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Abstract— In Jovanavic and Bamieh [11] a comparison was
made between the LQR control of a long, finite platoon
and of an infinite version. They also ”argue that the infinite
platoons capture the essence of the large-but-finite platoons”.
We construct examples for which this does not happen. Hence
the infinite-dimensional platoon model does not always serve as
useful paradigm for the finite platoon model as it becomes in-
creasingly long. It is clear that ones needs extra assumptions. In
this paper we also provide some positive results by relating the
Toeplitz approximations to circulant approximating systems.

I. INTRODUCTION

In Jovanavic and Bamieh [11] a comparison was made
between the LQR control of a long, finite platoon and of an
infinite version (which is easier to analyse mathematically).
They pointed out the shortcomings of previous models in
Levine and Athans [14], Melzer and Kuo [15], [16], which
were due to lack of exponential stabilizability or detectabity
of the infinite platoon model. Subsequently they proposed
an alternative formulation and demonstrated that the infinite
model reflected well the behaviour of the long finite platoon.
Based on this and other examples they argue that ”the infinite
case is a useful paradigm to understand large platoons”, but
no theory to support this claim was given. In this paper
we show by means of two counterexamples that finite and
infinite platoon models can exhibit quite different behaviour.
In view of the popularity in the literature of using spatially
invariant models as a way of understanding the behaviour
of finite platoon models, it is important to clarify which
properties one is considering and whether or not the infinite
model does serve as a useful indicator for these properties.
Among the many properties one could consider of the
LQR solution we focus on the following two properties
of the closed-loop generator Acl: the growth bound ωcl =
sup{Reλ : λ ∈ σ(Acl)} and the transient bound M which
is such that for any ω > ωcl we have ‖eAclt‖ ≤Meωt.

The aim of this paper is to give an insightful analysis into
the comparison of these properties of the LQR solution for a
finite platoon model with its infinite version for the following
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class of scalar systems

żr(t) =

N∑
l=−N

alzr−l(t) +

N∑
l=−N

blur−l(t), (1)

yr(t) =

N∑
l=−N

clzr−l(t), −N ≤ r ≤ N, t ≥ 0,

where only finitely many of the coefficients al, bl, cl ∈ C (the
set of complex numbers) are nonzero and zk, yk and uk are
set to zero for |k| > N . The above model of a long platoon
can also be written in a compact form Σ(AN ,BN ,CN , 0)

żN (t) = ANzN (t) + BNuN (t), (2)
yN (t) = CNzN (t), t ≥ 0,

where u, y, z are column vectors of size 2N+1, e.g., zN (t) =[
z−N (t) z−N+1(t) · · · zN (t)

]T
and AN ,BN ,CN

are (2N + 1) × (2N + 1) Toeplitz matrices. It is well
known that large Toeplitz matrices have bad numerical
properties and simulations are not in general a reliable
way to investigate the properties of large-but-finite Toeplitz
systems (see Böttcher and Silverman [3]). Consequently, it is
important to analyze these systems analytically. The limit as
N →∞ produces a system that is amenable to mathematical
computations. This infinite-dimensional platoon model falls
into the class of spatially invariant systems introduced in [1]
and is given by

żr(t) =

∞∑
l=−∞

alzr−l(t) +

∞∑
l=−∞

blur−l(t), (3)

yr(t) =

∞∑
l=−∞

clzr−l(t), r ∈ Z, t ≥ 0, (4)

where Z is the set of integer numbers, al, bl, cl ∈ C and
zr(t), ur(t) and yr(t) ∈ C are the state, the input and the
output vectors, respectively, at time t ≥ 0 and spatial point
r ∈ Z. As in [5], [7] we can formulate (3), (4) as a standard
state linear system Σ(A,B,C, 0)

ż(t) = (Az)(t) + (Bu)(t), (5)
y(t) = (Cz)(t), t ≥ 0,

with the state space Z, the input space U and the output
space Y equal to `2(C) = {z | z = (zr)

∞
r=−∞, zr ∈ C,∑∞

r=−∞ |zr|2 < ∞}. A,B,C are convolution operators.
This system has an infinite Toeplitz matrix representation. A
more convenient representation is obtained by taking Fourier



transforms x̌ = Fx, A = F−1ǍF, so that

ˇ((Ax)(t))(ejθ)=Ǎ(ejθ)x̌(ejθ, t)=

( ∞∑
l=−∞

ale
jθl

)
x̌(ejθ, t).

