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Abstract. The theory of image formation for an electron microscope is based on
the non-relativistic Schr6dinger equation, whereas present-day electron micro-
scopes operate with acceleration voltages of the order of one hundred to several
hundreds of kilovolts, in which case relativistic effects become important. We
present a fully relativistic theory of image formation, based on the appropriate
Dirac equation. It is shown that, within certain approximations, always valid for
today's electron microscopes, a very simple expression for the current density can
still be derived in terms of wave functions that are solutions to the relativistically
covariant Klein Gordon equation. The following paper presents the analysis of
the often stated possibility to obtain the relativistically correct current density
from the non-relativistic current density just by replacing the values of the non-
relativistic momentum by the correct relativistic expression.

1. Introduction
The evaluation and interpretation of electron micrographs is often based on the

linear contrast transfer theory. This theory has its origin in the quantum mechanical
formulation of the imaging process in the electron microscope. Glaser [1, 2] was one
of the first pioneers to investigate this problem in great detail. His calculations are
based on the Schr6dinger equation. This equation governs the transport of the wave
function through the microscope. Using the paraxial approximation and assuming a
weak object, a linear relation can be established between the intensity (or the
contrast) in the image and the object wave function. This is the start of the linear
transfer theory [3, 4].

The approach outlined above is unsatisfactory because the equations are based on
the Schr6dinger equation which is a non-relativistic equation. The accelerating
voltages of present-day electron microscopes are of the order of one hundred to
several hundreds of kilovolts, while 1 MV is not an exception. In these cases
relativistic effects can no longer be neglected. In the context of electron microscopy,
fundamental relativistic studies were conducted by Fujiwara [5] who calculated
relativistic effects in the dynamical theory of electron diffraction. Also Von Laue [6]
considered the scattering of relativistic electrons from an electrostatic potential
distribution, treating the Dirac equation in the first Born approximation. So the
relativistic treatment of the interaction between the electron beam and the specimen
has received attention. The reader is referred to [5] for a more complete discussion of
this subject.

tPresent address: Philips Medical Systems Division, Product Group Imaging, QJ-1,
Eindhoven, The Netherlands.
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However, the transport of the wave function through the microscope has not
been considered on the basis of the appropriate relativistic equation, in our case the
Dirac equation, apart from a remark by Lenz [7]. Lenz refers to Zernike's work on
contrast transfer for the case of light-optical microscopy and uses the relativistic
expression for the wavelength of the electron. The approach of taking relativistic
effects into account via the relativistic wavelength needs justification based on the
Dirac equation. Some preliminary work has been done by Rubinowicz [8] and Phan
Van Loc [9] who calculated the diffraction from apertures placed in field-free
regions. It turned out that the spin of the electron does play a role in the diffraction,
which is different from Glaser's conclusions [1] which are based on the Schr6dinger
equation.

It becomes clear that the basis of the linear transfer theory has to be
reinvestigated, now starting from the Dirac equation instead of the Schr6dinger
equation. In the image registration we do not record the spin states of the electrons.
Previously, in electron microscopy, we did not expect the spin of the electron to play
an important role in the image formation. The electron spin manifests itself in the
following interaction:

(i) The spin-orbit interaction, occurring when the electron beam interacts with
the objects. As the coefficient of this interaction is proportional to the
gradient of the potential dV/dr [10], this interaction becomes negligible: the
energy of the electrons is still so low in the case of electron microscopy that
only the outer shells of the electron distributions of the atoms are probed. In
those regions the gradient of the potential is 'small'.

(ii) The relatively weak external fields (as opposed to the much stronger
electromagnetic field inside the object) do not change the spin state of the
electrons, as will be shown explicitly in §4 of the present paper.

We shall show that the intuitive expectations are indeed correct. We propose to
present our investigations here and in the following paper. In the present paper we
will study the image formation in the electron microscope directly from the Dirac
equation. The formalism will be developed to such a stage that we can make contact
with a formula derived by Glaser from the Schr6dinger equation. For the derivation
of this result we have to make some assumptions which are easily satisfied in ordinary
electron microscopical practice. It will turn out that the electron propagation can
then be described by the Klein-Gordon equation, which is still fully relativistic. In
the following paper we derive the propagation of the wave function according to the
Klein-Gordon equation, which in the geometrical-optical approximation reduces to
the Hamilton-Jacobi equation. This equation is solved in the paraxial approxim-
ation. In passing, we obtain relativistic expressions for the aberration constants such
as the spherical aberration and the coma.

