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Abstract
The feasibility of drop-on-demand printing as a novel method for oil supply in elastohydrodynamic lubrication was tested 
for a single ball-on-disk contact to allow precise lubrication control at a minimal level of lubricant. It is shown that it is fea-
sible to jet droplets of 3.3 pL for an oil of 46 mPa s viscosity at a controlled frequency which, for the conditions considered, 
results in droplets on the surface with a radius significantly smaller than the Hertzian contact radius. Experimental results of 
the film thickness evolution over time are presented from dry contact to fully flooded contact with different supply frequen-
cies and a total oil usage of approximately 40 nL. By means of numerical simulation, the details of droplet ingestion into 
the contact are illustrated. It is shown that the central film thickness over time can accurately be predicted. The theoretical 
and experimental results provide a very strong incentive for further investigation of drop-on-demand printing as method to 
achieve optimal (re)lubrication at minimum level in the realistic setting of a rolling bearing.
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List of Symbols

Lubricated Contact Variables and Parameters
a  Hertzian contact radius a = ((3FR)∕(E�))1∕3 (m)
c  Hertzian approach c = a2∕(2R) (m)
E  Modulus of elasticity (Pa)
E′  Reduced modulus of elasticity 

2∕E� = (1 − �2
1
)∕E1 + (1 − �2

2
)∕E2 (Pa)

F  Contact load (N)
G  Dimensionless material parameter G = �E� (−)
h  Film thickness (m)
hc  Film thickness at center of contact (m)

hcff  Film thickness at center of contact fully flooded 
(m)

H  Dimensionless film thickness H = h∕c (−)
Hc  Dimensionless film thickness center of contact
Hcff  Dimensionless central film thickness fully 

flooded contact (−)
hoil  Oil layer thickness (m)
Hoil  Dimensionless oil layer thickness Hoil = hoil∕c 

(−)
lt  Track length lt = 2�(Rx + Rdisk) (m)
L  Moes dimensionless lubricant parameter 

L = G(2U)1∕4 (−)
M  Moes dimensionless load parameter 

M = W(2U)−3∕4 (−)
p  Pressure (Pa)
ph  Maximum Hertzian dry contact pressure 

ph = (3F)∕(2�a2) (Pa)
P  Dimensionless pressure P = p∕ph (−)
rc  Ratio of oil layer thickness to central film fully 

flooded rc = Hoil∕(�̄�cHcff)  (−)
R  Reduced radius of curvature 1∕R = 1∕Rx + 1∕Ry 

(m)
Rx  Radius of curvature in x dimension 

1∕Rx = 1∕Rx1 + 1∕Rx2 (m)
Ry  Radius of curvature in y dimension 

1∕Ry = 1∕Ry1 + 1∕Ry2 (m)
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Rx1,Rx2  Radius of curvature surface 1,2 in x (m)
Ry1,Ry2  Radius of curvature surface 1,2 in y (m)
Rdisk  Radius of rolling track on disk in experiment 

(m)
Rc  Ratio central film to fully flooded value 

Rc = Hc∕Hcff (−)
t  Time (s)
T  Dimensionless time T = tum∕a (−)
u  Surface velocity  (ms−1)
um  Average (entrainment) velocity um = (u1 + u2)∕2 

 (ms−1)
U  Dimensionless speed parameter 

U = (�0um)∕(E
�Rx) (−)

W  Dimensionless load parameter W = F∕(E�R2
x
) 

(−)
x, x′  Coordinates in direction of rolling (m)
X,X′  Dimensionless coordinates in direction of rolling 

X = x∕a , X� = x�∕a (m)
y, y′  Coordinates perpendicular to direction of rolling 

(m)
Y , Y ′  Dimensionless coordinates perpendicular to 

direction of rolling (−)
�  Pressure viscosity index oil  (Pa−1)
�  Mutual separation (m)
�t  Time delay (s)
Δ  Dimensionless mutual separation Δ = �∕c (−)
ΔX  Mesh size grid dimensionless X direction (−)
ΔY  Mesh size grid dimensionless Y direction (−)
ΔT  Timestep dimensionless time (−)
�  Lubricant density (kg  m−3)
�0  Lubricant density at ambient pressure (kg  m−3)
�̄�  Lubricant dimensionless density �̄� = 𝜌∕𝜌0 (−)
�  Lubricant viscosity (Pa s)
�0  Lubricant viscosity at ambient pressure (Pa s)
�a  Viscosity of air (Pa s)
�̄�  Dimensionless viscosity �̄� = 𝜂∕𝜂0 (−)
�  Fractional film content � = hoil∕h (−)
�  Poisson’s ratio (−)
�  Dimensionless parameter in Reynolds equation 

� = (12um�0a)∕(c
2ph) (−)

�  Side flow parameter in starved film reduction 
equation (−)

Droplet Variables
Bo  Bond number Bo = (�0 − �a)d

2

d
g∕� (−)

dn  Diameter of the nozzle (m)
Dp  Dimensionless height of precursor layer of oil 

