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1
Introduction

1.1 Density functional theory

The electronic structure calculations presented in this thesis are based on the density
functional theory (DFT) proposed by Hohenberg and Kohn [1] and Kohn and Sham
[2]. DFT has proved to be remarkably successful for calculating structural and elec-
tronic properties of materials from first-principles. The theory states that electronic
ground state energies and wavefunctions can be calculated from the charge density
−en(r) of a system; the complicated many-body wavefunctions and ground state
energy of the system are themselves functionals of the much simpler charge density
function. As a result of the variational property of the ground state energy, there
is a universal functional E[n(x)] whose minimum determines the electronic ground
state energy of the system.

Although the theory assumes the existence of this universal functional, an ex-
plicit form is not known so the Hohenberg and Kohn formalism could not be used
for calculations as originally formulated. Kohn and Sham then introduced a non-
interacting system with the same electron density as the interacting system to obtain
a simpler single particle Schrödinger-like equation [2] where the nuclear potentials
appear in the form of an “external” potential. The exact expression for the effective
potential is not known, but since the Kohn-Sham system is non-interacting then a
correspondence between the interacting system and a homogeneous interacting elec-
tron gas has led to useful approximations for effective potentials. Foremost among
these is the so-called Local Density Approximation (LDA). There, the energy of an
inhomogeneous electron gas is approximated locally using the quite well known en-
ergy of a homogeneous electron gas with the same density. Improvements based
on gradients of the charge density go under the heading “Generalized Gradient Ap-
proximations (GGA)”.

1
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1.1. DENSITY FUNCTIONAL THEORY

1.1.1 Exchange and correlation functionals

In addition to the Coulomb potential of the nuclei, the effective potential in the Kohn-
Sham scheme comprises the Hartree potential (VH ) of the electron charge density and
the exchange-correlation potential (Vxc). The Hartree term is only the non-interacting
classical coulomb potential, and the exchange term (Vx) is the first order correction
that takes into account the anti-symmetry of the electronic wavefunction; the corre-
lation term (Vc) contains all the other corrections for a many-body electron gas, but it
can not be calculated analytically for a general system. For a homogeneous electron
gas with density n, the exchange-energy density is εx = − 1

2

(
3π2n

)1/3. The energy-
density of the homogeneous electron gas is not known exactly as a function of the
density but can be approximated using a variety of different many-body techniques
ranging from perturbation theory to quantum Monte Carlo simulations. VH and the
background ionic positive potentials will cancel for an infinitely large homogeneous
system (jellium model) and then the first term in the energy is the kinetic energy
which for the noninteracting homogeneous electron gas is known. The expansion
parameter in perturbation theory is the electron gas density expressed in terms of rs
where 4π

3 (rsao)
3
n = 1 (in three-dimensions) where ao is the Bohr radius.

First order perturbation theory yields the exchange energy but higher orders of
perturbation theory for the homogeneous electron gas are problematic since each or-
der diverges and therefore cannot be used. However the summation over an infinite
number of perturbation orders remains finite. The perturbation terms are so com-
plicated that only some special classes can be analytically summed and only the two
cases of the high density and low density (ladder diagrams) limits have been solved.
For the high density case, the Random Phase Approximation (RPA) has been used to
calculate the correlation potential (Vc) that has been used for the LDA [3].

Problems that arise because LDA exchange-correlation functionals take inade-
quate account of the non uniformity of real charge densities can be partly remedied
by using functionals with semi-local terms. One class of functional that adds the
gradient of the density to the LDA functionals is the GGA [4, 5, 6]. These give better
results for the lattice constants and binding energies of many materials but either
fail to predict binding for layered materials or predict very small binding energies or
too large interlayer separations. This is usually attributed to the interaction between
layers having van der Waals character that is not captured by the LDA or the GGA.
A non-local term should be added to the local correlation functional to describe this
feature. This non-local term is like a Hartree potential but replacing the Coulomb
kernel (1/|x − x′|) with a van der Waals kernel (1/|x − x′|6 for point particles). In-
cluding it yields binding energies and equilibrium separations in better agreement
with experiment for layered materials.

In this thesis I have used LDA as the main functional where it gives reasonable
binding distances, and GGA and van der Waals wherever necessary.

