the transverse direction, the light f ield

adopts quasi-instantaneously to the atomic position,
which can therefore be treated as f ixed.5 This is
a good approximation for current experiments with
laser-cooled atoms.1,2 For faster atoms, the light
field lags behind the atomic motion, and interesting
motional effects occur.12
In conclusion, we have calculated the emission pat-
tern of an atom in a high-finesse optical cavity and
have introduced the concept of an effective mode. An
application of the effective mode could be the measure-
ment of the position of an atom. Using cavity modes
also ensures that most of the light that has interacted
with the atom is channeled into the detector, making
possible efficient detection. We found that the cou-
pling of the atom to the effective mode is largely in-
dependent of the mode order and extends over an area
that grows with mode order. This finding should al-
low one to track an atom over a large area.

G. Rempe’s e-mail address is gerhard.rempe@
mpq.mpg.de.
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