(−)
dd  Diameter of ejected droplet (m)
dca  Spherical cap droplet shape on surface (m)
Dp  Dimensionless height of precursor layer of oil 

(−)
Dca  Dimensionless droplet shape Dca = dca∕c (−)

f  Droplet ejection frequency  (s−1)
Fd  Dimensionless droplet frequency Fd = f

a

um
 (−)

Re  Reynolds number Re = �ud

�
 (−)

un  Droplet ejection velocity at the nozzle  (ms−1)
Vd  Ejected droplet volume  (m3)
Vca  Spherical cap volume on surface  (m3)
We  Weber number We =

�u2d

�
 (−)

Z0  Parameter in dimensionless droplet shape on 
surface: Z0 = rca cos(�c)∕c   (−)

�  Efficiency of a droplet ingestion (−)
�c  Contact angle (−)
�  Surface tension  (Nm−1)

1 Introduction

To mitigate the possible consequences of climate change, 
an unprecedented effort is required to change energy gen-
eration, energy usage, and all related technological pro-
cesses toward a long-term sustainable development. This 
awareness has already led to restrictive bounds set on 
product development, and is affecting all areas of tech-
nology. Current technologies are pushed to their limits 
by increasingly strict efficiency demands, minimization 
of material use, and environmental regulations, while 
new sustainable applications and energy technologies are 
rapidly developing. A major fraction of the global energy 
usage originates from tribological contacts to overcome 
friction and to remanufacture worn parts [1]. Improved 
control of friction at a lower level by optimizing lubrica-
tion in machine components such as bearings and gears is 
a potential energy saver. This is a major challenge since 
the conditions at which lubricated contacts have to oper-
ate reliably are becoming more severe. Higher tempera-
tures and higher loads lead to thinner lubricant films with 
increasing sensitivity to effects of surface roughness, 
dynamic loading and pressure disturbances resulting from 
subsurface material heterogeneity. Lubricant composition 
changes, as e.g., particular additives which may end up in 
emissions have to be replaced, as well as there is a drive 
for more green lubricants. Finally, in many cases supply 
is significantly reduced to minimize frictional losses from 
churning or sloshing, or as a result of operating conditions 
where minimal reflow is achieved due to e.g., high speed, 
relatively high viscosity, or large size. Lubricated contacts 
have to operate more reliably under conditions at which 
the fully flooded film thickness limit, predicted from for-
mulas such as presented by Hamrock and Dowson [2] and 
Nijenbanning [3], is not achieved and the contacts operate 
in the “starved regime” [4]. From a film thickness point 
of view, starved contacts are by definition very efficient. 
In fully flooded EHL contacts, over 90% of the lubricant 
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is removed by sideflow and not ingested into the contact 
to separate the surfaces, whereas in significantly starved 
contacts, almost the entire lubricant on the track ends up 
in the contact. However, the risk of insufficient lubrication 
is often large in terms of potential hazardous consequences 
of failure, damage, and downtime. The amount of lubricant 
supplied, either in relubrication intervals or by oil–air or 
oil–mist lubrication, is generally much larger than what is 
actually needed by the contacts simply to ensure that the 
probability of sufficient oil reaching the contact, e.g., by 
surface coverage, is high enough.

Booser and Wilcock [5] have already demonstrated that 
providing only 1 mg of oil was sufficient to run a standard 
bearing for a considerable number of hours, and thus the 
amount of oil needed to provide sufficient surface coverage 
for lubrication and friction minimization to be very small. 
Even after taking into account that in many applications, 
the lubricant may fulfill a role for cooling purposes, it still 
appears that a significant reduction in lubricant use can be 
achieved by lubrication systems which act on the same scale 
as the contact volume. Realizing such a system and demon-
strating its feasibility for lubricating a single EHL contact is 
the topic of the present study.

Starvation redirects the focus from the film thickness 
inside the contact to the relation between the supply to the 
contact and its relation to the film formed inside the con-
tact. Studies of starved lubrication date back to Wedeven [4]. 
Pemberton and Cameron [6] were the first to study the flow 
around the contact showing the characteristic butterfly-
shaped oil reservoir. Chevalier et al. and Damiens et al. 
[7–11] studied starved contacts under steady-state condi-
tions and found a simple predictive relation based on a single 
parameter which only depends on the inlet length. Starved 
contact results for time-varying contacts were presented in 
[12–14]. Using insights obtained from the starved lubrica-
tion studies, van Zoelen [15–17] introduced a new approach 
based on free surface layer modeling of contacts. He showed 
that in the absence of resupply, the film thickness rapidly 
decays in a period of only minutes, and provided experi-
mental validation for a single contact. Extending the model 
to bearing models, a sufficient film thickness level was pre-
dicted to exist only during a number of overrollings many 
orders of magnitude lower than the observed lubrication 
life of bearings. This indicates that resupply/redistribution 
mechanisms play a crucial role in bearings, i.e., centrifugal 
effects, scraping effects, or cage redistribution. However, 
these mechanisms are “passive” in the sense that they act 
only when lubricant is available in abundance, like grease 
bleeding oil on the side of the track or grease located at/
near the cage.

