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Abstract 

This paper describes a singleelement approach for the 
excitation and detection of the vibrational motion of (micro-) 
mechanical resonators. An equivalent electrical one-port 
network is derived for an electrostatically and a piezo- 
electrically driven resonator. In this way, the effect of the 
mechanical resonator is transformed into the electrical domain 
and can easily be accounted for in a circuit simulation. Further, 
a detection circuit, based on an (onchip) bridged design is 
proposed as a way to compensate for the parasitic parallel load 
of the one-port. A criterion is given for the accepted level of 
unbalance of the bridge if a minimal phase shift of 90" in the 
transfer characteristic around resonance is demanded. 

Introduction 

In principle two approaches can be used for the excitation and 
detection of the vibrational motion of a mechanical resonator. 
One approach uses separate elements for excitation and 
detection of the vibration and can be modeled as an electrical 
two-port network [1,2,3]. The other approach uses a single 
element for both excitation and detection and can be modeled 
as an electrical one-port network [4,5,61. In both approaches, 
spurious responses can obscure the mechanical resonance. For 
the two-port configuration this is caused by electrical 
feedthrough from the driving port to the detection port. For the 
one-port configuration electrical feedthrough (by definition) 
does not exist, since there is only one port. However, here a 
parasitic parallel load has a similar degrading effect as the 
electrical feedthrough in a two-port network. The choice for a 
specific approach depends on the choice of the transduction 
mechanism [7], on the complexity of the layout and fabrication 
process, on the electronic circuitry used for the oscillator, and 
also on the question whether the problem of the spurious 
response as mentioned above can adequately be solved or not. 

An equivalent electrical one-port network of an electro- 
statically and a piezo-electrically driven resonator is derived. 
This equivalent network is subsequently implemented in the 
simulation of a detection circuit for the mechanical resonance. 

Theoretical Model 

The development of an equivalent one-port network of the 
resonator is based on a modal analysis [8]. A homogeneous, 
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prismatic, wide beam (b>5h, [14]) with a rectangular cross 
section and clamped at both ends, is taken as an example. Two 
different methods of excitatioddetection of the vibrational 
motion are discussed (Fig. 1). 
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Fig. 1 Sketch of a resonating beam driven by means of a single element: 
(a) electrostatically excited and capacitively detected (b) piezo- 
electrically excited and detected 

One method uses electrostatic excitatioddetection (air-gap 
capacitor) [2,3,6]. Here the structure is excited by means of a 
transverse force. The other method uses piezoelectric 
excitatioddetection [l], where the driving load is a bending 
moment. The differential equation of motion governing the 
deflection w(x,t) of the beam, subjected to an axial (tensile) 
load N and a transverse driving load qkt), can be expressed 
as 

where E, Y ,  I ,  Q, c ,  b ,  h, x and t are the Young's modulus, 
Poisson's ratio, second moment of inertia, specific mass, 
viscous drag parameter, width and thickness of the beam, 
position along the beam length and time, respectively. In the 
following, a harmonic driving load with radial frequency o is 
assumed: q k , t ) q b ) d " .  The steady state solution to eq. (1) 
may be expressed as an infinite series of the mode shape 
functions &,Cw) [81: 

(2) 
n-1 

Substituting eq. (2) into eq. (1) and using the orthogonality 
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properties of the mode shape functions, an expression for the 
coefficients B,, is found, yielding 

(3) 

1 

where Pn = Jq(r)+.Odr (generalized load) 

Mn = j&h+%)dr (generalized mass) 

0 
1 

0 
and, Q,,=(ebho& the quality factor of the n-th mode, I is the 
beam length and on the natural frequency of the n-th mode. 
The mode shape functions +,, and the frequencies o, 
(see also eq. (15)) can be found by solving the eigenvalue 
problem associated with eq. (1) [14]. The generalized load P,, 
can be seen as a measure for the efficiency of excitation of a 
particular mode. It is obvious that a large value for P, mults 
in a large contribution of mode n to the overall response. To 
excite a symmetric mode with respect to the centre of the 
beam (e.g. the fundamental mode), the driving load q Cr) should 
also be symmetric. Asymmetric modes will be suppressed in 
this case. Theoretically it is even possible to excite the first 
mode (symmetric) and to suppress both the second 
(asymmetric) and the third mode (symmetric). Note that in this 
case the first mode will not be excited in the most efficient 
way. 