Note that our standing assumption is that only finitely
many of the coefficients are nonzero which means that
Ǎ(ejθ), B̌(ejθ), Č(ejθ) are uniformly continuous in θ on
[0, 2π] and Ǎ, B̌, Č ∈ L∞(∂D;C), where ∂D denotes
the unit circle. Hence Ǎ, B̌, Č define bounded operators
on L2(∂D;C). Now, `2(C) is isometrically isomorphic to
L2(∂D;C) under the Fourier transform F (‖x‖`2(C) =
‖x̌‖L2(∂D,C)). Hence ‖A‖ = ‖Ǎ‖∞ (we refer to [7] for
further details).

Taking Fourier transforms of the system equations (5), we
obtain

˙̌z(t) = Fż(t) = Ǎž(t) + B̌ǔ(t), (6)
y̌(t) = Fy(t) = Čž(t), t ≥ 0,

where Ǎ = FAF−1, B̌ = FBF−1 and Č = FCF−1 are
multiplicative operators.

The state linear system Σ(A,B,C, 0) is isometrically
isomorphic to the state linear system Σ(Ǎ, B̌, Č, 0) with the
state space, input and output spaces L2(∂D;C). Their system
theoretic properties are identical (see [4, Exercise 2.5]). For
θ ∈ [0, 2π] the system (6) can be written as

˙̌z(ejθ, t) = Ǎ(ejθ)ž(ejθ, t) + B̌(ejθ)ǔ(ejθ, t) (7)
y̌(ejθ, t) = Č(ejθ)ž(ejθ, t), t ≥ 0.

In Section II we analyze the LQR control problem for
two examples and show that both the growth bounds and
the transient factors of the closed-loop operators for the
finite and infinite platoon models are radically different. For
one example the growth bounds satisfy ωN < ω∞ and the
transient factor increases without bound as N →∞, whereas
for the other example ωN > ω∞ and it has a transient bound
of one.

In Section III our main results in Theorem 3.11 are that
if Σ(A,B,C, 0) is exponentially stabilizable and detectable
and the Toeplitz approximating system Σ(AN ,BN ,CN , 0) is
uniformly stabilizable and detectable, then the solution to the
approximating Riccati equations QN converge strongly to Q,
the solution to the infinite-dimensional one, as N → ∞.
However, lack of uniform stabilizability and detectability
was insufficient to explain both counterexamples. Moreover,
in many numerical examples of uniformly stabilizable and
detectable approximating systems we obtained ωN < ω∞.
We showed that the Riccati solutions for the circulant matrix
approximants to Σ(A,B,C, 0) do exhibit very similar be-
haviour to the infinite-dimensional ones as N →∞. Only in
the very special cases when only one of the system operators
Ǎ, B̌, Č depends on θ do we obtain the convergence of ωN
to ω∞ and a transient bound independent of N . All results
are illustrated by worked examples.

Conclusions are drawn in the last section and background
results on Toeplitz and circulant matrices are collected in the
Appendix.

II. COUNTEREXAMPLES

In this section we argue that infinite platoons do not
always capture the essence of the large-but-finite platoons.
We analyze two examples for which the growth bounds
of the LQR closed-loop finite and infinite platoon models
are significantly different. The first example illustrates the
difference in stability between a finite and an infinite platoon
model.

Example 2.1: Consider the uncontrolled finite platoon
model

żr(t) = a0zr(t) + a1zr−1(t), −N + 1 ≤ r ≤ N
ż−N (t) = a0z−N (t), t ≥ 0

with the system matrix

AN =


a0 0 0 0 · 0 0
a1 a0 0 0 · 0 0
0 a1 a0 0 · 0 0
· · · · · · ·
· · · · · · ·
0 0 0 0 · a1 a0

 .
AN has the multiple eigenvalue a0 and the growth bound
ωN = max{Reλ : λ ∈ σ(AN )} = a0. However the transient
behaviour depends strongly on N . We make this explicit by
decomposing AN = a0IN + a1FN , where IN is the (2N +
1) × (2N + 1) identity matrix and FN is the (2N + 1) ×
(2N + 1) nilpotent matrix with F 2N+1

N = 0. This gives

eAN t = ea0t
(
IN + a1tFN + ...

