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Figure 1.1: (a) Sketches of the impact of a mercury droplet onto a smoked glass
substrate observed by Worthington in 1877 [1]. (b) Photographs of the impact stages
of a rough marble sphere in a pool of pure glycerine in vacuum by Worthington in
1900 [2].

The impact dynamics of a falling droplet is a broad scientific subject that has
been extensively studied over the last centuries. Starting in 1877, Worthington was
the first to make detailed drawings of the impact of milk and mercury droplets onto
a smoked glass substrate [1], see figure 1.1a. Later he also studied the perpendicular
impact of a rough marble sphere onto a liquid pool of pure glycerine in vacuum
conditions, where he experimentally observed the ejecta sheet and cavity dynamics
of an impacting body onto a pool [2], see figure 1.1b. He started an important branch
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2 CHAPTER 1. INTRODUCTION

of research into droplet impact phenomena, which is still a highly relevant topic in
fluid mechanics today.

Apart from scientific interest, droplet impact phenomena plays an important role
in many modern industrial applications such as ink-jet printing [20, 21], combustion
engines [22], pesticide delivery [23], erosion protection [24] or Extreme Ultraviolet
(EUV) light sources [26]. Carefully conducted experiments, analytic modelling and
numerical simulations give fundamental insight into each stage of the droplet im-
pact and could therefore lead to printers with higher resolution, more power-efficient
combustion engines, reduction in the use of pesticides, less maintenance of erosion
sensitive materials and higher output power in EUV light sources as we will discuss
in this thesis.

Most of these droplet impact phenomena happen in the blink an of eye and may
at first sight not seem very complex, but if you look closer you will find that each
impact event consist of many different stages. Many of these different impact stages
can be observed while you take a shower. The moment when you turn on the shower,
a water jet is produced by the shower head that immediately atomizes away from the
nozzle exit [3–5], i.e. the water jet breaks up into a train of droplets. The resulting
stream of droplets falls towards the bathtub where the droplets initially impact onto
a dry surface [6, 7]. During impact, a rapid ejecta sheet develops along the rim of
the impacting droplet resulting in an early splash, which is typically too fast for the
human eye to observe. After impact, the droplet spreads radially along the surface
and fingers appear on the rim of the expanding sheet that in some cases also lead to a
splash [8–11]. Figure 1.2a shows a numerical simulation of this fingering instability.
Prior to impact on the surface, droplets could also impact with each other during
transit. Figure 1.2c shows a numerical simulation of the head-on collision between
two identical water droplets. Directly after impact the two droplets coalesce and
deform into a radially expanding thin liquid sheet. Similar to the impact of a droplet
onto the dry bathtub surface, fingers appear on the rim of this expanding sheet and
lead to the fragmentation of the droplet.

As the bathtub fills, the droplets no longer impact onto a dry surface but instead
impact onto a pool of variable depth. Here, an ejecta sheet is created during impact
[14–17] that evolves into a crown at later stages [14–17]. Figure 1.2b shows an
experimental and numerical example of a perpendicular droplet impact onto a thin
liquid film. When a droplet impacts on a deep pool, see figure 1.2d, the impact is
accompanied by the formation of a cavity below the pool surface. When the crown
collapses capillary waves are created that travel from the pool surface into the cavity.
At some point these waves collide and simultaneously with the closure of the cavity
a Worthington jet may be created [18, 19].

These fascinating droplet impact phenomena are events that everyone sees on a
daily basis and therefore may look easy to understand. Instead, as described above,
the dynamics of these phenomena are often highly non-linear and their mechanisms
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Figure 1.2: Numerical and experimental examples of droplet impact phenomena. (a)
The numerical simulation of a droplet impact onto a dry and solid surface showing a
fingering instability. Image taken from [10]. (b) Perpendicular droplet impact onto
a thin liquid film, experiments (left) and numerics (right). Image taken from [12].
(c) A numerical simulation of the head-on collision of two water droplets. A thin
sheet is formed that fragments into tiny droplets. Image taken from [13]. (d) The
perpendicular impact of a droplet onto a deep liquid pool. (from left to right): the
formation of the ejecta sheet, the formation of the crown, the onset of the fingering
instability above the pool and the formation of a cavity below the pool surface. Image
taken from [14].

are still far from being fully understood today.
In this thesis we use both analytic modelling and numerical simulations to un-

derstand two types of droplet impact phenomena. In the first part of this thesis we
study the impact of a laser pulse onto a falling droplet. Here the laser impact induces
a rapid phase change in a thin superficial layer on the illuminated side of the droplet.
The resulting recoil pressure deforms and fragments the droplet at later stages. The
droplet dynamics shows strong similarities with the sheet expansion and breakup
of head-on collisions between two droplets or droplets impacting a dry surface. For
high-intensity and sub-nanosecond laser pulses however, the dynamics greatly differs
due to the influence of liquid compressibility. In this regime, we aim to analytically
and numerically understand the onset of the deformation dynamics. In the second
part of this thesis, we investigate the impact of a droplet onto a deep liquid pool
under an angle, i.e. obliquely. As a result the droplet can, apart from the classical
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Figure 1.3: (a) The wavelength of light used in photolithography machines decreased
the last decades by almost a factor 30. (b) A schematic overview of a Laser-Produced
Plasma (LPP) EUV light source. A train of tin droplets falls in the focus of a CO2
laser, where it is hit by a pre-pulse to obtain an extended disk-like target. The disk-
like target increases coupling with the next pulse that leads to the creation of a high-
density tin plasma. Line emission in the plasma provides the EUV light peaking at
13.5nm which is focused by the multilayer collector to the intermediate focus point.
Image taken from [33].

deposition and omni-directional splashing, also splash in a single direction [25]. We
study the cavity and sheet dynamics numerically in the regime where the dynamics
differ from the perpendicular impact. Both of these phenomena play an important
role in the production of EUV light in state-of-the-art nano-lithography machines.

1.1 Extreme ultraviolet nano-lithography

Extreme ultraviolet lithography (EUVL) is the next generation of photolithography
technology used by the semiconductor industry for the manufacturing of integrated
circuits [26–29]. Over the last decades the semiconductor industry kept up with pre-
dictions made by Gordon E. Moore stating that the number of transistors on a dense
integrated circuit doubles about every two years [30]. Although the statement was
initially just a prediction by Moore in 1965 to get across the idea that electronics
is going to get cheap faster [31], it became an empirical law for the semiconductor
industry to keep pushing for smaller feature sizes on a silicon wafer. Amazingly
Moore’s law has remained applicable for more than 50 years and even today contin-
ues to set predictions for the seemingly inexhaustible capacity of exponential growth
in number of transistors on dense integrated circuits [32].
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The smallest possible angular resolution, or resolving power, of any optical sys-
tem is set by the Rayleigh criterion

R∼ λ

D
, (1.1)

where λ is the wavelength of the light and D is the diameter of the lens’ aperture.
Therefore in order to pattern smaller features, one must either use a large optical
aperture or a short wavelength light source. Prior to 1990, lithography machines
used visible g-line 436nm (violet) and i-line 365nm (ultraviolet) light produced by
mercury lamps [28]. As feature sizes shrank to sub micron (< 1µm), the industry
moved to 248nm and 193nm (deep ultraviolet) light sources produced by krypton or
argon fluoride lasers, see figure 1.3a. The current state-of-the-art EUVL machines
took yet another big step and use Laser-Produced Plasma (LPP) EUV light sources at
an operating wavelength of 13.5nm. This step however involved overcoming many
technological challenges and a complete redesign of the lithography machine, since
light at this wavelength is instantly absorbed by all matter and requires dedicated
optics. Consequently the full optical path from the LPP-EUV light source to the wafer
stage needed to be housed in a near-vacuum environment and special mirrors, e.g.
molybdenumsilicon multilayer mirrors, are used to guide the beam to its destination
[33].

One technical challenge that remains unsolved today is the consistent power scal-
ing of the EUV light beyond 250W output power [34, 35]. Fundamental understand-
ing of the fluid and plasma processes inside the LPP-EUV light source is crucial to
maximize the EUV output power. In this thesis we therefore focus on two important
fluid mechanics processes inside the LPP-EUV light source for which we present
both analytic and numerical modelling.

1.1.1 Fluid dynamics inside LPP-EUV light sources

Figure 1.3b shows a schematic overview of a modern LPP-EUV light source [33]. A
droplet generator produces a train of liquid tin droplets, several 10µm in diameter,
that falls down into the source chamber where each individual droplet is hit by a CO2
laser in two stages. Initially a low energy pre-pulse hits the droplet and induces a
rapid phase change in a thin superficial layer on the illuminated side of the droplet.
The resulting mass ablation generates a recoil pressure and propels and deforms the
tin droplet into a disk-like target [36–38]. The newly shaped target increases the
coupling with a second high-energy main-pulse that leads to the formation of a high-
density tin plasma in the LPP-EUV source chamber. Line emission from the charged
tin ions in the plasma radiate EUV light peaking at 13.5nm [39]. A multilayer collec-
tor focuses the resulting EUV radiation at the intermediate focus point, after which
multilayer mirrors of the lithography machine guides the beam to the wafer-stage.
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The resulting tin debris after plasma formation is captured by a tin catching device at
the bottom of the LPP-source where most of the tin debris is headed. Several vanes
are added in the source chamber to prevent contamination of the highly sensitive op-
tics. Any tin debris contamination on optics results in a severe loss of EUV radiation
power output and must be suppressed.

In order to make ever smaller feature sizes on a silicon wafer, the EUV output
power of the LPP-EUV light source must be maximized. It is therefore important
to maximize the coupling between the tin droplet and the CO2 laser impact and to
minimize any tin debris that could contaminate sensitive optics in the source cham-
ber. To this end, fundamental understanding of the droplet deformation dynamics
after laser impact and the splashing dynamics of a tin droplet onto a pool is required
and lead to a better understanding of the conversion efficiency of the CO2 laser light
into the required EUV light. Droplet deformation and splashing can be described in
terms of two dimensionless quantities that we will use throughout this thesis. These
scales allow us to characterize the fluid-dynamic response in a single and universal
way, i.e. independent of laser parameters, liquid properties or droplet sizes and ve-
locities. More importantly, these scales allow us to compare different experiments by
simply matching their dimensionless numbers [36–38]. Following the Buckingham-
π-theorem [40], the important physical variables in this problem are the liquid density
of the droplet ρ , the surface tension σ , the dynamic viscosity µ , the droplet velocity
U and the droplet diameter D whereas the three independent physical units are the
length, mass and time. Therefore we can identify two dimensionless groups given by
the Reynolds number

Re =
ρDU

µ
, (1.2)

which relates the fluid inertia forces to the viscous forces, and the Weber number

We =
ρDU2

σ
, (1.3)

which relates the kinetic energy to the surface energy of the droplet. We note that in
this analysis we implicitly assumed that the laser pulse duration τp, wavelength λ ,
intensity Ip and beam profile are captured by a single physical variable: the propul-
sion speed of the droplet U [38]. Table 1.1 shows the liquid properties and a typical
range of dimensionless numbers that are encountered inside the LPP-EUV source.

1.1.2 Laser impact on droplets

Figure 1.4 shows the impact of a Nd:YAG laser pulse on magenta-dyed water droplets
and shows the deformation and fragmentation process for three different foci. The
top panel shows that laser impact with a tightly focussed beam leads to the formation
of a localized water plasma identified by the white glow. The impact is accompanied
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Figure 1.4: The impact of a frequency-doubled Nd:YAG laser pulse of wavelength
λ = 532 nm and pulse duration τp = 10 ns on magenta-dyed water droplets with
initial radii R0 = 0.9 mm. (a) A tightly focussed beam leads to the formation of a
local water plasma and subsequently violent ablation from the droplet. Furthermore,
a shock-wave is generated and visible in air at t = 30 µs. The impulsive impact leads
to a severe deformation and fragmentation of the droplet on later stages t = 50 µs and
t = 90 µs. (b) A moderately focussed beam leads to the formation of a mist cloud
and a yellow fluorescence emission of the magenta dye. The recoil pressure resulting
from the phase change causes the droplet to deform in a strongly curved liquid sheet.
(c) The uniform laser irradiation along the droplet surface leads to the formation of
a symmetric mist cloud. The recoil pressure in this case causes the droplet to be
propelled to the right and deform into an umbrella-shaped target. Image taken from
[41].

by a shock-wave in air, which is clearly visible at t = 30µs. Invisible however is
the shock-wave that travels inside the droplet that leads to a severe deformation and
fragmentation of the droplet on later stages. In the center panel the laser impact leads
to the formation of a mist cloud due to localized boiling of water for a moderately
focussed beam [41]. The resulting recoil-pressure on the surface deforms the droplet
in a curved liquid sheet on a timescale that is larger than the timescale on which
pressure waves travel inside the droplet. Finally in the bottom panel, an uniform
laser irradiation over the droplet surface leads to a symmetric mist cloud along the
laser-impact axis. In this case, the pressure field inside the droplet is always well
established during the deformation of the droplet and therefore acoustics do not play
a significant role.
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A possible way to increase the power output of the LPP-EUV light source is to
increase the number of droplets produced by the droplet generator. As a result, we
must also speed up the conversion of tin into a plasma to keep up with the increase in
throughput of falling droplets. To this end, the laser pre-pulse duration is shortened
or the intensity increased such that the deformation into a thin flat sheet is faster. De-
tailed understanding of this deformation process leads to a better coupling with the
second high-energy laser impact. Therefore, in this thesis we analytically and nu-
merically study the laser impact onto a droplet in a regime where the recoil-pressure
duration τe is short or the recoil-pressure amplitude pe is large. In this regime Weber
number and Reynolds number alone are not sufficient to describe the droplet defor-
mation since acoustics inside the droplet starts to play a crucial role, as seen in figure
1.4a. Two additional dimensionless groups are needed to describe the deformation
dynamics: The Strouhal number

St =
cτe

D
, (1.4)

where c is the speed of sound inside the droplet and the acoustic Mach number

Ma =
pe

ρc2 . (1.5)

The Strouhal number is a measure for the distance a pressure wave has travelled
inside the droplet compared to the diameter of the droplet. When the Strouhal number
is small, the pressure wave inside the droplet after the recoil pressure has not yet
travelled a distance D and the front side of the droplet gets compressed. By contrast,
when St� 1 the pressure field inside the droplet is well established on the timescale
of the pulse duration. The acoustic Mach number is a measure for the amplitude of
the pressure wave inside the droplet compared to the base pressure of the droplet.
When the acoustic Mach number is large the flow inside the droplet is non-linear and
shock waves dominate the flow, while when the acoustic Mach number is small the
flow can be considered linear. In the regime where the pulse duration is short, but
still a significant amount of momentum is transferred to the droplet, the flow could
be governed by shock-waves, cavitation phenomena, non-linear viscous damping and
rapid interface acceleration. This leads to new flow regimes that are not present in
the case when the pre-pulse parameters are such that the flow inside the deforming
droplet is incompressible and linear.

Another possible way to increase the LPP-EUV power output is to understand
how to reduce the laser-to-droplet alignment sensitivity. Any small laser misalign-
ment from the optimum impact location on the droplet leads to a tilted droplet defor-
mation with a smaller radial expansion and hence to a lower conversion efficiency of
the light source. Therefore in this thesis we analytically and numerically study the
effects of a relative misalignment between the laser beam and droplet and the result-
ing droplet deformation. In this work we present a model to calculate the tilt angle
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Figure 1.5: An experimental time series of a droplet impacting onto a deep liquid
pool with U = 22m/s under an angle of α = 28◦. (a) Directly after impact an ejecta
sheet forms that splashes on the right hand side of the impact zone. (b) A single sided
crown develops whose fingers break and also result in satellite droplets. Below the
pool surface a hemispherical cavity develops. (c) The crown collapses and capillary
waves are formed inside the cavity, see arrow. (d) The capillary waves focus off-
center. (e) A bubble is entrapped into the liquid pool, see arrow, and the cavity starts
to retract. (f) A Worthington jet is formed during the closure of the cavity. Image
taken from [25].

sensitivity, i.e. the change in droplet tilt angle as function of the misalignment, as
function of a single dimensionless parameter: the ratio of the laser spot size to the
position of the plasma critical surface. This model can be used to enhance the pre-
pulse laser parameters such that the tilt angle sensitivity is minimized in LPP-EUV
light sources, which maximizes the radial expansion of the target shape and therefore
leads to a better coupling with the second high energy main pulse.

1.1.3 Droplet impact onto deep liquid pools

The tin debris formed after plasma formation is captured by a tin catching device at
the bottom and vanes at the walls of the source chamber to prevent the contamination
of the sensitive optics in the LPP-EUV light source. While these catchers prevent the
debris to directly hit the sensitive optics, they do not prevent secondary contamination
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parameter unit tin water

ρ liquid density (kg/m3) 6920 998
σ surface tension (N/m) 0.544 0.072
µ dynamic viscosity (kg/m s) 1.85×10−3 8.90×10−4

c speed of sound (m/s) 2.5×103 1.41×103

Laser impact on droplets

D initial droplet diameter (m) 50×10−6 2×10−3

U typical droplet propulsion velocities (m/s) 10−300 2−50
We Weber numbers 102−105

Re Reynolds numbers 103−105

Ma Acoustical Mach numbers 10−1−101

St Strouhal numbers 10−1−101

Droplet impact on pools

D initial droplet diameter (m) 6.5×10−6 1×10−4

U typical droplet impact velocities (m/s) 10−100 5−30
We Weber numbers 102−103

Re Reynolds numbers 102−103

Table 1.1: The liquid properties of tin and water droplets used in this thesis. For the
laser impact phenomenon we have included typical propulsion velocities and droplet
diameters encountered in experiments with water droplets [36] and tin droplets [38].
For the droplet impact onto a deep liquid pool we used the typical impact velocities
and droplet diameters for experiments in water [25] and estimations for the tin debris
encountered in the LPP-EUV source chamber.

of the optics originating from, e.g., splashing of impacting debris. It is therefore
important to study the splashing behaviour of tin debris depending on the impact
angle and the impact velocity. In this thesis we focus on the impact dynamics of
oblique droplet impact onto a deep liquid pool. Figure 1.5 shows an experimental
time series of a water droplet impacting onto a deep liquid pool under an angle. In
figure 1.5a an ejecta sheet is formed directly after impact, but only at the right hand
side of the impact zone. The ejecta sheet breaks at the tip and small satellite droplets
are formed, as clearly seen in figure 1.5b. In figure 1.5c the ejecta sheet collapses
back to the pool and a capillary wave is created that travels along the surface into
the cavity and entraps a bubble in figure 1.5d-e. Finally in figure 1.5f a thick jet is
created that in some cases could also result in a splash.

In this work we use the adaptive flow solver Basilisk to study the splashing thresh-
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old, cavity formation, cavity evolution and the maximum cavity dimensions as a func-
tion of the Weber number and the impact angle directly after impact. We validate and
compare our numerical results with recent experiments by [25]. The numerical sim-
ulations provide a valuable addition to the experimental results, since we have access
to the pressure and velocity fields induced in the liquid. This allows for a detailed
understanding of the onset of the sheet dynamics and the resulting breakup, allows
for a better judgment on the single-sided and omni-directional splashing thresholds.
Furthermore we can use the numerical method to explore impact parameters that are
hard to reach experimentally, e.g. very large impact angles or high droplet velocities.

Fundamental insight in the splashing behaviour of the tin debris may lead to a
better control on the secondary contamination by splashing after impact, which leads
to cleaner optics and thus a better conversion efficiency of the LPP-EUV light source.

1.2 Guide through the thesis

In chapter 2 we present a numerical method to study the propagation of pressure
waves inside a droplet that has been hit by a laser pulse. The presented axisymmetric
multiphase lattice-Boltzmann method is capable of solving liquid-gas density ratios
up to 103 and gives fundamental insight in the initial deformation dynamics of the
droplet. In chapter 3 we derive an acoustic analytic model for the pressure, pres-
sure impulse and velocity fields inside the droplet after laser impact in the limit of
small density fluctuations. This model is used to examine how the droplet deforma-
tion depends on the pressure pulse duration while the total momentum transferred to
the droplet is kept constant. We demonstrate that when the momentum transfer is
increased, the flow becomes compressible for short pulse durations, which strongly
alters the deformation dynamics compared to long pulse durations. We use the ax-
isymmetric multiphase lattice-Boltzmann model of chapter 2 to support and validate
our analytical findings. In chapter 4 we introduce and experimentally validate an an-
alytical model describing the sensitivity of the tilt angle, expansion and propulsion
velocity of a tin micro-droplet irradiated by a 1µm Nd:YAG laser pulse to its rela-
tive laser alignment. We give an analytic expression for the tilt angle sensitivity that
is particularly relevant to optimize and understand the disk-like target in LPP-EUV
light sources. In chapter 5 we present a numerical study the oblique droplet impact
onto deep liquid pools. We quantify the splashing threshold, cavity formation, cavity
evolution and the maximum cavity dimensions as function of the Weber number and
the impact angle. We compare the numerical results with the experimental results
by [25]. Furthermore, we give a detailed overview of the velocity magnitude inside
the ejecta sheet directly after impact for different Weber numbers and impact angles.
Finally, in chapter 6 we introduce a novel semi-analytic solving method that can po-
tentially be used to get a deeper understanding of the compressible and non-linear
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flow regimes inside the droplet after laser impact or after oblique droplet impact onto
a deep liquid pool. As a demonstration in this chapter, we have applied the method
to the one-dimensional Burgers equation. We present a novel analytic and bounded
solution to the Burgers equation for a simple trigonometric initial condition in an
infinite domain.
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deep pool”, Phys. Rev. Fluids 2, 023601 (2017).

[20] A. Asai, M. Shioya, S. Hirasawa, and T. Okazaki, “Impact of an ink drop on
paper”, Journal of imaging science 37, 205–207 (1993).

[21] D. B. van Dam and C. Le Clerc, “Experimental study of the impact of an ink-jet
printed droplet on a solid substrate”, Physics of Fluids 16, 3403–3414 (2004).

[22] K. R. Koederitz, M. R. Evers, G. B. Wilkinson, and J. A. Drallmeier, “Break-up
of liquid fuel films from the surfaces of the intake port and valve in port-fuel-
injected engines”, International Journal of Engine Research 3, 37–58 (2002).

[23] D. B. Smith, S. D. Askew, W. H. Morris, D. Shaw, and M. Boyette, “Droplet
size and leaf morphology effects on pesticide spray deposition”, Transactions
of the ASAE 43, 255–259 (2000).

[24] E. Valaker, S. Armada, and S. Wilson, “Droplet erosion protection coatings for
offshore wind turbine blades”, Energy Procedia 80, 263 – 275 (2015).



14 REFERENCES

[25] M. V. Gielen, P. Sleutel, J. Benschop, M. Riepen, V. Voronina, C. W. Visser,
D. Lohse, J. H. Snoeijer, M. Versluis, and H. Gelderblom, “Oblique drop
impact onto a deep liquid pool”, Phys. Rev. Fluids 2, 083602 (2017), URL
https://link.aps.org/doi/10.1103/PhysRevFluids.2.083602.

[26] S. Fujioka, M. Shimomura, Y. Shimada, S. Maeda, H. Sakaguchi, Y. Nakai,
T. Aota, H. Nishimura, N. Ozaki, A. Sunahara, K. Nishihara, N. Miyanaga,
Y. Izawa, and K. Mima, “Pure-tin microdroplets irradiated with double laser
pulses for efficient and minimum-mass extreme-ultraviolet light source produc-
tion”, Appl. Phys. Lett. 92, 241502 (2008).

[27] J. Benschop, V. Banine, S. Lok, and E. Loopstra, “Extreme ultraviolet lithogra-
phy: Status and prospects”, J. Vac. Sci. Technol. B 26, 2204 (2008).

[28] B. Wu and A. Kumar, “Extreme ultraviolet lithography and three dimensional
integrated circuita review”, Applied Physics Reviews 1, 011104 (2014).

[29] G. OSullivan, B. Li, R. Darcy, P. Dunne, P. Hayden, D. Kilbane, T. McCormack,
H. Ohashi, F. OReilly, P. Sheridan, E. Sokell, C. Suzuki, and T. Higashiguchi,
“Spectroscopy of highly charged ions and its relevance to euv and soft x-ray
source development”, Journal of Physics B: Atomic 48 (2015).

[30] G. E. Moore, “Cramming more components onto integrated circuits”, Electron-
ics magazine 38 (1965).

[31] G. E. Moore, “Excerpts from a conversation with gordon moore: Moore?s law”,
Intel video transcript (2005).

[32] C. A. Mack, “Fifty years of moore’s law”, IEEE Transactions on Semiconductor
Manufacturing 24, 202–207 (2011).

[33] C. Wagner and N. Harned, “Lithography gets extreme”, Nature Photonics 4, 24
(2010), URL https://doi.org/10.1038/nphoton.2009.251.

[34] M. A. Purvis, A. Schafgans, D. J. W. Brown, I. Fomenkov, R. Rafac,
J. Brown, Y. Tao, S. Rokitski, M. Abraham, M. Vargas, S. Rich, T. Tay-
lor, D. Brandt, A. Pirati, A. Fisher, H. Scott, A. Koniges, D. Eder,
S. Wilks, A. Link, and S. Langer, “Advancements in predictive plasma
formation modeling”, SPIE Advanced Lithography 9776 (2016), URL
https://doi.org/10.1117/12.2221991.

[35] M. Purvis, I. V. Fomenkov, A. A. Schafgans, M. Vargas, S. Rich, Y. Tao, S. I.
Rokitski, M. Mulder, E. Buurman, M. Kats, J. Stewart, A. D. LaForge, C. Ra-
jyaguru, G. Vaschenko, A. I. Ershov, R. J. Rafac, M. Abraham, D. C. Brandt,



REFERENCES 15

and D. J. Brown, “Industrialization of a robust euv source for high-volume
manufacturing and power scaling beyond 250w”, SPIE Advanced Lithography
10583 (2018), URL https://doi.org/10.1117/12.2305955.

[36] A. L. Klein, W. Bouwhuis, C. W. Visser, H. Lhuissier, S. Sun, J. H. Snoeijer,
E. Villermaux, D. Lohse, and H. Gelderblom, “Drop shaping by laser-pulse
impact”, Phys. Rev. Applied 3, 044018 (2015).

[37] H. Gelderblom, H. Lhuissier, A. Klein, W. Bouwhuis, D. Lohse, E. Villermaux,
and J. Snoeijer, “Drop deformation by laser-pulse impact”, Journal of Fluid
Mechanics 794, 676?699 (2016).

[38] D. Kurilovich, A. L. Klein, F. Torretti, A. Lassise, R. Hoekstra, W. Ubachs,
H. Gelderblom, and O. O. Versolato, “Plasma propulsion of a metallic micro-
droplet and its deformation upon laser impact”, Phys. Rev. Applied 6, 014018
(2016).

[39] J. Scheers, A. Ryabtsev, A. Borschevsky, J. C. Berengut, K. Haris,
R. Schupp, D. Kurilovich, F. Torretti, A. Bayerle, E. Eliav,
W. Ubachs, O. O. Versolato, and R. Hoekstra, “Energy-level
structure of sn3+ ions”, Phys. Rev. A 98, 062503 (2018), URL
https://link.aps.org/doi/10.1103/PhysRevA.98.062503.

[40] E. Buckingham, “On physically similar systems; illustrations of the
use of dimensional equations”, Phys. Rev. 4, 345–376 (1914), URL
https://link.aps.org/doi/10.1103/PhysRev.4.345.

[41] A. L. Klein, C. W. Visser, W. Bouwhuis, H. Lhuissier, C. Sun, J. H. Snoeijer,
E. Villermaux, D. Lohse, and H. Gelderblom, “Laser impact on a drop”, Physics
of Fluids 27, 091106 (2015).



16 REFERENCES



2
Axisymmetric multiphase Lattice Boltzmann

method for generic equations of state ∗

We present an axisymmetric lattice Boltzmann model based on the Kupershtokh et al.
multiphase model that is capable of solving liquid-gas density ratios up to 103. Ap-
propriate source terms are added to the lattice Boltzmann evolution equation to fully
recover the axisymmetric multiphase conservation equations. We validate the model
by showing that a stationary droplet obeys the Young-Laplace law, comparing the
second oscillation mode of a droplet with respect to an analytical solution and show-
ing correct mass conservation of a propagating density wave.

2.1 Introduction

The lattice Boltzmann method (LBM) [1, 2] is an efficient numerical tool to solve the
Navier-Stokes equations. This numerical method can be systematically derived from
the Boltzmann equations by means of a Hermite expansion approach [3]. In many
physically realistic flow problems one has to deal with multiphase flows such as the
contact angle hysteresis of a moving droplet on a surface, a capillary rise in a cylin-
drical tube and droplet impact on solid surfaces. To this end, several extensions have
been proposed to support multiphase flows in the LBM. In an early attempt, Gun-
stensen et al. [4] studied a two-component fluid lattice-gas method. Shan et al. [5, 6]

∗Published as: S.A. Reijers, H. Gelderblom, F. Toschi, “Axisymmetric multiphase Lattice Boltz-
mann method for generic equations of state”, J Comput Sci 17, 309-314 (2016).
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were the first to incorporate intermolecular interactions to achieve phase separation
in LBM. A different approach to model a multiphase fluid was developed by Swift
et al. [7], who associated a free energy functional to the fluid. In their original form,
these models lack the ability to achieve high density ratios across fluid interfaces and
suffer from spurious currents near the liquid-vapour interface. In many engineering
applications density ratios range from 101− 103, posing a serious limitation to the
applicability of these lattice Boltzmann models in their original form. Recently, Lee
et al. [8] showed that the spurious currents are caused by discretization errors in
the computation of the multiphase force. These spurious currents can be reduced
to machine precision by employing a potential form of the non-ideal pressure and
a isotropic central difference approximation scheme for the multiphase force. Ku-
pershtokh et al. [9] showed that it is possible to achieve density ratios of 106 when
the multiphase force is discretized by just a single-neighbour discretization scheme.
The ability to achieve high density ratios makes this model applicable to many engi-
neering applications. However, in this scheme the surface tension cannot be varied
independently and spurious currents still exist.

