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LES for industrial applications with complex geometries is mostly characterised by: 
a) a finite volume CFD method using a non-staggered arrangement of the flow variables 
and second order accurate spatial and temporal discretisation schemes, b) an implicit top-
hat filter, where the filter length is equal to the local computational cell size, and c) eddy-
viscosity type LES models. LES based on these three main characteristics is indicated as 
industrial LES in this paper.
It becomes increasingly clear that the numerical dissipation in CFD codes typically used 
in industrial applications with complex geometries may inhibit the predictive capabilities 
of explicit LES. Therefore, there is a need to quantify the numerical dissipation rate in 
such CFD codes. In this paper, we quantify the numerical dissipation rate in physical space 
based on an analysis of the transport equation for the mean turbulent kinetic energy. 
Using this method, we quantify the numerical dissipation rate in a quasi-Direct Numerical 
Simulation (DNS) and in under-resolved DNS of, as a basic demonstration case, fully-
developed turbulent channel flow. With quasi-DNS, we indicate a DNS performed using 
a second order accurate finite volume method typically used in industrial applications. 
Furthermore, we determine and explain the trends in the performance of industrial LES
for fully-developed turbulent channel flow for four different Reynolds numbers for three 
different LES mesh resolutions. The presented explanation of the mechanisms behind the 
observed trends is based on an analysis of the turbulent kinetic energy budgets.
The presented quantitative analyses demonstrate that the numerical errors in the industrial 
LES computations of the considered turbulent channel flows result in a net numerical 
dissipation rate which is larger than the subgrid-scale dissipation rate.
No new computational methods are presented in this paper. Instead, the main new 
elements in this paper are our detailed quantification method for the numerical dissipation 
rate, the application of this method to a quasi-DNS and under-resolved DNS of fully-
developed turbulent channel flow, and the explanation of the effects of the numerical 
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dissipation on the observed trends in the performance of industrial LES for fully-developed 
turbulent channel flows.

© 2017 Elsevier Inc. All rights reserved.

1. Introduction

The ever increasing computing power has encouraged the CFD community to venture into large-scale simulations on very 
high resolution meshes that were hard to imagine even a few years ago. As a result, LES methods can now in principle be 
afforded on high resolution meshes for industrial applications with complex geometries. LES for such applications is mostly 
characterised by the application of:

• a finite volume CFD method using a non-staggered (or: collocated) arrangement of the flow variables and second order 
accurate spatial and temporal discretisation schemes;

• an implicit top-hat (or: box) filter, where the filter length is equal to the local computational cell size;
• LES models which are based on the subgrid-scale eddy-viscosity concept for the modelling of the subgrid scales.

Complex geometries can be represented efficiently using the finite volume method on unstructured meshes. The non-
staggered arrangement of the flow variables is practically preferred for the computation of flows in complex geometries. 
Therefore, this approach is commonly used in, for example, general purpose commercial CFD codes like STAR-CCM+ [42]
and ANSYS-FLUENT [1], and in open source codes like OpenFOAM [34] and Code-Saturne [2]. Furthermore, eddy-viscosity 
based LES models together with an implicit top-hat filter with a filter length equal to the local computational cell size 
are mostly used in such unstructured finite-volume codes. In this paper, LES based on the three main characteristics sum-
marised above is indicated as industrial LES, since this type of LES modelling is mostly used for LES in industrial applications. 
That is, we use industrial LES to refer to this industrial type of LES modelling and do not refer to the complex industrial 
geometries. LES based on the considered three key characteristics is also used in academic codes, see for example [20,
33].

The approach where explicit modelling of the stresses resulting from the Sub-Grid Scales (SGS) takes place using an 
SGS closure model is commonly indicated as Explicit LES (ELES). From early papers like for example Kravchenko and Moin 
[28], it can be concluded that specific problems may arise from the interplay between the errors resulting from the applied 
numerical method on the one hand and the contribution from the modelled SGS terms on the other hand. This holds 
especially for ELES based on low-order numerical methods. As indicated, such low-order methods are commonly applied 
in the CFD codes used in industrial applications dealing with complex geometries. The numerical dissipation in such codes 
may inhibit the predictive capabilities of ELES when it is of the same order of magnitude or larger than the SGS dissipation. 
This is confirmed in, for example, the recent paper of Castiglioni and Domaradzki [8], where it is demonstrated that the 
numerical dissipation can be significantly larger than the dissipation of the classical Smagorinsky SGS model in an LES of the 
flow over a NACA 0012 airfoil using a commercial CFD code. This confirms the need to quantify the numerical dissipation 
in CFD codes typically used in industrial LES.

In an alternative approach, the Navier–Stokes equations are solved directly on a (coarse) LES mesh without the explicit 
use of an SGS closure model and without a filtering operation. In this approach, the numerical dissipation of the applied 
numerical schemes is used as an Implicit LES (ILES) model with the aim to mimic the SGS dissipation. This strategy is 
based on the assumption that the effect of the SGS terms on the resolved scales is primarily dissipative. This approach 
was originally proposed by Boris et al. [6], who utilised a Flux-Corrected Transport (FCT) scheme. This FCT scheme assures 
monotonicity of the solution. Therefore, this approach was indicated as Monotonically Integrated LES (MILES). ILES is related 
to Total Variation Diminishing (TVD), flux-limited, and sign-preserving schemes which have been originally developed to 
control possible numerical oscillations in configurations involving steep gradients or discontinuities. The reader is referred 
to Grinstein et al. [19] for a thorough discussion on the ILES approach.

Similar as in Castiglioni and Domaradzki [8], we make a distinction between ILES schemes which are intended to provide 
the correct amount of SGS dissipation and those which are executed without an LES model and with no constraints imposed 
on the numerical dissipation. We will refer to ILES in the former case and to Under-resolved DNS (UDNS) or no-model LES 
in the latter case.

The quantification of the numerical dissipation rate in LES is addressed in several papers in the literature. Prior to 2015, 
the presented methods are formulated in spectral space. The reader is referred to Schranner et al. [40] and Castiglioni and 
Domaradzki [8] for a review of these methods. The quantification methods in spectral space are limited to computational 
domains which are periodic and cannot be easily generalised to complex domains with non-periodic boundary conditions. 
For such cases, quantification of the numerical dissipation rate in physical space is of practical interest. Following the work 
of Domaradzki et al. [15] and Domaradzki and Radhakrishnan [14], Schranner et al. [40] presented for the first time a 
quantification method based on a physical space representation that can be applied to complex geometries. This method 
allows for the quantification of the numerical dissipation rates and viscosities at the individual cell level, or, for arbitrary 
subdomains of the computational domain. The starting point for their method is the transport equation for the kinetic 
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energy. This transport equation is considered in integral form by integration over a control volume V . By application of 
a finite volume spatial discretisation and a generic discretisation in time, truncation errors and a residual arise in the 
discretized version of this integral form of the kinetic energy equation. In general, this residual contains effects of all terms 
in the truncation error of a numerical scheme, including dissipative and dispersive errors. As shown in Schranner et al. 
[40], the dissipative contributions are larger than the dispersive contributions for sufficiently large control volumes V . The 
associated positive residual corresponds to the numerical dissipation rate within the control volume V . Schranner et al. [40]
demonstrate the capabilities of their method on implicit LES of a three-dimensional Taylor–Green vortex flow. For validation 
of the method, they compare results for the numerical dissipation rate with reference data using an accurate spectral-space 
approach. Subsequently, the considered method is applied for the first time to ELES of a laminar separation bubble flow 
over a NACA 0012 airfoil using a commercial CFD code in Castiglioni and Domaradzki [8].

In this paper, we present an alternative method for the quantification of the numerical dissipation rate in physical space. 
This complementary method differs from the method introduced by Schranner et al. [40] in the sense that it is based on 
the transport equation for the turbulent kinetic energy. As will be demonstrated later, the main motivation for introducing 
our alternative method is that it allows us, in addition to the quantification of the numerical dissipation rate, to explain 
the mechanisms behind certain trends observed in industrial LES, following grid refinement and convergence, based on an 
analysis of the turbulent kinetic energy budgets. Our method is explained in detail in section 2. Section 3 presents the 
numerical method which we have used for the ELES and UDNS computations executed for this paper. In section 4, we 
determine the trends in the performance of industrial LES for turbulent channel flows for four different Reynolds numbers 
for three different LES mesh resolutions. Since quite a number of nuclear applications include wall-bounded turbulent flows, 
for example, the flow of primary coolant in nuclear fuel rod-bundles (see e.g. [4,5,10,9,11,22,37,39,32]), the fully-developed 
turbulent channel flow case forms a relevant basic case for the analysis of LES. The authors realise that trends in industrial 
LES of turbulent channel flows may be obtained from the existing literature. However, to the best of our knowledge, a 
systematic assessment of the trends and an explanation of the mechanisms behind these trends have not been presented 
yet. The quantification of the numerical dissipation rate for a quasi-DNS (q-DNS) of a turbulent channel flow is presented in 
section 5. With q-DNS, we indicate a DNS performed using a second order accurate finite volume method for unstructured 
meshes based on a non-staggered arrangement of the flow variables. Since for this method lower accuracy can be expected 
than for dedicated pseudo-spectral or finite difference DNS methods, we deliberately speak about q-DNS instead of DNS. 
In section 6, we determine the numerical dissipation rate in UDNS computations for turbulent channel flow. Furthermore, 
an explanation of the trends observed in the industrial LES results presented in section 4 is given in section 6. Finally, the 
conclusions are summarised in section 7.

To the best of the authors knowledge, the main new elements in this paper are the presented method for the quan-
tification of the numerical dissipation rate in physical space, the application of this method to a quasi-Direct Numerical 
Simulation (DNS) and to UDNS computations of fully-developed turbulent channel flow, and the explanation of the mecha-
nisms behind the observed trends in the performance of industrial LES for fully-developed turbulent channel flows.

2. Approach

2.1. Selected channel flow cases and applied mesh resolutions

We have selected fully-developed turbulent channel flows at frictional Reynolds numbers Reτ = ρuτ h/μ of 180, 395, 
590 and 950, where h is half the channel height, ρ the density, μ the dynamic viscosity, and uτ the frictional velocity 
which is defined as

uτ =
√

τw

ρ
=

√
ν

(
∂u

∂ y

)
y=0

, (1)

where τw is the wall shear stress, u the mean streamwise velocity, and ν = μ/ρ the kinematic viscosity. Reference DNS 
data are available for the considered Reynolds numbers. Reference DNS data are also available for higher frictional Reynolds 
numbers. However, a comprehensive parameter study changing spatial resolution of LES for these higher Reynolds numbers 
exceeds our computer resources, and could therefore not be considered in this paper. We focus on the standard turbulent 
channel flow conditions instead to create a direct link with most studies in literature.