2
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1. INTRODUCTION

1.1.2 Plane wave pseudopotential method

In order to make optimal use of Bloch’s theorem, we model solids with unit cells that
are repeated periodically so that the wavevector k becomes a good quantum num-
ber. The wavefunctions (Bloch waves) for a periodic potential are periodic functions
multiplied by a phase that depends on k. The Bloch functions can be expanded us-
ing a localized basis with appropriate phases, or delocalized basis. An example of
the localized approach is tight binding (TB) which I will discuss in the next section.
For the second approach we can choose plane-waves with the periodicity of lattice
cells as a basis in which to expand the periodic part of the Bloch function. Since
the kinetic energy and the effective potential (of the Kohn-Sham equations) are both
periodic in a periodic solid, they can be expanded using a plane-wave basis and the
corresponding Schrödinger equation in the solid will have a simple representation.
The kinetic energy operator in this basis is diagonal and easily calculated compared
to the calculation with a localized basis where calculating matrix elements of the
gradient operator is in practice very challenging.

The problem with using a plane wave representation is that the Coulomb poten-
tial close to the nuclei diverges. To accurately reproduce the rapid oscillations of
atomic orbitals in this region, a very large number of plane waves would be needed
to describe the part of the Hamiltonian and wavefunctions that vary rapidly close to
the nuclei. This problem is solved in the “pseudopotential” method by replacing the
diverging and problematic real potential inside a “core” sphere close to the nuclei
with a “pseudo”potential that is much weaker but has the same scattering prop-
erties; outside this sphere the pseudopotential is identical to the atomic potential.
The solutions of the Schröodinger equation for a pseudopotential are called pseudo
wavefunctions.

With “norm-conserving” pseudopotentials [7] the core radius and pseudopoten-
tial have to be chosen in such a way that the eigenenergies are the same as the
eigenenergies with the real potential, while the pseudo-wave functions match the
real wavefunctions at (and beyond) the boundary of the core sphere. Requiring the
norm of the pseudo-wave function to be the same as the real wavefunction ensures
that the charge is the same for both pseudo and real wavefunctions, inside and out-
side of the sphere and the energy dependence of the scattering is correct to first order.

In the Projector Augmented Wave (PAW) method [8] which is used in the Vienna
Ab-initio Simulation Package (VASP), the pseudo wavefunction ψ̃i is identical to the
real wavefunction ψi outside the core sphere. Inside the core sphere the pseudo
wavefunction is defined in terms of a slowly varying pseudo partial wave φ̃i. The
two are related by subtracting the pseudo partial wave φ̃i and adding the correct
partial wave φi as

|ψn〉 = |ψ̃n〉+
∑
i

{
|φi〉 − |φ̃i〉

}
〈p̃i|ψn〉 (1.1)

where the projector functions 〈p̃i| are dual to the pseudo partial waves; 〈p̃i|φ̃j〉 =

δij . Since the pseudo partial waves |φ̃i〉 are not orthonormal and partial waves at

3
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1.2. TIGHT BINDING METHOD

different atomic positions are not orthogonal then dual waves |p̃i〉 are not atomic
like. This method was developed by Blöchl [8] and is implemented in the VASP [9]
code that I use in this thesis.

The wavefunction can be decomposed into components inside and outside the
core spheres

|ψn〉 =

{
O → |ψ̃n〉
I →

∑
i |φi〉〈p̃i|ψ̃n〉

(1.2)

where O represents the outside regions and I represents the inside regions. We
have used the fact that in the outside region |φi〉 = |φ̃i〉 and in the inside region∑
i |φ̃i〉〈p̃i| = 1 so we have

〈ψn|ψm〉 = 〈ψ̃n|W |ψ̃m〉 (1.3)

where W is the overlap operator

W = 1 +
∑
i

|p̃i〉
{
〈φi|φj〉 − 〈φ̃i|φ̃j〉

}
〈p̃j |. (1.4)

When spin-orbit interactions are included then we can extend this formulation to
calculate the spin characters of the bands. For example for sz we have

〈ψn|sz|ψm〉 = 〈ψ̃↑n|W ↑|ψ̃↑m〉 − 〈ψ̃↓n|W ↓|ψ̃↓m〉 (1.5)

therefore the spin matrices can be calculated if we orthogonalize the ψ̃n. The matrix
that orthogonalizes the ψ̃n waves can be found by then diagonalizing the overlap
matrix and scaling the pseudo-waves to obtain the spin matrix, |ϕ〉 = V |ψ̃〉where, V
is a matrix, and the ϕ are an orthogonal basis, so we have

〈ψn|s|ψn〉 = 〈ϕn|s|ϕn〉. (1.6)

We will use this relation to calculate spin matrices in chapters 4, 5, and 6.

1.2 Tight binding method

The tight binding (TB) model is another approach to calculate the electronic band
structure of materials. It uses a (minimal) local basis to expand the wavefunctions
and takes the matrix elements of the Hamiltonian as functions of wavevector, the
phases of the elements being determined by the geometry of the lattice. Since the TB
model cannot easily be used to determine the parameters of the Hamiltonian directly,
we need to develop other ways to determine them from explicit first-principles cal-
culations. However, the lattice symmetries can be incorporated into the Hamiltonian
without the need to parameterize and therefore it is useful to gain an understanding
of band symmetries.