Recently the LBM was extended to support axisymmetric multiphase flows. These
axisymmetric simulations are effectively 2D simulations in a cylindrical coordinate
system. Therefore, the computational cost for axisymmetric 3D flow problems is
significantly lower in comparison to the same problem in a full 3D simulation. Hal-
liday et al. [10] was the first to implement an axisymmetric LBM for single-phase
flows. They introduced additional source and sink terms to the evolution equation
and showed that they recover the 2D axisymmetric Navier-Stokes equations. This
model was improved by Lee et al. [11] who corrected a missing source term related
to the radial velocity. In addition, the method of Halliday et al. was extended to
support non-ideal flows. Premnath et al. [12] were the first to implement an axisym-
metric multiphase LBM. Their model is able to achieve density ratios up to 10 and
was further improved by Mukherjee et al. [13] to support density ratios up to 103 and
perform stable computations at lower viscosities. In this improved model, they use a
pressure-evolution based LBM combined with a multiple-relaxation-time (MRT) col-
lision model. Another axisymmetric multiphase LBM model by Srivastava et al. [14]
is based upon the widely used Shan-Chen model. In this model, they add an extra
contribution to the Shan-Chen multiphase force to fully recover three-dimensionality
in the system. However, large density ratios (> 30) could not be achieved due to the
limits of the original Shan-Chen model.

In this chapter, we introduce a novel and easy-to-implement axisymmetric isother-
mal multiphase model for high density ratio fluids. The proposed model is based on
the axisymmetric LBM of Srivastava et al. [14] combined with the multiphase model
of Kupershtokh et al. [9]. The combined model inherits all advantages and disad-
vantages of the existing multiphase model by Kupershtokh et al., which we will not
discuss in detail here. An extensive study to the accuracy and stability of the Ku-



2.2. MODEL DERIVATION 19

pershtokh et al. multiphase method can be found in [15]. Our implementation is
discussed in section II. In section III we present three validation tests. First, we ver-
ify that a stationary droplet obeys the Young-Laplace law. Then, we compare the
second oscillation mode of an oscillating droplet with an incompressible analytical
solution. Finally, we show that the method correctly describes the propagation of a
density wave towards and away from the longitudinal z-axis. Our main conclusions
and limitations of the method are discussed in section IV.

2.2 Model derivation

We first introduce the standard LBM. In the following sub-sections, we will gradu-
ally show the changes necessary to obtain a fully functional axisymmetric isothermal
multiphase LBM.

2.2.1 The lattice Boltzmann method

We use the common D2Q9 LBM, based on a two-dimensional Eulerian lattice with
nine velocities. For the time evolution of the distribution function fi, we use the BGK
approximation with a single relaxation parameter τ [2]. The time evolution is given
by

fi(xxx+ eeeiδ t, t +δ t) = fi(xxx, t)+
δ t
τ
( f eq

i (xxx, t)− fi(xxx, t))+δ tSi(xxx, t), (2.1)

where xxx is the position, t is the time, δ t is the time step, τ is the relaxation time,
Si(xxx, t) is a source term, f eq

i is the local equilibrium distribution and eeei is a discrete
velocity set given by

eeei =


(0,0) i = 0,
(1,0)FS i = (1,2,3,4),
(±1,±1) i = (5,6,7,8),

where the subscript FS denotes a fully symmetric set of points. The local equilib-
rium distribution function f eq

i is a second-order Taylor expansion of the Maxwell-
Boltzmann distribution [2] and is given by

f eq
i (xxx, t) =wiρ(xxx, t)

[
1+

1
c2

s
(eeei ·uuu(xxx, t))+

1
2c2

s

(
1
c2

s
(eeei ·uuu(xxx, t))2−||uuu(xxx, t)||2

)]
, (2.2)
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where c2
s =

1
3 is the lattice speed of sound in this single-phase model and wi are the

quadrature weights given by

wi =


4/9 i = 0,
1/9 i = (1,2,3,4),
1/36 i = (5,6,7,8).

The hydrodynamic quantities of the fluid, such as density ρ and velocity uuu are calcu-
lated as weighted sums of the distribution function fi

ρ(xxx, t) = ∑
i

fi(xxx, t), (2.3)

uuu(xxx, t) =
δ tFFF(xxx, t)
2ρ(xxx, t)

+∑
i

eeei fi(xxx, t)
ρ(xxx, t)

, (2.4)

where uuu(xxx, t) is shifted by means of an internal/external force FFF . In the past, different
implementations of a body force, FFF , were proposed [16]. Here we use the forcing
scheme by Guo et al. [17]

Si(xxx, t) = wi

(
1− δ t

2τ

)(
(eeei−uuu) ·FFF

c2
s

+
(eeei ·uuu)(eeei ·FFF)

c4
s

)
. (2.5)

2.2.2 The extension to an axisymmetric method

Figure 2.1: Schematics of the axisymmetric geometry in our LBM. The Cartesian
coordinates (x,y) are replaced with the axisymmetric coordinates (z,r). Nr is the
length of the domain in the r-direction and Nz is the length in the z-direction.

In an axisymmetric flow, there is no flow in the azimuthal direction (uθ = 0) and
mass conservation reads

∂ρ

∂ t
+∇∇∇c · (ρuuu) =−ρur

r
(2.6)
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where ∇∇∇c ≡ ( ∂

∂ z ,
∂

∂ r ) is the gradient operator in a two-dimensional Cartesian coor-
dinate system (x→ z,y→ r) and uuu = (uz,ur) is the fluid velocity. The momentum
equation reads

ρ

(
∂uuu
∂ t

+uuu ·∇∇∇cuuu
)
=−∇∇∇cP+ (2.7)

µ∇∇∇c ·
[
∇∇∇cuuu+∇∇∇cuuuT]+CCC

where P is the fluid pressure which in a single-phase LBM is given by P = c2
s ρ and

CCC is given by

Cz =
µ

r

(
∂uz

∂ r
+

∂ur

∂ z

)
, Cr = 2µ

∂

∂ r

(ur

r

)
, (2.8)

with µ the fluid viscosity. It is clear that equations (2.6,2.7) have additional con-
tributions to the mass and momentum conservation equations in comparison to 2D
flow in the (z,r)-plane. These contributions ensure local conservation of mass and
momentum when fluid is moving towards or away from the longitudinal z-axis. The
single-phase LBM can be supplemented with appropriate source-terms to recover the
axisymmetric conservation equations (2.6,2.7) [14]. To this end, the evolution equa-
tion (2.1) is rewritten with an additional source term hi

fi(xxx+ eeeiδ t, t +δ t) =
δ t
τ
( f eq

i (xxx, t)− fi(xxx, t))+

fi(xxx, t)+δ tSi(xxx, t)+δ thi(xxx+ eeei
δ t
2
, t +

δ t
2
). (2.9)

where hi is evaluated at fractional time steps. Srivastava et al. [14] showed by means
of a Chapman-Enskog (CE) expansion that when hi has the following form

hi = wi

(
−ρur

r
+

1
c2

s
(eizHz + eirHr)

)
, (2.10)

with eeei = (eiz,eir) and

Hz =
eiz

r

(
µ

(
∂uz

∂ r
+

∂ur

∂ z

)
−ρuruz

)
, (2.11a)

Hr =
eir

r

(
2µ

(
∂ur

∂ r
+

ur

r

)
−ρu2

r

)
, (2.11b)

the resulting LBM solves the axisymmetric conservation equations given by (2.6,2.7)
in the limit of small Mach number. The velocity derivatives inside (2.11) are approx-
imated by a isotropic fifth-order accurate finite difference scheme that will be given
below (2.22). To have consistent boundary conditions, we use a symmetry boundary
condition for the derivative evaluation at the axis and we impose a zero derivative for
all other boundaries.
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Figure 2.2: The co-existence curve relating the equilibrium densities ρv and ρl to
the temperature T for A = 0 (black diamonds and blue squares) and A = −0.152
(orange diamonds and green squares). The simulation is capable of achieving density
ratios up to 103 and beyond. Simulation parameters: Nz×Nr = 150× 100, τ = 1.0,
λ = 0.01.

2.2.3 The extension to a multiphase axisymmetric method

We employ a temperature-dependent body force to obtain a multiphase fluid [5].
Zhang et al. [18] proposed a body force of the form

FFF(xxx, t) =−∇∇∇U(xxx, t), (2.12)

for which the overall effective fluid pressure in the system becomes

P(xxx, t) = c2
s ρ(xxx, t)+U(xxx, t). (2.13)

In this notation, it is evident that a particular equation of state (EOS) Pk can be ob-
tained by simply adapting the choice for U accordingly

U(xxx, t) = Pk(xxx, t)− c2
s ρ(xxx, t). (2.14)

In this chapter, we will only consider the dimensionless van der Waals (vdW) EOS

Pk = λ

(
8ρT
3−ρ

−3ρ
2
)
, (2.15)

ck =

√
λ

(
24T

(ρ−3)2 −6ρ

)
, (2.16)
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where T = Tvdw/Tc is an effective temperature and Tc the critical temperature, ck is
the thermodynamic speed of sound at constant entropy, ρ = ρvdw/ρc is the density
and ρc the critical density, P = Pvdw/Pc is the pressure and Pc the critical pressure

and λ = Pc
ρc

(
δ t
∆x

)2
is a scaling parameter. Kupershtokh et al. [9] showed that for this

vdW-EOS, the theoretical co-existence curve can be fully reconstructed by using the
Exact-Difference-Method (EDM) forcing scheme and a special discretization for the
body force

FFF(xxx) =
18
3δ t

(
A∑

i
wiψ

2(xxx+ eeeiδ t)eeei+ (2.17)

(1−2A)ψ(xxx)∑
i

wiψ(xxx+ eeeiδ t)eeei

)
,

ψ(xxx) =
√
−Pk +

ρ

3
. (2.18)

where A is a tunable parameter. For A = 0 the scheme coincides with a local ap-
proximation scheme and for A = 0.5 with a mean-value approximation. The vdW
co-existence curve is recovered by setting A =−0.152 [9].

By means of a Taylor expansion for ψ(xxx+ eeeiδ t) one can find a continuum ex-
pression for the body force

FFF(xxx)≈ 18c2
s

3

(
ψ(xxx)∇∇∇ψ(xxx)+

(δ t)2c2
s

2

[
ψ(xxx)∇∇∇∇

2
ψ(xxx) (2.19)

+6A∇∇∇ψ(xxx)∇2
ψ(xxx)

])
+O((δ t)4).

To fully recover axisymmetry in the multiphase force, we need to use correction
terms, similar to what has been done for the mass- and momentum conservation
equations [14]. In cylindrical coordinates, the Laplace operator is given by ∇2 ≡
∂ 2

∂ r2 +
∂ 2

∂ z2 +
1
r

∂

∂ r = ∇2
c +

1
r

∂

∂ r . Therefore, we can rewrite (2.19) as

FFF(xxx)≈ 18c2
s

3

(
ψ(xxx)∇∇∇cψ(xxx)+

(δ t)2c2
s

2

[
ψ(xxx)∇∇∇c∇

2
cψ(xxx) (2.20)

+6A∇∇∇cψ(xxx)∇2
cψ(xxx)

])
+FFFaxis(xxx)+O((δ t)4),

where FFFaxis is given by

FFFaxis(xxx) = 3(δ t)2c4
s

(
ψ(xxx)∇∇∇c

[
1
r

∂ψ(xxx)
∂ r

]
+

6A
r

∂ψ(xxx)
∂ r

∇∇∇cψ(xxx)
)
, (2.21)

and can be identified as the cylindrical contribution to the multiphase force.
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The meaning of cs in the Taylor expansion that leads to (2.21) is ambiguous.
When the lattice speed of sound (cs) is used in (2.21), our validation tests for the sur-
face tension showed a discrepancy in the range of 200-260% in comparison with full
2D simulations. By substituting the thermodynamic speed of sound ck in (2.21) in-
stead, we observe better consistency between the axisymmetric simulations and fully
2D simulations as is shown in Table 2.1 of the next section. Therefore, we use this
substitution in the remainder of the paper. We attribute this ambiguity to the cur-
rent mathematical formulation of the multiphase LBM. We use a lattice Boltzmann
scheme that is derived from a single-phase ideal gas in which the speed of sound is as-
sumed constant. However, by imposing a non-ideal EOS the speed of sound changes
with density, which hence invalidates the constant lattice speed of sound. Unfortu-
nately a mathematical proof of the validity of our substitution cannot be constructed
at this moment and is left for future work.

The evaluation of FFFaxis requires an approximation for the derivatives of ψ accu-
rate up to order (δ t)4. Therefore, we use the following isotropic fifth-order accurate
finite difference approximations given by (2.22) [14]. We use a symmetry boundary
condition for the derivative evaluation at the axis and we impose a zero derivative for
all other boundaries.

∂ψ(xxx)
∂ r

=
1

36

8

∑
i=1

(
8ψ(xxx+ eeeiδ t)−ψ(xxx+2eeeiδ t)

)
cir +O((δ t)5), (2.22a)

∂ 2ψ(xxx)
∂ r2 =

1
36

8

∑
i=1

(
8∂ψ(xxx+ eeeiδ t)

∂ r
− ∂ψ(xxx+2eeeiδ t)

∂ r

)
cir +O((δ t)5), (2.22b)

∂ψ(xxx)
∂ z

=
1

36

8

∑
i=1

(
8ψ(xxx+ eeeiδ t)−ψ(xxx+2eeeiδ t)

)
ciz +O((δ t)5), (2.22c)

∂ 2ψ(xxx)
∂ r∂ z

=
1

36

8

∑
i=1

(
8∂ψ(xxx+ eeeiδ t)

∂ z
− ∂ψ(xxx+2eeeiδ t)

∂ z

)
cir +O((δ t)5). (2.22d)

2.3 Results and Validation

Our model is capable of achieving density ratios up to 103. The co-existence curve
relating the equilibrium vapour density ρv and liquid ρl density to the temperature T
is plotted in figure 2.2. In the remainder of this section we validate our axisymmetric
isothermal multiphase LBM against three test cases. First, we compare the pressure
difference across the liquid-vapour interface of a stationary droplet of radius R0 for
different temperatures T to the Young-Laplace law. Then, we compare the second os-
cillation mode of an oscillating droplet with its analytical solution. Finally, we show
that mass is correctly conserved by simulating a propagating density wave travelling
towards and away from the longitudinal z-axis.
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A = 0 A =−0.152

T σ2D
lv σ axis

lv σ lcs
lv σ2D

lv σ axis
lv σ lcs

lv

0.9 0.305 0.304 0.606 0.371 0.383 0.965
0.8 0.928 0.928 1.865 1.146 1.158 2.884
0.7 1.983 2.009 3.909 2.285 2.318 5.681

Table 2.1: Surface tension evaluated using (2.23). Here, A denotes the tuning pa-
rameter for the multi-phase force, while σ2D

lv and σ axis
lv denote the surface tensions

obtained from full (2D) and axisymmetric simulations. We find that the maximum
relative error with 2D simulations is 1.3% for A = 0 and 3.2% for A = −0.152. An
additional surface tension σ lcs

lv was simulated by using the lattice speed of sound cs in
(2.21). These results show an maximum relative error of 201% for A = 0 and 260%
for A =−0.152. Simulation parameters: Nz×Nr = 500×200, τ = 1.5, λ = 0.01.

2.3.1 Stationary droplet validation

The pressure difference across the liquid-gas interface of a stationary 2D droplet with
radius R0 is given by the Young-Laplace equation

∆Pk =
σlv

R0
, (2.23)

where σlv = σvdw/(Pc∆x) is the surface tension between the liquid-vapour phase,
R0 = R/∆x is the stationary droplet radius and ∆x = 1 is the lattice spacing in our
LBM. Note that there is only one radius of curvature in a two-dimensional system.
In this validation test, we check if the value of the surface tension in the present
model σ axis

lv is consistent with a full 2D simulation σ2D
lv . To this end, we perform

simulations of a stationary droplet with radius R0 = 150 (lattice units) for three dif-
ferent temperatures T and two coupling constants A. As boundary conditions for the
axisymmetric simulation we use mid-grid specular reflection boundary condition on
the longitudinal z-axis, periodic boundary conditions in the r direction and a free-
slip boundary condition at r = Nr. In the 2D lattice Boltzmann simulation, we used
periodic boundary conditions on all sides.

The results of these simulations are summarized in Table 2.1. When comparing
the surface tension values between the full 2D and the axisymmetric simulation, we
find that the maximum error is 1.3% for A = 0 and 3.2% for A = −0.152, respec-
tively. Our axisymmetric multiphase LBM is in excellent agreement with the full 2D
counterpart.
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Figure 2.3: The temporal evolution of the inter-facial position along the longitudinal
z-axis for four different initial conditions. We normalized the time by the capillary

time tc =
√

ρR3
0

λσlv
and the droplet radius R by its equilibrium radius R0. Simulation

parameters: Nz×Nr = 500×250, τ = 0.7, T = 0.8, A = 0.0, λ = 0.01, ρl/ρv ≈ 10.

2.3.2 Oscillating droplet validation

In this validation test we consider the problem of an oscillating axisymmetric droplet
immersed in a gas. An analytical solution to the frequency and rate of damping of
an oscillating droplet for arbitrary droplet radii, viscosity and surface tension was
obtained by Miller and Scriven [19] in the limit of an isothermal, incompressible and
Newtonian fluid. Here, we consider only the second mode which is axisymmetric

ω2 = ω
∗
2 −

α(ω∗2 )
1/2

2
+

α2

4
, (2.24)

where

ω
∗
2 =

√
24λσlv

R3
0(2ρv +3ρl)

, (2.25)

and

α =
25
√

νlνvρlρv√
2R0(2ρv +3ρl)(

√
νlρl +

√
νvρv)

, (2.26)

with νv and νl the kinematic viscosities of the vapour and liquid phase, respectively.
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Figure 2.4: The temporal evolution of the inter-facial position along the longitudinal
z-axis for four different initial conditions. We normalized the time by the capillary

time tc =
√

ρR3
0

λσlv
and the droplet radius R by its equilibrium radius R0. Simulation

parameters: Nz×Nr = 500× 250, τ = 0.72, T = 0.655, A = −0.152, λ = 0.005,
ρl/ρv ≈ 130.

In this test, we initialized the fluid domain with an axisymmetric ellipsoidal drop,
(r/Ra)

2 +(z/Rz)
2 = 1, where Ra, Rb are the semi-principal lengths of the ellipsoid.

The liquid and gas densities are initialized as the equilibrium densities to the corre-
sponding temperatures. We measure the time dependent radius R(t) of the droplet
along the longitudinal z-axis for 4 different initial ellipsoid radii, see figure 2.3 and
figure 2.4. Our simulation domain consists of a free-slip boundary condition at the
top, periodic boundary conditions along the sides and the mid-grid specular reflec-
tion boundary condition on the longitudinal z-axis. The oscillation frequency ω2
can be calculated by fitting the temporal evolution of the inter-facial position with
that of a damped harmonic oscillator f (t) = a+ bexp(−ct)sin(ω2t + d), where the
inter-facial position is picked as the point in space where ρ = ρv+ρl

2 . We found that
the frequency ω2 for the four different droplet radii have a minimal relative error of
6% and a maximum relative error of 8% at density ratio ρl/ρv ≈ 10 with respect to
the incompressible analytical solution (2.24). For density ratio of ρl/ρv ≈ 130, we
found that the oscillation frequency ω2 has a minimal relative error of 14.4% and
a maximum relative error of 15.8%. Relative frequency errors ranging from 8% to
12% in oscillating droplets are also observed in other multiphase lattice Boltzmann
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Figure 2.5: The disturbance density field ρ1 as function of the position r is plotted at
different time stages, where tw = ckt

wd
is the dimensionless time. Simulation parame-

ters: Nz×Nr = 1×2000, τ = 0.6, T = 0.8, ρ = 1.8, A = 0.0, λ = 0.01, ρl/ρv ≈ 10.

models [13, 20–23]. In order to show that this frequency error is not related to our
axisymmetric implementation, we performed a full 2D oscillating droplet simulation
at high density ratio. In this simulation, we used a square domain with 500 lattice
units in each direction with periodic boundaries. We placed an ellipsoidal droplet
with R0 = 150 (lattice units) in the center of the domain with liquid and gas densities
initialized as the equilibrium values to the corresponding temperature. The density
ratio for this case was ρl/ρv ≈ 130 with parameters T = 0.655,τ = 0.72,A =−0.152
and λ = 0.005. The measured oscillation frequency ω2 showed a relative error of
13.1% with respect to the analytical solution (2.24). We therefore conclude that the
discrepancy in the oscillation frequency is not related to our axisymmetric imple-
mentation. We also excluded that the discrepancy comes from finite size effects,
therefore we suppose it may be due to a discrepancy between the physics modelled
in our simulation and the idealized incompressible analytical solution (2.24).

2.3.3 Wave propagation validation

In the limit of small density fluctuations ρ1/ρ0 � 1, the Navier-Stokes equations
can be linearized up to first order, where ρ1 is a density disturbance field and ρ0 the
background density [24]. The resulting cylindrical wave-equation for the disturbance
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field ρ1(xxx, t) in the inviscid limit reads

∂ 2ρ1

∂ t2 − c2
k∇

2
cρ1 =

c2
k
r

∂ρ1

∂ r
. (2.27)

Here, we check if the mass of a propagating density wave towards and away from the
axis is conserved and obeys the wave-equation (2.27). The spatial temporal solution
for the cylindrical wave-equation (2.27) with an initial condition ρ(r,0) and a no-slip
boundary condition at r = R, is given by [25]

ρ1(r, t) =
2

R2

∫ R

0

∞

∑
n=1

ρ1(r′,0)
J0(knr/R)J0(knr′/R)

J1(kn)2 cos
(

ckkn

R
t
)

r′dr′, (2.28)

where kn is the nth zero of J0(k) = 0, R is the channel height and ρ1(r′,0) is the initial
condition.

We initialized the fluid domain with a uniform density ρ0 supplemented with a
small disturbance ρ1 field of width wd and amplitude ρp in the center of the domain
at tw = 0, where tw = ckt

wd
. In contrast to the oscillating droplet test, here we used the

no-slip boundary condition at the top boundary, periodic boundary conditions along
the sides and the mid-grid specular reflection boundary condition on the longitudinal
z-axis. Furthermore, we set τ = 0.6 to be in the limit of small viscosity. Figure 2.5
shows the disturbance field ρ1 as function of the position r at different time stages
for both the simulation and analytic solutions (2.28). The initial density disturbance
causes two propagating waves in the system: one wave travelling towards the longi-
tudinal axis and one travelling away from the longitudinal axis. Figure 2.5 clearly
shows that mass is conserved in our simulation: there is a mass build-up in the wave
travelling towards the longitudinal axis and mass loss for the wave travelling away
from the longitudinal axis. We observe that the perturbed density field in the simula-
tion is in excellent agreement with the analytical solution. There is a small departure
from the analytical solution at tw = 3.98 as shown in figure 2.5. This departure is
most likely caused by the dissipative nature of the LBM with τ = 0.6, which is not
described by (2.27).

2.4 Discussion & Conclusion

We presented an axisymmetric LBM for high density ratio multiphase flows. The
method is capable of achieving liquid-to-gas density ratios up to 103 and higher.
In order to recover the axisymmetric multiphase mass and momentum conservation
equations appropriate source terms are introduced in the lattice Boltzmann evolution
equation and in the multiphase force. The source terms in the evolution equation
ensure the correct modelling for the mass, momentum and viscous tensors, while the
source terms in the multiphase force ensure a correct surface tension in the model.
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In our axisymmetric formulation of the LBM we used correction terms for the
multiphase force that scale with the lattice speed of sound. We substitute the ther-
modynamic speed of sound for the lattice speed of sound in this correction term. By
doing so, we observe better consistency with the fully 2D counterpart. A mathemati-
cal proof of the validity of this substitution cannot be provided at this moment and is
left for future work.

We validated the model by comparing the Young-Laplace pressure of the axisym-
metric simulation with the full 2D simulations. We observe a maximum relative error
in the Laplace pressure of 3.2%. Then, we validated the dynamics of an axially sym-
metric oscillating droplet with a known analytical solution. Here, we observe a max-
imum relative error of 15.8%. Finally, we validate that a propagating density wave
moving towards and away from the longitudinal z-axis correctly conserves mass and
found excellent agreement with the inviscid analytical solution.
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3
Droplet deformation by short laser-induced

pressure pulses ∗

When a free-falling liquid droplet is hit by a laser it experiences a strong ablation
driven pressure pulse. In this chapter we study the resulting droplet deformation in
the regime where the ablation pressure duration is short, i.e. comparable to the time
scale on which pressure waves travel through the droplet. To this end an acoustic an-
alytic model for the pressure-, pressure impulse- and velocity fields inside the droplet
is developed in the limit of small density fluctuations. This model is used to examine
how the droplet deformation depends on the pressure pulse duration while the total
momentum to the droplet is kept constant. Within the limits of this analytic model,
we demonstrate that when the total momentum transferred to the droplet is small the
droplet shape-evolution is indistinguishable from an incompressible droplet defor-
mation. However, when the momentum transfer is increased the droplet response is
strongly affected by the pulse duration. In this later regime, compressed flow regimes
alter the droplet shape evolution considerably.

3.1 Introduction

The impact of a short laser pulse onto a free-falling absorbing liquid droplet induces
a rapid phase change in a thin superficial layer on the illuminated side of the droplet

∗Published as: S.A. Reijers, J. H. Snoeijer and H. Gelderblom, “Droplet deformation by short laser-
induced pressure pulses”, J. Fluid Mech. 828, 374-394 (2017).
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Figure 3.1: An illustration of three different impact duration regimes on a droplet. (a)
A nanosecond laser pulse impacting from the left on a micron-sized liquid tin droplet
leads to plasma formation (white glow in the image) and subsequently plasma-
mediated ablation of the droplet (image taken from [2]). The typical ablation pres-
sure duration is comparable to the plasma-decay duration, which is of the order of the
acoustic time scale: τe . R/c, where R is the initial droplet radius and c the speed of
sound inside the droplet. (b) Impact of a nanosecond laser pulse onto a millimetre-
sized dyed water droplet can lead to vaporization and mist cloud formation, the ac-
companying shock wave in the surrounding air is also visible [1]. The typical vapour-
recoil induced ablation pressure duration is much longer than the acoustic time scale,
but much shorter than the time scale on which the droplet deforms: R/c� τe�R/U ,
where U is the propulsion speed of the droplet (image taken 5µs after laser impact,
image courtesy A.L. Klein). (c) For the impact of a droplet onto a solid surface the
typical interaction time is equal to the deformation time τe = R/U , where U is the
impact speed of the droplet (image taken from [6]).

[1, 2]. The resulting vaporization, explosive boiling or even plasma formation gives
rise to mass ablation; see figures 3.1a and b. Subsequently, a recoil pressure wave
propagates into the droplet and causes a net momentum transfer [1, 3, 4]. As a con-
sequence the droplet is propelled forward and strongly deforms [1, 5]. However, the
way in which these pressure waves establish inside the droplet over time, which is in
particular relevant for short pulse durations, has so far remained unexplored.

In this chapter we aim to understand the fluid dynamic response of a droplet to
a short ablation driven pressure pulse. Next to this ablation pressure, a laser impact
could trigger pressure waves inside the droplet through a number of other mecha-
nisms [7]. Electrostriction and radiation pressures are of negligible influence com-
pared to the ablation pressure [7]. However, the local heating of the liquid close to
the droplet surface can induce significant thermoelastic waves that result from ther-
mal expansion [3, 8]. Furthermore, for high laser intensities dielectric breakdown on
the droplet surface can lead to the generation of shock waves inside the droplet [9–11]
or even plasma generation inside a transparent droplet [12–14]. These mechanisms
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could have a strong influence on the droplet response. Indeed, cavitation phenom-
ena, shock waves and rapid interface acceleration can give rise to fast jetting, bubble
collapse and inter-facial instabilities [10, 14–17]. The study of these violent, highly
non-linear response regimes is beyond the scope of the present study. Instead, we
examine how an ablation pressure pulse is communicated throughout the droplet and
triggers droplet deformation.

An important application of laser-induced droplet deformation is found in Laser
Produced Plasma light-sources to generate Extreme Ultra Violet (EUV) light used
for nano-lithography [18, 19]. In these sources small tin droplets are converted into
a plasma by a two-stage laser impact process [19]. Upon the first impact, the droplet
deforms into a thin flat sheet which is thereafter ionized by a second more powerful
laser. A key question to improve this source is how the droplet deformation changes
when the laser pulse duration is shortened.

Up to now, the response of a droplet due to a laser impact has been studied by
using incompressible hydrodynamics to model the droplet deformation [1, 5]. In
these models the interaction of the laser with the droplet is described by an ablation
pressure pe acting on the surface of the droplet for a duration τe. The impulse peτe re-
sulting from this ablation pressure causes a momentum transfer to the droplet ρ0R3U ,
where ρ0 is the liquid density, R the initial droplet radius and U the center-of-mass
speed, which therefore scales as [5]

U ∼ peτe

ρ0R
. (3.1)

The deformation in these incompressible models is calculated by a pressure impulse
approach that is also used for studies on the impact of liquid bodies onto solids [20–
22]. As long as the duration of the ablation pressure is long compared to the acoustic
time scale R/c, where c is the speed of sound inside the droplet, and the amplitude
pe is such that no shock-waves are created, the droplet response can be considered
incompressible [5]. For example, for classical droplet impact onto a solid the defor-
mation time scale τi = R/U is of the same order as the impact duration τe which is
much longer than R/c (see e.g. [6, 23]), as illustrated in figure 3.1c.

By contrast, the impact of a laser pulse provides a means to shorten the duration
of the ablation pressure considerably, and thereby to transfer the same amount of
momentum peτe to the droplet in a shorter time. The ablation-pressure duration can
for example be decreased by increasing the laser pulse energy to move to the plasma-
mediated ablation regime, which leads to more violent and shorter lived ablation
pressures [2], as illustrated in figure 3.1a. A further decrease of the ablation-pressure
duration can be obtained by directly shortening the laser-pulse duration [24]. In these
cases τe is shortened significantly such that it becomes comparable to or even smaller
than R/c such that the droplet response is compressible and incompressible models
breakdown. We note that for laser-induced ablation τe � τi such that the droplet



36 CHAPTER 3. DROPLET DEFORMATION BY SHORT LASER PULSES

remains undeformed during impact [5]. Indeed, in figure 3.1b we observe that the
mist cloud resulting from mass ablation acts on the surface of an undeformed droplet.

In this chapter we study the response of a droplet to a short ablation pressure
acting on its surface. In particular, we focus on the question how the droplet defor-
mation dynamics depends on the ablation pressure duration at fixed impulse in the
regime where τe . R/c. Hence we consider the situation where the pressure field
inside the droplet is not yet established during the pressure pulse and the droplet re-
sponse is no longer incompressible. To this end, we develop a linearly compressible
analytic model for the droplet response to short pressure pulses. In §3.2 we intro-
duce the analytic model and discuss the regime in which it applies. In §3.3 we first
compare our analytic results to a compressible lattice-Boltzmann simulation. Next
we use the analytic model to study the effects of shortening the pulse duration at con-
stant impulse on the pressure-, pressure impulse-, velocity- and deformation fields of
the droplet.

