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A new method for binary reconstruction of the left ventricle from two orthogonal projections 
is presented. A priori knowledge has to be incorporated to reduce the ambiguity of the 
problem. A minimum cost capacitated network flow algorithm is discussed, which yields the 
optimal solution with respect to the a priori information. It is shown that this method can also 
be used in the presence of observation noise. The method is demonstrated by reconstructing 
several cross sections of a dog’s left ventricle. 

I. INTRODUCTION 

In this paper we present a new method for three-dimensional reconstruction of the 
shape of the left ventricle from biplane angiocardiograms. To visualize the ventricle, 
Roentgen contrast agent is injected into the ventricle during cardiac catheterization 
and two projections are recorded with a conventional biplane X-ray installation. The 
problem is to determine the distribution of the cloud of dye within the left ventricle 
and thus the shape of the ventricle under the assumption of homogeneous and 
complete filling. Obviously, these conditions are not fully met in practice. Because of 
the fact that the absorption of the X-ray photons is for the greater part due to the 
dye, we assume our reconstruction to be binary, where for simplicity we define the 
absorption coefficient of the dye to be unity. We focus our attention on the ideal 
case of parallel rays and two orthogonal projections. We reduce our three-dimensional 
reconstruction problem to a multiple two-dimensional problem by dividing the 
object into a stack of parallel cross sections. Each two-dimensional cross section 
consists of one connected region and is reconstructed from its two one-dimensional 
projections. Therefore, we state our problem as the reconstruction of a binary matrix 
from its row and column sums. In general, there is no unique solution to this 
problem. A priori knowledge has to be used to reduce the ambiguity. In the method 
proposed here a minimum cost capacitated network flow algorithm is applied to 
obtain the optimal solution with respect to the a priori information. 

In Section 2 we analyze the reconstruction problem for the noise-free case and 
discuss our approach of incorporating a priori information. In Section 3 the 
computational strategy is outlined and the minimal cost reconstruction algorithm is 
discussed. In Section 4 attention is paid to an auxilary algorithm that is used to 
obtain a feasible solution that forms the input for the optimizing minimal cost 
algorithm. Section 5 presents the method to incorporate the a priori information. 
Section 6 briefly describes a heuristic method to improve the computational 
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efficiency. The effects of noise are investigated in Section 7. The computer experi- 
ments we performed to reconstruct a dog’s left ventricle are discussed in Section 8. 

2. PROBLEM ANALYSIS 

We state our problem as the reconstruction of a binary matrix from its row and 
column sums. Let X denote an m X n matrix with entries xij E (0, l}. The elements 
of X are to be determined from the following set of equations: 

i xii = (Yi, i = l,..., m, 
j=l 

sxjj=s, j=l,..., n, (1) 
i=l 

where CQ, i = 1,. . . , m are the elements of the vector a containing the row sums of X 
and bj, j = l,..., n the elements of the vector p containing the column sums of X. 
It can be seen easily from the structure of (1) that this set of equations is not 
independent because 

5 a* = i Bj (2) 
i=l j=l 

the total sum of the row projection equals the total sum of the column projection. 
The problem is thus the estimation of mn variables xij E (0, 1) from m + n - 1 
independent equations. It is clear that our problem is underdetermined. 

Due to a theorem by Ryser [ 1, 21, conditions are known for the existence of no, 
one, or more than one solution of (l), given the row and column sums. Chang [3] has 
developed an algorithm that is based on this theorem and that finds a possible 
solution if there exists more than one solution and in fact the correct solution if 
there exists only one. If we have found a matrix satisfying the projections and if 
there are more solutions possible, then we can transform the matrix into another 
solution by changing four matrix elements with the following geometry: 

--I ----_-- o-- 

(3) 

-- ------- 0 l-- 

into: 

--o -----_- l-- 
I I 
I I 
I I 
I I 

--l ----_-- 0 -- 

(4) 
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or vice versa, leaving the other elements unaltered. As there may be a number of 
these “switching components” present, it is clear that the matrices satisfying the 
projections may differ substantially. 

We investigated several reconstruction techniques [4, 51 for the case of binary 
reconstruction from two projections. With these algorithms it is hardly possible to 
reduce the ambiguity of the problem by introducing a priori information about the 
cross section to be reconstructed. A reconstruction algorithm that can be used if one 
has a model of the image to be reconstructed is Herman’s ART3 algorithm [6]. 
However, even a special version of this algorithm, developed for binary reconstruc- 
tion from few projections (BART) [7], did not perform well in our experiments. 
Chang and Chow [8] have developed a method for the reconstruction of a binary 
convex symmetric object from two orthogonal projections. However, a cross section 
of the left ventricle is in general not convex symmetric 19, lo]. To our knowledge 
only Onnasch and Heintzen [lo] and Onnasch [ 1 l] have described an algorithm for 
binary reconstruction of the left or right ventricle from two projections that is based 
on a priori information. This method implies the estimation for every matrix element 
of its probability to belong to the ventricle. 