1

(2N)!
(a1t)

2NF 2N
N

)
. (8)

Noting that ‖FN‖ = 1 we can obtain the estimates ‖eAN t‖ ≤
t2Nea0te|a1| for t ≥ 1 and for ε > 0
‖eAN t‖ ≤ e(a0+|a1|)t, t ≥ 0;

‖eAN t‖ ≤ M(N)e(a0+ε)t, t ≥ 0.
We now compare this with the infinite platoon model
żr(t) = a0zr(t) + a1zr−1(t), r ∈ Z, t ≥ 0,

which is isomorphic via Fourier transforms to the following
system

˙̌z(t) = (a0 + a1e
−jθ)ž(t), t ≥ 0, θ ∈ [0, 2π].

The system matrix Ǎ(ejθ) = a0 +a1e
−jθ has the continuous

spectrum

σ(Ǎ) = {(x, y)| (x− a0)2 + y2 = a2
1}.

Thus

‖eAt‖ = ‖eǍt‖ = max
θ∈[0,2π]

|e(a0+a1e
−jθ)t| = e(a0+|a1|)t,

and the growth bound ω∞ = sup{Re(λ) : λ ∈ σ(A)} =
a0 + |a1|, which is larger than ωN = a0. The transient
factor M(N) increases as N → ∞, whereas the transient
factor of the infinite platoon model is one. Clearly the finite
and infinite platoon models exhibit very different stability
behaviour. If a0 + |a1| < 0 this example can serve as
a (trivial) LQR example with A and AN representing the
closed-loop operators.

The above example emphasizes that when comparing the
behaviour of finite and infinite platoon models both the



growth bound and the transient factor are important indi-
cators. In the following example LQR example the transient
factors are both 1, but the growth bound of the finite platoon
is larger than that of the infinite platoon model.

Example 2.2: Let β > 1 be given. Consider the following
finite platoon model of the form (1)

żr(t) = zr(t) + ur(t) + βur−1(t), −N + 1 ≤ r ≤ N
ż−N (t) = z−N (t) + u−N (t),

yr(t) = zr(t), −N ≤ r ≤ N, t ≥ 0.

which can be written in the compact form (2) with AN =
CN = IN and

BN =


1 0 0 ... 0
β 1 0 ... 0
... ... ... ... ...
0 0 ... β 1

 .
The finite platoon is obviously stabilizable and detectable for
all N . Factorize BNB∗N = WNdiag(βk(N))W ∗N , where WN

is a (2N + 1)× (2N + 1) unitary matrix. Then the solution
QN to the corresponding control Riccati equation is read-

ily calculated QN = WNdiag

(
1+
√

1+βk(N)

βk(N)

)
W ∗N . Hence

‖QN‖ = maxk=0,...,2N
1+
√

1+βk(N)

βk(N) , which is achieved at
βmin(N), the minimum value of βk(N). The closed-loop
operator is given by

AN − BN (BN )∗QN = WNdiag
(
−
√

1 + βk(N)
)
W ∗N .

Hence ‖e(AN−BN (BN )∗QN )t‖ = e−
√

1+βmin(N)t.Equality
holds,
HZ

We claim that for β > 1 one eigenvalue of BN (BN )∗

approaches 0 as N → ∞. It is readily verified that
BNB∗NvN = wN , where

vN = (−β−1, β−2,−β−3, ..., β−2N ,−β−2N−1)T ,

wN = (0, 0, 0, ..., 0,−β−2N−1)T .
Since β > 1, one eigenvalue must become arbitrarily small as
N →∞ which means that ‖QN‖ → ∞, and one eigenvalue
of AN − BNB∗NQN approaches −1 as N →∞. Hence the
growth bound ωN → −1 as N →∞.

We show below that this behaviour is very different from
that of the infinite platoon

żr(t) = zr(t) + ur(t) + βur−1(t),

yr(t) = zr(t), r ∈ Z, t ≥ 0.
This system is isomorphic via Fourier transforms to

˙̌z(t) = ž(t) + (1 + βe−jθ)ǔ(t),

y̌(t) = ž(t), t ≥ 0, θ ∈ [0, 2π].
It is clearly exponentially detectable and it is exponentially
stabilizable, since the matrix [λ−1 : 1+βe−jθ] has rank one
for all λ ∈ C+

0 and all θ ∈ [0, 2π] (see [5], [7]). The LQR
Riccati equation Q̌+Q̌−Q̌(1+βe−jθ)(1+βe−jθ)∗Q̌+1 = 0

has the unique positive solution Q̌(ejθ) =
1+
√

2+β2+2β cos θ

1+β2+2β cos θ .
with norm

‖Q̌‖ = max
0≤θ≤2π

‖Q̌(ejθ)‖ =
1 +

√
1 + (1− β)2

(1− β)2
.

