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This study focuses on properties of axisymmetric capillary bridges between spherical particles in the pendular re-
gime under suction control. Using the toroidal approximation in combination with the governing Young-Laplace
equation, analytical expressions for the rupture distance (dependent on the suction) and for the capillary force
(dependent on the suction and the interparticle separation distance) have been obtained that do not involve
any calibrated coefficient. The developed analytical expressions are effective for values of the dimensionless

suction larger than104. To predict capillary forces and rupture distances for a wider range of values of the dimen-
sionless suction, closed-form expressions for rupture distances and capillary forces have been obtained by curve-
fitting to a large dataset of numerical solutions of the Young-Laplace equation. It is shown that these expressions
can also be employed for capillary bridges between spheres with unequal radii when the Derjaguin radius is
employed.
© 2019 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://

creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

Different types of cohesive forces, such as van der Waals forces [1],
electrostatic forces [2] and capillary forces [3] occur in granular mate-
rials. For wet granular materials, capillary forces are larger than the
other cohesive forces.

Hence, cohesion in wet granular materials originates from capillary
forces between the constituting particles [4–8]. With decreasing liquid
content, various regimes are encountered [7,9–12]: (1) the capillary re-
gime where the particles are fully immersed in liquid, (2) the funicular
regime with coalesced capillary bridges, with liquid clusters that are si-
multaneously in contact with at least three particles and (3) the pendu-
lar regime where a capillary bridge is associated with exactly two
particles.

The current study focuses on capillary bridges in the pendular re-
gime and situations where the surface of the capillary bridge is axisym-
metric. The effect of viscosity is not considered here, since the capillary
bridges are assumed to be in quasi-static equilibrium. The influence of
gravity on capillary bridges that is investigated in Ref. [13] is neglected
in the present study.

Important properties of capillary bridges between two spheres in
the pendular regime are the rupture distance (i.e. the maximum
.kruyt@utwente.nl (N.P. Kruyt),

. This is an open access article under
separation distance between the particles for which a capillary bridge
exists) and the capillary force. The dependence of the rupture distance
on the volume of the capillary bridge and of the capillary force on the
volume of the capillary bridge and on the separation distance has
been extensively investigated [3,14–18]. This type of problem is called
volume control here.

Besides properties of capillary bridges under volume control (where
the volume is kept constant), such properties under suction control
(where the pressure difference between the surrounding gas and the
liquid inside the capillary bridge is kept constant) are also important.
For instance, in Discrete ElementMethod [19] simulations of the behav-
iour of wet granular materials, expressions for given capillary bridge
volume are appropriate for undrained tests, whereas expressions for
given suction pressure are appropriate for drained tests [20–23]. In
practice, the behaviour of wet granular materials under suction control
is of great interest when the humidity of the surrounding gas is con-
trolled. The relationship between suction and humidity under condi-
tions of thermodynamic equilibrium is discussed in detail in
Section 2.5. The current study focuses on properties of capillary bridges
under suction control.

Properties of capillary bridges are determined by the capillary bridge
surface geometry, which is described by thewell-known Young-Laplace
equation [3,14–17,24–26], according to which the mean curvature of
the surface is constant. It has been shown experimentally that the
Young-Laplace equation accurately describes the properties of capillary
bridges [27–35]. According to the Young-Laplace equation [14–18,24],
the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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the mean curvature of the capillary bridge surface H is proportional to
the value of suction Δp.

H ¼ Δp
γ

¼ pext−pint
γ

H� ¼ H � R ; ð1Þ

where pext and pint are the pressures outside and inside the capillary

bridge; γ is the surface tension between water and gas (γ ¼ 72:8

�10−3 N/m for water-air interfaces at a temperature of 20∘ C); H is
made dimensionless using the Derjaguin radius R‾ [18,36], giving the di-
mensionless suctionH�. The (effective) Derjaguin radiusR corresponding
to a small spherical particle with radius Rs and a large spherical particle
with radius RL is defined by

R ¼ 2RsRL

Rs þ RL
: ð2Þ

Properties of capillary bridges under suction control have been stud-
ied using the following complimentary approaches: numerically
[20,22,30,37–39], analytically [37,38] and experimentally [30]. Numeri-
cal solutions of the nonlinear Young-Laplace equation are effectively
exact, but are cumbersome and time-consuming when used a large
number of times. Analytical methods have a clear physical meaning,
but they have a limited range of validity as they involve some approxi-
mations. Experiments directly provide information on the capillary
bridge properties, but they are time-consuming and difficult to perform
due to the effects of gravity and particle surface roughness. To the
authors’ best knowledge, explicit expressions for the capillary force
under suction control have not been reported in the literature.

According to analyses of numerical solutions to the Young-Laplace
equation, the relation between rupture distance and capillary bridge
volume under suction control is very different from that under volume
control [22,37–40]. Numerical solutions also show that the capillary
force decreases with increasing value of suction (for the same separa-
tion distance).

Analytical theories are generally based on the toroidal approxima-
tion [3,16,37,38,40,41]. In this approximation the meridional profile of
capillary bridges is represented by part of a circle. Under volume con-
trol, expressions for the capillary force have been reported
[37,38,40,41]. Recently, analytical theories based on the ellipse approx-
imation [14,15,18] have been developed for volume control. In this ap-
proximation, the meridional profile of capillary bridges is represented
by part of an ellipse, and the Young-Laplace equation has been taken
into account, contrary to the toroidal approximation. For given capillary
bridge volume and separation distance, expressions for the rupture dis-
tance and the capillary force have been derived, in which no calibrated
coefficients are required.

Gras et al. [30] have experimentally measured capillary forces and
rupture distances of capillary bridges between two equal-sized spheri-
cal particles under suction control. Their experimental findings are con-
sistent with those obtained from numerical solutions to the Young-
Laplace equation [20,22,30,37–39]. They have also suggested a closed-
form expression for the rupture distance, based on their experimental
results and numerical solutions to the Young-Laplace equation. How-
ever, the dimensionless suction in their closed-form expression for the
rupture distance is limited to small values (0≤H�≤15).

For capillary bridges under volume control or suction control, it has
been numerically shown that two solutions to the Young-Laplace equa-
tion may exist [14–16,18,22,37]. To select the physically-relevant
branch (also referred to as the stable solution), various criteria have
been developed in Refs. [22,25,42]. However, the effectiveness of these
criteria has not been verified for both volume and suction control
conditions.

In experimental studies with wet granular materials, it is not possi-
ble to continually increase the liquid pressure to large values while
keeping the gas pressure at atmospheric level, since the liquid may
vaporize under high (negative) pressure levels [43,44]. Therefore, the
axis translation technique that is suitable for lower values of suction
and the vapour equilibriummethod that is applicable for higher values
of suction have been developed. In the vapour equilibrium method the
relative humidity of the gas is controlled. As described in Refs. [44,45],
the vapour equilibrium technique cannot accurately control the dimen-
sionless suctionwhen the relative humidity h is close to100%, due to the
strongly nonlinear h−H� curve that requires a high-precision humidity
sensor. The relation between the relative humidity h and the dimen-
sionless suction H� is generally given by the Kelvin equation
[37,38,46]. Therefore, it is valuable to (also) formulate the developed
expressions for the rupture distance and the capillary force in terms of
humidity and separation distance.

