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Abstract. The fully relativistic quantum mechanical treatment of paraxial
electron-optical image formation initiated in the previous paper (this issue) is
worked out and leads to a rigorous foundation of the linear transfer theory.
Moreover, the status of the relativistic scaling laws for mass and wavelength, as
advocated in the literature, is elucidated.

1. Introduction
The state of development of the theory of electron-optical image formation can

best be discussed along the lines depicted in figure 1. We distinguish four different
regimes when studying image formation in the electron microscope. In the context of
the present paper the term 'image formation' only signifies the transport of the
electrons through the electromagnetic fields inside the microscope. We explicitly
exclude a discussion of the interaction of the electron beam with the specimen. We
are only interested in the transport of the scattered or unscattered electrons (or
wave function when studying the quantum mechanical version of the problem)
through the electron microscope. The box 'Class-NR' stands for electron-optical
imaging for the case that the motion of the electrons can be described by non-
relativistic classical mechanics; 'classical' meaning 'non-quantum mechanical'. This
field has been treated in many textbooks [24] and can be considered as completed.

The box 'Class-Rel' stands for electron-optical imaging using relativistic
classical mechanics. This field has also been amply discussed and has reached
maturity. Sometimes published recipes show how to pass from a non-relativistic

Figure 1. The different regimes for electron-optical image formation.

tPresent address: Philips Medical Systems Division, Product Group Imaging, QJ-1,
Eindhoven, The Netherlands.



H. A. Ferwerda et al.

result to its relativistic counterpart, for example, by replacing the electrostatic
potential by a relativistically corrected potential [5-7]. When these substitutions are
performed indiscriminately, wrong equations result. These risks are unnecessary as
a complete theory is available (see for example [2, 3]).

The box 'Qu-NR' denotes the non-relativistic quantum mechanical formulation
of image formation, in particular based on the Schr6dinger equation. This
programme has been treated in depth by Glaser in his inimitable book Grundlagen
der Elektronenoptik [3] and his handbook article [2].

The box 'Qu-Rel' denotes the relativistic quantum mechanical formulation of
image formation. This practically virgin territory which has to be explored because
of the high accelerating voltages used in today's electron microscopes has not been
treated fundamentally. The transition from Qu-NR to Qu-Rel can be made,
according to some references [8, 9], by replacing the rest mass m0 of the electron by

its relativistic value mrel=mo(1 - v2/c 2)- 112 ,v being the velocity of the electron.
Moreover, the De Broglie wavelength, which in the non-relativistic theory is given
by ANR=h/mOv (h being Planck's constant), should, in the relativistic regime, be
replaced by AR = iNR(1 - v2 /c2 )1 /2 . In [10] the reader is referred to a paper by Fujiwara
[11] for the proof of these statements, who bases his results on the first Born
approximation of the Dirac equation describing the scattering of the electron beam
from the specimen. Fujiwara, in turn, refers to the work by Von Laue [12], who
performed similar research. In the theory of image formation we are also (and in this
paper even primarily) interested in the propagation of the wave function through the
microscope. Paraxial image formation is adequately treated quantum mechanically
in the lowest-order WKB approximation (also called, in this context, the geometrical
optical approximation). This is quite different from the Born approximation used by
Von Laue and Fujiwara [12,11] and the validity of the substitutions mentioned
above becomes questionable in the WKB approximation. As the linear transfer
theory [8, 13] is based on the quantum theoretical formulation of the imaging process
we have to give a satisfactory proof of the linear transfer theory based on the fully
relativistic quantum theory of the electron, i.e. we have to take as our starting point
the Dirac equation. This programme was initiated in the preceding paper [1]. In that
paper it was shown that if the following conditions are satisfied:

(i) the spin of the electron is not observed;
(ii) the electromagnetic potentials do not vary appreciably over distances of the

order of the Compton wavelength of the electron (0'02 A);
(iii) the energy of the electrons is so low that no electron-position pairs are

created;
(iv) only elastically scattered electrons participate in the imaging process;

then the current density in the image plane can be expressed in terms of a wave
function that obeys the Klein-Gordon equation for spinless particles. In the present
paper we shall therefore study the propagation of this 'scalar' wave function. We shall

restrict ourselves to paraxial image formation. We shall see that this leads rapidly to
the relativistic Hamilton-Jacobi equation which describes the motion of a relativistic
electron in classical mechanics. This equation is rather similar to the Hamilton-
Jacobi equation which has been studied by Glaser in the context of the Schr6dinger
equation. It is therefore not surprising that we can follow the path set out by Glaser.
For the sake of clarity, we shall present the detailed derivations without claiming
originality for every step in the argument.
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Finally we shall establish contact with the linear transfer theory which turns out
to be correct, only the calculation of the constant of spherical aberration has to make
use of the relativistic trajectories. Substitutions, like the ones mentioned earlier in
this section, never appear explicitly. The theory unambiguously prescribes which
expressions should be used. We now have a similar situation as in the transition
between the regimes Class-NR to Class-Rel, which could be affected by introducing
a relativistically corrected potential, provided the substitution was performed in the
appropriate non-relativistic equation. In the case under investigation, there is no
longer room for uncertainty: a correct theory is available (see § 10).

2. The basic equations
In the preceding paper [1], we have shown that the fully relativistic theory of

electron-optical image formation can be based upon the Klein-Gordon equation for
spinless particles:

[c- 2(E+ e0)2 - (p + eA)2 - m2c 2]¢(x) = 0, (2.1)

where the charge of the electron has been taken as - e (e > 0) and m0 is the rest mass of
the electron. The expression for the current density is given by

j(x) = 2 [ [*(x)(V + ieh- 1A)(x) - O(x)(V - ieh - 1A)O*(x)]. (2.2)
2imo

When writing down (2.1) we have a stationary state of the system in mind: in
particular, we assume that the electromagnetic fields are time independent. A is the
vector potential, is the scalar potential. We work in the Lorentz gauge which in our
case reduces to

V-A = 0. (2.3)

The central problem that will be addressed here is the propagation of the wave
function through the microscope: given the values of the wave function in a plane
inside the optical system, deduce the wave function at points outside this plane. We
will perform this programme in the WKB approximation, specialized to the paraxial
regime.