3.2 Problem formulation & methods

In this section we derive a model to describe the spatio-temporal response of a droplet
to an ablation pressure acting on its surface. In §3.2.1 we provide a scaling analysis
to delineate three different regimes in the response of the droplet to this pressure
pulse. Analytic expressions for the pressure and velocity fields inside the droplet as
function of the pressure pulse are derived in §3.2.2. Finally in §3.2.3 we discuss the
lattice-Boltzmann method that we use to support our analytic findings.

3.2.1 Scaling analysis

We consider a spherical droplet with radius R and density ρ0 that is subjected to an
ablation pressure on the illuminated side with an amplitude pe and a duration τe, see
figure 3.2. The total impulse received by the droplet is given by J ∼ peτe. In this
chapter we explore the effect of decreasing the pulse duration while keeping the total
impulse transferred to the droplet constant; i.e. decreasing τe at constant J.

During the pulse the pressure disturbance on the surface of the droplet penetrates
over a length-scale `e ∼ cτe, where c is the speed of sound in the droplet. If `e is
short compared to R all momentum is initially concentrated inside a thin layer, as
is illustrated in figure 3.2. By contrast, if `e > R, all fluid inside the droplet has
experienced a change in momentum directly after the pulse. The ratio between `e

and R is quantified by the acoustic Strouhal number and is a dimensionless pressure
pulse duration

St =
`e

R
=

cτe

R
. (3.2)

To investigate the effect of short pulse durations, we are interested in the limit St . 1.
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Figure 3.2: Sketch of the problem: an ablation pressure of amplitude pe(θ ,φ , t) and
duration τe acts on the surface of a droplet with radius R. As a result, a pressure
field is induced inside the droplet over a depth `e ∼ cτe. The colorbar denotes the
pressure amplitude (blue is ambient and yellow is peak pressure). The spherical
coordinate system (r,θ ,φ ) used is indicated (the azimuthal angle φ is not shown but
rotates around the z-axis).

When τe is decreased at constant J, pe rises. From momentum conservation
in this thin layer it follows that the typical velocity induced inside `e is given by
ue ∼ pe/(ρ0c), where ρ0 is the density of the liquid droplet. Hence we observe that
a large pe induces large velocities in `e, which is quantified by the acoustic Mach
number and is a dimensionless pressure pulse amplitude

Ma =
ue

c
=

pe

p0
, (3.3)

where p0 = ρ0c2 is the base pressure of the droplet. When Ma is large the fluid
response inside the droplet is non-linear and shock waves dominate the flow. If Ma
small, the flow inside the droplet can be considered linear.

The product MaSt sets the total dimensionless impulse received by the droplet

StMa =
peτe

ρ0Rc
=

U
c
, (3.4)

where (3.1) is used to express the center-of-mass velocity U of the droplet as whole.
This product is often referred to as the global Mach number of the droplet.

One can use Ma and St to delineate different regimes in the droplet response,
as illustrated in figure 3.3. For lines of constant MaSt (hence constant impulse),



38 CHAPTER 3. DROPLET DEFORMATION BY SHORT LASER PULSES

Figure 3.3: A phase diagram showing lines of constant impulse transfer to the droplet.
The blue dotted-dashed line is the isoline StMa = 0.01, the orange dashed line is the
isoline StMa = 0.1 and the red dotted line is the isoline StMa = 0.5. The plot shows
three distinct regimes can be observed at constant impulse: a strongly compressible
regime, a weakly compressible regime and an incompressible regime. The weakly
compressible regime is the focus of the present work.

we can identify three regimes. Firstly, when St is small and Ma is large, we are in a
strongly compressible regime where non-linear advective acceleration and non-linear
viscous dampening need to be taken into account to describe the flow. Secondly, for
intermediate Ma and St, compressible effects are important but non-linear effects are
small, which renders this regime analytically accessible. This regime, which we term
the weakly compressible regime, will be the main focus of this paper. Finally, when
St� 1 and Ma� 1, we enter the incompressible regime that was subject of previous
studies where long pulse durations (large St) were considered [5]. This regime is also
relevant to droplet impact studies on rigid surfaces, see e.g. [6, 23, 25–28].
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3.2.2 The weakly compressible model

The compressible flow equations are given by [20, p164]

∂ρ

∂ t
+(∇∇∇ ·ρuuu) = 0, (3.5)

ρ

(
∂uuu
∂ t

+uuu ·∇∇∇uuu
)
=−∇∇∇p+µ∇

2uuu+
(

κ +
1
3

µ

)
∇∇∇(∇∇∇ ·uuu), (3.6)

where ρ is the density field, uuu the velocity field, p the thermodynamic pressure, µ

is the shear viscosity coefficient and κ the expansion viscosity coefficient. In this
chapter we only focus on the flow inside the droplet and we do not consider the flow
of the outer gas phase, since for typical experimental situations (tin droplet in vacuum
and water droplet in air): ρg/ρl � 1 and µg/µl � 1 [1, 2]. In order to find a closed
analytic expression for the pressure and velocity field inside the droplet, we will first
need to simplify (3.5) and (3.6) and finally solve the system obtained with appropriate
surface boundary conditions for the droplet.

In the weakly compressible regime, i.e. for intermediate Ma, St (see figure 3.3),
we can expand the pressure p, density ρ and velocity uuu inside the droplet as a constant
plus a small time-dependent part, analogous to [20, p166]

p(xxx, t) = p0 + p1(xxx, t),

ρ(xxx, t) = ρ0 +ρ1(xxx, t), (3.7)

uuu(xxx, t) = uuu1(xxx, t),

where t is the time, xxx = (r,θ ,φ) are the spherical coordinates defined in figure 3.2.
The thermodynamic pressure can formally be expressed as p = p(ρ,S,T ), where S
is the entropy and T is the temperature. In this chapter however, we neglect any
thermoelastic waves that result from thermal expansion due to the local heating of
the surface of the droplet. This simplification is supported by typical experiments
found in literature, where both the thermal expansion coefficient and the thermal
diffusion coefficient are small [1, 2]. We do note that with increasing laser intensity,
thermoelastic waves could become increasingly more important [3, 8]. However,
this is typically accompanied by an increase in the acoustic Mach number which is
outside the scope of this work. Following these simplifications, we can write a basic
equation of state for the fluid inside the droplet

p(xxx, t) = p0 + c2
ρ1(xxx, t), (3.8)

where c is the speed of sound and p0 = c2ρ0 is the ideal base pressure of the stationary
droplet. Since we are interested in the flow directly after the pulse we introduce
the following non-dimensionalisation, following the scaling analysis of the previous
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paragraph

uuu =
pe

ρ0c
ũuu, xxx = Rx̃xx, t = τet̃, p = pe p̃, ρ =

pe

c2 ρ̃. (3.9)

where the tildes refer to the dimensionless parameters. From now on we drop the
tildes and work with the dimensionless parameters. A consistent approximation of
(3.5) and (3.6) is given by the system [29, p97]

∂ p1

∂ t
+St(∇∇∇ ·uuu1) = 0, (3.10)

1
St

∂uuu1

∂ t
=−∇∇∇p1 +

1
Re

∇
2uuu1 +

1
Rev

∇∇∇(∇∇∇ ·uuu1), (3.11)

where Re = ρ0Rc/µ is the Reynolds number with µ the dynamic viscosity and
Rev = ρ0Rc/(1

3 µ +κ) the Reynolds number for volume changes, where κ is the bulk
viscosity. Although the Reynolds number in experiments is typically large (Re∼ 103)
we will see later on that we need to retain the viscous terms in (3.11) to overcome sin-
gularities when converging pressure waves superimpose in the center of the droplet.
In the high Reynolds regime viscous effects however do not influence the droplet
deformation, which was already reported in a previous incompressible and inviscid
model by [5]. We note that there is no explicit dependence on the acoustic Mach
number in (3.10) and (3.11), since this is a low order Mach expansion of the com-
pressible Navier-Stokes equations and we scaled all our fields accordingly (3.9). By
taking the divergence of (3.11) and using (3.10) we obtain a viscous wave equation
for the acoustic field inside the droplet

∂ 2 p1

∂ t2 −St2∇
2 p1 =

1
Rea

[
∇

2 ∂ p1

∂ t

]
, (3.12)

where 1
Rea

= St
(

1
Re +

1
Rev

)
is an effective Reynolds number for the viscous dissipa-

tion in the acoustic wave [29, p97]. Below we describe how this equation for p1(xxx, t)
is solved for the problem at hand. In §3.2.2 we show how the velocity field uuu1(xxx, t)
can be computed once p1(xxx, t) is known.

The pressure field

We solve (3.12) subject to a pressure boundary condition on the droplet surface. At
the interface of the droplet the stresses between the liquid and the gas phase must be
continuous. We assume that the magnitude of the pressure variations in the gas phase
are much smaller than those inside the droplet. For typical experiments [1, 2] this
assumption is justified since the density and the viscosity of the gas phase are much
smaller. As a result, the stress condition on the interface significantly simplifies since
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Figure 3.4: Jordan curves used to evaluate the inverse Fourier transform (3.19) in the
complex plane where a→ ∞. (a) contour used for t > t0, which includes the poles.
(b) contour used for t < t0 to obey the causality condition for the Green’s function.

the pressure in the gas phase may be considered constant and equal to p0. As a
consequence, the time-dependent part of the pressure at the surface of the droplet
must satisfy

p1(1,θ ,φ , t) = 0, (3.13)

to ensure that all acoustic energy remains inside the droplet. Furthermore we as-
sumed that the interface remains immobile and therefore the droplet spherical during
the pulse. This latter assumption is justified when the pulse duration τe is much
smaller than the typical interface deformation time scale τint = R/ue, or in dimen-
sionless form StMa� 1. Typically in experiments StMa∼ 10−2−10−1. An ablation
pressure acting on the surface of the droplet is introduced through a Green’s function
formalism [30, Chapter 7]. The general solution for the spatio-temporal pressure field
inside the droplet is given by

p1(xxx, t) =
∫∫∫

V

[
∂G(xxx, t;xxx0, t0)

∂ t0
p1(xxx000, t0)−

(
∂ p1(xxx0, t0)

∂ t0
− p1(xxx0, t0)

Rea
∇

2
xxx0

)
G(xxx, t;xxx0, t0)

]∣∣∣∣t+
t0=0

dV0+∫ t+

0
dt0
∮
S

[
G(xxx, t;xxx0, t0)

(
St2∇∇∇xxx0 p1(xxx0, t0)+

1
Rea

∇∇∇xxx0

∂ p1(xxx0, t0)
∂ t0

)

−∇∇∇xxx0G(xxx, t;xxx0, t0)
(

St2 p1(xxx0, t0)+
1

Rea

∂ p1(xxx0, t0)
∂ t0

)]
·nnndS0, (3.14)
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where G(xxx, t;xxx0, t0) is the Green’s function satisfying

∂ 2G(xxx, t;xxx0, t0)
∂ t2 −St2∇

2G(xxx, t;xxx0, t0)

− 1
Rea

[
∇

2 ∂G(xxx, t;xxx0, t0)
∂ t

]
= δ (xxx− xxx0)δ (t− t0), (3.15)

where we use a spherical coordinate system for xxx and xxx0. To find the general solution
to (3.15), we first define a Fourier transformation

Ĝ(xxx,ω;xxx0, t0) =
∫

∞

−∞

G(xxx, t;xxx0, t0)exp(−iωt)dt, (3.16)

G(xxx, t;xxx0, t0) =
1

2π

∫
∞

−∞

Ĝ(xxx,ω;xxx0, t0)exp(iωt)dω. (3.17)

Using (3.16), (3.15) can now be transformed into a Helmholtz equation

−ω
2Ĝ(xxx,ω;xxx0, t0)−

(
St2 +

iω
Rea

)
∇

2Ĝ(xxx, t;xxx0, t0) = δ (xxx− xxx0)exp(−iωt0),

(3.18)

where i is the imaginary unit. A general solution to this equation can be found by
expanding the Green’s function into eigenfunctions, resulting in

G(r,θ ,φ , t;r0,θ0,φ0, t0) = ∑
nlm

ψ
m
nl (r,θ ,φ)ψ

m
nl (r0,θ0,φ0)

1
2π∫

∞

−∞

 exp(iω(t− t0))

St2β 2
nl +

iωβ 2
nl

Rea
−ω2

 dω, (3.19)

where ψm
nl (r,θ ,φ) are the eigenfunctions of the spherical Helmholtz equation

ψ
m
nl (r,θ ,φ) =

√
2 jl (βnlr)Y m

l (θ ,φ)

jl+1(βnl)
, (3.20)

jl are the spherical Bessel functions, Y m
l are the spherical harmonics and βnl are the

zeros of the spherical Bessel functions. To evaluate the inverse Fourier transform
(3.17), we use complex contour integration (see figure 3.4). It can be shown that the
contribution of the arc is zero in the limit where the contour radius a→ ∞. Further-
more, there should be no response of an impulse released at t0 at earlier times t < t0
(causality condition). To this end, we pick the Jordan curve illustrated in figure 3.4a
for t > t0 and the curve of figure 3.4b for t < t0, in the limit a→ ∞. A closed form
expression of the Green’s function is now given by

G(xxx, t;xxx0, t0) = ∑
nlm

ψ
m
nl (r,θ ,φ)ψ

m
nl (r0,θ0,φ0)

exp(−κnl(t− t0))
sin(ηnl(t− t0))

ηnl
H (t− t0), (3.21)
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where κnl =
β 2

nl
2Rea

and ηnl =

√
4St2β 2

nl−
β4

nl
Re2a

2 . The resulting spatio-temporal pressure field
using (3.14) reads (without any initial condition)

p1(r,θ ,φ , t) = ∑
nl

βnl
jl (βnlr)
jl+1(βnl)

(
1− jl−1(βnl)

jl+1(βnl)

)
2l +1

4π∫ 2π

0

∫
π

0

∫ t

0
exp(−κnl(t− t0))

sin(ηnl(t− t0))
ηnl

H (t− t0)Pl(cosγ)(
St2 pi(1,θ0,φ0, t0)+

1
Rea

∂ pi(1,θ0,φ0, t0)
∂ t0

)
sin(θ0)dθ0 dφ0 dt0, (3.22)

where H is the Heaviside theta function, Pl are the Legendre polynomials and
cos(γ) = cos(θ)cos(θ0) + sin(θ)sin(θ0)cos(φ − φ0). In §3.3, we will use (3.22)
using a particular pressure boundary condition specified by pi(1,θ0,φ0, t0). We note
that this condition is integrated into the solution at r = 1−, i.e. r = 1−ε where ε→ 0.

The velocity field

The velocity field inside the droplet is given by (3.11). Since there is no initial ro-
tation present in the fluid and there are no rotational forces acting at later times, the
velocity field remains irrotational and is given by a scalar potential. A straightforward
time integral over the pressure gradient (the first term on the right hand side) based
on the spherical Bessel functions (3.22) results in a divergent series. To overcome
this problem, we solve the velocity field in a different function basis. To this end, we
first define the time integral over the thermodynamic pressure as the pressure impulse

J1(xxx, t) =
∫ t

0
p1(xxx, t ′)dt ′. (3.23)

The governing equation for the pressure impulse can be obtained by integration of
(3.12) in time

∇
2J1 =

1
St2

∂ p1

∂ t
− 1

St2Rea
∇

2 p1, (3.24)

where we used that both the pressure field p1 and its derivative vanish at t = 0. It now
becomes apparent that the natural basis functions for the pressure impulse are in fact
harmonic functions which results in a convergent series.

The general solution for the pressure impulse inside the droplet is therefore given
by

J1(xxx, t) =
∫∫∫

V

G(xxx;xxx0)

[
1

St2
∂ p1(xxx0, t)

∂ t
− 1

St2Rea
∇

2 p1(xxx0, t)
]

dV0 (3.25)

−
∮

S
[G(xxx,xxx0)∇∇∇xxx0J1(xxx0, t)− J1(xxx0, t)∇∇∇xxx0G(xxx,xxx0)] ·nnndS0.



44 CHAPTER 3. DROPLET DEFORMATION BY SHORT LASER PULSES

where the Green’s function satisfies the Poisson equation in spherical coordinates

∇
2G(xxx;xxx0) = δ (xxx− xxx0). (3.26)

Completely analogous to the boundary conditions on p1, the boundary condition on
J1 is J1(1, t) = 0, which yields

G(xxx,xxx0) =
1

4π

 1√
r2r2

0 +1−2rr0 cos(γ)
− 1√

r2 + r2
0−2rr0 cos(γ)

 , (3.27)

where cos(γ) = cos(θ)cos(θ0)+ sin(θ)sin(θ0)cos(φ −φ0). We evaluate (3.25) nu-
merically using Mathematica 11.1 to speed up the calculations as compared to eval-
uating (3.25) analytically [31]. The velocity field now reads

uuu1(xxx, t) =−St∇∇∇J1(xxx, t)−
(

1
Re

+
1

Reν

)
∇∇∇p1, (3.28)

where uuu1(rrr,0) = 000 and p1(rrr,0) = 0.

3.2.3 The lattice-Boltzmann method

To validate our analytic expression for the pressure field inside the droplet, we employ
axisymmetric compressible multiphase lattice-Boltzmann simulations [32]. Instead
of solving the compressible Navier-Stokes equations directly, the numerical method
solves a probability distribution function for the position and momentum of particles
inside a domain. The evolution of the particle distribution in space and time is given
by the Boltzmann equation which is solved numerically on a lattice with a reduced
set of velocity vectors. It can be systematically shown that this method is able to
correctly solve the fully compressible mass (3.5) and momentum conservation (3.6)
equations [33].

The pressure in our numerical simulation is given by the van-der-Waals equation
of state. This non-ideal equation of state allows us to successfully simulate a liquid-
gas system where the interface dynamics is automatically described by the non-ideal
pressure. In the vicinity of equilibrium, the van-der-Waals equation of state behaves
as an ideal gas. Therefore, we can directly compare the pressure field inside the
droplet with our analytic expression (3.22) in the weakly compressible regime.

Our numerical setup consists of an initially stationary liquid droplet surrounded
by a gas, with a liquid-gas density ratio of ρl/ρg ∼ 170. We identify the position
of the interface by tracking the derivative of the density field where spikes reveal
the location of the interface. We hit our droplet by applying a force directly on the
liquid-gas interface. By tuning the amplitude (Mach number) and duration (Strouhal
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number) of this force, we simulate different regimes in the phase space; see figure
3.3. Further details on this numerical method can be found in [34].

Unfortunately, the compressible multiphase lattice-Boltzmann method lacks the
advantages of an adaptive grid refinement technique at the moment of writing. There-
fore simulations of higher density ratios of ρl/ρg > 1000, simulations in the strongly
compressible regime (see figure 3.3) or even long-time simulations in the weakly
compressible regime are not possible. Only early time dynamics can be simulated
with the computational resources available to us, which we use to validate the ana-
lytic expression for the pressure in the next section.

3.3 Results

3.3.1 Acoustic response of a droplet to the ablation pressure

We consider the impact of a uniform laser-beam profile on the left side of the droplet
[5]

pi(1,θ ,φ , t) = cos(θ)H
(

π

2
−θ

)
H (1− t), (3.29)

where H is the Heaviside function that restricts the pressure profile to the illuminated
side of the droplet and limits the duration of the ablation pressure. We note that this
boundary condition is only valid for an uniform irradiation along the surface of the
droplet, which applies to the experiments described in e.g. [2]. In the case of a
focused beam hitting the droplet a Gaussian pressure profile with an appropriate spot
size might be preferred, which has been studied extensively in the incompressible
limit by [5]. We use (3.29) in all results presented below. The analytic pressure field
(3.22) subject to (3.29) is given by

p1(r,θ ,φ , t) = St2 ∑
nl

βnl
jl (βnlr)
jl+1(βnl)

(
1− jl−1(βnl)

jl+1(βnl)

)
2l +1

4π∫ 2π

0

∫
π

0

∫ t

0
exp(−κnl(t− t0))

sin(ηnl(t− t0))
ηnl

H (t− t0)H (1− t0)

Pl(cosγ)cos(θ0)H (
π

2
−θ0)sin(θ0)dθ0 dφ0 dt0 (3.30)

for t < 1.
In figure 3.5 we show a comparison between (3.30) and the lattice-Boltzmann

simulations at different times, for St = 6.02 and Ma� 1. In order to obtain the ana-
lytic plots we used Rea ∼ 200, l = 20 and n = 500. The same parameter values will
be used for all results in the remainder of this paper. Initially, the pressure distur-
bance on the surface of the droplet sends out a radially expanding wave for all source
points on the boundary inside the droplet (figure 3.5a) which then propagates (figure
3.5b) to the right side (figure 3.5c). During the propagation, the superposition of all
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Figure 3.5: The pressure field p1(r,θ) inside the droplet at different times for an
ablation pressure (3.29) impacting from the left side with a dimensionless duration
St ≈ 6.02. The top row shows the analytic results (plotted up to r = 0.95 to restrict
the amount of Fourier modes required). The bottom row shows the results of the
lattice-Boltzmann simulations, which are in excellent agreement with the analytics.
The black dashed line illustrates the centreline axis used to plot the results in figure
3.6.

the waves inside the droplet gives rise to a non-trivial pressure distribution, see figure
3.5b and 3.5c. Note that a negative value for p1 does not necessarily mean a negative
pressure since the total pressure is given by (3.7). The figures show a good qualitative
agreement between the analytic model (top row) and the simulated droplet (bottom
row).

A quantitative comparison of the pressure profiles along the centreline is given
in figure 3.6. Here, we plotted the pressure field as it passes through the center of
the droplet (figure 3.6b) and after the reflection on the right interface (figure 3.6c).
We observe good quantitative agreement between the analytic results and the simula-
tion, also after wave reflection (figure 3.6c) which confirms the validity of boundary
condition (3.13).

Some small discrepancies can be observed in both figure 3.5 and 3.6. In the
lattice-Boltzmann simulation, the speed of sound is not constant but depends on the
local pressure due to the non-linear nature of the van-der-Waals equation of state.
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Figure 3.6: Comparison between the analytic pressure p1(r,0) (black dotted curve)
and the lattice-Boltzmann simulation (blue triangles) along the centreline of the
droplet (see figure 3.5) at different times for St = 6.02. a) For St · t = 0.48 the waves
are travelling towards the center of the droplet, b) for St · t = 1.02 the waves just
passed the center of the droplet, and c) for St · t = 2.47 the waves have reflected on
the right interface of the droplet and is travelling back towards the left.



48 CHAPTER 3. DROPLET DEFORMATION BY SHORT LASER PULSES

Figure 3.7: Three ablation-pressure pulses of different duration but constant impulse
(MaSt = 0.1). (a) a short pulse with a duration St = 0.25 and amplitude Ma = 0.4,
(b) an intermediate pulse duration St = 1 and Ma = 0.1 and (c) a long pulse duration
St = 4 and Ma = 0.025.

In the limit where pressure fluctuations are small, the speed of sound is almost con-
stant however when a pressure wave passes through the center the pressure increases
considerably. These small changes in speed of sound lead to small discrepancies in
comparison to the analytic model where the speed of sound is constant. Furthermore,
in the simulation a finite density jump is used. Therefore, a small amount of acoustic
energy could be transmitted to the gas phase when a pressure wave hits the interface.

3.3.2 The effect of the pulse duration on the droplet response

We now address how the droplet response depends on the ablation pressure amplitude
(Ma) and duration (St), while the total momentum transfer to the droplet remains con-
stant. To this end, we compare the droplet response to the three types of pulses that
are illustrated in figure 3.7. In the first case (figure 3.7a) the duration of the ablation
pressure is much smaller than the time it takes for a pressure wave to travel through
the droplet (St = 0.25, Ma = 0.4). In the second case (figure 3.7b) the duration of
the pulse is exactly equal to the time it takes to travel over a distance of one droplet
radius (St = 1, Ma = 0.1). Finally (figure 3.7c) defines a pulse duration that is much
longer than the acoustic time scale of the droplet (St = 4, Ma = 0.025). In all three
cases, the total momentum transfer to the droplet is constant and equal to StMa= 0.1.
Below, we discuss the differences in the pressure field (§3.3.2), pressure impulse field
and velocity field inside the droplet (§3.3.2) and eventually the droplet deformation
dynamics (§3.3.2) for these three different pulses.
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Figure 3.8: The pressure field p1 inside the droplet for the three different illustrated
in figure 3.7: (a) St = 0.25, (b) St = 1 and (c) St = 4. The results are depicted for
different times: at the end of the pulse (t = 1), at two times the pulse duration (t = 2)
and at four times the pulse duration (t = 4). We note that the color bar scale is not
fixed and that all fields are scaled with pe. The compression wave is followed by an
expansion after the pulse, which is not visible in figure (a) at t = 2, since its amplitude
is negligibly small at this time instant.
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Pressure field

Figure 3.8 shows the spatio-temporal pressure field inside the droplet that is induced
by the three pressure pulses discussed in figure 3.7. For a short pulse duration, most
of the pressure field is initially (i.e. at t = 1) localized in a small compression zone
(figure 3.8a). We note that when t = 1, all plots are drawn exactly after the pulse in
figure 3.8. This zone is the result of the superposition of radial compression waves
emitted from source points on the interface. During the propagation (t = 2), the
superposition of these waves leads to a highly compressed spot in the center, which
is clearly visible at t = 4. At later times (not shown in the figure) the compression
waves reach the right interface of the droplet where they reflect and give rise to an
expansion zone. Meanwhile, waves radiated from point sources on the droplet surface
continuously reflect on neighbouring surface points leading to expansion waves. The
amplitude of these expansion waves however are so small that they only become
visible in the plot at t = 4, see figure 3.8a. We note that the absolute pressure is not
negative, since the absolute pressure is given by (3.7).

The pressure field for intermediate pulse duration is illustrated in figure 3.8b. At
the end of the pulse (t = 1) the waves have travelled a distance R. Again a compres-
sion zone is created in the center, followed by an expansion zone (t = 2). At t = 4,
all waves have at least reflected once on the interface of the droplet which gives rise
to another large expansion zone. For a long pulse (figure 3.8c) the pressure field has
spread over the entire droplet. The superposition of all compression and expansion
waves lead to a non-trivial field that consists of compression and expansion zones.

To summarize, we observe more localized fluctuations in the pressure field di-
rectly after a short pulse as compared to longer pulses. As we will demonstrate
below, these fluctuations have an important effect on how the impulse is distributed
over time and hence on the resulting velocity field inside the droplet.

Pressure impulse and velocity fields

Figure 3.9 shows the spatio-temporal pressure impulse field (3.23) inside the droplet
for the three pulse durations. To obtain the plots, we evaluate (3.25) numerically. This
scalar field is an important field in our analysis, since it describes the spatio-temporal
distribution of momentum inside the droplet and the velocity field (3.28) is derived
from it, as discussed in §3.2.2. Note that in all cases the total momentum inside the
droplet is constant as soon as the pulse is over, at t = 1, while the distribution of the
momentum can still change in time.

For a short pulse duration the momentum distribution changes significantly in
time, see figure 3.9a. Initially all momentum is concentrated on the left side of the
droplet, while it redistributes itself throughout the droplet at later times. As we will
show below, this localized momentum distribution results in a stronger interface de-
formation for short pulses. As the pulse duration increases (figure 3.9b) the time
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Figure 3.9: The pressure impulse field J1 inside the droplet for the three different
pulse durations illustrated in figure 3.7: (a) St = 0.25, (b) St = 1 and (c) St = 4. The
results are depicted for different times: at the end of the pulse (t = 1), at two times
the pulse duration (t = 2) and at four times the pulse duration (t = 4). Note that the
color bar scale is not fixed and that all fields are scaled with peτe.
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variation of the momentum distribution becomes smaller. This effect is most promi-
nent for long pulses (figure 3.9c) where the momentum distribution is almost constant
after t = 1. In the limit St→∞ (and consequently Ma→ 0 to keep the impulse finite)
the pressure impulse is constant in time which corresponds to an incompressible flow.

The velocity field (3.28) derived from the pressure impulse is plotted in figure
3.10, where we show the θ− component for r = 0.5 at different times (solid lines).
For comparison, the incompressible velocity field as derived in [5] is plotted as the
black dashed line. When the pulse duration is short (figure 3.10a) the velocity field at
r = 0.5 for t = 1 is zero, since the momentum has not yet propagated far enough into
the droplet. As time progresses, velocity fluctuations become apparent and even for
times long after the pulse (t� 1, right panel) they are nowhere near the incompress-
ible solution. Figure 3.10b shows the velocity field for an intermediate pulse duration.
Here, the velocity field fluctuates around the incompressible solution. However, the
amplitude of these fluctuations are large. For the longest pulse the velocity gradu-
ally builds up (figure 3.10c, left panel). At later times (right panel) the velocity field
shows only tiny fluctuations around the incompressible solution.

Droplet deformation

Finally, we turn to the question how the droplet deformation is affected by the dura-
tion of the ablation pressure pulse. To make a prediction for the droplet deformation,
we use the velocity field at the droplet surface. Strictly speaking, the analytic solu-
tion (3.28) is derived for a constant spherical domain. However, we can obtain a first
order approximation of the droplet shape at early times, i.e. when the deviations
from a spherical shape are still small, by advecting material points on the interface as
described in [5].

We compare the effect of the three different pulse durations illustrated in figure
3.7 on the droplet deformation. The droplet deformation is not only determined by
the pulse duration, but also by the pulse amplitude. We therefore additionally con-
sider three different momentum transfers to the droplet: StMa = 0.01, StMa = 0.1
and StMa = 0.5. The acoustical Mach number (or the product StMa) now becomes
an additional parameter, because we want to quantify the actual differences in de-
formation. So far, we always scaled out this amplitude dependency (3.9). However,
a difference in amplitude now gives a stronger or weaker deformation. In figure
3.11 we show contours of the droplet deformation for the three different momentum
transfers and compare the influence of the pulse duration. We note that the unphys-
ical sharp peaks at the poles are due to the singular nature of the pressure boundary
condition (3.29), as already discussed by an incompressible inviscid model by [5].
We use a step function to limit the boundary condition to the illuminated side of the
droplet. In figure 3.12 we quantify the interface displacement of the droplet at the
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Figure 3.10: The θ -component of the velocity field inside the droplet at r = 0.5.
The left column represents early times (t ∼ 1) while the right column represents late
times (t � 1). (a) A short pulse duration St = 0.25, (b) an intermediate pulse dura-
tion St = 1 and (c) a long pulse duration St = 4. The black dashed line denotes the
incompressible velocity field by [5].
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Figure 3.11: Contour plots of the droplet deformation for the three different pulse
durations: St = 0.25 (blue dot dashed), St = 1 (orange dashed) and St = 4 (red dot-
ted). (a) For MaSt = 0.01 all cases give rise to identical deformation behaviour, for
(b) MaSt = 0.1 we see discrepancies arising between the three pulse durations which
aggravate in (c) MaSt = 0.5 where we observe a clear influence of the pulse duration
on the droplet deformation. Note that for each impulse the contours are sketched at a
different absolute time to be able to clearly illustrate the deformations.

axis of impact ∆r/R in time.
When the momentum transfer to the droplet is small (MaSt = 0.01, figures 3.11a

and 3.12a), we need to go to late times (St · t � 1) in order to observe a significant
deformation. On the acoustic time scale R/c however, the droplet deformation only
shows tiny fluctuations around a static shape. In other words, the fluctuations in the
velocity field due to the pressure waves are negligible and the velocity field is to a
good approximation incompressible. As a result, on late times the droplet deforma-
tion for the three different pulse durations is indistinguishable.