In this paper, we investigate the possibility to achieve 
a significant further reduction of lubricant supply by inkjet 

technology. In inkjet printing, liquid is expelled through a noz-
zle to form droplets that land on a substrate [18]. One of the 
techniques used is drop-on-demand printing that either uses a 
piezo-acoustic or thermal actuator to generate a droplet [19, 
20]. In the last decade, the understanding of the droplet for-
mation process has increased by research on the fluid motion 
inside the nozzle [21] and the inflight dynamics of micrometer-
sized droplets [22]. Inkjet printing has become more reliable 
through understanding of air bubble entrapment and dirt par-
ticle dynamics such that picoliter droplets can now be repro-
ducibly jetted [23].

The necessary volume of lubricant required in an EHL con-
tact, and the droplet volume of inkjets are of the same order. 
Therefore, the usage of inkjet printed droplets is an interesting 
topic for highly controlled minimal supply lubrication. Li [24] 
initiated research on the behavior of droplets passing through 
an EHL contact from the viewpoint of oil–air lubrication. Vari-
ous aspects of the effect of the entrainment speed, viscosity, 
and wettability have been observed both experimentally [25, 
26] and numerically [27]. Here, we advance to significantly 
smaller droplets and control of the lubrication with a drop-on-
demand printing technology. One of the main challenges is that 
the viscosity of lubricating oils is often much larger than the 
viscosity of inkjet fluids, so that it is more difficult to create 
small droplets. In an earlier work [28], a T9 oil of viscosity 
15.7 mPa s was used successfully for generating droplets of 
195 pL with a radius of 400 μm. In this paper, we show that 
by means of a heated printing nozzle, it is possible to derive 
much smaller volume droplets for a higher viscous oil. It is 
demonstrated that, with optical interferometry film thickness 
measurements, a build-up of a lubricant film from dry to fully 
flooded state can be realized using a drop-on-demand system 
that ejects oil droplets of only 3.3 pL. This is done in a con-
trolled manner with an amount of lubricant of the order of 
nanoliters. From numerical simulations, it is shown that in the 
severely starved regime, 85% of the volume of each drop is 
actually ingested into the contact. Based on this result, a sim-
ple model is presented that accurately predicts the lubrication 
build-up as observed in the experiments for different droplet 
supply frequencies. The successful single contact results pre-
sented in this paper demonstrate that drop-on-demand printing 
is a very interesting technique to further investigate, e.g., in an 
experimental setup with an actual rolling bearing.

2  Theory

The Reynolds equation with dimensionless variables, see 
Nomenclature, for unidirectional entrainment taking into 
account time-varying conditions is given by
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where X and Y are the coordinates in the plane of the lubri-
cant film with X in the direction of entrainment. A rectan-
gular domain Xa ≤ X ≤ Xb ∧ −Ya ≤ Y ≤ Yb is used. P and 
H denote the dimensionless pressure and film thickness. � 
is the fractional film content, introduced by Elrod [29] to 
model starved lubrication, defined as � = Hoil∕H , the ratio 
of the height of the lubricant layer on the surfaces Hoil and 
the actual gap height. The solution is subject to the comple-
mentarity condition:

Under these conditions, Eq. (1) becomes an equation for P 
in regions where � = 1 and an equation for � when P = 0 . 
The dimensionless density and viscosity are taken from the 
empirical Dowson–Higginson [30] and Roelands [31] equa-
tions, respectively. The dimensionless film thickness equa-
tion is given by

where the integral represents the elastic deformation of the 
surfaces. The dimensionless mutual approach Δ(T) is deter-
mined by the dynamic behavior of the contact. Neglecting 
acceleration terms this leads to the force balance equation:

The solution is subject to the boundary condition P = 0 on 
all sides of the domain. At the inlet side Hoil = Hoil(Y , T) is 
given as the (equivalent) thickness of a layer of lubricant 
moving with the surface. When Hoil is so large that, at the 
inlet of the domain, � = Hoil∕H = 1 ensues over the entire 
width and in time, then obviously the result will be the fully 
flooded solution. Let Hcff denote the value of the film thick-
ness in the center of the contact for this case. For smaller 
values of Hoil , one obtains a starved solution with the inlet 
meniscus a function of (X, Y) depending on the degree of 
starvation and the profile Hoil(Xa, Y) . Let the central film 
thickness for this case be denoted by Hc.

Chevalier [7, 8] investigated the dependence of the film 
thickness in the center on the degree of starvation, in a circular 

(1)

𝜕

𝜕X

(

̄𝜌H3

�̄�𝜆

𝜕P

𝜕X

)

+
𝜕

𝜕Y

(
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𝜕P

𝜕Y
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=
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+
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𝜕T
.