In the following paper we derive the linear transfer theory, which is correct in
spite of its present non-relativistic basis. The reason for this belief is that the linear
transfer theory can also be derived for the light microscope. We then have to start
from the wave equation and use the Kirchhoff approximation for diffraction from
apertures [11, 12]. As the wave equation in the light-optical case is the Klein-
Gordon equation for mass zero (photons), there is some hope that the linear transfer
theory used in electron microscopy is indeed correct. The expressions for the
aberration constants will be different from Glaser's expressions. (In practice that will
have no consequences as the aberration constants are usually measured, not
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calculated.) For design purposes, the modified expressions could be important. One
word of caution is in order when using the Dirac equation to describe the image
formation in the electron microscope: the electron wave function is supposed to
describe one electron. This implies two limitations:

(i) the beam intensity has to be so low that correlation between the electrons can
be neglected: we do not have to take account of Fermi-Dirac statistics.

(ii) the energy of the electrons has to be so low that no production of particles
occurs (for example, electron-positron pairs). In that case a description in
terms of a one-electron wave function is wrong. In terms of practical electron
microscopy this means that energies of I MeV or less do not lead to pair
creation.

We shall keep our presentation as self-contained as possible because many of the
pertinent references are in German which could be somewhat of an obstacle for the
international readership.

2. Wave function for the Dirac equation
The Dirac equation for the description of an electron in the presence of an

electromagnetic field is given by (we use the convention of [10], Chapters 2-5, except
that we adopt SI units)

[y(p, - eA,) - mc ] *(x) = 0. (1)

where #(x) is the four-component electron wave function (x denotes the four-vector
(x°= ct, x1 =x, x 2 =y, 3 = z), A,(x) the four-potential of the electromagnetic field:
(4/c, A), p, = ih(O/Ox") = ihO ( = 0, 1,2, 3), and y ( = 0, 1,2, 3) are 4 x 4 matrices
satisfying the anticommutation relation:

ylyv + yvy = 2glv1, (2)

where I is the unit matrix in the spinor space, i.e. the space belonging to the index of
the wave function (spinor) i, while gV is the metric tensor:

1-

gAV= 1 (3)

For a more complete discussion of the Dirac equation the reader is referred to
Bjorken and Drell [10], Chapters 1-5. e is the (negative) charge of the electron, m the
rest mass of the electron.

The spin of the electron is taken into account by the four components of f. We
shall adopt a certain representation of the y matrices, which turns out to be useful
during the computations. However, it should be borne in mind that the physical
results should never depend on the particular representation of the y matrices; only
the anticommutation relation matters. We choose the representation ([10], Ch. 2):

= [O ] -1I; Yi = [ -i i=1,2,3. (4)
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Here, 0 and denote the 2 x 2 matrices

0= [O ·0; X [O I=I°7 °1 I1 0]
while a' are the Pauli spin matrices:

cri=[0 ]~ c72=[0 1] a.3=[1 - ].al[ I 0 1 2 0, 03 _ 1 (5)

The spinor wave function b has four components, which are usually written as a
column vector, but which are here written for convenience's sake as a row vector (in
the calculation, b is treated as a column vector!):

*'(x)=[*1 (x) 2 (x) 3 (x) 4(x)]. (6)

*1(x) and # 2(x) describe positive-energy solutions and represent possible states for
electrons. 3(x) and *4 (x) describe negative-energy solutions and are interpreted as
wave functions describing the antiparticle of the electron: the positron, whose
existence was predicted by Dirac in 1933. We shall assume that the energy of the
electrons is so low, that the formation of electron positron pairs can be neglected. This
is a reasonable assumption if the energy of the electrons is less than I MeV. If this
assumption no longer holds, #(x) can no longer be interpreted as a one-electron wave
function and a more complete quantum electrodynamical treatment becomes
necessary.