In the sequel we describe a method that basically consists of a minimum cost 
capacitated network flow algorithm. Let us for the analysis assume that we, by 
whatever method, have reconstructed a stack of left ventricle cross sections, say at 
diastole (the most relaxed state in the cardiac cycle). On physiological grounds, the 
cross sections after some small interval of time must resemble the corresponding 
previous cross sections. This is also true for spatially adjacent cross sections. 
Therefore we state the problem as the finding of a matrix satisfying (1) with 
maximum resemblance to the corresponding temporally or spatially adjacent cross 
section. Because of the possibly many solutions to (1) it is prohibitive to determine 
all the solutions and select the maximum resembling solution. It is attractive to 
incorporate a resemblance criterion in the reconstruction process. We have chosen a 
minimization process of the following structure: 

Minimize %with 2 = 5 i c,~x,~, 
i=l j=l 

(5) 

where cij is the cost associated with making xlj equal to unity. The matrix C with 
elements cii is the cost coefficient matrix and has the same m X n size as X. A simple 
example is to set cij equal to zero if the matrix element (i, i) was an element of the 
previously reconstructed left ventricle and equal to one otherwise. Minimizing the 
total cost 4E: leads to a high similarity between the solution of (1) and the previously 
reconstructed cross section. 

When we choose the cost coefficients to be integer numbers, our problem of 
determining min[Q] with % as defined in Eq. (5) subject to the constraints 

i xii = q, i= l,...,m, (6) 
j=l 

5 xij = Pj, j= l,...,n, (7) 
i=l 

xij E {O, l}, vi, j, (8) 
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is a linear integer progr amming problem. There are many methods and algorithms 
described in the literature devoted to integer programming. In general the reported 
computational experience is not promising [12, 131. Fortunately our problem has a 
special structure which can be exploited to obtain an efficient algorithm. If (8) would 
be replaced by the constraint that the xii be nonnegative integer numbers we would 
have the so-called Hitchcock or transportation problem. Because of our restriction of 
the variables to be either zero or one, it is convenient to take our problem as a flow 
problem in a directed network. It is therefore useful to introduce some concepts 
from network flow theory [ 141. 

A network consists of a set of nodes and a set of arcs connecting the nodes. A 
directed arc is an arc with a direction. We use Nj to denote the jth node and Aij for 
the directed arc from node i to node j. We need two special nodes, the source node 
N, and the sink node, node N,,,+,,+*. Our network consists of the source and the sink 
and two sets of intermediate nodes. The first set contains m nodes. The source is 
connected with every element in this set through an arc directed from the source to 
the intermediate node. The second set contains n nodes that are connected to the 
sink via arcs directed from these intermediate nodes to the sink. There are directed 
arcs pointing from each node of the first set to all nodes of the second. Every arc of 
the network has a nonnegative integer number associated with it denoting its 
capacity. An arc can transport a flow of a discrete number of flow units, less than or 
equal to its capacity. 

The problem of reconstructing any binary matrix from its row and column sums 
corresponds to finding a maximal flow through a directed network by setting the 
capacity of the source arcs A,,i+, equal to ai, i = 1,. . . , m, and the capacity of the 
sink arcs A m+j+l, m+n+2 equal to Sj, j = 1,. . -, n. The capacities of the intermediate 
arcs A,, ,, k = 2,. . . , m + 1 and I = m + 2,. . . , m + n + 1, are set equal to unity. 
The actual flows of the intermediate arcs (either zero or one) correspond to the 
entries of the binary matrix of the reconstruction problem. A solution can now be 
obtained by using the maximal flow algorithm of Ford and Fulkerson [ 141. The flow 
through the network is maximal if the flows through the source and sink arcs are set 
equal to their capacities. In that case the flows of the intermediate arcs correspond to 
a binary matrix satisfying (l), and thus form a solution to the reconstruction 
problem. Figure 1 illustrates the equivalence of the network flow formulation with 
the reconstruction of a binary matrix from its row and column sums. 

The a priori information obtained from the previously reconstructed cross section 
can be brought into this network flow approach by assigning cost coefficients to the 
intermediate arcs in the network and minimizing the cost at maximal flow. Assign to 
the arc Ai,, i = 2,. . . , m + 1, j = m + 2,. . . , m + n + 1, a nonnegative integer yij 
E I’, the cost of transporting one unit of flow along the arc Ajj. We use yk, E Y to 
denote the flow along arc A,,. ThematricesYandI’are(m+n+2)X(m+n+2) 
matrices. Now we state our problem as a minimal cost capacitated flow problem by 

m+l m+n+l 

minimizeZwithZ= 2 2 YijYij 
i=2 J’=,,,+2 

(9) 
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FIG. 1. The equivalence of reconstructing a binary matrix from row and column sums and finding a 
maximal flow in a capacitated directed network. The nodes are represented by circles and the arrows 
denote directed arcs. For simplicity, only those intermediate arcs are drawn that do transport a unit of 
flow. 

subject to the constraints 

for every node I = 2, . . . , m + n + 1, (10) 

Y I,l+i = ai, i= l,...,m, (11) 

Ym+l+j,m+n+2 = Sjy j= l,..., n, (12) 

Yij E (O7 ‘>3 i,j=2 ,...,m+n+ 1. (13) 

The relation of Eqs. (9)-(13) to (S)-(8) is as follows: 

Yl+i,m+l+j = ‘ i j i=l,..., m, j=l,..., n. 04 

The other elements of r are set equal to infinity. 
The reconstruction will then be obtained through 

xij =Yl+i,m+l+j i = 1,. . . , m, j = 1,. . . , n. (15) 

The solution of Eqs. (5)-(g) will thus be obtained by solving I@. (9)-(13). 

