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Validation of Higher-Order Discontinuous Galerkin Method for
the Linearized Euler Equations

H. Özdemir∗ G. Kooijman† R. Hagmeijer‡

A. Hirschberg§ H.W.M. Hoeijmakers¶

A high-order implementation of the Discontinuous Galerkin (DG) method is presented for solving the
three-dimensional Linearized Euler Equations on an unstructured hexahedral grid. The method is based
on a quadrature free implementation and the high-order accuracy is obtained by employing higher-degree
polynomials as basis functions.

In the DG method the solution domain is divided into a set of non-overlapping elements and the approx-
imate solution is expressed as a linear combination of linearly independent basis functions. The degree of
the polynomials that constitute the basis functions determines the order of the accuracy of the method and,
if desired, the degree can vary from element to element. The weak formulation of the problem is approxi-
mated by replacing the solution space by the space spanned by the basis functions. Hence the approximate
solution, represented as an expansion in terms of basis functions is discontinuous at the interfaces between
neighboring elements. To provide the crucial coupling and to handle the discontinuity at element interfaces
the boundary-normal flux is replaced by the approximate Riemann flux which is the only means by which
neighboring elements communicate, regardless of the order of the method. In the present work the Riemann
flux is approximated by a Lax-Friedrichs flux. For the time discretization a four-stage Runge-Kutta scheme is
used which for the present linear problem possesses fourth-order accuracy in time. The present DG method is
implemented for an unstructured hexahedral grid and is up to fourth-order accurate in space. Non-reflecting
boundary conditions are implemented at the boundaries of the computational domain.

The method has been verified within previous studies and has been applied to the acoustic radiation from
a vibrating wall segment in an infinite rectangular duct.

In this study the method is applied to a problem in which an infinite long duct is split longitudinally through
a thin wall that has a gap small compared to the duct height. An incoming wave is introduced at the open
boundaries of the upper duct and the time histories of the perturbations of the mean flow variables are recorded
at various microphone positions throughout the duct.

The analytical solution is found by using a modal expansion of the pressure field in the three different
regions of the duct (upper duct boundaries, lower duct boundaries and gap region). The pressure and velocities
are matched at the interfaces between these regions. Reflection and transmission coefficients of the plane waves
are calculated. Below the cut-off frequency we find an excellent agreement between numerical and analytical
results. Note that since plane waves are considered, below the cut-off frequency energy conservation holds.
Above the cut-off frequency this relationship does not hold because energy is transferred to a higher non-
planar mode.

I. Introduction

Compared to computational fluid dynamics the accuracy of numerical methods for aeroacoustics require more at-
tention in the sense that numerical dispersion and dissipation errors are much more critical. Although finite-difference
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methods could be used to achieve higher-order accuracy, they need special treatments at the boundaries and usually
require smooth, structured meshes. Especially when the problem of interest involves complex geometries this require-
ment cannot be met. The Discontinuous Galerkin (DG) method1, 2 has some remarkable advantages with respect to
flexibility in discretization of domains with complex geometries. The DG method is a highly compact finite-element
projection method which provides a practical framework for the development of a higher-order method desired for
computational aeroacoustics on non-smooth unstructured grids.3, 4, 5, 6, 7, 8, 9 In recent studies it has been shown that the
accuracy is of order larger than p +1/2, while the spatial dispersion error is of order 2p+3 and the spatial dissipation
error is of order 2p + 2.10, 11, 12 The treatment of the boundary conditions is relatively simple (no special treatment re-
quired), and obtaining uniform high-order accuracy at the boundaries involving complex geometries is feasible. In the
present paper a high-order implementation of the DG method is presented for solving the three-dimensional Linearized
Euler Equations on an unstructured hexahedral grid. The method is based on a quadrature-free implementation and
the high-order accuracy is obtained by employing higher-degree polynomials as basis functions.