The range of dimensionless suctionH� of interest in the current study
isH�≥1. ForH�b1, the capillary force is relatively small and hence it is not

important. For granular soils, the mean particle size is about 7:4� 10−5

m [44]; accordingly, the dimensionless suction H� is approximately

larger than 102 (H� N
≈

102). The values of H� considered here have a

much larger range than that in Ref. [30], in which values 0≤H�≤15
have been considered.

In the present study, properties of capillary bridges under suction
control are determined using the complimentary approaches of an ana-
lytical theory aswell as analyses of numerical solutions to the governing
Young-Laplace equation. The analytical theory is valid for large values of

the dimensionless suction (H�≥104) that correspond to small capillary
bridge volumes. A large dataset of numerical solutions to the Young-
Laplace equation is used to formulate closed-form expressions (by
curve-fitting) that are valid for a wider range of dimensionless suction
H�≥1, and thus both small and large capillary bridge volumes have
been taken into account. Specific objectives of this study are to:

• demonstrate the effectiveness of the surface free-energy based crite-
rion for selecting the physically-relevant solutions to the governing
Young-Laplace equation (obtained by a high-resolution integration
method) under both suction and volume control conditions;

• develop an analytical theory for the rupture distance and the capillary
force under suction control, by employing the toroidal approximation;

• formulate closed-form expressions for the rupture distance and the
capillary force under suction control by curve-fitting to a large dataset
of numerical solutions of the governing Young-Laplace equation;

• consider the influence of the particle size ratio on the rupture distance
and the capillary force under suction control by using the Derjaguin
radius (which is valid for small capillary bridge volumes).

The outline of this study is as follows. Section 2 gives the description
of the geometry of the capillary bridge, the numerical solution method
for the governing Young-Laplace equation, the criterion for selecting
the physically-relevant solutions and the vapour equilibrium method
for suction control. In Section 3 analytical expressions are derived for
the rupture distance and the capillary force for given suction and sepa-
ration distance, based on the toroidal approximation. In Section 4
closed-formexpressions are given for the capillary force and the rupture
distance by curve-fitting to the large dataset of numerical solutions to
the Young-Laplace equation. Section 5 develops the obtained expres-
sions for unequal-sized spherical particles by using the Derjaguin ra-
dius. Section 6 summarizes the contributions of this study and
discusses further developments.

2. Capillary bridge geometry and numerical solution of the Young-
Laplace equation

In this Section, the geometry of the capillary bridge is described. The
Young-Laplace equation is given that describes the geometry of the cap-
illary bridge surface. The numerical solution method for the Young-
Laplace equation is presented. The surface free-energy criterion for
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selectingphysically-relevant branches of thenumerical solutions is then
discussed, for both suction and volume control conditions. The method
for controlling suction by the vapour equilibriummethod using the Kel-
vin equation is also described.

2.1. Geometry of the capillary bridge

An axially symmetric capillary bridge between two spherical parti-
cles with radii Rs and RL (RL ≥Rs) is considered. The subscripts s and L
refer to properties of the small and large particle, respectively (conform
the notation in Ref. [18]).

As shown in Fig. 1, the axial coordinate is denoted by X, and the me-
ridional profile of the capillary bridge is described by Y Xð Þ. The neck
where the radius of the capillary bridge is smallest is taken at X ¼ 0.
The neck radius is denoted by Y0. Hence

Y 0ð Þ ¼ Y0 Y 0 0ð Þ ¼ 0 ; ð3Þ

where the slope of themeridional profile Y Xð Þ is denoted by Y 0 Xð Þ ¼ dY
=dX.

Themeridional coordinates Xcs; Ycsð Þand XcL; YcLð Þof the three-phase
contact circles at the small and large spheres are related to separation
distances (Ss and SL), and half-filling angles (δs and δL) (see Fig. 1) by
Ref. [18].

Xcs ¼ Ss þ Rs 1−cos δsð Þ Ycs ¼ Rs sin δs
XcL ¼ −SL−RL 1−cos δLð Þ YcL ¼ RL sin δL :

ð4Þ

For small capillary bridge volumes, the contact radii Ycs and YcL are
very small. Therefore, Eq. (4) can be approximated by

Xcs≅Ss þ 1
2
Y2
cs

Rs
Ycs≅Rsδs XcL≅−SL−

1
2
Y2
cL

RL
YcL≅RLδL : ð5Þ

In addition, the slopes of themeridional profiles at the contact circles in-
volve the contact angle θ (see also Fig. 1). These slopes are determined
by Ref. [18].

Y
0
Xcsð Þ ¼ cot δs þ θð Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
s−Y2

cs

q
−TYcs

Ycs þ T
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
s−Y2

cs

q ≡ Y
0
cs

Y
0
XcLð Þ ¼ −cot δL þ θð Þ ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
L−Y2

cL

q
−TYcL

YcL þ T
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
L−Y2

cL

q ≡ Y
0
cL;

ð6Þ
Fig. 1. Meridional geometry of a capillary bridge between two unequal-sized spheres
RL ≥Rsð Þ with contact angle θ. The meridional profile is described by Y Xð Þ; the neck
radius is denoted as Y0; the meridional coordinates of the contact circles of the small
and the large particles are Xcs;Ycsð Þ and XcL;YcLð Þ, respectively; the half-filling angles are
δs and δL , respectively; the separation distances, with respect to the neck located at X ¼
0, for the small and the large particle are Ss and SL , respectively. The total separation
distance between the two particles is 2S. (Figure from Ref. [18]).
where T is a short-hand notation for the term

T ¼ tan θ : ð7Þ

Here the contact angle θ is in radians.

2.2. Young-Laplace equation and capillary force

It is well-known that the geometry of the capillary bridge surface is
described by the Young-Laplace equation [14–18,24], according to
which the mean curvature of the surface is constant. For the axially-
symmetric capillary bridges considered in this study, the Young-
Laplace equation can be expressed as

K½Y � Xð Þ ≡ Y″

1þ Y 02
� �3=2 −1

Y
1

1þ Y 02
� �1=2 ¼ H ; ð8Þ

where H is given by Eq. (1) and K½Y� is the mean curvature operator;

Y 0 ¼ dY=dX and Y″ ¼ d2Y=dX2. For this nonlinear second-order ordi-
nary differential equation, boundary conditions are given by Eqs. (3),
(4) and (6).

