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Highlights

• We study a system showing small linear and large non-linear responses to stimulation.

• The transition between the two response types occurs abruptly on parameter variation.

• We apply slow-fast analysis to the Wendling neural mass model with slow input.

• The bifurcation diagram of the fast subsystem characterizes the non-linear response.

• We formulate a boundary value problem characterizing the critical response.

Abstract

Many applications in neuroscience, such as electrical and magnetic stimulation, can be
modelled as short transient input to non-linear dynamical systems. In excitable systems,
small input yields more or less linear responses, while for increasing stimulation strength
large non-linear responses may show up suddenly. A challenging task is to determine the
transition between the two different response types.

In this work we consider such a transition between normal and pathological responses
in a coupled Wendling neural masses model as we encountered in a previous study. The
different timescales of inhibition in this model allow a slow-fast analysis of the systems’
response. The two response types are separated by a high-dimensional stable manifold
of a saddle slow manifold. Large pathological responses appear if the fast subsystem
escapes from this manifold to another attractor. The typical fast oscillations seen during
the pathological responses are explained by the bifurcation diagram of the fast subsystem.
Under normal conditions these oscillations are suppressed by slow inhibition. External
stimulation temporarily releases the fast subsystem from this slow inhibition. The critical
response can be formulated as a boundary value problem with one free parameter and
can be used to study the dependency of the transition between the two response types
upon the system parameters.

1 Introduction

Invasive stimulation of the human brain in the form of electrical or magnetic pulses
can be used to explore properties of the neurophysiological, or pathological, system. In
mathematical models such pulses are short transient inputs to a non-linear dynamical
system. For a small perturbation, the response can be studied using linear response
theory. In excitable systems, increasing stimulus strength may suddenly induce large
nonlinear phenomena in, for instance, transcranial magnetic stimulation [1, 2] or single
pulse electrical stimulation (SPES), [3, 4]. Characterizing the threshold between linear
and non-linear responses remains a challenge in most applications.

Many systems, including those from neurosience, involve processes acting at different
timescales, allowing a slow-fast analysis. The dynamics of the fast subsystem can be
studied using bifurcation analysis with the slow variables as parameters. The attractors
of the fast subsystem, e.g. stable equilibria and limit cycles, define slow manifolds. Bifur-
cations like fold points, indicate where properties of these manifolds change. Solutions of
the full system will move on these slow manifolds. When reaching the boundary of such a
manifold, orbits jump to another (part of the) attracting slow manifold. In many studies,
the slow variables vary autonomously based on the attractor of the fast subsystem, e.g.
bursters [5, 6, 7, 8]. This analysis can also be applied to cases where the system receives
slow external input.

An example arises in modelling pathological responses to single pulse electrical stimu-
lation (SPES). SPES is a technique for probing epileptogenicity in the presurgical work-up
for epilepsy surgery [3, 9]. During SPES, brief electrical pulses are given to the cortex
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evoking early responses (ERs) and delayed responses (DRs). Early responses are direct
responses to the stimulation indicating brain connectivity [10, 11, 12]. As the amplitude
of ERs scales linearly with the stimulation strength [13], they can be modelled as (approx-
imately) linear responses [14, 15]. Delayed responses are associated with epileptogenic
cortex and appear in an all-or-nothing fashion [3, 9].

In a previous work [15] we showed that DRs can be modelled as indirect responses to
SPES using two feed-forward coupled Wendling neural masses [16]. The short stimulus
evokes activity at the first neural mass resulting in a slow input to the second neural
mass. Depending on the connectivity strength, the second neural mass shows either a
small normal response or a large, pathological DR-like response. We identified a saddle-
node bifurcation in the full system as the transition, but a closer examination reveals a
more subtle mechanism. This is the main focus of this manuscript. In addition, we will
explain the waveform of the DR, which exhibits some fast oscillations followed by a large
slow wave, using slow-fast analysis of the Wendling neural mass model.

Another previous study [17] also performed a slow-fast analysis of the Wendling neural
mass model. With an additional slowly varying parameter, the authors made a first
attempt to investigate dynamic transitions in activity seen in EEG, e.g. during seizures.
This revealed a torus canard, which was closely related to the bifurcation structure of
the original model. In contrast, our slow-fast analysis exploits the different timescales of
inhibition in the Wendling neural mass. Together with a slowly varying parameter this
yields a two dimensional slow space, similar to [7], but with driving external input.