II. Linearized Euler Equations

We consider the following three-dimensional Linearized Euler Equations (LEE):

L(u) =
∂u

∂t
+

∂fi(u)

∂xi

= s, x ∈ Ω, t ∈ It, (1)

with initial and boundary conditions where, u = (ρ, u1, u2, u3, p)T are the density perturbation, three velocity pertur-
bations and pressure perturbation, respectively and,

fi(u) = Ai(u0)u, Ai ∈
� 5 ×

� 5. (2)

Here s(∈
�

5) is the source term , Ω ∈
�

3 is an open domain with boundary ∂Ω and t ∈ It denotes time, where
It ∈ R

+ \ {0}. At t = 0 initial conditions are applied. The solution vector u : Ω × It 7−→ R
5 is given by

u = (ρ′, u′

1, u
′

2, u
′

3, p
′)T , where the components of the vector denote the dimensionless perturbations of the primitive

variables: density, velocities (three directions) and pressure, respectively. The matrices Ai are defined as:

Ai(u0) =















Mi δi1 δi2 δi3 0

0 Mi 0 0 δ1i

0 0 Mi 0 δ2i

0 0 0 Mi δ3i

0 δi1 δi2 δi3 Mi















, (3)

where δij denotes the Kronecker-delta symbol and Mi is the component of the mean flow velocity in xi-direction,
which in the present paper is constant and normalized by the speed of sound.

III. Quadrature Free Discontinuous Galerkin Method

We would like to discretise the Linearized Euler equations (LEE) (Eq. 1) in space, employing the Discontinuous
Galerkin (DG) method in a region Ω. We consider a solution u(·, t) such that for each time t ∈ It, u(·, t) belongs to
the function space U of the form

u(·, t) ∈ U5, U ≡ L2(Ω), (4)

where L2(Ω) denotes a Hilbert space of all square integrable functions on Ω with an associated inner product defined
by:13

〈f, g〉Ω ≡

∫

Ω

f(x)g(x)dΩ, f, g ∈ L2(Ω). (5)

The weak formulation of the LEE can now be written as14

〈L(u(·, t)),v〉 = 〈s,v〉, ∀v ∈ U5. (6)

In order to discretise the LEE we divide the solution domain Ω into non-overlapping hexahedral elements Ωj such that

Ω̄ =

Ne
⋃

j=1

Ω̄j , (7)
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where Ωj = Ωj ∪ ∂Ωj is the closure of Ωj and the boundary ∂Ωj belongs to at most two elements and Ne denotes
the number of elements. We consider an approximate solution uh(·, t) to the solution u(·, t) in the following form

uh(·, t) ∈ U5
h , Uh = span{bjk} ⊂ U, (8)

where Uh is a finite-dimensional subspace of U . The functions {bjk} are linearly independent basis functions defined
such that

bjk(x) = 0, x /∈ Ωj , (9)

bjk ≡

{

bjk(x), x ∈ Ωj ,

0, x /∈ Ωj .
(10)

The functions b̄jk and bjk differ only in that bjk = 0 on the boundary ∂Ωj while in general b̄jk 6= 0 on the boundary
∂Ωj . The basis functions are continuous in Ωj and k = 0, 1, .., M is the index of the polynomials where the upper
limit is defined as;

M(p, d) =
1

d!

d
∏

l=1

(p + l), (11)

with d the number of space dimensions and p the highest degree of the polynomials used. We consider the local
approximate solution uh(·, t), in Ωj , of the solution u(·, t) as an expansion on to the local basis set {bjk}

uh|Ωj
(x, t) = ujk(t)bjk(x), ujk(t) ∈ L2(It), (12)

where,ujk are the solution expansion coefficients or the degrees of freedom for the solution on Ωj and functions of
time only in this semi-discrete approach.

It is noted that we employ the Einstein summation convention throughout this thesis, except for the index ”j”.
Hence in Eq. (12) summation over k is implied, while there is no summation over j.