When the amount of momentum transfer to the droplet is increased (figures 3.11b
and 3.12b), interface deformations become apparent at earlier times. For the short-
est two pulses all momentum was transferred into the droplet at the time of the plot,
while for the long pulse the ablation pressure is still acting on the droplet surface.
Therefore, the contour of the longest pulse (red dotted curve) is lagging behind com-
pared to the contour of the shorter pulses (yellow dashed and blue dot dashed curves).
Furthermore, for shorter pulses the droplet interface compression is followed by an
expansion directly after the pulse which is visible in figure 3.12b. Hence, the droplet
deformation for short pulses is now clearly a non-monotonous function of time. As
MaSt is further increased, the droplet deformation shows even larger fluctuations
around a shape that is also globally deforming, see figures 3.11c and 3.12c.

These strong deformations invalidate the assumption that the droplet remain sta-
tionary during the pulse. Although figures 3.11c and 3.12c give a first order estimate
of the deformations that are to be expected, for a quantitative prediction one has to
solve the fields in the deformed geometry. In this regime we therefore anticipate a
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Figure 3.12: The advective displacement of the droplet interface ∆r/R at the axis
of impact (r = 1, θ = 0) for the three different pulse durations: St = 0.25 (blue
dot dashed), St = 1 (orange dashed) and St = 4 (red dotted). (a) MaSt = 0.01, (b)
MaSt = 0.1 (c) MaSt = 0.5.

strong influence of the pulse duration on the eventual droplet-shape evolution at later
times.

3.4 Discussion & conclusion

The droplet deformation resulting from a laser-induced ablation pressure pulse is
studied analytically in the regime where the pulse duration is of the order of the
acoustic time scale and the pressure fluctuations are small. The resulting momentum
change of the droplet is determined by the pressure pulse amplitude and duration
or, in dimensionless form, the acoustic Mach number Ma and the acoustic Strouhal
number St. We examined the effect of changing St (i.e. shortening the pulse duration)
on the droplet response while keeping the total impulse transferred to the droplet
constant.

The pressure, pressure impulse and velocity fields inside the droplet are studied
as function of St at constant impulse StMa. To keep the analysis simple we used a
cosine-shaped ablation pressure profile on the surface of the droplet together with
a step function to limit the ablation pressure in time and space. To get a first or-
der estimate of the droplet deformation in time we advected material points on the
surface.

In the regime where StMa� 1, the droplet deformation is independent of St and
no significant changes in the deformation were observed for shorter pulses. When St
is large, the flow inside the droplet may be considered incompressible since the pres-
sure impulse field is approximately constant in time. By contrast, when St� 1 the
flow inside the droplet is compressible. However, on the deformation time scale the
compressible effects average out and the droplet behaves as if it were incompressible.
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Therefore, the incompressible model by [5] can be used to describe the deformation
dynamics in this regime.

Significant differences in deformation arise when StMa . 1. When St� 1 the
flow is incompressible, but now the droplet deforms significantly during the pulse.
When St� 1 all momentum is localized in a small shell close to the illuminated side
of the droplet directly after the pulse. This momentum distribution results in a large
acceleration of the interface and consequently a compression of the fluid that leads to
a different deformation compared to the case where the pulse duration is long (St�
1). The droplet deformation in this regime is therefore strongly dependent on the
pulse duration. In practice, to study droplet deformation resulting from femto-, pico-
, nano-second laser pulses in the plasma-mediated ablation regime (i.e. short ablation
pressure pulses St . 1) at high energy (such that StMa . 1), droplet compressibility
needs to be taken into account.

In the regime where Ma & 1, the linear approximation of the proposed analytic
model breaks down. In this regime, the flow is governed by shock-waves, cavita-
tion phenomena, non-linear viscous damping and rapid interface acceleration, which
result in a highly non-linear droplet response. We argue however that the weakly
compressible model can be used as a starting point to identify likely cavitation spots
and study first order droplet deformation, since shock fronts first need to develop in
time. We do note however that depending on the liquid properties or temperature,
cavitation phenomena could be observed in the regime where Ma is small. A more
detailed understanding the droplet deformation in these regimes requires numerical
simulations and is topic of future work.
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4
Laser-to-droplet alignment sensitivity

relevant for laser-produced plasma sources of
extreme ultraviolet light ∗†

We present and experimentally validate a model describing the sensitivity of the tilt
angle, expansion and propulsion velocity of a tin micro-droplet irradiated by a 1 µm
Nd:YAG laser pulse to its relative alignment. This sensitivity is particularly relevant
in industrial plasma sources of extreme ultraviolet light for nanolithographic appli-
cations. Our model has but a single parameter: the dimensionless ratio of the laser
spot size to the effective size of the droplet, which is related to the position of the
plasma critical density surface. Our model enables the development of straightfor-
ward scaling arguments in turn enabling precise control the alignment sensitivity.

4.1 Introduction

Micro-droplets of liquid tin are used to create extreme ultraviolet light (EUV) for
next-generation nano-lithography [1–4] that is currently being introduced in high-
volume manufacturing. These droplets, several 10 µm in diameter, serve as mass-
limited targets [5, 6] for creating a laser-produced plasma (LPP) in EUV light sources.

∗Published as: S.A. Reijers, D. Kurilovich, F. Torretti, H. Gelderblom, O. O. Versolato, “Laser-to-
droplet alignment sensitivity relevant for laser-produced plasma sources of extreme ultraviolet light”, J.
Appl. Phys. 124, 013102 (2018).
†SAR contributed the theoretical part and DK contributed the experimental part.
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In such machines, a pre-pulse laser beam hits a tin droplet to obtain an extended disk-
like target [7, 8] that increases coupling with the next pulse. Subsequently, the target
is irradiated by a focused nanosecond-pulse laser at intensities that lead the creation
of a high-density plasma [2, 6, 9]. Line emission from electron-impact-excited highly
charged tin ions in the plasma provides the EUV light peaking at 13.5 nm [2, 6]. Max-
imizing the conversion efficiency (CE) of laser light into the required EUV light of
such sources requires a careful control over the target shape. This shape is very sen-
sitive to the precise alignment of the pre-pulse laser to the initially spherical droplet
[10, 11]. Any deviation from the optimum location for laser impact will produce a
suboptimal target tilt and decrease the target radial expansion, as shown in Fig. 4.1.
Moreover, reflections of the laser light from the incorrectly tilted surface of the target
back towards the laser itself may be detrimental to laser operation stability. In spite
of its obvious relevance, the precise relation between such laser-to-droplet (L2D)
alignment and the resulting target tilt has so far remained poorly explored aside from
activities by Tsygvintsev et al. [12] and the recent work by Hudgins et al. [11]
who combine modelling with experimental efforts. Due to experimental constraints,
however, their model predictions for the tilt sensitivity could not be validated under
conditions of controlled misalignment.

Here, we present and experimentally validate an intuitive model describing L2D
alignment sensitivity. The model is based on a single parameter: the dimensionless
ratio of the laser spot size to the effective size of the droplet target, which we relate
to the position of the plasma critical density surface [13–15] and sets the typical
length scale for the problem. Our model enables the development of straightforward
scaling arguments, which in turn enable the minimization of detrimental alignment
sensitivity. We focus our studies on industrially relevant 1-µm-wavelength Nd:YAG
laser pulses and experimentally validate our model predictions for two different laser
spot sizes over a wide range of laser pulse energies. Furthermore, we apply the
validated model to predict sensitivities for several practical cases that are immediately
relevant for current state-of-the-art industrial droplet-based EUV light sources.

4.2 Experiment

Our experimental setup has previously been described in detail [8]. For clarity, the
most important characteristics are repeated here. A droplet generator was operated in
a high-vacuum chamber (∼ 10−7 mbar) and held at constant temperature of∼ 260◦ C.
The nozzle produced a 13.4 kHz train of ∼ 43 µm diameter (radius R0 ≈ 21.5 µm)
droplets of 99.995% purity tin. The droplets were irradiated by 1064-nm wavelength,
10 ns (full-width-at-half-maximum: FWHM) long pulses of a Nd:YAG laser operated
at 10 Hz repetition rate.

The laser pulse energies were varied between ∼ 1 and ∼ 395 mJ. The laser beam
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Figure 4.1: Side-view shadowgraphy images taken 2 µs after a 40 mJ pulse with
115 µm diameter (FWHM) spot impinged on a droplet from the left at (a) optimal
alignment and at (b) a misalignment of ∆x≈ 100 µm leading to a tilt angle θ , accom-
panied by a decrease in total propulsion velocity and radial expansion. The white
glow visible at the original droplet position is plasma light, where the deformed
droplet has moved further downwards and sideways (see main text).

was focused down to a 115 µm or 60 µm diameter (FWHM) Gaussian spot on the
droplet and was circularly polarized. While significant astigmatism was apparent for
a tighter focus, the part of the beam intersecting with the droplet could still be well
described by a 60 µm-diameter Gaussian function. Conversely, the 115 µm focus
produced a circularly symmetric beam spot. In order to capture the dynamics of the
expanding droplets two shadowgraphy systems based on 850-nm-wavelength, 15-
ns pulsed laser diodes and long-distance microscopes coupled with charge-coupled-
device cameras were used. The two systems provide a “front” view and a side view,
30◦ and 90◦ with respect to the laser propagation direction. By varying the time de-
lay between the plasma-generating laser pulse and shadowgraphy pulses, a sequence
of images was recorded. The images obtained from the side were processed using
an image analysis program that tracks the center-of-mass displacement and the size
of the expanding droplet as well as the target tilt angle. In order to introduce con-
trolled misalignment, the timing of the Nd:YAG laser pulse was varied around the
established time for optimal alignment of laser on droplet, see Fig. 4.1. Since the
droplets vertical velocity Ux stayed constant (∼ 12 m/s), this “mistiming” ∆t resulted
in a laser impact off-centred by a distance ∆x, translating the initial spherical droplet
into a tilted disk. The final droplet shape is the result of complex force interplay
and its study is left for future work. The velocity Ux was obtained by processing the
front-view images containing two or more droplets. The target tilt angle, defined as
the angle between the target normal and the laser beam propagation direction (see
Fig. 4.1b), was mapped as a function of misalignment, with ∆x =Ux∆t, for different
laser pulse energies. At the same time, we tracked the propulsion velocity uz along
the laser light propagation direction. We obtained an estimate of the droplet expan-
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Figure 4.2: Schematic cross-section of the problem: a droplet with radius R0 is hit by
a Gaussian-shaped intensity-profile laser pulse with size σ from the left. The laser
hits the droplet off-center with an axial offset ∆x creating plasma (light gray area)
surrounding the droplet on the illuminated side (dashed line), thereby creating an
effective radius Reff.

sion velocity Ṙ by measuring its radius (i.e. the maximum droplet radius along the
tilted axis) shortly (1 µs) after the laser pulse impact and assuming a linear expansion
on this short timescale, such that Ṙ≈ (R(1 µs)−R0)/(1 µs).

4.3 Model

In this section, we outline an intuitive model for the tilt angle θtilt (see Fig. 4.1b)
in terms of the axial misalignment and the laser beam width. Figure 4.2 shows a
schematic overview of the problem. A droplet with radius R0 is hit by a Gaussian
off-centred laser pulse having an axial offset ∆x and beam width σ , which relates to
the full-width at half-maximum of the laser beam according to the usual convention
σ = FWHM/(2

√
2ln2). The target tilt angle can be deduced from the direction of

the target’s center-of-mass motion. We derive the target’s center-of-mass motion from
the plasma pressure distribution on the surface of the target where the laser energy is
absorbed. This pressure distribution is directly related to the spatial intensity profile
of the laser. Below we detail these steps.

During the laser impact, a small liquid layer is ablated and forms a plasma cloud
on the illuminated side of the droplet, see Fig. 4.2. The time scale of this plasma
generation is typically much shorter than the laser pulse. As a result, most of the
laser energy is absorbed just before the plasma critical density surface [13] where the
plasma electron frequency equals that of the laser light and no further light penetra-
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tion is possible. This gives the system an effective radius Reff ≥ R0, see Fig. 4.2. The
laser intensity profile I at Reff is given by a projection of part of the Gaussian laser
beam profile onto the laser-facing hemisphere with radius Reff and an offset ∆x. It
is insightful to formulate this intensity profile in terms of two dimensionless param-
eters: the dimensionless laser beam width α = σ/Reff and the dimensionless laser
offset β = ∆x/Reff, which gives in spherical coordinates

I(θ ,φ)∼ exp
(
−
[

sin(θ)2−2β sin(θ)cos(φ)+β 2

2α2

])
×H(π/2−θ)cos(θ), (4.1)

where θ and φ are the polar angle and azimuthal angle respectively, and H is the
Heaviside step function to limit the intensity profile to the illuminated side of the
droplet. Note that an extra cos(θ) term is included in Eq. (4.1) to account for the pro-
jection of the beam onto the effective radius, which is assumed to be locally spherical
and of constant size.

With the intensity profile at Reff at hand, we now obtain an expression for the
plasma ablation pressure pa acting on this surface. A power-law dependence between
this pressure and the impinging laser pulse energy has been established in previous
work [8, 11, 16], and experimentally shown to be valid to excellent accuracy over
three orders of magnitude in laser energy [8, 16],

pa ∝ (E−E0)
δ , (4.2)

where E ∝ I is the fraction of the laser pulse energy that is intercepted by the liquid
target. In the remainder of this work, we take δ = 0.6 in accordance to Ref. [13]. Fur-
thermore we neglect the small offset energy E0, since typically E0� E (see Ref. [8])
and use Eqs. 4.1 and (4.2) to find the local pressure pa(θ ,φ) acting on the target’s
effective surface.

The center-of-mass velocity of the target is then obtained from pa. To this end,
we consider the droplet and its surrounding plasma cloud as a single body with radius
Reff that is subjected to a local pressure distribution pa(θ ,φ). Note that by doing so
we neglect the exchange of momentum between this plasma cloud and the droplet.
Furthermore, we assume that the liquid body does not deform on the time scale of
the pressure pulse, which is justified since the timescale of deformation is typically
much longer [7, 8]. The center-of-mass velocity of the body is then given by
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ux(α,β )∼
∫

π

0

∫ 2π

0
pa(θ ,φ ,α,β )sin(θ)sin(θ)cos(φ)dθ dφ ,

uy(α,β )∼
∫

π

0

∫ 2π

0
pa(θ ,φ ,α,β )sin(θ)sin(θ)sin(φ)dθ dφ ,

uz(α,β )∼
∫

π

0

∫ 2π

0
pa(θ ,φ ,α,β )sin(θ)cos(θ)dθ dφ , (4.3)

where the coordinates x, y, z are defined in Fig. 4.2.
From the direction of the center-of-mass motion, one can now deduce the target

tilt angle. Note that since a pressure always acts perpendicular to the surface it can
never induce any rotation of the body. Therefore the target tilt is a result of the
preferred expansion direction of the liquid, which by definition is perpendicular to
the direction of the center-of-mass motion. As a result, the tilt angle in radians is
given by

θtilt(α,β ) = arctan(ux(α,β )/uz(α,β )), (4.4)

which needs to be evaluated numerically. Our approach differs from the one pre-
sented in Ref. [11] as we include the full pressure distribution on the surface of the
droplet, see Eqs. (4.3). Comparing the two models, our approach consistently yields
significantly lower tilt angle sensitivities.

The target tilt angle sensitivity around zero misalignment is of interest for certain
industrial applications [17]. To this end we define the tilt angle sensitivity around
β = 0 as

f (α) =
∂θtilt(α,β )

∂β

∣∣∣∣
β=0

, (4.5)

which enables a straightforward inspection of the influence of the dimensionless
beam width α . The tilt angle sensitivity as expressed by Eq. (4.5) can be approx-
imated analytically by expanding Eq. (4.1) and (4.4) up to O(β 2) and results in

f (α) = ℜ

(
ux(α,1)
uz(α,0)

)
. (4.6)

The full complex expression is given in its explicit form in the Appendix. The actual
tilt angle in this approximation is given by

θtilt(α,β )≈ ∂θtilt(α,β )

∂β

∣∣∣∣
β=0

β . (4.7)

Another important industrially relevant parameter is the radial expansion velocity
Ṙ as a function of the misalignment. In Fig. 4.1 we observe that laser misalignment
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not only induces a target tilt, but also significantly decreases the expansion veloc-
ity. We now employ our basic model to obtain a first-order estimate of this reduced
expansion. When the laser beam is misaligned with respect to the droplet, the laser
intensity absorbed by the droplet decreases. As a consequence, both the center-of-
mass speed and the expansion rate of the target decrease. The partitioning of kinetic
energy between propulsion (center-of-mass motion) and expansion is set by the laser
beam (or pressure) profile acting on the droplet as detailed in Ref. [7]. To obtain
an intuitive, first-order estimate of the target expansion velocity, we assume that this
energy partitioning remains fixed and is not influenced by the misalignment or laser
beam energy, such that

Ṙ(∆x/R0)

Ṙ(0)
∼ Ucm(∆x/R0)

Ucm(0)
. (4.8)

Here, the left-hand-side is the expansion velocity as function of the misalignment
normalized by the expansion velocity at zero misalignment, and the right-hand-side
is the center-of-mass velocity as function of the misalignment normalized by the
center-of-mass velocity at zero misalignment.

4.4 Results

The experimental results for the tilt angle, the z-component of the center-of-mass ve-
locity uz and the radial expansion velocity Ṙ are shown in Fig. 4.3 as a function of
misalignment ∆x/R0. The error bars represent the standard deviation of the measure-
ments where available, otherwise a conservative value of twice the overall average
error was used. In Fig. 4.3c the error bars are conservatively set at 20%. We clas-
sify three different groups of experimental data. The first data set is obtained for
a 115-µm focus with energies of ∼ 40 to ∼ 395 mJ (green diamonds). The second
group represents the experimental data for the same focus spot size, but with laser
energies between ∼ 5 and ∼ 25 mJ (red squares). The third group consists of all data
having a 60-µm focus spot size with laser pulse energies between ∼ 1 and ∼ 95 mJ
(blue circles). In the top panel, we observe that the tilt angle monotonically increases
with the misalignment. A small but significant influence of the laser pulse energy
on the sensitivity is observed in the grouped data of the large focus spot size (green
diamonds versus red squares) but this could not be further proven with any measure
of significance for the individual (i.e. for single laser pulse energies) data sets. The
small focus spot size (blue circles) results in a stronger tilt angle sensitivity to mis-
alignment and show some signs of saturation at large misalignment values. In the
center panel, we see that the normalized z-velocity uz distribution has a typical bell
shape, showing no significant influence of the laser pulse energy in the grouped data
of the large focus spot size. The smaller spot size results in a more sharply peaked
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distribution. In the bottom panel, we observe that the normalized radial expansion
velocity Ṙ also has a typical bell shape, which appears to be of slightly larger width
than the uz distribution. The data also shows no significant influence of the laser pulse
energy in the grouped data of the large focus spot size. Again, the smaller spot size
results in a more sharply peaked distribution.

To compare the experimental results in Fig. 4.3 to the model described above,
we numerically evaluate Eq. (4.4) using a local adaptive solver [18]. For each exper-
imental case we determine α based on the focal spot sizes mentioned above and the
effective radius Reff, which we relate to the location of the critical plasma surface.
We obtain the location of the critical surface for a Nd:YAG laser pulse on tin droplets
from 2D radiation-hydrodynamic simulations [13]. In that work, the distance from a
tin droplet (at R0 = 15 µm) to the critical surface is evaluated to be dcrit ≈ 8 µm for
a Nd:YAG laser pulse. By assuming the same position of the critical surface with
respect to the droplet surface in our experimental case with slightly bigger droplets
(R0 = 21 µm), we obtain Reff = R0+dcrit = 29.5 µm, and hence α115 = 1.7 (115-µm
focus, green diamonds) and α60 = 0.86 (60-µm, blue circles). The corresponding
sensitivity curve is in excellent agreement with the experimental data (see solid lines
in fig. 4.3).

For laser energies lower than 40 mJ and a large focus spot size (red squares),
the experimental data are found to be well described by the model if we set α̃115 =
2.3, i.e., with the effective radius Reff ≈ R0. This observation could be explained by
the reasoning that for such for low-energy and broad focus pulses the plasma is not
fully developed and the critical surface is situated very close to the droplet surface
(dcrit≈ 0). Unfortunately, no simulation data is available in this regime to support this
claim. Furthermore, the difference between α115 and α̃115 could also be the result of
different plasma pressure distributions [16] or additional dynamical, time-dependent
effects that we do not consider here.

Using the above mentioned values for α , we observe that all theoretical curves
show good agreement with the experimental data for both the tilt angle and the z-
velocity uz. Following the simple approximation given by Eq. (4.8), we compare
the normalized, experimental radial expansion velocity to the theory predictions in
Fig. 4.3. We find reasonable agreement between data and our model especially con-
sidering the simplifications involved and the experimental uncertainty in determining
Ṙ.

Next, we analyse the model prediction for the tilt angle sensitivity around zero
misalignment (β = 0). Figure 4.4 shows the numerical curve (solid line) resulting
from Eq. (4.5) with the dimensionless beam widths corresponding to the experimental
operating conditions (see Section 4.4). The theoretical curve clearly shows that f (α)
first increases, from unity with α peaking near α ≈ 0.3 after which a monotonic
decrease is apparent. The sensitivity rises for larger droplets, keeping a constant beam
width. Reversely, a smaller beam for a given effective radius will translate a large



4.4. RESULTS 69

-30

-20

-10

0

10

20

30

til
t(°

)

(a)

0.0

0.2

0.4

0.6

0.8

1.0 (b)

u z
 (n

or
m

al
iz

ed
)

-6 -4 -2 0 2 4 6
0.0

0.2

0.4

0.6

0.8

1.0 (c)

R
 (n

or
m

al
iz

ed
)

x/R0

Figure 4.3: (a) Tilt angle of the target at various misalignments. Data for the 115-
µm focus with energies below (red squares) and above (green diamonds) 40 mJ have
been grouped. Blue circles represent averages of all data for the 60-µm focus case.
Red, green, and blue solid lines depict numerical predictions of target tilt with α =
2.3, 1.7 and 0.86 respectively. (b) Droplet propulsion velocity uz in the laser beam
propagation direction. The red and green solid lines fully overlap. (c) Normalized
droplet expansion velocity Ṙ. In (b) and (c), the velocities have been normalized to
the maximum value of each data set.
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Figure 4.4: The theoretical tilt angle sensitivity f (α) (in degrees) as function of the
dimensionless beam width α around zero misalignment (β = 0). The black curve is
the analytically calculated tilt angle sensitivity from Eq. (4.5), with δp = 0.6. The
red square, green diamond and blue circle represent the values corresponding to the
experimental conditions (see Section 4.4, color coding as in Fig. 4.3).

sensitivity to its alignment. In the limit α→∞ one would illuminate the droplet with
a flat-top beam of infinite width and would be completely insensitive to misalignment.
In the limit α→ 0 (i.e. a delta peak) the sensitivity decreases and eventually saturates
to unity. In this limit the center-of-mass velocity ux and uz decay to zero equally fast
as all energy is used to deform the droplet rather then to move its center-of-mass [7].
Hence the ratio ux/uz becomes meaningless and one needs to reconsider the definition
of the tilt angle. The maximum in f (α) is caused by a maximum in ux(α,1), see
Eq. (4.6). As α gets smaller, there is initially an increase in the ux component since
pressure on the surface of the droplet is spread increasingly more onto a surface
element that points in the x-direction. However, as α decreases more this surface
element gets smaller too and eventually disappears completely as α → 0. Therefore,
there is a competition between the decreasing area in this surface element and the
increasing direction of the normal pointing more towards the x-direction. Hence, we
find a maximum in the tilt angle sensitivity for small α ≈ 0.3. However, we note that
the model is not applicable for α � 1, since non-linear plasma and fluid dynamics
effects become increasingly more important when all laser energy is focused into a
tight spot. In that case, the complete plasma and droplet fluid dynamics must be taken
into account. In practice, for the µm-sized droplets considered here such tight focus
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Figure 4.5: The calculated tilt angle sensitivity f (α)/Reff expressed in units ◦/µm
as function of beam width σ around zero misalignment (β = 0). The curves are
the analytically calculated tilt angle sensitivities from Eq. (4.5), with δp = 0.6 and
for several relevant values for the effective droplet size Reff = [10,15,25,35,50] µm.
The red square, green diamond and blue circle represent the values corresponding to
the experimental conditions (see Section 4.4, color coding as in Fig. 4.3).

cannot be reached and thus typically α � 0.

4.5 Discussion and Industrial application

Careful control over the tilt angle sensitivity and target expansion is of crucial im-
portance for the operating stability and CE of EUV light sources [1–4]. In the fol-
lowing, we apply our now validated model to predict sensitivities for several practi-
cal cases that are immediately relevant for current state-of-the-art industrial droplet-
based EUV light sources. In the industrial context, tilt sensitivity is typically ex-
pressed as θtilt/∆x (in degrees tilt / µm misalignment). Following Eq. (4.7), θtilt/∆x=
f (α)/Reff.

In Fig. 4.5 we present our model predictions for the sensitivity θtilt/∆x as func-
tion of beam width σ around zero misalignment (∆x = 0) for several values of the
effective droplet size Reff = [10,15,25,35,50] µm. We note that by plotting for sev-
eral effective droplet sizes Reff, we incorporate both the droplet size R0 and the dis-
tance from the droplet surface to the plasma critical surface dcrit for each case, since
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Reff = R0 + dcrit (see previous section). In the figure we also show the experimental
parameters studied in the previous sections, analogous to Fig. 4.4.

Figure 4.5 shows that increasing the laser spot size beyond∼45 µm does not sig-
nificantly change the sensitivity for the given effective droplet sizes and is therefore
not useful. However by increasing the laser spot size, the energy required to main-
tain a similar droplet expansion increases with 1/σ2 due to finite overlap between
the droplet and the laser beam, as discussed in Ref. [8]. Therefore in practical ap-
plications, one should find the optimum conditions balancing between a maximum
expansion (i.e. minimizing σ ) and a minimal tilt sensitivity (i.e. maximizing σ ).

Furthermore, from Fig. 4.5 we observe that the tilt angle sensitivity increases
sharply with decreasing laser focus spot size, especially when σ < Reff. Under such
focusing conditions, a change in the effective size of the droplet Reff has a strong
effect on the sensitivity. An interesting way to change the tilt sensitivity, apart from
adapting the actual droplet radius R0, is by changing the laser pulse energy or its
wavelength. Shorter wavelengths or lower pulse energies result in a smaller dcrit and
hence result in a smaller Reff and vice versa.

A particularly interesting industrial application of the model is found in the use
of a nanosecond-long CO2-laser pre-pulse, at 10.6-µm wavelength. According to
radiation-hydrodynamics simulations [13] of the interaction of such energetic laser
pulses with tin droplets (at an absorbed intensity of 4 x 109 W/cm2), the critical
surface extends up to about 28 µm from the droplet surface. In the particular case of
R0 = 15 µm tin droplets impacted by a laser beam of σ = 25 µm studied in Ref. [13],
we speculate that the effective system size in our model Reff ≈ 15 µm+ 28 µm ≈
43 µm. In addition, recent experimental work using CO2-lasers impinging on planar
solid tin targets showed that the exponent in Eq. (4.2) is significantly larger, δ = 0.96,
compared to the case of a Nd-YAG laser [19]. These results allows us to estimate the
scaling of the propulsion velocity (and thus, radial expansion velocity [7]) with CO2-
laser intensity for the σ = 25 µm case. Using these values for Reff and δ in Eq. (4.9),
we get a sensitivity around zero misalignment of θ/∆x ≈ 0.98◦/µm, which is about
85% larger than the corresponding sensitivity for Nd:YAG θ/∆x ≈ 0.53◦/µm. For
the low-energy Nd:YAG cases studied in this chapter, we found that our experiments
were well reproduced assuming Reff ≈ R0, which would for the current example lead
to a sensitivity of 0.36◦/µm, which differs from the CO2 case by a factor of 2.7.
Of course, the extrapolation of our model to other laser wavelengths requires further
experimental validation and is left for future work.

Certain industrial applications may require a finite tilt angle [17]. Our model
Eq. (4.4) offers a direct way to predict what misalignment is required to obtain a
certain amount of target tilt (see also Fig. 4.3a). The slope of that curve around
the required misalignment then gives the new tilt angle sensitivity, which can be
calculated numerically by evaluating Eq. (4.5) around this new working point. We
note that there are in-fact two planes in which we can induce a finite tilt angle, namely
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in the x−z plane (as discussed in this chapter) but also in the y−z plane. Both angles
are dependent on misalignments in both x and y directions when the degeneracy is
lifted by choosing a finite target tilt through a well-defined, intentional misalignment.
Further study is required to see how this fact may be advantageously used to increase
source operating stability by minimizing L2D sensitivity along the machine axis with
the largest risk of misalignment.

4.6 Conclusions

In tin-droplet-based LPP sources of EUV light, laser-to-droplet alignment plays an
important role. A slightly misaligned pre-pulse laser beam can lead to a non-optimal
target shape, which causes an inefficient coupling with the main laser pulse and lower
conversion efficiency of drive laser light into EUV. Moreover, reflections of the main
pulse laser light from the tilted surface may well be detrimental to laser stability.