The quantity p occurring in (1) is the operator corresponding to the four-
momentum:

p = (E/c, px, py, Pz),

where E denotes the operator corresponding to the energy: E/c = iha/ax° and pi is
represented by the operator corresponding to the momentum: p = iho/axi, j= 1, 2, 3.
We shall only consider stationary states. In that case, (x) corresponds to an
eigenstate of the energy operator and (x) can be written as

i0
Ox= O(x) exp (-EX), E> 0, (7)

following the convention of the time dependence of wave functions describing
particles (as opposed to anti-particles). The Dirac equation then becomest

[7y(E- e)/c + (Pk - eAk) - mc]I(x) = 0. (8)

It should be noted that in (8) again the summation convention has been used, the
Latin index k taking the values 1, 2, 3; a convention we shall follow throughout this
paper.

We shall first guarantee, that during the imaging process only positive-energy
solutions of the Dirac equation play a role. Remember that we assume that the
electromagnetic fields in the electron microscope are supposed to be so weak that
creation of electron-positron pairs can be neglected. So no transitions to states of
negative energy occur. We prove in the Appendix that under conditions usually

t Whenever it is clear from the context that a spinor equation is involved as in equation (8),
we shall omit the unit matrix, which should have accompanied the term mc and similar terms.
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prevailing in the electron microscope the positive-energy solutions can be written as

f(J)(x) = (2mc)- 1[y(p -eA,) + mc]e(j)X(x); j= 1,...,4. (9)

e( ) is a column vector consisting of zeros with the exception of thejth position which
contains 1: represented in row form e(j ) reads

e(J)=(...,,...,1 .... 0.), 1 injth position. (10)

x(x) is a scalar function which has to be determined such that (9) satisfies the Dirac
equation. The operator appearing in front of e( ) has been borrowed from the field-
free case which can be rigorously handled. (In the Appendix we prove that this
operator has the properties of a projection operator under the assumptions just
stated.) We shall now derive the equation for x(x) starting from the requirement that
O(J)(x) has to satisfy the Dirac equation (1). Substitution of (9) into (1) leads to

[y'(P, - eA,) - mc][yv(pv - eAV) + mc]eU)Z(x)

= [yy"v(p - eA,)(p - eA) - m2c2]e°)x(x) = 0. (1 1)
MV

Y/Vy = 2(77,v + vy) + (7r/yv _ yMY) =g-i _a (12)

where we defined

ev =i(Yv'yvY- YVy) (13)

Taking into account the antisymmetry of a"v:

aV = -aV (14)

(11) becomes, using (12) and (13)

[(p - eAg)( p - ea) - iV(pA v) - m2c2]e{j)X(x) = O. (15)

The brackets around pMAv denote that the action of the operator p, remains restricted
to AV. If the brackets were omitted, P would also operate on x(x).

We shall now show that the term aMV(pMAv) can be neglected with respect to other
terms occurring in (15). We shall assume that the electromagnetic fields of the
electron microscope are constant in time. Furthermore, we shall only consider
stationary wave functions, which in the present situation means that the time
dependence of x(x) becomes

X(x) = x(x) exp (- Ex°). (16)

In that case, (15) reduces to

[c- 2(E-eO)2 - (p-eA) 2 - iakle(pkA 1) - iec- 1 akO(pk) _ m 2c2]e('j)x(x) = 0. (17)

The term akl( pkAl) is due to the spin of the electron, which follows directly from the
explicit representations (4) from which we directly verify

aki= ektma4); k, l= 1,2, 3. (18)

eklm is the fully antisymmetric tensor:

+ 1 if k, l,m is an even permutation of 1,2,3;

klm= -1 if k,l,m is an odd permutation of 1,2,3;

0 if two or more indices are equal.
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Here a?) denotes the 4 x 4 matrix

) [ m 0 ] (19)

As confusion is almost impossible, we shall omit the superscript '4' in such cases.
Similarly one finds

kO =i [.l (20)ik0
Let us first compare the terms 2eE/c 2 and -ic leak(pk4) occurring in (17). We

restrict our treatment to order-of-magnitude considerations. ak' and ak° are of order
unity, because their matrix elements are of order unity. Further we note the relations

E=mc2 (1 -v 2 /c 2 ) - 1/2 ; pk= mvk(l -v 2
/C2)-1/2, (21)

where v is the velocity of the electron. - iec- lOk°(pk) is of the order ehc- l'k+. This
means that -iec- lko(pki) can be neglected with respect to 2eE/c 2 when

|h _ -10k << (1 - 2 /c2 )
1/2. (22)