3. The WKB approximation
Working out equation (2.1) using equation (2.3) we find for the Klein-Gordon

equation,

[h 2V2 + 2iehA'V-e 2A 2+C-2 (E + e) 2 - M2C
2]0(x) =0. (3.1)

*(x) is written as

$(x) = a(x) exp [ih-1S(x)], (3.2)

where a(x) and S(x) are real functions. Substituting (3.2) into (3.1) and taking the
real and the imaginary parts of the result leads to the following equations in WKB
approximation:

(VS + eA)2 -c 2(E + e) 2 + m2c2 = 0, (3.3)
V~[(VS +eA~a

2 ] =0 
34
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In the derivation of (3.3) we neglected a term h2V2a, which is admissible in the WKB
approximation. As has already been noticed by Glaser [14], discarding h2V2a is not
allowed near caustics where V2 a has an appreciable value.

Equation (3.3) is recognized as the Hamilton-Jacobi equation of the correspond-
ing non-quantum mechanical problem. Equation (3.4) can be interpreted as a
conservation law for the number of electrons, if we identify the kinetic momentum
pk i n as

pkin=VS+eA. (3.5)

In Appendix A we show that this identification is consistent with the fact that the
probability density p(x) is given by a2 (x)(1 -v 2/c 2 ) 1/2, where v is the velocity of the
electron. The probability current density is then given by j(x) = p(x)v. This allows us
to rewrite (3.4):

Vj=O, (3.6)

corresponding to the conservation of probability for stationary states.
The identification (3.5) also follows from a more rigorous approach based on the

characteristic differential equations corresponding to the Hamilton-Jacobi
equation.

The relation between the velocity v and the kinetic momentum is given by

pkin moV (3.7)
(1 -v 2/c 2)1/2

(3.5) and (3.7) are the basic relations which give the connection between S and
physical quantities like velocity.

4. Propagation of the wave function through the optical system
We consider the situation in which the values of the wave function are given in the

plane z = z0 . The values of the wave function at points to the right of the plane z = z0
have to be calculated. Formally this problem can be solved by a Green function
technique.

Let the Green function G(x, x') satisfy the following equation:

[h 2V2- 2iehA-V-e 2 A2 + c- 2(E+ e4) 2 -m2c2 ]G(x, x') = -h 2 b(x -x'). (4.1)

Notice that on the left-hand side of (4.1) the operator is the adjoint of the operator
occurring in (3.1). The Green function G(x, x') can be interpreted as the wave
function at the point x that is generated by a disturbance located in the point x'.
G(x, x') describes an electron whose direction of motion has been reversed (because
G satisfies the adjoint of equation (3.1) for x&x'). Notice that the operator in
equation (4.1) only operates on the variable x. Multiply (4.1) on the left by O(x), and
(3.1) on the left by G(x, x'), and subtract the resulting equations. This yields

V[¢(x)VG(x, x') - G(x, x')V¢(x) - 2ieh- 'A(x)G(x, x')b(x)] = - (x-x')O(x).

This relation is integrated over a volume '/ containing the point x'. Applying Gauss'
divergence theorem we get

¢(x') = - f [(x)VxG(x, x')- G(x, x')Vx.(x)-2ieh- 1 A(x)G(x, x')¢(x)]-da, (4.2)
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where da is the surface element on 93, and 9' is the boundary of . The index x
indicates that V operates on the variable x.

We will now specialize the general formula (4.2) to the problem we set out to
solve: given the values of the wave function on the plane z = zo calculate the wave
function for z > z 0. We now consider the volume to be bounded by the plane z = Zo
and the spherical surface xl =R, R- oo. The contribution of the spherical surface
yields zero in the limit R- oo as follows from Sommerfeld's radiation conditions [15]
for ' and G,

limB (R iko )=O

and a similar relation for G. The vector potential goes to zero at least as fast as R 3.
In this way we find

r [ F OG(x°,x) +G(Xo)
=W J o -q(Xo) tg+oG(x x)

-2ieh 1A 2(xo)G(x 0 , x)l(xo)] dxO, (4.3)

where x is a general point in the plane z=z o. It is well known that the Klein-
Gordon equation (3.1) does not permit the prescription of O(xo) together with its
normal derivative 00(x0 )/OzO on the plane z=zo. We therefore have to construct a
Green function which satisfies (4.1), and moreover

G(x, x)=O 0, (4.4)

for every x on z=z o and every x. Then (4.3) reduces to

(x)=o *(Xo) °G(xo, x) dxo, (4.5)
f =-O OZo

which describes the transport of the wave function through the optical system.
Evidently, the problem is now to construct the pertinent Green function.

5. Construction of the Green function
The construction of the Green function G(x, x') proceeds along similar lines as

the calculation of the wave function *(x) in § 3, because G(x, x') is the wave function
due to a delta disturbance located at x'. By analogy to equation (3.2), we express
G(x, x') in terms of its modulus and phase:

G(x, x') = a(x, x') exp [-ih- 'S(x, x')], (5.1)

where the minus sign in the exponential signifies that G(x, x') satisfies the adjoint of
the Klein-Gordon equation if x # x'. a and S are real-valued functions. Substitution
of (5.1) into (4.1) leads to equations similar to (3.3) and (3.4):

[(VxS(x, x') + eA(x)) 2 -p 2 ]a = h2 (x - x') (5.2)

where

p2 =c-2 (E+eqe) 2 -mo2c2. (5.3)

V'[{V=S(x, x') + eA(x)}a 2(x, x')] = 0.
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For xix', (5.2) is the same equation as (3.3). Equation (5.4) expresses again the
conservation law Vj = 0, where j is the probability current density, which equals
a2v(1 - v2

/c
2
) - 1/2 = pV (v is the velocity). For the proof see Appendix A. Considering

the dimensions, we identify as irt (3.5) the relativistic kinetic momentum of the
corresponding electron:

pkin(x, X') = VxS(x, x') + eA(x). (5.5)

(5.5) can be rewritten as

VxS(x, x') = pkin(X, X) - eA(x), (5.6)

from which we deduce

S(x, x') = [pkin(x x') - eA(x)] ds, (5.7)
xf'

where Y is a curve connecting x' to x, directed from x' to x. We now choose for the
curve Y, connecting x' to x, the actual electron trajectory linking x' to x:

S(x x') = (pkin(x x') ds-eA(x)ds) = p ds -eA(x) ds), (5.8)
I X

withp given by equation (5.3), as follows from (5.5) and (5.2). S(x, x') represents the
phase of G(x, x'). This phase has been normalized such that

S(x', x') = 0 (5.9)

The trajectory x = x(z) connecting x' to x can be determined using Fermat's
principle [16],

6S(x, x') = 0,

where

JxxLf~ \ (S(x, x') = [ 1 + (-) + (-) ) -e(A x-+A y-+A)] dz. (5.10)Z dz xdz dz

Abbreviating the integrand of (5.10) by

F(x, y, x' y') =p(1 + x ' 2 +y'2 ) 112 -e(Axx'+ Ayy'+ Az), (5.11)

where we introduced x' = dx/dz, y' = dy/dz (not to be confused with the components
of the vector x'), the equations of the trajectories follow from the Euler-Lagrange
equations of (5.10):

OF d F aF d F (5.12)
ax dz ax" ey dz y'(

The phase S(x, x') is determined by (5.10) and the equations of motion (5.12). We
shall now turn our attention to the amplitude a(x, x'). First we notice that G(x, x') has
a singularity in x = x', which follows by integrating (4.1) over a small sphere of radius
e centred on the point x'.