In this chapter we experimentally validated a simple, intuitive model describ-
ing the tilt angle sensitivity of a droplet impacted by a laser pulse with controlled
misalignment. Our back-of-the-envelope model for the tilt angle was derived based
solely on the direction of the center-of-mass velocity. From this model, we were
able to obtain the local tilt angle sensitivity around zero misalignment. We experi-
mentally verified the tilt angle and the tilt angle sensitivity by three different experi-
mental groups with industrially relevant settings of an Nd:YAG laser operating at its
fundamental wavelength. We observed an excellent agreement with the model over
a broad range of laser pulse energies and two laser focus spot sizes. Further, we ap-
plied our validated model to predict sensitivities for several practical cases that are
immediately relevant for current state-of-the-art industrial droplet-based EUV light
sources.

Our model is a simple first-order approximation of the underlying plasma and
fluid physics. Full three-dimensional simulations incorporating the complete plasma
dynamics should be carried out to obtain the tilt angle as function of the full parameter
space. Nonetheless, the current model already allows to physically understand the
target tilt as a function of the key experimental control parameters.

4.7 Appendix

The full solution of the tilt angle sensitivity f (α,δ ) around β = 0 following (4.5) as
used in Fig. 4.4 calculated by Mathematica [18] is given by
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where i is the imaginary unit, Γ(z) is the Euler gamma function and Γ(a,z) is the
incomplete gamma function.
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5
Oblique droplet impact onto a deep liquid

pool ∗

The oblique impact of a liquid droplet onto a deep liquid pool is studied numerically
with the adaptive volume-of-fluid solver Basilisk. The splashing threshold, cavity for-
mation, cavity evolution and the maximum cavity dimensions are quantified as a func-
tion of the Weber number and the impact angle. We compare the numerical results
with recent experimental work by Gielen et al. [Phys. Rev. Fluids 2, 083602 (2017)].
Similarly to the experimental results, three different impact regimes are observed:
deposition of the droplet onto the pool, single-sided splashing in the direction of the
impact and splashing in all directions. We show good qualitative and quantitative
agreement of the splashing behaviour and cavity formation between the simulations
and the experiments. Furthermore, the simulations provide a three dimensional view
of the impact phenomenon, give access to velocity and pressure fields, and allow to
explore impact parameters that are hard to achieve experimentally.

5.1 Introduction

The impact of a liquid droplet onto a deep liquid pool induces a broad range of fasci-
nating physical phenomena [1]. Droplets impacting with a low velocity coalesce with
the pool directly or undergoes a coalescence cascade [2–6]. Higher impact velocities

∗To be submitted as: S.A. Reijers, B. Liu, D. Lohse, H. Gelderblom, “Oblique droplet impact onto
a deep liquid pool”.
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induce the ejection of a sheet above the pool surface [7–9], which upon breakup could
result in a splash [10–14]. During impact a cavity develops below the pool surface
[15–17]. The collapse of this cavity [18–20] in combination with capillary wave
dynamics can result in bubble entrapment [21–23], the formation of a fast microjet
[24, 25] and a Worthington jet [26].

The vast majority of droplet impact studies in the literature have considered per-
pendicular impacts. However, in many practical situations droplets do not impact
perpendicularly but under an angle, i.e. obliquely. Examples range from rain impact
in nature [27, 28] to impact on turbine blades [29], tin catching devices in extreme
ultraviolet lithography machines [30] and spray cooling [31] in industry. Precise con-
trol of the impact behaviour is key to optimizing these industrial applications in order
to prevent damage or contamination.

Recently, the regimes of oblique droplet impact onto deep liquid pools [5, 13, 32],
moving films [33, 34] and inclined surfaces [35, 36] have been studied experimen-
tally. Furthermore, over the past decades there has been extensive research into ana-
lytic modelling of oblique high-velocity impacts onto a inviscid liquid pool [37]. Al-
though these analytic methods allow for a thorough understanding of the early time
evolution of e.g. the ejecta sheet [38–41], numerical studies are required to capture
the full impact dynamics.

Most numerical studies so far focused on droplet impact on thin liquid films
[42–45], wet walls [46–48], perpendicular impact onto deep liquid pools [11, 49–
51] or bubble entrainment by impacting droplets [11, 21, 52]. The coalescence and
splashing regimes for droplets impacting a deep and shallow liquid pool under an
impingement angle where numerically studied by [53]. As these authors performed
two-dimensional simulations, they were only able to capture basic impact features.

In this work we present a three-dimensional (3D) numerical study of oblique
droplet impact onto a deep liquid pool using the open-source volume-of-fluid solver
Basilisk [54]. The numerical results are compared to recent experimental results by
[13] and show that the method is able to capture the impact dynamics with excellent
accuracy. Details of the numerical setup are provided in section 5.2. In section 5.3
the simulation results are discussed and compared with the experimental results. In
section 5.4 we discuss and conclude this work.

5.2 Numerical setup

To solve the 3D incompressible Navier-Stokes equations together with the Volume of
Fluid (VOF) method to support two-phase flow, we employ the parallelized octree-
adaptive numerical method Basilisk [54]. Basilisk is the successor of the Gerris flow
solver and has been extensively validated on problems regarding two-phase complex
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⇢air
<latexit sha1_base64="cMwVEUJ0YCOz0f+bBVhJnKT3QGo=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVBIR1FvRi8cKxhbaEDbbTbt0kw27E7XE/BQvHlS8+k+8+W/ctjlo64OBx3szzMwLU8E1OM63tbS8srq2Xtmobm5t7+zatb07LTNFmUelkKoTEs0ET5gHHATrpIqROBSsHY6uJn77ninNZXIL45T5MRkkPOKUgJECu9ZTQxnkPWCPkBOuiiKw607DmQIvErckdVSiFdhfvb6kWcwSoIJo3XWdFPycKOBUsKLayzRLCR2RAesampCYaT+fnl7gI6P0cSSVqQTwVP09kZNY63Ecms6YwFDPexPxP6+bQXTu5zxJM2AJnS2KMoFB4kkOuM8VoyDGhhCquLkV0yFRhIJJq2pCcOdfXiTeSeOi4dyc1puXZRoVdIAO0TFy0RlqomvUQh6i6AE9o1f0Zj1ZL9a79TFrXbLKmX30B9bnD67olHk=</latexit><latexit sha1_base64="cMwVEUJ0YCOz0f+bBVhJnKT3QGo=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVBIR1FvRi8cKxhbaEDbbTbt0kw27E7XE/BQvHlS8+k+8+W/ctjlo64OBx3szzMwLU8E1OM63tbS8srq2Xtmobm5t7+zatb07LTNFmUelkKoTEs0ET5gHHATrpIqROBSsHY6uJn77ninNZXIL45T5MRkkPOKUgJECu9ZTQxnkPWCPkBOuiiKw607DmQIvErckdVSiFdhfvb6kWcwSoIJo3XWdFPycKOBUsKLayzRLCR2RAesampCYaT+fnl7gI6P0cSSVqQTwVP09kZNY63Ecms6YwFDPexPxP6+bQXTu5zxJM2AJnS2KMoFB4kkOuM8VoyDGhhCquLkV0yFRhIJJq2pCcOdfXiTeSeOi4dyc1puXZRoVdIAO0TFy0RlqomvUQh6i6AE9o1f0Zj1ZL9a79TFrXbLKmX30B9bnD67olHk=</latexit><latexit sha1_base64="cMwVEUJ0YCOz0f+bBVhJnKT3QGo=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVBIR1FvRi8cKxhbaEDbbTbt0kw27E7XE/BQvHlS8+k+8+W/ctjlo64OBx3szzMwLU8E1OM63tbS8srq2Xtmobm5t7+zatb07LTNFmUelkKoTEs0ET5gHHATrpIqROBSsHY6uJn77ninNZXIL45T5MRkkPOKUgJECu9ZTQxnkPWCPkBOuiiKw607DmQIvErckdVSiFdhfvb6kWcwSoIJo3XWdFPycKOBUsKLayzRLCR2RAesampCYaT+fnl7gI6P0cSSVqQTwVP09kZNY63Ecms6YwFDPexPxP6+bQXTu5zxJM2AJnS2KMoFB4kkOuM8VoyDGhhCquLkV0yFRhIJJq2pCcOdfXiTeSeOi4dyc1puXZRoVdIAO0TFy0RlqomvUQh6i6AE9o1f0Zj1ZL9a79TFrXbLKmX30B9bnD67olHk=</latexit>

⇢liq
<latexit sha1_base64="spc3J693uk/7pLoFn8EBlff+0Gc=">AAAB+XicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIoN6KXjxWMLbQhLDZbtqlmw93J2qJ+SlePKh49Z9489+4bXPQ1gcDj/dmmJkXpIIrsKxvo7K0vLK6Vl2vbWxube+Y9d1blWSSMocmIpHdgCgmeMwc4CBYN5WMRIFgnWB0OfE790wqnsQ3ME6ZF5FBzENOCWjJN+uuHCZ+7gJ7hFzwu6LwzYbVtKbAi8QuSQOVaPvml9tPaBaxGKggSvVsKwUvJxI4FayouZliKaEjMmA9TWMSMeXl09MLfKiVPg4TqSsGPFV/T+QkUmocBbozIjBU895E/M/rZRCeeTmP0wxYTGeLwkxgSPAkB9znklEQY00IlVzfiumQSEJBp1XTIdjzLy8S57h53rSuTxqtizKNKtpHB+gI2egUtdAVaiMHUfSAntErejOejBfj3fiYtVaMcmYP/YHx+QO+MJSD</latexit><latexit sha1_base64="spc3J693uk/7pLoFn8EBlff+0Gc=">AAAB+XicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIoN6KXjxWMLbQhLDZbtqlmw93J2qJ+SlePKh49Z9489+4bXPQ1gcDj/dmmJkXpIIrsKxvo7K0vLK6Vl2vbWxube+Y9d1blWSSMocmIpHdgCgmeMwc4CBYN5WMRIFgnWB0OfE790wqnsQ3ME6ZF5FBzENOCWjJN+uuHCZ+7gJ7hFzwu6LwzYbVtKbAi8QuSQOVaPvml9tPaBaxGKggSvVsKwUvJxI4FayouZliKaEjMmA9TWMSMeXl09MLfKiVPg4TqSsGPFV/T+QkUmocBbozIjBU895E/M/rZRCeeTmP0wxYTGeLwkxgSPAkB9znklEQY00IlVzfiumQSEJBp1XTIdjzLy8S57h53rSuTxqtizKNKtpHB+gI2egUtdAVaiMHUfSAntErejOejBfj3fiYtVaMcmYP/YHx+QO+MJSD</latexit><latexit sha1_base64="spc3J693uk/7pLoFn8EBlff+0Gc=">AAAB+XicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIoN6KXjxWMLbQhLDZbtqlmw93J2qJ+SlePKh49Z9489+4bXPQ1gcDj/dmmJkXpIIrsKxvo7K0vLK6Vl2vbWxube+Y9d1blWSSMocmIpHdgCgmeMwc4CBYN5WMRIFgnWB0OfE790wqnsQ3ME6ZF5FBzENOCWjJN+uuHCZ+7gJ7hFzwu6LwzYbVtKbAi8QuSQOVaPvml9tPaBaxGKggSvVsKwUvJxI4FayouZliKaEjMmA9TWMSMeXl09MLfKiVPg4TqSsGPFV/T+QkUmocBbozIjBU895E/M/rZRCeeTmP0wxYTGeLwkxgSPAkB9znklEQY00IlVzfiumQSEJBp1XTIdjzLy8S57h53rSuTxqtizKNKtpHB+gI2egUtdAVaiMHUfSAntErejOejBfj3fiYtVaMcmYP/YHx+QO+MJSD</latexit>

U
<latexit sha1_base64="RxqQx6G/q7HTV9YPHyXwtGcumcI=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWafq9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZdc5sX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwAfZIys</latexit><latexit sha1_base64="RxqQx6G/q7HTV9YPHyXwtGcumcI=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWafq9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZdc5sX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwAfZIys</latexit><latexit sha1_base64="RxqQx6G/q7HTV9YPHyXwtGcumcI=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWafq9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZdc5sX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwAfZIys</latexit>

(a)
<latexit sha1_base64="sLfE53yfdU3SgX/xnFR+0oFv8BA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoqgnorevFY0dhCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FjpvkpPe+WKW3NnIMuknpMK5Gj2yl/dfszSCKVhgmrdqbuJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjaE+uLLy8Q7q13V3LvzSuM6T6MIR3AMVajDBTTgFprgAYMBPMMrvDnCeXHenY95a8HJZw7hD5zPH/Z0jR0=</latexit><latexit sha1_base64="sLfE53yfdU3SgX/xnFR+0oFv8BA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoqgnorevFY0dhCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FjpvkpPe+WKW3NnIMuknpMK5Gj2yl/dfszSCKVhgmrdqbuJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjaE+uLLy8Q7q13V3LvzSuM6T6MIR3AMVajDBTTgFprgAYMBPMMrvDnCeXHenY95a8HJZw7hD5zPH/Z0jR0=</latexit><latexit sha1_base64="sLfE53yfdU3SgX/xnFR+0oFv8BA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoqgnorevFY0dhCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FjpvkpPe+WKW3NnIMuknpMK5Gj2yl/dfszSCKVhgmrdqbuJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjaE+uLLy8Q7q13V3LvzSuM6T6MIR3AMVajDBTTgFprgAYMBPMMrvDnCeXHenY95a8HJZw7hD5zPH/Z0jR0=</latexit>

(b)
<latexit sha1_base64="+PTdbIXoM63y7CJxaVM179UKHR0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoqgnorevFY0dhCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1Fjpvhqc9soVt+bOQJZJPScVyNHslb+6/ZilEUrDBNW6U3cT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhJd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI9cWXl4l3VruquXfnlcZ1nkYRjuAYqlCHC2jALTTBAwYDeIZXeHOE8+K8Ox/z1oKTzxzCHzifP/f4jR4=</latexit><latexit sha1_base64="+PTdbIXoM63y7CJxaVM179UKHR0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoqgnorevFY0dhCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1Fjpvhqc9soVt+bOQJZJPScVyNHslb+6/ZilEUrDBNW6U3cT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhJd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI9cWXl4l3VruquXfnlcZ1nkYRjuAYqlCHC2jALTTBAwYDeIZXeHOE8+K8Ox/z1oKTzxzCHzifP/f4jR4=</latexit><latexit sha1_base64="+PTdbIXoM63y7CJxaVM179UKHR0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoqgnorevFY0dhCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1Fjpvhqc9soVt+bOQJZJPScVyNHslb+6/ZilEUrDBNW6U3cT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhJd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI9cWXl4l3VruquXfnlcZ1nkYRjuAYqlCHC2jALTTBAwYDeIZXeHOE8+K8Ox/z1oKTzxzCHzifP/f4jR4=</latexit>

x<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

y
<latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit>

y
<latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit>

z
<latexit sha1_base64="HDzXchlsPlmuEyZZ/9zFJ+iVC6I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit><latexit sha1_base64="HDzXchlsPlmuEyZZ/9zFJ+iVC6I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit><latexit sha1_base64="HDzXchlsPlmuEyZZ/9zFJ+iVC6I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit><latexit sha1_base64="HDzXchlsPlmuEyZZ/9zFJ+iVC6I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit>

D<latexit sha1_base64="NsLos3laW3WlkybC0/eUHSYSJS0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRDx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS465frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHl2mMyA==</latexit><latexit sha1_base64="NsLos3laW3WlkybC0/eUHSYSJS0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRDx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS465frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHl2mMyA==</latexit><latexit sha1_base64="NsLos3laW3WlkybC0/eUHSYSJS0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRDx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS465frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHl2mMyA==</latexit><latexit sha1_base64="NsLos3laW3WlkybC0/eUHSYSJS0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRDx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS465frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHl2mMyA==</latexit>

Figure 5.1: Schematic views of the numerical setup. A liquid droplet with diameter
D and density ρliq moves with a velocity U under an angle α through air with density
ρair towards a liquid pool. We define the trailing side as the left and leading side
as the right hand side of the droplet. (a) Side-view illustrating the parallel U‖ and
perpendicular U⊥ velocity components. (b) Front-view with a symmetry plane at z =
0. By simulating only one half of the domain and using a mirror boundary condition
on the plane we reduce the simulation time by approximately a factor of two.

flows [55–57]. The momentum and VOF equations solved are

∇∇∇ ·uuu = 0, (5.1)

∂uuu
∂ t

+(uuu ·∇∇∇)uuu =
1
ρ

[
−∇∇∇p+∇∇∇ ·µ(∇∇∇uuu+∇∇∇uuuT )+ρaaa+σκδsnnn

]
, (5.2)

∂ f
∂ t

+∇∇∇ · ( f uuu) = 0, (5.3)

where uuu is the velocity field, ρ the density, p the pressure, µ the viscosity, aaa optional
body forces, σ the surface tension, κ the surface curvature, δs a delta function on the
interface between two fluids, nnn the surface normal vector on this interface and f the
volume fraction field used in the VOF method.

The fluid equations (5.1,5.2) are solved by a finite volume method over an adap-
tive Eulerian grid with the Bell-Colella-Glaz second-order accurate advection scheme
[58, 59]. The volume fraction field (5.3) is solved by a piecewise-linear geometrical
scheme by [60] together with a continuum surface force model for the surface tension
in (5.2) [55, 61].

A sketch of the numerical setup is given in figure 5.1. A spherical liquid droplet
with diameter D and density ρliq falls with a velocity U under an angle α through
air with density ρair towards a liquid pool with density ρliq. We define the leading
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(a)
<latexit sha1_base64="OgmmF/uTRgUZiC88x4RBtPBzJJE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhjLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lo5kkzI9wKHnIKRorPVTxvF+uuDV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfjY/dUrOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmf1NBlwxasTEEqSK21sJHaFCamw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAEygM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCIq41K</latexit><latexit sha1_base64="OgmmF/uTRgUZiC88x4RBtPBzJJE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhjLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lo5kkzI9wKHnIKRorPVTxvF+uuDV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfjY/dUrOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmf1NBlwxasTEEqSK21sJHaFCamw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAEygM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCIq41K</latexit><latexit sha1_base64="OgmmF/uTRgUZiC88x4RBtPBzJJE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhjLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lo5kkzI9wKHnIKRorPVTxvF+uuDV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfjY/dUrOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmf1NBlwxasTEEqSK21sJHaFCamw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAEygM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCIq41K</latexit><latexit sha1_base64="OgmmF/uTRgUZiC88x4RBtPBzJJE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhjLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lo5kkzI9wKHnIKRorPVTxvF+uuDV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfjY/dUrOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmf1NBlwxasTEEqSK21sJHaFCamw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAEygM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCIq41K</latexit>

(b)
<latexit sha1_base64="nvmtgWEx7qwPdQ+Ek+1IsFecZyE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzU475crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGKMI1L</latexit><latexit sha1_base64="nvmtgWEx7qwPdQ+Ek+1IsFecZyE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzU475crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGKMI1L</latexit><latexit sha1_base64="nvmtgWEx7qwPdQ+Ek+1IsFecZyE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzU475crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGKMI1L</latexit><latexit sha1_base64="nvmtgWEx7qwPdQ+Ek+1IsFecZyE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzU475crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGKMI1L</latexit>

(c)
<latexit sha1_base64="wRjF1YNS+iQEo080jDUCrfP6d/Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ5Wd98sVt+bOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCLtY1M</latexit><latexit sha1_base64="wRjF1YNS+iQEo080jDUCrfP6d/Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ5Wd98sVt+bOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCLtY1M</latexit><latexit sha1_base64="wRjF1YNS+iQEo080jDUCrfP6d/Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ5Wd98sVt+bOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCLtY1M</latexit><latexit sha1_base64="wRjF1YNS+iQEo080jDUCrfP6d/Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ5Wd98sVt+bOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCLtY1M</latexit>

(d)
<latexit sha1_base64="bXicP2nGNROAv+trs0HocMOf6AY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTNqlm03Y3Qil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSq4Nq777RTW1jc2t4rbpZ3dvf2D8uFRSyeZYthkiUhUJ6AaBZfYNNwI7KQKaRwIbAej25nffkKleSIfzThFP6YDySPOqLHSQzU875crbs2dg6wSLycVyNHol796YcKyGKVhgmrd9dzU+BOqDGcCp6VepjGlbEQH2LVU0hi1P5mfOiVnVglJlChb0pC5+ntiQmOtx3FgO2NqhnrZm4n/ed3MRNf+hMs0MyjZYlGUCWISMvubhFwhM2JsCWWK21sJG1JFmbHplGwI3vLLq6R1UfPcmnd/Wanf5HEU4QROoQoeXEEd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QONOo1N</latexit><latexit sha1_base64="bXicP2nGNROAv+trs0HocMOf6AY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTNqlm03Y3Qil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSq4Nq777RTW1jc2t4rbpZ3dvf2D8uFRSyeZYthkiUhUJ6AaBZfYNNwI7KQKaRwIbAej25nffkKleSIfzThFP6YDySPOqLHSQzU875crbs2dg6wSLycVyNHol796YcKyGKVhgmrd9dzU+BOqDGcCp6VepjGlbEQH2LVU0hi1P5mfOiVnVglJlChb0pC5+ntiQmOtx3FgO2NqhnrZm4n/ed3MRNf+hMs0MyjZYlGUCWISMvubhFwhM2JsCWWK21sJG1JFmbHplGwI3vLLq6R1UfPcmnd/Wanf5HEU4QROoQoeXEEd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QONOo1N</latexit><latexit sha1_base64="bXicP2nGNROAv+trs0HocMOf6AY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTNqlm03Y3Qil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSq4Nq777RTW1jc2t4rbpZ3dvf2D8uFRSyeZYthkiUhUJ6AaBZfYNNwI7KQKaRwIbAej25nffkKleSIfzThFP6YDySPOqLHSQzU875crbs2dg6wSLycVyNHol796YcKyGKVhgmrd9dzU+BOqDGcCp6VepjGlbEQH2LVU0hi1P5mfOiVnVglJlChb0pC5+ntiQmOtx3FgO2NqhnrZm4n/ed3MRNf+hMs0MyjZYlGUCWISMvubhFwhM2JsCWWK21sJG1JFmbHplGwI3vLLq6R1UfPcmnd/Wanf5HEU4QROoQoeXEEd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QONOo1N</latexit><latexit sha1_base64="bXicP2nGNROAv+trs0HocMOf6AY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTNqlm03Y3Qil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSq4Nq777RTW1jc2t4rbpZ3dvf2D8uFRSyeZYthkiUhUJ6AaBZfYNNwI7KQKaRwIbAej25nffkKleSIfzThFP6YDySPOqLHSQzU875crbs2dg6wSLycVyNHol796YcKyGKVhgmrd9dzU+BOqDGcCp6VepjGlbEQH2LVU0hi1P5mfOiVnVglJlChb0pC5+ntiQmOtx3FgO2NqhnrZm4n/ed3MRNf+hMs0MyjZYlGUCWISMvubhFwhM2JsCWWK21sJG1JFmbHplGwI3vLLq6R1UfPcmnd/Wanf5HEU4QROoQoeXEEd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QONOo1N</latexit>

(e)
<latexit sha1_base64="RC7WHi2ntaQ6LoxjF3KIDB9ryY0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQxXP++WKW3PnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuap5b8+4vK/WbPI4inMApVMGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwCOv41O</latexit><latexit sha1_base64="RC7WHi2ntaQ6LoxjF3KIDB9ryY0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQxXP++WKW3PnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuap5b8+4vK/WbPI4inMApVMGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwCOv41O</latexit><latexit sha1_base64="RC7WHi2ntaQ6LoxjF3KIDB9ryY0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQxXP++WKW3PnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuap5b8+4vK/WbPI4inMApVMGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwCOv41O</latexit><latexit sha1_base64="RC7WHi2ntaQ6LoxjF3KIDB9ryY0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQxXP++WKW3PnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuap5b8+4vK/WbPI4inMApVMGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwCOv41O</latexit>

(f)
<latexit sha1_base64="guXOHgRPrAsYTpqca52z9k9E8XQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHqrheb9ccWvuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AGQRI1P</latexit><latexit sha1_base64="guXOHgRPrAsYTpqca52z9k9E8XQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHqrheb9ccWvuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AGQRI1P</latexit><latexit sha1_base64="guXOHgRPrAsYTpqca52z9k9E8XQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHqrheb9ccWvuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AGQRI1P</latexit><latexit sha1_base64="guXOHgRPrAsYTpqca52z9k9E8XQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHqrheb9ccWvuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AGQRI1P</latexit>

Figure 5.2: A side-view of three different types of impact behaviour observed above
and below the pool surface in the simulations (top panel) and in the experiments
(bottom panel) at identical times. From left to right: deposition (first column), single-
sided splashing (second column) and omni-directional splashing (last column). Sim-
ulation parameters (a) We = 187, α = 26◦, (b) We = 400, α = 30◦ and (c) We = 600,
α = 10◦. Experimental parameters (d) We = 180.5, α = 28.1◦, (e) We = 419,
α = 27.9◦ and (f) We = 662, α = 0.6◦. Experiments by [13].

side as the right- and trailing side as the left-hand side of the droplet. The pool
depth is 8D, the cubic simulation domain edges are 12D and the initial distance from
the droplet to the pool is 0.1D. The density and viscosity ratio between the liquid
and gas phase in the simulation are ρliq/ρair = 1000, µliq/µair = 100, respectively.
To ensure stability of the simulation the Courant-Friedrichs-Lewy (CFL) condition
is set to CFL = 0.05 [54]. Figure 5.1 shows a side view (a) and front view (b) of
the simulation. A symmetry plane is enforced in the y− z plane (see figure 5.1b)
allowing us to simulate only half the droplet and save simulation time. Note that this
constraint may restrict the development of a Rayleigh-Taylor instability at the rim of
the ejecta sheet, therefore if one is interested in a detailed analysis of the fingering
instability this constraint should be released. At the bottom of the pool no-slip and
impermeability conditions are used, while at the top of the domain free-slip and free-
outflow conditions are imposed. For the remaining side planes symmetry boundary
conditions are used. The impact location is in the center of the domain, such that the
domain walls are of little influence on the early-time dynamics of the impact.

The grid is refined adaptively using the wavelet adaptation method, which is a
build-in refinement strategy in the Basilisk framework [62, 63]. The maximum re-
finement level on the grid is bounded to the computational resources and time avail-
able, which leads to a maximum refinement level rmax = 12 and hence a theoretical
maximum grid resolution of 40963 or about 105 cells per droplet cross section when
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(a)
<latexit sha1_base64="OgmmF/uTRgUZiC88x4RBtPBzJJE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhjLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lo5kkzI9wKHnIKRorPVTxvF+uuDV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfjY/dUrOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmf1NBlwxasTEEqSK21sJHaFCamw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAEygM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCIq41K</latexit><latexit sha1_base64="OgmmF/uTRgUZiC88x4RBtPBzJJE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhjLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lo5kkzI9wKHnIKRorPVTxvF+uuDV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfjY/dUrOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmf1NBlwxasTEEqSK21sJHaFCamw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAEygM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCIq41K</latexit><latexit sha1_base64="OgmmF/uTRgUZiC88x4RBtPBzJJE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhjLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lo5kkzI9wKHnIKRorPVTxvF+uuDV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfjY/dUrOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmf1NBlwxasTEEqSK21sJHaFCamw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAEygM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCIq41K</latexit><latexit sha1_base64="OgmmF/uTRgUZiC88x4RBtPBzJJE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhjLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lo5kkzI9wKHnIKRorPVTxvF+uuDV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfjY/dUrOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmf1NBlwxasTEEqSK21sJHaFCamw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAEygM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCIq41K</latexit>

(b)
<latexit sha1_base64="nvmtgWEx7qwPdQ+Ek+1IsFecZyE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzU475crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGKMI1L</latexit><latexit sha1_base64="nvmtgWEx7qwPdQ+Ek+1IsFecZyE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzU475crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGKMI1L</latexit><latexit sha1_base64="nvmtgWEx7qwPdQ+Ek+1IsFecZyE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzU475crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGKMI1L</latexit><latexit sha1_base64="nvmtgWEx7qwPdQ+Ek+1IsFecZyE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzU475crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGKMI1L</latexit>

(c)
<latexit sha1_base64="wRjF1YNS+iQEo080jDUCrfP6d/Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ5Wd98sVt+bOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCLtY1M</latexit><latexit sha1_base64="wRjF1YNS+iQEo080jDUCrfP6d/Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ5Wd98sVt+bOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCLtY1M</latexit><latexit sha1_base64="wRjF1YNS+iQEo080jDUCrfP6d/Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ5Wd98sVt+bOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCLtY1M</latexit><latexit sha1_base64="wRjF1YNS+iQEo080jDUCrfP6d/Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ5Wd98sVt+bOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCLtY1M</latexit>

(d)
<latexit sha1_base64="bXicP2nGNROAv+trs0HocMOf6AY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTNqlm03Y3Qil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSq4Nq777RTW1jc2t4rbpZ3dvf2D8uFRSyeZYthkiUhUJ6AaBZfYNNwI7KQKaRwIbAej25nffkKleSIfzThFP6YDySPOqLHSQzU875crbs2dg6wSLycVyNHol796YcKyGKVhgmrd9dzU+BOqDGcCp6VepjGlbEQH2LVU0hi1P5mfOiVnVglJlChb0pC5+ntiQmOtx3FgO2NqhnrZm4n/ed3MRNf+hMs0MyjZYlGUCWISMvubhFwhM2JsCWWK21sJG1JFmbHplGwI3vLLq6R1UfPcmnd/Wanf5HEU4QROoQoeXEEd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QONOo1N</latexit><latexit sha1_base64="bXicP2nGNROAv+trs0HocMOf6AY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTNqlm03Y3Qil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSq4Nq777RTW1jc2t4rbpZ3dvf2D8uFRSyeZYthkiUhUJ6AaBZfYNNwI7KQKaRwIbAej25nffkKleSIfzThFP6YDySPOqLHSQzU875crbs2dg6wSLycVyNHol796YcKyGKVhgmrd9dzU+BOqDGcCp6VepjGlbEQH2LVU0hi1P5mfOiVnVglJlChb0pC5+ntiQmOtx3FgO2NqhnrZm4n/ed3MRNf+hMs0MyjZYlGUCWISMvubhFwhM2JsCWWK21sJG1JFmbHplGwI3vLLq6R1UfPcmnd/Wanf5HEU4QROoQoeXEEd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QONOo1N</latexit><latexit sha1_base64="bXicP2nGNROAv+trs0HocMOf6AY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTNqlm03Y3Qil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSq4Nq777RTW1jc2t4rbpZ3dvf2D8uFRSyeZYthkiUhUJ6AaBZfYNNwI7KQKaRwIbAej25nffkKleSIfzThFP6YDySPOqLHSQzU875crbs2dg6wSLycVyNHol796YcKyGKVhgmrd9dzU+BOqDGcCp6VepjGlbEQH2LVU0hi1P5mfOiVnVglJlChb0pC5+ntiQmOtx3FgO2NqhnrZm4n/ed3MRNf+hMs0MyjZYlGUCWISMvubhFwhM2JsCWWK21sJG1JFmbHplGwI3vLLq6R1UfPcmnd/Wanf5HEU4QROoQoeXEEd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QONOo1N</latexit><latexit sha1_base64="bXicP2nGNROAv+trs0HocMOf6AY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTNqlm03Y3Qil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSq4Nq777RTW1jc2t4rbpZ3dvf2D8uFRSyeZYthkiUhUJ6AaBZfYNNwI7KQKaRwIbAej25nffkKleSIfzThFP6YDySPOqLHSQzU875crbs2dg6wSLycVyNHol796YcKyGKVhgmrd9dzU+BOqDGcCp6VepjGlbEQH2LVU0hi1P5mfOiVnVglJlChb0pC5+ntiQmOtx3FgO2NqhnrZm4n/ed3MRNf+hMs0MyjZYlGUCWISMvubhFwhM2JsCWWK21sJG1JFmbHplGwI3vLLq6R1UfPcmnd/Wanf5HEU4QROoQoeXEEd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QONOo1N</latexit>

(e)
<latexit sha1_base64="RC7WHi2ntaQ6LoxjF3KIDB9ryY0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQxXP++WKW3PnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuap5b8+4vK/WbPI4inMApVMGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwCOv41O</latexit><latexit sha1_base64="RC7WHi2ntaQ6LoxjF3KIDB9ryY0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQxXP++WKW3PnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuap5b8+4vK/WbPI4inMApVMGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwCOv41O</latexit><latexit sha1_base64="RC7WHi2ntaQ6LoxjF3KIDB9ryY0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQxXP++WKW3PnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuap5b8+4vK/WbPI4inMApVMGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwCOv41O</latexit><latexit sha1_base64="RC7WHi2ntaQ6LoxjF3KIDB9ryY0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQxXP++WKW3PnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuap5b8+4vK/WbPI4inMApVMGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwCOv41O</latexit>

Figure 5.3: Time series of a single-sided crown splash observed above and below
the pool surface in the simulation (two top panels) and in the experiment (bottom
panel). Times are non-dimensionalized by ti = D/U , where t/ti = 0 corresponds to
the moment of first contact with the pool. Simulation parameters We = 400, α = 30◦,
experiment We = 416.5, α = 28.5. (a) t/ti = 0.46: when the droplet hits the surface
a sheet ejects on the leading side of the impact area. (b) t/ti = 2.33: the sheet evolves
into a crown leading to several satellite droplets in the simulation that are hard to
detect in the experiment. (c) t/ti = 8.22: the crown further expands outwards and
the satellite droplets are now clearly visible in both simulations and experiments. (d)
t/ti = 12.15: the crown retracts due to capillary forces and a finger appears at the
leading side. (e) t/ti = 18.00: the liquid finger collapses onto the pool due to surface
tension forces. Experiments by [13].

all volumes are refined. The refinement algorithm is invoked every time-step and re-
fines when the wavelet estimated error exceeds uuuerr = 10−2 for the velocity field and
ferr = 5∗10−3 for the fraction field. Initially we refine the interface of the droplet to
rmax while the rest of domain stays at rinitial = 6. With these settings a typical simula-
tion of a single impact event from the moment of impact until the cavity closes takes
about a month using a modern computer cluster in parallel. During the simulation we
set fraction field values lower than 10−4 to 0 and values higher than (1−10−4) to 1.
This smoothing reduces noise caused by tiny droplets and bubbles in the simulation
that do not affect the overall dynamics but are costly to track. This filtering may alter
the dynamics of bubble entrapment, which is not the focus of the present work.