The TB picture is used in two ways in this thesis. First, since for very large sys-

4
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tems we cannot perform direct first-principles calculations, we parametrize a TB
Hamiltonian for local configurations and then apply it to larger systems. Since TB
only requires determining the dependence of matrix elements of the Hamiltonian
on the local environment, then it is much faster than DFT and can be applied to
large systems. The second use that we make of the TB model is to understand
the spin-orbit interactions of graphene on a substrate, to construct and interpret
an effective low-energy independent particle Hamiltonian for graphene on a sub-
strate (graphene|substrate) and in principle any four band system which resembles
graphene.

Parametrization of the tight binding model in this thesis is based upon the Slater-
Koster formulation [10] of a two-center approximation for the Hamiltonian matrix
elements

Hnm(R) =

∫
ψ∗n(x)Hψm(x−R)d3x (1.7)

where ψn(x) is an atom-centred basis and the spatial dependence of the matrix el-
ement only comes from R (this statement is not strictly true but the two-center ap-
proximation works well for many situations). By using a localized atomic-like basis,
we can identify the contributions of different atoms and orbitals to the electronic
structure. For example, we can parameterize a tight binding Hamiltonian with sp3

orbitals for buckled germanene. Then the tight binding immediately shows how
the sp2 orbitals mix with the pz orbitals for low-energy bands. If we calculate the
spin-orbit coupling coefficent from first-principles calculations for a single atom of
germanium then we can add spin-orbit interactions to the tight binding Hamiltonian
and predict the band structure of germanene with spin-orbit interactions. Because it
has inversion symmetry, germanene will not have any band gap without spin-orbit
coupling, but with them it will. Tight binding can predict this gap and also we can
recognize the contribution of different orbitals to this gap. These abilities of tight
binding, to predict the general shape of the band structure with relatively low com-
putational cost and to yield “chemical” information about the nature of the bands
make it a very popular method for explaining the band structures of materials.

1.3 Novel two-dimensional materials

Starting with graphene, a single layer of carbon atoms extracted from graphite, huge
experimental advances have been made in the past 10 years in preparing isolated
layers of two-dimensional materials. This has opened up exciting new fields in con-
densed matter physics since the electrons are free only in two dimensions and con-
fined in the third dimension. This confinement also means that the two-dimensional
layers are weakly bonded when stacked in bulk structures and therefore can be ex-
tracted and transferred so they can be combined in many different ways. Weak bind-
ing formally translates into bonding by van der Waals interactions. The idea of using
layers like Lego blocks was suggested relatively recently and is a very active field
of study [11]. In this thesis I study the interactions of graphene and its proposed

5
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Figure 1.1: Band structure of (a) graphene (C) and (b) buckled germanene (Ge). The
Dirac cone is around the Fermi energy (EF = 0 eV) at the K point.

analogue based upon germanium, germanene, with a number of two-dimensional
substrates.

1.3.1 Graphene and Germanene

Graphene and Germanene are layers of atoms arranged in hexagons only a single
atom thick and consisting of a single type of atom, carbon and germanium. The
symmetry of this “honeycomb” lattice leads to the existence of a “Dirac cone” in the
band structure at the Fermi energy arising from the crossing of two (spin degenerate)
bands with linear dispersion at the high-symmetry K point in the absence of spin-
orbit interactions [12, 13, 14]. The band structures of graphene and germanene are
shown in Fig. 1.1. The bands are linear up to about 1 eV for graphene and 0.5 eV for
germanene. An important property of graphene is its large room-temperature car-
rier mobility, ten times higher than that of silicon [15] which promises to be useful
in making transistors with graphene. Since the charge carrier mobility of graphene
is higher, higher currents can be applied to the transistor with higher frequency and
lower energy consumption - in principle. The drawback is the gapless band structure
of graphene since a band gap is needed for logic applications. This makes a study of
gap opening mechanisms in graphene of interest. Using a substrate to break sublat-
tice symmetry in graphene is the topic of study in chapter 2. Spin-orbit interaction
can also open a band gap in graphene and this is studied in chapters 4 and 5. The
intrinsic spin-orbit interaction is minuscule in graphene. Even when a substrate is
used to induce a larger spin orbit interaction, the greatly increased gap is still tiny.
The atomic splitting due to spin-orbit coupling increases rapidly with the atomic
number Z so heavier elements like silicon (Z = 14) and germanium (Z = 32) have

6
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Figure 1.2: Band structure of (a) monolayer of hexagonal boron nitride (hBN) and (b)
trilayer of WS2.

much larger spin-orbit coupling (and SOC induced band gaps) than carbon (Z = 6).
We study the effect of a substrate on the band structure and gap of germanene in
chapter 6.