Physically this means that the relative variation of the electric potential over a
distance of the order of the Compton wavelength (about 10-12m) has to be small
compared to (almost) unity (the right-hand side of (22) may easily attain a value 12
for 100-keV electrons). In the electron microscope this condition is always satisfied.
In the same way we compare the term ieak(pkA,)X and A PX. Notice that p is of the
order of mv(1 -v 2 /c 2)-1 2 x . If the following condition holds:

Ih(mc) - 1A - akAll << (1 -v 2 /c 2) -1/2, (23)

then the term ieekpkA1 can be ignored. In the electron microscope the conditions (22)
and (23) are easily met. In that case the operator on the left-hand side of (17) becomes
diagonal in the spinor indices, because the spin-dependent terms may be neglected.
The conclusion is that the positive-energy spinor (bi)(x) in eqn. (9) is a solution of the
Dirac equation if x(x) satisfies the Klein-Gordon equation without spin-dependent
terms:

[C -
2

(E- e4S)
2
-(p-eA) 2 - 2

2]X(x) = 0. (24)

Combining (9) and (24) we see that the propagation problem for (x) is essentially
reduced to the propagation problem for (x).

3. Propagation of the Dirac electron wave function through the
electromagnetic field

For the study of the propagation of the electron wave function we need the tensor
Green function S(x, x') satisfying the inhomogeneous equation corresponding to (8):

[y°(E- e)c- + Yk(p k - eAk) + mc ]S(x, x') = I (x - x'), (25)

where is the 4 x 4 unit matrix. The operator Pk is supposed to operate on the
variable x. We shall need the conjugate equation of (25). Introducing the adjoint St
of S by

(26)
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where * denotes complex conjugation and defining

S(x, x') = St(x, x')y ° (27)

we straightforwardly derive from (25)

S(x, x')[y°(E- e)c- 1 + yk(p
*
k- eAk) + mc] = y°(x - x'), (28)

where use has been made of the property

Y7t = y°Oy °yo (29)

The arrow at p* denotes that P* operates to the left on the x-variable in S. Explicitly,
p* operates to the left as the operator ihAk. Multiplying (8) on the left by S(x, x') and
(28) on the right by *(x) and subtracting the resulting equations leads to

ihak[3(x, x')yk+(x)] = y°t(x- x')O(x). (30)

The propagation of the electron spinor directly follows by integrating (30) over a
closed volume containing the point x = x'. For this volume we choose the volume
enclosed by the plane x3 = constant and a hemisphere centred on the point (x' =0,
x2=0, x3

= constant) whose radius tends to infinity. Applying Gauss' divergence
theorem and assuming that the hemisphere does not contribute to the integral in the
limit of infinite radius, we find

*/(x') = -y 0 ih | 3=S (x, x')y 3 /(x) dx1 dx2. (31)
~(~~~~x') = -7°i I 

In practice, we are faced with the problem of calculating *(x), assuming O(x) is
known in the plane of integration. Usually the Kirchhoff approximation is invoked in
that case, which states that if the plane is an opaque screen with an aperture, *(x)
inside the aperture is the value of *(x) when the aperture is absent, while I(x) = 0 on
the opaque part of the screen. Equation (31) then reduces to

*(x') = -- h 0 f 3(x, ')73o(x) dx dx2. (32)
ap

The vanishing of the contribution to the integral of the hemisphere is a consequence
of the radiation condition, which dictates a certain asymptotic behaviour of S(x, x')
and O(x). Further details may be found, for example, in the textbook by Wu and
Ohmura [13].

4. Calculation of the Green tensor S(x, x')
S(x, x') has to satisfy (25) and has to give rise to outgoing waves at infinity. It has

been shown in Jauch and Rohrlich [14] that under the assumption that the
macroscopic fields in the microscope are weak (meaning that no transitions to
negative-energy states occur) S(x, x') can be represented by

S(x, x') = [r(E-eO)c 1 7(pk -eAk) + mc ]A(x, x'), (33)

where A(x, x') is a scalar function. The operators occurring in (33) operate on the
variable x. Substituting (33) into (25) yields the equation for A(x, x'). Proceeding as
in the previous section, and assuming the validity of (22) and (23), we finally arrive at

[(E- eO)2
c- 

2 _ (p -eA)2 _ m2c 2 ]A(x, x') = (x - x'), (34)

which shows that A(x, x') is the Green function associated with the propagation of

X(x).
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5. Calculation of the wave function in the image plane
The wave function in the image plane can be calculated from (31) and (33). Let us

consider the integrand of (32):

S(x, x')y 3O(x) = A*(x, x')[y°(E- e)c- 1 _ yk( _-eAk) + mc]y0Oy3f(x).