Our manuscript is organized as follows. First we introduce the equations of the
Wendling neural mass model and show simulated ERs and DRs. Next, we indicate slow
and fast variables and perform bifurcation analysis of the fast system with the slow vari-
able and the input as parameters. By combining the simulations with the bifurcation
diagram we investigate the transition between the responses and the shape of the sim-
ulated DRs. Finally, we formulate a boundary value problem for the critical response,
which separates the two different responses.

2 Material and methods

2.1 Model

Neural mass models mimic the activity of large groups of neurons, typically covering
a couple of millimeters up to a few centimeters of cortex. In this work we consider
Wendlings’ neural mass [16]. Here we give a brief description of this model, for details
see [15, 16].

The Wendling neural mass describes the activity of four populations, i.e. pyramidal
cells, and excitatory, fast and slow inhibitory interneurons. These populations are coupled
as indicated in Figure 1A. For each population we describe the dynamics of the mean
membrane potential. The activity or firing rate of the population depends on its mean
membrane potential and is given by a sigmoid function:

S(v) =
2e0

1 + er(v0−v)
− 2e0

1 + erv0
. (1)

Each population has synaptic output based on its activity z generating a post synaptic
potential (PSP) x at the populations it projects to. This process is modelled by the
following linear, second order differential equation:

ẍ(t) = Qqz(t)− 2qẋ(t)− q2x(t),

where Q is the synaptic gain and 1/q is the time constant. We consider three types of
synapses, i.e. fast and slow inhibitory and fast excitatory. The mean membrane potential
of a population is obtained by multiplying each PSP by a connectivity constant and then
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Figure 1: Model overview. A Schematic layout of the Wendling model with pyramidal
cells (py), excitatory (ex) and fast (if) and slow (is) inhibitory interneurons. Arrows
indicate excitatory connections, while dots/square represent inhibitory connections. B
Two feed-forward coupled Wendling neural masses of which the first receives a block pulse
as input to model SPES responses.

adding up its excitatory PSPs and subtracting the inhibitory ones. For a single neural
mass we have the following system of differential equations:

ẋ1 = y1, ẏ1 = AaS(upy)− 2ay1 − a2x1, (2a)

ẋ2 = y2, ẏ2 = AaS(uex)− 2ay2 − a2x2, (2b)

ẋ3 = y3, ẏ3 = BbS(uis)− 2by3 − b2x3, (2c)

ẋ4 = y4, ẏ4 = GgS(uif )− 2gy4 − g2x4, (2d)

modelling the PSPs induced by pyramidal, excitatory, slow and fast inhibitory cells,
respectively. The mean membrane potentials of the populations are given by:

upy = c2Cx2 − c4Cx3 − c7Cx4 + x5, (3a)

uex = c1Cx1, (3b)

uis = c3Cx1 + βx5, (3c)

uif = c5Cx1 − c6Cx3 + γx5, (3d)

with C a global internal connectivity constant. The function x5(t) accounts for the PSP
arising from external input to the neural mass and is commonly prescribed as an excitatory
PSP transformation of some pulse rate function I(t), i.e.

ẋ5 = y5, ẏ5 = AaI − 2ay5 − a2x5. (4)

In addition to the typical input to the pyramidal cells as in [16], the external input projects
also to the inhibitory populations. All parameter values are given in Table 1. Usually,
the potential of the pyramidal cells is studied as model output as this relates to clinically
measured EEG signals [18].

2.2 Simulated responses

Responses to SPES can be modeled using two feed-forward coupled neural masses as
shown in Figure 1B. Here, the first neural mass (NM1) receives external input in the
form of a block pulse (amplitude 1500 s−1, duration 5 ms), modelling the effect of SPES.
The firing rate of the pyramidal cells of the first neural mass multiplied by a connectivity
strength k serves as input for NM2. In [15] we showed that upon stimulation NM1 has a
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Param. Description Value
A Excitatory synaptic gain 4.5 mV
B Slow inhibitory synaptic gain 7 mV
G Fast inhibitory synaptic gain 25 mV
1/a Excitatory time constant 1/100 s
1/b Slow inhibitory time constant 1/10 s
1/g Fast inhibitory time constant 1/300 s
C Global internal connectivity constant 135
c1 Relative conn. strength pyramidal to excitatory cells 1
c2 Relative conn. strength excitatory to pyramidal cells 0.8
c3 Relative conn. strength pyramidal to slow inhibitory cells 0.25
c4 Relative conn. strength slow inhibitory to pyramidal cells 0.25
c5 Relative conn. strength pyramidal to fast inhibitory cells 0.3
c6 Relative conn. strength slow to fast inhibitory cells 0.1
c7 Relative conn. strength fast inhibitory to pyramidal cells 0.8
β Proportion of external input to slow inhibitory cells 1
γ Proportion of external input to fast inhibitory cells 0.7
e0 Half of difference between min and max of the sigmoid function 2.5 s−1

v0 Potential for which the sigmoid function has its median value 4.5 mV
r Steepness of sigmoid function 0.56 mV−1