We approximate the weak formulation (Eq. (6)) by replacing the solution u(·, t) with the approximate solution
uh(·, t)

〈L(uh(·, t)),vh〉 = 〈s,vh〉, ∀vh ∈ U5
h . (13)

Since Eq. (13) holds for any function vh ∈ U5
h we can replace vh by bjm ∈ U5

h to get

〈L(uh(·, t)), bjm〉 = 〈s, bjm〉, ∀j ∈ (1, 2, .., Ne), ∀m ∈ (0, 1, .., M). (14)

Inserting Eq. (14) into Eq. (1) and integrating over Ω leads to
∫

Ωj

L(uh(x, t))bjmdΩ =

∫

Ωj

sbjmdΩ. (15)

Integration by parts and applying Gauss’ theorem to the third term gives,
∫

Ωj

∂ujk

∂t
bjkbjmdΩ −

∫

Ωj

fji

∂bjm

∂xi

dΩ +

∫

∂Ωj

bjmfjinjidS =

∫

Ωj

sbjmdΩ. (16)

where nji denotes the unit outward normal vector on ∂Ωj . For each j, Eq. (16) contains only the unknowns ujk(t),
k = 0, .., M , giving rise to Ne sets of (M + 1) ordinary differential equations for the functions ujk(t). The coupling
of the functions ujk(t) in neighboring elements is achieved by replacing the (normal component of the) flux fji in the
surface integral term by a numerical flux

fjinji|∂Ωj
= h(ūj , ūl,nj) (17)

where ”l” is the index of the element adjacent to element ”j” and ūj(x, t) ≡ ujk(t)b̄jk(x). With Eq. (12) and Eq.(17),
Eq. (16) is recast as:

∫

Ωj

∂ujk

∂t
bjkbjmdΩ −

∫

Ωj

fji

∂bjm

∂xi

dΩ +

∫

∂Ωj

bjmhdS =

∫

Ωj

sbjmdΩ, ∀m, j. (18)
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LeSaint and Raviart15 made the first analysis of the Discontinuous Galerkin method and proved a rate of conver-
gence of at least hp for general triangulations and of hp+1 for Cartesian grids employing basis polynomials up to order
p, where h is a length scale that represents the size of elements. Later, Johnson and Pitkäranta1 proved a rate of conver-
gence of at least hp+ 1

2 for general triangulations and Peterson16 numerically confirmed that this rate of convergence
cannot be improved within the class of quasi-uniform meshes. Richter17 obtained the optimal rate of convergence
of hp+1 for a semi-uniform triangulation. Hence, when the method is applied to a hexahedral mesh, the analysis of
LeSaint and Raviart indicates that the method is (p + 1)th-order accurate.

A. Numerical flux

At any interface between two elements, since the solution is allowed to be discontinuous, there is a left state and
a right state leading to a Riemann problem which is represented by the flux vector as shown in Eq. (17). Solving the
Riemann problem will provide the coupling and handle the discontinuity at element interfaces. Various kinds of flux
formulas have been proposed and used in the literature to approximate the Riemann problem. In this study we will
consider the Lax-Friedrich flux formula.

The numerical flux h(·, ·, ·) is assumed to be Lipschitz continuousa and consistent with fjinji, that is,

h(u,u,nj) = fji(u)nji, ∀u, (20)

and conservative, that is,
h(ūj , ūl,nj) = −h(ūl, ūj ,−nj). (21)

The Lax-Friedrich flux formula is of the form

h(ūj , ūl,nj) =
1

2
{f(ūj) + f(ūl) − θ|a|max(ūl − ūj)}, θ ≥ 0, (22)

where, |a|max is the maximum (absolute value) of the eigenvalues of the (5 × 5) matrix A
n.

The boundary integral term in Eq. (18) can be evaluated numerically by applying numerical quadrature formulas
of the required order.18 However, application of quadrature rules are costly.19 Atkins and Shu19, 20 introduced the
quadrature-free implementation where the fluxes and source terms are expanded onto the basis functions as follows:

fi(u(x, t)) ≈ (fi)h =

Ne
∑

j=1

(fi)jkbjk , (23)

s(x, t) ≈ sh =

Ne
∑

j=1

sjkbjk , (24)

with k = 0, 1, .., N , where the number of terms in the expansion, N , depends on the form of the nonlinearity in fi.
When the flux (and or the source) term are linear functions of u, the expansion is trivial and exact and N = M(p, d)
where M is given in Eq. (11). When the flux is non-linear or linear with non-constant coefficients, the flux can be
expanded in a Taylor series, can be defined in terms of the projection operator or alternatively the projection method
can be used to determine the flux expansion directly. The details of these approaches can be found in19 and.20 In the
non-linear case the degree of the flux expansion has to be at least p + 1 leading to N > M .19, 20