,

(2)
{

0 ≤ 𝜃 < 1 & P = 0

𝜃 = 1 & P > 0

(3)

H(X, Y , T) = − Δ(T) +
1

2

�

X2 + Y2
�

+
2

�2 ∫ ∫A

P(X, Y , T)
√

(X − X�)2 + (Y − Y �)2
dX�dY �,

(4)∫ ∫A

P(X, Y , T)dXdY =
2�

3
∀T .

contact by monitoring the central film thickness reduction 
Rc = Hc∕Hcff as a function of the (uniform) oil layer thick-
ness Hoil in the inlet. Defining

where �̄� is the dimensionless density at the center of the con-
tact, approximated as �̄�c = �̄�(ph) , they derived the following 
relation to hold with good accuracy:

The relation between rc and Rc is fully characterized by 
the parameter � , which was determined from the numeri-
cal results obtained for a given contact operating at specific 
conditions at varying degrees of starvation rc , i.e., with vary-
ing values of Hoil . For Hoil ≪ Hcff, one finds Hc ≈ Hoil∕�̄�c 
indicating that no side flow occurs, and the entire lubricant is 
used for film formation. When Hoil ≫ Hcff , the central film 
thickness will approximate the value for the fully flooded 
contact, see also Sect. 4.2. � represents the resistance to side 
flow and depends on the operating conditions. In Damiens 
[10], the work of Chevalier is extended to wide elliptic con-
tacts, and it is shown that � is determined by the inlet length 
of the contact, which can be written as 

√

M∕L for circular 
contacts with L and M, the Moes dimensionless parameters. 
In [7, 10], it is also shown how � can be determined from 
single contact ball-on-disk experiments.

In this study, Eq. (6) will be used to develop a simple 
model that predicts the film thickness evolution as a function 
of time using a drop-on-demand system, which jets droplets 
with a particular frequency and shape. To determine how 
much of the volume of a single droplet on the surface is 
ingested into the contact, a full numerical solution of the 
time-dependent starved problem is done with a droplet 
D(X, Y, T) deposited on a thin precursor layer Dp passing 
through the contact:

This precursor layer in fact implies that the dry region 
around the droplet is modeled as a heavily starved contact. 
For droplets of a sufficiently large height relative to the film 
thickness, the error that is made compared to the real case, in 
which the surface is dry, will be small. The advantage is that 
the entire numerical simulation can be done with the starved 
Reynolds equation. Dca is determined from the spherical cap 
formed by an ejected droplet deposited on the surface mov-
ing with the rolling velocity starting at position X0 in the 
experimental study.

Let the droplet generated by the nozzle have volume 
Vd = 4�(dd∕2)

3∕3 . After stabilization following the impact 
on the disk, it forms a spherical cap with radius rca and 

(5)rc =
Hoil

𝜌cHcff

,

(6)Rc =
Hc

Hcff

≈
rc

�
√

1 + r
�
c

(7)Hoil(X, Y , T) = Dp + Dca(X, Y , T)
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wetting angle �c . Assuming the location to be central on the 
track y = 0 and at position x = xca , its form as a function of 
the surface coordinates x and y is given by

for (x − xca)
2 + y2 ≤ a2

ca
 , with aca the radius on the surface, 

and dca = 0 otherwise. By definition aca = rca sin(�c) , and the 
height at the center location dca(0, 0) = rca(1 − cos(�c)) . The 
volume of the cap is given by

Assuming no fluid is lost during jetting and impact on the 
disk Vca = Vd and the wetting angle �c known from a meas-
urement rca can be solved from Eq. (9). Scaling the sur-
face coordinates x and y on the Hertzian contact radius and 
the droplet height on the maximum Hertzian deformation 
c = a2∕(2R) consistent with the film thickness scaling and 
oil layer scaling, one obtains the dimensionless shape of the 
droplet on the disk:

with Z0 = rca cos(�c)∕c Finally, assuming the droplet starts 
at position X0 and moves toward the contact with the speed 
of the disk under pure rolling conditions:

giving

For the precursor layer, a fixed height Dp will be taken. The 
actual values used in the simulations are given in Sect. 4.3.

3  Methods

3.1  Numerical Method

The Eqs. (1)–(4) were discretized using a finite dif-
ference discretization on a uniform grid with mesh 
size ΔX = ΔY  and timestep ΔT  covering the domain 
− 2.5 ≤ X ≤ 1.5 ∧ −2 ≤ Y ≤ 2 . The discretization is second 
order in space and time. A second central scheme was used 
for the pressure flow terms of Eq. (1) and a narrow upstream 
scheme, NU2, for the wedge and squeeze term, see [32, 33]. 
The NU2 scheme has the advantage of a zero leading order 
truncation error for the characteristic direction X = T  when 
choosing the dimensionless timestep ΔT = ΔX . It provides 

(8)dca(x, y) = −rca cos(�c) +
(

r2
ca
−
(

x − xca
)2

− y2
)

(9)Vca =
�

6
dca(0, 0)

(

3r2
ca
sin

2(�c) + dca(0, 0)
2
)

(10)Dca(X, Y) = −Z0 + Z

√

r2
ca

a2
− (X − Xca)

2 − Y2.