3. MINIMAL COST CAPACITATED FLOW ALGORITHM 

In this section we describe an algorithm for solving Eqs. (9)-(13) discussed in 
Section 2. The algorithm we use is Klein’s minimal cost flow algorithm [ 151 slightly 
adapted for our purposes. The basic idea of this algorithm is that it starts with a 
feasible solution (to be obtained by any method) and that it systematically searches 
the network for a negative cost directed cycle. A directed cycle in the network is a 
sequence of nodes and arcs in which the last node is the same as the first. The cost of 
a directed cycle consists of the sum of the coefficients of the arcs of the cycle 
transporting a zero flow minus the sum of the cost coefficients of the arcs with unit 
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flow. If this cost is negative we have a negative directed cycle. It can be proved [ 161 
that the network flow is optimal if there exists no negative cost directed cycle in the 
network. When we assign to the zero flow arcs of such a cycle a flow of one unit and 
to the other arcs of the cycle a flow of zero, the total costs are decreased, while the 
new flow still satisfies the constraints. Fig. 2 presents an example of a network with 
a negative cost directed cycle and the resulting flow improvement. 

The algorithm used here corresponds with the application of Klein’s algorithm to 
the transportation problem. This algorithm is extended in the sense of introducing 
capacity constraints on the arcs between the intermediate nodes. Define the (m + n 
+ 2) X (m + n + 2) modified cost matrix D with entries d,, according to the 
following rules: 

ify,, = 0: dij = yij, 

i= 2,..., m+ l;j=m+2,...,m+n+ 1, (16) 

ify,, = 1: dji = -yij, 

d,, = co, otherwise, 

where the cost yij and the flow y,, are defined in Section 2. Now we search the matrix 
D for a negative cost directed cycle. Replace dij for each value of k = 2.. . . , m + n 
+ 1 by 

dij: = minimum (dij, di, + dkj) :==:;:;::“kz:;“,::::::mm=n,=:. (17) 

If one of the main diagonal elements of D becomes negative as a result of 
performing operation (17), say d(r, r) (2 5 r I m + n + l), then node r is an 
element of a negative cost directed cycle. If no main diagonal element becomes 
negative, the flow under consideration is optimal and the algorithm stops. When we 
have found a node that is an element of a negative cycle we follow the suggestion 
made by Klein to use the Ford-Fulkerson shortest route index reduction method to 
trace the nodes to decide which nodes constitute the detected negative cycle. This 
method is outlined in the following. 

Define the flow dependent m X n matrix H as 

hij = -Yi+l,j+m+l,ifYi+l,i+m+l = l9 

i=l,..., m,j=l,..., n, (18) 

Suppose that the search method described above reveals that node r is an element of 
a negative cycle and that this node is a row node (2 I r I m + 1). For a column 
node, the analysis is analogous. We start a labeling process in which we assign two 
labels to each row and column of H in the following way: 

a. The labels of each row and column are initialized on (00, cc). Set I equal to 
r- 1. 

b. Label row 1 corresponding to node r as (0, - 1). 
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FIG. 2. (A) Network containing a negative cost directed cycle. For simplicity only the costs of the 
intermediate arcs that are elements of the negative cycle are shown. Arcs with nonzero flow value are 
drawn, arcs with flow value equal to zero that are elements of the negative cycle are dashed. The negative 
cost directed cycle is given by (2, A,.,, 8, A,,,, 4, A,, 13, 13, A,,,,, 5, A,,,, 9, A,,,, 2) and the cost over this 
cycle is minus 3. (B) The network of Fig. 2(A), with an improved flow, obtained by sending a flow of one 
unit in the opposite direction along the cycle. 