The term mco(x) occurring in this expression is replaced by (using the Dirac
equation)

mco(x) = [1y(E- e)c' + Yk(pk-eAk)](x).

In this way we find

3(x, x')y3 *(x) A*(X, x')[y7y3(p - eAk) + y3yk(k -- eAk)]l(x)

+ (ih -- eA3) - ik
3(P _Pk))](X)

YOA*(x, x')[( -ih eA3) + ih eA3)]

x (x)- y°h[V x A*(x, x')a¢(x)] 3.

In this way the wave function in the image plane becomes

*(x ) = ih A*(x, x') -ih - eA3

+ (ih - eA3 q(x) dx' dx2 +ih 2 A*(x, x')av(x) ds. (35)
( az f~~~~~~rim

The first integral is the result that would be obtained for the propagation described
by the Klein-Gordon equation. The second integral, obtained by applying Stokes'
theorem, is the contribution from the spin. This term was discovered by Rubinowicz
[8] for the case of propagation in a field-free region, and is interpreted as a boundary
diffraction wave. In the geometrical-optical limit (h-O) this integral vanishes as
o(hl/2). In this limit only the first integral survives, as will be shown in the following
paper.

So we can conclude, that the spin of the electron remains unaffected if the following
assumptions hold true:

(i) The macroscopic fields in the electron microscope do not vary noticeably
over distances of the order of the Compton wavelength of the electron (about
003 A).

(ii) The geometrical optical approximation is valid. For electron microscopy
k = 2/) is of the order of 1012 m-1 for 2 keV electrons and the geometrical
optical approximation appears to be reliable.

If, moreover, we assume that the spin-dependent interaction with the object may be
neglected, the spin of the electrons in the incident beam is not changed at all. We
should therefore be able to formulate the imaging process in such a way that the spin
drops out of the expression for the quantities which can be registered, in particular
the intensity in the image plane. The subsequent calculations will achieve that goal.
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When the assumptions (i) and (ii) hold, the wave function at a point to the right of the
screen with an aperture reads

/(x') =ih f [A*(X, x')] (-ih - eA3) + (ih -eA3)} t(x)da3, (36)

where da 3 is the area element dx' dx2 . In particular, this leads to an expression of the
wave function in the image plane.

When assumptions (i) and (ii) are fulfilled, the spin degrees of freedom become
'spectator' degrees of freedom, because they remain unchanged during the
propagation process. Consequently it must be possible to factorize the wave function
at any point of space into a function containing the spinor indices and a scalar
function as was done in equation (9). We start our discussion from the Klein-Gordon
equation (24). Assuming the validity of assumption (i) we shall prove that the
derivative of x(x) also satisfies (24). To this end we differentiate (24) with respect to
xk (k=1,2,3):

[c- 2 (E- e) 2 - (p - eA)2
-m 2c2 ]OkX(x) + 2[c - 2 (E- eo)<kO + e(p - eA) akA]X(x) = 0.

(37)

The second term in (37) can be neglected when compared with the first term:
comparing the quantities c- 2 (E-eO)eako and c- 2 (E-e) 2 we find that
c-2(e-e)eOkO<<c-2 (E-e4)2 when (22) is satisfied. A similar reasoning can be
given for the term containing akA. So, approximately, kX(x) also satisfies (24).
Another way of expressing this is that the momentum operator Pk approximately
commutes with the Klein-Gordon operator

K= c- 2(E-e) 2 - (p -eA)2 -m 2c 2. (38)

In the same way we find, again approximately, in the sense of (22) and (23), that
A(x)X(x) satisfies (24), the details of the proof are omitted. Successively, we easily
check the following statements:

(a) Each component of the spinor eU)X(x) satisfies (24).
(b) A+(x)e(U)X(x) also satisfies (24) and also Dirac's equation. A(x)

=(2mc)- [mc + (p,,-eA,)y '] is the projection operator on the positive-
energy states as is shown in the Appendix.

