
A calculus for timed automata(Extended abstract)?Pedro R. D'Argenio and Ed BrinksmaDept. of Computer Science. University of Twente.P.O.Box 217. 7500 AE Enschede. The Netherlands.fdargenio,brinksmag@cs.utwente.nlAbstract. A language for representing timed automata is introduced.Its semantics is de�ned in terms of timed automata. This language iscomplete in the sense that any timed automaton can be represented bya term in the language. We also de�ne a direct operational semantics forthe language in terms of (timed) transition systems. This is proven tobe equivalent (or, more precisely, timed bisimilar) to the interpretationin terms of timed automata.In addition, a set of axioms is given that is shown to be sound for timedbisimulation. Finally, we introduce several features including the parallelcomposition and derived time operations like wait, time-out and urgency.We conclude with an example and show that we can eliminate non-reachable states using algebraic techniques.1 IntroductionA real-time system is a system whose behaviour is constrained by requirementson the time in which events can occur. Sometimes, systems are implementedas timed systems in the sense that they ful�l certain timing conditions to givethem an acceptable performance. Other systems depend on timing conditionsin a more essential way, viz. because their functional correctness depends uponcertain critical timing conditions being ful�lled. Therefore, it becomes interestingto study the formal veri�cation of such systems.In the last years, several formal techniques have been developed to specify andverify real-time systems. For instance, many well-known process algebras havebeen extended with features to manipulate time [11, 26, 22, 23, 5, 17, 6, 9, 18].But the apparently most successful approaches are timed and hybrid automata[3, 24, 15, 2]. The formal relation between these two models has been studied insome cases [24, 25, 14, 12]. Languages that fully represent timed automata havealso been studied [20, 27].In this paper, we introduce a process algebra to describe timed automata.Since the syntax of timed automata becomes unwieldy to specify realistic real-time systems, the process algebra introduced here proposes a higher-level lan-guage that is interpreted in terms of timed automata. More speci�cally, we choose? Supported by the NWO/SION project 612-33-006.



a slight variation of the so called timed safety automata [15]. Basically, the lan-guage extends Milner's CCS [21] restricted to pre�xing, inaction and summation,with some features to manipulate clocks, namely, clock resetting, invariants andguards. We prove that any timed automaton can be described by a term in thelanguage together with guarded recursion.Also, we introduce a direct operational semantics for the language. Thus, a(timed) transition system is associated to each process. We prove that this wayof giving semantics is equivalent (timed bisimilar) to the interpretation of theassociated timed automaton.In order to facilitate the construction of complex systems we include parallelcomposition, and several common operations on time, such as time-out, waitingand urgency.The �rst goal of our paper is to introduce a powerful language to representtimed automata. Our second goal is to introduce an equational theory for thelanguage that allows us to manipulate timed automata in order to eliminateredundant information. This is an interesting point, since, to our knowledge,timed automata have not yet been studied from an algebraic point of view. Theaxiomatisation is sound for timed bisimulation and allows to �nd a normal form.Moreover, the additional operators like parallel composition can be eliminated,thus obtaining equivalent expressions de�ned just in terms of the basic language.As an example we study the railroad crossing controller of [3]. In this exam-ple, we illustrate that we can eliminate redundant states, clocks, and conditions.In particular, non-reachable states are eliminated.The rest of this paper is structured as follows. Section 2 reviews the modelsof timed transition systems and timed automata. In Section 3, we introducethe language and we study its relation with timed automata. The operationalsemantics is introduced in Section 4 and the relation with the timed automatamodel is stated. Section 5 introduces the axiomatisation for the basic language,and the extension with new operators is studied in Section 6. The example ispresented in Section 7. Extensionality with respect to CCS, related work, andconclusions are discussed in Section 8.This article is an extended abstract of [10] which contains all proofs omittedhere.Acknowledgements. This work pro�ted from discussions with Jan F. Groote,Rom Langerak, Jan Springintveld, Jan Tretmans, Frits Vaandrager and SergioYovine. In particular, Sergio Yovine pointed out the related work [27]. Reference[4] was pointed out by one of the referees.2 Models for Timed SystemsTime, clocks and constraints. We adopt the set IR�0 of non-negative reals astime domain. A clock is a variable x ranging over a time domain IR�0. LetC denote a set of clocks. The set �(C) of clock constraints over C is de�nedinductively by:� ::= d � d0 j x � d j d � x j x� y � d j d � x� y j (� ^ �) j (:�)