The Young-Laplace equation 8ð Þ has a first integral

Λ½Y� Xð Þ ≡ Yffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Y 02

q þ 1
2
HY2 ¼ λ ; ð9Þ

whereλ is a constant. This expression corresponds to axial force equilib-
rium along the capillary bridge [14,16,25]. By substitution of
Eqs. (3) and (6) into Eq. (9), it follows that the mean curvature H and
the constant λ are given by

Y0−
YcLffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ Y 0
cL
2

q
Y2
cL−Y2

0

¼ 1
2
H ¼

Y0−
Ycsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ Y 0
cs
2

q
Y2
cs−Y2

0

λ ¼ Y0 þ 1
2
HY2

0 :
ð10Þ

The capillary force Fcap between two spherical particles is then deter-
mined by

Fcap ¼ λ 2πγð Þ ; ð11Þ

where Fcap and λ are both dimensional (contrary to in Refs. [14,15]).

2.3. Numerical solutions of the Young-Laplace equation

When values of the contact radius of the small particle Ycs and the
neck radius Y0 are specified, the meridional profile X Yð Þ, the dual of Y
Xð Þ , is obtained by using a high-resolution numerical integration
method, as described in Ref. [18]. The capillary bridge volume (for
each particle, i.e. the part up to the neck located at X ¼ 0) is evaluated
by numerical integration from themeridional profileY Xð Þ. The total cap-
illary bridge volume V and total separation distance 2S are determined
by the capillary bridge volumes and the separation distances of each
particle

V ¼ Vs þ VL 2S ¼ Ss þ SL ; ð12Þ

whereVs andVL are the capillary bridge volumes for the small and large
particle respectively; Ss and SL are the separation distances for the small
and large particle respectively, as shown in Fig. 1.

Zhao et al. [18] compiled a database consisting of a large number of
numerical solutions to the Young-Laplace equation, for various values of
half-filling angles δs ≤60∘, ratios of neck radius to contact radius 0≤Y0=

Ycs ≤1 and size ratios of RL=Rs = 1, 2, 8 and 128 and contact angles of
θ = 0∘ , 20∘ and 40∘ . For each half-filling angle δs and ratio Y0=Ycs ,
the resulting separation distances (Ss,SL and S), capillary bridge volumes



625C.-F. Zhao et al. / Powder Technology 360 (2020) 622–634
(Vs , VL and V), capillary force (λ) and mean curvature (H) have been
stored. For any combination of mean curvature and separation distance
H; Sð Þ of interest, the (scaled) capillary force λ is obtained by interpolat-
ing the dataset, using the method described in Ref. [14]. The same data-
base and interpolation method have been employed here.

2.4. Stable branches of solutions to the Young-Laplace equation

For specified values of the neck radius Y0 and contact radius Yc, the
solution for the meridional profile Y Xð Þ, as determined by direction in-
tegration (see for instance Eq. (13) in Ref. [18]), is unique. However,
this may not be the case with specified volume V and separation S (so
under volume control) [14–16,18] or with specified suction H and sep-
aration S (so under suction control) [22].

In general, only a single branch of such solutions is stable and is ob-
served experimentally. Criteria based on the minimum of some energy
have been proposed to identify the stable branch of solutions
[14–16,22,25,47,48].

The energy considered in Refs. [16,47,48] is the total surface energy
of the system Esurf , given by the sum of surface areas weighted by the
corresponding interfacial energies per area (i.e. surface tensions)

Esurf ¼ γAlg þ γlsAls þ γsgAsg : ð13Þ

Hereγ,γls andγsg are the surface tensions for liquid-gas, liquid-solid and
solid-gas interfaces, and the corresponding interfacial surface areas are
Alg , Als and Asg respectively.

An energy that also involves other sources of free energy has been
considered in Ref. [22].

EsurfþΔpV ¼ Esurf þ ΔpV : ð14Þ

whereΔp is the pressure difference between gas and liquid; V is the cap-
illary bridge volume.

Besides the energies in Eqs. (13) and (14), the energy considered by

Ref. [25] is equal to that in Eq. (13) but shifted by the constant 4πγR‾
2

and the energy EsurfþpextV ¼ Esurf þ paV in Ref. [42] does not involve
the pressure difference Δp that determines the mean curvature in the
Young-Laplace equation (8).

Under volume control (with fixed capillary bridge volume V), Lian
et al. [16] have demonstrated that the criterion of minimal Esurf is effec-
tive in identifying the stable branch of solutions of the Young-Laplace
equation. They also found that the minimum free surface energy crite-
rion is equivalent to the minimum surface energy of the liquid-gas in-
terface, i.e. γAlg . However, for capillary bridges under suction control,
the validity of the criterion of a minimum of the energy defined in
Eq. (13) has not been investigated in literature.

Under suction control (with fixed suction H), Duriez and Wan [22]
have shown that the criterion of minimal EsurfþΔpV is effective in identi-
fying the stable branch of solutions of the Young-Laplace equation.
However, the appropriateness of this criterion for capillary bridges
under volume control has not been investigated.

The suitability of criteria based on Esurf and EsurfþΔpV for capillary
bridges under volume as well as suction control, respectively, has
been investigated in Appendix A. There it is shown that the criterion
of aminimum of the surface free energy defined by Eq. (13) is appropri-
ate for identifying the stable branch of solutions to the Young-Laplace
equation, under both volume and suction control conditions.

2.5. Relationship between dimensionless suction and relative humidity

The suction in wet granular materials can be controlled through sev-
eral techniques. Among these methods, the vapour equilibrium method
has been extensively employed for unsaturated soils [44,45]. With this
method, the suction is controlled by varying the vapour pressure,
which is equivalent to changing of the relative humidity. The theoretical
basis of thismethod is provided by the Kelvin equation [37,38,46,49] that
relates vapour pressure pv and saturation vapour pressure psat to the di-
mensionless suctionH� under conditions of thermodynamic equilibrium

ln
pv
psat

�
¼ −Δp

ρlRvT t
¼ −γH�

ρlRvT tR
;

�
ð15Þ

Here the ratiopv=psat is defined as the relative humidity h;ρl is the density
of liquid inkg=m3;Rv is the (specific) gas constant of liquid vapour (Rv ¼
461:5 J=kgK for water vapour) and T t is the absolute temperature in K.
Accordingly, the dimensionless suction H� can be related to the relative
humidity h by

H� ¼ −ρlRvT t

γ
R‾ln h : ð16Þ

The relationship between dimensionless suction H� and relative humid-
ity h is illustrated in Fig. 10 of [37].

The large dataset of numerical solutions to the Young-Laplace equa-
tion described in Section 2.3 can also be used to study properties of cap-
illary bridges under humidity control, by employing Eq. (16). In
addition, the effect of temperature T t on the dimensionless suction H�

at a prescribed humidity level can also be investigated. By using
Eq. (16), the dimensionless suction H� present in closed-form expres-
sions in the following Sections can be converted to terms involving
the relative humidity h.