A(x)VxG(x, x') = Vx [A(x)G(x, x')]
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because Vx A(x) = 0. We immediately find

X [h2VxG(x, x') -2ie G(x, x')A(x)]-n da = -h 2, (5.13)

where Y is the sphere Ix-x'l=e. Equation (5.13) implies that for x-+x', G(x,x')
behaves like

-1 1
G(x, x')= for x-ex'. (5.14)4irIx-x'I

So G(x, x') corresponds to a radial probability current density near x = x'. We finally
have to construct G(x, x') such that for every x',

G(x0, x') = 0, (5.15)

where x is a generic point in the plane z = z0 .
In order to satisfy (5.15) we will consider two Green functions rF and Fm. F(~, x)

satisfies equation (4.1):

[h 2 V2 -2iehA(¢)V -V-e
2A2() + c - 2 (E + e(¢))2

- m2c 2]F(, x) = - h( - x).
(5.16)

The delta-source generating F(l, x) is located in x. The operator working on F(¢, x)
operates on the variable ~, as has been explicitly denoted by the subscript ~ on the
differential operators. We will abbreviate (5.16) as

LF(¢, x) = - h2 (C(-x), (5.17)

where L, is the operator on the left-hand side of (5.16).
Next we consider an electron-optical system which has electromagnetic fields

which have been mirrored in the plane z=z0 , the object plane. Let this mirror
operation be described by the operator S. The operators occurring in L4 show the
following behaviour under S:

SAx()S- =Ax(¢m), SA:(C)S -l = -A(¢m),
y y

S+(4)S-l-=~-(m), S /0xS- = 0/amx, (5.18)
Y Y

s 3/iz s- 1 = -

where m is the mirror image of ¢ in z=z0 .
Applying the mirror operation to (5.17), yields

SLS F(, ) 6( -1 S(, ) -h2(m Xm)

Lc is invariant under this operation

SL¢S- =L .

So SF(C, x) satisfies

L6 SF(¢, x) = - h2 (gm - Xm).

Let us denote SF(¢, x) by

SF(, x)= Fm(1m, Xm). (5.19)

It is clear that m(¢m, Xm) also satisfies equation (5.16), its source being located at xm.
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Now we construct

G(~, x) = (, x) - Fm(m, Xm). (5.20)

G satisfies equation (5.16) in the space z>z o.
Let us write

F(, x) = a(~, x) exp [- ih- 1 S(, x)], (5.21
(5.21)

Fm(~m, xm) = a(~m, Xm) exp [-ih - l3(~r., Xm)].J

In order to satisfy (5.15) we require in the plane z=zo:

a(x 0 , x)=a(x0 , Xm), } (5.22)

S(Xo, X) = (Xo, Xm).

For the application of (4.5) we have to calculate aG/azo. From (5.20) and (5.21) we
obtain, using (5.21)

aG ada AS a a
_=-ih - __ +( s a _ exp(-ih-'S) on z=z o. (5.23)

In the lowest-order WKB approximation only the first term between the square
brackets survives, yielding

aG ih_ as aOS
-=-ih-a a-so exp[-ih-lS]. (5.24)

EZo = EZo - AZo)

Both S and satisfy the Hamilton-Jacobi equation (5.2), from which we
immediately deduce

a +eA =±_,+ eAo onz = zo.

The upper sign would lead to OS/aZo=0a/azo, which in combination with the
second equation of (5.22) would lead to aG/azo =0 on z=zo, which is evidently
nonsensical. Consequently we have

.as +_eA_ = + eA. (5.25)

We now convert to a convenient change of notation: x, x0 and so on shall refer to
transverse coordinates (the z-component will be provided explicitly where needed).
So our 'old' x stands for x, z in the changed notation. (4.5) now leads, using (5.25)
and (5.24), to

~f(x) =-2ih l o(x)a(xO, X)(-s(x, °x) +A exp -ih- S(x, xo)] d2xO.

(5.26)

We suppressed the zo and z dependence of a and S and only showed the transverse
coordinates in accordance with our change of notation.

In the remaining part of this section we shall express the amplitude a(x, xO) in
terms of the eikonal function S(x0 , x). Firstly, remember that rF(xo, x) is the wave
function generated by a delta-source located in x. In the neighbourhood of x, F(¢0 , x)
behaves like a radial probability-amplitude current.
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z=zo

Figure 2. Relation between d and d2 xo.

Let x be the point of convergence of an electron beam of solid angle dfl. This
beam intersects the plane z = z 0 in the surface element d2xo around xO. We want to
find the relation between dO and d2xo. This can be done using the equality of the
number of electrons passing through d2 xo and the number of electrons arriving at x
in the solid angle dQ. The number of electrons passing through the element d2 xo on
z =z 0 is given by

jzo d
2

xo = a2 (
xO, x)Vzo(l -V2

(x0 )/c2)- 1/2 d2
xo, (5.27)

where v is the z-component of the velocity v in z = z o. v is the magnitude of the
velocity. Both vZ,, and v depend on x. F(x, x0 ) represents (near x) a radial current.
We find for the number of electrons emitted in the solid angle d[ per second passing
through a sphere of radius centred on x:

jr(X')E2 dQ = a2(x, x)V(x')[1 -v
2

(x')/c
2

] -1/
2

:
2 dn,

where vr(X') is the radial velocity at x' and v(x') is the magnitude of the velocity at x'.
For e-0, x'-x (5.14) can be used yielding

a2 (x', X)Vr
2 d (41r)-2Vr(x)[1 _-

2
(x)/

2
] - 1/2 dQ. (5.28)

Conservation of the number of electrons leads to the equality of expressions (5.27)
and (5.28):

a2 (x0 , X)vz[l -v 2(xo)/c 2 ]-l/2d 2xo=(47r)-2v(X)[1 -v 2 (x)/c2 ]-l2d Q. (5.29)