Recently, general guidelines for the required mesh resolution in wall units have been provided by Georgiadis et al. [17]
for wall-resolved LES, namely,

50 ≤ �x+ ≤ 150, �y+
wall < 1, 15 ≤ �z+ ≤ 40, (2)

where x, y, and z represent respectively the streamwise, wall normal, and spanwise direction. The above range of values 
provides a sense for the mesh resolution requirements for LES analyses. Based on these mesh guidelines, we have selected 
the following three mesh resolutions in this paper:

• a relatively coarse mesh resolution with mesh spacings which are close to the upper limits of the Georgiadis et al. [17]
mesh guidelines;
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Table 1
Summary of the computational grids and channel flow cases used for the present analyses. y+

wall is the non-dimensional distance of the first cell centre
normal to the wall, whereas �y+

bulk represents the non-dimensional wall normal cell size in the centre of the channel. A stretching ratio of 1.07 is used 
in the wall normal direction in order to stretch the cells from y+

wall to �y+
bulk . �x+ and �z+ represent the non-dimensional cell sizes in streamwise and 

spanwise directions, whereas Nx , N y and Nz represent the numbers of cells in x, y, and z directions respectively. The size of the computational domain is 
2π × π × 2 in streamwise, spanwise, and wall normal directions respectively, see section 3.1.

Grids Reτ �x+ y+
wall �y+

bulk �z+ Nx N y Nz Ntotal

90-Grid 180 90 0.5 10 30 13 76 20 19760
395 90 0.5 21 30 28 98 42 115248
590 90 0.5 30 30 42 168 63 444528
950 90 0.5 30 30 68 193 102 1338648

60-Grid 180 60 0.5 10 20 19 78 28 41496
395 60 0.5 10 20 41 122 62 310124
590 60 0.5 10 20 61 160 92 897920
950 60 0.5 20 20 98 144 147 2095236

30-Grid 180 30 0.5 10 10 38 78 57 168948
395 30 0.5 10 10 83 122 124 1255624
590 30 0.5 10 10 123 160 184 3621120
950 30 0.5 20 10 196 144 293 8269632

• a finer mesh resolution with mesh spacings which are close to the lower limits of the Georgiadis et al. [17] mesh 
guidelines;

• an even finer mesh resolution with mesh spacings which are considerably smaller than the lower limits of the Geor-
giadis et al. [17] mesh guidelines.

Hexahedral cells have been used in the three applied meshes. It is customary to define the cell sizes in terms of wall 
units which are calculated using

�+
i = �i

uτ

ν
, i = x, y, z, (3)

where �i, i = x, y, z, represent the actual cell sizes in respectively the streamwise, spanwise, and wall normal directions. 
The cell sizes which we have used in the three different grids are summarised in Table 1. The 90-Grid corresponds to a 
relatively coarse mesh resolution with mesh spacings which are close to the upper limits of the Georgiadis et al. [17] mesh 
guidelines. For this grid, the number 90 in the 90-Grid corresponds to the non-dimensional cell size with has been used 
in the streamwise direction. Likewise, the 60-Grid indicates the finer mesh resolution with mesh spacings which are close 
to the lower limits of the Georgiadis et al. [17] mesh guidelines, whereas the 30-Grid corresponds to the even finer mesh 
resolution with mesh spacings which are smaller than the lower limits of the Georgiadis et al. [17] mesh guidelines. The 
test cases summarised in Table 1 cover a large range of Reynolds numbers and mesh resolutions relevant for the analysis of 
the trends in industrial LES.

2.2. Solver selection

A finite volume CFD method using a collocated arrangement of the flow variables together with second order accurate 
spatial and temporal discretisation schemes is mostly used in industrial applications with complex geometries. As an exam-
ple of a CFD code which is based on this approach, we have selected the open source code OpenFOAM 2.2.0 [34] for the 
present analyses. The use of this specific code is intended as a representative example of codes widely used in industrial 
LES.

2.3. Filter and filter length

The top-hat filter is commonly used in such unstructured finite-volume codes. The top-hat filter basically provides the 
average value of the flow variables for each computational cell of the finite volume mesh when the filter length l f ilter
is selected to be equal to the local cell size. For second-order accurate spatial discretisation schemes, the computed flow 
variables are a piecewise linear function of the spatial co-ordinate x. This means that, if the filter length l f ilter is selected 
to be equal to the local mesh size, the averaged and the local value of the filtered flow parameters will be equal. That is, 
the filtered flow parameters are computed implicitly, and the filter operation is not executed explicitly. This explains the 
common use of the top-hat filter in finite-volume codes. The selection of the local cell size is less straight forward when 
the mesh is non-uniform, which is usually the case for complex geometries. The common approach for this situation is to 
use

l f ilter = V 1/3
cell , (4)

where V cell is the volume of the computational cell.
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2.4. SGS-models selection

Eddy-viscosity based LES models are commonly used in the considered CFD codes. The following two eddy-viscosity 
based LES models have been used: a) the standard Smagorinsky model by Smagorinsky [41] with the van Driest near wall 
damping function [45], and b) the modified version of the dynamic Smagorinsky model [18] as proposed by Lilly [29]. These 
models have been used together with an implicit top-hat filter where the filter length is computed according to Eq. (4). In 
order to assess the contribution of the applied LES model in the numerical results, we have computed the test cases in 
Table 1 also without the application of an LES model. The corresponding results will be indicated as the no-model or UDNS 
results.

We have selected the standard Smagorinsky model, since it is a classical model which has been used extensively in 
the literature. We have selected the dynamic Smagorinsky model as a second model, since this model overcomes the main 
drawbacks of the standard Smagorinsky model [18].

2.5. Method for quantification of the numerical dissipation rate

Our method for the quantification of the numerical dissipation rate is based on an analysis of the budget terms for the 
mean turbulent kinetic energy per unit mass k = 1

2 �iu′
iu

′
i and the budget terms for the individual components u′u′, v ′v ′ and 

w ′w ′ of k. Here, u′
i is defined by the Reynolds decomposition of the instantaneous velocity ui in a mean and a fluctuating 

component, that is,

ui = ui + u′
i . (5)

The transport equations for the budget terms can be found in standard text books on turbulence, see for example Durbin 
and Petterson-Reif [16]. We briefly present these equations and a description of some important characteristics of the budget 
terms in this section in order to support readers who are less familiar with the topic.

The starting point for the analyses of the considered budget terms is based on the transport equation for the component 
u′

iu
′
j of the Reynolds stress tensor. Based on Hoyas and Jiménez [21] or Durbin and Petterson-Reif [16], this equation can 

for an incompressible flow with no temperature and density effects be written as

Du′
iu

′
j

Dt
= ∂u′

iu
′
j

∂t
+ uk

∂u′
iu

′
j

∂xk
= P ij + ε i j + T ij + 


s
i j + 


d
i j + D

m
ij , (6)

where the different terms on the right hand side of this equation are defined as:

Production rate P ij = −u′
ju

′
k

∂ui

∂xk
− u′

iu
′
k

∂u j

∂xk
, (7)

Dissipation rate ε i j = −2ν
∂u′

i

∂xk

∂u′
j

∂xk
, (8)

Turbulent transport rate T ij = − ∂

∂xk
u′

ku′
iu

′
j, (9)

Pressure strain rate 

s
i j = p′

ρ

(
∂u′

i

∂x j
+ ∂u′

j

∂xi

)
, (10)

Pressure diffusion rate 

d
i j = − 1

ρ

(
∂u′

i p′
∂x j

+ ∂u′
j p′

∂xi

)
, (11)

Molecular diffusion D
m
ij = ∂

∂xk
ν

∂

∂xk
u′

iu
′
j, (12)

where repeated subscripts k imply summation over respectively the streamwise (x), wall normal (y), and spanwise (z) 
directions, and where the line over the quantities in Eq. (6) indicates that we are dealing with Reynolds-averaged quantities.

The budget terms for the individual components u′u′, v ′v ′ and w ′w ′ of k can be obtained in a straightforward way by 
setting j equal to i in Eq. (6). Subsequently, the budget terms for the mean turbulent kinetic energy k can be obtained by 
computing half of the sum of the budget terms for the individual components u′u′, v ′v ′ and w ′w ′ . The continuity equation 
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also implies that �i
∂u′

i
∂xi

= 0. As a result, the pressure strain rate term 
s
i. j has zero trace, that is, �i


s
i,i(y+) = 0 for all y+ . 

The physical interpretation of this fact is that the pressure strain rate term 
s
i. j redistributes turbulent kinetic energy over 

the three co-ordinate directions during the cascade process without changing the total mean turbulent kinetic energy k.
The procedure that we use to quantify the numerical dissipation rate can be summarised as follows: the transport 

equation for the mean turbulent kinetic energy k is symbolically written as

Rk + Ck −
(

Pk + εk + T k + 

d
k + D

m
k

)
= 0, (13)

where Rk indicates the Reynolds-averaged time rate of change of k, and Ck the Reynolds-averaged convective transport rate 
of k. Since the quantities in Eq. (13) are numerically obtained, Eq. (13) will be contaminated by numerical errors. As a result, 
a non-zero residual will remain in this equation, that is,

Rk,� + Ck,� −
(

P k,� + εk,� + T k,� + 

d
k,� + D

m
k,�

)
= −εnum

k,� , (14)

where � in the subscripts in the quantities in Eq. (14) indicates the numerical counterparts of the corresponding quantities 
in Eq. (13). A number of sources can be identified in the considered non-zero residual. Discretisation errors are introduced, 
since the primary flow variables, that is, the pressure and velocity field, are solved using a finite volume spatial discretisation 
and a generic temporal discretisation. Furthermore, using the computed primary flow variables as input, numerical errors 
are introduced in the computation of the spatial derivatives in the budget terms in Eq. (14). Finally, statistical errors are 
introduced due to the application of the Reynolds-averaging process. The procedure that we use for the computation of the 
statistical quantities in Eq. (14) is largely identical to the statistical procedure commonly used in DNS analyses. The applied 
procedure is explained in section 2.6. As we will show in section 2.6, the non-zero residual in Eq. (14) corresponds to the 
numerical dissipation rate of k in the q-DNS and UDNS computations presented in this paper.