3. Analytical expressions for rupture distances and capillary forces

In this Section, capillary bridges between equal-sized spherical parti-
cles under suction control are considered. The meridional profile of the
capillary bridge is represented by part of a circle, i.e. the toroidal approx-
imation is employed [3,37,38,40,41]. Based on the toroidal approxima-
tion, analytical expressions for the rupture distance and the capillary
force are derived in Sections 3.2 and 3.3, respectively. The accuracy of
these expressions is demonstrated by comparisons with numerical so-
lutions of the Young-Laplace equation.

3.1. Toroidal approximation

In the toroidal approximation, part of a circle is used to represent
the meridional profile of the capillary bridge, see for instance
Refs. [3,16,37,38,40,41]. In earlier developments [3,16,37,38,40,41], cap-
illary forceswere expressed as functions of separation distance andhalf-
filling angle. It is therefore valuable to further develop this approxima-
tion in order to directly calculate rupture distances and capillary forces
for given values of suction and separation distance.

Numerical solutions to the Young-Laplace equation can be
represented in dimensionless form using the scaling method suggested
in Refs. [14,15,18]. For equal-sized spherical particles, the capillary
bridge is symmetric with respect to the neck located atX ¼ 0, thusXcs ¼
−XcL and Ycs ¼ YcL. Therefore, the scaling method is expressed as

P ¼ jXcij
Yci

Q ¼ Y0

Yci
: ð17Þ

As discussed in Refs. [14,15,18], the dimensionless coordinate P repre-
sents the scaled axial position of the contact circle and the dimension-
less coordinate Q represents the scaled neck radius.

The ‘closure’ relationship P ¼ F Qð Þ between the scaled coordinates
P and Q in Eq. (17) according to the toroidal approximation is given by
Refs. [15,18].

P ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 1

q
þ T

� �
1−Qð Þ : ð18Þ
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Under volume control (so for fixed value of the capillary bridge vol-
ume), it has been found that the toroidal approximation Eq. (18) is ac-
curate for small separation distances, but not for large separation
distances [14,15,18,28]. For suction control, Fig. 2 shows the comparison
between the relationship between the scaled coordinates P and Q from
numerical solutions of the Young-Laplace equation and according to the
toroidal approximation, for contact angles θ of 0∘ and 40∘ . This Fig-
ure shows that, under suction control, the toroidal approximation well
represents numerical solutions to the Young-Laplace equation, both
for small and large separation distances, for the stable branch of
solutions.

Under volume control, the critical point Q�; P�ð Þ (separating the sta-
ble and the unstable branch) of the relationP ¼ F Qð Þcorresponds to the
maximum value of P [14,15,18]. However, the P−Q relation for suction
control does not have such a property. Therefore, it is not necessary to
employ the ellipse approximation [14,15,18] (that has a peak value of
P) for capillary bridges under suction control.

For capillary bridges between equal-sized spherical particles,Rs ¼ RL

¼ R, and hence

S� ¼ S
R
¼ Ss

R
¼ SL

R
Y�
c ¼

Ycs

R
¼ YcL

R
Y�
0 ¼ Y0

R

H� ¼ H � R λ� ¼ λ
R

V� ¼ V

R3 :
ð19Þ

These dimensionless variables have been adopted in the following der-
ivations for the rupture distance and the capillary force.

3.2. Rupture distance

Here it is shown that the critical point Q�; P�ð Þ (indicated in Fig. 2)
that separates the stable and unstable branch of solutions can be well
predicted by the toroidal approximation, and hence the rupture dis-
tance under suction control can be estimated by the toroidal
approximation.

For capillary bridges between equal-sized particles with small vol-
umes, it follows from Eqs. (5) and (17) that P can be expressed in
terms of separation distance S� and contact radius Y�

c .

P ¼ S�

Y�
c
þ 1
2
Y�
c : ð20Þ
Fig. 2. Relation between scaled coordinates P andQ (defined in Eq. (17)) from numerical solutio

for dimensionless suction H� ≥104. The critical point Q �; P�ð Þ is indicated that separates the sta
Substituting Eqs. (17) and (20) into Eq. (18), it follows that the separa-
tion distance S� can be expressed in terms of the contact radius Y�

c and
the neck radius Y�

0.

S� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 1

q
þ T

� �
Y�
c−

1
2
Y�2
c −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 1

q
þ T

� �
Y�
0 : ð21Þ

Using Eq. (10), the dimensionless neck radius Y�
0 can be expressed in

terms of the dimensionless contact radiusY�
c and the dimensionless suc-

tion H�

Y�
0 ¼ −

1
H� þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Y�

c T þ Y�
c

� �
H� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

T2 þ 1
p þ 1

H�2 þ Y�2
c :

s
ð22Þ

Substituting Eq. (22) into Eq. (21), the separation distanceS� is obtained
as a function of contact radius Y�

c and dimensionless suction H�:

S� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 1

q
þ T

� �
Y�
c−

1
2
Y�2
c −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 1

q
þ T

� �

� −
1
H� þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Y�

c T þ Y�
c

� �
H� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

T2 þ 1
p þ 1

H�2 þ Y�2
c

s !
: ð23Þ

Eq. (23) can be rewritten as a quartic equation in Y�
c .

K4Y
�4
c þ K3Y

�3
c þ K2Y

�2
c þ K1Y

�
c þ K0 ¼ 0 ; ð24Þ

where the coefficientsK4,K3,K2,K1 andK0 (functions of the dimension-
less suctionH�, the dimensionless separation distanceS� and the contact
angle θ) are given in Appendix B. For given suction and separation dis-
tance, Eq. (24) has two real and positive solutions for Y�

c that are phys-
ically relevant. At the critical separation distance 2S�crit , these two
solutions are the same. This occurswhen the discriminant of the quartic
equation 24ð Þ equals zero [50]. Based on this property, the rupture dis-
tance 2S�crit can be expressed as

2S�crit ¼
2
H�

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 1

p � 1−
	

27
32

þ 27
16

T þ 81
64

T2
�

1
H�


1=3 )
:

(
ð25Þ

The detailed derivation of Eq. (25) is given in Appendix B.With relation-
ship Eq. (25), the critical separation distance 2S�crit of capillary bridges
can be determined for specified suction valuesH� (and contact angle θ).
ns to the Young-Laplace equation and predictions according to the toroidal approximation

ble and unstable branches. (a) Contact angle θ ¼ 0∘; (b) contact angle θ ¼ 40∘ .
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Fig. 3 shows comparisons of the critical separation distance 2S�crit ex-
tracted from the large database of numerical solutions of the Young-
Laplace equation and that predicted by the rupture criterion of
Eq. (25). Note that the product of rupture distance and dimensionless
suction is compared, as thatmore clearly shows its accuracy (as the rup-
ture distance itself is proportional to 1=H�, which varies by multiple or-
ders of magnitude). The analytical rupture criterion agrees very well
with the numerical solutions of the Young-Laplace equation, for contact

angles 0∘ ≤θ≤40∘. WhenH�≅104, the deviations are smaller than 2% for θ
¼ 0∘, 1% for θ ¼ 20∘ and 0:5% for θ ¼ 40∘. For larger values of H�, the de-

viations are much smaller, not more than 0:5%whenH�≥106. Note that
this analytical result does not involve any calibrated fitting coefficient.