Piezo-electric ExcitationlDetection 

To vibrate the structure depicted in Fig. l(b), an ac drive 
voltage u(t)=u& is applied across the piezo-element. Due to 
the piezoelectric effect, an electric field perpendicular to the 
surface (direction "3") induces an in-plane (directions "1" and 
"2") deformation of the element, which cauw bending 
moments Md to be exerted on the supporting beam. In case of 
a single piezoelement, e.g., made of ZnO, extending f" x ,  
to x2 as sketched in Fig. l(b). the driving load q Q  can be 
expressed as 
qk) = -'d[6-l~-x1)-6_1cr-x2)] (4) 

where Md is the magnitude of the bending moment induced by 
the voltage U applied across the piezo-element and 6, 
represents the unit doublet function (derivative of the Dirac 
function). The generalized load now becomes: 

(5) 
1 

p, = Jqk)+,(rMr = Md[+:k1)-+:b2)] 
0 

where 4.' represents the spatial derivative of the mode shape 
functions. The magnitude of the driving moment Md depends 
on the material properties, dimensions and the applied voltage. 
Assuming the same Young's modulus for the beam material 
and the piezoelectric layer, and further a small thickness h, of 
the piezoelement (h,ah), Md can be approximated by [91 

Ehbd,, (t) = -ue'= Ehbd31 

= 2 ( 4  2(1 -v) 

where E and v are Young's modulus and Poisson's ratio of 
both materials, and d,, is the piezoelectric constant of the 
piezo-layer. The detection current i(t) (Fig. l(b)) can be 
expressed as 

where D, is the dielectric displacement and A the total 
electrode area (A=b2-x,)b). An expression for D, can be found 
from the constitutive equations [lo] and for h , d  it is given by 
(only including bending strains and ignoring the axial strain): 

where E,: and k31 are the free permittivity and coupling 
coefficient of the piezo-material, respectively [lo]. Combining 
eqns. (3). (5). (6). (7) and (8) yields the admittance Y(io): 

A more detailed analysis, including the effect of the pi- 
element (with a different Young's modulus) on the stiffness 
and on the position of the neutral axis will be published 
elsewhere [ll]. 

Electrostatic ExcitationlDetection 

The motional air-gap capacitor depicted in Fig. l(a) is excited 
by applying an ac drive voltage u(t) and a dc polarization 
voltage V, across the (&)gap [2,6,12]. Assuming the direction 
of the electric field vector to be perpendicular to the x-axis 
along the entire length of the beam, the ac driving load can be 
expressed as (u.V,) 

where eo is the dielectric constant of vacuum, e, the 
permittivity of the gap medium, e.g., air, d the zero-voltage 
gap spacing and y,,,,O the static deflection caused by V, The 
small signal detection current i(t) flowing into the port is given 
by (ud', wCr)<<[dy,Cr)l) 

du dC i(t)  = CO- dt + vP- dt 

Where 

(11) 