By neglecting the effect of the ambient air, oblique impact of a droplet onto a liq-
uid pool can be characterized by four dimensionless parameters: the Weber number
We = ρliqDU2

σ
, the Reynolds number Re = ρliqUD

µliq
, the Froude number Fr2 = U2

gD and the
impact angle α , where g is the gravitational acceleration [13]. We are interested in an
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We α(◦) We α(◦)
187.5 28 400 60
200 15 400 75
200 40 600 10
200 45 600 20
250 35 600 45
250 60 600 75
300 20 674 28
400 12 800 20
400 20 1000 55
400 30 1400 45
400 40 1400 60

Table 5.1: A list of simulations performed with the parameters as described in section
5.2. The Reynolds number is fixed to Re = 1000 in all simulations and the gravity is
disabled.

impact regime where the influence of Froude and Reynolds is negligible (in the ex-
periments used for comparison [13] Fr ∈ [102−103] and Re ∈ [600−2500]). Hence
in the simulations, the gravitational contribution is neglected, the impact velocity is
set to U = 1 and the liquid viscosity is set such that the Reynolds number is always
equal to Re = 1000. We then explore a simple two-dimensional phase space (We,α).
Table 5.1 gives a list of the oblique droplet impact simulations performed. We have
chosen the simulations parameters (We,α) such that we cover a comprehensive set of
splashing phenomena in the phase space. These simulated parameters may therefore
not always be a one-to-one match with the experiments performed by [13]. In the
analysis of the results it will turn out practical to discriminate between the parallel

Weber number We‖ =
ρliqDU2

‖
σ

and the perpendicular Weber number We⊥ =
ρliqDU2

⊥
σ

,
where U‖ = U sin(α) and U⊥ = U cos(α) are the velocity components parallel and
perpendicular to the pool surface, respectively.

5.3 Results

In this section we present our numerical results and we show a qualitative and quan-
titative comparison to the experiments performed by [13]. In 5.3.1 the different types
of impact phenomena are discussed and classified. An overview of the early impact
dynamics is given in section 5.3.2. The splashing threshold of the crown above the
pool is systematically studied in section 5.3.3. We discuss the cavity formation and
evolution as function of time and compare this result to a theoretical model in section
5.3.4. Finally, we show the maximum cavity dimensions below the surface, i.e. the
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maximal cavity depth, maximal cavity displacement and collapse angle as function
of Weber number and impact angle in section 5.3.5.

5.3.1 Impact phenomena

When a droplet obliquely impacts onto a pool, a cavity forms below the pool surface
accompanied by an asymmetric crown above the pool surface. In our simulations
we observe three different impact phenomena similar to what has been observed in
experiments: deposition, single-sided splashing and omni-directional splashing [13].
Figure 5.2 shows these three phenomena in both the simulation (top panel) and the
experiments (bottom panel).

The first column (figure 5.2a and 5.2d) shows a deposition event for We = 187
and α = 26◦ (simulation) and We= 180.5 and α = 28.1◦ (experiment). Directly after
impact a thin sheet ejects on the leading side of the impact cavity. The impact energy
of the droplet is not sufficient for this ejecta sheet to develop into a crown on all sides.
Instead the ejecta sheet retracts back towards the pool due to capillary forces without
any breakup. We observe excellent qualitative agreement of the simulation with the
experiment.

The second column (figure 5.2b and 5.2e) shows a single-sided splash for We =
400 and α = 30◦ (simulation) and We = 419 and α = 27.9◦ (experiment). Here, the
impact energy is large enough for the ejecta sheet to develop several fingers on the
leading side of the cavity, which eventually break up into satellite droplets in both
the simulation and experiment. The resulting single-sided crown in the simulation
compares very well with the overall crown shape of the corresponding experiment.

Finally in the last column (figure 5.2c and 5.2f) an omni-directional splash is
observed for We = 600 and α = 10◦ (simulation) and We = 662 and α = 0.6◦ (ex-
periment). In this case the impact energy is large enough to induce a crown with
satellite droplets all around the cavity in both the simulation and the experiment.

Figure 5.3 shows the comparison of a detailed time series of a single-sided splash
impact event in the simulation (We = 400 and α = 30◦, two top panels) and in the
experiment (We = 416.5 and α = 28.5◦, bottom panel). In addition, the simulation
provides a top view of the impact event. Time increases from left to right, with
t/ti = 0 being the moment of first contact between the droplet and the pool, with
ti = D/U the inertial time. The simulations show that the droplet pushes liquid away
on the trailing side (see top panel of figure 5.3a), effectively creating an air layer
between the pool surface and the impacting droplet. This air layer marks the start
of a cavity forming below the pool surface, as can be observed in the side view (see
mid panel in figure 5.3a). The deepest point of this initial cavity starts on the left side
and ramps up along the edge of the impacting droplet towards the pool surface, see
mid and top view. Unfortunately, at this stage the cavity is too small to be captured
in the experiments as can be seen in the bottom panel. In the simulations, the impact
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causes the rise of the ejecta sheet on the leading side (see mid panel in figure 5.3a). A
similar ejecta sheet is observed in the experiment (bottom panel), but the resolution
is too low to clearly distinguish the ejecta sheet from the droplet.

In figure 5.3b, the ejecta sheet rises further above the surface and fingers appear
on the peripheral side of the rim in the simulation. The droplet is now fully submerged
in the pool and the cavity has grown to cover the complete impact area, as can be seen
from both the side-view and the top-view. In the simulation, the fingers on the ejecta
sheet break up and result in satellite droplets, which is clearly visible in the top-view
(top-panel). This break up is not clearly visible in the experiment (bottom-panel), but
the overall shape of the ejecta sheet is similar to the simulation. Figure 5.3c shows
the start of a capillary wave on the trailing side of the cavity that gradually deforms
the cavity into a hemispherical shape at later times, see figure 5.3d and figure 5.3e.
Above the pool, the satellite droplets have clearly separated from the ejecta sheet in
both the simulation and experiment, which is now best described as a single-sided
crown. The fingers are retracting back to the rim of the crown. As the crown itself is
also retracting, this causes the fingers to move towards the leading side of the crown,
which is clearly visible in the top view panels.

In figure 5.3d the retraction of the crown continues while there is only one large
finger remaining on the leading side of the crown, which is observed in both numerics
and experiments. Finally, in figure 5.3e the cavity has reached its maximum expan-
sion. As the remaining finger collapses into the cavity, a capillary wave is triggered.
At later times (not shown here) this wave causes fluctuations in the cavity shape.

5.3.2 Impact dynamics

In the simulation we have access to the pressure and velocity fields induced in the
liquid, which gives a detailed view of the early impact dynamics. Figure 5.4 shows a
cross-section of the velocity magnitude and streamlines during impact at the mirror
plane (z = 0) for different times t/ti and angles α at constant We = 400. In figure 5.5
we zoom in on the ejecta sheet region on the leading side of the impacting droplet.

Figure 5.4a shows a perpendicular impact event and serves as a reference case for
all consecutive oblique impacts. In the first figure of this row, the droplet has not yet
fully submerged into the pool and most of the momentum is still concentrated in the
impacting droplet. Inside the pool the streamlines show a symmetric velocity field
around the point of impact and bend towards the pool surface. We note that there
is a small symmetry deviation between the leading and trailing side of the impact-
ing droplet, which is the result of the adaptive grid refinement strategy used in the
simulations. An ejecta sheet is formed on both sides of the impacting droplet, which
is more clearly visible in figure 5.5a. The maximum velocity is reached where the
ejecta sheet is thinnest. At the edge of the ejecta sheet a cylindrical rim forms due to
surface tension forces. At later stages, the droplet fully submerges into the pool and
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Figure 5.4: A cross-section of the velocity magnitude and streamlines in the liquid
phase at the mirror plane (z = 0) (see figure 5.1) for We = 400 at different angles
α and different times t/ti. The line y = 0 denotes the base level of the pool. The
velocity magnitudes (color bar) are scaled by the impact velocity U (note that color
bar changes for each row). The light blue color indicates the gas phase.
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Figure 5.5: A zoom of the cross-section of the velocity magnitude and streamlines
of the ejecta sheet on the leading side of the impacting droplet at the mirror plane
(z = 0) (see figure 5.1) for We = 400 at different angles α and different times t/ti.
The line y = 0 denotes the base level of the pool. The velocity magnitudes (color bar)
are scaled by the impact velocity U (note that color bar changes for each row). The
light blue color indicates the gas phase.
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a symmetrically shaped cavity forms. The ejecta sheet keeps rising until it retracts at
later stages (not shown).

Figure 5.4b shows an oblique impact event at α = 20◦. The ejecta sheet is no
longer symmetric but larger on the leading-side than on the trailing side. Figure 5.5b
shows that the initial velocity magnitude inside the ejecta sheet on the leading side
is about 50% higher than the original impact speed of the droplet. Furthermore, the
maximum velocity in the ejecta sheet exceeds the one achieved during perpendicular
impact, see top row. The second figure in this row shows that a satellite droplet is
created and as a result the tip now has an oval shape, also seen in the zoomed figure
5.5b. Below the pool surface a cavity starts to form, which grows fastest in the direc-
tion of the impacting droplet as shown by the streamlines and velocity magnitudes.
Interestingly, the far-field velocity streamlines still resemble the far-field streamlines
of the perpendicular case.

The dynamics of an impacting droplet at α = 40◦ is shown in figure 5.4c. During
impact a small air layer is entrapped between the pool and droplet, which leads to
a set of bubbles concentrated on the left side along the interface of the coalescing
droplet with the pool. These bubbles have a local effect on the velocity field which is
clearly visible in the first figure of 5.4c. The ejecta sheet on the trailing side is now
better described as a liquid bump and carries little momentum. Instead, most of the
momentum is concentrated in the ejecta sheet on the leading side where the velocity
magnitude is twice of the original impact speed of the droplet. In contrast to the per-
pendicular case, the ejecta sheet initially grows in the direction along the pool surface
but later on deflects upwards, see figure 5.5c. We note that the evolution and shape
of the ejecta sheet in figure 5.5b and 5.5c may have a grid dependence, i.e. depends
on the grid refinement history. Unfortunately, increasing the maximal grid resolution
to r = 13 was not feasible with the computational resources available to us today.
The bubbles entrapped in the cavity do not seem to affect the cavity evolution, which
similar to previous cases grows faster in the direction of the impacting droplet. Again
we note that the far field streamlines resemble those of the perpendicular impact.

Finally, in figure 5.4d we show an impacting droplet at α = 60◦. Similarly to
the previous case bubbles appear on the left-hand side of the interface between the
impacting droplet and pool. During impact the droplet partly coalesces with the
pool but also partly slides along the surface of the pool, as seen in the first figure
of 5.4d. The contour lines of the velocity field confirm this observation, since they
form a closely packed layer between the impacting droplet and the pool in which
the magnitude and direction rapidly change. The ejecta sheet on the leading side is
thicker compared to the previous cases and expands parallel to the surface, as clearly
visible in figure 5.5d. Here, the ejecta sheet does not change direction over time and
remains parallel to the surface in all plotted stages. The tip of the sheet eventually
falls down onto the pool (see second figure of 5.5d). The secondary impact of this
sheet onto the pool entraps another air layer on the leading side. Furthermore, the
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Figure 5.6: Phase diagram of the impact behaviour as a function of the dimensionless
splashing parameter We1/2Re1/4/K and impact angle α for both the experimental
results by [13] (a) and the simulation results (b), where K is the critical splashing
number. The blue filled squares, black open circles and red closed triangles depict
deposition, single-side splashing and omni-directional splashing respectively. The
solid and dotted lines are a scaling model that predict the transitions from deposition
to single-sided splashing and from single-sided splashing to omni-directional splash-
ing, see main text. In both panels we used c = 0.44 for the fit parameter measuring
the mass-flow distribution around the crown.

coalescence results in a complex wave pattern on the surface as shown by last figure
of 5.5d. The cavity does no longer resemble that of the perpendicular case and even
the far-field streamlines (on this scale) start to show asymmetry.

5.3.3 Splashing threshold

The three impact phenomena (deposition, single-sided splashing, omni-directional
splashing) observed can be quantified in a phase diagram. Figure 5.6 shows such
a splashing phase diagram in terms of the impact parameters We1/2Re1/4/K and α

(as discussed by [13]), where K is the critical splashing number. Figure 5.6a shows
the experimental results by [13] and figure 5.6b shows the simulation results. The
transitions between these different impact phenomena (denoted by the black solid
and dotted lines) can be explained by the scaling argument derived by [13]. For
completeness, we briefly repeat the argument here.

We assume that the mass flow into the crown is directly proportional to the mass
flow into the pool [10]. Since the droplet impacts under an angle α , the leading side
of the crown accumulates more mass than the trailing side. The mass balance of the
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U?
<latexit sha1_base64="1VRLeKfoicB5TL+KMRMDo7OKm7s=">AAAB73icbVBNSwMxEM3Wr1q/qh69BIvgqeyKoN6KXjxWcG2lXUo2nW1Dk2xIskJZ+iu8eFDx6t/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88mDTTFEKa8lS3Y2KAMwmhZZZDW2kgIubQikc3U7/1BNqwVN7bsYJIkIFkCaPEOukx7OVdBVpNetWaX/dnwMskKEgNFWj2ql/dfkozAdJSTozpBL6yUU60ZZTDpNLNDChCR2QAHUclEWCifHbwBJ84pY+TVLuSFs/U3xM5EcaMRew6BbFDs+hNxf+8TmaTyyhnUmUWJJ0vSjKObYqn3+M+00AtHztCqGbuVkyHRBNqXUYVF0Kw+PIyCc/qV3X/7rzWuC7SKKMjdIxOUYAuUAPdoiYKEUUCPaNX9OZp78V79z7mrSWvmDlEf+B9/gB+fpBm</latexit><latexit sha1_base64="1VRLeKfoicB5TL+KMRMDo7OKm7s=">AAAB73icbVBNSwMxEM3Wr1q/qh69BIvgqeyKoN6KXjxWcG2lXUo2nW1Dk2xIskJZ+iu8eFDx6t/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88mDTTFEKa8lS3Y2KAMwmhZZZDW2kgIubQikc3U7/1BNqwVN7bsYJIkIFkCaPEOukx7OVdBVpNetWaX/dnwMskKEgNFWj2ql/dfkozAdJSTozpBL6yUU60ZZTDpNLNDChCR2QAHUclEWCifHbwBJ84pY+TVLuSFs/U3xM5EcaMRew6BbFDs+hNxf+8TmaTyyhnUmUWJJ0vSjKObYqn3+M+00AtHztCqGbuVkyHRBNqXUYVF0Kw+PIyCc/qV3X/7rzWuC7SKKMjdIxOUYAuUAPdoiYKEUUCPaNX9OZp78V79z7mrSWvmDlEf+B9/gB+fpBm</latexit><latexit sha1_base64="1VRLeKfoicB5TL+KMRMDo7OKm7s=">AAAB73icbVBNSwMxEM3Wr1q/qh69BIvgqeyKoN6KXjxWcG2lXUo2nW1Dk2xIskJZ+iu8eFDx6t/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88mDTTFEKa8lS3Y2KAMwmhZZZDW2kgIubQikc3U7/1BNqwVN7bsYJIkIFkCaPEOukx7OVdBVpNetWaX/dnwMskKEgNFWj2ql/dfkozAdJSTozpBL6yUU60ZZTDpNLNDChCR2QAHUclEWCifHbwBJ84pY+TVLuSFs/U3xM5EcaMRew6BbFDs+hNxf+8TmaTyyhnUmUWJJ0vSjKObYqn3+M+00AtHztCqGbuVkyHRBNqXUYVF0Kw+PIyCc/qV3X/7rzWuC7SKKMjdIxOUYAuUAPdoiYKEUUCPaNX9OZp78V79z7mrSWvmDlEf+B9/gB+fpBm</latexit>

↵<latexit sha1_base64="GK3zHEr8sjfzP8R4AYe+UCdZTR8=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMF0xbaUCbbTbt2swm7G6GE/gcvHlS8+oO8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw2dZIpynyaiES1Q9RMcMl8w41g7VQxjEPBWuHoduq3npjSPJEPZpyyIMaB5BGnaKzU7KJIh9irVN2aOwNZJl5BqlCg0at8dfsJzWImDRWodcdzUxPkqAyngk3K3UyzFOkIB6xjqcSY6SCfXTshp1bpkyhRtqQhM/X3RI6x1uM4tJ0xmqFe9Kbif14nM9FVkHOZZoZJOl8UZYKYhExfJ32uGDVibAlSxe2thA5RITU2oLINwVt8eZn457Xrmnt/Ua3fFGmU4BhO4Aw8uIQ63EEDfKDwCM/wCm9O4rw4787HvHXFKWaO4A+czx/3l47r</latexit><latexit sha1_base64="GK3zHEr8sjfzP8R4AYe+UCdZTR8=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMF0xbaUCbbTbt2swm7G6GE/gcvHlS8+oO8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw2dZIpynyaiES1Q9RMcMl8w41g7VQxjEPBWuHoduq3npjSPJEPZpyyIMaB5BGnaKzU7KJIh9irVN2aOwNZJl5BqlCg0at8dfsJzWImDRWodcdzUxPkqAyngk3K3UyzFOkIB6xjqcSY6SCfXTshp1bpkyhRtqQhM/X3RI6x1uM4tJ0xmqFe9Kbif14nM9FVkHOZZoZJOl8UZYKYhExfJ32uGDVibAlSxe2thA5RITU2oLINwVt8eZn457Xrmnt/Ua3fFGmU4BhO4Aw8uIQ63EEDfKDwCM/wCm9O4rw4787HvHXFKWaO4A+czx/3l47r</latexit><latexit sha1_base64="GK3zHEr8sjfzP8R4AYe+UCdZTR8=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMF0xbaUCbbTbt2swm7G6GE/gcvHlS8+oO8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw2dZIpynyaiES1Q9RMcMl8w41g7VQxjEPBWuHoduq3npjSPJEPZpyyIMaB5BGnaKzU7KJIh9irVN2aOwNZJl5BqlCg0at8dfsJzWImDRWodcdzUxPkqAyngk3K3UyzFOkIB6xjqcSY6SCfXTshp1bpkyhRtqQhM/X3RI6x1uM4tJ0xmqFe9Kbif14nM9FVkHOZZoZJOl8UZYKYhExfJ32uGDVibAlSxe2thA5RITU2oLINwVt8eZn457Xrmnt/Ua3fFGmU4BhO4Aw8uIQ63EEDfKDwCM/wCm9O4rw4787HvHXFKWaO4A+czx/3l47r</latexit>

L<latexit sha1_base64="5puov2m8/Zu/Hvbse1+ETxmDeIg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2GRgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWD2aSoB/RoeQhZ9RYqXHfL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A6OJjNA=</latexit><latexit sha1_base64="5puov2m8/Zu/Hvbse1+ETxmDeIg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2GRgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWD2aSoB/RoeQhZ9RYqXHfL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A6OJjNA=</latexit><latexit sha1_base64="5puov2m8/Zu/Hvbse1+ETxmDeIg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2GRgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWD2aSoB/RoeQhZ9RYqXHfL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A6OJjNA=</latexit><latexit sha1_base64="5puov2m8/Zu/Hvbse1+ETxmDeIg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2GRgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWD2aSoB/RoeQhZ9RYqXHfL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A6OJjNA=</latexit>

dmax
<latexit sha1_base64="xPeuRe6nkk+lzoXKDqJfqzn7jEI=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VjBfkAby2azaZfubsLuRFtC/ocXD4p49b9489+4bXPQ1gcDj/dmmJkXJIIbcN1vZ2V1bX1js7RV3t7Z3duvHBy2TJxqypo0FrHuBMQwwRVrAgfBOolmRAaCtYPRzdRvPzJteKzuYZIwX5KB4hGnBKz0EPazHrAxZJKM87xfqbo1dwa8TLyCVFGBRr/y1QtjmkqmgApiTNdzE/AzooFTwfJyLzUsIXREBqxrqSKSGT+bXZ3jU6uEOIq1LQV4pv6eyIg0ZiID2ykJDM2iNxX/87opRFd+xlWSAlN0vihKBYYYTyPAIdeMgphYQqjm9lZMh0QTCjaosg3BW3x5mbTOa55b8+4uqvXrIo4SOkYn6Ax56BLV0S1qoCaiSKNn9IrenCfnxXl3PuatK04xc4T+wPn8AXbmkyA=</latexit><latexit sha1_base64="xPeuRe6nkk+lzoXKDqJfqzn7jEI=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VjBfkAby2azaZfubsLuRFtC/ocXD4p49b9489+4bXPQ1gcDj/dmmJkXJIIbcN1vZ2V1bX1js7RV3t7Z3duvHBy2TJxqypo0FrHuBMQwwRVrAgfBOolmRAaCtYPRzdRvPzJteKzuYZIwX5KB4hGnBKz0EPazHrAxZJKM87xfqbo1dwa8TLyCVFGBRr/y1QtjmkqmgApiTNdzE/AzooFTwfJyLzUsIXREBqxrqSKSGT+bXZ3jU6uEOIq1LQV4pv6eyIg0ZiID2ykJDM2iNxX/87opRFd+xlWSAlN0vihKBYYYTyPAIdeMgphYQqjm9lZMh0QTCjaosg3BW3x5mbTOa55b8+4uqvXrIo4SOkYn6Ax56BLV0S1qoCaiSKNn9IrenCfnxXl3PuatK04xc4T+wPn8AXbmkyA=</latexit><latexit sha1_base64="xPeuRe6nkk+lzoXKDqJfqzn7jEI=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VjBfkAby2azaZfubsLuRFtC/ocXD4p49b9489+4bXPQ1gcDj/dmmJkXJIIbcN1vZ2V1bX1js7RV3t7Z3duvHBy2TJxqypo0FrHuBMQwwRVrAgfBOolmRAaCtYPRzdRvPzJteKzuYZIwX5KB4hGnBKz0EPazHrAxZJKM87xfqbo1dwa8TLyCVFGBRr/y1QtjmkqmgApiTNdzE/AzooFTwfJyLzUsIXREBqxrqSKSGT+bXZ3jU6uEOIq1LQV4pv6eyIg0ZiID2ykJDM2iNxX/87opRFd+xlWSAlN0vihKBYYYTyPAIdeMgphYQqjm9lZMh0QTCjaosg3BW3x5mbTOa55b8+4uqvXrIo4SOkYn6Ax56BLV0S1qoCaiSKNn9IrenCfnxXl3PuatK04xc4T+wPn8AXbmkyA=</latexit><latexit sha1_base64="xPeuRe6nkk+lzoXKDqJfqzn7jEI=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VjBfkAby2azaZfubsLuRFtC/ocXD4p49b9489+4bXPQ1gcDj/dmmJkXJIIbcN1vZ2V1bX1js7RV3t7Z3duvHBy2TJxqypo0FrHuBMQwwRVrAgfBOolmRAaCtYPRzdRvPzJteKzuYZIwX5KB4hGnBKz0EPazHrAxZJKM87xfqbo1dwa8TLyCVFGBRr/y1QtjmkqmgApiTNdzE/AzooFTwfJyLzUsIXREBqxrqSKSGT+bXZ3jU6uEOIq1LQV4pv6eyIg0ZiID2ykJDM2iNxX/87opRFd+xlWSAlN0vihKBYYYTyPAIdeMgphYQqjm9lZMh0QTCjaosg3BW3x5mbTOa55b8+4uqvXrIo4SOkYn6Ax56BLV0S1qoCaiSKNn9IrenCfnxXl3PuatK04xc4T+wPn8AXbmkyA=</latexit>

hmax
<latexit sha1_base64="gq5wfx0vJkFlbUTfeWm0kFwjKVY=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VjBfkBby2Y7aZduNmF3oi0h/8OLB0W8+l+8+W/ctjlo64OBx3szzMzzYykMuu63s7K6tr6xWdgqbu/s7u2XDg4bJko0hzqPZKRbPjMghYI6CpTQijWw0JfQ9Ec3U7/5CNqISN3jJIZuyAZKBIIztNLDsJd2EMaYhmycZb1S2a24M9Bl4uWkTHLUeqWvTj/iSQgKuWTGtD03xm7KNAouISt2EgMx4yM2gLalioVguuns6oyeWqVPg0jbUkhn6u+JlIXGTELfdoYMh2bRm4r/ee0Eg6tuKlScICg+XxQkkmJEpxHQvtDAUU4sYVwLeyvlQ6YZRxtU0YbgLb68TBrnFc+teHcX5ep1HkeBHJMTckY8ckmq5JbUSJ1woskzeSVvzpPz4rw7H/PWFSefOSJ/4Hz+AH0qkyQ=</latexit><latexit sha1_base64="gq5wfx0vJkFlbUTfeWm0kFwjKVY=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VjBfkBby2Y7aZduNmF3oi0h/8OLB0W8+l+8+W/ctjlo64OBx3szzMzzYykMuu63s7K6tr6xWdgqbu/s7u2XDg4bJko0hzqPZKRbPjMghYI6CpTQijWw0JfQ9Ec3U7/5CNqISN3jJIZuyAZKBIIztNLDsJd2EMaYhmycZb1S2a24M9Bl4uWkTHLUeqWvTj/iSQgKuWTGtD03xm7KNAouISt2EgMx4yM2gLalioVguuns6oyeWqVPg0jbUkhn6u+JlIXGTELfdoYMh2bRm4r/ee0Eg6tuKlScICg+XxQkkmJEpxHQvtDAUU4sYVwLeyvlQ6YZRxtU0YbgLb68TBrnFc+teHcX5ep1HkeBHJMTckY8ckmq5JbUSJ1woskzeSVvzpPz4rw7H/PWFSefOSJ/4Hz+AH0qkyQ=</latexit><latexit sha1_base64="gq5wfx0vJkFlbUTfeWm0kFwjKVY=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VjBfkBby2Y7aZduNmF3oi0h/8OLB0W8+l+8+W/ctjlo64OBx3szzMzzYykMuu63s7K6tr6xWdgqbu/s7u2XDg4bJko0hzqPZKRbPjMghYI6CpTQijWw0JfQ9Ec3U7/5CNqISN3jJIZuyAZKBIIztNLDsJd2EMaYhmycZb1S2a24M9Bl4uWkTHLUeqWvTj/iSQgKuWTGtD03xm7KNAouISt2EgMx4yM2gLalioVguuns6oyeWqVPg0jbUkhn6u+JlIXGTELfdoYMh2bRm4r/ee0Eg6tuKlScICg+XxQkkmJEpxHQvtDAUU4sYVwLeyvlQ6YZRxtU0YbgLb68TBrnFc+teHcX5ep1HkeBHJMTckY8ckmq5JbUSJ1woskzeSVvzpPz4rw7H/PWFSefOSJ/4Hz+AH0qkyQ=</latexit><latexit sha1_base64="gq5wfx0vJkFlbUTfeWm0kFwjKVY=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VjBfkBby2Y7aZduNmF3oi0h/8OLB0W8+l+8+W/ctjlo64OBx3szzMzzYykMuu63s7K6tr6xWdgqbu/s7u2XDg4bJko0hzqPZKRbPjMghYI6CpTQijWw0JfQ9Ec3U7/5CNqISN3jJIZuyAZKBIIztNLDsJd2EMaYhmycZb1S2a24M9Bl4uWkTHLUeqWvTj/iSQgKuWTGtD03xm7KNAouISt2EgMx4yM2gLalioVguuns6oyeWqVPg0jbUkhn6u+JlIXGTELfdoYMh2bRm4r/ee0Eg6tuKlScICg+XxQkkmJEpxHQvtDAUU4sYVwLeyvlQ6YZRxtU0YbgLb68TBrnFc+teHcX5ep1HkeBHJMTckY8ckmq5JbUSJ1woskzeSVvzpPz4rw7H/PWFSefOSJ/4Hz+AH0qkyQ=</latexit>