In this “tetragene” family two other materials can be found, silicene and stanene.
Silicene has spin-orbit coupling between graphene and germanene, and stanene has
the largest SOC in this family. However the stable monolayer structure of graphene,
silicene, and germanene are hexagonal lattice, while stanene has a different lattice
structure [14, 16, 17].

1.3.2 Hexagonal boron nitride

Hexagonal boron nitride (h-BN) has the same lattice structure as graphene but con-
tains two different atoms, boron and nitrogen [18]. This property makes h-BN an
insulator and h-BN doesn’t have a Dirac cone. The band gap is about 6 eV, and
therefore h-BN can be a good substrate. Its large band gap makes h-BN inert in com-
parison with graphene and germanene and therefore using h-BN as a substrate will
not change their band structures drastically. The band structure of h-BN is shown in
Fig. 1.2(a).

1.3.3 Transition metal dichalcogenides

Like h-BN, the MX2 transition metal dichalcogenides (TMD) are insulators but their
band gaps are much smaller by comparison, only 1-2 eV [19]. Viewed from above,
the lattice structure of MX2 is hexagonal similar to h-BN, but from the side the struc-
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1.4. TOPOLOGICAL INSULATORS

ture looks quite different, with the X atoms arranged in planes above and below the
transition metal plane; if the M atoms are on the boron sublattice, the two X atoms
form a dumbbell normal to the M plane on the nitrogen. Like graphene and h-BN,
a monolayer of MX2 can be cleaved from a bulk crystal because the (tri)layers are
weakly bound. The mobility of the charge carriers in MX2 is lower in comparison
with graphene, but still high enough to make them useful for application in elec-
tronic devices [20, 21, 22]. The band structure of WS2 is shown in Fig. 1.2(b).

1.3.4 Litharge PbO and SnO

We explore using PbO and SnO as substrates for graphene because these materials
contain heavy atoms Pb and Sn with large spin-orbit coupling that might be trans-
fered to graphene by hybridization. The litharge structure of PbO (α-PbO) and SnO
(α-SnO) is like the CsCl structure [23, 24]. The α-PbO and α-SnO have two-fold ro-
tational symmetry around the central oxygen atom, and therefore putting graphene
on them will break its C3 symmetry. The resulting supercell cannot have rotational
symmetry and this is interesting from a theoretical point of view.

1.4 Topological insulators

Topological insulators are materials with bulk band gaps, but with robust conduct-
ing edge states. The robustness of these edge states is guaranteed by the topological
nature of their bulk bands [25] that is determined by global properties of the Hilbert
space spanned by their wavefunctions [26]. In crystals where the wavevector k is a
good quantum number, then the map from k space into the Hilbert space determines
how the topological invariant can be calculated. An important local quantity is the
Berry curvature Bn(k) which is related to the derivatives of the wavefunction with
respect to the wavevector. It can be expressed as [27]

Bn(k) = i∇k × 〈un|∇k |un 〉 (1.8)

where |un〉 is the Bloch cell-periodic function. The Berry curvature is independent
of the choice of gauge for the wavefunctions and can therefore be considered as a
physically observable quantity. It can be related to matrix elements of the k-space
gradient of the Hamiltonian by

Bn = I
∑
m 6=n

〈un |∇kH|um〉 × 〈um |∇kH|un〉
(εm − εn) 2

(1.9)

where εn is the energy of the nth band. The global property that is the topological
invariant can be defined as the integral of the Berry curvature over the Brillouin
zone.

Cn =
1

2π

∫
d2kBn(k). (1.10)
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Figure 1.3: Berry curvature of graphene calculated from nearest neighbour tight
binding pz orbital bands. The light and dark colors illustrate positive and nega-
tive Berry curvature. For the sake of illustration we have added a finite mass term to
open a gap, otherwise for pristine graphene the Berry curvature would be infinite at
K (light coloured) and K′ (dark coloured).

Cn, the Chern number of the nth band is a topological invariant meaning that it does
not change under small perturbations. Because it is an integer changing it requires
a relatively large perturbation. Band crossing can lead to infinite Berry curvature at
the crossing point (because the denominator in Eq. 1.9 becomes zero) and therefore
the Chern number of a particular band might change at the crossing point, more-
over the band number also changes so the Chern number calculated by following
the band by its band number can be problematic. However, the sum of Berry curva-
tures of two crossing bands remains finite (because the numerator in Eq. 1.9 is odd
under exchange of n and m), and is therefore meaningful and independent of acci-
dental crossings of the bands. Since an insulator has a finite gap, the Chern number
of occupied bands can be defined. The electrons are in the occupied bands so the
Chern number of occupied bands of an insulator is the topological invariant of that
material.