B. Polynomial basis functions

The basis functions are defined on the ”master” or ”reference” element Ω̂, in the computational space. The local
coordinates in the master element are given by ξ = (ξ, η, ζ)T and the coordinate system has its origin at the centroid
of the hexahedron. The physical coordinates in element Ωj are related to the computational coordinates of the master
element by the invertible map:

x
j : Ω̂ 7→ Ωj ,

x
j(ξ) = xj0 + Jjξ, Jj ∈ R

3 × R
3. (25)

aIf (X, || · ||) is a metric space, a function W : X → � is said to be Lipschitz continuous, or Lipschitzian, if for some M ∈ � ,

|W (x) − W (x′)| ≤ M‖x − x′‖, (19)

∀x, x′ ∈ X. M is said to be a Lipschitz constant for W . It is noted that this condition is stronger than the more usual continuity condition.
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Here xj0 = (xj0, yj0, zj0)
T
j denotes the location of the centroid of element Ωj , relative to the fixed coordinate system

x = (x, y, z)T , defined for the whole domain Ω and Jj is the Jacobian, a non-singular (3 × 3)-matrix with constant
coefficients. The Jacobians Jj are in general different for each element.

The map ξj is the inverse of x
j :

ξ
j : Ωj 7→ Ω̂,

ξj(x) = J−1
j (x − xj0), ⇒ ξj

(

x
j(ξ)

)

= ξ. (26)

Both the maps x
j and ξj are linear, but for a constant. On Ω̂ we define a set of linearly independent polynomials

{bk(ξ, η, ζ)} of degree ≤ p:

{bk} = {ξk1ηk2ζk3 | 0 ≤ k1 + k2 + k3 ≤ p, ki ≥ 0}. (27)

The set {bk} is complete in the sense that it spans P̂p(Ω̂), the space of all polynomials on Ω̂ with real coefficients and
with a degree ≤ p:

P̂p(Ω̂) = span{b0, b1, . . . , bM}. (28)

The set of basis functions bjk are induced by the set bk, via the intermediate functions bjk (see Eq. (10) as:

bjk(x) ≡ bk(ξj(x)), x ∈ Ωj . (29)

C. Boundary Conditions

The compactness of the method results in an easy implementation of the boundary conditions. The boundary con-
ditions can be implemented by prescribing the exact external solution (uR) or by reformulating the Lax-Friedrichs
flux in terms of the interior solution (uL) and the physical boundary conditions. For the current implementation
characteristic-based non-reflecting and symmetry-plane boundary conditions are used as described by Atkins.3

D. Runge-Kutta time integration

The time integration is performed by a four-step, low storage Runge-Kutta algorithm21 which is known to be
fourth-order accurate for linear problems, as also shown in previous studies.7, 8, 9

IV. Two Infinitely Long Aligned Ducts

A. Problem Description

As a validation case the method is applied to a problem in which an infinitely long duct is split up longitudinally
by a plate into two ducts. The plate has an aperture which forms a connection between the two parts of the duct. The
sketch of the configuration is depicted in figure (1). The nondimensional height of the two ducts is identical, i.e. h/2,
where h = (ω/c)h

′

. Here ω is the radian frequency of sound, c the speed of sound and h
′

a height with dimension.
The nondimensional width of the aperture is 2s = (ω/c)s

′

. In the computation the nondimensional length of the duct
is taken to be equal to 2L = 2(ω/c)/L

′

There is no mean flow in the ducts. The complete geometry is split in 3 regions. An incoming wave is introduced
at the open boundaries of region 2, region 1 is in the lower part of the duct, opposite to region 2. Region 3 is the
aperture region. The time histories of the perturbations of the mean flow variables are recorded through an array of
microphone positions at various locations in the ducts.