3.3. Capillary force

The dimensionless capillary force λ� can be determined, for given
values of mean curvatureH� and neck radiusY�

0, through the second ex-
pression of Eq. (10). For capillary bridges under suction control, the neck
radius Y�

0 is a function of the dimensionless suction H� and the dimen-
sionless separation distance S� , i.e. Y�

0 ¼ Y�
0 H�; S�ð Þ . Therefore, for

given values of dimensionless suction H� and separation distance S� ,
the capillary force between two equal-sized spherical particles can be
determined by

λ� ¼ Y�
0 H�; S�ð Þ þ 1

2
H�Y�2

0 H�; S�ð Þ ; ð26Þ

whereY�
0 H�; S�ð Þ is analytically derived byusing the toroidal approxima-

tion in the following manner.
For 0∘ ≤θ≤40∘ , it is observed from the numerical solutions of the

Young-Laplace equation that 0bK4=H
�≤1 and −4≤K3=H

�b−2. Since
the contact radius is small, Y�

c≪1, the quartic term in Y�
c in Eq. (24)

can be neglected in comparison to the cubic term. Accordingly,
Eq. (24) can be reduced to

K3Y
�3
c þ K2Y

�2
c þ K1Y

�
c þ K0 ¼ 0 : ð27Þ
Fig. 3. Product of rupture distance and dimensionless suction,2S�critH
�, for various values of

the dimensionless suction H�: numerical solutions of the Young-Laplace equation and
predictions by the analytical theory; contact angles θ ¼ 0∘;20∘ and 40∘ .
The discriminant of Eq. (27) was found to be negative by numerical
verification. Thus, Eq. (27) has three unequal real solutions (see also
[50]). These solutions can be determined by the trigonometric formula
[50], of which the physically-relevant one is given by

Y�
c ¼ −

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−3K1K3 þ K2

2

q
3K3

cosφ−
K2

3K3

where cos3φ ¼ 27K0K
2
3−9K1K2K3 þ 2K3

2

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− 3K1K3−K2

2

� �3r ;
ð28Þ

and K3, K2, K1 and K0 are given in Eq. (34). The accuracy of this solution
for Y�

c has been verified by comparisons of numerical solutions of
Eq. (24) and numerical solutions of the Young-Laplace equation. Substi-
tution of this solution for Y�

c into Eq. (22) gives an expression for the di-
mensionless neck radius Y�

0 as a function of H� and S�, i.e. Y�
0 H�; S�ð Þ.

Given the dimensionless suction H� and the dimensionless separa-
tion distance S� , the procedure for determining the capillary force be-
tween equal-sized spherical particles using the toroidal approximation
consists of: (1) checking that the separation distance S� is smaller
than the critical separation S�crit determined by Eq. (25); (2) calculating
the dimensionless contact radius Y�

c through Eq. (28) from the given di-
mensionless suction H� and dimensionless separation distance S� ;
(3) substituting Y�

c and H� into Eq. (22) to obtain the dimensionless
neck radius Y�

0 ; (4) with the obtained value of Y�
0 , determining λ�

from Eq. (26) and the capillary force Fcap from Eq. (11).
Fig. 4 shows the comparison of the capillary forces from the numer-

ical solutions of the Young-Laplace equation and those predicted by the
toroidal approximation. The analytical theory agrees very well with the
numerical solutions of the Young-Laplace equationwhen themean cur-

vature H�≥104 and the contact angle 0∘ ≤θ≤40∘.

4. Curve-fitting expressions for rupture distances and capillary
forces

The toroidal approximation described in Section 3 is limited to the

dimensionless suction H�≥104. In this Section, computationally-fast
closed-form expressions for the rupture distance and the capillary
force of capillary bridges between equal-sized spherical particles under
suction control have been obtained by curve-fitting to the large dataset
of numerical solutions of the Young-Laplace equation. These expres-
sions are applicable over a wider range of dimensionless suction than
the analytical expressions that have been formulated in Section 3.

4.1. Rupture distance

Gras et al. [30] obtained a closed-form expression for the rupture
distance 2S�crit for given values of dimensionless suction H� , by curve-
fitting to their limited dataset of numerical solutions of the
Young-Laplace equation. As described in Ref. [30], such an expression
is applicable only for the dimensionless suction in the range of 0≤H�≤1
5. This range of dimensionless suction corresponds to large capillary

bridge volumes V�1=3≥0:1 and is very limited, compared to the whole
range of dimensionless suction indicated in Fig. 5. Therefore, it is neces-
sary to formulate a closed-form expression that is capable of predicting
rupture distances for a wider range of dimensionless suction than ex-
pression 25ð Þ and that in Ref. [30].

By curve-fitting to a large dataset of numerical solutions of the
Young-Laplace equation that is obtained by a high-resolution integra-
tion method in Section 2, a more accurate closed-form expression for
determining the rupture distance 2S�crit has been obtained, given by

2S�crit ¼
2
H�

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 1

p � 1þ c1H
�−1=3 þ c2H

�−2=3
� �

; ð29Þ



Fig. 4.Dependence of the capillary force on the separation distance, obtained from the numerical solutions of the Young-Laplace equation and predictions by the toroidal approximation,

for contact angle θ of 0∘ and 40∘ . (a) Dimensionless suction H� ¼ 104 (b) dimensionless suction H� ¼ 105.
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where the coefficients c1 and c2 are dependent upon the contact angle θ,
given in Appendix B.

As shown in Fig. 5, the obtained closed-form expression Eq. (29)
agrees very well with the numerical solutions of the Young-Laplace
equation for the very large range of dimensionless suction considered

with H�≥1. For H�≥102, the deviations between the fit and the numer-
ical solutions are smaller than 0:5%, much better than that of Gras et al.
[30] which gives deviations up to 20%. For smaller values of the dimen-
sionless suction, the deviations are less than 2:5%.
Fig. 5.Rupture distancesmultiplied bydimensionless suction,2S�critH
�, for various values of

dimensionless suction H� of numerical solutions to the Young-Laplace equation and the
predictions by Eq. (29).
4.2. Capillary force

The analytical expression for the capillary force in Eq. (26) is not ac-

curate for 1≤H�≤104 (data not shown). Therefore, it is desirable to for-
mulate a closed-form expression for the capillary force for awider range
of dimensionless suction, H�≥1. Note that the dimensionless capillary
force λ� is determined by the dimensionless neck radius Y�

0.
Based on observations on numerical solutions of the Young-Laplace

equation, the neck radius Y�
0 for capillary bridges between equal-sized

spherical particles is dependent on the separation distance S� , the di-
mensionless suction H� and the contact angle θ, i.e. Y�

0 ¼ Y�
0 S�;H�; θð Þ.