where d; d0 2 IR�0 and x; y 2 C with x 6= y. The abbreviations tt, � , x = d,x > d, x� y < d, � _ �0, x 2 [d; d0), etc. are de�ned as usual. Let var(�) denotethe set of clocks occurring in �. A clock constraint is closed if no clocks occurin it. We denote the set of closed clock constraints by �c. We could also adopta richer set of constraints (see Section 8).A (clock) valuation is a function v : C ! IR�0. Let V denote the set of valua-tions. v is lifted to clocks constraints by the obvious induction over the structureof �. Let C 2 C. We de�ne v[C a0] as v[C a0](x) def= if x 2 C then 0 else v(x).Let d 2 IR�0. De�ne v+d as (v+d)(x) def= v(x)+d. Notice that for any valuationv and for any clock constraint �, v(�) is a closed clock constraint.For the subset of closed clock constraints, we de�ne the satisfaction predicatej=� �c as usual:j= d � d+ d0 j= � j= �0j= (� ^ �0) 6j= �j= (:�)where d; d0 2 IR�0. We generalise j= to all clock constraints (j=� �(C)). Let� 2 �(C) then j= � def() 8v 2 V : j= v(�).We de�ne the set �(C) � �(C) of past-closed constraints as � 2 �(C) def() j=(v + d)(�) =) j= v(�), for all v 2 V and d 2 IR�0. Notice that this kind ofconstraints are such that if they hold at time d, they hold at all d0 < d.Timed Transition Systems. A timed transition system is a labelled transitionsystem that includes information about the time. We adopt the model of actionswith time stamps .De�nition 1. Let A be a set of actions . A timed transition system (TTS) is astructure L = (S;A� IR�0; s0;�!;U) where� S is a set of states , with the initial state s0 2 S;� A is a set of labels ;� �! � S � (A� IR�0)� S is the transition relation; and� U � IR�0 � S is the until predicate.We use the following notation: a(d) i� (a; d) 2 A� IR�0, s a(d)�!s0 i� hs; a(d); s0i 2�! , Ud(s) i� hd; si 2 U , s a(d)�! i� 9s0 2 S: s a(d)�!s0.In addition, L should satis�es the following axioms:Until 8d; d0 2 IR�0: Ud(s) ^ d0 < d =) Ud0(s);Delay 8d 2 IR�0: s a(d)�! =) Ud(s). utThe intended meaning of a transition s a(d)�!s0 is that a system which is in states can change to be in state s0 by performing an action a at time d. Intuitively,Ud(s) together with axiom Until, means that a system can idle in a state s atleast d units of times. Axiom Delay state that every time that an action mayoccur in a state s at time d, the system must be idling at that time.Predicate U was introduced in [17]. Here, we formalised its behaviour in arelative time setting by adding the axioms Until and Delay.



De�nition 2. Let Li = (Si;A � IR�0; si0; �! i;U i), i 2 f1; 2g, be two TTS.A timed bisimulation is a relation R � S1 � S2 with s10Rs20 satisfying, for alla(d) 2 A� IR�0, the following transfer properties:1. if s1Rs2 and s1 a(d)�!1s01, then 9s02 2 S2 : s2 a(d)�!2s02 and s01Rs02;2. if s1Rs2 and s2 a(d)�!2s02, then 9s01 2 S1 : s1 a(d)�!1s01 and s01Rs02; and3. if s1Rs2, then U1d (s1) () U2d (s2).If such a relation exists, we say that L1 and L2 are timed bisimilar (notationL1 $ L2). utTimed Automata. In this paragraph we de�ne a variation of timed automata [3].We use invariants as in [15, 24, 25] but, instead of considering clock resettingson the edges, we consider them in the states. The reason for this is that we wantto avoid assumptions about the initial setting of clocks, which makes the com-positionality of the language more complicated. Compare [27] (see Section 8).De�nition 3. A timed (safety) automaton is a structure (S;A; C; s0; -; @; �)where:� S is a set of states , with the initial state s0 2 S;� A is a set of actions ;� C is a set of clocks ;� - � S �A� �(C)� S is the set of edges ;� @ : S ! �(C) is the invariant assignment function;� � : S ! }�n(C) is the clocks resetting function.The set of all timed automata is denoted by T . utIn this case, hs; a; �; s0i 2 - (notation s a;�- s0) intuitively means thatwhen the system is in state s it could change to be in state s0 by performing anaction a provided that the clock constraint � holds. The clock setting functionstates which clocks should be reset as soon as a state is reached. The invariantassignment function states that the system can idle in a state s as long as @(s)holds.Notice that our timed automata can be translated into timed automata withresettings on the edges by just labelling the edge with the set of clocks to be resetin the target state, that is, an edge s a;�- s0 will be translated into s a;�;�(s0)- s0.Conversely, a timed automaton with resettings on the edges could be trans-formed by \pushing" the clock resetting into the target state, i.e., given an edges a;�;C- s0 we de�ne s a;�- s0 and �(s0) def= C. In case that many edges withdi�erent clock resettings go to the same state, this state is \split" into di�erentstates, one for each set of clocks.Formally speaking, a timed automaton can be interpreted as a TTS as follows.De�nition 4. Let T = (S;A; C; s0; -; @; �) 2 T be a timed automaton. Letv0 2 V be any valuation. The interpretation of T with initial valuation v0 isgiven by the TTS ([T ])v0 def= (S � V ;A � IR�0; (s0; v0); �! ;U) where �! andU are de�ned as the least sets satisfying the following rules:



s a;�- s0 j= (v[�(s) a0] + d)(� ^ @(s))(s; v) a(d)�! (s0; (v[�(s) a0] + d)) j= (v[�(s) a0] + d)(@(s))Ud(s; v) utSince @(s) 2 �(C) for all s 2 S, it follows that ([T ])v0 satis�es axiom Until.Moreover, notice that if (s; v) a(d)�! then j= (v[�(s) a0] + d)(@(s)) and so Ud(s; v)which implies that axiom Delay holds. Hence, ([T ])v0 is indeed a TTS for anyinitial valuation v0.Isomorphism is a �ne enough equivalence. Thus, proving the existence ofan isomorphism is enough to prove that two timed automata are equivalent incoarser equivalences, for instance, timed bisimulation.De�nition 5. Let T = (S;A; C; s0; -; @; �) and T 0 = (S0;A; C; s00; -0; @0; �0) be two timed automata. An isomorphism from T to T 0 is a bijectivefunction � : S ! S0 such that1. � (s0) = s00,2. s a;�- s0 () � (s) a;�- 0� (s0),3. @(s) = @0(� (s)), and4. �(s) = �0(� (s)).We say that T and T 0 are isomorphic, notation T �= T 0, if there is an isomorphismbetween T and T 0. ut3 A Simple Language for Timed AutomataIn this section we introduce a simple language that contains the necessary op-erators to represent timed automata. We give the semantics of this language interms of timed automata. Moreover, we show that any timed automaton couldbe represented by a term of this language if we add guarded recursion overexpressions.De�nition 6. LetA be a set of actions and let C be a set of clocks. The languageL is de�ned according to the following grammar:p ::= stop j a; p j �7!7!p j p+ p j fjCjg p j  �� pwhere a 2 A, � 2 �(C),  2 �(C) and C 2 }�n(C). We refer to the elements ofL as processes. utProcess stop represents inaction; it is the process that cannot perform anyaction. The intended meaning of a; p (named (action-)pre�xing) is that actiona can be performed at any time and then it behaves like p. �7!7!p, the guardingoperation, executes any �rst action that p can do whenever � holds. fjCjg p,the clock resetting operation, is a process that behaves like p, but resetting theclocks in C. We will write fjx1; : : : ; xnjg p instead of fjfx1; : : : ; xngjg p.  �� p, the



invariant operation, can idle while  holds or go on with the process p. p+ q isthe choice; it executes either p or q. The choice between p and q can be madeonly by actions, not by the passage of time.De�nition 7. Let p 2 L. The set fv(p) of free variables of p and the set bv(p)of bound variables of p are de�ned as the least set satisfyingfv(stop) = ; bv(stop) = ;fv(a; p) = fv(p) bv(a; p) = bv(p)fv(� 7!7!p) = var(�) [ fv(p) bv(� 7!7!p) = bv(p)fv(p+ q) = fv(p) [ fv(q) bv(p+ q) = bv(p) [ bv(q)fv(fjCjg p) = fv(p)nC bv(fjCjg p) = C [ bv(p)fv( �� p) = var( ) [ fv(p) bv( �� p) = bv(p) utNotice that the term fjCjg p binds clocks in C that appear in any constraintsin p. Let Kp be the union of all clock resettings in p which do not occur withinthe scope of a pre�xing, i.e., a subterm a; q. We say that a term does not haveconict of variables if there is no subterm in it that has conict of variables and,if it has the form p+ q (respectively  �� p) then (fv(p)\Kq)[ (fv(q)\Kp) = ;(respectively var( ) \Kp = ;). In this work we will generally assume processeswhich do not have conict of variables. This assumption is harmless since we canalways rename properly bound variables (i.e. to apply ��conversion) in orderto avoid this problem. In [10] we study ��conversion and conict of variablesextensively.We can associate a timed automaton to a process according to the followingde�nition.De�nition 8. Let p 2 L be without conict of variables. The timed automatonassociated to p is de�ned by [[p]]T = (L;A; C; p; - ; @; �) where -, @ and �are de�ned as the least sets satisfying the rules of Table 1. utThe notion of associated timed automaton is well-de�ned for processes withoutconict of variables. In order to check it, we should see that for all q 2 L,@ and � are indeed functions and moreover, that @(q) 2 �(C). But it can bestraightforwardly proven by induction on the depth of the proof tree taking intoaccount that if  ;  0 2 �(C) then  ^  0;  _  0 2 �(C).Rules in Table 1 capture the behaviour above described in terms of timedautomata. In particular, it deserves to notice that a process p + q can idle aslong as one of them can. Thus @(p+ q) () @(p) _ @(q). Moreover, p+ q canexecute any action of p or q as long as it could be executed in its original process.Thus, since an action cannot be executed after the idling time is �nished, werequire that for the execution of an action, the corresponding invariant mustalso hold.The condition that processes should not have conict of variables is necessary.If it were not considered we would have undesirable bindings. For instance,consider the term p � (x � 2)�� (fjxjg (x = 1) 7!7!a; stop). Clearly, x is free in theinvariant (x � 2), however, using rules in Table 1, we derive @(p) = (x � 2) and



Table 1. Timed automata for L�(stop) = ; �(a; p) = ; �(p) = C�(�7!7!p) = C�(p) = C �(q) = C0�(p+ q) = (C [ C0) �(p) = C0�(fjCjg p) = (C [ C0) �(p) = C�( �� p) = C@(stop) = tt @(a; p) = tt @(p) =  @(�7!7!p) =  @(p) =  @(q) =  0@(p+ q) = ( _  0) @(p) =  @(fjCjg p) =  @(p) =  0@( �� p) = ( ^  0)a; p a;tt- pp a;�- p0fjCjg p a;�- p0 p a;�0- p0�7!7!p a;�^�0- p0p a;�- p0 �� p a;�- p0 p a;�- p0 @(p) =  p+ q a;�^ - p0q + p a;�^ - p0
�(p) = fxg. Thus, according to De�nition 4 the x in the invariant is captured bythe clock resetting. Similar reasoning shows that, in q � ((y � 1)�� a; stop) +(fjyjg stop), the free occurrence of y in the left operand is captured by the clockresetting in the right operand since @(q) = (y � 1) and �(q) = fyg.We extend the expressiveness of our language by allowing recursive speci�-cations.De�nition 9. Let V be a set of process variables . We extend the previous lan-guage with process variables. So, let Lv the language de�ned by the followinggrammar: p ::= stop j a; p j � 7!7!p j p+ p j fjCjg p j  �� p j Xwhere a 2 A, � 2 �(C),  2 �(C), C � C and X 2 V. A recursive speci�cationis a set of recursive equations having the form X = p(V) for each X 2 V, wherep(V) 2 Lv. Every recursive speci�cation has a distinguished process variablecalled root . We extend the notion of free and bound variables by adding theequations fv(X) = fv(q) and bv(X) = bv(q) provided X = q 2 E. utWe recall that fv(p) and bv(p) are de�ned as the least set satisfying the equationsin De�nitions 6 and 9. Thus, for instance, if X = fjxjg (y � 3 ^ x < 2)��X thenfv(X) = fyg and bv(X) = fxg.Now, we extend the notion of the associated timed automaton to recursivespeci�cations and we state the correctness of the de�nition.De�nition 10. Let E be a recursive speci�cation such that none of its equationshas conict of variables. The timed automaton associated to p 2 Lv is de�ned