Topological insulators are categorized by their topological invariants. The first
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class of topological insulators are called quantum Hall insulators. They occur when
electrons are confined at the boundary by a strong magnetic field, and as a result the
Hall conductivity will be quantized [28].

The second class of topological insulators are called Z2 topological insulators
[29, 30] and they represent spin quantum Hall states, also with robust edge states
at their boundaries. The spin and momentum of electrons in the edge states are cou-
pled, the total charge current will be zero but the spin current is non-zero [31]. This
locking of spin and momentum originates from non-trivial spin-orbit interactions in
the system, so spin-orbit coupling is important in a material for the Z2 invariant to
be non-trivial [32].

The Z2 topological invariant reflects the interplay of interactions and symme-
try in the system. As an example, I show the Berry curvature for a graphene-like
system of an hexagonal lattice with three-fold rotational symmetry in Fig. 1.3. We
used a simple nearest neighbour tight binding approximation to obtain the eigenval-
ues and wavefunctions for this system and plotted the Berry curvature of occupied
bands throughout the Brillouin zone. As shown in the figure, the Berry curvature
diverges at the high symmetry points (K and K′) at the boundary of the Brillouin
zone. It has opposite signs at K (light regions) and K′ (dark regions) and the inte-
gral of the occupied band Berry curvature over the Brillouin zone will be zero. This
is because the system has time-reversal symmetry, but there is information in the
half-Brillouin zone that determines the Z2 topological invariant. We have calculated
the Berry curvature for a two-dimensional square lattice with the same hopping pa-
rameters but the Berry curvature remains zero everywhere even at the Brillouin zone
boundaries. This shows that the lattice symmetries of the material play an important
role in determining the global properties of the Hilbert space of the system. A more
comprehensive study of the relationship between lattice symmetries and topological
invariants has been given by Slager et al [33].

For graphene-like systems the Z2 topological invariant is related to the integral
of the Berry curvature over the half-Brillouin zone, which in the low-energy mod-
els can be related to the effective Hamiltonian around the K or K′ points. The Z2

invariant for such systems is formalized in chapters 4, 5, and 6. Althought we can
perform first-principles calculations for graphene on a substrate by approximating
the structure using supercells, the calculations are much too expensive to directly
calculate the topological invariant from the Berry curvature. Instead, we can use the
effective four band Hamiltonian

HAS
K (q) = ~vFq.σ + λmσz +

λR
2

(σ × s)z + λsoσzsz + λBsz (1.11)

that is derived in Chapter 4 and describes the low energy electronic structure very
well to determine the Berry curvature and topological invariant. In addition to the
Fermi velocity, the Hamiltonian contains four parameters: a “mass” term λm; Kane
and Mele’s “intrinsic” spin-orbit term λso; the Rashba term λR; and a new “pseudo-
magnetic” term λB . We gain insight into what determines the invariant by calculat-
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M	  

TI	  

NI	  

Figure 1.4: Phase space (top-left) and typical band structures corresponding to the
different phases. In this figure we have set the Rashba parameter λR = 0. The
boundaries between different phases are shown as black lines while the gray scale
represents the magnitude of the band gap, white being zero band gap. The arrows
indicate the spin-expectation values of each band, the color indicates the projection
onto sublattices (A is red, B is blue).

ing the phase space of the effective Hamiltonian determined by the four parameters
λm, λso, λR, and λB .

Because the parameter space is four dimensional, only representative cross sec-
tions are shown in Fig. 1.4 for graphene on a transition metal dichalcogenide. The
top left panel of the figure shows a λm − λso cross section with λR = 0 and λB 6= 0.
For a time-reversal system there can be three distinct phases: topological insulat-
ing (TI), normal insulating (NI), and metallic (M). The black lines are boundaries
between these phases where the band gap vanishes. In the other panels illustra-
tive band structures corresponding to each region in the parameter space are shown
where the color of each band is a measure of the sublattice contribution. The spin ex-
pectation value of each band is indicated as a variable length arrow. Different phases
are seen to be characterized by different spin-sublattice character of the occupied and
unoccupied bands.
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2
Band gaps in incommensurable

graphene on hexagonal boron nitride

To describe the electronic structure of incommensurable graphene on a hexagonal
boron nitride substrate, we develop a minimal tight binding (TB) model whose pa-
rameters are fit to the results of first-principles density functional theory and GW

many-body perturbation theory calculations for commensurable systems. We ap-
proximate incommensurable systems with large supercells and use the TB model to
explain recent experiments. The gap observed in aligned incommensurable struc-
tures is attributed to incomplete cancellation of the sublattice symmetry-breaking
potential and a combination of many-body gap enhancement and modulation of the
height of the graphene above the substrate. The gap is very sensitive to orientational
misalignment of the graphene layer with the boron nitride substrate. The effect of
screening for the misaligned case is also studied.