FIG. 2. (A) Network containing a negative cost directed cycle. For simplicity only the costs of the 
intermediate arcs that are elements of the negative cycle are shown. Arcs with nonzero flow value are 
drawn, arcs with flow value equal to zero that are elements of the negative cycle are dashed. The negative 
cost directed cycle is given by (2, A,.,, 8, A,,,, 4, A,, 13, 13, A,,,,, 5, A,,,, 9, A,,,, 2) and the cost over this 
cycle is minus 3. (B) The network of Fig. 2(A), with an improved flow, obtained by sending a flow of one 
unit in the opposite direction along the cycle. 

c. Assign to each columnj E {l,..., n} with yl+l,j+m+l = 1 the label (4, I), 
whereJ. is thejth element of the n-dimensional vector f, defined as 

fi=hl,j j=l,..., n. (19) 

d. Assign to the rows i, i # 1 the label (ej, p) where e, is the ith element of the 
m-dimensional vector e, defined as 

ej = minimum (4 + hij), 

j IYi+l, j+m+l = O9 (20) 

and p is equal to the value of j for which the minimum is attained. 
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e. Assign to each column j the label ( gj, q), where gj is the jth element of the 
n-dimensional vector g, defined as 

gj = minimum (e, + hij), 

‘lYi+l, j+m+* = 1, (21) 

and CJ is equal to the value of i for which the minimum is attained. 
f. Assign to each row i the label (ei, p) where e, is now the ith element of the 

m-dimensional vector e, defined as 

ei = minimum ( gj + hii), 

j IYi+l, j+m+l = O, (22) 

and p is equal to the value ofj for which the minimum is attained. 
g. Repeat steps (e) and (f) until the first label e, of the Ith row becomes negative. 
Now we can follow the negative cycle from node 1 by using the second labels, that 

can be regarded as pointers. The second label of row 1 points towards a column, say 
s. Node r (r = I + 1) and arc A,,,+,+, and node s + m + 1 are then part of the 
negative cost directed cycle. The next node of the cycle is pointed at by the second 
label of column s, say t, thus resulting in arc As+,,,+,,,+, and node t + 1 as part of 
the cycle. We continue this process until we again reach row 1 and thus node r, 
having then traced the negative cost directed cycle. 

It is possible that before reaching node r again we reach a node earlier found to be 
element of the cycle. In this case we use this smaller subcycle for flow improvement. 

The flow improvement on the basis of the cycle is achieved by changing every yij 
of the cycle to one if it was zero, or to zero if it was one, as indicated in Fig. 2b. Now 
we update the matrix D with (16) and repreat the process. This completes the 
description of the algorithm for obtaining an optimal flow on the basis of cost 
coefficients. 

4. METHOD FOR OBTAINING A FEASIBLE FLOW 

In this section we describe an algorithm that changes any flow from source to sink 
in our directed network into a maximal flow, thus satisfying the projections. The 
only condition is that the projection constraints must not be contradictory. The 
algorithm that we describe is essentially the maximum flow algorithm of Ford and 
Fulkerson [ 141. We use it in the form described by them in [ 171 for the application to 
the transportation problem and adapt it for our special case of binary variables. 

The algorithm can start with any flow, provided that it does not exceed the source 
and sink arc capacities. Thus the flow from source to sink is in general not maximal, 
there exist source and sink flows that are below capacity. Let X denote the m X n 
matrix with entries that are equal to either zero or one, representing the actual flow. 
The algorithm is based on the labeling process next to be described: a and B are the 
column sum and the row sum vectors as defined in Eq. (1). We label every row i of X 
with label i if Z& ,xij < ai. Now we check the labeled rows for elements xii = 0 that 
are elements of a column with ZyZ,xij c g. If such an element exists we can 
increase the flow by setting that element equal to one. We then restart the labeling 
procedure. When no row has received a label, the current flow is maximal and the 
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algorithm stops. Otherwise we select a labeled row and label every columnj that has 
an element xii equal to zero in the selected row. We assign to these columns the label 
i, the row number of the row under consideration. We repeat this process for all 
labeled rows, assigning labels to the columns that did not yet receive a label from a 
previously considered row. We then select a labeled columj and check if there exist 
unlabeled rows i that have an element xii equal to one in this columnJ We assign to 
these rows the label j of the column under consideration. The checking is repeated 
with every labeled column. 

Now we select one of the newly labeled rows and check if this row has an element 
equal to zero in a column with a shortage of flow: ZyE,xij < 4. If so, we assign to 
this column the label i, the row number of the row under consideration, and then we 
have found a flow augmenting path from source to sink. We change the values of the 
elements of the path from one to zero and vice versa. The path can be traced back 
using the assigned labels as pointers, pointing to the next element of the path. After 
this flow augmentation the labeling procedure is started again. 

If the selected row does not lead to a flow augmentation, we select the next row, 
and so on for all the newly labeled rows. When none of the rows has an element 
equal to zero in a column with a shortage, the labeling process will be continued for 
the unlabeled columns. Now one of the just labeled columns is selected and we check 
for unlabeled rows with an element equal to one in the selected column. These rows 
receive the labelj, the column number of the column that caused their labeling. The 
process will be continued until in a newly labeled row an element equal to zero is 
scanned that is also element of a column with a flow shortage. Then a flow 
augmentation can be made as described above. 

5. COST COEFFICIENT MATRIX 

We now describe a method for obtaining a cost coefficient matrix from the binary 
matrix that serves as a model of the cross section to be reconstructed. We assume the 
model to have a smaller area than the cross section to be determined. Points 
corresponding to the model are assigned a cost coefficient equal to zero. The cost 
values of the other points depend on the local shape of the contour of the model and 
are calculated as follows. 