by [[p]]T = (L;A; C; p; -; @; �) where -, @ and � are de�ned as the least setsatisfying rules in Table 1 and rules in Table 2. utTable 2. Timed automata for recursion (X = p 2 E)�(p[p=X]) = C�(X) = C @(p[p=X]) =  @(X) =  p[p=X] a;�- p0X a;�- p0De�nition 11. An occurrence of X is guarded in a term p 2 Lv if p has asubterm a; q such that this occurrence of X is in q. A term p is guarded if allthe occurrences of its variables are guarded. A recursive speci�cation is guardedif the right hand side of every recursive equation in it is a guarded process. utNotice that @ and � are not always well-de�ned in case of (unguarded!)recursion. For instance, take X = (x < 1)��X , then @ and � are the completelyunde�ned functions because of nonterminating derivation. Nevertheless, we canstate the following theorem.Theorem12. Let p 2 Lv be a process without conict of variables, which hasprocess variables de�ned in a guarded recursive speci�cation E without conictof variables. The associated timed automaton [[p]]T is indeed a timed automaton.Proof. It can be proved by structural induction that @ and � are de�ned for anyguarded term. In addition, we can see that for all q 2 Lv relations @ and � arefunctions and moreover, that @(q) 2 �(C). This can be proven by induction onthe derivation of @ and �. utThe language presented here, together with a guarded recursive speci�cation,has the property of expressing any timed automaton in the sense of Theorem 13below. First, we borrow some de�nitions from transition system theory intotimed automaton theory. A timed automaton is image-�nite if the set of outgoingedges of every state labelled with the same action is �nite, i.e., for any a and anys, the set fs a;�- s0j s0 2 Sg is �nite. It is �nitely sorted if, for each state s, theset of all actions labelling the outgoing edges, i.e., faj 9s0 2 S: s a;�- s0g is �nite.A state s is (symbolically) reachable if there is a sequence of edges from the initialstate s0 to s, i.e., there are a1; : : : ; an, �1; : : : ; �n and s1; : : : ; sn (n � 0) suchthat s0 a1;�1- s1 � � �an;�n- sn = s. The reachable part of a timed automaton T is thesame timed automaton restricted to the set of states that are reachable. Noticethat we are considering a static view but not the usual notion of reachability intimed automata theory (compare to [1]).Theorem13 Representability of timed automata. For every image-�niteand �nitely sorted T 2 T there is a guarded recursive speci�cation E with rootXs0 such that the reachable part of T and the reachable part of [[Xs0 ]]T areisomorphic.



Proof. The proof consists of associating a process variable to each state s of Tand de�ning each one of them as the term that resets the clocks of �(s) andhas an invariant @(s) over the summation of the outgoing edges representedby pre�xings with its respective guard. Thus, the isomorphism is given by thefunction that maps every state in its corresponding variable.Let T = (S;A; C; s0; - 0; @0; �0). For each state s 2 S de�ne a di�erentvariable Xs. Let VS be the set of such variables. De�ne the set of recursivespeci�cations E with root Xs0 and recursive equationsXs = fj�0(s)jg @0(s)�� �X f� 7!7!a;Xs0 j s a;�- s0g�where Pfpi j i 2 f1 : : : ngg def= p1 + p2 + � � � + pn. In particular, if s has nooutgoing transition then Xs = fj�0(s)jg @0(s)�� stop.According to De�nition 10, [[Xs0 ]]T = (Lv;A; C; Xs0 ; -; @; �). De�ne[[Xs0 ]]T �VS def= (VS ;A; C; Xs0 ; - �VS ; @�VS ; ��VS)where: - �VS def= - \(VS �A� �(C)�Lv)@�VS def= @ \ (VS � �(C))��VS def= � \ (VS �}(C))Clearly, � : S ! VS de�ned as � (s) def= Xs for all s 2 S, is an isomorphism,which straightforwardly implies the theorem. utIn the previous proof, the restriction of [[Xs0 ]]T to the set VS is merely for-mal, and it is due to the fact that the associated timed automaton is de�nedconsidering the whole set of terms Lv instead of the reachables ones.In order to represent data it could be needed to consider more general timedautomata which are not necessarily image �nite or �nitely sorted. This kind ofautomata could be represented in the language by de�ning an in�nite summationoperator in the expected way. Thus, Theorem 13 could be extended to timedautomata with denumerable branching and denumerable sorts.4 An Operational SemanticsIn this section we give a semantics for Lv in terms of TTS. We state thatit coincides (modulo timed bisimulation) with the semantics of the associatedtimed automaton.De�nition 14. Let E be a recursive speci�cation with process variables V.The TTS of a term p 2 Lv with initial valuation v0 2 V is de�ned by ([p])�v0 def=(Lv �V ;A� IR�0; (p; v0); �! ;U) where �! and U are the least set satisfyingrules in Table 3. ut