The closed-loop operator is −
√

2 + β2 + 2β cos θ. Hence
its growth bound ω∞ = −

√
2 + β2 − 2β < −1 and its

transient factor is 1. Notice that ω∞ decreases as β increases.
In contrast, for the finite platoon the growth bound satsifies
ωN → −1 as N →∞ for all β > 1.
So for two examples we have shown that both the growth
bounds and the transient factors can be radically different.
The obvious conclusion is that the infinite-dimensional pla-
toon is not always a useful paradigm for understanding the
behaviour of large-but-finite platoon models as claimed in
[11].

III. MAIN RESULTS

In this section we give conditions under which the solution
to the LQR problem for the infinite platoon will serve as a
useful paradigm for the large, but finite platoon.

Using [4, Theorem 6.2.7],[5], [7, Theorems 4.1,4.2] and
[13, Theorem 11.2.1] one can obtain the following result.

Theorem 3.1: The system Σ(A,B,C, 0) is
exponentially stabilizable (detectable) if and only if
(Ǎ(ejθ), B̌(ejθ), Č(ejθ), 0) is stabilizable (detectable) for
each θ ∈ [0, 2π]. If the above holds, then the control Riccati
equation for (3), (4)

A∗Q+QA−QBB∗Q+ C∗C = 0, (9)
has a unique nonnegative solution Q and AQ = A−BB∗Q
generates an exponentially stable semigroup. Moreover, the
control Riccati equation for (7)

Ǎ∗Q̌+ Q̌Ǎ− Q̌B̌B̌∗Q̌+ Č∗Č = 0, (10)
has a unique nonnegative solution Q̌ ∈ L∞(∂D;C) and
ǍQ = Ǎ − B̌B̌∗Q̌ generates an exponentially stable semi-
group. Furthermore, Q̌(ejθ) is continuous in θ on [0, 2π].

Denote by πN : Z = `2 → C2N+1 the natural projection
with iN : C2N+1 → `2 the corresponding injection map:
πN iN = I2N+1. Denote ZN := C2N+1 with the induced
inner product 〈x, y〉N = 〈iNx, iNy〉`2 . Then AN ,BN ,CN
are Toeplitz matrix representations of the maps πNA|ZN ,
πNB|ZN , πNC|ZN , with ZN as the state space, input space
and output space. For simplicity of notation we use the
same notation for the maps as for the matrices. Hence the
finite platoon system Σ(AN ,BN ,CN , 0) converges strongly
to the infinite-dimensional platoon system Σ(A,B,C, 0) in
the following sense.

eAtz = lim
N→∞

iNeAN tπNz,

(eAt)∗z = lim
N→∞

iNeA∗N tπNz,∀z ∈ `2

uniformly on compact time intervals. Moreover, as N →∞
iNBNπNu → Bu, iNB∗NπNz → B∗z, iNCNπNz → Cz,
iNC∗NπNy → C∗y, iNπNz → z for all z, u, y ∈ `2. We
also need following properties.

Definition 3.2: Σ(AN ,BN ,CN , 0) are uniformly sta-
bilizable and detectable if there exist FN ,LN ∈
C(2N+1)×(2N+1), F,L ∈ L(`2) such that iNFNπNz → Fz,
iNF∗NπNz → F ∗z, iNLNπNz → Lz, iNL∗NπNz → Lz
∀z ∈ `2, A + BF and A + LC generate exponentially
stable semigroups, and there exist constants M ≥ 1, β > 0



such that for all N ∈ N ‖e(AN+BNFN )t‖ ≤ Me−βt and
‖e(AN+LNCN )t‖ ≤Me−βt, t ≥ 0.

An application of Kappel and Salamon [12, Theorem 1,
Proposition 1] together with Ito [10] yield.

Theorem 3.3: Suppose that Σ(A,B,C, 0) is exponen-
tially stabilizable and detectable and the sequence of finite-
dimensional approximating systems Σ(AN ,BN ,CN , 0) is
uniformly stabilizable and detectable and converges strongly
to Σ(A,B,C, 0). For the state linear systems (5) and (2) let
Q ∈ L(`2) and QN ∈ L(ZN ) denote the unique nonnegative
solutions of their respective Riccati equations (9) and

A∗NQN +QNAN −QNBNB∗NQN + C∗NCN = 0. (11)
Then QN converges strongly to Q, i.e., Qz =
limN→∞ iNQNπ

Nz, ∀z ∈ `2, and consequently ‖QN‖
is uniformly bounded in N . Denote AQ := A−BB∗Q and
AQN := AN − BNB∗NQN . Then AQN converges strongly
to AQ, i.e., iNeAQN tπNz → eAQtz, ∀z ∈ `2 as N → ∞
uniformly on compact time intervals.