Let W denote the rn X n binary matrix that contains the model and let C be the 
cost coefficient matrix. The first step is to set all elements cZj of C according to 

cjj = 0, if wij = 1, 

i= l,...,m;j= 1 ,..., n. (23) 

= 1, otherwise, 

For all cij equal to 1, the number of adjacent zero-elements is counted. We assign to 
these elements cij a new value according to 

i+l j+l 

cij = 8 - x x 41 - c,,) 
pxi- 1 q=j- ] 

(P. q)+(i. A 

(24) 
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a b 

FIG. 3. (A) Model. (B) Corresponding cost coefficient matrix. 

where E (e) denotes the function 

E(f) = 1, if t>O, 
= 0, if tI0. (25) 

Note that we now have cost coefficients between zero and eight, where the elements 
with value eight have no connectivity with the model. In an iterative procedure the 
values of these elements are increased even further depending on the values of their 
neighboring elements. 

Start with a value for parameter k set equal to 8 and select all elements cij with a 
value equal to k. Count the number of neighboring elements with a value less than k. 
The value of a selected element cij is now replaced by the following equation: 

i+l j+l 

cij = 8 + k - I: Ix dk- C,,)’ (26) 
pzi- 1 q=j- 1 

(P. q)+(i,j) 

We replace k by k + 8 and perform another iteration until no more elements cij with 
a value equal to k can be found. Figure 3 illustrates the result of the procedure. 

6. APPROXIMATIVE RECONSTRUCTION TECHNIQUE 

With the algorithms described in the previous sections, it is possible to perform 
reconstructions by starting with flow zero, making the flow feasible to the projec- 
tions and then minimizing the total cost. This approach is not very efficient. The 
efficiency can be increased by starting with an approximate reconstruction that can 
be obtained with the algorithm described in this section. 

The algorithm can be started with any binary matrix of size m X n. It is attractive 
to use the model as the initial matrix. The basic idea of the algorithm is that it 
sequentially scans the rows and columns of the binary matrix and symmetrically 
adjusts a row or column to the corresponding projection value. This adjustment is 
done by increasing or decreasing the number of elements with value one. The 
changes are made symmetrically at the zero to one and one to zero transitions as 
long as the size of the matrix is not exceeded. When the difference between the 
projection and the row or column sum is odd, we divide this difference symmetri- 
cally, using matrix elements with value 4. These elements have higher priority to be 
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changed at the adjustment to the next projection. The algorithm stops when the row 
and column sums of the adjusted matrix are equal to the row and column sums as 
they are measured, or when a stable situation is achieved. In the last case the 
adjustment of certain elements to one projection is overruled by the adjustment to 
the other projection and vice versa. In the final result these switching components 
and the elements with value f are set to zero. 

This approximative reconstruction technique has several interesting properties. 
Let us take as initial matrix a binary matrix with only one element equal to one, 
corresponding to the center of mass of the cross section to be reconstructed, which 
point can be determined from the two projections. The cross section will be 
reconstructed correctly if the matrix is unambiguous with respect to its two projec- 
tions. A matrix is unambiguous if there exists only one matrix with the given row 
and column sums. For this special case, however, much more efficient algorithms 
exist [18]. Cross sections with an axis of symmetry in one of the two projection 
directions can also be reconstructed perfectly by the algorithm described here with 
the sufficient but not necessary condition that the boundary of the region with the 
elements equal to one consists of a convex curve. In the more general case the 
algorithm converges to a matrix that does not satisfy the projections completely. 

7. NOISE CONSIDERATIONS 

In the previous sections, we ignored the presence of noise corrupting the projec- 
tion data. Obviously, this is a gross simplification. Due to the noise, it is very 
unlikely that the two measured projections are even consistent. In the sequel we will 
show that noise can be incorporated into our reconstruction approach without 
serious problems. Consider again the network flow formulation. In the noise-free 
case, every source and sink arc is assigned a capacity equal to the measured 
projection value. Now we allow the flows through these arcs to deviate from the 
measured projection values. A cost function, possibly depending on the noise 
characteristics, can be defined to weigh the difference between the flow and the 
projection value. The total flow to be transported from source to sink is estimated 
from the two projections. A solution is now obtained by minimizing the costs to 
transport this flow through the network. 

Because of the various noise sources, a detailed analysis of the noise characteristics 
is rather complicated. A common assumption in the literature is to model the noise 
in the measured data as Poisson noise [19, 201, a custom we follow here as well. It is 
noted that the Poisson assumption is not crucial, i.e., other distributions can be 
incorporated just as well. The row and column sums of the matrix to be recon- 
structed are derived from the measured data. In a very simple model we set the 
standard deviation of the row and column sums equal to the square root of the same, 
although it is understood that the actual standard deviations are considerably less. 
We apply a stepwise cost criterion, i.e., we set lower and upper bounds to the flows 
though the source and sink arcs. The lower bound for source are A,, i+, is set equal 
to 

&+I = max(O, ai - J;;;) i= l,...,m (27) 

and the upper bound to 

bY,i+I = min(ol, + &, n) i = l,..., m. (28) 



NETWORK FLOW APPROACH TO RECONSTRUCTION 29 

Similarly, the lower and upper bounds to the flow through a specific sink arc 
A m+l+j,m+n+2 are 

bk+l+j,m+n+2 =m~(O,Pj - &)T j= l,.--, n, 

b” m+ I +j, m+n+2 =mix+lj+~,m), j=l,..., n. 