Next we derive the relation between d2 x0 and dQ. Because of (5.7) the direction of the
electron trajectories at the source point x is given by

pkin(xo x) = -VxS(Xo, x) + eA(x). (5.30)

Calling the direction cosines of the trajectories at x , #, , we have

dQ=y- ddfl, (5.31)

VX pkin pkin
-- =p p(x) (5.32)

where p2 =c-2 (E+e) 2-moc2 because S satisfies the Hamilton Jacobi equation.
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In this way we straightforwardly derive

dQ = y- 1 (q ) dxodyO (5.33)
a(xo, Yo)

a2 s a2 s

r ax~ax doay
=p- (x) -a + eA: Axo2s a 2s dxO dyo. (5.34)=P Oz ~~02S a2S

ay0aX ayaOy

Combining (5.29) and (5.34) we find

a2 = (47r) 2 Vr(X)[Vzo(XO)]- 11I -V 2 ( Xo)/c 2 ] 1/2

a2 s a2 s

OXOx ax0aa
X o2S [-V2(X)/C2] 1/2p J(x)(-82 +eA) (5-35)

2$OaX aY0eAY

Now

Vr(X) = V(X) =p(x)c[p2 (x) + moc
2 ] - 1/2 (5.36)

vz0(xo) = v(xO) = (xo)pzo(xo)p- (xo0 ) (5.37)

aS(Xo, x)
P = : ~ + eA. 0 (xo). (5.38)azo

After a straightforward calculation we find

a2S 02S 1/2

a(x x) (47) [ as + eA as /2 eAaXaX aX0 aY (5. 39)
IA z /\az0 J a2s a2S

ay 0aX ay 0aY

a(xo, x) has now been expressed in terms of the eikonal function S. So we can now
turn our attention entirely to S(xo, x). For future reference, we combine equations
(5.26) and (5.39), yielding the following propagation formula for the wave function

(x):

as ( 11/2
- + eA, 0(xo)

f(x)= -i(2irh)-1 o(xo) 0s j'
I z +eA.(x)

a2S a2 S 1/2

aXoax aXo0ay
x a2S a2S exp[-ih- S(x ( x)]d 2xo (5.40)

ay0ax ay0ay
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In line with common usage we shall calculate the eikonal function S(x 0 , x) according
to

S(xO,x)=, (pds-eA(x)'ds). (5.41)
XO

The difference between this and (5.5) is that the limits on integration have been
interchanged, which reverses the sign of S. When using the convention (5.41), (5.40)
has to be changed:

r as 11/2

2X,~ ~ Oo AoXo)
'p(x)= -i(27th)f d - fs

-z + eA:,(x)az ]
a2 S 02S 1/2

X 2 a5
2 s exp[ih- S(x0 ,x)]. (5.42)r2S 32S

ay0ax ayOay
Equations (5.41) and (5.42) are the basis for the following calculations. (5.42) is
recognized as equation (180-32) of [3].

In the next section we consider rotationally symmetric fields. In that case, A. = 0
and (5.42) can be simplified further.

6. Calculation of the eikonal function S(x 0, x) in the paraxial
approximation in a rotationally symmetric field

The eikonal function S(x0 ,x) is given by (5.41) which is repeated below:

S(x 0, x)= F(x, y, z, x', y') dz, (6.1)
zo

where

F(xy, Z x' y') =p(l +x ' 2 +y,2)1/2 -e(Ax'+Ay'+Az), (6.2)

where x(z), y(z) is the electron trajectory linking the points (x0, z 0 ) to (x, z). The
equations of the trajectories follow from (5.12). For a rotationally symmetric field we
have

Az=0. (6.3)

Assuming that the electrons leave the cathode with zero velocity we have

p = c - 1 [(m 0 c2 + e4(x, z))2 -m2c4 ] 1/
2 . (6.4)

For a rotationally symmetric field, 4(x, z) only depends on lxl = r and z. The paraxial
approximation for O(r, z) reads [17]

O(r, z) = rD(z) - r2 "(z) r4r)(4)(z) +..., (6.5)

where ((z) is the electrostatic potential on the optic axis.
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For a rotationally symmetric field the vector potential A(x, z) is given by [18]

A(r, z) A(r, z)
A x = - r y, Ay= r x, A=0. (6.6)

r r

The paraxial approximation of A(r, z) is given by

A(r,z)=½rBz(z)- 6r3B"(z)+..., (6.7)

where Bz(z) is the z-component of the magnetic induction along the z-axis. We can
now make a paraxial expansion ofF. We will proceed up to and including terms of the
fourth order in x,y, x'= dx/dz and y'=dy/dz. The quantity p in equation (6.4) is
expanded according to

p = p(°)(z) + p(2)(z)r 2
+ pm4)(z)r 4 + .(6.8)

where

p2 (z) = (2n) [ dr2n,= (6.8 a)
(2n)!L dr 2

r0

The paraxial expansion of F is written as

F=Fo+F2 +F 4 (6.9)

F0 is of order zero, F2 of second order and so on, in the paraxial variables x, y, x', y'.
After a straightforward'computation, we find from (6.2), (6.8), (6.6) and 6.7):

Fo =p(°)(z) (6.10)

F2 = 1p( 0 )(x,2 + y' 2) + p(2 )r2 + eBz(yx'-y'x) (6.11)

F4 =-lp(0)(x,2 +y2 )2 + p( 2)(x'2 +y' 2 )r2 +p(4)r4 -_6eBr2(yx' -y'x). (6.12)

In the next section we consider the propagation of the wave function of second
order in the paraxial quantities.

7. Image formation and wave propagation in the second-order paraxial
approximation-Gaussian image
For the calculation of S(x0 , x) we have to know the equations of the electron

trajectories x=x(z), y=y(z). These equations follow from (5.12) where

F=Fo+F2. (7.1)

F2 is given in (6.11). The third term on the right-hand side of (6.11) shows that the x
and y coordinates are coupled. We shall decouple the x and y coordinates by a
suitable coordinate transformation. For that purpose, we introduce a change of
notation: the coordinates x and y which are fixed with respect to the microscope, will
now be written as X and Y. The coordinates remain unchanged. So

F =p(0 )(X'2+ Y' 2 )+p(2)r2 +eB (YX'- Y'X), 2=X 2 + y2. (7.2)

We perform a coordinate transformation:

X=xcosO+ysinO 
~~Y=xsin~y~ (7.3)Y=xsinO+ycosO,)
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where 0 may depend on z; a rotation of the transverse coordinate system by an
angle 0.