Table 3. Operational semantics for Lv (a 2 A, d 2 IR�0, v 2 V, X = p 2 E)Ud(stop; v) Ud(a; p; v) Ud(p; v)Ud(�7!7!p; v) Ud(p; v[C a0])Ud(fjCjg p; v)j= (v + d)( ) Ud(p; v)Ud( �� p; v) Ud(p; v)Ud(p+ q; v) Ud(q + p; v) Ud(p[p=X]; v)Ud(X; v)(a; p; v) a(d)�!(p; v + d) j= (v + d)(�) (p; v) a(d)�!(p0; v0)(�7!7!p; v) a(d)�!(p0; v0)(p; v[C a0]) a(d)�!(p0; v0)(fjCjg p; v) a(d)�!(p0; v0) j= (v + d)( ) (p; v) a(d)�!(p0; v0)( �� p; v) a(d)�!(p0; v0)(p; v) a(d)�!(p0; v0)(p+ q; v) a(d)�!(p0; v0) (q + p; v) a(d)�!(p0; v0) (p[p=X]; v) a(d)�!(p0; v0)(X; v) a(d)�!(p0; v0)([p])�v0 is well de�ned, that is, ([p])�v0 is indeed a TTS satisfying, thus, axiomsUntil and Delay, which can be proven by straightforward induction on thelength of the proof tree.The rules in Table 3 express the intended behaviour of each term in termsof TTS. In this case the execution of a transition or the idling time is madeconcrete. Thus, for instance, process � 7!7!p can actually perform any action athat p can perform at time d in the valuation v whenever the condition � holdsin the valuation v after d units of time has passed. Or, on the other hand, process �� p can idle d units of times in a valuation v if p also can idle d units of time,and moreover, condition  holds in the valuation v after d units of time.Now, we extend the notion of timed bisimilarity to the terms in the language.De�nition 15. Two terms p; q 2 L are timed bisimilar , notation p $ q, if andonly if for all v0 2 V , ([p])�v0 $ ([q])�v0 . utWe state that all the operators of the language preserve timed bisimulation,that is $ is a congruence in L, which can be proven as usual.So far we stated two ways of interpreting a term in L. Function ([ ])� associatesa TTS to each term and closed valuation. On the other hand, a TTS could beassociated to every p 2 L in two steps, namely, by associating a timed automatonto p (see De�nition 8) and then interpreting such a timed automaton in terms ofa TTS according to De�nition 4. Theorem 16 states that both way of interpretinga process are equivalent according to timed bisimulation.Theorem16. Let E be a guarded recursive speci�cation with process variablesV. For every p 2 Lv without conict of variables and for every closed valuationv0, ([p])�v0 $ ([[[p]]T ])v0 .



Proof (Sketch). Assume ([p])�v0 = (Lv�V ;A�IR�0; (p; v0); �! ;U) and ([[[p]]T ])v0= (Lv � V ;A � IR�0; (p; v0); �! 0;U 0). We state that R def= f((q; v); (q; v))j q 2L^ v�fv(q) = v�fv(q)g, with v�C def= v \ (C � IR�0), is a timed bisimulation. Asusual, it is proven by verifying that the transfer properties hold. utA summary of the studied relations is given in Figure 1, where arrows maybe read as \can be interpreted in".Lv TTTS TTS0$Fig. 1. Summary5 AxiomatisationIn this section we give a set of axioms that holds in bisimulation models. Itfollows immediately that they also hold in any coarser model as for instance theseveral timed bisimulations with abstraction [26, 17], timed trace preorder andtimed simulations [19, 20]. We consider terms modulo �-conversion without lossof generality.Axioms in Table 4 could be explained as follows. The choice is commutativeA1 and associative A2. Axioms A3 and A30 state a kind of idempotency of +andA4 states that stop is the neutral element for + in the context of unboundedidling. Stp states that a pre�xed process which does not satis�es its guardcondition cannot proceed with its execution. Axioms G0{G5 state the way inwhich guards can be simplifyed. Notice that they cannot be eliminated except inthe case of tt. In particular, axiomsG3,G4 andG5 say how to move invariants,clock resettings and summations out of the scope of a guard. Similarly, axiomsI1{I5 state how to simplify the invariant operation. I3 says how to take clocksresettings out of the scope of an invariant, while I4 and I5 move the invariantout of the scope of a summation. R1 and R2 eliminate redundant clocks. Inparticular, R2 implies that it is always possible to reduce the amount of clocksto be reset to at most one for each clock resetting operation. R3 gathers all theclocks resettings in only one operation and R4moves clocks out of the scope of asummation. The term [x ay](p), which appears in axiom R2, is the renaming ofthe free occurrences of x by y in p. It is de�ned recursively on the structure of pin the obvious way. Finally, D1 and D2 state that the di�erence between clocksis invariant and thus it could be \transported" along the execution. In particular,