For the fully developed statistically steady state channel flow cases in the present study, the statistical quantities in 
Eq. (14) are a function of the wall normal co-ordinate only, and Rk,� and Ck,� are zero. As a result, we obtain

−
(

Pk,�(y+) + εk,�(y+) + T k,�(y+) + 

d
k,�(y+) + D

m
k,�(y+)

)
= −εnum

k,� (y+). (15)

This way, we obtain the distribution of the numerical dissipation rate εnum
k,� (y+) across the height of the channel. The 

corresponding numerical viscosity is defined as

νnum(y+) = ν
εnum

k,� (y+)

εk,�(y+)
. (16)

That is, the numerical viscosity can be computed from the sum of the budget terms of the mean turbulent kinetic energy k
divided by the resolved dissipation rate of k. As explained in section 2.6, the method that we use to compute the averaged 
quantities in Eq. (15) is second order accurate, which is consistent with the discretisation schemes which we use in the 
applied CFD code (see section 3.5).

For the present statistically steady state channel flows, Eq. (15) shows that the sum of the budget terms in Eq. (15)
should be practically zero when dissipation free numerical schemes are used and statistical errors are negligible. We will 
show that this sum is indeed negligible for well resolved DNS using dedicated DNS solvers. However, for q-DNS and LES 
performed with the industrial type CFD code that we use, a net positive sum remains in the statistically steady state 
situation at practical resolutions. For negligible statistical errors, this positive source of energy is balanced by the implicit 
numerical dissipation rate εnum

k,� in order to maintain the steady state.
The approach used by Schranner et al. [40] and Castiglioni and Domaradzki [8] differs from our approach in the fol-

lowing two respects: firstly, the method used by Schranner et al. [40] and Castiglioni and Domaradzki [8] is based on the 
transport equation for the total kinetic energy, while we concentrate on the turbulent kinetic energy, thereby emphasising
the contributions of the smaller scales. Secondly, their numerical integration method is slightly different from the method 
which we use. Namely, they use the control volume Vm of computational cell m and time step �t in the numerical inte-
gration of the integral form of the transport equation for the kinetic energy, while we apply the procedure as described 
in section 2.6. Similar as in our approach, a non-zero residual remains in the numerically integrated form of this transport 
equation. For sufficiently large control volumes, this non-zero residual has a predominantly dissipative character, and is 
therefore indicated as the numerical dissipation rate. The numerical dissipation rate for a selected sub-domain or the entire 
computational domain is obtained by summation over the adjacent cells in the sub-domain or the entire computational 
domain. Furthermore, they use the Gauss divergence theorem to convert the volume integrals containing transport terms 
of the form ∂ Fk/∂xk , where Fk represents a flux term, to surface integrals. In Schranner et al. [40], it is demonstrated that 
numerical integration of respectively the volumetric integral formulation and the cell face flux formulation yields practically 
identical results.
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2.6. Computation of statistical quantities

Using the computed primary flow variables as input, the spatial derivatives in the budget terms in Eq. (15) are com-
puted with the same second order accurate central differencing scheme as used for the computation of these primary 
flow variables. The selected second order accurate discretisation schemes used to compute these primary flow variables are 
explained in section 3.5. Schranner et al. [40] investigated the importance of the application of higher-order schemes for 
the computation of the budget terms. Besides a sixth-order accurate reconstruction scheme, Schranner et al. [40] used a 
fourth-order and second-order accurate central spatial discretisation scheme. They found that practically identical numerical 
dissipation rates were predicted for all three schemes. Therefore, Castiglioni and Domaradzki [8] also used second-order 
accurate numerical schemes in their analyses.

The flow is allowed to develop in time until a statistically steady state is reached, after which the statistics are accumu-
lated. Typically, we adopt 10 to 20 Flow Through Times (FTT) for the flow to develop, and subsequently 60 to 80 FTT are 
used for accumulating the statistics. Here, FTT is defined as:

F T T = L

umean
, (17)

where L is the length of the channel and umean is the mean velocity. For time averaging, we use an averaging scheme based 
on a linear variation of the parameters per time step in order to obtain second-order accuracy. The data of each time step is 
used. As a final step, spatial averaging in streamwise and spanwise direction is performed, since the budgets in Eq. (15) are 
a function of the wall normal co-ordinate only. For each simulation, the mean and RMS velocity profiles are compared at 50, 
60, 70, and 80 FTT in order to confirm that the accumulation of statistics has been carried out for a sufficiently large number 
of FTTs, with the guarantee that the statistical uncertainties in the computation of the mean and RMS velocity profiles are 
smaller than respectively 0.5 and 1%. For the computations of the turbulent kinetic energy budgets, we used typically 180 
FFTs in order to obtain corresponding statistical uncertainties smaller than 1%. The applied procedure guarantees that the 
statistical errors are negligible compared to the numerical dissipation rate of k in our q-DNS and UDNS computations, and 
that the non-zero residual in Eq. (15) corresponds to this numerical dissipation rate.

3. Numerical model

3.1. Computational domain

For some of the considered Reynolds numbers, different sizes of the computational domains have been used in the 
reference DNS analyses. For example, for Reτ = 180, Kim and Moin [26], Tiselj and Cizelj [43], as well as Vreman and 
Kuerten [48] used a computational domain of (4π , 4π/3, 2), whereas del Alamo and Jimenez [13] used a much bigger 
domain of (12π , 4π , 2). In contrast, Kawamura et al. [25] used a smaller domain of (6.4, 3.2, 2). In the evaluation presented 
in [27], Fig. 5, it could be concluded that the mutual differences between the considered reference DNS data bases are 
smaller than about 1.5% and 4% for the mean and RMS velocity profiles respectively. Based on these small differences, we 
have decided to use the small computational domain of Kawamura also for the purposes of the present paper.

3.2. Governing equations

The filtered Navier–Stokes equations for a Newtonian constant-density flow without gravity and with constant physical 
properties are (see e.g. [16,38]):

∂ ûi

∂xi
= 0, (18)

∂ ûi

∂t
+ ∂ ûi û j

∂x j
= − 1

ρ

∂ p̂

∂xi
+ ν

∂2ûi

∂x j∂x j
− ∂

∂x j
τ SG S

i j , (19)

where ûi represents the filtered velocity in the xi direction, p̂ is the filtered pressure field, ρ is the density, ν is the 
kinematic viscosity, and τ SG S

i j is the subgrid-scale (SGS) (or: residual) stress tensor defined as

τ SG S
i j = ûiu j − ûi û j . (20)

In this formulation, explicit commutator errors are not taken into consideration [44].

3.3. SGS model formulations

In the standard formulation, the anisotropic SGS stress tensor is defined as

τ SG S,a
i j = τ SG S

i j − 2
kSG Sδi j, (21)
3
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where kSG S is the SGS kinetic energy defined as kSG S = 1
2 τ SG S

ii . The anisotropic SGS stress tensor τ SG S,a
i j is modelled here 

using an eddy viscosity assumption, that is,

τ SG S,a
i j = −2νSG S Ŝi j, (22)

where νSG S is the eddy viscosity of the residual (or: SGS) motions, and Ŝ i j is the filtered strain rate tensor

Ŝ i j = 1

2

(
∂ ûi

∂x j
+ ∂ û j

∂xi

)
. (23)

In this formulation, νSG S must be specified in order to mathematically close the equations, while the SGS kinetic energy 
kSG S is traditionally included in the effective filtered pressure p̂ = p̂ + 2

3 kSG S . We refer to the literature how νSG S is closed 
for the SGS models that we use, that is, Smagorinsky [41] for the Smagorinsky model and Germano et al. [18] and Lilly [29]
for the dynamic Lilly model.

3.4. Initial and boundary conditions

The standard no-slip boundary condition is used at the walls, and periodic boundary conditions are applied in both 
streamwise and spanwise directions. The flow is driven by a fixed mass flow rate in the streamwise direction. Where 
possible, a fully developed flow field from a previous computation is taken as the initial field. In case such a fully developed 
flow field was not available, the approach developed by de Villiers [12] is used to create an initial field.

3.5. Spatial and temporal discretisation

For a detailed description of the finite-volume discretisation as applied in OpenFOAM, the reader is referred to Jasak [23]
and de Villiers [12]. A shorter description which summarises the main lines of the applied discretisation method can be 
found in Komen et al. [27].

We use a second-order implicit backward differencing scheme based on three time levels for the discretisation of the 
temporal term, namely,

∂φ

∂t
=

3
2 φn − 2φn−1 + 1

2 φn−2

�t
, (24)

where φn = φ(t + �t). Furthermore, we apply the second-order central differencing scheme for the convective terms. It is 
noted that in OpenFOAM, this central differencing scheme is indicated as the linear differencing scheme, since it corresponds 
to the application of linear interpolation in order to obtain the values of φ at the cell faces.

3.6. Additional numerical issues

In the solution procedure for the final system of linear algebraic equations, a Preconditioned Bi-Conjugate Gradient 
solver (PBiCG) applicable to asymmetric matrices is used for the momentum equation, together with Diagonal-Incomplete 
LU (DILU) for preconditioning. The Geometric agglomerated Algebraic Multi-Grid solver (GAMG, also named generalised
Geometric-Algebraic Multi-Grid solver in the OpenFOAM manual) is applied for pressure. For the pressure-velocity coupling, 
the PISO algorithm is used.

The cell-face Courant number is defined as

C F L = u f · n f �t

|d| , (25)

where u f is the velocity magnitude at the cell face, n f the cell face normal vector, d the vector that connects the cell 
centres on either side of the face, and �t the time step. In this paper, the maximum cell-face Courant numbers are smaller 
than 0.5.

In Komen et al. [27], it was concluded that DNS quality can be practically achieved using the present OpenFOAM numer-
ical model for the mean and RMS velocities when appropriate mesh resolution is used. Therefore, it can be concluded that 
the present OpenFOAM numerical model is a good basis for the purposes of this paper.