(11)Xca = X0 + T

(12)Dca(X, Y , T) = −Z0 + Z

√

r2
ca

a2
− (X − X0 − T))2 − Y2.

more accurate solutions on coarser grids than separate stand-
ard upstream discretization of the wedge and squeeze term, 
as a result of the significantly lower artificial diffusivity. The 
discrete equations at each timestep were solved using Multi-
grid techniques with Multilevel Multi-Integration for the fast 
evaluation of the multi-summation representing the elastic 
deformation, see [14, 33, 34]. For each timestep, the discrete 
equations are solved to an error that is small compared to 
the discretization error using a few multigrid W-cycles. The 
calculations were carried out using the finest grid of 513 × 
513 points.

3.2  Experimental Method

Optical interferometry was used to perform film thickness 
measurements. This technique dates back to the work of West-
lake and Cameron [35] and Foord [36]. In the early works, 
central film thickness measurements were carried out by 
directing light, obtained from a small section of the width 
of the contact, to a spectrometer for the analysis of the maxi-
mum wavelength of maximum interference. A silica spacer 
layer was introduced by Johnston [37] to make thin film meas-
urements possible. Subsequently, the Spacer Layer Imaging 
Method was introduced by Cann [38] to obtain full maps of 
the entire contact. The experimental setup used here (Fig. 1) 
is a modified version of the EHD2 Ultra Thin Film Measure-
ment System manufactured by PCS Instruments. It was used 
for both measurements (ULTRA and SLIM) with a resolution 
of ±5 nm. The modification involves the replacement of the 

Fig. 1  Schematic overview of the ball-on-disk setup that is lubricated 
by drop-on-demand inkjet printing
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standard lubricant reservoir to allow open access to the disk 
for the nozzle of the drop-on-demand system.

The setup consists of a steel ball and a glass disk that is 
coated on the top side with  MgF2 and on the bottom side 
with a semireflective chromium layer of 20 nm as well as 
a silica layer of 130 nm for the SLIM measurements and 
about 500 nm for the ULTRA measurements. The contact 
was lubricated with Shell High Viscosity Index 60 (HVI-60) 
oil. Properties of the solids and lubricant as well as nominal 
test parameters and the associated values of the Moes dimen-
sionless numbers M and L can be found in Table 1. A CCD 
camera (JAI Apex CV-M9CL) equipped with a magnifying 
objective (Zeiss 5 ×) was used to capture images of the con-
tact. The spatial resolution was 0.93 × 0.93 μm2 over an area 
of 952 ×714 μm2. For the SLIM, images the RGB values of 
each pixel were matched to calibration data to obtain a film 
thickness map of the full contact.

3.3  Drop‑on‑Demand Printing System

A single piezo-acoustic drop-on-demand (DOD) printhead 
with a 70 μm diameter nozzle (Microdrop MD-K-140) was 
used to generate a single droplet upon each piezo driving 
pulse [19]. In DOD inkjet printing, typically, for a stand-
ard square wave piezo driving pulse, a droplet is generated 
with a diameter similar to the nozzle exit. However, using 
more complex piezo driving waveforms, the droplet diameter 
can be decreased [39, 40]. Here, a two-step piezo driving 
waveform was used, see Fig. 2. The piezo driving waveform 
was produced by an arbitrary waveform generator (Iso-Tech 
AFG-21555) and amplified by 50 times (Falco Systems 
WMA-300). The amplitudes of the plateaus ( V1 and V2 ) and 
the lengths of the first- and second plateaus ( t1 and t2 ) were 
varied to minimize the droplet volume. The droplet vol-
ume was optically measured using a microscope (Olympus 

BX-FM modular system) equipped with a 10 times magni-
fying objective (Olympus SLMPLN) and a CCD camera 
(Lumenera LW135M). To minimize motion blur, illumina-
tion was provided by laser-induced fluorescence [41], i.e., 
a 7 ns laser pulse (Nd:YAG, 532 nm) was coupled into a 
fluorescent diffuser (LaVision) to provide a noncoherent 8 ns 
light flash. The delay of the light flash with respect to the start 
of the piezo-driving waveform was varied with nanosecond 
precision using a pulse-delay generator (Berkeley Nucleon-
ics, BNC 575) in order to stroboscopically visualize the full 
droplet formation process. Before the experiments, the oil 
meniscus in the printhead was positioned at the nozzle exit 
(dn = 70 μm) through pressure control on the oil reservoir.