Table 1: Parameters for the neural mass model and their default values.
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Figure 2: Simulated early and delayed responses. A and C Potential and firing rate of
the pyramidal cells of NM1 exhibiting an ER. E PSP of the external input from NM1 to
NM2. B, D and F Potential, firing rate and PSPs of NM2.
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characteristic early response (ER), see Figure 2A, and for sufficiently high k NM2 shows
a delayed response (DR), see Figure 2B.

To understand the effect of the stimulation on NM2, we first explain ERs in more
detail. ERs can be viewed as direct, linear responses to stimulation [14]. As observed in
clinical recordings, a simulated ER consists of a positive peak succeeded by two negative
peaks. The positive peak resembles direct excitation due to the stimulation. The two
negative peaks arise from input from the fast and slow inhibitory populations, respectively
[15], which are also activated directly by the stimulation. The firing rate of the pyramidal
cells (Figure 2C) is, apart from a short time interval directly after the stimulation, below
its baseline level for about 400 ms.

Next, the external input to the second population, x
(2)
5 , is obtained by the excitatory

PSP transform. This is given by eq. (4) where we take for I the input kS(u
(1)
py ), with k

the connectivity strength between NM1 and NM2. As the PSP transformation is linear,

we can write x5(t) = kχ5(t), with χ5(t) the PSP transform (4) of S(u
(1)
py ). Figure 2E

shows χ5. We note that χ5 does not depend on k. In the following we will study the
response of NM2 to the stimulation and the influence of k on this response assuming that
χ5(t) is some (numerically) known function.

The mean potential of each population of the second neural mass for k = 30 is shown
in Figure 2B. This k value is sufficiently high to evoke a DR. Simulated DRs consist of
some fast oscillations with a frequency of around 30 Hz followed by a slow wave. The
PSPs associated with the second neural mass are shown in Figure 2F. Note that x3, i.e.
the PSP induced by the slow inhibitory population, varies slowly compared to those of
the other populations.

3 Results

3.1 Slow-fast analysis

A feature of the Wendling neural mass are the two inhibitory populations each with its
own timescale. Transmission via fast inhibitory and excitatory synapses takes place in
tens of milliseconds, while slow inhibition may last up to hundred milliseconds or longer
[19, 20]. This difference in timescales allows a slow-fast analysis of the system. We
measure the timescale separation by the ratio of the time constants of the excitatory and
slow inhibitory synapses, i.e. we define ε as:

ε :=
b

a
. (5)

To study the fast subsystem we consider the PSP induced by the slow inhibitory
population, i.e. x3, as constant. Essentially, this reduces the model to the Jansen and
Rit neural mass [21]. We first study the fast dynamics of a single neural mass in absence
of external input, i.e. we set x5 = 0. The dynamics of the fast subsystem are described
by Eqs. (2a), (2b) and (2d).

Using numerical continuation with MatCont [22], we have computed a bifurcation
diagram for the fast subsystem varying x3 as parameter. The result is shown in Figure 3.
Note that, for visualization we show uis, rather than upy, as representative fast variable
of the six-dimensional fast phase space. Starting at x3 = 0, the system has a trivial
equilibrium with uis = 0, which is stable (solid line), also for higher x3 values. Upon
decreasing x3, we find a fold bifurcation at x3 ≈ −0.023 where the branch turns and
the equilibrium loses stability (dashed blue line). The equilibrium regains stability at
x3 ≈ 0.621 via a second fold bifurcation. Next, there are two consecutive supercritical
Hopf bifurcations at x3 ≈ 0.220 and x3 ≈ 0.191. For x3 values between the Hopf points,
the equilibrium is unstable and a stable limit cycle exists with a sinusoidal waveform and
frequency of around 30 Hz. Two further fold points for the equilibrium complete the
diagram, but are not of interest for our study. Among the equilibrium curve of the fast
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subsystem there are three points for which the full system is at rest (coloured diamonds),
i.e. (x3, uif ) = (0, 0) (stable, cyan), (0.0862, 0.558) (one unstable direction, gray) and
(0.618, 2.55) (two unstable directions, orange).
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Figure 3: Bifurcation analysis of the fast subsystem varying x3. Blue lines correspond to
equilibria, while red lines indicate minimum and maximum values of uis along the limit
cycle. Solid lines represent stable solutions, dashed lines unstable ones. Yellow circles
indicate fold (F) and Hopf (H) bifurcations. Coloured diamonds indicate equilibria of the
full system.