Given the number of dependent variables, the steps for curve-fitting
to the neck radius from numerical solutions of the Young-Laplace equa-
tion are: (1) curve-fitting the neck radius at zero separation distance
Y�
0fS�¼0g for dimensionless suction H�≥1 and for contact angles θ of 0∘ ,

20∘ and40∘, i.e.Y�
0fS�¼0g ¼ Y�

0 S� ¼ 0;H�; θð Þ; (2) curve-fitting the neck ra-
dius normalized by its value at zero separation distance Y�

0=Y
�
0fS�¼0g for

dimensionless suctionH�≥1and for contact angles θ of0∘, 20∘ and40∘, i.e.

Y�
0=Y

�
0fS�¼0g ¼

Y�
0

Y�
0fS�¼0g

S�=S�crit;H
�; θ

� �
; and (3) obtaining the neck radius

Y�
0 by multiplying Y�

0=Y
�
0fS�¼0g and Y�

0fS�¼0g.
By curve-fitting to the large dataset extracted from numerical solu-

tions of the Young-Laplace equation, an expression for the neck radius
at zero separation distance, Y�

0fS�¼0g, has been obtained

Y�
0 S�¼0f g ¼

ffiffiffiffiffiffi
2
H�

r
�
	
p1exp −

p2ffiffiffiffiffiffi
H�p
�
þ p3



;

�
ð30Þ
Here the coefficients p1, p2 and p3 are functions of T (T ¼ tan θ), given in
Appendix C. The accuracy of this expression is demonstrated in Fig. 6.

By curve-fitting to the large dataset, the neck radius normalized by
the neck radius at zero separation distance Y�

0=Y
�
0fS�¼0g for the selected

dimensionless suction H�≥1 and for contact angles θ of 0∘, 20∘ and 40∘,
the ratio of Y�

0=Y
�
0fS�¼0g is obtained as

Y�
0

Y�
0 S�¼0f g

¼ 1þ A

" ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

S�

S�crit

s
−1

#
þ B

S�

S�crit
; ð31Þ



Fig. 6. Product of H�=2ð Þ1=2 and the scaled neck radius at zero separation distance,Y�
0fS�¼0g,

extracted from numerical solutions of the Young-Laplace equation and predicted by the
closed-form expression in Eq. (30), for contact angles of θ ¼ 0∘ , θ ¼ 20∘ and θ ¼ 40∘ .
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where A and B are functions of H� and θ, given by

A ¼ a1 ln
2 H�ð Þ þ a2 ln H�ð Þ þ a3

B ¼ b1 ln
2 H�ð Þ þ b2 ln H�ð Þ þ b3

: ð32Þ

Here the coefficients ai and bi only depend on the contact angle θ, as
given in Appendix C. The accuracy of this expression is demonstrated
in Fig. 7.

Fig. 8 shows the comparison for the dimensionless capillary forcesλ�

between those from numerical solutions to the Young-Laplace equation
Fig. 7. Dependence on normalized separation distance S�=S�crit of the neck radius Y�
0 normali

the Young-Laplace equation and that predicted by the closed-form expression in Eq. (31), fo
angle θ ¼ 40∘ .
and the predictions by Eqs. (26), (30) and (31), for the dimensionless

suction H� of 1, 25, 103 and 105 and the contact angle θ of 0∘ and 40∘ .
The deviations between the predictions and the numerical solutions
are smaller than 1% for both θ ¼ 0∘ and θ ¼ 40∘.

With these curve-fitting expressions, the steps for determining the
capillary force of capillary bridges between equal-sized spherical parti-
cles for given dimensionless suction H�≥1 and separation distance S�

are:

• checking that the separation distance S� is smaller than the critical
separation S�crit determined by Eq. (29);

• calculating the neck radius at zero separation distance Y�
0fS�¼0g by

Eq. (30) from the given dimensionless suction H�;
• substituting Y�

0fS�¼0g into Eq. (31) to obtain Y�
0;

• with the obtained values of Y�
0 and specified H�, determining λ� from

Eq. (26) and the capillary force Fcap from Eq. (11).

5. Capillary bridges between unequal-sized spherical particles under
suction control

In this Section, the expressions for capillary force and rupture dis-
tance for the case of equal-sized spherical particles under suction con-
trol are developed to the case of unequal-sized spherical particles.

5.1. Considering size effect by derjaguin radius

The effect of size ratio on capillary force and rupture distance has
been studied in Refs. [17,18,28,51] (under volume control). It has
been analytically and numerically proven in Ref. [18] that, for small
capillary bridge volumes, the expressions for capillary force and
rupture distance for equal-sized particles can be employed for
unequal-sized particles by using the Derjaguin radius (also called
the harmonic radius) that is defined in Eq. (2). The accuracy of the
use of the Derjaguin radius R has been demonstrated for small capil-

lary bridge volumes (V�1=3≤0:1). Such a volume range corresponds to

the dimensionless suction H� N
≈

102.
zed by that at zero separation distance, Y�
0fS�¼0g , extracted from numerical solutions of

r dimensionless suctions H� ¼ 1, 25, 103 and 105: (a) contact angle θ ¼ 0∘ , (b) contact



Fig. 8. Capillary forces extracted from numerical solutions of the Young-Laplace equation and those predicted by the closed-form expressions Eqs. (26), (30) and (31), for dimensionless

suctions H� ¼ 1, 25, 103 and 105: (a) contact angle θ ¼ 0∘ , (b) contact angle θ ¼ 40∘ .
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Using the Derjaguin radiusR, the separation distance2S, the capillary
bridge volume V, the capillary force λ and the mean curvature H can be
made dimensionless

2S� ¼ 2S
R
V� ¼ V

R3 λ
� ¼ λ

R
H� ¼ H � R‾ : ð33Þ

Substituting the dimensionlessS�,λ� andH� into the expressions for rup-
ture distances (Eqs. (25) and (29)) and capillary forces (Eqs. (26), (30)
and (31)) for equal-sized spherical particles, rupture distances and cap-
illary forces for unequal-sized spherical particles can be determined. The
Fig. 9. Product of rupture distance and dimensionless suction, 2S�critH
� , as extracted from nu

expressions for particle size ratio RL=Rs = 1, 2, 8 and 128 and contact angle θ ¼ 40∘: (a) tor
dimensionless suction H� ≥1.
accuracy of these predictions is investigated in the following
subsections.