(static capacitance) (12) 

and w W  is the amplitude of the vibration. The second term in 
eq. (1 1) is due to the motion of the resonator. Combining eqns. 
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(3), (lo), (11) and (13) yields an expression for the admittance 
Y(iw) of the electrostatic one-port network: 

i YGw) 5 - = j d , +  
U 

( E , E , ~ V P ) ~  h $,b) (14) 
Cja  n-I \ f  Y [d -u,,b)12 

The attractive force caused by the polarization voltage V,, is 
a function of the deflection of the beam. An increase of the 
deflection results in a decrease of the gap spacing and thus in 
an increase of the electrostatic force. If V, e x d  the so 
called pull-in voltage V,, the system becomes mechanically 
instable and the gap spacing immediately goes to zero [12]. 
The static deflection curvey,b) can be found by numerically 
solving the differential equation (l), thereby setting the time 
derivatives equal to zero. Subsequently, the pull-in voltage is 
determined by a numerical iterative procedure. Details of the 
static behaviour will not be given here, but will be published 
elsewhere [13]. Anothereffect of the polarization voltage is the 
lowering of the natural frequency of the structure due to the 
gradient in the transverse (electrostatic) force, which varies 
with V, [ 121. A good approximation for the resonant frequency 
can be found from an analysis based on Rayleigh's energy 
method [8]. Besides the contributions to the potential energy 
due to bending and axial deformation of the beam an 
additional term, representing the change in energy of the 
electric field in the gap due to the vibration must be included: 

ebhl@2b)h 
- 0  

where @b) is the assumed shape of the particular mode. In 
the following examples, the mode shape for zero axial strain 
is used. At the pull-in voltage, the fundamental frequency 
equals zero. This behaviour is similar to the buckling 
phenomenon [14]. In both cases, the system becomes 
mechanically instable and the resonant frequency approaches 
zero. Because of the complexity of the air-gap capacitor, which 
makes it not suitable to do quick design calculations 
("engineering approach"), it would be attractive to have a 
simple model which predicts the behaviour of the actual 
system around the first mode with sufficient accuracy. A 
lumped spring-mass system provides such a model [6,12]. The 
zero-voltage gap spacing d and the electrode area A=b,-x,)b 
are chosen to be the same for both systems. The spring 
constant KO of the spring-mass system is simply the static 
constant seen at the centre of the beam. For a clamped- 
clamped beam and with the driving electrode extending along 
the entire beam length, KO is given by: K0=384EI/[(1-v2)l?. 
The spring constant can be corrected to include the effect of 
axial strain E by adding an additional term 
K,=K,O.295~(1-%?) (l/h)2. Thus, the overall spring constant is 
given by: K=Ko+Ke. The equivalent mass is found by setting 
the resonant frequencies of both systems equal to each other 
at VpO: M=K/w,. An expression for the pull-in voltage V;: of 

the spring-mass system can easily be derived and is given by 
[12]: 

v;: = (16) 

It tums out, that the estimated pull-in voltage V;: is roughly 
10% lower than the "exact" value computed for the continuous 
beam. The estimated modal capacitance C, of the spring-mass 
system is roughly a factor 1.5 too large. The resonant 
frequencies as a function of the polarization voltage are 
approximately equal. Examples comparing the results obtained 
from the spring-mass model to the model of the continuous 
beam are given in Fig. 2. A more detailed discussion will be 
published elsewhere 1131. 
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Fig. 2 The normalized modal capacitance and the normalized angular 

resonant jkquency versus the normalized polarization voltage of 
an electrostatically driven beam Curves I and 2 of the angular 
resonant jkquency approximately coincide. a, .k the msonant 
frequency at V,=O. 

Equivalent Electrical One- Port Network 

Both the piezo-electrically and electrostatically driven 
resonator can be modeled by the same electrical one-port 
network. This is obvious by a comparison of eqns. (9) and 
(14). The equivalent network is shown in Fig. 3, and the 
component values are given in Table I. By modeling the 
mechanical resonator as an electrical network, the resonator 
behaviour can easily be accounted for in a circuit simulation, 
e.g., SPICE. 