4. Trends in industrial LES of wall-bounded turbulent flows

As mentioned in the introduction, trends in industrial LES of turbulent channel flows may be obtained from the ex-
isting literature. However, as indicated, a systematic assessment of the trends and explanation of the mechanisms behind 
these trends has not been presented in the literature yet. Therefore, as a starting point, we first present the results of our 
systematic assessment of the trends, as a basis for further analysis in the subsequent sections.
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Table 2
Summary of the computational grid used for the present q-DNS analyses. y+

wall is the non-dimensional distance of the first cell centre normal to the wall, 
whereas �y+

bulk represents the non-dimensional wall normal cell size in the centre of the channel. A stretching ratio of 1.05 is used in the wall normal 
direction in order to stretch the cells from y+

wall to �y+
bulk . �x+ and �z+ represent the non-dimensional cell sizes in streamwise and spanwise directions, 

whereas Nx , N y and Nz represent the numbers of cells in x, y, and z directions respectively. The size of the computational domain is 2π × π × 2 in 
streamwise, spanwise, and wall normal directions respectively.

Grids �x+ y+
wall �y+

bulk �z+ Nx N y Nz Ntotal

9-Grid 9 0.25 4.5 4.5 128 162 128 2.65 million

We have determined the trends in industrial LES by systematically performing industrial LES computations for fully 
developed turbulent channel flow at Reτ = 180, 395, 590, and 950 using the three mesh resolutions specified in Table 1. 
As an example, we present the results for Reτ = 180 (see Figs. 1 and 2). The presented mean and RMS velocity profiles are 
normalised using the frictional velocity uτ obtained from the corresponding simulations. Very similar trends were observed 
in the results obtained for the other Reynolds numbers. The main trends that we find for the considered Reynolds numbers 
and grid resolutions can be summarised as follows:

• For the mean axial velocity profile U
+

, a reduction of the mesh resolution from the 30-Grid to progressively coarser 
mesh resolutions results in increasingly larger overpredictions of this mean velocity for the region y+ > 10;

• For the u+
rms velocity profile, a reduction of the mesh resolution from the 30-Grid to progressively coarser mesh resolu-

tions results in progressively larger overpredictions of the peak in the u+
rms profile in the near wall region;

• For the v+
rms and w+

rms velocity profiles, a reduction of the mesh resolution from the 30-Grid to progressively coarser 
mesh resolutions results in increasingly larger underpredictions for almost the entire channel height;

• The differences between the results of the applied LES models and the results of the no-model are smaller than a few 
percent;

• Furthermore, the SGS contribution to the diffusion fluxes is much lower than the contribution of the molecular viscosity 
on all three grids.

In Appendix A.1, a systematic assessment of the accuracy of the presently used industrial LES method is presented for the 
considered channel flow cases.

5. q-DNS analyses and quantification of the numerical dissipation rate in q-DNS

The main goals of this section are: a) to demonstrate the correct computation of the budget terms for respectively the 
mean turbulent kinetic energy k and the individual components u′u′, v ′v ′ and w ′w ′ of k, and b) to quantify the numerical 
dissipation rate in our OpenFOAM q-DNS of a channel flow at Reτ = 180. A secondary objective is to demonstrate the 
adequacy of the numerical schemes in OpenFOAM for high fidelity q-DNS analyses. For these purposes, the results of our 
q-DNS for turbulent channel flow at Reτ = 180 will be compared with generally accepted reference DNS data bases.

The numerical model which we use for the OpenFOAM q-DNS analyses presented in this section is identical to the 
numerical model that we use for the no-model computations on the three LES grid. This model is described in section 3. The 
specifications of the grid that we use for these q-DNS analyses are summarised in Table 2. It is noted that Kawamura et al. 
[25] used a second and fourth-order finite difference method together with grids with a total number of grid points in the 
range of 1 million to 500 million for DNS of turbulent channel flow at Reτ = 180 (see Table 4 in [27]). The non-dimensional 
cell sizes that we use in our 9-Grid correspond to the coarsest grid resolution used by Kawamura et al. [25]. The maximum 
cell-face Courant numbers are smaller than 0.2 in our q-DNS computations. The number of FTTs that we have used for 
accumulating the statistics in the present q-DNS analyses equals 180. This corresponds to a non-dimensional time t+ =
tuτ /L = 13500 for averaging. As a result, the statistical uncertainties in the computation of the budget terms are smaller 
than about 1%.

Fig. 3 presents the profiles of respectively the mean streamwise velocity U +
(y+), the RMS velocities u+

rms(y+), v+
rms(y+), 

and w+
rms(y+), and the mean turbulent kinetic energy k+

(y+) for fully developed turbulent channel flow at Reτ = 180. The 
mean and RMS velocities are presented in non-dimensional form using the friction velocity uτ as scaling factor, whereas 
u2

τ is used for the scaling of the mean turbulent kinetic energy. The considered reference DNS data are obtained using 
dedicated pseudo-spectral DNS codes. Important characteristics of the corresponding DNS computations are summarised
in Table 1 in [48] and Table 4 in [27]. The Vreman DNS data that we use corresponds to the S2 pseudo-spectral DNS in 
Vreman and Kuerten [48]. As can be seen in Fig. 3, very small differences are present between the considered reference DNS 
solutions. Slightly larger differences are obtained near the peak in the v+

rms and w+
rms profiles for our q-DNS simulations.

In order to have a more detailed picture of the differences of the considered reference DNS data and the OpenFOAM 
q-DNS data with respect to the Vreman DNS data, we consider the relative differences

ε(y+) = (y+)(q−)DN S − (y+)V reman DN S
+ × 100%, (26)
(y )V reman DN S
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Fig. 1. Comparison of reference DNS and OpenFOAM LES solutions for the mean and RMS velocity profiles for fully developed turbulent channel flow at 
Reτ = 180.

where (y+) represents the mean velocity profile U +
(y+), or the RMS velocity profiles u+

rms(y+), v+
rms(y+), and w+

rms(y+). 
We have selected the S2 data set of Vreman as the reference data set. This data set refers to the most recently published 
DNS data set for Reτ = 180 and is obtained with the highest spatial resolution using a pseudo-spectral code thus far for 
this Reynolds number, together with a long statistical averaging time. Fig. 4 presents the relative differences ε(y+) of 
the considered reference DNS data and the OpenFOAM q-DNS data with respect to the Vreman DNS data. For the mean 
velocity profile, the differences are smaller than about 0.7% for the pseudo-spectral solutions, whereas the differences are 
smaller than about 4% for the RMS velocity profiles and the mean turbulent kinetic energy. For the OpenFOAM q-DNS 
solutions, slightly larger differences of about 1.2% for the mean velocity profile and 4–9% for the RMS velocity profiles are 
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Fig. 2. Ratio of the SGS and molecular viscosity for fully developed turbulent channel flow at Reτ = 180, (a) Smagorinsky model, and (b) Lilly model.

obtained (see Fig. 4). Roughly speaking, the data indicate that the differences obtained for the OpenFOAM q-DNS solutions 
are typically 2–3 times as large as those obtained for the pseudo-spectral solutions.

In the subsequent analyses, the budget terms for the mean turbulent kinetic energy k and the individual components 
u′u′, v ′v ′ and w ′w ′ are presented in non-dimensional form using u4

τ /ν as scaling factor. Fig. 5 presents the non-dimensional 
budget terms for the mean turbulent kinetic energy. As can be concluded from this figure, the budget terms of our Open-
FOAM q-DNS computations are in quite good agreement with the reference DNS data sets. The dissipation rate in our 
OpenFOAM q-DNS is consistently somewhat under predicted compared to the reference DNS data sets. Small differences are 
also seen in all data sets for the pressure diffusion term. However, the magnitude of the pressure diffusion term is very 
small. As indicated by Eq. (15), the distribution of the numerical dissipation rate εnum

k,� (y+) across the height of the channel 
in statistically steady state conditions is equal to the distribution of the sum of the budget terms of k. The distribution of 
this budget sum is presented in Fig. 6(a). For the reference pseudo-spectral DNS codes, this budget sum is very close to 
zero. This confirms that the numerical dissipation in these codes is practically zero. In contrast, there is a net budget source 
for the turbulent kinetic energy in the OpenFOAM q-DNS computation. Since we are considering statistically steady state 
conditions, a same amount of numerical dissipation rate is present in this q-DNS computation in order to compensate for 
this net source. The corresponding ratio νnum(y+)/ν , as obtained from Eq. (16), is presented in Fig. 6(c).

The sum of the budget terms as obtained in the DNS performed by Vreman and Kuerten [48] is practically zero (Fig. 6(a)). 
Combination of this observation with Eq. (15) yields the following relation:

P k,�(y+) − Pk,V reman(y+)

εnum
k,� (y+)

+ εk,�(y+) − εk,V reman(y+)

εnum
k,� (y+)

+ T k,�(y+) − T k,V reman(y+)

εnum
k,� (y+)

+



d
k,�(y+) − 


d
k,V reman(y+)

εnum
k,� (y+)

+ D
m
k,�(y+) − D

m
k,V reman(y+)

εnum
k,� (y+)

= 1. (27)

That is, Eq. (27) indicates that the sum of the relative differences in the turbulent kinetic energy budgets, with respect to 
the corresponding reference DNS budgets from Vreman and Kuerten [48], is equal to one. Based on this equation, Fig. 6(b) 
presents the relative contribution of the numerical errors made in the OpenFOAM q-DNS budget terms to the numerical 
dissipation rate. From this figure, it can be concluded that: a) the numerical errors in the production rate, although a 
dominant term in magnitude, have a relatively small contribution, since the production rate is predicted accurately, b) the 
numerical errors in the viscous dissipation rate have a relatively large contribution in the near wall region as well as in 
the bulk of the flow, c) the numerical errors in the pressure diffusion rate do not have a large contribution, since the 
magnitude of the pressure diffusion rate is relatively small, d) the numerical errors in the turbulent transport rate have 
a substantial contribution in the bulk of the flow, whereas e) the numerical errors in the molecular diffusion rate have a 
large contribution very close to the wall. The green line in Fig. 6(b) presents the sum of the relative contributions of the 
numerical errors made in the budget terms. Very close to the wall, where this sum starts to deviate from one, the results 
obtained from Eq. (27) are not valid anymore due to singular behaviour of Eq. (27) very close to the wall.