With this notation we can state our reconstruction problem from noisy projections 
as 

m+l m+n+l m+l mfnfl 
mhhh zn With %, = E I: YijYij + E Yli + E Yj,m+n+2 

i=2 j=m+Z i=2 j=m+2 

(31) 

subject to the constraints 

EYkl - EY,p = 0, 
k P 

I= 2,..., m+n+1, (32) 

bii 5 yli I byi, i=2,...,m+ 1, (33) 

b;, m+n+2 5 ~j, m+n+2 5 b; ,,,+n+z, j=m+2,...,m+n+ 1, (34) 

Yij E {O7 '}Y i,j=2 ,...,m+n+ 1. (35) 

The cost coefficients yij are calculated in the same way as in the noise-free case, with 
the extension that we also assign costs to the source and sink arcs. If the flow 
through such an arc is below the lower bound, the assigned cost value is zero, 
making it attractive to send a unit of flow along this arc. If the flow in the arc has 
reached the upper bound of flow, the assigned cost value is infinite, making it 
impossible to send another unit of flow along this arc. Otherwise the assigned cost 
value is equal to 10, which value has been chosen in order to make the preference for 
arcs with cost value equal to zero not too strong. We solve the problem (31)-(35) 
with a modified verision of the Busacker and Gowen algorithm as described by Hu 
[21], which uses the Ford-Fulkerson shortest route index reduction method outlined 
in Section 3. We modified this algorithm for the special role that the source and the 
sink arcs play and incorporated also the lower bounds of flow into the algorithm. 
Before starting the algorithm, one must know how many units of flow should be sent 
from source to sink. We estimate this total flow value of v units as 

&I=+ (36) 

The approximative reconstruction algorithm presented in Section 6 is used to 
obtain a flow through the network that is such that the flow in every source and sink 
arc is less than or equal to the lower bound of flow for the specific arc. This is 
achieved by starting the algorithm with the calculated lower bounds of the projec- 
tions as projection data. The second step is that we define the modified cost matrix 
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D with respect to the flow in the network as follows: 

dij = Yij, if yij=O, i=2 ,..., m+l; j=m+2 ,..., m+nf 1, 

=- 
Yij 9 if yji=O, i = m + 2,..., m+n+ 1; j=2,...,m-t- 1, 

= Yij, i= 1; j=2,...,m+ 1, 

i = m + 2,..., m+n+l;j=m+n+2, 

= 00, otherwise. (37) 

The third step is to find the chain from source to sink with minimum modified costs. 
The elements of D are changed according to the following replacement operation: 

dij:= min(dij, d,, + dkj). (38) 

The matrix U is of the same size as D and functions as a bookkeeping system; its 
elements in the (i, j) position are initialized equal to j. When we change an element 
of D, the elements in the matrix U are changed according to 

uij:= Uik, if dij > dik + dkj, 

= uij, otherwise. (39) 

The procedures (38) and (39) have to be performed for all i and j, i fj # k and 
k = l,..., m+n+2. 

On termination of this process the element uij indicates the intermediate node in 
the minimum cost path from node i to node j. From the matrix U the minimum cost 
chain between source and sink can be traced. Next, we transport a unit of flow along 
this chain, thus changing the flow matrix Y. We return to the second step and 
calculate again the modified costs based on the new flow. This iterative procedure is 
terminated when the total flow is equal to the estimated flow value v. 

8. EXAMPLES 

The examples in this section concern the reconstruction of cross sections of the 
left ventricle of a dog. The data set at our disposal’ consists of the contours of 80 
cross sections, i.e., 10 slices at eight phases in the cardiac cycle. The slices are taken 
perpendicular to the axis from aorta to apex. Acquisition of the projections is 
simulated by computing the row and column sums of the binary matrix representing 
a cross section from the data set with the possibility of introducing noise. The cost 
coefficients are calculated from the chosen model. We shift the model such that its 
center of mass corresponds with the center of mass of the cross section to be 
reconstructed, which can be computed from the projections. Starting from the 
model, the matrix is reconstructed from its projections and the result is compared 
with the original. To measure the performance, we use the relative mean error as 
discussed by Herman [22] and also used by Chang and Shelton [23] for binary 

‘We are grateful to Dr. R. M. Heethaar, University Hospital, Utrecht, The Netherlands, for providing 
this data set that was reconstructed at the Mayo Clinic, Rochester, Minn. from multiplane x-ray 
projections [24]. 
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reconstructions. The relative mean error xis defined as 
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where oij are the elements of the original binary matrix and xij the elements of the 
reconstruction. 