↵cm
<latexit sha1_base64="S1MphOHQ+529Tb3dbrRE/qyiBQQ=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIoMeiF48V7Ac0IWy2m3bpbhJ2J9IS8le8eFDEq3/Em//GbZuDtj4YeLw3w8y8MBVcg+N8W5WNza3tnepubW//4PDIPq53dZIpyjo0EYnqh0QzwWPWAQ6C9VPFiAwF64WTu7nfe2JK8yR+hFnKfElGMY84JWCkwK57RKRjEuQesCnkVBZFYDecprMAXiduSRqoRDuwv7xhQjPJYqCCaD1wnRT8nCjgVLCi5mWapYROyIgNDI2JZNrPF7cX+NwoQxwlylQMeKH+nsiJ1HomQ9MpCYz1qjcX//MGGUQ3fs7jNAMW0+WiKBMYEjwPAg+5YhTEzBBCFTe3YjomilAwcdVMCO7qy+uke9l0nab7cNVo3ZZxVNEpOkMXyEXXqIXuURt1EEVT9Ixe0ZtVWC/Wu/WxbK1Y5cwJ+gPr8wftb5UB</latexit><latexit sha1_base64="S1MphOHQ+529Tb3dbrRE/qyiBQQ=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIoMeiF48V7Ac0IWy2m3bpbhJ2J9IS8le8eFDEq3/Em//GbZuDtj4YeLw3w8y8MBVcg+N8W5WNza3tnepubW//4PDIPq53dZIpyjo0EYnqh0QzwWPWAQ6C9VPFiAwF64WTu7nfe2JK8yR+hFnKfElGMY84JWCkwK57RKRjEuQesCnkVBZFYDecprMAXiduSRqoRDuwv7xhQjPJYqCCaD1wnRT8nCjgVLCi5mWapYROyIgNDI2JZNrPF7cX+NwoQxwlylQMeKH+nsiJ1HomQ9MpCYz1qjcX//MGGUQ3fs7jNAMW0+WiKBMYEjwPAg+5YhTEzBBCFTe3YjomilAwcdVMCO7qy+uke9l0nab7cNVo3ZZxVNEpOkMXyEXXqIXuURt1EEVT9Ixe0ZtVWC/Wu/WxbK1Y5cwJ+gPr8wftb5UB</latexit><latexit sha1_base64="S1MphOHQ+529Tb3dbrRE/qyiBQQ=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIoMeiF48V7Ac0IWy2m3bpbhJ2J9IS8le8eFDEq3/Em//GbZuDtj4YeLw3w8y8MBVcg+N8W5WNza3tnepubW//4PDIPq53dZIpyjo0EYnqh0QzwWPWAQ6C9VPFiAwF64WTu7nfe2JK8yR+hFnKfElGMY84JWCkwK57RKRjEuQesCnkVBZFYDecprMAXiduSRqoRDuwv7xhQjPJYqCCaD1wnRT8nCjgVLCi5mWapYROyIgNDI2JZNrPF7cX+NwoQxwlylQMeKH+nsiJ1HomQ9MpCYz1qjcX//MGGUQ3fs7jNAMW0+WiKBMYEjwPAg+5YhTEzBBCFTe3YjomilAwcdVMCO7qy+uke9l0nab7cNVo3ZZxVNEpOkMXyEXXqIXuURt1EEVT9Ixe0ZtVWC/Wu/WxbK1Y5cwJ+gPr8wftb5UB</latexit><latexit sha1_base64="S1MphOHQ+529Tb3dbrRE/qyiBQQ=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIoMeiF48V7Ac0IWy2m3bpbhJ2J9IS8le8eFDEq3/Em//GbZuDtj4YeLw3w8y8MBVcg+N8W5WNza3tnepubW//4PDIPq53dZIpyjo0EYnqh0QzwWPWAQ6C9VPFiAwF64WTu7nfe2JK8yR+hFnKfElGMY84JWCkwK57RKRjEuQesCnkVBZFYDecprMAXiduSRqoRDuwv7xhQjPJYqCCaD1wnRT8nCjgVLCi5mWapYROyIgNDI2JZNrPF7cX+NwoQxwlylQMeKH+nsiJ1HomQ9MpCYz1qjcX//MGGUQ3fs7jNAMW0+WiKBMYEjwPAg+5YhTEzBBCFTe3YjomilAwcdVMCO7qy+uke9l0nab7cNVo3ZZxVNEpOkMXyEXXqIXuURt1EEVT9Ixe0ZtVWC/Wu/WxbK1Y5cwJ+gPr8wftb5UB</latexit>
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Figure 5.7: Schematic side-view of the moment when the cavity reaches its maximum
depth dmax, height hmax and angle αcm.

crown reads [13]
ρlD2U⊥±ρlcD2U‖ ∼ ρleDV, (5.4)

where the left-hand side represents the mass flow into the leading (+) and trailing
(−) side of the crown, e� D is the thickness of the crown at the pool surface, V is
the ejection velocity of the crown and c is a fit parameter that accounts for the exact
mass-flow distribution over the crown. To define the splashing threshold it is assumed
that breakup of the crown occurs when the crown ejection velocity V , scaled by the
Taylor-Culick velocity VTC ∼

√
σ

ρle
, exceeds a critical value of the splashing number

K [10, 13]. By using e ∼
√

νD/U for the thickness of the crown at its base [8], we
find as splashing criterion of the crown [13]

We1/2Re1/4

K
cos(α)5/4

[
1± c tan(α)

]
> 1. (5.5)

The value of K is determined from a perpendicular impact event (α = 0) and
used for all other impacts. In the simulation this leads to K ≈ 104 and K ≈ 130 for
the experiment [13]. We note that the critical splashing number is dependent on the
spatial and temporal resolution of the simulation, i.e. sensitive to under resolution,
but has converged at the grid resolution used as described in section 5.2. The fitting
parameter c is set to c = 0.44, following [13].

The splashing criterion (5.5) predicts two transitions in the phase space: (i) a
transition from deposition to single-sided splashing when the splashing criterion is
met on a single side of the crown (the solid line in figure 5.6) and (ii) a transition from
single-sided splashing to omni-directional splashing when the criterion is fulfilled
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Figure 5.8: Cavity depth h/D as function of time t/ti for different Weber numbers
and impact angles (symbols). The solid line corresponds to the theoretical model
(5.7) as derived by [64].

on both sides of the crown (the dashed line in figure 5.6). We note that (5.5) is a
geometric argument and merely gives a dimensionless scale for which we can expect
breakup to happen based on the splashing criterion in the perpendicular case.

We find good quantitative agreement between the simulations, the experiments
and the scaling model in all splashing regimes. The experiments show a zone where
all three impact behaviours overlap for We1/2Re1/4

K ≈ 1 and α < 20◦ (see panel a) [13]
which is absent in both the model and the simulations (panel b). This impact region is
sensitive to small variations in the impact parameters in the experiment and the two-
dimensional view makes it difficult to visually distinguish between different impact
behaviours. The simulation provides full 3D insight in the impact dynamics and
therefore allows for a better judgment on the splashing behaviour in this regime.

5.3.4 Cavity dynamics

We now turn to a quantitative analysis of the cavity dynamics. A schematic view of
the cavity shape is given in figure 5.7. We define the maximum cavity dimensions,
similar to [13], by the maximum cavity depth hmax, maximum cavity displacement
dmax and the maximum cavity angle αcm.

The cavity depth h as function of time t/ti is plotted in figure 5.8 for different
Weber numbers and impact angles. It turns out that the cavity dynamics at early
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Figure 5.9: (a) Double-logarithmic plot of the maximum cavity depth hmax as func-
tion of the Weber number We⊥ and (b) the maximum displacement dmax as function
of the parallel Weber number We‖. The solid line in (a) and (b) denotes the scaling
law (5.8,5.9) with prefactors of 0.19 and 0.12 taken from experiment and numerical
results. (c) Maximum cavity angle αcm as function of the impact angle α . The solid
line in (c) is the line with αcm = α . The open black circles correspond to the experi-
ments and the closed red triangles to the simulations. The error bars in the simulation
data are a result of the uncertainty in the cavity depth and displacement, which are
subject to fluctuations.
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times (t/ti < 4) follows the same trend for all impact angles studied. This observation
inspired us to describe the cavity depth evolution by a model that was previously
derived for perpendicular impacts [64, 65]. Here, the cavity depth is modelled as a
hemisphere where the unsteady Bernoulli equation together with a balance of stresses
at the cavity interface is used to describe its evolution. In the limiting case of We� 1
and Fr� 1 the evolution of the cavity depth reads [64, 65]

d2h
dt2 =− 3

2h

(
dh
dt

)2

, (5.6)

which has the solution

h(t/ti)/D = c1(5t/ti− c2)
2/5, (5.7)

where c1 = 0.47 and c2 = 5.87 are constants determined by a least-square fit to the
data with impact angles ≤ 30◦ (i.e. nearly perpendicular) for 2 < t/ti < 15, which
is the regime where the model applies. The model captures the simulation results
with good accuracy for impact angles smaller than 30◦. When the impact angle is
larger than 30◦ the cavity can no longer be modelled as an expanding hemisphere.
Instead, due to the large impact angle the cavity is stretched in the direction parallel
to the pool surface, leading to a cone-shaped cavity. Indeed, in figure 5.4 we observe
that for 40◦ the streamlines start to deviate from the perpendicular impact case. As a
result the cavity depth becomes smaller than the depth predicted by the hemispherical
model, as is clear from figure 5.8.

5.3.5 Cavity dimensions

Figure 5.9 gives an overview of the cavity dimensions hmax and dmax as function of
We‖, We⊥ and α . In the top two panels we show a double-logarithmic plot of the
maximum cavity depth hmax (left) and the maximum cavity displacement dmax (right)
as function of respectively the perpendicular and parallel Weber number. The black
open circles represent the experimental results by [13] and the red closed triangles are
the numerical results. The solid lines corresponds to a scaling argument that relates
the kinetic energy of the droplet to the surface energy the cavity acquires, which leads
to [13]

hmax

D
∼We1/2

‖ , (5.8)

dmax

D
∼We1/2

⊥ , (5.9)

where it was assumed that αcm ≈ α . The simulation results are in agreement with
the experimental data. The scaling argument confirms the trend for both the cavity
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depth and cavity displacement. There is however a large uncertainty for low Weber
numbers in the experimental data for the cavity displacement, since in this regime the
displacement is hard to measure [13].

Figure 5.9c shows a double-logarithmic plot of the maximum cavity angle αcm
as function of the impact angle α . Similar to the experimental results, we observe
that the maximum cavity angle increases linearly with increasing impact angle up to
α ≈ 30◦. For larger impact angles, the cavity angle is smaller than the impact angle.
This effect was also observed in the experiments by [13], and was attributed to energy
dissipation by waves tangential to the surface.

5.4 Discussion & Conclusion

We presented a numerical study of oblique droplet impact onto a deep liquid pool
by using the adaptive volume-of-fluid solver Basilisk. The splashing behaviour and
cavity dynamics after impact were quantified as function the Weber number and the
impact angle. The numerical results were compared to recent experimental work by
[13]. We found good qualitative and quantitative agreement between the numerical
and experimental results on the dynamics of both the sheet above and the cavity below
the pool surface for a broad range of Weber numbers and impact angles. In particular,
the splashing threshold, the maximum cavity depth, maximum cavity displacement
and cavity angle were found to be in good agreement with the experiments.

The spatial and temporal resolution of the simulations was chosen such that the
sheet dynamics up to the moment of breakup and the cavity dynamics up to the mo-
ment the maximum cavity depth is reached are converged. These resolution param-
eters are bound by the time and computational resources available, which limited us
to a maximum Weber number O(103). In the higher Weber number regime sharp in-
terfaces and large velocity gradients dominate the dynamics. Insufficient resolution
may therefore cause the sheet and cavity dynamics to be captured incorrectly.

To be able to increase the grid resolution while maintaining a reasonable com-
putation time we imposed a symmetry condition in the y− z plane (see 5.1). We
found that this symmetry condition improved the convergence of the overall sheet
dynamics. This constraint however may restrict the Rayleigh-Taylor instability from
developing correctly at the rim of the crown. For a detailed analysis of the fingering
instability the constraint should therefore be released.

The numerical simulations provide a valuable addition to the experimental re-
sults, because they capture a fully 3D view of the impact phenomenon which allows
for a better judgment on the single-sided and omni-directional splashing thresholds.
In addition, the method provides access to velocity and pressure fields which are
not available in the experiments and allow to obtain more insight into the cavity and
ejecta-sheet dynamics. Moreover, the method can be used to explore impact param-
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eters that are hard to reach experimentally, e.g. very large impact angles or high
droplet velocities.

References

[1] M. Rein, “The transitional regime between coalescing and splashing drops”,
Journal of Fluid Mechanics 306, 145165 (1996).

[2] G. Charles and S. Mason, “The mechanism of partial coalescence of liquid
drops at liquid/liquid interfaces”, Journal of Colloid Science 15, 105 – 122
(1960).

[3] S. T. Thoroddsen and K. Takehara, “The coalescence cascade
of a drop”, Physics of Fluids 12, 1265–1267 (2000), URL
https://doi.org/10.1063/1.870380.

[4] L. J. Leng, “Splash formation by spherical drops”, Journal of Fluid Mechanics
427, 73105 (2001).

[5] G. Leneweit, R. Koehler, K. G. Roesner, and G. Schafer, “Regimes of drop
morphology in oblique impact on deep fluids”, Journal of Fluid Mechanics 543,
303331 (2005).

[6] H. Zhao, A. Brunsvold, and S. T. Munkejord, “Transition between coalescence
and bouncing of droplets on a deep liquid pool”, International Journal of Mul-
tiphase Flow 37, 1109 – 1119 (2011).

[7] D. A. Weis and A. L. Yarin, “Single drop impact onto liquid films: neck distor-
tion, jetting, tiny bubble entrainment, and crown formation”, Journal of Fluid
Mechanics 385, 229254 (1999).

[8] S. T. Thoroddsen, “The ejecta sheet generated by the impact of a drop”, Journal
of Fluid Mechanics 451, 373381 (2002).

[9] G. Agbaglah, M.-J. Thoraval, S. T. Thoroddsen, L. V. Zhang, K. Fezzaa, and
R. D. Deegan, “Drop impact into a deep pool: vortex shedding and jet forma-
tion”, Journal of Fluid Mechanics 764, R1 (2015).

[10] C. Josserand and S. Zaleski, “Droplet splashing on a thin liq-
uid film”, Physics of Fluids 15, 1650–1657 (2003), URL
https://aip.scitation.org/doi/abs/10.1063/1.1572815.

[11] B. Ray, G. Biswas, and A. Sharma, “Regimes during liquid drop impact on a
liquid pool”, Journal of Fluid Mechanics 768, 492?523 (2015).



REFERENCES 95

[12] J. R. Castrejn-Pita, B. N. Muoz-Snchez, I. M. Hutchings, and C.-P. A.
A., “Droplet impact onto moving liquids”, Journal of Fluid Mechanics 809,
716?725 (2016).

[13] M. V. Gielen, P. Sleutel, J. Benschop, M. Riepen, V. Voronina, C. W. Visser,
D. Lohse, J. H. Snoeijer, M. Versluis, and H. Gelderblom, “Oblique drop
impact onto a deep liquid pool”, Phys. Rev. Fluids 2, 083602 (2017), URL
https://link.aps.org/doi/10.1103/PhysRevFluids.2.083602.

[14] I. T. Adebayo and O. K. Matar, “Droplet impact on flowing liquid films with
inlet forcing: the splashing regime”, Soft Matter 13, 7473–7485 (2017).

[15] O. G. Engel, “Crater depth in fluid impacts”, Journal of Applied Physics 37,
1798–1808 (1966), URL https://doi.org/10.1063/1.1708605.

[16] O. G. Engel, “Initial pressure, initial flow velocity, and the time dependence
of crater depth in fluid impacts”, Journal of Applied Physics 38, 3935–3940
(1967), URL https://doi.org/10.1063/1.1709044.

[17] F. Rodriguez and R. Mesler, “The penetration of drop-formed vortex rings into
pools of liquid”, Journal of Colloid and Interface Science 121, 121 – 129 (1988).

[18] V. Duclaux, F. Caill, C. Duez, C. Ybert, L. Bocquet, and C. Clanet, “Dynamics
of transient cavities”, Journal of Fluid Mechanics 591, 119 (2007).

[19] R. Bergmann, D. van der Meer, S. Gekle, A. van der Bos, and D. Lohse, “Con-
trolled impact of a disk on a water surface: cavity dynamics”, Journal of Fluid
Mechanics 633, 381409 (2009).

[20] G.-J. Michon, C. Josserand, and T. Séon, “Jet dynamics post drop impact on a
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6
A sequence approach to solve the Burgers’

equation ∗

The Burgers’ equation is a one-dimensional momentum equation for a Newtonian
fluid. The Cole-Hopf transformation solves the equation for a given initial and
boundary condition. However, in most cases the resulting integral equation can only
be solved numerically. In this work a new semi-analytic solving method is introduced
for analytic and bounded series solutions of the Burgers’ equation. It is demon-
strated that a sequence transformation can split the non-linear Burgers’ equation
into a sequence of linear diffusion equations. Each consecutive sequence element
can be solved recursively using the Green’s function method. The general solution
to the Burgers’ equation can therefore be written as a recursive integral equation
for any initial and boundary condition. For a complex exponential function as ini-
tial condition we derive a new analytic solution of the Burgers’ equation in terms
of the Bell polynomials. The new solution converges absolutely and uniformly and
matches a numerical solution with arbitrary precision. The presented semi-analytic
solving method can be generalized to a larger class of non-linear partial differential
equations which we leave for future work.

∗To be submitted as: S.A. Reijers, “A sequence approach to solve the Burgers’ equation”.
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6.1 Introduction

The Burgers’ equation is a momentum equation for a one-dimensional viscous fluid
[1]. The equation describes a competition in the velocity field between non-linear
convection and linear diffusion. It has an important historical significance in mod-
elling turbulence, plays an important role in non-linear acoustics and has applications
in traffic flows [2–6].

The Cole-Hopf transformation converts the Burgers’ equation into a linear dif-
fusion equation which can be solved by the Green’s function method for any initial
and boundary condition [7, 8]. For some initial data the resulting integral equation
can be solved explicitly in a closed-form solution or series solution [9, 10]. For many
initial and boundary conditions however explicit solutions cannot be obtained and the
integral equation has to be solved numerically. As a result, the capability to analyt-
ically understand the non-linear dynamics is limited and other semi-analytic solving
methods become important.

In this work we solve the Burgers’ equation using a sequence approach. We show
that the Burgers’ equation can be transformed into a sequence of linear diffusion
equations for holomorphic and bounded series solutions. Each consecutive sequence
element can be solved recursively using the Green’s function method. The general
solution to any initial value problem of the Burgers’ equation can therefore be writ-
ten as a recursive integral equation. This novel semi-analytic method is termed the
sequence transformation method. For some initial and boundary conditions this re-
cursive integral equation can be solved explicitly and written in a closed-form series.
We show that we are able to obtain a closed-form series solution for a specific ini-
tial condition for which the Cole-Hopf integral solution holds no known closed-form
solution.

Other semi-analytical methods such as the homotopy analysis method, Ado-
mian decomposition method, differential transform method and variational iteration
method have been successfully used in the past to solve the Burgers’ equation [11–
18]. The approach in these methods resembles our approach, in the sense that the
solution is an infinite series whose terms can be calculated term-wise. However our
approach does not require a deformation parameter, an auxiliary convergence pa-
rameter, predefined expansion polynomials, an expansion parameter, explicit Taylor
series or Lagrange multipliers. Instead, the sequence of linear diffusion equations
follows naturally from a sequence transformation applied to the Burgers’ equation.
Any initial condition, boundary condition or source term can be straightforwardly
integrated using the Green’s function method.

In §6.2 a Banach space is introduced including a set of sequence operations. The
sequence transformation method is presented in §6.3. In §6.4 the complex valued
Burgers’ differential equation is given. A new and complete analytic solution to the
Burgers’ equation is presented in §6.5 written in terms of the Bell polynomials for a
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complex exponential function as initial condition. Finally in §6.6 we conclude and
discuss possible future directions.

6.2 Preliminaries

In §6.2.1 we introduce a Banach space for a class of well behaved and physically
relevant functions. In the remainder of this section we discuss four important oper-
ations in the Banach space that are used in this work. First in §6.2.2 we show that
differentiation and integration for a series in this space can be performed term-wise.
Finally in §6.2.3 the Cauchy product is introduced for two series.

6.2.1 Banach space and series

Let Ω = Ωz×Ωw ⊆ C2 be an open subset and let F (Ω) be a Banach space of all
bounded holomorphic functions of two variables f (z,w) : Ω→C with the supremum
norm || f (z,w)|| := sup(z,w)∈Ω | f (z,w)|. We define the sequence space Fs(Ω) as the
set of all possible infinite sequences { fn(z,w)} with fn(z,w) ∈ F (Ω) and n ∈ N
whose series converges by the Weierstrass M-test. That is, a sequence { fn(z,w)} is
only member of Fs(Ω) when || fn(z,w)|| ≤ Mn and ∑

∞
n=1 Mn < ∞. As a result, any

sequence { fn(z,w)} ∈Fs(Ω) has a series that converges absolutely and uniformly
on Ω to a member in F (Ω), since the Banach space is complete. Our notation for a
series is

f (z,w) := ∑{ fn(z,w)} := ∑
n

fn(z,w), (6.1)

where the summation over a sequence results in a series.

6.2.2 The differentiation and integration of a series

A series f (z,w) ∈F (Ω) of the sequence { fn(z,w)} ∈Fs(Ω) is infinitely differen-
tiable term-wise with respect to z or w, since f (z,w) converges uniformly in Ω and
is analytic in both z and w. Furthermore integration of the series f (z,w) along any
continuous path in Ω with respect to the variable z or w can be performed term-wise,
since f (z,w) converges uniformly in Ω and is continuous in both z and w.

6.2.3 The product of two series

Two series f (z,w) ∈F (Ω) of the sequence { fn(z,w)} ∈Fs(Ω) and g(z,w) ∈F (Ω)
of the sequence {gn(z,w)} ∈ Fs(Ω) may be multiplied together using the Cauchy
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product as

f (z,w)g(z,w) :=
(

∑
n

fn(z,w)
)(

∑
n

gn(z,w)
)
= ∑

n

(
n−1

∑
m=1

fm(z,w)gn−m(z,w)

)
.

(6.2)
The functions f (z,w), g(z,w) and the product f (z,w)g(z,w) are absolutely and uni-
formly convergent in Ω. Therefore we have that the product f (z,w)g(z,w) is a mem-
ber of F (Ω), since the Banach space is complete.

6.3 The sequence transformation method

Let us define a transformation T : Fs(Ω) → F (Ω) for a sequence { fn(z,w)} ∈
Fs(Ω) to a tagged series f̂ (z,w,s) ∈F (Ω) by

T

[
{ fn(z,w)}

]
:= ∑

n
fn(z,w)exp(ins), (6.3)

where i is the imaginary unit and s ∈ [−π,π]. The tagged series

f̂ (z,w,s) = ∑
n

fn(z,w)exp(ins) (6.4)

converges absolutely and uniform on Ω× [−π,π], because

|| fn(z,w)exp(ins)|| ≤ || fn(z,w)|| ≤Mn

for all (z,w,s) ∈ Ω× [−π,π]. The inverse transformation T −1 : F (Ω)→ Fs(Ω)
from a tagged series f̂ (z,w,s) ∈F (Ω) to a sequence { fm(z,w)} ∈Fs(Ω) is defined
as

T −1
[

f̂ (z,w,s)
]
=

{
1

2π

∫
π

−π

f̂ (z,w,s)exp(−ims)ds
}
= { fm(z,w)}, (6.5)

where m ∈ N and we are allowed to integrate term-by-term, since the integrand con-
verges uniformly on Ω× [−π,π]. The identity transform is given by

T −1T

[
{ fn(z,w)}

]
=

{
1

2π

∫
π

−π

(
∑
n

fn(z,w)exp(ins)
)

exp(−ims)ds
}

=

{
∑
n

1
2π

∫
π

−π

fn(z,w)exp(i(n−m)s)ds
}

= { fm(z,w)}.
The remarkable feature of this transformation is that every sequence in Fs(Ω)

has a tagged series for which the inverse transformation allows to obtain the original
sequence. We can use this property to split a non-linear differential equation into a
sequence of linear differential equations which we show in the next section for the
Burgers’ equation.
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6.4 The Burgers’ equation

Let f (z,w)∈F (Ω) be a series of the sequence { fn(z,w)} ∈Fs(Ω) and be a solution
of the Burgers’ differential operator A : F (Ω)→F (Ω) given by the zero-map

A

[
f (z,w)

]
=

∂ f (z,w)
∂w

−ν
∂ 2 f (z,w)

∂ z2 + f (z,w)
∂ f (z,w)

∂ z
= 0, (6.6)

where ν ∈ R> 0 is the viscosity.
In §6.4.1 we apply the sequence transformation to the Burgers’ equation and

show that the non-linear differential equation can be decomposed in a sequence of
linear diffusion equations for all holomorphic and bounded series solutions. Finally
in §6.4.2 the Green’s function method is introduced to solve the resulting sequence
of linear diffusion equations for an initial value problem and we present the general
solution to the Burgers’ equation.

6.4.1 The sequence differential equation

Instead of solving (6.6) directly for a function f (z,w), we first decompose the non-
linear equation into a sequence of linear diffusion equations by making use of the
sequence transformation, see §6.3. We start by applying the differential operator A
to a tagged series f̂ (z,w,s) and calculate the inverse sequence transformation T −1

by

T −1
[
A

[
f̂ (z,w,s)

]]
= T −1

[
∂ f̂ (z,w,s)

∂w
−ν

∂ 2 f̂ (z,w,s)
∂ z2 + f̂ (z,w,s)

∂ f̂ (z,w,s)
∂ z

]
= T −1

[
∑
n

(
∂ fn(z,w)exp(ins)

∂w
−ν

∂ 2 fn(z,w)exp(ins)
∂ z2

+

( n−1

∑
l=1

fl(z,w)
∂ fn−l(z,w)

∂ z

)
exp(ins)

)]

=

{
∂ fm(z,w)

∂w
−ν

∂ 2 fm(z,w)
∂ z2 +

m−1

∑
l=1

fl(z,w)
∂ fm−l(z,w)

∂ z

}
(6.7)

= {0},

where {0} is the null sequence, m ∈ N, the product f̂ (z,w,s) ∂ f̂ (z,w,s)
∂ z is written out

using the Cauchy product (see section 6.2.3) and we have used that f̂ (z,w,s) is a
holomorphic function that is absolutely and uniformly convergent. As a result, we
see that each sequence element fm(z,w) is a solution of an in-homogeneous linear
diffusion equation.

In the next section we use the Green’s function method to solve the sequence of
linear diffusion equations.
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6.4.2 Solving the sequence differential equation in the complex plane

In order to solve the series of in-homogenous linear differential equations (6.7) using
a Green’s function, we must first define two open paths in the complex plane along
which we will integrate the solution. Let γz(t) : [0,1]→Ωz and γw(t) : [0,1]→Ωw be
two continuous and piecewise differentiable open paths, where γz(0) = za, γz(1) = zb,
γw(0) = wa and γw(1) = wb. We solve (6.7) by multiplying the differential equation
with G(z,w;z0,w0) : Ω×Ω→ C, the Green’s function, and integrate over the paths
γw and γz to obtain∫

γw

∫
γz

G(z,w;z0,w0)

(
∂ fm(z0,w0)

∂w0
−ν

∂ 2 fm(z0,w0)

∂ z2
0

+
m−1

∑
l=1

fl(z0,w0)
∂ fm−l(z0,w0)

∂ z0

)
dz0 dw0 = 0. (6.8)

By using partial integration we can deduce that∫
γw

∫
γz

fm(z0,w0)

(
− ∂G(z,w;z0,w0)

∂w0
−ν

∂ 2G(z,w;z0,w0)

∂ z2
0

)
dz0 dw0 =

−
∫

γw

∫
γz

G(z,w;z0,w0)

(m−1

∑
l=1

fl(z0,w0)
∂ fm−l(z0,w0)

∂ z0

)
dz0 dw0+

ν

∫
γw

[
G(z,w;z0,w0)

∂ fm(z0,w0)

∂ z0
− ∂G(z,w;z0,w0)

∂ z0
fm(z0,w0)

]z0=zb

z0=za

dw0

−
∫

γz

[G(z,w;z0,w0) fm(z0,w0)]
w0=wb
w0=wa

dz0. (6.9)

If the Green’s function G(z,w;z0,w0) satisfies

−∂G(z,w;z0,w0)

∂w0
−ν

∂ 2G(z,w;z0,w0)

∂ z2
0

= δ (z− z0)δ (w−w0), (6.10)

where δ is the complex Dirac delta function, we can write rewrite (6.9) as

fm(z,w) =−
∫

γw

∫
γz

G(z,w;z0,w0)

(m−1

∑
l=1

fl(z0,w0)
∂ fm−l(z0,w0)

∂ z0

)
dz0 dw0+

ν

∫
γw

[
G(z,w;z0,w0)

∂ fm(z0,w0)

∂ z0
− ∂G(z,w;z0,w0)

∂ z0
fm(z0,w0)

]z0=zb

z0=za

dw0

−
∫

γz

[G(z,w;z0,w0) fm(z0,w0)]
w0=wb
w0=wa

dz0, (6.11)

if and only if the paths γw(t) and γz(t) cross the Dirac delta function at z = z0 and w =
w0. We note that when the integrand is holomorphic on Ω the exact paths γw(t) and



6.5. AN INITIAL VALUE PROBLEM FOR THE BURGERS’ EQUATION 107

γz(t) do not play a role since any closed path in Ω integrates to zero for holomorphic
integrands, see Morera’s theorem [19].