B. Analytical Solution

The analytical solution is performed by Kooijman et.al.22 using a modal expansion of the pressure field in the three
different regions 1, 2 and 3 (see figure (1)). By matching the pressure and velocity at the interfaces between regions
1 and 3, and between regions 2 and 3, a scattering matrix for the left boundary of region 3 is obtained. This matrix
relates the amplitudes of the outgoing modes p−

1 , p−2 , p+
3 to the amplitudes of the incoming modes p+

1 , p+
2 , p−3 .

C. Numerical Results

For the verification of the computational method the numerical results are compared with the analytical solution.
We choose L to be equal to L = 3. When the mean flow is absent (M = 0), the problem is symmetrical with respect
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Figure 1. Infinitely long aligned ducts connected through an orifice.

to the plane x = L = 3, i.e. it is sufficient to consider the left half of the configuration only. It has also been verified
that indeed for the no-flow case the numerical solution is symmetric with respect to the plane x = L when computing
the whole configuration. The rectangular domain is given by x ∈ [0, 3], y ∈ [0, ∆y] and z ∈ [0, 2], where all lengths
are nondimensional and ∆y is the size of the element in y-direction. The aperture has a width of s = 0.125. At the
end planes of the duct, the characteristic non-reflecting boundary conditions are applied, while solid-wall boundary
conditions are applied on the other walls.

The hexahedral mesh is obtained by partitioning the physical domain into equally sized cubes. The problem is
two-dimensional but a three-dimensional method is applied to obtain the numerical results. In order to reduce the
computation time, after verifying that there is no effect of the third-direction in the numerical solution, only one cell
is used in the y-direction. A detailed (not-equally scaled in x and z-directions) view of the hexahedral mesh around
the aperture is included in figure (2).
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Figure 2. The complete mesh (left). A close up of the mesh around the aperture (right).

During the computations the results are obtained in the cell centers and subsequently as a post-processing the
values in all nodes are evaluated using the basis functions. The node values are averaged when the node points are
common to more than one element. Additionally a time history of the perturbation variables is recorded at certain
locations throughout the rectangular ducts. These locations are called microphone locations.

Figure (3) shows the time evolution of the pressure and velocity perturbation recorded at various microphone lo-
cations. Time is made dimensionless by the speed of sound and duct height. Here a sine wave is introduced as an
incoming wave from the open boundary of region 2. The frequency is chosen as ω/ωc = 0.5 which is below the cut-off
frequency of the ducts ωc = 1. Microphones are located in arrays directed in z-direction close to the left end of region
1 and region 2 (x = 0.5, y = 0.0, z ∈ [0, 1] and z ∈ [1, 2], respectively) and close to the aperture (x = 2.5, y = 0.0,
z ∈ [0, 1] and z ∈ [1, 2], respectively). The perturbation variables are averaged over the array of microphones. When
we have a closer look at the left of figure (3) we observe that the wave reaches the array of microphones located at
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Figure 3. Time evolution of the pressure and velocity perturbations recorded (and averaged over) the microphone array at various
locations (left: mic(0.5, 0.0, z ∈ [1, 2]) (Region 2), right: mic(0.5, 0.0, z ∈ [0, 1]) (Region 1)) for ω/ωc = 0.5 with 120 × 1 × 80
mesh, ∆x = 0.025, ∆y = 0.025, ∆z = 0.025. Numerical simulation with 4th-order (p = 3) method.

(x = 0.5, y = 0.0, z ∈ [1, 2]) with a delay time (at t = 0.5, with the non-dimensional speed of sound c = 1) as
expected. Furthermore, at dimensionless time t = 5.5 the effect of the incoming wave that originates from the right
boundary of region 2 can be seen. This effect is a slight modulation of the wave in terms of the u

′

and a π/2 phase
shift plus amplitude increase for p

′

. The right of figure (3) shows the pressure and velocity perturbations recorded at
and averaged over the microphone array in region 1 (x = 0.5, y = 0.0, z ∈ [0, 1]). For the perturbation velocity u

′

it
shows an inverted sine wave moving to the left, with the same frequency as the incoming wave, but with about half the
amplitude. The perturbation pressure p

′

has the same amplitude and has a phase shift of π with respect to the velocity
wave.
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Figure 4. Time evolution of the pressure and velocity perturbations recorded (and averaged over) the microphone array at various
locations (left: mic(0.5, 0.0, z ∈ [1, 2]) (Region 2), right: mic(0.5, 0.0, z ∈ [0, 1]) (Region 1)) for ω/ωc = 1.5 with 120 × 1 × 80
mesh, ∆x = 0.025, ∆y = 0.025, ∆z = 0.025. Numerical simulation with 4th-order (p = 3) method.