As can be seen in Fig. 6(c), a pronounced unevenness takes place in the viscosity ratio νnum(y+)/ν around y+ = 90. This 
can be explained as follows: for the 9-Grid, the cell sizes are gradually enlarged from a wall normal cell size of �y+ = 0.5
at the wall to a wall normal cell size of 4.5 wall units in the bulk using a stretching ratio of 1.05 (see Table 2). A wall 
normal cell size of 4.5 wall units is reached around y+ = 90. Subsequently, a constant wall normal cell size of 4.5 is used 
from y+ = 90 to the centre of the channel. That is, the stretching ratio changes from 1.05 to 1.0 around y+ = 90. As 
demonstrated in Komen et al. [27], the discretisation errors in the OpenFOAM model that we use are rather sensitive to the 
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Fig. 3. Reference DNS data and OpenFOAM q-DNS data for the mean velocity, RMS velocities, and mean turbulent kinetic energy profiles for fully developed 
turbulent channel flow at Reτ = 180.

applied stretching ratio. For the 9-Grid computation, the change of the stretching ratio from 1.05 to 1.0 shows up as a slight 
unevenness in the sum of the budget terms of the turbulent kinetic energy k around y+ = 90 (see Fig. 6(a)). The numerical 
viscosity is defined as this budget sum divided by the resolved dissipation rate of k (see Eq. (16)). Since this resolved 
dissipation rate has only small values around y+ = 90 (see Fig. 5(b)), the considered slight unevenness in the budget sum 
is amplified and shows up as a more pronounced unevenness in the numerical viscosity around y+ = 90 (see Fig. 6(c)).

The following additional conditions should be satisfied in a DNS: when integrated over the total channel height: 1) the 
total production rate is equal to the total dissipation rate, and 2) the resulting total amount for the three transport terms, 
that is, the turbulent transport rate, the pressure diffusion rate, and the molecular diffusion rate, should be zero. In order 
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Fig. 4. Percentages of relative differences ε(y+) of reference DNS data and OpenFOAM q-DNS data with respect to DNS data set of Vreman and Kuerten 
[48] for the mean velocity, RMS velocities, and mean turbulent kinetic energy profiles for fully developed turbulent channel flow at Reτ = 180.

to see how well these conditions are satisfied in the (q-)DNS and computations, Fig. 7 presents the cumulative distribution 
of respectively the production rate, the dissipation rate, the sum of the three transport terms, and the sum of all budget 
terms. As can be seen in Fig. 7(a), the differences in the cumulative distribution of the production rate are very small for the 
considered (q-)DNS data sets. In contrast, the OpenFOAM q-DNS data set for the cumulative distribution of the dissipation 
rate shows a consistent underprediction with respect to the pseudo-spectral DNS data sets. The total production rate and 
total dissipation rate should be equal to the corresponding cumulative values for the entire channel height y/h = 2. These 
values for the total production rate and total dissipation rate for the considered (q-)DNS data sets are summarised in Table 3. 
In the pseudo-spectral computations, it is indeed practically achieved that the total dissipation rate is equal to the total 
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Fig. 5. Reference DNS data and OpenFOAM q-DNS data for budget terms for the mean turbulent kinetic energy k
+

for fully developed turbulent channel 
flow at Reτ = 180.

production rate. In contrast, the total dissipation rate is about 8% smaller than the total production rate for the OpenFOAM 
q-DNS computation on the 9-Grid. From integration of Eq. (15) over the total channel height, it can be concluded that this 
amount corresponds to the total amount of numerical dissipation in the OpenFOAM q-DNS computation, provided that the 
integrated total amount for the three transport terms is zero in this q-DNS computation. As can be seen in Fig. 7(c), this 
total amount is indeed practically zero in the OpenFOAM q-DNS computation. In summary, the total numerical dissipation 
rate in the OpenFOAM q-DNS computation is equal to the total budget sum, which in turn is practically equal to the sum of 
the total production rate and the total dissipation rate (negative values). In this example, the total budget sum of 0.54e−2 
(see Fig. 7(d)) is practically equal to the sum of the total production rate and total dissipation rate which is equal to 0.56e−2 
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Fig. 6. Reference DNS data and OpenFOAM q-DNS data for the sum of the budget terms for the mean turbulent kinetic energy k+
at Reτ = 180, the relative 

contribution of the numerical errors in the budget terms to this budget sum, and the corresponding q-DNS viscosity ratio νnum(y+)/ν . (For interpretation 
of the references to colour in this figure, the reader is referred to the web version of this article.)

Table 3
Total production rate and total dissipation rate for the mean turbulent kinetic energy k in a fully developed turbulent channel flow at Reτ = 180. Here, 
total refers to the total amount by integration over the entire channel height.

(q-)DNS data set A: total production B: total dissipation A + B (A + B)/A (%)

q-DNS 9-Grid 7.05e−02 −6.49e−02 0.56e−02 7.9
Tiselj and Cizelj 6.94e−02 −6.95e−02 −0.01e−02 −0.1
Kim, Moin, and Moser 7.02e−02 −6.99e−02 0.03e−02 0.4
del Alamo and Jiménez 6.81e−02 −6.74e−02 0.07e−02 1.0
Vreman 6.96e−02 −6.96e−02 0.00e−02 0.0

(see Table 3). Based on Eq. (16), the considered total budget sum corresponds to an average numerical viscosity νnum of 
about 8% of the molecular viscosity ν .

Figs. 8 through 10 present the non-dimensional budget terms for the u′u′ , v ′v ′ and w ′w ′ components. As will be seen in 
the following, certain budget terms are zero, since mean flow quantities are a function of the wall normal distance y only, 
and the mean spanwise velocity w and wall normal velocity v are zero in a fully developed turbulent channel flow. The 
production rate for u′u′ in our OpenFOAM q-DNS computation (Fig. 8(a)) is in very good agreement with the reference DNS 
data sets. The production rate should be zero for v ′v ′ and w ′w ′ . Our q-DNS computation shows small non-zero values which 
can be practically neglected (Figs. 9(a) and 10(a)). For all considered components, the dissipation rate in our OpenFOAM 
q-DNS computation is consistently somewhat under predicted compared to the reference DNS data sets (Figs. 8(b), 9(b), 
and 10(b)). The pressure diffusion terms should be zero for the u′u′ and w ′w ′ components. Very small non-zero values are 
present in our OpenFOAM q-DNS solution (Figs. 8(c) and 10(c)). These very small values can be practically neglected. Small 
differences exist between the (q-)DNS solutions of the pressure diffusion term for the v ′v ′ component. Since this pressure 
diffusion term is relatively small, these differences are judged to be less important. Our q-DNS solution shows consistently a 
small under prediction in the pressure strain rate term for all three components with respect to the reference DNS data sets 
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Fig. 7. Reference DNS data and OpenFOAM q-DNS data for the cumulative distribution of budget terms for the mean turbulent kinetic energy k+
for fully 

developed turbulent channel flow at Reτ = 180.

(Figs. 8(d), 9(d), and 10(d)). The agreement between the (q-)DNS solutions for the turbulent transport term for u′u′ is very 
good (Fig. 8(e)), whereas some differences exist for v ′v ′ and w ′w ′ (Figs. 9(e) and 10(e)). However, the magnitude of the 
turbulent transport term for v ′v ′ and w ′w ′ is relatively small. The agreement is generally good for the molecular diffusion 
rate (Figs. 8(f), 9(f), and 10(f)).

Since Du′
iu′

i/Dt is zero for all three components in a fully turbulent channel flow, the sum of the budget terms should 
be zero also for these components for all y+ . This sum is presented in Fig. 11. As can be seen in this figure, this sum is 
indeed very close to zero for the reference pseudo-spectral DNS codes. In contrast, there is a net source in the OpenFOAM 
q-DNS computation. So, a similar total amount of the numerical dissipation rate should be present in our q-DNS computation 
in order to balance this net source.

We further discuss the pressure strain rate term, because of the importance of the pressure strain rate term in the 
evaluation in section 6. In a fully developed turbulent channel flow, the turbulent energy enters the flow via the non-zero 
production rate for the u′u′ component. Subsequently, this turbulent energy is extracted by the dissipation rate and by the 
pressure strain rate terms of u′u′ . This pressure strain rate term redistributes the energy to the v ′v ′ and w ′w ′ components, 
from where it is dissipated. The sum of the three pressure strain rate terms is shown in Fig. 11(d). This sum should be zero. 
For our OpenFOAM q-DNS computation, this sum is not exactly zero. However, the magnitude of this sum is more than an 
order of magnitude smaller than the individual pressure strain rate terms. As already indicated, all three pressure strain 
rate terms are somewhat under predicted in our q-DNS computation (Figs. 8(d), 9(d), and 10(d)). This implies that too little 
turbulent energy is transferred from the streamwise component to the spanwise and wall normal components. This explains 
the small under prediction of the RMS of the spanwise and wall normal velocities.

6. Quantification of the numerical dissipation rate and analysis of observed trends in industrial LES

The main goals of this section are: 1) to discuss the trends summarised in section 4 in relation to the budget anal-
ysis which was presented in section 5, and 2) to provide a systematic quantification of the numerical dissipation in the 
OpenFOAM no-model computations.
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Fig. 8. Reference DNS data and OpenFOAM q-DNS data for budget terms for the u′u′+ component for fully developed turbulent channel flow at Reτ = 180.

In section 4, we observed that the SGS contribution to the diffusion fluxes is much lower than the contribution from 
the molecular viscosity for the considered range of mesh resolutions. As a result, the differences between the results of the 
applied LES models and the results of the no-model (or: UDNS) setting are smaller than a few percent. That is, the observed 
trends are practically the same for both the LES models and the no-model setting. Therefore, we will discuss the trends here 
for the no-model setting only.

In section 5, we presented the results of the OpenFOAM q-DNS computation using the 9-Grid. Furthermore, we demon-
strated that a small amount of numerical dissipation is present in this q-DNS computations. This small amount of numerical 
dissipation compensates for the net source of turbulent kinetic energy corresponding to the net positive sum of the budget 
terms for the mean turbulent kinetic energy k and the individual components u′u′, v ′v ′ and w ′w ′ . Despite the presence 
of this numerical dissipation, very good results were obtained, both qualitatively and quantitatively, in the q-DNS analysis 
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Fig. 9. Reference DNS data and OpenFOAM q-DNS data for budget terms for the v ′v ′+ component for fully developed turbulent channel flow at Reτ = 180.

for the mean and RMS velocity profiles, the mean turbulent kinetic energy k, the individual components u′u′, v ′v ′ and 
w ′w ′ , and their budget terms. For the LES grids that we used in section 4, it can be expected that the contribution of this 
numerical dissipation will be substantially larger in the no-model computations. Therefore, we first want to demonstrate 
the consequences of this numerical dissipation. For that purpose, we first show the results of the no-model computations 
for both the 30-Grid and 60-Grid using the second order central discretisation scheme and a bounded central discretisation 
scheme for the convective terms. The bounded central discretisation scheme that we selected is the implementation of the 
Van Leer scheme [46] in OpenFOAM. For the present purposes, it is not needed to know all details of this implementation. It 
is sufficient to know that the Van Leer implementation in OpenFOAM is a blended scheme between the second order central 
discretisation scheme and a more dissipative upwind discretisation scheme. Originally, the Van Leer scheme is developed 
specifically for compressible gas dynamics applications where steep pressure waves may occur. In regions where the mesh 
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Fig. 10. Reference DNS data and OpenFOAM q-DNS data for budget terms for the w ′ w ′+ component for fully developed turbulent channel flow at Reτ = 180.

resolution is too coarse to resolve the corresponding steep gradients, the central scheme is combined with a fraction of 
upwind discretisation in an attempt to avoid the spurious oscillations (or: so-called wiggles) that would occur in case the 
purely central discretisation scheme would be used. The amount of upwind discretisation that is blended with the central 
discretisation scheme is based on the so-called Total Variation Dimishing (TVD) approach. The main point of importance for 
the present purposes is that the Van Leer implementation in OpenFOAM is adding additional numerical dissipation in the 
regions where the mesh is too coarse to resolve the turbulent flow field properly. As a result, we can observe more clearly 
the consequences of the presence of numerical dissipation in the computations.