The first four experiments concern the noise-free case. The reconstruction proce- 
dure consists of changing the model into an approximate reconstruction with the 
algorithm of Section 6, transforming this approximation into a feasible solution with 
the algorithm of Section 4, and finally turning the feasible solution into an optimal 
solution with the algorithm described in Section 3. 

The first experiment serves as a test for the procedure. Ten cross sections were 
reconstructed starting from an arbitrary model, but the cost coefficients were 
calculated on the basis of the original matrix itself, that is, the matrix to be 
reconstructed. As expected, in all cases the reconstructed matrix was identical with 
the original. 

In the second experiment the cost coefficients are calculated from the model, for 
which we use the original of an adjacent phase of the same slice. In the data set, the 
various phases of a slice are stored and numbered starting at diastole (the most 
relaxed state in the cardiac cycle). In the reconstruction we start at systole (contrac- 
tion) and work backwards, because the method of calculating the cost coefficients 
assumes the model to be smaller than the cross section to be reconstructed. In Fig. 4 
the original cross sections of phase 1 to phase 6 of slice 10 are given, where phase 6 
is the darkest region. Slice 10 is the slice closest to the apex. In Fig. 5 the phases 1 to 
5 of slice 8 are presented. 

As an example, Fig. 6 illustrates the reconstruction of phase 3 of slice 8 from its 
projections. The original of phase 4 is used as the model. The results for four phases 
of slice 10 and four phases of slice 8 are summarized in Table 1 and Table 2, 
respectively. 

FIG. 4. Slice 10, originals of phase 1 to 
phase 6 (dark). 

FIG. 5. Slice 8, originals of phase 1 to 
phase 5 (dark). 
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FIG. 6. Reconstruction of slice 8, phase 3. (A) Original, (B) model, (C) difference between or$inal and 
model, (D) difference between original and approximate reconstruction, (E) optimal reconstruction, (F) 
difference between original and optimal reconstruction. 
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TABLE I 
Reconstruction of Slice 10 

Phase 4 Phase 3 Phase 2 Phase I 

Sizem X n 11 x II I3 x 20 I8 X 25 21 X 24 

Oligid No. of points 61 I55 289 360 
Model No. of mismatches 48 91 134 91 

i? 71.6% 58.7% 46.4% 26.9% 
Approx No. of mismatches 36 I5 9 I4 

R 53.7% 9.7% 3.1% 3.9% 
Optimal No. of mismatches 42 0 8 4 

ii 62.7% 0% 2.8% 1.1% 

Phase k is reconstructed with the original of phase k + 1 as model. 

In Table 1 the poor reconstruction of phase 4 attracts attention. This cross section 
is almost elliptical in shape. An ellipse is difficult to reconstruct because there are 
two possible directions for the main axis yielding the same projections. The model, 
phase 5 of the same slice, has a slight tendency towards the other direction as can be 
seen from Fig. 4. This causes the reconstruction process to converge to the wrong 
direction of the main axis. 

From these simulations it may be concluded that the proposed method yields 
acceptable results if a good model of the cross section to be reconstructed is 
available, and that adjacent phases appear to constitute good models. Note that so 
far the original of the adjacent phase is used. These originals are obviously not 
available in practice. So it is more realistic to use the reconstructed version of the 
adjacent phase instead. This leads to a recursive scheme in which the current phase 
is reconstructed from its projection data with the previously reconstructed adjacent 
phase as model. The first phase of a sequence would have to be reconstructed 
without the a priori knowledge of a preceding phase. Therefore, the third experiment 
deals with the reconstruction of a cross section with only its center of mass as model. 
As an example, the results for several phases of slice 10 and 9 are given in Table 3. 

The fourth experiment is intended to serve as an example of the recursive scheme. 
In this very limited experiment with slice 10, phase 5 is reconstructed (perfectly) 

TABLE 2 
Reconstruction of Slice 8 

Oligid 
Model 

Approx 

Optimal 

___- 

!&em X n 

No. of points 
No. of mismatches 
ii 
No. of mismatches 
i7 
No. of mismatches 
R 

Phase 4 Phase 3 

36 X 26 35 X 29 

467 611 
216 I66 
59.1% 27.2% 
93 33 
19.9% 5.4% 
88 28 
18.8% 4.6% 

Phase 2 

46X46 

1367 
756 
55.3% 
61 
4.9% 

30 
2.2% 

Phase I 

45 x 43 

II74 
302 

25.7% 
211 

18.0% 
27 
2.3% 

Phase k is reconstructed with the original of phase k + I as model. 
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from its center of mass and then serves as the start model for the recursive 
reconstruction of phases 4, 3, 2 and 1. The results are summarized in Table 4. 
Obviously, the results are not as good as in the second experiment described above, 
but it is at least interesting to observe the recuperation after the poor reconstruction 
of phase 4. As the differences between consecutive phases of slice 10 are relatively 
large as compared to these differences for other slices, we may even conclude that 
the results of this single example are promising. 