5.2. Rupture distance

Fig. 9a shows the comparison of rupture distances 2S�crit extracted
fromnumerical solutions to theYoung-Laplace equation and the predic-
tions according to the toroidal approximation, for particle size ratios of
RL=Rs =1, 2, 8 and 128, contact angle of 40∘ and dimensionless suction

H�≥104. As expected, the toroidal approximation agrees very well with
numerical solutions to the Young-Laplace equation, with deviations
smaller than 1%.
merical solutions to the Young-Laplace equation and that predicted by the closed-form

oidal approximation for dimensionless suction H� ≥104; (b) predictions by Eq. (29) for



Fig. 10. Capillary forces from numerical solutions to the Young-Laplace equation and according to the predictions by (a) the toroidal approximation of Eq. (26) when the dimensionless

suction ofH�≅105 and (b) curve-fitting expression of Eqs. (26), (30) and (31)when the dimensionless suction ofH�≅102, for particle size ratios ofRL=Rs =1, 2, 8 and 128, contact angles of
θ ¼ 0∘ and θ ¼ 40∘ .
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Fig. 9b compares the rupture distance 2S�crit extracted from nu-
merical solutions of the Young-Laplace equation with the predic-
tions of the closed-form expression in Eq. (29), for particle size
ratios of RL=Rs = 1, 2, 8 and 128 and contact angle of 40∘ . The
range of dimensionless suction is much larger than that for the to-
roidal approximation in Fig. 9a. The closed-form expression agrees
well with the numerical solutions to the Young-Laplace equation,

with deviations smaller than 1% for H�≥102. For 1≤H�≤102 (corre-

sponding to capillary bridge volume V�1=3≥0:1), the use of the
Derjaguin radius gives larger deviations [18]. Hence the deviations
between the numerical solutions of the Young-Laplace equation
and the predictions of Eq. (29) are larger.
Fig. 11. Numerical solutions to the Young-Laplace equation under volume control, with ca
(a) dimensionless capillary force λ� as a function of dimensionless separation distance S�; n
larger than the capillary force at critical separation is indicated by black dots, while the bra

indicated by red triangles; (b) dimensionless free energy E� ¼ Esurf=γR
‾2 as a function of dime

as a function of dimensionless separation distance S� .
5.3. Capillary force

Fig. 10a shows the comparison between capillary forcesλ� extracted
fromnumerical solutions to theYoung-Laplace equation and the predic-
tions of the toroidal approximation, for particle size ratios of RL=Rs =1,
2, 8 and 128, contact angles of θ = 0∘ and 40∘ when the dimensionless

suction H�≅105. As expected, the toroidal approximation agrees very
well with numerical solutions to the Young-Laplace equation, with de-
viations smaller than 1%.

Fig. 10b compares the capillary forceλ� extracted fromnumerical so-
lutions to the Young-Laplace equation with the predictions of the
closed-form, curve fitting expression in Eqs. (26), (30) and (31), for
pillary bridge volume V�≅10−6 , particle size ratio RL=Rs ¼ 1 and contact angle θ ¼ 0∘ :
ote that two branches of solutions are present: the branch where the capillary forces is
nch where the capillary forces smaller than the capillary force at critical separation is

nsionless separation distance S�; (c) dimensionless free energy E�surfþΔpV ¼ EsurfþΔpV=γR
‾2



Fig. 12. Numerical solutions to the Young-Laplace equation under suction control, with dimensionless suction H�≅103 , particle size ratio RL=Rs ¼ 1 and contact angle θ ¼ 0∘ :
(a) dimensionless capillary force λ� as a function of dimensionless separation distance S�; note that two branches of solutions are present: the branch where the capillary forces is
larger than the capillary force at critical separation is indicated by black dots, while the branch where the capillary forces smaller than the capillary force at critical separation is

indicated by red triangles; (b) dimensionless free energy E� ¼ Esurf=γR
‾2

as a function of dimensionless separation distance S�; (c) dimensionless free energy E�surfþΔpV ¼ EsurfþΔpV=γR
‾ 2

as a function of dimensionless separation distance S� .
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particle size ratios ofRL=Rs =1, 2, 8 and 128 and contact angles of θ= 0∘

and40∘when thedimensionless suctionH�≅102. It is shown that the pre-
dictions are in good agreement with the numerical solutions of the
Young-Laplace equation.

From these analyses, it is concluded that the closed-form expres-
sions are effective for capillary bridges between unequal-sized particles

by using the Derjaguin radius, when the dimensionless suction H�≥102

(corresponding to V�1=3≤0:1, and thus the Derjaguin radius is valid
[18]). The procedure for determining rupture distance and capillary
force of capillary bridges between unequal-sized particles is then the
same as that for equal-sized particles described in Sections 3 and 4.

6. Conclusions

This study focuses on capillary forces and rupture distances for cap-
illary bridges between spherical particles under suction control, using
three complementary different approaches: (1) analyses of numerical
solutions of the governing Young-Laplace equation using a high-
resolution integrationmethod, (2) an analytical theory based on the to-
roidal approximation, that does not require any calibrated parameters
and (3) closed-form expressions with coefficients determined by
curve fitting to the large dataset of numerical solutions of the Young-
Laplace equation. Specific contributions of this study are:

• the effectiveness of the surface free-energy criterion has been demon-
strated, under suction control and volume control, for identifying the
physically-relevant solutions to the governing Young-Laplace equa-
tion.

• based on the toroidal approximation, an analytical theory has been
developed for the rupture distance and the capillary force (given
values of the suction), that does not involve any calibrated parame-
ters. The analytical expressions are validwhen the dimensionless suc-

tion H�≥104 and the contact angle θ≤40∘.
• closed-form expressions have been formulated for the rupture dis-
tance and the capillary force (given values of the suction) by curve-
fitting to the large dataset of numerical solutions of the Young-
Laplace equation. These expressions are in good agreement with the
numerical dataset when the dimensionless suctionH�≥1 and the con-
tact angle θ≤40∘.

• the influence of particle size ratio on the rupture distance and the cap-
illary force has been considered by using the Derjaguin radius that is
valid when the dimensionless suction H�≥102 (corresponding to

small capillary bridge volumes V�1=3≤0:1).

The numerical solutions to the Young-Laplace equation and the
closed-form expressions for capillary forces and rupture distances
have not been compared with the experimental results in Ref. [30] for
capillary bridges between spherical particles under suction control,
since the values of the dimensionless suction H� in Ref. [30] are very
small (in the range of 0≤H�≤15) and the contact angle θ is not constant
in these experiments when the separation between the spherical parti-
cles is varied.

For future studies, it is recommended to implement the developed
closed-form expressions into Discrete ElementMethod simulation soft-
ware or into micromechanics-based constitutive relations (see for in-
stance Refs. [52–54]) for granular materials in order to investigate the
effect of capillary cohesion under suction control. In addition, consider-
ing the different behaviour of capillary bridges under volume and suc-
tion control, the mechanical response of wet granular assemblies is
highly loading-path dependent [55]. Therefore, it is important to con-
sidering such properties in effective stress tensors [56–58] and constitu-
tive relations [52,53,59] for wet granular materials.
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Appendix A. stable branches of numerical solutions to the Young-
Laplace equation

As discussed in Section 2.4, branches of (multiple) solutions of the
Young-Laplace equationmay exist under volume aswell as suction con-
trol. To identify the physically-relevant stable branch of solutions,
criteria have been proposed based on the minimum of the energy in
Eq. (13) for volume control and on the minimum of the energy in
Eq. (14) for suction control. In this Appendix the appropriateness is in-
vestigated of (“opposite”) criteria based on the energy in Eq. (13) for
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suction control and on the energy in Eq. (14) for volume control. To this
end, the large dataset of numerical solutions to the Young-Laplace equa-
tion (see Section 2.3) is employed.