The time evolution of the pressure and velocity perturbations for the frequency ω/ωc = 1.5 ( which is above the
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Figure 5. Comparison of the time evolution of the pressure (left) and velocity (right) perturbations recorded for ω/ωc = 0.5 and
ω/ωc = 1.5 at microphone location mic(0.5, 0.0, z ∈ [1, 2]). 120 × 1 × 80 mesh, ∆x = 0.025, ∆y = 0.025, ∆z = 0.025.
Numerical simulation with 4th-order (p = 3) method.

cut-off frequency ωc = 1) is shown in figure (4).

It is seen that in region 2 the interaction of the incoming u
′

wave and the u
′

wave reflected from the plane of
symmetry now results in an increase of the amplitude by 50%. In region 1 the amplitude of the transmitted wave is
about 1/4 of the incoming wave.

Figure (5) shows the comparison between the time histories of the pressure (left) and velocity (right) perturbations
for two frequencies one below and one above the cut-off frequency ωc = 1.

Figure (6) shows the comparison between the time histories of pressure (left) and velocity (right) perturbations
for various microphone locations along the array for frequency ω/ωc = 1.5. We observe that the amplitudes of the
pressure perturbation is different in z-direction while there is also a shift in the phase for the velocity perturbation.
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Figure 6. Comparison of the time evolution of the pressure (left) and velocity (right) perturbations recorded at various microphone
locations for ω/ωc = 1.5. 120 × 1 × 80 mesh, ∆x = 0.025, ∆y = 0.025, ∆z = 0.025. Numerical simulation with 4th-order
(p = 3) method.
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The perturbations (of the mean flow variables) can be written in terms of left-travelling and right-travelling com-
ponents. For the pressure perturbation:

p
′

= p+ + p−, (30)

and the velocity perturbation:
u

′

= (p+ + p−)/ρ0c0, (31)

where the mean desity ρ0 and the speed of sound c0 are non-dimensional and equal to unity. With the help of equations
(30) and (31)the reflection and transmission coefficients of the waves can be evaluated in each region. For the linear
problem considered we can write for the reflection coefficient R, of the plane waves in region 2 as:

R =
p

′

2 − u
′

2

p
′

2 + u
′

2

, (32)

and the transmission coefficient T , in region 1:

T =
p

′

1 − u
′

1

p
′

2 + u
′

2

. (33)

Reflection and transmission coefficients R and T are shown in figure (7) showing the ratios of the amplitudes of the
reflected and transmitted plane waves that are plotted versus ω/ωc with s/h = 0.125. Below the cut-off frequency
ωc =

(

πc
h

)

we find an excellent agreement between numerical and analytical results. Please note that because we
consider plane waves, below the cut-off frequency we have R2 + T 2 = 1, from energy conservation. Above the
cut-off frequency this relationship does not hold because energy is transferred to a higher non-planar mode.
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Figure 7. The ratios of the amplitudes of the reflected and transmitted plane waves versus ω/ωc. (R: Ratio of the amplitudes of the
reflected wave and the incoming wave in region 2. T : Ratio of the amplitudes of the transmitted wave in region 1 and the incoming
wave in region 2).

V. Concluding Remarks

A study has been carried out into the verification of a method developed to solve the Linearized Euler equations in
three dimensions, employing a Discontinuous Galerkin method for the spatial discretization on a hexahedral grid. The
Discontinuous Galerkin method is applied to a problem in which an infinitely long duct is split up longitudinally by a
plate that has an aperture. The reflection and transmission coefficients that are obtained by the numerical simulation
are in excellent agreement with the analytical solution below the cut-off frequency of the ducts. Above the cut-off
frequency the numerical results are slightly different from the analytical solution.
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