Fig. 12 presents reference DNS data and the OpenFOAM no-model data for the mean velocity, the RMS velocities, and 
the mean turbulent kinetic energy profiles for turbulent channel flow at Reτ = 180 using the central and OpenFOAM Van 
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Fig. 11. Reference DNS data and OpenFOAM q-DNS data for the sum of the budget terms for the u′u′+ , v ′v ′+ , and w ′ w ′+ components, and the sum of the 
pressure strain rate terms for fully developed turbulent channel flow at Reτ = 180.

Leer discretisation schemes. From this figure, it can be concluded that both a reduction of the mesh resolution from the 
30-Grid to the 60-Grid, as well as the application of the more dissipative Van Leer discretisation scheme instead of the 
central discretisation scheme result in the following trends:

• overprediction of the mean axial velocity profile U
+

for the region y+ > 10;
• overprediction of the u+

rms velocity profile;
• underprediction of the v+

rms and w+
rms velocity profiles;

• higher levels of the mean turbulent kinetic energy k+
.

Based on these observations, we conclude that the presence of numerical dissipation in the presented LES and no-model
analyses is the main cause of the trends summarised in section 4. Furthermore, these results demonstrate that the artificial 
increase in turbulent kinetic energy due to the application of coarser mesh resolutions is not caused by possible spurious 
oscillations in the numerical solution obtained by the central discretisation scheme. The application of the bounded central 
discretisation scheme to which some numerical dissipation is added by some limited amount of upwind discretisation, 
results in an even larger artificial increase in the turbulent kinetic energy. In the following, we present an explanation why 
the presence of numerical dissipation results in these striking trends.

We have demonstrated that a reduction of the mesh resolution from the 30-Grid to progressively coarser mesh resolu-
tions results in progressively larger overpredictions of the mean velocity for the region y+ > 10. This trend has been found 
earlier in the literature, see for example [20]. Too coarse mesh resolutions result in un-physical near-wall structures which 
are also indicated as super low speed streaks. As a result, the near wall velocity gradients will be underestimated for a 
given flow rate, which results in a too small friction velocity uτ . The present channel flow conditions have been selected 
such that the same required Reynolds number Reτ , and therefore the same required friction velocity uτ is obtained for all 
considered mesh resolutions. This has the following two consequences: 1) the linear law is followed exactly in the near wall 
region for all applied mesh resolutions, and 2) progressively larger flow rates are required for progressively coarser mesh 
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Fig. 12. Reference DNS data and OpenFOAM no-model data for the mean velocity, RMS velocities, and mean turbulent kinetic energy profiles for fully 
developed turbulent channel flow at Reτ = 180, using the central and Van Leer discretisation schemes.

resolutions in order to obtain the required Reynolds number Reτ (see Table 4). This results in the observed overpredictions 
of the mean velocity profiles away from the wall for too coarse mesh resolutions.

Fig. 13 presents the non-dimensional budget terms for the mean turbulent kinetic energy for respectively the OpenFOAM 
q-DNS on the 9-Grid, the OpenFOAM no-model simulations on the 30-Grid and 60-Grid, and the reference DNS of Vreman and 
Kuerten [48]. As can be seen in Figs. 13(a), the production rate is very well predicted by OpenFOAM for both the 9-Grid and 
the 30-Grid. For the 60-Grid, a small overprediction in the production rate can be observed in the region y+ ∈ [20, 80]. This 
small overprediction is mainly caused by the overprediction of the wall normal gradient of the mean velocity in this region 
(see Eq. (7) and Fig. 1(c)). As can be seen in Fig. 13(b), the dissipation rate becomes more and more underpredicted in the 
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Table 4
Frictional Reynolds number Reτ = uτ h/ν and bulk Reynolds number 
Rebulk = Ubulk2h/ν , where h is the channel height, for the Vreman DNS 
and the OpenFOAM no-model computations, as obtained using the central 
discretisation scheme.

Case Uτ Ubulk Reτ Rebulk

Vreman 1.000 15.70 180.0 5650
OpenFOAM 30-Grid 1.007 15.68 181.3 5643
OpenFOAM 60-Grid 1.007 17.24 181.3 6205
OpenFOAM 90-Grid 1.000 18.68 179.9 6723

OpenFOAM computations when the grid resolution is progressively reduced from the 9-Grid to the 60-Grid. Apparently, the 
gradients of the velocity fluctuations are underpredicted on coarser grids (Eq. (8)), which is not further demonstrated here. 
The fact that accurate computation of the spatial gradients of the velocity fluctuations requires higher mesh resolutions 
than the computation of the terms in the production rate, that is −2u′v ′ ∂u/∂ y, is clearly demonstrated by the fact that 
the differences between the OpenFOAM results and the reference DNS data for the dissipation rate are larger than the 
corresponding differences found for the production rate. The production rate term in the transport equation for the mean 
turbulent kinetic energy corresponds to an equal and opposite sign term which appears in the transport equation for 
the mean flow kinetic energy [16]. In general, these terms represent the rate at which kinetic energy is transferred from 
the mean flow to the large scale turbulence. Eventually, this transferred energy is dissipated at the smallest turbulent 
scales. This explains why, from a physical perspective, higher mesh resolutions are required for the accurate computation 
of the dissipation rate than for the accurate computation of the production rate of k. For wall-bounded turbulence, the 
largest turbulence production takes place in the buffer region. The important structures in this region are the well-known 
streamwise-velocity streaks and the quasi-streamwise vortices [24]. The relatively small scale of these turbulent structures 
explains why high mesh resolution in the near wall region is also required for accurate computation of the turbulence 
production rate in wall-bounded turbulence.

The results for the three transport terms are presented in Figs. 13(c) through 13(e). Substantial differences can be ob-
served for the pressure diffusion rate and turbulent transport rate when the grid resolution is reduced from the 9-Grid to 
the 60-Grid. Relatively small differences can be perceived for the molecular diffusion rate in the viscous sublayer and buffer 
region, where the molecular diffusion rate has non-zero values.

The sum of the budget terms of the mean turbulent kinetic energy k+
is presented in Fig. 14(a). As can be seen in these 

figures, the net positive budget source becomes progressively larger when the grid resolution is reduced from the 9-Grid
to the 60-Grid in the OpenFOAM computations. As expected, the amount of numerical dissipation which is present in the 
OpenFOAM computations in order to compensate for this net source becomes progressively larger when the grid resolution 
is reduced. Corresponding to Fig. 6(b) for the 9-Grid, we have made similar figures which present the relative contribution 
of the numerical errors in the OpenFOAM budget terms to the numerical dissipation rate for the 30-Grid and 60-Grid. We do 
not show these figures here. From the figures, we conclude that, a) the numerical errors in the viscous dissipation rate have 
overall the largest contribution, b) the numerical errors in the production rate and turbulent transport rate have overall a 
smaller, but still substantial contribution, c) the numerical errors in the molecular diffusion rate have a large contribution 
close to the wall, whereas d) the numerical errors in the pressure diffusion rate have a relatively small contribution, since 
the magnitude of the pressure diffusion rate is relatively small.

Fig. 14(b) presents the ratio of the numerical viscosity relative to the molecular viscosity, i.e., νnum(y+)/ν , as obtained 
using Eq. (16). The ratio νnum(y+)/ν expresses the magnitude of the numerical dissipation rate as a fraction of the resolved 
molecular dissipation rate. Since the differences between the LES results and the no-model results are very small, it can 
be assumed that the effect of numerical dissipation in the LES computations is of the same level as in the no-model com-
putations. From Fig. 2, it can be concluded that the SGS viscosity is on average smaller than about 10% and 25% of the 
molecular viscosity on respectively the 30-Grid and 60-Grid. The ratio νSG S (y+)/ν in Fig. 2 expresses the magnitude of the 
resolved subgrid-scale dissipation rate as a fraction of the resolved molecular dissipation rate. That is, from a comparison of 
νSG S(y+)/ν in Fig. 2 and νnum(y+)/ν in Fig. 14(b), it can be concluded that the resolved SGS dissipation rate is substantially 
smaller than the numerical dissipation rate. This explains why the addition of an explicit LES model is not effective in the 
considered cases.

From Fig. 13(a), it can be concluded that the production rate of k+
is predicted quite well for all three considered grids. 

This means that the production rate of u′u′ is predicted equally well for all three considered grids, since the production rate 
of v ′v ′ and w ′w ′ is zero. Therefore, the production rate of u′u′ is not presented. The differences between the three transport 
terms, that is, the pressure diffusion rate, the turbulent transport rate, and the molecular diffusion rate, for respectively u′u′ , 
v ′v ′ , and w ′w ′ as obtained in our OpenFOAM computations and the corresponding reference DNS data become increasingly 
larger when the grid resolution is reduced from the 9-Grid to the 60-Grid. However, these differences for u′u′ , v ′v ′ , and 
w ′w ′ are of less importance, since the dissipation rate, the pressure strain rate, and the production rate (for u′u′ only) are 
the dominant budget terms in magnitude. Furthermore, the considered three transport terms do not affect the transport of 
energy between u′u′ , v ′v ′ , and w ′w ′ . For these reasons, we present results only for the distribution of the dissipation rate 
and pressure strain rate for the reference DNS data as well as for the OpenFOAM computations.
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Fig. 13. Reference DNS data and OpenFOAM no-model data, as obtained using the central discretisation scheme, for the budget terms of the mean turbulent 
kinetic energy k+

for fully developed turbulent channel flow at Reτ = 180.