In inkjet printing, the conditions under which droplets 
can be successfully jetted can be quantified in terms of the 
Reynolds- and the Weber number, i.e., We1∕2Re1∕4 < 50 , 
0.1 ≤ We ≤ 1 , and We > 4 [42–44]. Therefore, to be able 
to jet high-viscosity oils, the tip of the nozzle was heated to 
90 °C to decrease the oil viscosity from 46.3 mPa s at 20 °C 
to 4.4 mPa s, see Table 1.

4  Results

4.1  Droplet Generation

The piezo driving waveform at which the droplet volume 
was at minimum was found to have the following param-
eters: V1 = 128 V, V2 = 64 V, t1 = 16 μs, and t2 = 32 μs 
(Fig. 2). For these parameters, the full jet formation pro-
cess is show in Fig. 3 for upward and downward jetting. 
Since the Bond number Bo ≪ 1 , gravitational effects can 
be neglected. Indeed, Fig. 3 shows highly similar results for 
jetting in the direction of gravity and for jetting in the direc-
tion against gravity. The minor differences result most likely 
from a slightly different meniscus position and/or different 
hydrodynamic pressure in the oil reservoir. Thus, drop-on-
demand printing is well suited to deposit droplets from any 
angle at locations that are hard to reach. The images have 
been analyzed to extract the droplet diameters, volumes, 
and velocities, see Table 2. The upward jetted droplet had 
a diameter of dd = 18.6 μm ( Vd = 3.3 pL) and a velocity of 

Fig. 2  Square wave signal that is used for actuation

Fig. 3  Image sequence of the jetting process with the corresponding 
length and time scale. The top image shows an upward directed jet-
ting process. The bottom image is in downward direction



Tribology Letters (2019) 67:95 

1 3

Page 7 of 12 95

0.9 m  s−1. The droplet slows down due to air drag. Based on 
solving the equation of motion, numerically a distance of 
0.02 m was deemed suitable between the nozzle tip and the 
rotating disk so that the droplet reaches the disk and is not 
slowed down too much. From the thermal lumped system 
analysis of the cooling of the droplet, it can be determined 
that the time for the oil to cool from 90 to 20 °C is about 
3.3 ms which ensures that by the time the droplet reaches the 
contact, it has ambient temperature, so that for lubrication 
the viscosity at ambient temperature will apply.

4.2  Fully Flooded and Starved Solution

For reference, fully flooded central film thickness measure-
ments were done in the velocity range 10–500 mm  s−1 with 

the ULTRA and SLIM method. The results for the central 
film thickness are compared to the results of the full numeri-
cal solution and to the prediction of the Hamrock and Dow-
son [2] relation in Fig. 4. In view of the fact that at room 
temperature, the viscosity is very sensitive to the temperature, 
all results agree well. The spectrometry measurements agree 
with the numerical solution and the Hamrock and Dowson 
predictions. The SLIM measurements have a slight devia-
tion. The dashed line in the graph indicates the entrainment 
velocity of 300 mm/s according to the operating conditions 
used in the experiment and in the numerical starved solution.

From numerical solutions, the value of the sideflow 
parameter � = 3.2 was determined for rc = 1 using the 
Moes’ parameters from Table 2. This fully defines Eqs. 
(5) and (6). Figure 5 presents the prediction together with 
the numerical solution obtained for seven different values 
of Hoil , which are indicated by markers. The prediction of 
Damiens fits the numerical data of the steady-state solu-
tion well. It shows an approximation of Hc = Hoil∕�̄�c for 
Hoil ≪ Hcff and Hc = Hcff for Hoil ≫ Hcff.

4.3  Droplet Shape on Disk

The oil droplet forms a spherical cap on the rotating 
disk following stabilization after impact, as explained in 
Sect. 2. The contact angle was measured as �c = 21.3◦ , 
once the droplet is stable from the impact. The wettabil-
ity in terms of �c is an important property of lubrica-
tion by droplets, as has been noted by Li et al. [26]. For 
a generated droplet volume Vd = 3.3 pL from Eq. 9, one 
obtains a cap radius rca = 6.16 10−5 m, the radius of the 
droplet on the surface aca = 22.4 μm , and a cap height 
dca(0, 0) = 4.2 μm . Note that this cap height is much big-
ger than the central film thickness hcff = 149 nm. How-
ever, the radius on the surface (22.4 μm) is significantly 
smaller than the Hertzian contact radius (2a = 273 μm). 

101 102
101

102

Hamrock-Dowson(1976)
Numerical solution
SLIM
ULTRA

Fig. 4  Central fully flooded film thickness as function of the velocity 
obtained from the relation of Hamrock–Dowson [2], with the numeri-
cal method, the SLIM method, and the ULTRA method. The dotted 
line indicates the velocity and its corresponding film thickness that 
will be used in the starved solution

Fig. 5  Comparison between 
seven numerical solutions and 
the prediction of Damiens[11] 
with γ = 3.2. The other lines 
show the asymptotes for the 
limiting cases of rc

0 1 2 3 4
0

1
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This results in interesting spreading dynamics when the 
droplet enters the contact. The value of the scale factor 
of Z = 2R∕a = 70 is used for the experimental conditions.