13



2

2.1. INTRODUCTION

2.1 Introduction

The aesthetic appeal of near-perfect two-dimensional lattices only a single or a few
atoms thick [34] combined with intriguing physical properties [15, 35, 36] and promis-
ing application potential [37] accounts for the huge attention such materials have
received in recent years [38, 11]. To make useful devices, graphene (C) needs to be
deposited on an electrically insulating substrate such as SiO2 or SiC [39]. However,
the interaction with the substrate limits the carrier mobility [40] while the absence of
a band gap makes it difficult to realize a non-conducting, “off” device state. This has
led to suggestions for alternative substrates with more suitable properties [18, 41].
For example, hexagonal boron nitride (h-BN) is a layered material with the same
honeycomb structure as graphene but is a large band gap insulator. Calculations that
neglected the small 1.8% lattice mismatch indicated that the weak interaction with
graphene might open a small band gap of about 50 meV [18]. Dean and cowork-
ers succeeded in developing a procedure to prepare graphene on a h-BN substrate
and found a much improved mobility [42]. Scanning tunneling microscopy (STM)
studies [43, 44] shortly afterwards failed to observe the predicted bandgap opening.
Xue et al. suggested that the reason might be related to the moiré patterns they
observed in their STM studies that were compatible with the expected incommen-
surablity of graphene and h-BN. Using first-principles total energy calculations with
an improved description of exchange and correlation to estimate deformation and
binding energies, Sachs et al. argued that the binding energy gained by graphene
and h-BN becoming commensurable was comparable to the energy cost of stretch-
ing graphene or compressing h-BN making the assumption of commensurability too
strong [45]. Tight-binding (TB) analyses led Xue [43] and Sachs [45] to argue that the
symmetry-breaking interaction between graphene and h-BN would lead to a gap
with a maximum value of ∼ 5 meV [45], much smaller than the ∼ 50 meV predicted
for commensurable structures [18, 45].

The situation appeared to be resolved in spite of anomalous low temperature
transport behaviour [46, 47] until clear Arrhenius like behaviour was observed in
the conductivity with sample-dependent gaps as large as 27 meV [48]. In particular,
a correlation between the size of the gap and the relative orientation of graphene and
h-BN was observed. Because the absence or smallness of the gap poses a limitation to
the application of graphene in transistors, for which larger band gaps of at least 400
meV are required [49, 37, 39], it is important to understand the band gap opening
mechanism in single-layer graphene deposited on a substrate to be able to make
constructive use of the possibilities offered by graphene-substrate interactions.

Incommensurability of graphene and h-BN, as evidenced by moiré patterns ob-
served with STM, plays a key role in quenching [43, 45, 50] the sublattice symmetry
breaking interaction that led to the originally proposed gap opening [18]. However,
this is only one element that should be taken into account in modelling C|h-BN more
realistically. Other factors that may play an important role are (i) many-body effects
[51, 52], (ii) deviation of the graphene from an ideal planar form parallel to a planar
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h-BN, (iii) local interface potential steps, and (iv) the degree of incommensurability;
the moiré pattern considered by Sachs et al. was about 4 nm in length, substantially
smaller than the patterns of order 14.5 nm observed in experiment [43, 44].

To take into consideration the electron hoppings, the sublattice symmetry-breaking
potential, and the local interface potential step in this paper, we will set up a mini-
mal tight-binding model for a general commensurable configuration of the C|h-BN
system. By applying this local TB model to commensurable configurations that can
be studied at the level of density functional theory (DFT) and many-body perturba-
tion theory (MBPT), we will determine the dependence of the hopping matrix ele-
ments and potentials on the local geometries. The TB parameters will be found by
assuming that the global properties of the system can be extrapolated from the cor-
responding local properties. The assumption of locality then allows us to extend the
TB model to determine the band gaps for a number of approximants of incommen-
surable configurations. For a misaligned C|h-BN system, these gaps will be found to
be negligible. For an aligned incommensurable parallel planar C|h-BN at the level of
DFT, we will find a gap of∼ 4 meV in agreement with previous findings [43, 45]. We
extend the above TB model to include quasiparticle corrections at the level of GW
MBPT and local geometry dependent height variation to find a band gap of about
30 (meV) for the aligned system in good agreement with the latest experimentally
reported gaps [48].