Fig. 15(a) presents the dissipation rate of u′u′ . As can be seen in this figure, the trend in the region y+ ∈ [5, 20] is 
captured well only for the 9-Grid, whereas the 60-Grid shows the poorest results for this trend. In contrast to the 9-Grid and 
30-Grid, this 60-Grid shows an overprediction of the dissipation rate of u′u′ in the very near wall region. From Figs. 15(c) 
and 15(e), it can be concluded that the dissipation rates of v ′v ′ and w ′w ′ become more and more underpredicted in the 
OpenFOAM computations when the grid resolution is successively reduced from the 9-Grid to the 60-Grid. The pressure 
strain rate of u′u′ , v ′v ′ , and w ′w ′ is increasingly underpredicted in our OpenFOAM computations with respect to the 
reference DNS data when the grid resolution is reduced from the 9-Grid to the 60-Grid (Figs. 15(b), 15(d), and 15(f)). The 
pressure strain rate term redistributes the turbulent kinetic energy from u′u′ to the v ′v ′ and w ′w ′ components, from 
where it is dissipated. Since all three pressure strain rate terms are underpredicted in our OpenFOAM computations, too 
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Fig. 14. Reference DNS data and OpenFOAM no-model data for the sum of the budget terms for the mean turbulent kinetic energy k+
at Reτ = 180 and the 

corresponding viscosity ratio νnum(y+)/ν .

little turbulent kinetic energy is transferred from the streamwise component to the spanwise and wall normal components. 
This explains why the RMS of the spanwise and wall normal velocities becomes more and more underpredicted when 
the grid resolution is reduced. We have observed that the total production rate of u′u′ is predicted quite well for all three 
considered grids, and that increasingly too little turbulent kinetic energy is transferred from u′u′ to v ′v ′ and w ′w ′ when the 
grid resolution is progressively reduced. Consequently, the net total production rate of u′u′ becomes larger and larger when 
the grid resolution is progressively reduced. This explains why the RMS of the streamwise velocity becomes increasingly 
overpredicted when the grid resolution is reduced.

In this section, we have demonstrated that the presence of numerical dissipation in the OpenFOAM LES and no-model
analyses is the main cause of the trends which we have observed in this paper. Fig. 16 presents the effect of the application 
of the second-order implicit backward temporal discretisation scheme on the numerical dissipation rate. This figure presents 
the reference DNS data and the corresponding OpenFOAM no-model data as obtained using the 9-Grid with maximum 
cell-face Courant numbers of respectively 0.2 and 0.4 for the sum of budget terms of k

+
for fully developed turbulent 

channel flow at Reτ = 180. As can be seen in Fig. 16, a reduction of the maximum CFL number by a factor of 2 results in 
a reduction of the maximum numerical dissipation rate of k

+
by a factor of about 1.4. We speculate that the Rhie-Chow 

correction as implemented in OpenFOAM could be another source of numerical dissipation. The Rhie-Chow correction is 
used in order to obtain oscillation-free velocity fields while using a collocated grid arrangement, since it removes possible 
oscillations in the flow solutions. It was practically impossible to investigate the effect of the Rhie-Chow correction on the 
presence of numerical dissipation in this paper.

As explained in section 2, the three grid resolutions which we use in this paper are based on the mesh guidelines for 
wall-resolved LES as provided by Georgiadis et al. [17]. These guidelines result in very large aspect ratios of the computa-
tional cells in the near wall region, especially for the coarsest grid (the 90-Grid). Such very large aspect ratios may have a 
negative impact on the resolution of the near wall turbulent structures. Therefore, we have investigated the effect of the 
aspect ratio. As the base grid, we have selected the grid with (�+

x , �+
z , �+

y ) = (90, 30, 0.5 → 10) (the 90-Grid), where 
0.5 → 10 indicates that the wall normal cell size �+

y grows gradually from 0.5 wall units near the wall to 10 wall units in 
the bulk (the stretching ratio equals 1.07). In addition, we considered the following additional grids:

• (45, 30, 0.5 → 10). The aspect ratio �+
x /�+

z is a factor 2 smaller than the value of the base grid;
• (90, 15, 0.5 → 10). The aspect ratio �+

x /�+
z is a factor 2 larger than the value of the base grid;

• (90, 30, 1.0 → 10). The aspect ratio �+
x /�+

y is a factor 2 smaller than the value of the base grid;
• (90, 30, 0.25 → 10). The aspect ratio �+

x /�+
y is a factor 2 larger than the value of the base grid.

We have computed all considered cases with the same time step in order to enforce the same effect of the implicit 
time stepping on the numerical dissipation rate for these cases. When we compare the (45, 30, 0.5 → 10) grid and the 
(90, 15, 0.5 → 10) grid with the base grid, we observe that both considered grids predict the mean turbulent kinetic energy 
somewhat better than the base grid (Fig. 17(a)). The (45, 30, 0.5 → 10) and (90, 15, 0.5 → 10) grid have a similar level of 
the numerical dissipation rate which is somewhat smaller than the numerical dissipation rate of the base grid (Fig. 17(b)). 
From a numerical perspective, the smaller aspect ratio �+

x /�+
z of the (45, 30, 0.5 → 10) grid is expected to result in the 

improved predictions compared to the base grid. However, the (90, 15, 0.5 → 10) grid results in a similar improvement, 
whereas the aspect ratio �+

x /�+
z is twice as large as in the base grid. From a physical perspective, the (90, 15, 0.5 → 10)

grid results in improved predictions, because the larger spanwise mesh resolution enables a better resolution of the narrow 
near wall streaks. So, the aspect ratio �+

x /�+
z is not the main parameter that determines the accuracy of the predictions. 

The (90, 30, 1.0 → 10) and the (90, 30, 0.25 → 10) grid predict practically the same mean turbulent kinetic energy as the 
base grid (Fig. 17(a)). Although the aspect ratio �+

x /�+
y of the (90, 30, 0.25 → 10) grid is a factor 2 larger than the value 
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Fig. 15. Reference DNS data and OpenFOAM no-model data, as obtained using the central discretisation scheme, for dissipation rate and pressure strain rate 
terms for respectively the u′u′ , v ′v ′ , and the w ′ w ′ components for fully developed turbulent channel flow at Reτ = 180.

of the base grid, the (90, 30, 0.25 → 10) and the base grid have practically the same numerical dissipation rate. Despite 
the fact that the �+

x /�+
y of the (90, 30, 1.0 → 10) grid is a factor 2 larger than the value of the base grid, the numerical 

dissipation rate of the (90, 30, 1.0 → 10) grid is slightly larger than the numerical dissipation rate of the base grid. This 
is clearly a result of the reduced wall normal mesh resolution. Overall, it can be concluded that the applied aspect ratios 
�+

x /�+
y have little effect on the considered parameters.

Like for Reτ = 180, we have also made an analysis of the budget terms for Reτ = 395. We have observed that the results 
of the budget analysis for Reτ = 395 are very similar to those for Reτ = 180. More specifically, there is a non-negligible 
positive sum of the budget terms for the mean turbulent kinetic energy k

+
in the region y+ ∈ [0, ∼ 100] for Reτ = 180

(Fig. 14(a)), whereas this budget sum has non-negligible positive values in the region y+ ∈ [0, ∼ 150] for Reτ = 395. That 
is, for both Reynolds numbers, the effects of the numerical dissipation in the OpenFOAM LES computations takes place in 
the near wall region.
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Fig. 16. Reference DNS data and OpenFOAM no-model data as obtained using the 9-Grid with the central discretisation scheme and CFL = 0.2 and 0.4 for 
the sum of the budget terms for k+

for fully developed turbulent channel flow at Reτ = 180.

Fig. 17. Reference DNS data and OpenFOAM no-model data, as obtained using the central discretisation scheme, for the mean turbulent kinetic energy k+

and the sum of the budget terms of k+
for fully developed turbulent channel flow at Reτ = 180.

7. Conclusions

For the determination of the trends in the performance of industrial LES for fully-developed turbulent channel flows, we 
selected frictional Reynolds numbers Reτ = ρuτ h/μ of 180, 395, 590 and 950. Furthermore, we applied a relatively coarse 
LES mesh resolution of (�+

x , �+
z , �+

y ) = (90, 30, 0.5 → 10 − 20) (indicated as 90-Grid), a finer LES mesh resolution of 
(60, 20, 0.5 → 10 − 20) (60-Grid), and an even finer LES mesh resolution of (30, 10, 0.5 → 10 − 20) (30-Grid). We used the 
OpenFOAM second order accurate finite volume CFD solver, together with the standard Smagorinsky model with the van 
Driest near wall damping function and the dynamic Smagorinsky model. In addition, we performed analyses without SGS 
model, indicated as no-model LES (or: UDNS) analyses. The main trends which we found can be summarised as follows:

• For the mean axial velocity profile U+
mean , progressively coarser mesh resolutions result in increasingly larger overpre-

dictions of the mean velocity for the region y+ > 10;
• For the u+

rms velocity profile, increasingly coarser mesh resolutions result in progressively larger overpredictions of the 
peak in the u+

rms profile in the near wall region;
• For the v+

rms and w+
rms velocity profiles, progressively coarser mesh resolution results in increasingly larger underpre-

dictions for almost the entire channel height.

Furthermore, the differences between the results of the applied LES models and the results of the no-model are smaller than 
a few percent.

We proposed a new method for the quantification of the numerical dissipation rate in physical space which is comple-
mentary to the method presented in [40]. Our method is based on the computation of the residual in the transport equation 
for the mean turbulent kinetic energy. Like the physical space based method of Schranner et al. [40], the method which we 
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introduce generalises previous approaches in spectral space which are limited to periodic computational domains. For the 
first time, we applied our method to a q-DNS of a turbulent channel flow at Reτ = 180 using OpenFOAM. For the q-DNS, 
we used a typical DNS mesh resolution of (9, 4.5, 0.5 → 4.5) (9-Grid). We found that the resolved total dissipation rate 
is about 8% smaller than the resolved total production rate in the considered q-DNS. We have shown that this difference 
corresponds to the total numerical dissipation rate. For this situation, it could be concluded that the budget terms for re-
spectively the mean turbulent kinetic energy and the individual components u′u′, v ′v ′ and w ′w ′ are generally very well 
reproduced. In addition, DNS quality was practically achieved using the applied OpenFOAM numerical model for the mean 
and RMS velocities and the mean turbulent kinetic energy.