In the final example to be given here the projection values were assumed to be 
corrupted by noise. The reconstruction procedure has been described in Section 7. 
The results are given in Table 5 for some phases of slice 10, where again the original 
of the adjacent phase is used as the model. 

The examples given above were obtained with experimental FORTRAN programs 
on an IBM 370/158 computer. The average CPU time was 9 set per cross section in 

TABLE 3 
Reconstruction with Center of Mass as Model 

Approximative optimal 
No. of Mismatches i? No. of Mismatches R 

Slice IO Phase 4 33 48.5% 38 55.9% 
Phase 5 2 10.5% 0 0.0% 
Phase 6 0 0.0% 0 0.0% 

Slice9 Phase 5 26 18.6% 28 20.0% 
Phase 6 0 0.0% 0 0.0% 

TABLE 4 
Reconstruction of Slice 10 

Phase 4 Phase 3 Phase 2 Phase 1 

Original No. of points 61 155 289 360 
Model No. of mismatches 48 109 151 106 

if 71.6% 70.8% 52.3% 29.4% 
Approx No. of mismatches 36 86 91 14 

if 53.7% 55.8% 33.6% 20.6% 
Optimal No. of mismatches 42 94 110 70 

i-i 62.1% 61.0% 38.1% 19.4% 

Phase k is reconstructed with the reconsruction of phase k + 1 as model. 

TABLE 5 
Reconstruction of Slice 10 

Phase 4 Phase 3 Phase 2 Phase 1 

Original No. of points 61 155 289 360 
Approx No. of points 36 89 190 253 

No. of mismatches 51 65 44 131 
it 85.1% 42.2% 15.2% 36.4% 

optimal No. of mismatches 50 16 40 74 
lT 74.6% 10.4% 13.8% 20.6% 

The projections were assumed to be corrupted by Poisson noise. 
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the noise-free reconstruction of slice 10 (Cf. Table l), 19 set per cross section in the 
noise-free reconstruction of slice 8 (Cf. Table 2) and 61 set per cross section for the 
reconstruction of slice 10 in the presence of noise (Cf. Table 5). 

9. DISCUSSION AND CONCLUSIONS 

The problem of the reconstruction of a binary matrix from its two orthogonal 
projections has been investigated by several authors. 

The method of Onnasch and Heintzen [lo] is specially developed for the recon- 
struction of the right or left ventricle from biplane recordings. To obtain a solution, 
a priori information about the image to be reconstructed is used. This a priori 
information can be a model or the previously reconstructed cross section of the same 
slice combined with the corresponding cross section of a neighbor slice. The 
projection data and the a priori information lead to a probability array, from which 
the solution is derived in such a way that the projections are reproduced and the 
binary matrix is as contiguous as possible. In the case of noisy projections, the 
projections are adjusted such that their total sums are equal. Onnasch and Heintzen 
claim a mean conformity of 94% between original and reconstructed left ventricle for 
ideal experiments and a 15 X 15 frame. 

Comparing the method of Onnasch and Heintzen with the method developed in 
this paper, we note in the first place that the conformity measure is defined as the 
relative number of elements common to the actual and the reconstructed binary 
matrix. In this measure only the correctly classified points are counted, so a binary 
matrix of size m X n with all elements equal to one would also have a conformity of 
100%. Thus the conformity of our experiments is hundred minus half of the relative 
mean error R in percent. Because of the limited number of experiments performed 
with our data set, we cannot at the moment give a representative mean value of R. 
The noise-free examples for the slices 8 and 10 given in Section 8 yield an average 
conformity of 94%. The reconstructions of slice 10 under the assumption of noise 
yield only 77%, which is mainly due to the outlier phase 4. We further note that our 
reconstruction data has a much finer resolution than the 15 X 15 frame used by 
Onnasch and Heintzen, thus increasing the possibility of misclassification. Our 
method of incorporating noise into the reconstruction process is more fundamental 
than adjusting the total sums of both projections as Onnasch and Heintzen do. 
However, we are well aware of the fact that neither the noise model for the row and 
column sums nor the stepwise cost criterion are sophisticated choices. Our only aim 
here is to show that it is possible to incorporate noise into the algorithm. 

Although the method presented in this paper is certainly not directly applicable in 
practice, we state some conclusions. From the experiments it is clear that the method 
developed here of incorporating a priori information is effective; if the model matrix 
is close to the cross section to be reconstructed, the reconstruction result is very 
good. Even when model and original matrix differ substantially, the reconstruction 
result is often acceptable. The intermediate results of the approximative reconstruc- 
tion algorithm shown here prove the value of this time-saving method. A limitation 
of performing reconstructions recursively is the fact that errors in the reconstruction 
are carried over to the next cross section, which is probably a severe problem. We 
conclude by saying that it is worthwile to investigate the method presented here 
further and to perform more experiments. This includes incorporating similarity 
with a cross section of a neighbor slice. 
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