In this way we proved the important result that q(x) can be written as

¢(0(x) = A+(x)e()x(x). (39)

j=1 corresponds to spin 'up', j=2 to spin 'down'. More explicitly, e) are
eigenspinors of

al2 = iYl72 = [U3 03]

x(x) satisfies the Klein-Gordon equation (24). The propagation of x(x) from a plane
perpendicular to the z-axis is given by a formula very similar to (36):

x(x') = ih apA(X, x') [(ih + eA3(x))- (ih a -eA3(x))] x(x) da3 . (40)

In particular, this leads to an expression for the wave function in the image plane.
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6. Calculation of the intensity distribution in the image plane
The quantity from which the contrast in the image is obtained is the current

density, which in our case reads:

jk(x) = i(x)yko(x) k = 1,2,3. (41)

If the image plane is perpendicular to the z-axis, as is usually the case, we are only
interested in j3.

Let us first consider the most common situation that the electron beam is
unpolarized. In that case we have to build #(x) as a superposition of a wave function
corresponding to spin up and a wave function corresponding to spin down:

2

*/(x)= E O2°(x)· (42)
j=1

As in our regime, the spin of the electron remains unaffected, a beam which is
originally unpolarized remains unpolarized, even during interaction with the object.
So, in particular, the wave function in the image plane has to be a member of an
ensemble of wave functions corresponding to an unpolarized beam. This will be
expressed by the relations

<1aj12>=½, <C*>=O, (43)
where the angular brackets refer to an ensemble average taken over the ensemble of
unpolarized beams. Further notice that the wave functions (J)(x) are the same
positive-energy wavefunctions that were introduced in equation (9). The observed
quantity is the spin-averaged quantity (41) for k= 3. This quantity we shall call the
'image intensity':

I(x) = <j3(X)>

2
=E iF~)(X)y3ol)(X)

= EZ )(x)y3 qO(Ix)
j=L al

In (A 6) we show that

2

Z tI)(x)(')(x) = { [A + (x)x(x)][x + (x)t+ (x)yO] },

where

A+(x) = (2mc) -'[mc + c- 1'(E-e) +7k(pk - eAk)]

and

At+ (x) = (2mc) 1 [mc + y(E- e)c' _ k(* - eAk)].

So

I(x) = Tr [y3 {A + (x)X(x)}{A+ (x)yoX°Z*(x)}].

The traces can easily be evaluated, yielding

Ii(x)= 4 X(x)(ih a+ eA 3) + (ih eA 3 X). (44) 

A similar expression is obtained if the state of polarization of the incident beam is
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different. The only difference occurs in the averaging procedure and the evaluation
of the traces. This may lead to a different numerical factor in front of (44). The
structure of (44) remains unchanged. In the next section we shall make contact with
the classical results obtained by Glaser in his textbook Grundlagen der Elektronen-
optik [2] where he bases his discussions on the Schr6dinger equation.

7. Connection with the non-relativistic approach by Glaser
We now have reached a stage where we can make contact with the results

obtained by Glaser who based his work on the Schr6dinger equation. The expression
for I(x) in equation (44) has the form of an integral of the z-component of the current
density over the image plane.

We will first exhibit the structural similarity between the time-independent
Schr6dinger equation, considered by Glaser and the time-independent Klein-
Gordon equation featuring in our approach. The pertinent Klein-Gordon equation
reads

[h 2V2
- 2iehA V -ieh(V A) -e 2 A2 + -

2(E- e) 2 ]X(x) = 0, (45)

where the brackets around (V A) denote that the action of the operator V remains
restricted to A. This equation has to be compared with the time-independent
Schr6dinger equation:

[h 2 V2 - 2iehA · V - ieh(V · A) - e2A2 + 2m(E- eb)]X(x) = 0. (46)

The structural similarity between equations (45) and (46) is striking. This means
that the analysis employed by Glaser in his textbook Grundlagen der Elektronenoptik
[2], in particular Chapter 32, can be used with the appropriate adaptations.

We conclude this section with a discussion of equation (44). We will show that the
right-hand side of (44) is proportional to the current density associated with the
Klein Gordon equation.