4.4  Single‑Droplet Simulation

The droplet dynamics of a single droplet that is ingested 
by the contact were modeled using a grid of 513 × 513 
points. The steady-state starved solution is taken with a 
precursor layer ( Dp = 0.01 ) on the surface. This value was 
small enough not to affect the results significantly and 
large enough to ensure a stable numerical solution process 
throughout the full domain. Subsequently, the evolution 
over time was simulated for the case of a droplet on top 
of the precursor layer. The results for a the droplet that is 
ingested by the contact are presented in Fig. 6 for several 

values of the scale factor Z . This can be interpreted as 
varying the (dimensionless) droplet height on the disk. 
When the droplet radius is small relative to the contact, 
as is the case in our tests, at a small Z , it will create a 
small film thickness increase moving through the contact. 
The film thickness modulation is rotationally symmetric. 
However, with the increasing height, the droplet spreads 
in the inlet. As a result, it elongates considerably in X- 
and Y-directions over the full contact length. It remains 
symmetrical in the Y-direction but becomes asymmetrical 
relative to the original droplet central position advanced in 
time along X-direction. Figure 6 also shows the region of 
the contact in which the film thickness is increased due to 
the ingested droplet, and the original droplet radius. The 
time variations of the film thickness in pseudo-interferom-
etry graph as well as its profile at both centerlines of the 
contact for Z = 70 are presented in animations in Online 
Appendix A.1, A.2, and A.3..

From the numerical results, the volume of an ingested 
amount of lubricant inside the contact (for the experimental 
condition Z = 70 ) was determined to be 2.80 pL. This indi-
cates a lubrication efficiency of � =

2.80

3.3
= 0.85.

Finally, Fig. 7 shows the accuracy of the numerical solu-
tion by comparing results obtained at grids with different 
gridsizes and timesteps. The results show that on the 513 × 
513 grid and the associated timestep, the discretization error 
already is very small.

4.5  DOD Film Build‑Up Model

By means of the result of the numerical solution of one 
ingested droplet, the lubricating behavior of multiple 

-1 0 1
0

0.05

0.1

Fig. 6  Top image: numerically obtained film thickness of an ingested 
droplet using seven different Z-scales. The solution for Z = 70 rep-
resents the experimentally used droplet. Bottom image: top view of 
the Hertzian contact, where a droplet is ingested with an efficiency 
of � = 0.85 . The spreading of the droplet in X- and Y-direction can be 
seen compared to the undeformed droplet

-1 0 1
0

0.04

0.08

Fig. 7  Numerically obtained film thickness of an ingested droplet 
using four different finest grid sizes at centerline X = 0 . The figure 
shows a well converged solution at a 5132 grid size
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droplets can be predicted, with the assumption that each 
droplet has the same efficiency � and that a droplet is 
instantly spread over the whole track. In fact, the droplets 
were printed on the disk at a distance of um∕f  from each 
other. The effective parts of all droplets account for a volume 
that can be translated to an oil layer thickness hoil using the 
width of the contact and the track length:

or dimensionless

From this value of the oil layer thickness, the central film 
thickness can be calculated using Eqs. (5) and (6), which 
leads to a prediction of the central film thickness develop-
ment over time. This development from dry to fully flooded 
is presented in Fig. 8 for three different droplet frequencies.

4.6  Experimental Validation

The prediction of the central film thickness development 
over time was validated with the full setup from Fig. 1 at 
three different frequencies (5 Hz, 10 Hz, and 20 Hz). The 
results are presented in Fig. 9. The outer region in terms of 
y is lubricated, preliminary to the central region, until the 
contact remains in a fully flooded state. The film thickness 
was extracted from the image sequence to show its devel-
opment over time at the centerline x = 0 in Fig. 10 and the 
animation in Online Appendix A.4. The contact is filled with 
lubricant in roughly 2400 s using a 5 Hz droplet frequency, 
which corresponds to 40 nL of oil.

(13)Voil = �Vdft = 2althoil

(14)Hoil =
�Vd

2aclt
FT

The central film thickness was extracted and compared 
to the prediction of Fig. 8, which is presented in Fig. 11 
for all DOD frequencies. The central film thickness meas-
urements are lagging compared to the prediction, since the 
outer region in terms of y is preliminary filled. Therefore, a 
frequency-dependent delay of �t = 3200∕f  is set for the pre-
dictions. After this delay, the central film thickness develops 
as predicted.