The results of perturbation theory are found to compare well with those obtained
from the above TB model. This perturbation scheme helped us understand that the
effective many-body corrected sublattice symmetry-breaking potential and height
modulation are the most significant factors influencing the band gap. Finally, screen-
ing of the potentials have shown that their magnitude drops with about 40 percent
for misaligned large supercells. We have not considered the effect of in-plane stresses
on the gap opening. There have been attempts to explain the gap opened in C|h-
BN system in terms of in-plane stresses [53, 54] where the graphene layer adjusts
structurally to the h-BN layer for large moiré periodicities at the boundaries of the
supercell [55, 56]. A short report of this work was given in Ref. (Bokdam:prb14a).

2.2 DFT calculations

We begin with the three high symmetry aligned commensurable configurations of
graphene on h-BN identified by Giovannetti et al. and studied in the local den-
sity approximation (LDA) [18] and in the random phase approximation (RPA) in the
framework of the “adiabatic connection fluctuation dissipation theorem” (ACFDT)
[45]. These are the (a) configuration with one carbon over B, the other over N, the
(b) configuration with one carbon over N, the other centered above a h-BN hexagon,
and the (c) configuration with one carbon over B, the other centered above a h-BN
hexagon sketched in Fig. 2.1. The “RPA” equilibrium separations of dRPA

eq = 3.55,
3.50 and 3.35 Å for the (a), (b) and (c) configurations reported by Sachs et al. are the
most reliable currently available and we will use these throughout (rather than the
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slightly lower values of dLDA
eq = 3.50, 3.40 and 3.22 Å predicted by LDA calculations

[18]). For a given atomic configuration, electronic structures do not depend critically
on the functional used. In particular, Bokdam et al. demonstrated that the inter-
face dipole does not depend on the functional used for a given geometry [57]. For
this reason we will use the LDA [3] and the plane-wave projector augmented wave
(PAW) method [8], as implemented in VASP [58, 59, 9], to determine the electronic
structure of a graphene sheet on top of a h-BN substrate as a function of the height d
and lateral displacement (x, y) of the two parallel lattices. A plane-wave basis with a
cutoff energy of 400 eV is used in combination with a 36× 36 k-point grid (in a 1× 1

unit cell).
Figures 2.1(a)-2.1(c) show the LDA energy bands for graphene on h-BN for the

(a), (b) and (c) configurations at their RPA equilibrium separations [45] with LDA
gaps ∆ε ≡ ε3(K) − ε2(K) of 30-40 meV opened at the K point by the symmetry-
breaking interaction with the substrate [18]. The Dirac point is situated asymmetri-
cally in the h-BN band gap about a third of the way from the top of the valence band.
Apart from the formation of the small gap, the dispersion of the π bands is largely
unchanged by the interaction with the h-BN substrate within about 1 eV of the Dirac
point.

If we expand the energy scale about the Dirac point, we see that the centers of
the gaps, [ε2(K) + ε3(K)]/2, do not coincide for the different configurations (lower
panels); the interaction between graphene and h-BN gives rise to an interface poten-
tial step ∆V . The source of this potential step is a configuration-dependent interface
dipole layer that can be visualized in terms of the electronic displacement ∆n(r) ob-
tained by subtracting the electron densities of the isolated constituent materials, nGr

and nBN, from that of the entire system nGr|BN [60, 61, 57]. The potential step is re-
lated to the dipole layer, illustrated in Fig. 2.1 for the (a), (b) and (c) configurations,
by ∆V = −e2/(Aε0)

∫
z∆n(r) dx dy dz whereA is the area of the surface unit cell and

the integration is over all space.
The potential step depends sensitively on how the graphene and h-BN lattices

are positioned. Starting from the lowest energy (c) configuration, and displacing
graphene laterally by (x, y) yields the potential landscape ∆V (x, y) shown in Fig. 2.2(a).
For each value of (x, y), the graphene sheet is a distance deq(x, y), the RPA equilib-
rium separation, from the h-BN substrate. ∆V reaches appreciable values ranging
from −20 to 90 meV, where the minimum and maximum values are found for the
high symmetry (b) and (c) configurations, respectively. The full d-dependence of
∆V is shown for the three configurations in Fig. 2.2(b).