Straightforward computation gives

r2 =X 2 + y 2 =x2 +y 2

X,2 + Y,2 = x,2 +y ,2 + 20'(x'y-yx') + 0'2r2 (7.4)

YX'-XY'= -xy'+xy+O'r2 . }
Substituting (7.4) in (7.2) and demanding that the term in F 2, which couples x and y
vanishes gives

p(°)0' + eBz = 0 (7.5)

So 0(z) equals

I(2, = S plo)( , dz' (7.6)O(z) = ~eBz(z') dz' 76
zo .P(°z')

((7.5) will be recognized as the formula for the Larmor frequency.) F2 now becomes

F2 = p(0)(x,2 +y,2 ) _q(0)(x2 +y 2 ), (7.7)

where we abbreviated

( =e2B 2(0) e _ 2p(2). (7.8)
qp 

The equations of the electron trajectories in the rotated coordinate system now
follow from (5.12):

d aF2 F2 . d F2 OF2 (79
dz Ogx' Ox' dz y' ay '

where we made use of the fact that F0 drops out of the equations of motion. The
equations of motion are

[p(°)x']' + q(°)x = 0 }(7.10)

[p(O)y] + q(O)y = O.

Equations (7.10) are the paraxial equations of the trajectories and lead to Gaussian
image formation. The image formation can best be discussed by introducing two
linearly independent solutions, s(z) and t(z), of (7.10), specifed by

s(Z 0) = 1, s'(zo) = 0 } (7.11)

t(Zo) = 0, t'(z0) = 1.

The plane z= z0 is considered as the 'object plane' (figure 3).
Because of the decoupling we may focus our attention on the x-component of the

motion only. The electron trajectory leaving the object plane at the point x0 with a
direction x' can be expressed in terms of the independent solutions s(z) and t(z):

x(z) = x0s(x) + x't(z). (7.12)

The image plane is defined as the plane where the trajectories all going through the
point x0 , but with different directions x', intersect each other (see figure 3). If the
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x X1

xO'

~z

Z=ZO Z=Z1

OBJECT IMAGE
PLANE PLANE

Figure 3. Definition of the image plane.

image plane is denoted by z=z1 , we see that z1 follows from

t(zl)=0. (7.13)

From (7.12) we immediately derive, that the lateral magnification M is given by

M=s(zl). (7.14)

The calculation of the eikonal is now straightforward: let us consider the propagation
of the electron wave function from the plane z = z0 to the plane z = ZD (the index 'D'
heralds that we will place a diaphragm in this plane at a later stage)

S(XO, XD) = SO(Xo, XD) + S2 (XO, XD) (7.15)

rZD

SO(xo,xD)= Fo (z)dz (7.16)
.1 ZO

rZD

S 2(x0, D) = F2 (z)dz. (7.17)
ZO

At this stage of the calculation it is advisable to introduce two different linearly
independent solutions g(z) and h(z) of (7.10) which are specified by

g(zo) = 1, g(ZD) =O )
(7.18)

h(zo)=0, h(zD)=l.(

The advantage of this system compared to the functions s(z) and t(z) specified in
(7.11) is that the xD-dependence of S2(x0 , XD) can now explicitly be exhibited,
because

x(z) = x0 g(z) + XDh(Z) 
(7.19)

y(z) =yog(z) +yDh(Z). 1

In Appendix B we derive the relation between the sets (s, t) and (g, h). Substitution of
(7.19) into (7.7) leads to the result

S2 (x0 , XD) = a1 (x +YD) + a2(xoxD +YOYD) + a3(xo +Yo),
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where

r ZD

a = [p(°)h'2-½q()h 2] dz (7.21)
zo

r ZD

2 = [½p(°)g'h'- q(°)gh] dz (7.22)
ZO

rD

2a3 = [p(O)g, 2 _q(O)g2] dz. (7.23)
zo

The integrals (7.21)-(7.23) can even be carried out explicitly by using the fact that
g(z) and h(z) satisfy (7.10):

Z (p(O)h' 2 - q(°)h2) dz = fZ [(p(°)h')h' + (p(°)h')'h] dz
zo zo

Z0~~~~~~rg

f ZD d
= lz -(pP°)h'h) dz

dz

=p°)h'hD -p(o)h'h

=p(°)h, (7.24)

because of (7.18). p(O) stands for p(°)(zD) and the other quantities h', hD, h', ho are
defined similarly. In this way we find

a = p(o)h, (7.25)-- 2/JD D

½a2 =p(o)g D -po)h', (7.26)

2a3 =2P(o ),, (7.27)

So S2(xO, xD) can be written as

S2(x0 , xD) = 4p()h'IxDI2 +p()g xO 0D-p00' IX0 2 (7.28)

Note that (as was to be expected) S2(XO, xD) only depends upon the rotational
invariant quantities x +Y D = IXD 12, XOXD + yoYD = XO'XD and x2 +y2 = lx0 12 . The

invariant YOXD-yDXO does not appear in this order because of (7.5). These invariants
also turn up in higher paraxial approximations.

The propagation of the wave function from the plane z = zo to the plane z = ZD is

furnished by the complicated expression (5.42). However, the structure of the
integrand is pretty simple because of the rotational invariance of S:

(xD, ZD) = const f (Xo, Zo)

x [f+foolxol 2 +foDX 0'XD+ foD(YoxD-YDXo)+fDDIXDI 2]

X exp [ih- {S0 + allXDI 2 + a2 XO'XD + a3IXO12 }] dxo, (7.29)

where the quantities f, fo0o, JOD, fOD and fDD are functions of ZD and can be
calculated from (5.42) by hard labour. We shall not do so because our aim is to
establish the connection between the relativistic theory of electron-optical image
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formation and linear transfer theory. This connection will be established in the next
section.

8. Linear transfer theory in second-order paraxial imaging
As is well known, linear transfer theory requires isoplanatic imaging [19,8]. In

the case of equation (7.29), this requirement means that it must be possible to write
the integral in the form of a convolution:

(x l )= O0(xO)K - d

il(xl) stands for O(xl, z1), the wave function in the image plane. 0o(x0) stands for
r(x0 , zo), the object wave function. As a rule, (7.29) cannot strictly be written as a

convolution. Numerical experiments by Storbeck [20] seem to indicate that the
coefficients fO0 , fOD, fOD and fDD are negligible with respect to f. As linear transfer
theory has been successfully applied in electron microscopy [5, 13] we rely upon the
assumption that the functions foo, foD, fOD and fJDD may be neglected. So for our
purposes (7.29) reduces to

O(XD) =f(zD) f d2xo o(xO) exp[ih l{So +2allxD +a 2 XO'xD + a 3 xol 2 }] (8.1)

S0 is a constant and leads to an irrelevant, constant phase factor. Consequently S0
shall be dropped. In addition, the factorf(zD) shall be dropped for reasons of clarity.