Detection of the Resonance 

The resonant frequency of the resonator can be found from the 
admittance plot of the one-port network. A parasitic load, e.g., 
a parallel capacitor Cp, can obscure the resonance. A criterion 
for proper detection of the first mode would be: Q,C,*(Cp+CJ. 
If this criterion is satisfied the resonator can be used in a 
standard (quartz) crystal oscillator. m i c a 1  values for Cp+Co 
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Y 

Fig. 3 Equivalent electrical network of thepkzo-elecmkally and electro- 
stclticaly driven resonatoc 

W e  I. Sklric and motional capacitance values of the network of Fig. 
3. The inductance is iven by L,=ll(oiC) and the 
resirlance by R,=(I/Q&.,lC). The radialfrequency o, can 
be appmximated by eq. (15). 

Electro- 
static 

Piezo- 
electric 

C, 

and C, of a resonator are on the order of pF's and fF's, 
respectively. This means that a Q-factor on the order of 10,000 
is required. For resonato~~ operating in a vacuum, this is 
achievable 1151. If the condition is not or marginally satisfied, 

resonator could be part of a (capacitive) divider circuit [3,6]. 
A method to largely eliminate the problem of the parallel load, 
e.g., a parallel capacitor, is based on a bridged design (see Fig. 
4). Here, as opposed to the methods indicated above, 
compensation techniques are used. One (or more) branches of 
the bridge are formed by the resonator and the remaining 
branches are formed by one-port networks with an immittance 
equal to the immittance of the resonator far away from 
resonance. Note that the resulting network is modeled as a 
two-port network even though a single element is used for 
excitatioddetection purposes. If a phase shift of roughly 90" is 
demanded, the following approximate (Q.1, C,uCJ condition 
can be derived for the bridge shown in Fig. 4: 

a modified oscillator circuit is required. For instance , the 

I 

If the bridge is perfectly balanced, the term in the middle 
equals one and the above condition will always be satisfied. If 
a resonator is used with a static capacitance Co+Cp=l pF, a 

-70 
0.9 1 .o 

Fig. 4 Simulated Bode plot and polar dhgram of the transfer function 
of the bniige used as a detection circuit for the resonating beam 
The resonator ir modeled by the network shown in Fig. 3, themby 
only including the first mode (or R,L,C,-branch). o, denotes the 
resonant frequency of the first mode. 

modal capacitance Cl=10 fF and a Q,=lOO, an unbalance of 
30-4W0 of the bridge can (theoretically) be accepted. Note that 
in this case, the admittame condition given at the beginning of 
this section is not satisfied. Or, in other words, if the 
admittance condition cannot be satisfied, it would sti l l  be 
possible to detect the resonance if a balanced bridged design 
is employed. Another relevant consideration is the noise or 
interference level. Larger values of the parasitic capacitances 
will result in a lowering of the peak value of the magnitude of 
the transfer function and eventually, the resonator signal cannot 
be distinguished anymore. 

The insert in Fig. 4 shows a polar plot of the transfer function. 
In order to satisfy the Nyquist criterion to form a feedback 
oscillator, the polar plot should be rotated by 90" (assuming a 
real positive gain). In an oscillator this can be done by 
including an integrator, introducing the 90" in the loop. This 
concept has been successfully tested with piezoelectrically 
driven macroscopic models. The fabrication of micro- 
mechanical polysilicon resonators is now in progress. On-chip 
bridged designs are used, where the inactive branches are also 
formed by mechanical resonators, but with a resonant 
frequency which is different from the fresuency of the active 
branches. This way, a proper balance of the bridge is achieved. 

Conclusions 

Theoretically it is shown that both the piezoelectrically and 
electrostatically driven resonator can be modeled by the same 
electrical one-port network. The influence of the parasitic 
parallel load can be compensated for by employing a bridged 
design. The accepted level of unbalance of the bridge depends 
on the quality factor and on the modal capacitor of the 
resonator and further on the parasitic capacitance(s). For 
engineering purposes. the electrostatically driven resonator can 
sufficiently accurate be described by a lumped spring-mass 
system. 
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