3.2 Constant input

Before we consider time varying external input, i.e. the input arising from stimulation,
we investigate the system for a fixed external input x5 = −0.3. For this external input
the full system has a stable limit cycle and no stable equilibria. (We refer to Figure 7A
of [15] for a bifurcation diagram of the full system.) Figure 4B shows that the shape of
this limit cycle is similar to that of the simulated DRs.

Next, we study the limit cycle in the x3-uis diagram, combining it with the bifurcation
diagram of the fast subsystem (see Figure 4A). This bifurcation diagram is quantitatively
similar to the case without external input. The green line indicates the orbit of the LC.
Starting from the lower branch of stable equilibria, x3 decreases and the orbit follows
this equilibrium branch until it reaches the fold bifurcation. Here the branch of stable
equilibria vanishes and the fast subsystem jumps towards the stable limit cycle of the
fast subsystem. Then x3 increases and the orbit starts oscillating with a frequency cor-
responding to that of the limit cycle of the fast subsystem. As the multiplier of this
limit cycle is close to one, the amplitude of the oscillations converges only slowly to the
amplitude of the limit cycle. After passing the Hopf bifurcation, the oscillations damp
out and the orbit approximately follows the upper branch of stable equilibria until this
branch disappears in a fold bifurcation. Finally, the orbit jumps down to the lower branch
of equilibria, and the cycle repeats.

The green line indicates the limit cycle for parameter values in Table 1. In this case
the ratio between the timescales for excitation and slow inhibition ε = 0.1 is still relatively
large for slow-fast analysis. We increase the separation of the timescales to ε = 0.01, by
increasing the time constant of the slow inhibition to b = 1. Meanwhile we keep B/b
constant as suggested by [20, 23], so the integral of the impulse response of the slow
inhibitory synapses and the equilibria of the full system remain unchanged. Figure 4C
shows the time profile of the limit cycle in this case, which has a much larger period
now. When ε = 0.01, the orbit of the limit cycle follows the bifurcation diagram of the
fast-system more closely (magenta line), compared to the orbit for ε = 0.1.
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Figure 4: Slow-fast analysis of the limit cycle. A Bifurcation diagram of the fast sub-
system varying x3 for a constant external input x5 = −0.3. Blue and red lines denote
equilibria and minimum/maximum values of uis along the limit cycle, respectively. Solid
and dashed line styles indicate stable and unstable solutions and yellow circles represent
fold (F) and Hopf (H) bifurcations. The green and magenta lines indicate the orbits of
the limit cycle of the full system for ε = 0.1 and ε = 0.01, respectively. Note that these
orbits closely follow the equilibrium and limit cycle branches of the fast subsystem. B
and C Time profiles of one period of the limit cycle for ε = 0.1 and ε = 0.01, respectively.

3.3 Slowly varying input

We now investigate the properties of the simulated secondary SPES responses shown in
Section 2.2. Recall that the input from the first to the second neural mass varies slowly,
in particular the return to baseline is slow corresponding to the second negative peak in
the first neural mass. This motivates to use a slow-fast analysis to dissect the response
of the second neural mass.

Considering both x3 and x5 as slowly varying parameters, we have computed the
bifurcation diagram of the fast subsystem, see Figure 5A. With the additional slow pa-
rameter, there is a submanifold of equilibria. Projecting to the (x3, x5, uis)-space, we get
a two-dimensional surface of equilibria (blue) with three bifurcation curves, i.e. two fold
(light blue) and one supercritical Hopf (red). We also show the minimum/maximum of
the stable limit cycle (red).