Table 4. Axioms for L (a; b 2 A, C � C, x; y 2 C, �; �0 2 �(C),  ;  0 2 �(C), d 2 IR�0)Stp � 7!7!a; p = stop A3 � 7!7!p+ �0 7!7!p = (� _ �0)7!7!pA1 p+ q = q + p A30  �� p+  0�� p = ( _  0)�� pA2 (p+ q) + r = p+ (q + r) A4 a; p+ stop = a; pG0 �7!7!stop = stopG1 tt 7!7!p = pG2 �7!7!(�0 7!7!p) = (� ^ �0)7!7!pG3 �7!7!( �� p) =  �� (� 7!7!p)G4 �7!7!(fjCjg p) = fjCjg (� 7!7!p) if var(�) \ C = ;G5 �7!7!(p+ q) = � 7!7!p+ � 7!7!qI1 tt�� p = pI2  �� ( 0�� p) = ( ^  0)�� pI3  �� (fjCjg p) = fjCjg ( �� p) if var( ) \ C = ;I4  �� p+  �� q =  �� (p+ q)I5  �� (�7!7!a; p) +  0�� (�0 7!7!b; q) = ( _  0)�� (( ^ �)7!7!a; p+ ( 0 ^ �0)7!7!b; q)R1 fjCjg p = p if C \ fv(p) = ;R2 fjC [ fy; xgjg p = fjC [ fygjg [x ay](p)R3 fjCjg fjC0jg p = fjC [ C0jg pR4 fjCjg p+ fjCjg q = fjCjg (p+ q)D1 �7!7!a; (fjyjg p) = � 7!7!a; (fjyjg (x� y2d)�� p) if j= (�) (x2d)) and x 6= yD2 �7!7!a; p = � 7!7!a; ((x� y2d)�� p) if j= (�) (x� y2d))where 2 2 f�; <;�; >;=gD1 explains how this di�erence is stated. Notice that axioms do not necessarilypreserve free variables. For instance, G1 allows us to prove (x � 0) 7!7!p = p.Some interesting properties that can be derived from the axioms (and induc-tion when necessary) are idempotency of summation (p+ p = p), invariants actalso as guards ( �� p =  �� ( 7!7!p)) aand ��� stop is the neutral element for+ (i.e. ��� stop+ p = p).Notice that ��� a; p = ��� (� 7!7!a; p) = ��� stop but ��� stop 6$ stop.This is due to the fact that timed bisimulation can model the halting of theprogress of time. It could be understood as a broken machine that is not longerallowed to remain in the same state and, simultaneously, has no way to leavesuch a state, i.e., no action can be performed in order to leave such a state.This phenomenon is known as time deadlock. The di�erence with the ordinarydeadlock phenomenon is that a system is in deadlock if it reaches a state thatcannot perform any action, but such a state need not have any restrictions onidling, which is the case for time deadlock.Axioms in Table 4 are sound for timed bisimulation as it is stated as follows.Theorem17 Soundness. For all p; q 2 Lv, if p = q is deduced by means of



equational reasoning using axioms in Table 4, then p$ q.An interesting property that is derived from these axioms is that every termcan be expressed in a normal form.De�nition 18. De�ne the set B � L of basic terms inductively as follows:� stop 2 B0� p 2 B, � 2 �(C) and a 2 A =) � 7!7!a; p 2 B0� p; q 2 B0 =) p+ q 2 B0� p 2 B0,  2 �(C) and x 2 C =) fjxjg  �� p 2 BB0 is the set of all terms whose clock resettings and invariants are all within thescope of a pre�x construction. Notice that a basic term has the general format(modulo A1, A2, A3 and A4)p = fjxjg  �� �Pi2I �i 7!7!ai; pi�where each pi is already a basic term. We adopt the convention thatPi2; �i 7!7!ai; pi = stop utThe following theorem can be proven by structural induction using the ax-ioms.Theorem19. For every term p 2 L there is a term q 2 B such that p = q canbe proven by means of axioms in Table 4 and �-conversion.6 Other OperatorsIn this section, we introduce parallel composition and several well-known timeoperations such as wait, time-out and urgency.Time Operations. In this paragraph we give some axiomatic de�nitions for com-mon operations on time. The operation waitd(p) waits d units of time beforestarting to execute p. Conversely, befored(p) forces to execute p before d unitsof time have passed. They can be de�ned as follows, provided x =2 fv(p):waitd(p) def= fjxjg (x � d) 7!7!p befored(p) def= fjxjg (x � d)�� pAnalogously, we can de�ne strict versions of the operators. In particular, we willconsider before<d (p) def= fjxjg (x < d)�� p.Urgency is de�ned by the operation urgentd(p) that obliges to execute p justafter waiting d units of time:urgentd(p) def= befored(waitd(p))More generally we can de�ne the operation between[d; d0](p) which forces theexecution of p after waiting d units of time but before d0 units of time havepassed:between[d; d0](p) def= befored0(waitd(p))