We now consider the imaging process to be a two-step process (figure 4): the first
step is the propagation from the object plane z = z0 to the diaphragm plane z = zD; the
second step takes us from the diaphragm plane to the image plane. The first step
yields

OD(xD) = fz=zo d 'xO (x) exp [ih {a (D)lXDI 2 + a2(zD)Xo-XD + a3(zD))XOI 2}].

(8.2)

The second step leads to

(xl)= ZD d2 XD oD(XD) exp[ih {2al(zl)xl12 +a2 (Zl)xD xl+ 2a 3 (Zl)lxD12}],
Z=ZD

(8.3)

where we have to keep in mind that al(zD) and 51(zl1 ) will be different functions.
Combination of (8.2) and (8.3) leads us directly from the object plane to the image
plane:

(x)= f d2xD d2x0 o(x0 )
Z=ZDdx)~' g=O

xexp [ih- {[a(zD) + 53(z1)]lxDI 2 +a2(ZD)XoXD

+ 2(z1 )xD x +2a 3(zD)lXol2+ 5(zi)lx12 }]. (8.4)

Up until now, the plane of the diaphragm has been chosen arbitrarily. We now
choose ZD such that the coefficient of xo12 occurring in the argument of the
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I
ZsZ O Z=ZD Z=Z1

Object Diaphragm Image
plane plane plane

Figure 4. The important planes for describing image formations.

exponential becomes zero:

a3 (ZD) = 0. t (8.5)

In addition the plane z=z, has been left unspecified up until now. We shall now
choose z 1 such that the plane z=z 1 corresponds to the Gaussian image plane. The
Gaussian image plane is defined as the plane in which the current density is a
multiplicative constant times the current density in the object plane. We choose z1

such that the coefficient of IDI2 occurring in the argument of the exponential in (8.4)
becomes zero:

al(ZD) + 3(Zl)= 0. (8.6)

If we redefine the wave function Il(xl) in the image plane by

0i1(x 1) = 1(x1)exp [-ih l al (zl)xl12], (8.7)

this does not affect the current density in that plane: as has been noticed near
equation (3.5), the current density in the geometrical optical approximation is
proportional to the squared modulus of the wave function. Equation (8.4) reads, in
the Gaussian image plane,

21(Xl)=d e d2 xD d2 Xo 0 (xo)eXp[ihl XD{a2(D)Xo+a 2 (Z1 )Xl}] (8.8)
,JZ Z=Z0

Equation (8.8) evidently reflects isoplanatic imaging because x0 and x1 occur in the
combination a2 (ZD)xo + a2(z 1)xl1 . The lateral magnification M is therefore given by

M= a2 (zD) (8.9)
a2 (z1 )

The right-hand side of (8.9) should be equal to s(z 1 ), according to (7.14). This is
shown in Appendix E.

It has become common practice to unravel (8.8) into a two-step process: when
going from the object plane z = z0 to the plane of the diaphragm = D the object

t Relation (8.5) can be shown to be equivalent to the condition S(ZD) = 0. See Appendix C
for proof.

I The relations (8.5) and (8.6) should be equivalent to the condition t(z,)=0 stated in
equation (7.13). This is shown in Appendix D.

I

I
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wave function IO(xo) develops into the wave function ID(xD) in the diaphragm plane:

/iD(xD) = { d2 xO 0o(xo) exp [ih- a2(ZD)x0OxD]d Xo. (8.10)
z~zo

Equation (8.10) can be written in a more easily interpretable form using (7.26):

1D(XD) = zo d2 x0 0(xO) exp [ih 'p(o)tg xoxD]. (8.11)

The proof of this relation is given in Appendix F. p °) is the magnitude of the
relativistic momentum in the plane z = z0 taken on the optic axis as follows from (6.4)
and (6.8).

The second step, from the plane of the diaphragm to the image plane, is

(X1) = { ID(XD) exp [ih- a2(Zl)XDXl]d XD- (8.12)
Z=ZD

Equation (8.12) can be cast into a more recognizable form, as is shown in
Appendix F:

~i(X1)=
F1 ;t -1~(0tA -1,- XDX1]l(.13

(X)= = d2
XD D(xD) exp [2 ih p(O)M tD Dl] (8.13)

ZmZD

Notice that in (8.9) we wrote D(xD) instead of qD(XD) for the wave function in the
plane of the diaphragm. The reason is that the quadratic phase factor
exp [ih- {2al(ZD)xDI 2 +2a 3 (ZD) 0 12 }] has been omitted, which is allowed when the
conditions (8.5) and (8.6) have been satisfied. It should be borne in mind that fD(xD)
is not the actual wave function in z = z0 but an 'effective wave function'. (8.11) is a
Fourier transform relation between 0 (x0 ) and D(xD). The plane Z = ZD is therefore
often termed the 'Fourier plane', 'diffraction plane' or 'Fraunhofer plane' (the latter
stemming from the Fourier relation between the complex amplitudes in the aperture
in a screen and the far field of the diffracting aperture). The transition between the
diffraction plane and the image plane, equation (8.12), is again a Fourier transform
relation. In passing, we notice that two Fourier transforms performed in succession
lead to a faithful reproduction of the original. This is the case in the Gaussian image
plane.

We now can also see what happens when we take a defocused image: the image is
recorded in a plane z = l z, which is different from the Gaussian image plane
Z=z1 . In that case, (8.6) is no longer satisfied and by consulting (8.4) we learn that
the phase of the exponential is changed by an amount

exp [ih1 {a3(il) - a3(z1)1XD12}]

This change in phase can be attributed to the effective wave function IPD(XD) in the
diffraction plane which now undergoes the change:

ID(XD)-D(xD) exp [-ih {a3 (i1)-a 3(Z)}IxDI]. (8.14)

As is shown in Appendix F, (8.14) can be written in the more familiar form:

ID(XD)-*/D(XD) exp [2ih lp (1 (t t D X)2AzlxDI2], (8.15)

where Az = l -z 1 denotes the defocus. As is seen from (8.15), defocusing leads to an
extra phase factor in the diffraction plane.
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In the next section we treat the fourth-order isoplanatic aberrations from the
same viewpoint.