Figure 5A also contains the response to the stimulation for two k values and ε = 0.01.
For visualization purposes the initial fast transient of the responses is not shown. For
k = 40 (magenta line) the response stays on the lower part of the equilibrium manifold
while it returns to the resting position marked with the cyan diamond, resulting in only
a small response, see Figure 5B. For k = 80 (green line) the input is sufficiently high to
push the system beyond the fold bifurcation curve. This forces the fast subsystem to jump
to the stable limit cycle leading to the rapid oscillations. While x5 changes slowly, and
accordingly x3, the orbit passes the Hopf curve and the oscillations fade out. The orbit
follows the top of the stable equilibrium surface until it reaches the second fold curve and
jumps back to the bottom part of the equilibrium manifold. Finally, the system returns
to the resting position on the lower equilibrium surface.

Next, we want to find k∗, the value of k corresponding to the threshold between small
and big responses. Figure 6 shows orbits for several values of k near k∗. Observe that
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Figure 5: Slow-fast analysis of responses to slowly varing input. A Bifurcation diagram
of the fast subsystem for uis while varying x5 and x3. The blue folded surface represents
equilibria, while the red surface indicates the minimum and maximum values of uis along
the stable limit cycle. The thin black lines indicate constant x5 values on the surfaces and
their line style, i.e. solid or dashed, indicates the stability of the solution. Stability of the
equilibrium surfaces changes at the light blue and red lines representing fold and Hopf
bifurcation curves, respectively. Simulated orbits are visualized by the magenta (k = 40)
and green (k = 80) lines for ε = 0.01. B and C Time course of the simulated responses
for k = 40 and k = 80, respectively.

all orbits pass the fold bifurcation curve (light blue) and then remain for some time close
to the middle part of the manifold corresponding to unstable equilibria, before leaving
either upwards (purple lines), resulting in a large amplitude response, or downwards
(green curves), giving a small response. The closer k is to k∗, the longer the orbit
stays near the unstable equilibrium surface. For k∗ the orbit will remain at the saddle
equilibrium surface of the fast system, ending up in a saddle equilibrium of the full system.
This saddle equilibrium satisfies x5 = 0 as the external input returns to rest and is the
equilibrium point marked with the gray diamond at (x3, uis) ≈ (0, 0862; 0.558) in the
bifurcation diagram in Figure 3. This saddle equilibrium has one unstable direction, which
is associated with the fast subsystem. So on the slow manifold this saddle equilibrium is
attracting.

To determine k∗ and the associated orbit ending in the saddle equilibrium we formulate
a boundary value problem (BVP) for the system of differential equations (2), with time
varying input x5(t) = kχ5(t), where k is the parameter and χ5(t) is a (numerically) known
function. We introduce X = (x1, . . . , x4, y1, . . . , y4) and denote the saddle equilibrium as
Xs = (xs, 0) and the orbit at k∗ as X∗(t). The first boundary condition is that X∗(t)
starts at the stable equilibrium, i.e. X∗(0) = 0. Next, we need limt→∞X∗(t) = Xs.
To have a finite orbit segment we truncate the orbit at time T . We assume that T is
sufficiently large such that the external input x5 has vanished, and hence we can treat
the system of differential equations as an autonomous system for t > T . Then, X∗(T )
should be in the stable manifold of Xs in order for X∗(t) to converge to this point
[24]. Around the saddle equilibrium this manifold can be approximated by Ls, the right
stable eigenspace of Xs. An equivalent condition for X∗(T ) in Ls is that the projection
of the difference X∗(T ) − Xs onto L⊥s vanishes. Note that L⊥s is identical to the left
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Figure 6: Simulated responses for k values around the critical value k∗. A Responses plot-
ted together with the fast bifurcation diagram (zoomed in on the bottom part). Purple
and green lines denote simulated responses elapsing in big and small responses, respec-
tively, where brighter colours correspond to k values closer to k∗. The gray line indicates
the orbit for k∗ found by solving the boundary value problem in Eq. (6), which ends
up in the saddle equilibrium (gray diamond) and separates the two response types. B
Simulated responses plotted against time. The dashed black line indicates the value of
the saddle equilibrium of the full system.

unstable eigenspace of Xs. As Xs has one unstable direction, L⊥s is spanned by the left
eigenvector q corresponding to the unstable direction of Xs. Hence, we require the inner-
product between q and X∗(T )−Xs to be zero. This leads to the following nine boundary
conditions:

X(0) = 0,

〈X(T )−Xs, q〉 = 0,

for the eight dimensional system of differential equations (2) and free parameter k.
We take T = 15 and solve the BVP numerically using the bvp4c function of Matlab

with an absolute tolerance of 10−4, a relative tolerance of 10−2 and maximum of 160000
mesh points. This function requires an initial guess, which we obtain by simulating an
orbit from t = 0 to t = 2.5 using a k-value close to the critical value such that the
endpoint of the simulation is still close to the equilibrium manifold of the fast subsystem.
We supplement the initial guess for the remaining time interval by using exponential decay
towards Xs at the rate given by the eigenvalue with negative real part and closest to the
imaginary axis. The numerical solution of the BVP yields k∗ ≈ 54.95. The corresponding
orbit is indicated by the gray line in Figure 6. We have x5(T ) ≈ −4.1·10−7, indicating that
x5 indeed returned to rest. The computed orbit also gets close to the saddle equilibrium,
i.e. the norm difference of the endpoint and the saddle is only 0.0021, another indication
that the approximations of the BVP are valid.

The computed threshold k∗ separates the two response types. For k < k∗ the response
falls back from the unstable manifold to the stable manifold at the bottom leading to a
small response. For k > k∗ the system jumps from the unstable manifold to the stable
manifold at the top, resulting in the large non-linear response.

4 Conclusion & discussion

We studied the transition between small, linear and large, non-linear responses in an
excitable neural system with slowly varying input. The typical shape of the large non-
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linear responses, is explained by the interplay between a stable equilibrium and limit cycle
in the bifurcation diagram of the fast subsystem. The critical response at the transition
between the two response types can be characterized using a high-dimensional stable
manifold. To determine the critical response and the parameter for which it arises, we
formulated a boundary value problem. This boundary value problem can be used to study
the parameter dependency of the transition, describing the boundary between normal and
epileptic brain responses to stimulation.

4.1 Limitations

The bifurcation diagram of the fast subsystem explains the shape of the large responses
qualitatively. The equilibria of the fast subsystem describe the manifold on which the
slow dynamics acts if ε = 0, i.e. when the timescales are fully separated. This manifold
perturbs to the slow manifold for ε > 0 as explained by Fenichel theory [25, 26] and
extensions [27, 28]. The slow manifold will describe the orbit more accurately compared
to the equilibria of the fast subsystem especially for bigger values of ε. Computing these
slow manifolds is a challenging task if they are of saddle type, like we have in our problem.
In this case small errors in the unstable direction will yield rapid divergence from the
manifold. Computing these manifolds requires advanced techniques [29].

To find the critical response ending in the saddle equilibrium of the full system we
formulated a boundary value problem based on two assumptions. First, the external input
must have vanished at the endpoint of the orbit segment. Second, the end point of the
orbit must be sufficiently close to the saddle for the approximation by the hyper-plane to
hold. Fulfilling both requirements results in a large time interval because of the systems’
timescale separation, as well as many mesh points for an accurate approximation.

The external input we studied was given by a specific function, i.e. the reaction
of another neural mass upon stimulation. Our analysis builds on two features of this
function, namely its transient and slow nature. Therefore, one could expect similar results
when replacing the input function by another function satisfying these two properties, also
because the bifurcation diagram of the fast subsystem is almost invariant in the input
parameter. We have experimented replacing the current χ5(t) with a block pulse giving
similar results.

4.2 Slow inhibition in the Wendling model

We exploit the timescale difference between slow inhibition one sides and fast inhibition
and excitation other sides to study the Wendling model. Based on [19] we assume that
slow inhibition models both slow GABAA and the even slower GABAB synaptic transmis-
sion. We have chosen the timescales within a physiologically plausible range such that the
two characteristic peaks have a realistic timing [14, 15, 19]. The ratio of the timescales
yields ε = 0.1 justifying the slow-fast analysis, while in the original study the timescales
were more similar, i.e. ε = 0.5 [16].

In our slow-fast analysis the fast subsystem reduces to the three population neural
mass model proposed by [21]. Bifurcation analysis of this model has revealed the presence
of three different attractors, i.e. stable equilibria, and limit cycles with a harmonic or
a spiking shape [30, 31]. Our analysis of the fast subsystem reveals only equilibria and
harmonic oscillations, similar to [32] who found that the “spiking” limit cycle only exists
if inhibition acts on a slower timescale than excitation. Under normal circumstances,
these fast oscillations are suppressed by slow inhibition. External stimulation, however,
may temporarily reduce this inhibitory restraint allowing the fast subsystem to move into
a different dynamical regime. These fast oscillations also show up continuously when the
synaptic gain of the slow inhibition, B, is close to zero.
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