We can easily generalise this operation to open intervals in the obvious way.Maybe, the most well known operation is the time-out. p timeoutdq forces toexecute q just after waiting d units of time if process p does not started executionyet: p timeoutdq def= before<d (p) + urgentd(q)Parallel Operator. We de�ne a LOTOS-like parallel operator [8]. Basically, theprocess pjjAq executes process p and q in parallel and forces synchronisation onactions in set A 2 A. jj A and jA are the left and communication merge respec-tively, which are needed to give a �nite axiomatisation of the parallel operator. Inorder to de�ne associated timed automata we will require the auxiliary operatorck which is intended to avoid clocks resettings.Table 5. Timed automata for the parallel operator�(p) = C �(q) = C0�(pjjAq) = (C [ C0)�(pjj Aq) = (C [ C0)�(pjAq) = (C [ C0) @(p) =  @(q) =  0@(pjjAq) = ( ^  0)@(pjj Aq) = ( ^  0)@(pjAq) = ( ^  0)p a;�- p0pjjAq a;�- p0jjAck(q)qjjAp a;�- ck(q)jjAp0pjj Aq a;�- p0jjAck(q) a =2 A p a;�- p0 q a;�0- q0pjjAq a;�^�0- p0jjAq0pjAq a;�^�0- p0jjAq0 a 2 A�(ck(p)) = ; @(p) =  @(ck(p)) =  p a;�- p0ck(p) a;�- p0Free and bound variables are de�ned by fv(p2q) = fv(p)[ fv(q) and bv(p2q)= bv(p)[bv(q) for 2 2 fjjA; jj A; jAg, and fv(ck(p)) = �(p)[fv(p) and bv(ck(p))= bv(p). We say that pjjAq, pjj Aq and pjAq do not have conict of variables ifneither p or q do and (bv(p) \ var(q)) [ (bv(q) \ var(p)) = ;.We give the rules for the timed automaton in Table 5. Operators jj A andjA are the left-merge and the communicating versions of the parallel operator,respectively. Operation ck is needed since if we admitted an edge like pjjAq a;�-p0jjAq instead of pjjAq a;�- p0jjAck(q), the clocks of q, which were reset as soon aspjjAq was reached, would be reset again when p0jjAq is reached after performingaction a. This last situation would be incorrect since the time for process q wouldthen not have progressed.Axioms for parallel composition are given in Table 6. Operator ck is justrequired in order to de�ne associated timed automata. Moreover, it does notpreserve $ and �-conversion. Thus, we are not interested in giving any axioma-tisation of it. However, the information introduced for ck is somehow encoded



in the axiomatisation by the operator B0. Notice that B0(p) holds when p 2 B0according to De�nition 18, i.e. whenever no clock resetting or invariant appearsout of the scope of a pre�xing.Table 6. Axioms for parallel compositionPC pjjAq = pjj Aq + q jj Ap+ pjAqLM1 stop jj A( �� q) =  �� stop if B0(q)LM2 a; pjj A( �� q) =  �� stop if a 2 A ^ B0(q)LM3 a; pjj A( �� q) =  �� a; (pjjA( �� q)) if a =2 A ^ B0(q)LM4 (�7!7!p)jj Aq = �7!7!(pjj Aq)LM5 (p+ q)jj Ar = pjj Ar + q jj ArLM6 (fjCjg p)jj Aq = fjCjg (pjj Aq) if C \ fv(q) = ;LM7 ( �� p)jj Aq =  �� (pjj Aq)LM8 pjj AfjCjg q = fjCjg (pjj Aq) if C \ fv(p) = ;CM0 pjAq = qjApCM1 stopjAstop = stopCM2 stopjAa; p = stopCM3 a; pjAa; q = a; (pjjAq) if a 2 ACM4 a; pjAb; q = stop if a 6= b _ a =2 ACM5 �7!7!pjAq = �7!7!(pjAq)CM6 (p+ q)jAr = pjAr + qjArCM7 (fjCjg p)jAq = fjCjg (pjAq) if C \ fv(q) = ;CM8 ( �� p)jAq =  �� (pjAq)B0(stop) B0(a; p) B0(p)B0(�7!7!p) B0(p) B0(q)B0(p+ q)It can be proven that for every term pjjAq, pjj Aq and pjAq there is an �-convertible term without conict of variables. Thus, for terms with conict ofvariables we just assume their interpretation is the timed automata of some�-conversion without conict of variables. Moreover, timed bisimulation is acongruence for jjA, jj A and jA. We state that axioms are sound for timed bisim-ulation and they allow the elimination of these new operators.Theorem20 Soundness. For all p and q obtained by extending Lv with jjA,jj A and jA, if p = q is deduced by means of equational reasoning using axiomsin Table 4 and axioms in Table 6, then p$ q.Theorem21 Elimination. For every term p in the language L extended withjjA, jj A and jA, there is a q in L such that p = q can be derived from axioms inTable 4 and Table 6.



7 ExampleWe take the example of the automatic controller of a gate at a railroad crossingusing the de�nition from [3], except that we have adapted it to include invari-ants. The components of the system can be described as follows. A TRAINcommunicates to the controller that it approaches at least 2 minutes before itenters the crossing (in). After leaving the crossing (out), the TRAIN informs theCONTROLLER that it exited within 5 minutes after sending the signal appr.The GATE system receives the information when to lower the gate. This shouldbe put down before 1 minute has passed. Then, the system waits for an orderto raise the gate. After that, it is lifted (up) within 1 to 2 minutes. The CON-TROLLER waits for a train to approach. After exactly 1 minute, it orders tolower the gate. Then, it waits until the train exits the crossing and at most 1minute afterwards it orders to raise the gate.The components of the system can be described as follows.TRAIN = appr; fjxjg ( (x < 5)�� (x > 2) 7!7!in;(x < 5)�� out;(x < 5)�� exit;TRAIN )GATE = lower; before<1 (down; raise; between(1; 2)(up;GATE))CONTROLLER= appr; urgent1(lower; exit; before<1 (raise;CONTROLLER))SYSTEM = CONTROLLERjjfappr;exit;lower;raiseg(TRAIN jj;GATE)By using axioms in Table 6 parallel operations can be eliminated. Assumingonly one clock for each component, the expression obtained at this point willcontain 3 clocks and 19 states. However, many of those states are not reachablesince the system will never meet conditions which allow that. These states can beeliminated by using axioms in Table 4, usingD1 andD2 in particular. Moreover,the number of clocks can be reduced to 2. In this way, the SYSTEM can beproven equivalent to the following recursive speci�cation which has 2 clocks and10 states.S0=appr; S1 S5=(x < 5)�� exit; S6S1=fjxjg S01 S6=fjyjg (y < 1)�� raise; S7S01=(x � 1)�� (x = 1) 7!7!lower; S2 S7=fjyjg (y < 2)�� (appr; S8S2=fjyjg (y < 1)�� down; S3 + (y > 1) 7!7!up; S0)S3=(x < 5)�� (x > 2) 7!7!in; S4 S8=fjxjg (y < 2 ^ x � 1)�� (y > 1) 7!7!up; S01S4=(x < 5)�� out; S5Clock x keeps track of the evolution of the time with respect to the TRAINand some activities in the CONTROLLER (particularly the action lower), whiley keeps track of the time of the proper activities of the GATE (namely down andup) and the activity of raising the gate. Notice, however, that the action up inS8 is also constrained by clock x (viz. the condition x � 1). This would seem toimply that the CONTROLLER also controls the time of lifting the gate (action