9. Higher-order isoplanatic aberrations
The discussion of the previous section is now extended to the fourth-order

paraxial approximations. Our starting points are now equations (6.9)-(6.12). We can
still use the same electron trajectories x=x(z), y=y(z) which follow from the
paraxial equations (7.10), which have been derived from the second-order theory
which was based on Fo +F 2. The reason is that changes of the trajectories due to
aberrations are O(x3 ) (see [21]). As the eikonal is stationary with respect to variations
in the trajectories, Fermat's principle, changes in the trajectories will manifest
themselves in terms of O(x6 ) in S. As we restrict our discussion to terms of order x4

we can retain the Gaussian trajectories.
We can restrict our attention to the integrand F4 of S4 which was written down in

(6.12). Applying the transformation (7.3) and using (7.4) and (7.5) we find

F4 =p [x2+y2_p()-eB(x'y-xy') p+ p[X°) 'e2B22 +2 2 ( 2 +y 2)]2

+2p( 2)(x2 y2 )[x 2 +y 2 -p(O) - eBz(x'y - xy') + p(O) 'e2 B2

X (X2 +y 2 )] +p( 4 )(X2 +y2 )2 1eB ( 2 +y2 )

x [yx'-y'x-p(o) - eB. (x2 +y2)]. (9.1)

With the same assumption as in §7, i.e. neglect of the amplitude factor in (7.29),
which had to be made in order to remain in the regime of isoplanatic imaging, we find
for the propagation of the wave function from object plane to diffraction plane and
from there to the image plane, the following succession of formulas (omitting
'irrelevant' factors in front of the integrals):

OD(XD) = I d2xx00(xD) exp [ih - 1S(Xo, XD)] (9.2)

l(xl) = fd 2XD oD(XD) exp [ih 1 3(XD, Xl) ] . (93)

In fourth order

S=S+S2+S4 } (9.4)

3= No + 2 + 4.

The effects of So, S2, go and S 2 have already been discussed in § 7. We therefore
concentrate on S4 and 34. Combining (9.2) and (9.3) yields

l(XO)= fd2xo fd XD xo(Xo) exp [ih -{S(Xo, XD) + S(XD, x1 )}]. (9.5)

Restricting ourselves to isoplanatic imaging the kernel of the imaging,

K(x , x0 ) = f d2XD exp [ih - ' {S(x0 , XD) + S(XD, x 1)}], (9.6)

may only depend on the combination a x0 + b x1, with a and b appropriately chosen.
An exception has to be made for a term of the type {xl14 which can be taken outside
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the integral and can be inserted as an extra phase factor in /l(xl): this does not alter
the current density in the image plane.

In a moment's reflection we learn that S4 depends on the following rotational
invariants:

Ix014, 1XD14, (X0 'XD)2, (YOXD-YDXO) 2

(XoXD)IX01 2, (XOXD)IXDI 2, (XOXD)(yOXD-yDXO)

OI12 XDI 2 , XOIX2 (yOxD--YDXO), IXD 2(YOXD-YDXo).

For S4 we get similar combinations, the indices '' have to be replaced by '1'.
In the combination S 4 + 4 , we have to look for the combination (axO+bx1 ). In
principle the following powers may occur:

constant,a xo+bx112, laxO +bxl 4 .

We soon realize that only the constant applies, because working out a combination
like axo+bxl 2 leads to combinations xx 1 which cannot occur in S4 + S4 : x0 is
only coupled to x1 , with XD as intermediary. As seen from (8.7) a 'direct' combination
x0ox 1 will not occur. So in this regime S 4 + ,4 reduces to AIxDI4, apart from the
uninteresting term proportional to x114. The term proportional to x0o

4 has to be
absorbed into 0 (xo). The fourth-order aberration exp [ih- 'AIxDI 4] is accounted for
by a phase shift of D(xD). The coefficient A can be deduced from (9.7) by
straightforward computation and describes the spherical aberration. In the standard
notation [13], the extra phase shift given to the wave function in the diffraction plane
by defocusing and aberration is written as

kD(XD)-*D(xD) exp i(xD) (9.7)

with

Y(XD) = 27r- x [CSIXDI4 ½DlxDI2] (9.8)

Here A is the wavelength of the electrons after acceleration: = h/p. The momentum
p is taken as the momentum in the image plane, taken on the axis:

p =p{0 )(Z ) =C- 1 [(mOc2 + e(D(z ))2 m2c4 ] 1/2 (9.9)

as follows from (6.4) and (6.8).

10. Discussion and conclusions
In the present study we have shown that the application of the Dirac equation to

the image formation in the electron microscope leads eventually to the traditional
form of linear transfer theory. For its validity, we had to assume that the
electromagnetic potentials A and do not vary appreciably over distances of the
order of the Compton wavelength of the electron (0-02 A) and we have to restrict the
energy of the electron so that transitions to negative-energy states do not occur (or-
what amounts to the same-that no electron-positron pairs are created). In that case,
the image formation could be formulated in terms of a wave function which satisfies
the Klein-Gordon equation for spinless particles. This result was intuitively
anticipated because the spin of the imaging electrons manifest itself neither in the
interaction with the specimen (because of the negligible spin-orbit interaction),
provided the specimen has no magnetic structure as in Lorentz microscopy, nor in
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the propagation through the microscope. It soon turned out that the geometrical
optical limit of the Klein-Gordon equation leads to equations similar in form
compared to those obtained when the non-relativistic Schr6dinger equation had
been used. The latter approach has been extensively discussed by Glaser [2, 3] and
could be used with minor modifications for the treatment of the relativistic case. We
derived the familiar linear transfer theory up to fourth-order aberrations. Because of
the requirement of the isoplanatic imaging, only spherical aberration appears to play
a role. The theory developed in this paper also allows to calculate this coefficient by
integration along a relativistic trajectory. The ill-founded substitution recipes for
mass and wavelength when passing from non-relativistic theory to relativistic
theory, can now be investigated on their reliability: from (9.8) and (9.9) we deduce
that in (9.8) is the relativistic wavelength, because p is the relativistic kinetic
momentum. Further, we notice that Cs has to be calculated by integration along a
relativistic classical trajectory. The relativistic equation for the classical trajectory is
obtained from the non-relativistic equation of motion,

dp
=-e(E+vAB), (10.1)

dt

by replacing p with its relativistic counterpart:

Pre = m0v(1 -v2 /c2 )- 11 2 . (10.2)

So basically we deal with the substitution

Pnon -rel-Prel (10.3)

The substitutions m--*mrel, A--+Arel obscure the physics of the problem. The
substitution (10.3) for the momentum entails a substitution for the De Broglie
wavelength via .= h/p.
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Appendix A

Proof of the validity of the relation j = pv
In § 3 it was stated that the probability current density could be written as the

probability density (p) times the velocity (v). We shall show that this relation also
holds true in the relativistic regime. We take our starting point in the Klein-Gordon
equation written in fully covariant form:

[(- ih1 + eA)( - iha + ea,) - m2c
2
]+(x) = O, (A )

where A is the four-vector (A, +/c). x is the four-vector (x, ct). In (A 1) the
summation convention (over p) is implied. The four-current density is given by [22]

jM(x) = K[4*(- iha + eAM)o - f( - ihY~ - eAU)q*], (A 2)

where is a proportionality constant, which we shall choose in a moment in such a
way as to obtain the correct non-relativistic expression for the current density.
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Moreover, we shall restrict ourselves to stationary states:

*b(x) = *(x) exp [-ih- lEt]. (A 3)

We choose K= (2m)- 1 so that the probability current density reads

-ih
j(x) =- [0*(x)(V + ieh- 1A)(x) - O(x)(V - ieh- lA)/*(x)], (A 4)

2mO

where mO is the rest mass of the electron. (A 4) coincides with the expression for the
current density derived from the Schr6dinger equation in the non-relativistic limit.
The probability density belonging to (A 4) is readily obtained from (A 2):

p(X)= E+o #*(X(x). (A 5)

writing

*(x) = a(x) exp [ih- S(x)] (A 6)

and noting that (E+e4)/mOc2=(1 y2)-1/
2 with y =vc we deduce

p(x) = (1 -y 2) 1/2 a2 (X). (A 7)

Note that a(x) and S(x) are real-valued functions. From (A 4) we find

j(x) = (VS + eA)a 2 (x). (A 8)
MO

We identified in (3.5) pkin=VS+eA as the relativistic kinetic momentum

pkin =mOv( 1 -Y 2)- 1/2 (A 9)

Combining (A 7), (A 8) and (A 9) we find

j(x) = (1 -7 2 ) -1/2a
2 (x)v = p(x)v, (A 10)

as we set out to prove.

Appendix B

The relation between the sets of linearly independent solutions s(z), t(z) and g(z), h(z) of
(7.10)

As g(z) and h(z) are solutions of the paraxial-imaging equation (7.10)g and h can
be written as linear combinations of s and t:

g(z) = as(z) + ft(z)

h(z) = ys(z) + t(z).

Substitution of the boundary conditions (7.11) and (7.18) we straightforwardly find

g(z) = s(z) -sotf t(z) (B 1)

h(z) = tD 't(z) (B 2)

where SD and tD are shorthand notations for s(ZD) and t(ZD). It should be realized that
the functions g and h depend on ZD: a change of ZD leads to a different functional
dependence of g and h on z.
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Appendix C

Equivalence of the equalities a3 (ZD) = 0 and (ZD) = 0
From (7.27) we derive immediately that a3(zD) = 0 implies g' = 0. Using (B 1) and

(7.11) we find

go = - SDtD 1

and this can only be zero if D = 0.

Appendix D

Equivalence of the relation (8.6) with equality t(zl)= 0
The location of the image plane is given by (8.6):

al(ZD) +- 3(Zl) =0 (D 1)

When applying (7.27) to a3(z 1), we have to express the functions g(z) and h(z) which
play the role of g(z) and h(z) between the planes z = zD and z = z1 in terms of the
functions g(z) and h(z). The boundary values of R(z) and h(z) are given by

t(zD) = O, k(21)=O 2

h(ZD)=0, h(z l ) = 1 ,

while the boundary values of g(z) and h(z) are given by (7.18)

g(zo) = 1, g(zD) =0 (D3)

h(zo) = 0, h(zD) = 1.

After a straightforward calculation based on (D 2) and (D 3) we find the following
linear combinations of g(z) and h(z) for (z) and h(z):

g(z) = -h l gj 'g(z) + h(z) )

h(z) =g- 'g(z). (D 4)

Applying (7.25) and (7.27) to (D 1) we find

p l()L' -02 e°D-D 2D D

from which we deduce h- 'D = 0. Applying (D 4) we find

hlg[ lgD = 0h~g-1gj=0

which implies h = 0. From (B 2) we immediately deduce: t(z1 )= 0. Evidently the
steps can be reversed.

Appendix E

Equivalence of equation (8.9) and s(z 1) = M
According to (8.9) the lateral magnification M is given by

M=a2(zD) (E 1)
ai2(Zl)
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Applying (7.26) to the numerator and denominator we find

_1.(0),

M= a2(ZD) PD' gD (E2)
52ZO 2p(DO'g~,6i - g, ( E 2

which in combination with (B 1) and the relation t(zl)= 0 leads to M=s(zl). Also
these steps can be reversed.

Appendix F
The proof of equations (8.11), (8.13) and (8.15)

From (7.26), (A2) and (7.11) we immediately find
a 2(zD) = _-p(o)h =-p(O)t) t(zo)= -P0t- (F1)

2 PO D F1

For 2(z1 ), we also use (7.26):

a2(Z) = 2P(o°)qTD (F 2)

We now use successively (D 4) and (B 2) and find

52(Z, = 1 pID (S tD- SDtD). (F 3)
2 g1 tD

The factor S'DtD-sDtiD is the Wronksian of s(z) and t(z) which can be straight-
forwardly deduced from the differential equation (7.10) which s and t satisfy.

[P(°)s']T + q(°)s = 0 ( x t)

[p(°)t']' + q(°)t = 0 ( x s)

p(O)d [s't- t's] +p(°)'[s't- t's] = O.
dz

From this equation we directly solve for s't-t's and take into account that in z = z0
this quantity equals -1 because of (7.11):

s'(z)t(z) - s(z)t'(z) = -p(o°)[p(°)(z)] - 1. (F 4)

From (E 2) we finally find

a2(Z,) = P(o°)M- lt- 1 (F 5)

For the proof of (8.15) we have to calculate 3 (i 1 )-6 3(z 1 ). 53('1) has to be
recalculated along the lines set out in § 7:

a3(z1) J [p(O)k, 2 - q(O)k 2] dz =p(°)(z)k '(,1)k(i) PDO) , (F 6)
ZD

while 3 (Zl) follows from (7.27):

a3(z 1) = -PD)gD (F 7)

Thus we obtain

a3 (z1 ) - a3 (zl) =P(°)(Fl)8'(zl)X(il)

182
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Writing zl = zl + Az, where the defocus Az is considered as a small change of zl, we

find

p(0)(Zl),(il)~(il ) c [P(O)(zl),(zl)k(zl)]Azd
dz1

By using (B2), (7.13) and (D4) we find

a3 ( 1 )- "3(zl) =p(0 )(t'ltD )2 Az (F 9)
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