Moreover, there exist positive constants M,µ such that
‖eAQt‖ ≤Me−µt, ‖eAQN t‖ ≤Me−µt, (12)

for all t ≥ 0, and for all u ∈ `2 as N → ∞, we have
‖C(·I−AQ)−1Bu−iNCN (·IN−AN )−1BNπNu‖H2

→0 and
‖B∗Q(·I−AQ)−1Bu−iNB∗NQN (·IN−AN )−1BNπNu‖H2→
0.

Note that the counterexample (4.1) in [12] shows that in
general it is not true that ‖C(·I−AQ)−1Bu− iNCN (·IN −
AQN )−1BNπNu‖∞ → 0 as N →∞. We remark that the
solutions QN of (11) are not Toeplitz in general.

Simple sufficient conditions for uniform stabilizability and
detectability are given in the following lemma.

Lemma 3.4: 1) If b0 6= 0 and ‖B̌ − b0‖∞ < |b0|, then
Σ(AN ,BN , 0, 0) is uniformly stabilizable. Moreover,
given β > 0 there exists F = diag(f0) such that

‖e(AN+BNFN )t‖ ≤ e−βt.

2) If c0 6= 0, and ‖Č − c0‖ < |c0|, then Σ(AN , 0,CN , 0)
is uniformly stabilizable. Moreover, given β > 0 there
exists L = diag(l0) such that

‖e(AN+LNCN )t‖ ≤ e−βt.

3) Σ(AN ,BN ,CN , 0) is uniformly stabilizable if there
exists a nonzero δ such that λmin(BNB∗N ) ≥ δ2 for
all N . Moreover the stability margin β can be made
arbitrarily large.

4) Σ(AN ,BN ,CN , 0) is uniformly detectable if there
exists a nonzero γ such that λmin(C∗NCN ) ≥
γ2 for all N. Moreover the stability margin β can
be made arbitrarily large.

Strong convergence is insufficient to draw conclusions
about the spectrum of AQN . However, we note that in our
Example 2.2 we only have uniform stabilizability if β < 1.
In this case we do not even have strong stability. If only one
of the parameters Ǎ, B̌, Č depends on θ, then we can prove
better convergence results.

Lemma 3.5: In the case that Ǎ = a0, B̌ = b0 6= 0, Č 6= 0
there holds

1) lim supN→∞ ‖QN‖ = ‖Q‖ and ‖eAQN t‖ ≤ e−a0t for
all t ≥ 0.

2) If Σ(AN ,BN ,CN , 0) is uniformly detectable, then
iNQNπ

N converges strongly to Q as N → ∞ and
for all t ≥ 0 there holds

‖eAQN t‖ ≤ eωN t,

where ωN is the growth bound of eAQN t.
In all simulations with systems satisfying the conditions of

Lemma 3.5 we found that limN→∞ ωN = ω∞. The same is
true for systems satisfying the conditions of the next lemma.

Corollary 3.6: Suppose that Ǎ = a0, Č = c0 6= 0.
1) Σ(AN ,BN ,CN , 0) is uniformly stabilizable if and

only if there exists a nonzero δ such that
λmin(BNB∗N ) > δ2 for all N .

2) If Σ(AN ,BN ,CN , 0) is uniformly stabilizable, then
then iNQNπ

N converges strongly to Q as N → ∞
and for all t ≥ 0 there holds

‖eAQN t‖ ≤ eωN t,

where ωN is the growth bound of eAQN t.
3) If Σ(AN ,BN ,CN , 0) is not uniformly stabilizable, we

still have

‖eAQN t‖ ≤ e−a0t ∀t ≥ 0.
The discretization of partial differential equations leads to

systems with a real Ǎ operator and constant B̌, Č operators
(see El-Sayed and Krishnaprasad [8]). For such systems we
also obtain nice convergence results.