up). Clearly, this is not a desirable situation. In [10] we consider an alternativeexample that avoids this problem.The timed automaton associated with S0 is depicted in Figure 2. States arerepresented by circles and their numbers are written beside. � and @ are respec-tively written in the upper and lower part of the circle. Edges are representedby the arrows. Empty sets and true conditions are omitted, and singleton setsare represented by their elements.0 appry > 1upy7 raiseappr exitxx � 1y < 28 y > 1up
lowerx = 1xx � 11 yy < 12lowerx = 1x � 1 10

down x < 5 x < 5 4outx < 5 56yy < 1
3

y < 2
inx > 2

Fig. 2. The reduced timed automaton of the railroad crossing system8 Further RemarksMilner's Synchronisation Trees and our Language. Basically, our calculus is anextension of Milner's synchronisation trees [21] (i.e., CCS with only pre�xing,inaction and summation) with operations to manipulate clocks (clock resettings,invariants and guards). Moreover, we can state that our calculus is an operationalconservative extension up to (timed) bisimulation, that is, for every pair of termsobtained by using only pre�xing, stop and summation (the untimed terms), theyare (strong) bisimilar if and only if they are timed bisimilar.Furthermore, the equational theory given for L (see Table 4) is an equationalconservative extension of the equational theory for synchronisation trees (i.e.commutativity, associativity, idempotency and stop as neutral element of +).Thus, for each equality p = q of untimed terms that can be proven in Milner'stheory, it can also be proven in our theory and vice versa.Related Works. Nicollin, Sifakis & Yovine [24, 25] give an interpretation of ATP[23] in terms of timed automata with invariants, considering a dense time do-main. Such a translation preserves timed branching bisimulation. ATP is basi-cally an extension of CCS [21] including a timeout operation, an execution delayor watchdog operation and the notion of urgent actions. No clocks nor time



variables are considered in ATP. Basically the same study was done by Daws,Olivero & Yovine [12] for ET-LOTOS [18]. In this case, also timed branchingbisimulation is shown to be preserved. In neither of these works an inverse studywas carried out, i.e., to express a timed automata in terms of the process algebra.In particular, it can be shown that ET-LOTOS is less expressive than T , the setof timed automata.Fokkink [14] sketches an interpretation of ACP with pre�x integration [17, 5]into timed automata without invariants. Moreover, the class of strongly regularprocesses and timed automata turn out to be equivalent when certain restrictions(namely non-Zenoness and fairness) are not present in the behaviour of thetimed automata. Thus ACP with pre�x integration is more expressive than timedautomata. For instance, consider the (�nite!) ACP process Rv<1 a[v] � Rw=v b[w] �stop, that records in v the time when a was performed, and after v units oftime executes b. In our language, an unguarded recursive expression would beneeded to de�ned it if the time domain were denumerable. If instead the set ofreal numbers is considered, such a process cannot be expressed. However, if weallow more expressive constraints by allowing comparison between clocks, we cande�ne fjxjg (x < 1)�� a; (fjyjg (2y � x)�� (2y = x) 7!7!b; stop). Such an extensionwould, of course, a�ect the tractability of the language.Lynch & Vaandrager [20] introduce a language that explicitlymanages clocks.Such a language has the same expressive power as timed automata w.r.t. (weak)timed trace equivalence.Alur & Henzinger [4] study the extension of programming languages withclock variables. They discuss their semantics in terms of the so called real-timeprograms [15] which are easily translated into timed safety automata (see [15]).Yi, Pettersson & Daniels [27] give an algebra that represents timed automatawithout invariants. Basically, the algebra is a syntax for the timed automata in-cluding CCS parallel composition and restriction. In particular, the pre�xingoperation has the form (�; a; C):p with � 2 �(C) and C � C, and it is the onlyone that can manage clocks. It could be understood as our term �7!7!a; fjCjg p.Thus, since terms with conditions in their �rst actions unavoidably become openterms, it is necessary to consider an initial valuation in its semantics for which[C a0] is taken. That is rather annoying since even when terms like, for instance,(x < 1; a; ;):stop and (y < 1; a; ;):stop, show the same behaviour, they be-come di�erent in the context (tt; b; fxg): . Moreover, notice that this languageis strictly less expressive than ours, since it does not include invariant operations.Conclusions. The contribution of this paper is a language for timed automata.This language is basically an extension of Milner's synchronisation trees withoperators to handle clocks, namely clocks resettings, invariants and guards. Thelanguage has the ability to represent any (image-�nite) timed automata by meansof guarded recursion, and moreover, any guarded recursive expression can beinterpreted as an (image-�nite) timed automata. It is extended with the parallelcomposition and, moreover, some common time operations including time-out,waiting and urgency, are algebraically de�ned in terms of the basic language.
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