In order to integrate all boundary and initial conditions only once in the general
solution to the Burgers’ equation f (z,w), we set

f1(z,w) = ν

∫
γw

[
G(z,w;z0,w0)

∂ f (z0,w0)

∂ z0
− ∂G(z,w;z0,w0)

∂ z0
f (z0,w0)

]z0=zb

z0=za

dw0

−
∫

γz

[G(z,w;z0,w0) f (z0,w0)]
w0=wb
w0=wa

dz0,

fm≥2(z,w) =−
∫

γw

∫
γz

G(z,w;z0,w0)

(m−1

∑
l=1

fl(z0,w0)
∂ fm−l(z0,w0)

∂ z0

)
dz0 dw0.

(6.12)

We note that this choice is not unique and other ways are possible to integrate the
boundary and initial conditions in the solution which is outside the scope of this
work. The general solution of the Burgers’ equation (6.6) for any initial and boundary
condition can now be written as a recursive integral equation

f (z,w) =
∞

∑
m=1

fm(z,w) =

−
∞

∑
m=2

∫
γw

∫
γz

G(z,w;z0,w0)

(m−1

∑
l=1

fl(z0,w0)
∂ fm−l(z0,w0)

∂ z0

)
dz0 dw0+

ν

∫
γw

[
G(z,w;z0,w0)

∂ f (z0,w0)

∂ z0
− ∂G(z,w;z0,w0)

∂ z0
f (z0,w0)

]z0=zb

z0=za

dw0

−
∫

γz

[G(z,w;z0,w0) f (z0,w0)]
w0=wb
w0=wa

dz0. (6.13)

6.5 An initial value problem for the Burgers’ equation

Consider the following initial value problem for the Burgers’ equation

∂ f (z,w)
∂w

−ν
∂ 2 f (z,w)

∂ z2 + f (z,w)
∂ f (z,w)

∂ z
= 0,

f (z,0) = exp(iz) = cos(z)+ isin(z) (6.14)

where ν ∈R> 0, Ωw = {ℜ(w)≥ 0, w∈C} and Ωz = {ℑ(z)≥ 0, z∈C}. To solve the
differential equation, we start in §6.5.1 with the ansatz that the solution is a series that
can be solved using the sequence transformation method. Later in §6.5.2 we proof
that the ansatz is correct and we show that the series indeed converges absolutely and
uniform in a domain Ω. Finally in §6.5.3 we give the absolute error of the series
solution and compare the solution convergence properties to a numerical solution
using the Cole-Hopf transformation.
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6.5.1 Solving the initial value problem

We assume that the solution to the initial value problem (6.14) is a series f (z,w) ∈
F (Ω) of the sequence { fn(z,w)} ∈Fs(Ω). Following (6.12), the solution for the
sequence { fm(z,w)} is

f1(z,w) =
∫

γz

G(z,w;z0,w0)exp(iz0)dz0,

fm≥2(z,w) =−
∫

γw

∫
γz

G(z,w;z0,w0)

(
m−1

∑
l=1

fl(z0,w0)
∂ fm−l(z0,w0)

∂ z0

)
dz0 dw0,

where G(z,w;z0,w0) is the free-space Green’s function

G(z,w;z0,w0) =
1√

4πν(w−w0)
exp
( −(z− z0)

2

4ν(w−w0)

)
H(w−w0), (6.15)

i is the imaginary unit, H(w−w0) is the Heaviside theta function, the path γw(t)
connects w0 = 0 to w0 = w+ and the path γz(t) connects z0 =−∞ to z0 = ∞ [20]. We
note that the integrand is holomorphic on the domain of interest and thus the exact
paths do not matter as long they cross the Dirac delta function at z = z0 and w = w0.
The first three calculated sequence elements of { fm(z,w)} are

f1(z,w) = exp(iz−wν),

f2(z,w) =
iexp(−4νw+2iz)(1− exp(2νw))

2ν
,

f3(z,w) =−exp(−9νw+3iz)(1−3exp(4νw)+2exp(6νw))
8ν2 ,

· · · = · · ·

where we have omitted the Heaviside theta functions since w ≥ 0+. The sequence
can be captured in a closed from as

fm(z,w) =
im−1 exp(−νm2w+ imz)

2m−1νm−1(m−1)!
×

m

∑
k=1

(−1)k−1(k−1)!Bm,k (µ1(m,w), . . . ,µm−k+1(m,w)) , (6.16)

where Bm,k (µ1(m,w), . . . ,µm−k+1(m,w)) are the exponential Bell polynomials and

µl(m,w) := exp(lνw(m− l)).

Following (6.13), the full solution to our initial value problem is then given by

f (z,w) =
∞

∑
m=1

fm(z,w), (6.17)
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Figure 6.1: A plot of the complex-valued solution f (z,w), given by (6.17), for
2π < z < 2π at three different instances w = 0, w = 1 and w = 4 with ν = 0.3.
The imaginary part is plotted on the left and the real part is plotted on the right. The
series solution has been cut-off at m = 30.

where (z,w) ∈ Ω. In figure 6.1 we show the solution f (z,w) for 2π < z < 2π at
different instances with ν = 0.3. The figure shows a competition between non-linear
convection and linear diffusion in the velocity field. At w= 1 we see the development
of a shock wave in both the real and imaginary part of the solution which is dissipated
by viscosity on later times.

6.5.2 Proof of convergence

In order to show that our ansatz was correct, we need to proof that (6.17) converges
absolutely and uniform in Ω. Instead, here we show that the solution converges on
the real line and leave the general proof in the complex plane for future work. We
introduce u(x, t) : ∆x×∆t → C defined as u(x, t) := f (x, t), where ∆x = {x ∈ R} and
∆t = {t ≥ 0, t ∈ R}. We start by

|um(x, t)| ≤
exp(−νm2t)

2m−1νm−1(m−1)!

∣∣∣∣ m

∑
k=1

(−1)k−1(k−1)!Bm,k (µ1(m, t), . . . ,µm−k+1(m, t))
∣∣∣∣,

≤ exp(−νm2t)
2m−1νm−1(m−1)!

m

∑
k=1

∣∣∣∣(−1)k−1(k−1)!Bm,k (µ1(m, t), . . . ,µm−k+1(m, t))
∣∣∣∣,

=
exp(−νm2t)

2m−1νm−1(m−1)!

m

∑
k=1

(k−1)!Bm,k (µ1(m, t), . . . ,µm−k+1(m, t)) ,

≤ exp(−νm2t)exp(ν(m−1)mt)
2m−1νm−1(m−1)!

m

∑
k=1

(k−1)!Bm,k (1,1, . . . ,1) ,

=
exp(−νmt)

2m−1νm−1(m−1)!

m

∑
k=1

(k−1)!
{

m
k

}
, (6.18)
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Figure 6.2: A log plot of the absolute error between a high-precision numerical solu-
tion (30-digits accurate) of (6.22) and the partial series solution (6.21) as function of
N for different viscosities in Λ = [−2π,2π]× [0,3], see (6.20).

where
{m

k

}
are the Stirling numbers of the second kind. Now by the ratio test we have

that

lim
m→∞

|um+1(x, t)|
|um(x, t)|

= lim
m→∞

 exp(−ν(m+1)t)
2mνm(m)! ∑

m+1
k=1 (k−1)!

{m+1
k

}
exp(−νmt)

2m−1νm−1(m−1)! ∑
m
k=1(k−1)!

{m
k

}


= lim
m→∞

(
exp(−νt)

2νm
∑

m+1
k=1 (k−1)!

{m+1
k

}
∑

m
k=1(k−1)!

{m
k

} )
,

=
exp(−νt)

2ν
lim

m→∞

(
1
m

∑
m+1
k=1 (k−1)!

{m+1
k

}
∑

m
k=1(k−1)!

{m
k

} )
,

=
r exp(−νt)

2ν
,

< 1, (6.19)

where r = limm→∞

(
1
m

∑
m+1
k=1 (k−1)!{m+1

k }
∑

m
k=1(k−1)!{m

k}

)
and can be calculated numerically as r ≈

1.4427. The convergence condition for the Weierstrass M-test is fulfilled, see section
6.2.1, when ν > r/2 for all t ≥ 0. We note that we do not have a more narrow
upper bound for the Bell polynomials in (6.18), therefore the series may in fact be
convergent for values ν ≤ r/2 as figure 6.1 shows.
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Figure 6.3: A log plot of the absolute error between a high-precision numerical solu-
tion (30-digits accurate) of (6.22) and the partial series solution (6.21) as function of
the viscosity ν for different N in Λ = [−2π,2π]× [0,3], see (6.20).

6.5.3 The absolute error

The series solution (6.17) of the initial value problem (6.14) converges absolutely
and uniform in ∆ = (−∞,∞)× [0,∞) for ν > r/2. This means that we can define an
absolute error as

δU = |U(x, t)−UN(x, t)| , (6.20)

where (x, t) = sup(x,t)∈Λ |U(x, t)|, Λ ⊆ ∆, U(x, t) is the exact solution of the initial
value problem and UN(x, t) is the partial series solution given by

UN(x, t) =
N

∑
m=1

um(x, t), (6.21)

N ∈ N. The absolute error (6.20) goes to zero as N → ∞ and can be used to show
how fast the partial series solution converges to the exact solution in Λ for increasing
values of N.

The exact solution with infinite precision is not known, but we can use the ab-
solute error (6.20) to show how fast the partial series solution (6.21) converges to
the numerical solution of the initial value problem (6.14) given by the Cole-Hopf
transformation [7]

U(x, t) =

∫
∞

−∞

(x−x0)
t exp

(
−(x−x0)

2

4νt − 1
2ν

∫ x0
0 exp(ix′)dx′

)
dx0∫

∞

−∞
exp
(
−(x−x0)2

4νt − 1
2ν

∫ x0
0 exp(ix′)dx′

)
dx0

. (6.22)
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This integral does not have a known closed-form expression, but we can numerically
estimate this integral with high-precision (30 digits) using Mathematica [21].

Figure 6.2 shows a log plot of the absolute error between a high-precision nu-
merical solution of (6.22) and the partial series solution (6.21) as function of N for
different viscosities in Λ= [−2π,2π]× [0,3]. The figure shows that the absolute error
decreases exponentially with increasing N. Interestingly, the figure also shows that
the rate of convergence decreases for decreasing ν . From a physical point of view we
expect this to happen, since in the limit ν→ 0 the Burgers’ equation has a finite time
singularity where the solution blows up. Figure 6.3 shows a log plot of the absolute
error as function of the viscosity for different N. This figure shows that indeed the
viscosity plays an important factor in the convergence of the series solution. A singu-
larity occurs at ν ≈ 0.239 for all plotted values N where absolute error starts to grows
exponentially. In this case the solution has a finite blow-up time where velocity gra-
dient becomes infinitely steep at some point in Λ = [−2π,2π]× [0,3]. Furthermore,
the numerical estimation of (6.22) also starts to produce convergence errors around
this value for the viscosity. We discussed in §6.5.2 that we need a more narrow upper
bound for the Bell polynomials in (6.18) in order to proof that the series is indeed
convergent for values ν ≤ r/2, which is outside the scope of this work.

6.6 Discussion & Conclusion

In this work we introduced a novel semi-analytic method to solve the Burgers’ equa-
tion. We have shown that for any holomorphic and bounded series solution, the
Burgers’ equation can be decomposed into a sequence of linear diffusion equations
by means of a sequence transformation. The solution for each individual sequence
element can be written as a recursive integral equation using the Green’s function
method. In some cases, this recursive integral can be explicitly solved and a closed-
form expression for the sequence can be obtained.

Using the sequence transformation method, we solved an initial value problem of
the Burgers’ equation in the complex plane. We showed that, for a complex exponen-
tial function as initial condition, the solution can be written as an infinite series using
the Bell polynomials. The series solution is analytically complete, bounded and con-
verges absolutely when the viscosity is larger than a threshold value. Furthermore we
showed that the series solution converges exponentially to a high-precision numerical
solution using the Cole-Hopf transformation for specific values of the viscosity.

In many physical systems one expects the solution of a non-linear differential
equation to be analytic or at-least piece-wise analytic in the domain of interest. There-
fore, we anticipate the sequence transformation method to be applicable far beyond
the Burgers’ equation. It would be very interesting to generalize the sequence trans-
formation method to a broader set of non-linear differential equations that admit an-
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alytic solutions, e.g. wave equations such as the Sine Gordon equation. Furthermore,
it would also be interesting to investigate the possibility of capturing the initial con-
ditions and boundary conditions in a set of basis functions that form an orthonormal
set with respect to the domain of interest. This way, the recursive integrals that in-
tegrate over this domain simply vanish or can be drastically simplified. Therefore,
the general solution could possibly be written without the need of any integrals. This
direction could open the doors to more efficient numerical solvers for non-linear dif-
ferential equations without the need of any spatial or time discretization, which we
leave for future work.
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7
Summary & Conclusion

Extreme ultraviolet lithography (EUVL) is the next generation of photolithography
technology used by the semiconductor industry for the manufacturing of integrated
circuits. In this machine, a Laser-Produced Plasma (LPP) Extreme Ultraviolet (EUV)
light source produces light with a wavelength of 13.5nm that is used to create feature
sizes of sub-10nm on silicon wafers. One of the major technological challenges
that remains unsolved today is the consistent power scaling of the EUV light beyond
250W. This must be solved if the industry wishes to maintain predictions made by
Gordon E. Moore stating that the number of transistors on a dense integrated circuit
doubles about every two years and results in cheaper, faster and more energy efficient
integrated circuits. Fundamental understanding of the fluid and plasma processes
inside the LPP-EUV light source is therefore crucial to optimize and stabilize the
EUV power output. In this thesis we studied, both numerically and analytically, two
types of droplet impact phenomena with applications in the LPP-EUV light source:
the deformation dynamics of a droplet after laser impact and the splashing and cavity
dynamics after oblique droplet impact onto a deep liquid pool.

In the first part of this thesis we focused on the laser impact onto a falling droplet.
In the LPP-EUV light source a tin droplet passes the focus of a CO2 laser beam where
it is hit in two stages by a pre-pulse and main-pulse to create a tin-plasma that radiates
the required EUV light. The pre-pulse laser impact results in a rapid phase change
of a thin superficial layer on the illuminated side of the droplet. The resulting mass-
ablation generates a recoil-pressure on the surface of the droplet and a subsequent
pressure wave inside the droplet that leads to its deformation into a thin flat disk.
This disk is an optimal target for the second high-intensity main-pulse that efficiently
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converts the tin disk into a plasma.
Fundamental understanding of the droplet deformation dynamics after the pre-

pulse laser impact may lead to a better coupling with the secondary high-intensity
main-pulse impact that generates the EUV light. To this end, in Chapter 2 we pre-
sented an axisymmetric multiphase lattice Boltzmann model to study the propagation
of pressure waves inside the droplet directly after the pre-pulse laser impact. The nu-
merical method is capable of solving liquid-gas density ratios up to 103, making the
method directly applicable in the industrial and experimental regime. We validated
this numerical method by showing that a stationary droplet obeys the Young-Laplace
law, the second oscillation mode of a perturbed droplet correctly matches the ana-
lytical solution and mass conservation of a propagating pressure wave is properly
conserved. We used the numerical method to support and validate the analytical find-
ings in Chapter 3.

In Chapter 3 we presented an acoustic analytic model for the pressure, pressure
impulse and velocity fields inside the droplet after laser impact in the limit of small
pressure fluctuations. With this model at hand, we studied the onset of the droplet
deformation as function of the recoil-pressure duration and amplitude at constant
momentum transfer. When the momentum transfer to the droplet is increased while
the pulse duration remains short compared to the timescale on which pressure-waves
propagate through the droplet, the flow inside the droplet becomes compressible and
the deformation strongly differs from a long recoil-pressure duration for which the
flow can be considered incompressible. In this compressible flow regime the droplet
deformation into a flat thin disk could be sped up, which may therefore increase the
conversion efficiency of the LPP-EUV light source. Our proposed linear analytic
model breaks down in the regime of high-intensity femtosecond laser impact. Here,
the flow inside the droplet is governed by shock-waves, cavitation phenomena, non-
linear viscous dampening and rapid interface acceleration. We argued however, that
our analytic model can still be used as a starting point to identify likely cavitation
spots inside the droplet, since shock waves need to develop in time. The numerical
model developed in Chapter 2 could then be used to extend upon these analytical
results. It would be particularly interesting to employ both the analytical and nu-
merical model to study tightly focused high-intensity laser impacts and contribute to
a more thorough understanding of the fragmentation phenomena that occurs after a
cavitation event inside the droplet, which we leave for future work.

Both the numerical and analytical method presented in Chapter 2 & 3 give fun-
damental insight in the early deformation processes of the tin droplet after laser im-
pact and could therefore help to improve the operating regime of the LPP-EUV light
source. A possible way to increase the power output of the LPP-EUV light source
could for example be to increase the throughput in number of droplets hit by the laser
and converted into a plasma in a given time period. Consequently, the process of
droplet deformation into a flat disk by the pre-pulse impact must be a significantly
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sped up, for example by the use of more violent and/or shorter laser pulses. In this
case, the presented numerical and analytical methods provide fundamental insight in
the compressible flow regimes and early deformation dynamics as a function of the
laser impact parameters. A more detailed understanding the droplet deformation in
the highly compressible regime requires further numerical modelling and is left for
future work.

A completely different approach to improve the LPP-EUV power output is to
reduce the laser-to-droplet alignment sensitivity. When a laser beam impacts a droplet
off-center, i.e. the laser impact has a relative misalignment with the center-line of the
droplet, the droplet deforms under an angle and the maximum radial expansion of
the droplet is decreased. In LPP-EUV light sources laser-to-droplet alignment plays
an important role, since a slight misalignment leads to a sub-optimal target shape.
In turn, this new target shape leads to an inefficient coupling with the second high-
intensity main pulse that generates the EUV light. The deformation dynamics for
this case have been addressed in Chapter 4. We derived and experimentally validated
a model for the tilt angle sensitivity, expansion and propulsion velocity of a droplet
irradiated by a 1 µm Nd:YAG laser pulse as function of its relative alignment. The
proposed model has only a single dimensionless parameter: the ratio of the laser
spot size to an effective size of the droplet, which is related to the position of the
plasma critical density surface. The tilt angle in this model is based on the direction
of the center-of-mass velocity of the droplet after impact. It was shown that the
dimensionless tilt angle sensitivity is minimized when the laser spot size is large
compared to the effective size of the droplet. We experimentally verified the model
under three different experimental settings and we observed excellent agreement over
a broad range of laser pulse energies and two laser focus spot sizes.

Current LPP-EUV light sources do not use a Nd:YAG pre-pulse laser but a CO2
pre-pulse laser instead. With the model for the tilt-angle sensitivity at hand, we cal-
culated the theoretical tilt angle sensitivity of a CO2 pre-pulse onto a tin droplet.
The tilt angle sensitivity in this case is about 85% larger than the corresponding tilt
angle sensitivity of Nd:YAG laser impact. The extrapolation of our model to other
laser wavelengths requires further experimental validation and is left for future work.
However, the model provides a clear indication that a LPP-EUV light source using a
Nd:YAG pre-pulse laser may be less sensitive to a laser-to-droplet misalignment in
comparison to a CO2 pre-pulse.

In the second part of this thesis we focused on techniques to suppress tin contam-
ination inside the LPP-EUV light source. The tin droplets that are missed by the laser
or flying tin debris after laser impact are captured by a tin catching device and ded-
icated vanes in the source chamber to prevent contamination of the sensitive optics.
The primary tin catcher is a container filled with liquid tin located directly below the
stream of falling droplets. The depth of the tin inside the container or the depth of
the tin coating on the vanes inside the source chamber is much larger than the size
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of a single impacting tin droplet. The impact of a tin droplet onto these catching
devices typically results in a splash and create smaller debris that is more difficult to
be captured. Therefore, fundamental understanding in droplet splashing upon impact
is key to a better design of the tin catching device or the vanes inside the LPP-EUV
source chamber and the protection of the sensitive optics inside the light source. To
this end, we studied the splashing and cavity dynamics after oblique droplet impact
onto deep liquid pools.

Oblique droplet impact onto a deep pool leads to two different splashing regimes:
an omni-directional or a single-sided crown splash. In Chapter 5 oblique droplet im-
pact on a deep liquid pool was studied numerically as function of the impact angle
and the Weber number. We used the adaptive Volume-Of-Fluid (VOF) flow solver
Basilisk to study the ejecta sheet formation, splashing threshold, cavity formation,
cavity evolution and the maximum cavity dimensions. The numerical results were
compared to recent experimental work by Gielen et al. We found excellent qualita-
tive and quantitative agreement between the numerical simulations and experimental
results on both the ejecta sheet dynamics and the cavity dynamics for a broad range
of Weber numbers and impact angles. We were the first to provide a detailed nu-
merical overview of the ejecta sheet dynamics that includes the velocity field and
streamlines until the moment of ejecta sheet breakup as function of the impact angle.
We showed that the ejecta sheet and cavity dynamics for impact angles close to per-
pendicular resemble the dynamics of a perpendicular impact event. However when
the impact angle is increased the dynamics start to differ strongly. In this case, the
droplet partly slides along the pool surface during impact. The ejecta sheet stretches
out parallel to the pool surface instead of perpendicular and eventually falls down
on the surface where it entraps multiple air bubbles. The cavity below the pool sur-
face becomes stretched in the direction parallel to the pool, leading to a cone-shaped
cavity. The numerical simulations provide a valuable addition to the experimental
findings, since they capture a fully 3D view of the impact phenomena and allows for
a better judgment on the splashing dynamics of the ejecta sheet. Furthermore, the
presented method can be used to explore impact parameters that are hard to reach
experimentally, e.g. very large impact angles or high droplet velocities. The simula-
tions provide a toolkit to explore different LPP-EUV source chamber designs more
efficiently and may therefore lead to a better design of the tin catching devices inside
the source chamber.

Finally, in Chapter 6 we introduced a novel semi-analytical solving method for
bounded and analytic series solutions of the Burgers’ equation. We demonstrated that
a sequence transformation can split the non-linear Burgers’ equation into a sequence
of linear diffusion equations. Each sequence element can be solved recursively by the
use of the Green’s function method. The general solution to the Burgers’ equation can
therefore be written as a recursive integral equation for all initial value problems. We
showed that for a complex exponential function in an infinite domain the closed-form
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series solution can be written in terms of the Bell polynomials. The solving technique
is applicable far beyond the Burgers equation. It would be interesting to generalize
the sequence transformation method to a broader set of non-linear differential equa-
tions that admit analytic solutions. As such, the novel method could potentially be
used to get a deeper understanding of the compressible and non-linear flow regimes
inside the droplet after laser impact or after oblique droplet impact onto a deep liquid
pool, which we leave for future work.



120 CHAPTER 7. SUMMARY & CONCLUSION



Samenvatting

Laser-Produced Plasma (LPP) Extreme Ultraviolet (EUV) lichtbronnen spelen een
sleutelrol bij de productie van EUV-licht dat wordt gebruikt in de nieuwste generatie
lithografie machines. In deze lichtbron vallen tindruppels in het brandpunt van een
CO2 laserstraal, waarna de druppel in twee stappen een vervorming en fase veran-
dering ondergaat om het EUV-licht te genereren. Na de productie van het EUV-licht
worden de tinresten opgevangen door een druppelvanger en door verschillende vin-
nen in de bronkamer om de verontreiniging van de gevoelige optica te voorkomen.
Een van de grootste onopgeloste technologische uitdagingen is de stabiele produc-
tie van meer dan 250W EUV licht. Fundamenteel onderzoek in de vloeistof- en
plasmaprocessen binnen de LPP-EUV lichtbron is cruciaal om deze vermogens in
de toekomst te kunnen behalen. In dit proefschrift hebben we zowel numeriek als
analytisch naar twee soorten druppelinslag verschijnselen gekeken die een directe
toepassing hebben in de lichtbron: de vervormingsdynamiek van een druppel na
laserinslag en de uiteenspatting- en holtedynamiek van een druppel na schuine in-
slag op een diep vloeistofbad.

In het eerste deel van dit proefschrift richtten we ons op de laserinslag op een
vallende druppel. De laserinslag op een vallende druppel resulteert in een snelle
faseverandering van een klein laagje vloeistof aan de oppervlakte van de druppel.
De resulterende massa-ablatie genereert een terugslagdruk op het oppervlak en een
lopende drukgolf binnen de druppel die leidt tot een vervormings- en fragmentatiepro-
ces. In hoofdstuk 2 werd een assymmetrische Boltzmann-model gepresenteerd dat de
voortplanting van drukgolven en de resulterende oppervlakte vervorming numeriek
kan beschrijven. Deze methode werd gebruikt om de analytische uitdrukkingen van
hoofdstuk 3 te valideren en ondersteunen.

In hoofdstuk 3 presenteerden we een akoestisch analytisch model voor de druk-,
drukimpuls- en snelheidsvelden in de druppel na laserinslag in de limiet van kleine
drukfluctuaties. Met dit model hebben we de druppelvervorming analytisch bestudeerd
als functie van de duur en amplitude van de terugslagdruk bij constante impulsover-
dracht. Wanneer de impulsoverdracht naar de druppel wordt verhoogd terwijl de duur
van de terugslagdruk kort blijft, wordt de vloeistofstroming in de druppel samen-
drukbaar en is de vervorming anders dan wanneer de druppel was ingeslagen met een
lange terugslagdruk. In dit samendrukbare regime kan de druppel sneller vervormen
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wat kan leiden tot een efficiëntere conversie van de tin druppel naar het vereiste EUV
licht. Het gepresenteerde model is niet meer toepasbaar in het regime van een hoge
intensiteit en femtoseconde laserinslag. In dit regime wordt de stroming in de drup-
pel namelijk beheerst door niet-lineaire schokgolven, cavitatieverschijnselen, niet-
lineaire viskeuze demping. De methode kan echter wel worden gebruikt als startpunt
om mogelijke cavitatieplekken in de druppel aan te wijzen. Dit zou kunnen leiden tot
een beter begrip van de fragmentatieverschijnselen die optreden wanneer de druppel
wordt geraakt door een sterk gefocuste laserpuls met hoge intensiteit. Fundamenteel
inzicht in de vroege vervormingsdynamiek en de fragmentatiedynamiek van de drup-
pel zorgt ervoor dat de conversie van het CO2 laserlicht naar het vereiste EUV-licht
beter begrepen wordt.

Wanneer een laserstraal een druppel uit het midden raakt vervormt de druppel
onder een hoek en neemt de maximale radiale uitzetting van de druppel af. Bij LPP-
EUV lichtbronnen speelt deze uitlijning een belangrijke rol, omdat een kleine fout
kan leiden tot een inefficiënte koppeling met de tweede hoge intensiteitspuls die het
EUV-licht produceert. In hoofdstuk 4 bestudeerden we daarom theoretisch en exper-
imenteel de gevolgen van een verkeerde uitlijning. We presenteerden een model voor
de kantelgevoeligheid, expansie en voortstuwingssnelheid van een druppel die wordt
geraakt door een 1µm Nd:YAG-laserpuls. Er werd aangetoond dat de dimensieloze
kantelgevoeligheid minimaal is wanneer de laserbundel groot is in verhouding tot de
positie van het plasma kritische oppervlak van de druppel.

In het tweede deel van dit proefschrift hebben we ons gericht op de uiteenspatting-
en holtedynamiek na schuine druppelinslag op een diep vloeistofbad. De schuine
druppelinslag leidt tot twee verschillende gedragingen: een uiteenspatting in alle
richtingen of een uiteenspatting met de richting van de inslag mee. Fundamenteel
inzicht in dit gedrag zou kunnen leiden tot een beter ontwerp van de druppelvanger
of de vinnen in de LPP-EUV bronkamer. Daarmee kan de secundaire verontreiniging
van de gevoelige optica binnen de lichtbron worden onderdrukt.

In hoofdstuk 5 werd de schuine druppelinslag op een diep vloeistofbad numeriek
bestudeerd als functie van de inslaghoek en het Weber getal. We hebben de adaptieve
Volume-Of-Fluid (VOF) vloeistofoplosser Basilisk gebruikt om de uiteenspatting, de
holtevorming, de holteevolute en de maximale holteafmetingen van de druppelinslag
te bestuderen. Hierbij zijn wij de eersten die een gedetailleerd numeriek overzicht
gaven van de uiteenspattingsdynamiek onder een hoek. We hebben aangetoond dat
de uiteenspatting- en de holtedynamiek voor inslaghoeken in de buurt van loodrecht
erg veel lijken op de dynamiek van een loodrechte druppel inslag. Echter, wanneer de
inslaghoek wordt verhoogd begint de dynamiek sterk te verschillen. In dit geval glijdt
de druppel gedeeltelijk langs het badoppervlak tijdens de inslag. Na inslag strekt een
vloeistofuitstulping zich evenwijdig aan het oppervlak uit in plaats van loodrecht
en valt uiteindelijk terug naar het oppervlak waar het meerdere luchtbellen insluit.
De holte breidt zich parallel aan het bad uit, wat leidt tot een kegelvormige holte.
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Deze numerieke simulaties bieden een waardevolle aanvulling op de experimentele
bevindingen, omdat we hiermee de inslag nog beter kunnen begrijpen en bestuderen.

Ten slotte introduceerden we in hoofdstuk 6 een nieuwe semi-analytische oploss-
ingsmethode voor analytische reeksen van de Burgers-vergelijking. We hebben aange-
toond dat een rijtransformatie de niet-lineaire Burgers-vergelijking kan opsplitsen in
een verzameling van lineaire diffusievergelijkingen. Elke lineaire vergelijking kan re-
cursief worden opgelost met behulp van de functiemethode van Green. De algemene
oplossing voor de Burgers vergelijking kan daardoor worden geschreven als een re-
cursieve integraalvergelijking voor alle initiële randvoorwaarden. We toonden aan dat
voor een complexe exponentiële functie als initiële conditie een oneindig domein de
reeksoplossing kan worden geschreven in termen van de Bell-polynomen. De oploss-
ingsmethode is ook toepasbaar voor andere niet-lineaire differentiaal-vergelijkingen.
We verwachten daarom dat deze methode ook kan worden toegepast voor het beter
begrijpen van de niet-lineaire vloeistofstromingen in de druppel na laserinslag of na
schuine druppelinslag op een diep vloeistof bad.
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special thanks to my partner Céline Tuns for her patience, support, encouragement
and love. You helped me through the tough times in this project. I am extremely
lucky to have you in my life!