Corollary 3.7: Suppose that Ǎ is real, B̌ = b0 6= 0,
Č = c0 6= 0. Then Σ(AN ,BN ,CN , 0) is uniformly de-
tectable and iNQNπN converges strongly to Q as N →∞
and limN→∞ ‖QN‖ = ‖Q‖. The growth bound of eAQN t

converges to ω0 with ‖eAQN t‖ ≤ eω0t.
Example 3.8: A spatial discretization of the bi-infinite

heated rod
∂z

∂t
(t, x) = α

∂2z

∂x2
(t, x) + u(t, x), x ∈ R, , t ≥ 0.

with zr(t) := z(t, rδ), ur(t) := u(t, rδ), r ∈ Z leads to the
spatially invariant system Where

is δ?
żr(t) = α(zr−1(t)− 2zr(t) + zr+1(t)) + uk(t).

The solution to its Riccati equation is given by

Q̌(ejθ) = 2α(cos θ − 1) +
√

4α2(1− cos θ)2 + 1,

and the closed-loop operator

ǍQ(ejθ) = −
√

4α2(1− cos θ)2 + 1

has the growth bound of −1. The corresponding
Toeplitz approximating system has the solutions
QN = VNDV

∗
N , where VN is an unitary matrix, D =

diag
(

2α(cos τk(N)− 1) +
√

4α2(1− cos τk(N))2 + 1
)

,

and τk(N) = cos (k+1)π
2N+2 , k = 0, ..., 2N . Moreover, the

closed-loop operator

AQN = VNdiag
(
−
√

4α2(1− cos τk(N))2 + 1
)
V ∗N ,



and the growth bound is 1 −
√

4α2(1− cos π
2N+2 )2 + 1

which converges to −1 as N →∞.
Although we have given conditions for the strong con-

vergence of eAQN t to eAQt, this says nothing about the
convergence of the stability margins. This point is clarified
in Example 2.1.

In order to gain more information about the convergence
of the stability margins we examine the related circulant
approximants of Ǎ, B̌, Č of dimension n = 2N + 1 denoted
by ÃN , B̃N , C̃N (see (15) in the Appendix).

Theorem 3.9: Consider the exponentially stabilizable and
detectable system Σ(A,B,C, 0) on the state-space `2 with
Q the unique self-adjoint solution to the Riccati equation (9)

1) The following Riccati equation has a unique self-
adjoint stabilizing solution Q̃N which is the circular
approximant of Q̌

Ã∗N Q̃N+Q̃N ÃN−Q̃N B̃N B̃∗N Q̃N+C̃∗N C̃N =0. (13)

iN Q̃Nπ
N converges strongly to Q and iN ÃQNπ

N

converges strongly to AQ = A− BB∗Q as N → ∞,
where ÃQN = ÃN − B̃N B̃

∗
N Q̃N is a contraction

semigroup.
2) lim supN→∞ ‖Q̃N‖ = ‖Q̌‖ = ‖Q‖.
3) The growth bound ω̃N of eÃQN t satisfies

ω̃N ≤ ω∞, lim sup
N→∞

ω̃N = ω∞,

where ω∞ = sup{Reλ, λ ∈ σ(A − BB∗Q)}, the
growth bound of eAQt. Moreover, for N ∈ Z we have

‖eÃQN t‖ ≤ eω∞t ∀t ≥ 0,

‖(λI − ÃQN )−1‖∞ ≤
1

Reλ− ω∞
for Reλ > ω∞.

4) For all λ ∈ {Reλ > ω∞} we have

lim sup
N→∞

‖
[

C̃N
B̃∗N Q̃N

]
(λIN − ÃQN )−1B̃N‖

= ‖
[

C
B∗Q

]
(λI −AQ)−1B‖.

Example 3.10: The circulant approximating system
Σ(ÃN , B̃N , C̃N , 0) has ÃN = C̃N = I2N+1,

B̃N =


1 0 0 ... β
β 1 0 ... 0
... ... ... ... ...
0 0 ... β 1

 .
It corresponds to the following (fictious) finite platoon model

żr(t) = zr(t) + ur(t) + βur−1(t), −N + 1 ≤ r ≤ N
ż−N (t) = z−N (t) + u−N (t) + βuN (t),

yr(t) = zr(t), −N ≤ r ≤ N, t ≥ 0.