Under volume control (so with fixed capillary bridge volume V), the
dependence of the capillary force on the separation S is shown in
Fig. 11a. Two branches of solutions exist: the capillary forces larger
than the capillary force at critical separation are shown by (many)
black dots, whereas the capillary forces smaller than the capillary
force at critical separation are indicated by red triangles. The energies
Esurf and EsurfþΔpV in Eqs. (13) and (14) are shown in Fig. 11b and c, re-
spectively. According to Refs. [16,47,48], the stable branch under vol-
ume control corresponds to a minimum in the energy Esurf in Eq. (13).
For this stable branch, the energy EsurfþΔpV in Eq. (14) is larger than
for the unstable branch. Therefore, the criterion of aminimumof the en-
ergy EsurfþΔpV in Eq. (14) (proposed in Ref. [22] for suction control) can
not be used to identify the stable branch of solutions under volume
control.

Under suction control (so with fixed suction H), the dependence of
the capillary force on the separation S is shown in Fig. 12a. The two
branches of solutions exist: the capillary forces larger than the capillary
force at critical separation are shown by (many) black dots, whereas the
capillary forces smaller than the capillary force at critical separation are
indicated by red triangles. The energies Esurf and EsurfþΔpV in Eqs. (13)
and (14) are shown in Fig. 12b and c, respectively. According to
Ref. [22], the stable branch under suction control corresponds to a min-
imum in the energy EsurfþΔpV in Eq. (14). For this stable branch, the en-
ergy Esurf in Eq. (14) is smaller than for the unstable branch. Therefore,
the criterion of a minimum of the energy Esurf in Eq. (13) (proposed in
Ref. [22] for volume control) can also be used to identify the stable
branch of solutions under volume control. Note that under suction con-
trol the stable branchhas larger volumeand surface area than theunsta-
ble branch of solutions [22].

Similar analyses have been performed (data not shown) for other
values of the contact angle θ, particle size ratio RL=Rs , capillary bridge
volume V and suction H, yielding the same conclusions.

From these analyses, it is concluded that the criterion of a minimum
of the surface free energyEsurf defined in Eq. (13) is appropriate to iden-
tify the stable branch of the solutions to the Young-Laplace equation,
under both volume and suction control conditions.

Appendix B. rupture distance for given suction value H�

In Eq. (24) for the dimensionless contact radius Y�
c, the coefficients

K4, K3, K2, K1 and K0 are dependent upon dimensionless suction H�,
dimensionless separation distance S� and contact angle θ (via T de-
fined in Eq. (7)). These coefficients are given by

K4 ¼ H� 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 1

q
T2−2T3 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 1

q
−2T

� �

K3 ¼ −4H� T2−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 1

q
T þ 1

� �

K2 ¼ 8H�S�T2 þ 4H�S� þ 4T
� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

T2 þ 1
q

−8H�S�T3−8H�S� T−4T2−12

K1 ¼ 8H�S�T þ 8ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 1

q
þ −8T2−8
� �

S�H�−8T

K0 ¼ −4S�½ −2H�T2−H�
� �

S�−2T
� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

T2 þ 1
q

þ 2 T2 þ 1
� �

H�S�T þ 1ð Þ�
ð34Þ

The quartic equation 24ð Þ has four real solutions, of which two
are (potentially) physically relevant. At the critical separation distance
Scrit , there is only a single solution, and hence the discriminant Δ of
the quartic equation 24ð Þ (see for example [50]) becomes zero. For
values of the separation distance larger than the critical separation, no
real solution with physical meaning exists.
Upon expansion of the equationΔ ¼ 0in the small parameter1=H�, it
follows after some algebra (performed with the symbolic mathematics
program Maple) that the discriminant is zero (up to second order in
the small parameter 1=H�) if

S�crit ¼
αffiffiffiffiffiffiffiffiffiffiffiffiffiffi

T2 þ 1
p 1

H� α ¼ 1−½β Tð Þ
H� �

1
3
; ð35Þ

where β is a (complicated) function of T, whose third-order Taylor ex-
pansion in β is given by

β ¼ 27
32

þ 27
16

T þ 81
64

T2 : ð36Þ

In the expression for the rupture distance obtained from curve-
fitting to the large dataset of numerical solutions of the Young-Laplace
equation, Eq. (29), the coefficients ci only depend on the contact angle
θ. The resulting expressions for these coefficients are given by

c1 ¼ −0:236T2−0:120T−1:358
c2 ¼ 0:239T2 þ 0:111T þ 0:458

; ð37Þ

in which the calibrated coefficients have been incorporated; T ¼ tan θ,
where θ is the contact angle in radians.

Appendix C. constants in the closed-form expression for neck radius

In the expression for the neck radius at zero separation distance
Y�
0fS�¼0g obtained from curve-fitting to the large dataset of numerical so-

lutions of the Young-Laplace equation, Eq. (30), the coefficients pi only
depend on the contact angle θ. The resulting expressions for the func-
tions pi (expressed concisely as a matrix-vector multiplication) are
given by

p1
p2
p3

2
4

3
5 ¼

−0:151 −0:015 0:850
0:302 0:038 1:217
0:012 −0:017 0:152

2
4

3
5 T2

T
1

2
4

3
5; ð38Þ

where the calibrated parameters are incorporated, and T ¼ tan θ as de-
fined in Eq. (7).

In the samemanner, in the expression for the ratio of neck radius to
its value at zero separation distance Y�

0=Y
�
0fS�¼0g obtained by curve-

fitting to the large dataset of numerical solutions of the Young-Laplace
equation, Eq. (31), the coefficients ai and bi present in Eq. (32) only de-
pend on the contact angle θ (also through T ¼ tan θ). The resulting ex-
pressions for the functions ai (expressed concisely as a matrix-vector
multiplication) are given by

a1
a2
a3

2
4

3
5 ¼

−0:0015 0:0001 0:0019
0:0347 −0:0142 0:0021
−0:1165 0:0311 0:6087

2
4

3
5 T2

T
1

2
4

3
5 ; ð39Þ

and for the functions bi (in terms of T) are

b1
b2
b3

2
4

3
5 ¼

−0:0016 0:0006 0:0026
0:0330 −0:0201 −0:0365
−0:0949 0:0674 0:0088

2
4

3
5 T2

T
1

2
4

3
5 : ð40Þ
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