In our no-model LES analyses for Reτ = 180, the average numerical dissipation rate equals about 35% and 60% of the 
resolved viscous dissipation rate of the mean turbulent kinetic energy for respectively the 30-Grid and 60-Grid. Because 
of the small differences between the LES model results and the corresponding no-model LES results, it is very plausible 
to assume that the level of numerical dissipation in the LES analyses is of the same level as in the no-model analyses. 
For the applied SGS models, the SGS dissipation rate is on average smaller than about 10% and 25% of the resolved viscous 
dissipation rate for respectively the 30-Grid and 60-Grid for Reτ = 180. That is, the numerical dissipation rate is substantially 
larger than the SGS dissipation rate. As a consequence, the differences between the results of the applied LES models and 
the results of the no-model are smaller than a few percent. In a similar way, we found that the results obtained for the SGS 
and numerical dissipation rate for Reτ = 395 are very similar to those for Reτ = 180. These findings explain why there is 
a very small difference in the results when an explicit LES model is added. That is, adding an explicit LES model does not 
improve the results in the considered second order accurate finite volume code. Concerning the wall normal distribution of 
the numerical dissipation rate of the turbulent kinetic energy, the largest values occur in the near wall region where also 
the peak values in the turbulence production rate occur.

From the presented results for Reτ = 180, we have observed that the total production rate of u′u′ is predicted quite 
well for all three considered LES grids. The total production rate of v ′v ′ and w ′w ′ should be zero. The total production 
rate of v ′v ′ and w ′w ′ is indeed practically zero for all three considered LES grids. All three pressure strain rate terms 
become increasingly underpredicted when the grid resolution is reduced. Consequently, increasingly too little turbulent 
kinetic energy is transferred from u′u′ to v ′v ′ and w ′w ′ when the grid resolution is progressively reduced. Consequently, 
the net total production rate of u′u′ becomes larger and larger when the grid resolution is progressively reduced, whereas 
the net total production rate of v ′v ′ and w ′w ′ becomes smaller and smaller. This explains why the RMS of the spanwise 
and wall normal velocities becomes more and more underpredicted when the grid resolution is reduced, whereas the RMS 
of the streamwise velocity becomes increasingly overpredicted.
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Appendix A. Quantitative analysis of industrial LES

A.1. Quantitative assessment method

Fully-developed turbulent channel flow has long served as a standard benchmark for testing LES models, see for example 
[36,18,35,20,7,12,47]. One may therefore claim that the mesh resolution which is required in order to obtain a certain 
level of accuracy in LES of channel flows can be obtained from the existing literature. However, the majority of the LES 
channel flow computations that have been published have been executed using staggered grid schemes and/or higher-order 
numerical methods. For such LES computations, the actual mesh resolution requirements will be different (see for example 
[30,31]). Since the application of staggered grid schemes and/or higher-order numerical methods can pose difficulties in 
the generalisation to complex geometries (see for example [3]), we therefore think that a systematic assessment of the 
accuracy of the presently used industrial LES method is relevant for users of this method. To the best of our knowledge, such 
a quantitative assessment of industrial LES has not been reported yet in the literature.

In our quantitative assessment, we have determined the magnitude of the numerical and modelling errors occurring in 
industrial LES for the applied mesh resolutions. In order to address this goal, we have taken generally accepted DNS data 
as a reference. We assume that the error sources in these reference data are negligible compared to the numerical and 
modelling errors in our industrial LES computations. The considered assumption implies that the numerical errors in our 
no-model analyses can be quantified by the difference between the results of these no-model analyses and the corresponding 
reference DNS data. Similarly, the sum of the numerical and modelling errors in our analyses using one of the considered 
LES models can be quantified by the difference between our LES results and the corresponding reference DNS data.

In order to quantify the differences between our LES results and the corresponding reference DNS data, we consider the 
relative differences according to Eq. (26). We have determined the maximum value of the relative differences ε,max for the 
mean and RMS velocity profiles according to
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Fig. 18. Maximum of the relative differences ε, max between the OpenFOAM LES data and reference DNS data for U+
mean , u′

rms
+ , v ′

rms
+ , and w ′

rms
+ . Here, 

ε, max refers to the maximum value taken over the entire channel height.

ε, max = max
y+

∣∣ε(y+)
∣∣ . (A.1)

In addition to the maximum of these local relative differences, we have also determined the following global quantifications 
of the considered relative differences:

‖ε‖1 = 1

2h

y=2h∫
y=0

|ε(y)|dy, (A.2)

and

‖ε‖2 =

√√√√√√ 1

2h

y=2h∫
y=0

(ε(y))2 dy. (A.3)

For the considered (q-)DNS data sets, ‖ε(y)‖1 and ‖ε(y)‖2 provide practically the same values. Therefore, we present 
only ‖ε(y)‖1 in this paper. From now on, we refer to ‖ε(y)‖1 as the mean relative difference.

We found that the differences between the results of the Smagorinsky model and the Lilly model are small. Therefore, the 
results of the Smagorinsky model have not been included in the subsequent quantitative assessment. We have summarised
the main results of the quantitative assessment in Figs. 18 and 19, where Fig. 18 presents the maximum of the relative 
differences ε, max between the OpenFOAM LES data and reference DNS data for U+

mean , u+
rms , v+

rms , and w+
rms . Here, ε, max

refers to the maximum value taken over the entire channel height. The corresponding mean relative differences ‖ε(y)‖1 for 
these parameters are shown in Fig. 19. As already mentioned, the 90-Grid is too coarse for the NRS analyses of our interest. 
Therefore, the results obtained using the 90-Grid are not presented in Figs. 18 and 19. The main findings concerning the 
results presented in these figures are:
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Fig. 19. Mean of relative differences ‖ε‖1 between the OpenFOAM LES data and reference DNS data for Umean , urms , vrms , and wrms .

• The maximum of the relative differences for the mean axial velocity U+
mean reduces typically by a factor 2 when the 

grid is refined from the 60-Grid to the 30-Grid (Fig. 18(a)). For the 60-Grid, these maximum relative differences decrease 
from typically 12% for Reτ = 180 to typically 6% for Reτ = 950. In contrast, the maximum relative differences stay at 
an average level of about 2–4% for the 30-Grid. Apart from Reτ = 395 and 590, the 30-Grid provides mean relative 
differences for U+

mean which are more than a factor 2 smaller than those for the 60-Grid (Fig. 19(a)). In contrast, the 
mean relative differences for U+

mean on the 30-Grid are only marginally smaller than those obtained using the 60-Grid for 
Reτ = 395 and 590. This is consistent with the following observation (figures not shown here): for Reτ = 395 and 590, 
the 30-Grid shows consistently a small underprediction for y+ > 10, whereas the 60-Grid shows first an overprediction 
for y+ > 10, followed by an underprediction. As a result, for Reτ = 395 and 590, the mean relative differences for U+

mean
on the 30-Grid are only marginally smaller than those obtained using the 60-Grid, despite of the fact that the 60-Grid
shows larger values for the maximum of the relative differences for U+

mean (Fig. 18(a));
• For Reτ = 180, the maximum and the mean of the relative differences for u+

rms reduce by approximately factors 6 
and 9 respectively when the grid is refined from the 60-Grid to the 30-Grid (Figs. 18(b) and 19(b)). In contrast, the 
mean relative differences for u+

rms on the 30-Grid are just marginally smaller than those obtained using the 60-Grid for 
Reτ = 395 and 590. The main reason is that the application of the 60-Grid results in an overprediction of urms near the 
peak and in an underprediction in the bulk, whereas the 30-Grid shows a very good prediction of urms near the peak 
and an underprediction in the bulk region for these Reynolds numbers. As a consequence, the mean relative differences 
for u+

rms on the 30-Grid are just marginally smaller than those obtained using the 60-Grid, while the maximum of the 
relative differences for u+

rms on the 30-Grid are substantially smaller than those obtained using the 60-Grid (Fig. 18(b)) 
for Reτ = 395 and 590. For Reτ = 950, both the maximum and the mean of the relative differences for u+

rms become 
somewhat smaller when the grid is refined from the 60-Grid to the 30-Grid;

• From the results presented in the previous subsections, it can be concluded that a reduction of the mesh resolution 
from the 30-Grid to progressively coarser mesh resolutions results in progressively larger underpredictions for v+

rms and 
w+

rms for almost the entire channel height. As a result, both the maximum and mean of the relative differences for v+
rms

and w+
rms show consistently a reduction with typically a factor of 2 when the grid is refined from the 60-Grid to the 

30-Grid (Figs. 18(c), 18(d), 19(c), and 19(d)). The relatively large values for the maximum relative differences that we 
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found for v+
rms (Figs. 18(c)) all occur very close to the wall, where, in contrast, the absolute differences are very small. 

On the 30-Grid, the mean of the relative differences for v+
rms and w+

rms are typically in the range of 4–8%;
• Finally, the results in Figs. 18 and 19 show that differences between the results of the Lilly LES model and the results 

of the no-model are smaller than a few percent.

For Reτ = 180 and Reτ = 395, the relative differences between well known reference DNS data bases are presented 
in Komen et al. [27]. These relative differences between the considered reference DNS data bases can be neglected with 
respect to the presented relative differences between the reference DNS data and the corresponding OpenFOAM LES or 
no-model data as obtained on the 90-Grid and 60-Grid. Therefore, the presented relative differences between the reference 
DNS data and OpenFOAM LES data as obtained on these grids are a reliable measure for the sum of the numerical and 
modelling errors in the corresponding LES analyses. Similarly, the presented relative differences between the reference DNS 
data and the OpenFOAM no-model data as obtained on the 90-Grid and 60-Grid are a reliable measure for the numerical 
errors in these no-model analyses. In contrast, the relative differences between the reference DNS data cannot be fully 
neglected with respect to the relative differences between the reference DNS data and the OpenFOAM LES or no-model data 
as obtained on the 30-Grid. Consequently, the presented relative differences between the reference DNS data and OpenFOAM 
data as obtained on the 30-Grid are a slightly less reliable measure for respectively the sum of the numerical and modelling 
errors in the OpenFOAM LES analyses and for the numerical errors in the OpenFOAM no-model analyses. However, the clear 
reduction in total error on the 30-Grid relative to the 90-Grid and 60-Grid is certainly reliable.
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