The last step in the validation process was to compare all 
results, see Fig. 12. The experimental data are translated to 
dimensionless data by applying the scaling factors Hc = hc∕c 
and T = (t − �t)

um

a
 . The time data for F = 4.5 × 10−3 and 

F = 9.1 × 10−3 are multiplied and quadruplicated, respec-
tively, so all measurements can be compared to one dimen-
sionless prediction. The film thickness follows the predicted 

Table 1  Properties of the used solids/oil and test parameters

21 °C 90 °C

Lubricant properties: shell HVI-60
 �

0
900 855 kg  m−3

 �
0

46.3 4.4 mPa s
 � 23.4 – GPa−1

 � 28 22 mN  m−1

Ball Disk

Properties of solids
 Rx = Ry 9.525 ∞ mm
 E 210 70 GPa
 � 0.3 0.25 –

Test parameters
 μm 300 mm/s
 F 20 N
 R

disc
34.5 mm

 L 5.963 –
 M 170.1 –

0 1 2 3 4 5

106

0

0.02

0.04

0.06

0.08

Fig. 8  Central film thickness build-up over time at three different fre-
quencies, according to the presented build-up model

Fig. 9  Image sequence of a contact that is lubricated with a droplet 
supply frequency of 5 Hz. The entrainment direction is from left to 
right. Time develops in lexicographic order
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trend over time for all frequencies, but the development of 
F = 9.1 × 10−3 is faster and F = 2.3 × 10−3 slower than the 
prediction. This is attributed to a different number of over-
rollings, which pushes away more oil to result in a slower 
film thickness development.

5  Discussion

In the numerical solution, the droplet is presented to the 
contact with its center at Y = 0 . Deviations in the position 
of the droplet could lead to a different lubrication process 
and a lower � in the replenishment model. A lower efficiency 
would lead to a slower central film thickness build-up in 
Fig. 12, and would affect �t . This can be improved by a posi-
tion control system to place the DOD inkjet closer to the 
center of the track.

In the experimental validation, the fully flooded film 
thickness differs from hcff = 149 nm at 20 Hz and 5 Hz to 
hcff154 nm at 10 Hz due to a difference in the room tem-
perature of 1 °C. According to the relation of Hamrock and 
Dowson, a viscosity increase due to 1 °C of temperature 
change leads to an increase of 5 nm. This shows the sensitiv-
ity to temperature with film thickness measurements using 
this oil, which is also necessary to create droplets with a 
heated printing head.

This research is focused on single circular contacts, but 
the same phenomena hold for multiple elliptic and line con-
tacts as can be seen in rolling bearings or gearboxes, respec-
tively. By adding a shape parameter, the film build-up model 
can be extended to different areas of expertise. Within this 

Table 2  Properties of the emitted HVI-60 droplet in the upward and 
downward directions and associated values of the relevant dimension-
less numbers Weber (We) and Reynolds (Re)

Downward Upward

Diameter (μm) 18.9 18.6
Volume (pL) 3.5 3.3
Velocity  (ms−1) 0.8 0.9
We 5.8 6.7
Re 22 23

-100 -50 0 50 100
0

75

150

225

Fig. 10  Experimentally obtained film thickness at x = 0 using a drop-
let supply frequency of 5 Hz at five different time instants. The figure 
shows the film thickness build-up behaviour from dry to fully flooded 
over 2400 s

0 1000 2000 3000
0

50

100

150

Fig. 11  Central film thickness development over time using three dif-
ferent droplet supply frequencies. The experiments are compared to 
their predictions that account for a delay of �t = 3200∕f  and the fully 
flooded film thickness

0 1 2 3 4 5

106

0

0.02

0.04

0.06

0.08

Fig. 12  Central film thickness development over time scaled to 
F = 2.3 × 10−3 using three different droplet supply frequencies. The 
measurements are scaled to accord with dimensionless parameters 
and compared to the dimensionless prediction and Hcff
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extension, the film thickness decay should be accounted for, 
since decay already occurs in a relative ideal setup like the 
one used in this research, as can be concluded from Fig. 12. 
A possible solution is to use the decay model of van Zoelen 
[16].

6  Conclusions

This research shows a novel lubrication technique in EHL to 
maximize efficiency by minimizing the amount of oil usage, 
while keeping the process under full control. A single ball-
on-disk contact was lubricated by drop-on-demand inkjet 
printing using oil droplets of 3.3 pL and 46 mPa s. Each 
droplet was presented to the contact similarly in terms of 
size, position, and properties, which ensured control.

The single-droplet dynamics during ingestion by the con-
tact were simulated with an accurate numerical method to 
show a lubrication efficiency of 85%. This result was used 
to present a simple model to predict the film thickness over 
time using various droplet frequencies. The model was 
validated on a single ball-on-disk setup, which was lubri-
cated from a dry contact to a fully flooded contact at three 
different droplet supply frequencies with a total oil usage 
of 40 nL. All results are in quite good agreement with the 
model despite some lag in the start-up phase.

The experiments show that lubrication by drop-on-
demand printing is a promising technique, which can be 
used with full control in an experimental setup. It can 
be extended to machine elements such as bearings and 
gears to improve control of friction by active relubrica-
tion using minute amounts of oil. This could lead to less 
energy losses to benefit in favor of a long-term sustainable 
development.
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