Using the properties of circulant matrices from the Appendix,
we factorize

B̃N B̃
∗
N = UNdiag(µk(N))U∗N ,

where the eigenvalues of B̃N B̃∗N are µk(N) = 1 + β2 +
2β cos 2kπ

2N+1 , k = 0, ..., 2N and the unitary matrix UN =

1√
2N+1

[
e−

2πjrs
2N+1

]
r,s=0,...,2N

. Hence we can derive the ex-

plicit solution to the corresponding circular Riccati equation

Q̃N = UNdiag

(
1 +

√
1 + µk(N)

µk(N)

)
U∗N .

Hence

‖Q̃N‖ =
1 +

√
2 + β2 − 2β cos π

2N+1

1 + β2 − 2β cos π
2N+1

→ ‖Q‖, N →∞.

The closed-loop operator is given by 2k
was
miss-
ing

(ÃN )Q̃N = UNdiag

(
−
√

2 + β2 + 2β cos
2kπ

2N + 1

)
U∗N .

So the eigenvalues of the closed-loop circulant approx-
imating system all lie in the spectrum of AQ and the
growth bounds of their semigroups converge to ω∞ =
−
√

2 + β2 − 2β as N →∞
We now relate the solutions Q̃N of the circulant Riccati

equation (13) to the solutions to (11). Note that we use the
notation | · |N instead of | · |2N+1 for the weak norm defined
in the appendix.

Theorem 3.11: Assume that Σ(A,B,C, 0) is stabilizable
and detectable and Σ(AN ,BN ,CN , 0) is uniformly stabiliz-
able and detectable. Then the following hold

1) iN (QN−Q̃N )πN iN (QN−Q̃N )πN , and iN (AQN−
ÃQN )πN converge strongly to zero as N →∞.

2) |QN−Q̃N |N → 0 and |AQN−ÃQN |N → 0 as N → 0.
3) The closed-loop transfer functions GclN (λ) =[

CN
B∗NQN

]
(λIN − AQN )−1BN and Gcl(λ) =[

C
B∗Q

]
(λI −AQ)−1B satisfy

‖|Gcl(·)−GclN (·)|N‖H∞ → 0 and
‖|Gcl(·)−GclN (·)|N‖H2 → 0.

4) limN→∞
1

2N+1

∑2N
k=1 λk(QN )2 = 1

2π

∫ 2π

0
Q̌(ejθ)2 dθ.

5) 1
2N+1

∑2N
k=1 λk(AQN +A∗QN )2 → 1

2π

∫ 2π

0
(ǍQ(ejθ) +

ǍQ(ejθ)∗)2 dθ for N →∞.
We remark that the convergence results for the transfer

functions are necessarily weak. A simple calculation with
the diagonal system with Ǎ = a0, B̌ = b0, Č = c0 shows
that we will never have ‖Gcl − iNGclNπ

N‖H∞ → 0 or
‖Gcl − iNGclNπN‖H2 → 0. The most one could hope for is
strong convergence ‖Gclu− iNGclNπNu‖H∞ → 0, ‖Gclu−
iNGclNπ

Nu‖H2
→ 0 ∀u ∈ U. While the strong convergence

in the H2-norm does hold (see Theorem 3.3), the H∞-
norm convergence is unclear (see the counterexample (4.1)
in [12]).

Theorem 3.11 explains the behaviour of Example 2.2
where ωN > ω∞ for β > 1; the system is not uniformly
stabilizable. However, Example 2.1 shows that uniform sta-
bilizability and detectability do not imply that lim supωN →
ω∞. For a1 ≥ 0, we have ωN = a0 < ω∞ = a0 + a1. This
difference is explained by the transient bounds M(N) that
increase drastically with N (see (8)). Similar gaps between
ωN and ω∞ are found in numerical simulations. Does this



mean that for this example the infinite-dimensional model
cannot serve as a useful paradigm for the large finite platoon
model? Another interpretation is that we should look at both
the growth bound and the transient bound for a meaningful
comparison. One well-defined measure that does this is the
initial growth bound µ(A) of eAt defined in Hinrichsen and
Pritchard [9, Definition 5.5.7].

µ(A) = min{µ ∈ R | ‖eAt‖ ≤ eµt ∀t ≥ 0}.

This definition also makes sense for a bounded operator on
a Hilbert space. It does depend on the norm used and for the
uniform (spectral) norm it can be readily calculated from
the formula µ(A) = λmax(A + A∗)/2. In all simulations
we obtained lim supN→∞ µ(AQN ) = µ(ǍQ) = ω∞ and we
conjecture that this is indeed true in general. Unfortunately,
all we can prove is the asymptotic average distribution of the
eigenvalues in part 7 of Theorem 3.11.