We start from the Klein-Gordon equation and its adjoint:

C 2 (-h 2 + e2 2 - ieh a - 2iehq a)

-(-h 2V2 + ieh(V A) + 2iehA V + e2 A 2)-m2c2]x(x) = 0, (47)

X*(X)-c2 (-h2 e a2+ 2+ieh -+ 2ieh4 )
\ t 2 at

-(-h 2 V2 - ieh(V A)- 2ieh(A ' V) + e2 A 2)- m2c2] = O. (48)

Multiplying (47) from the left by *(x) and (48) from the right by (x) and
subtracting the resulting equations we find after minor manipulations the continuity
equation:

-[X {(ih _+ ) + (h -+4' }
at act c act c

+V- [X*{c(-ihV-eA)-c(-ihV+eA)}X] =0, (49)

from which we directly infer the following expression for the current density:

j(x) = X*(x)[c(- ihV - eA) + c(ihV + eA)]X(x).
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Concluding, we see that the Klein-Gordon equation for spinless particles is fully
equipped for a completely relativistic treatment of electron-optical imaging. In the
following paper we shall discuss how our results relate to the well-known transfer
theory extensively used in electron microscopy.
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Appendix
The projection operator for positive-energy solutions and the summation over spin
variables

In this appendix we shall prove that the operators A+(x) and A_(x) defined by

A ± (x) = (2mc)- [mc + 7y(p -eat,)] (A 1)

are projection operators on the positive- and negative-energy states, respectively,
provided the conditions (22) and (23) hold. The reason for choosing these particular
operators as projection operators has its origin in the corresponding case of the free
Dirac electron. The spinor of the free electron satisfies (in the momentum
representation)

(yp,-mc)u(p) = O.

In the rest frame of the electron this reduces to

(7y0po- -mc)u(p) = 0, Po = E/mc.

In the representation where

we find the following four independent solutions:

u() = (1, 0,0,0); u(2) =(0, 1,0,0); u(3) = (0,0, 1,0); u(4)= (0,0,0, 1),

(where column vectors have been written as row vectors for convenience.) u(1 ) and
u(2 ) correspond to positive energy, E= +mec2 ; while u( 3 ) and u( 4

) correspond to
negative energy; E=mc2 . The projection operator on positive-energy states is
½(1 + y° ) = (2mc)-l '(mc + y°p 0 ). This form can be extended to a relativistic invariant
expression as (2mc)-`(mc+ytp,). Equation (A 1) is 'derived' from this result by
replacing pt by p, -eat, which is not obviously correct!

From the definition (A 1) one directly verifies

A + (x) + A_ (x) = 1 (A2)

A + (x)A_ (x) = A_ (x)A + (x) = 0. (A 3)

(A 3) only holds approximately: we have to rely on (22) and (23). In order to prove
that A+(x) and A_(x) are projection operators we have to consider

A2 (x)X(x) = (4m2 c2 ) '-1 [(p _ eA)2 + m2c2 + 2mcyl(p. - eAt)]X(x).
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X(x) satisfies the Klein-Gordon equation (24), so

A2+ (x)x(x) = (4m 2 c2) - 1 [2m2 c2 + 2mcyM(pu - eA)]X(x)

= (2mc) - [mc + 7v(p, - eA,)]X(x).

So

A2 (x) = A+(x), (A4)

when operating on solutions of the Dirac equation. We shall also need the operator
A + when we have to carry out summations over the two spin states of the electron.
For this purpose we consider the sum

2

Y, ¢°()(x)®&;u'(x),
j=1

where *(i)(x) has been introduced in equation (9). The symbol ® denotes the direct
product of the two factors: the result will become a 4 x 4 matrix. The values j= 1, 2
correspond to positive-energy solutions. We will use the relations:

e(j)e(j)t= [ ] =(1 + y0
), (A)

j=1 0 0 ~~~~~~~~~~~(A 5)

A + (x) = A (x)7° .

and keep in mind that y° is essentially the unit matrix in the part of the spinor space
belonging to positive-energy solutions as evidenced by (A 5). In this way we find

2 2

Y, (j)(x)® (J7)(x)= , A+(x)e(X(x)e(j) (x)y°
j=1 j=l

=[A+(x)X(x)] [Xt(x)A (x)yo°], (A 6)
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