One can also prove that similar results hold for QN , the
Toeplitz approximant of Q̌, which is not the same as QN .

IV. CONCLUSIONS AND FUTURE WORKS

We have compared the growth bounds and the transient
behaviour of the LQR closed-loop operators of scalar finite
platoon models with their infinite versions. Simple examples
showed that stabilizability and detectability are not sufficient
to ensure similar stability behaviour of the LQR closed-loop
platoon systems as N →∞. For the circulant approximating
systems this does hold. Under the stronger conditions of
uniform stabilizability and detectability of the finite platoon
models we can show that the eigenvalues of the closed-
loop approximating systems have an average distribution
that is asymptotic to that of the infinite-dimensional system.
However, in general it is not true that the growth bound of
the closed-loop finite platoon model ωN converges to the
growth bound ω∞ of the closed-loop infinite platoon model.
Only in the very special cases when just one of the system
operators Ǎ, B̌, Č is not a constant do we obtain convergence
of ωN to ω∞. Similar results are obtained for an alternative
sequence of Toeplitz approximating systems.

Of course it is the MIMO case that is most interesting for
applications, and this remains a challenging open problem.
However, the scalar case has already demonstrated that LQR
control of the infinite-dimensional platoon model does not
always serve as a useful paradigm for the large finite platoon
model.
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[3] A. Böttcher and B. Silvermann. Introduction to Large Truncated
Toeplitz Matrices. Springer Verlag, New York, 1999.

[4] Curtain R.F. and Zwart H.J. An Introduction to Infinite-Dimensional
Linear Systems Theory, Springer-Verlag, New York, (1995).

[5] Curtain R.F., Iftime O.V. and Zwart H.J. System Theoretic Properties
of Platoon-Type Systems Proc. 47th IEEE Conference on Decision and
Control, Cancun, Mexic, 1442–1447, 2008.

[6] R.M. Gray. Toeplitz and Circulant matrices: A review. Report 032,
Stanford University Electronics Laboratory, Stanford California, 1971.

[7] Curtain R.F., Iftime O.V. and Zwart H.J. System theoretic properties
of a class of spatially distributed systems Automatica, forthcoming,
2009.

[8] M L.El-Sayed and P.S. Krishnaprasad. Homogeneous interconnected
systems: an example, IEEE Trans. Automatic Control 26: 894–901,
1981.

[9] D. Hinrichsen and A.J. Pritchard. Mathematical Systems Theory I:
Modelling, State Space Analysis , Stability and Robustness. Springer
Verlag, Berlin, 2000.

[10] Ito K. Strong convergence and convergence rates of approximating
solutions for algebraic Riccati equations in Hilbert spaces, in
Distributed Parameter Systems, Editors: W. Schappacher , F.Kappel
and K.Kunisch. Springer Verlag, Berlin, 153–166, 1987.
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V. APPENDIX: TOEPLITZ AND CIRCULANT MATRICES

Denote by ∂D the unit circle. Consider a continuous scalar
symbol f ∈ L2(∂D) given by f(eθ) =

∑∞
l=−∞ fle

−lθ.
We denote the Toeplitz approximant matrix of order n

corresponding to f by Tn(f)

Tn(f) =


f0 f1 f2 · fn−1

f−1 f0 f1 · fn−2

· · · · ·
· · · · ·

f−n+1 f−n+2 f−n+3 · f0

 (14)

and the circulant approximant matrix of order n by C̃n(f),

C̃n(f) =


c
(n)
0 c

(n)
1 c

(n)
2 c

(n)
3 · c

(n)
n−1

c
(n)
n−1 c

(n)
0 c

(n)
1 c

(n)
2 · c

(n)
n−2

· · · · · ·
· · · · · ·

c
(n)
1 c

(n)
2 c

(n)
3 c

(n)
4 · c

(n)
0

 , (15)

where

c
(n)
k =

1

n

n−1∑
l=0

f̃(
2πl

n
)e
−2πkl
n .

Circulant approximant matrices have very nice properties
(see[6, Sections 3.1, 3.2] and the references therein).

In addition to the matrix spectral or induced L2-norm
denoted by ‖ · ‖, following [6], we introduce the following
n-norm for square matrices M of order n

|M |n =

(
1

n

n−1∑
k=0

n−1∑
l=0

|akl|2
)1/2

=

(
1

n
trace(M∗M)

)1/2

.

Some properties of this matrix norm we refer to [6, Lemma
2.3].