2.3 Tight binding parametrization

In this section we develop the tight binding model to describe the low-energy elec-
tronic structure of commensurable C|h-BN systems that was used to fit the first prin-
ciples LDA band structures in Fig. 2.3 that will then be extended to describe incom-
mensurable systems. We first decompose the TB-Hamiltonian HC|BN of the compos-
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Figure 2.1: (Color) LDA band structures of graphene on h-BN for the (a), (b), and
(c) commensurable structures, with respect to a common vacuum level. Solid and
dashed lines give the DFT results and TB fits, respectively. The region around the
Dirac point is enlarged in the panels below. The formation of an interface dipole
is illustrated by the charge displacement −e∆n in the yz plane containing B, C and
N atoms. Blue and red indicate regions of negative and positive charge density,
respectively, giving a dipole moment p.

ite system into three parts: HC andHBN for free-standing graphene and h-BN layers,
respectively, and Hint that describes the interaction between the two

HC|BN =

(
HC 0

0 HBN

)
+Hint. (2.1)

We will see that Hint has diagonal as well as off-diagonal elements. The reflection
symmetry of ideally flat, free-standing graphene and h-BN monolayers allows us
to classify states as either even (s, px, py = sp2) or odd (pz) under reflection in the
plane. Because the matrix elements connecting even with odd states vanish, the
Hamiltonian HML of a monolayer (ML = C or BN) can be decomposed into blocks
containing pz and sp2 atomic orbitals

HML =

(
Hsp2 0

0 Hpz

)
. (2.2)

17



2

2.3. TIGHT BINDING PARAMETRIZATION

3 3.5 4
d (Å)

-0.1

0

0.1

0.2

∆V
 (e

V
)

(a)
(b)
(c)

Γ K

-7

-6

-5

-4

-3

-2

-1

0

E-
E va

c (e
V

)

K K MK M

K-4.65

-4.50

-4.35

K K

-4.465
-4.541

Γ Γ ΓM MM

Γ ΓM M

−3 −2 −1 0 1 2 3
−0.5

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

−20

−10

0

10

20

30

40

50

60

70

80

−3 −2 −1 0 1 2 3
−0.5

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

−20

−10

0

10

20

30

40

50

60

70

8080

60

40

20

0

-20

+ +

B C N

(a)

(b)(a)

(c)(b)

∆V (meV)

(a)

(c)

(b)

BN NH BH

ε4

ε3ε2

ε1

p

Figure 2.2: (Color) (a) The interface potential step ∆V as a function of the position
(x, y) of graphene with respect to h-BN, at the RPA equilibrium separations deq(x, y)
obtained by interpolating the RPA results [45]. (b) Dependence of ∆V on d for con-
figurations [(a)-(c)].

Since the Dirac cone in a single graphene layer arises from the interactions between
pz orbitals, in first instance we only need HC;pz

which can be written as

HC;pz
=

(
HC HCC′

H†CC′ HC′

)
(2.3)

where the indices C and C′ refer to the A and B sublattices of graphene. Since for
a single graphene layer both carbon atoms in sublattices A and B are the same we
have HC = HC′ . We parameterize HC;pz

using two-center Slater-Koster form [10]
with atomic orbitals as the basis for the Hamiltonian and overlap matrices. In this
scheme the interaction between two pz orbitals on atoms connected by the in-plane
vector rj can be written as (ppπ)j ≡ (ppπ)(rj), where rj is the distance between the
two carbon atoms. In the Slater-Koster representation HC;pz

can be written as

HC;pz
=


∑
j∈{A}

eik.rj (ppπ)j
∑
j∈{B}

eik.rj (ppπ)j∑
j∈{B}

e−ik.rj (ppπ)j
∑
j∈{A}

eik.rj (ppπ)i

 (2.4)

where {A} ({B}) is the set of carbon atoms of A(B)-sublattice. The interaction in-
tegrals (ppπ)j will be determined by fitting the TB bands to bands obtained from a
first-principles calculation. rj with j = 1, 2, 3, 4 are the distances separating nearest
neighbour, next nearest neighbour, third and fourth nearest neighbour atoms. The
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Figure 2.3: Full LDA band structure for a graphene monolayer. The pz bands cal-
culated with LDA are highlighted in yellow (dashed curves) with the tight binding
band highlighted in red (solid curve). The vacuum level is indicated by the horizon-
tal green line. Above this level states are not localized normal to the graphene plane
so that tight binding is not the most appropriate way of describing them.

overlap matrix will have the same form as the Hamiltonian only with different val-
ues of the hopping matrix elements.

Electronic structure codes like VASP [58, 59, 9] that use a plane wave basis impose
periodic boundary conditions. We simulate single layers by introducing a “vacuum”
spacer layer between periodic images in the direction normal to the graphene plane.
By choosing the corresponding lattice constant to be sufficiently large, the interac-
tion between occupied states that are localized on a single graphene sheet with the
periodic images can be made as small as required. However, states above the vac-
uum level will always “see” the periodic images and are poorly represented by a TB
form. Our fitting procedure therefore only makes use of the electronic states below
the vacuum level. As shown in Fig. 2.3 for an in-plane lattice constant of a = 2.445 Å,
the tight binding bands can be nicely fit to the LDA band structure throughout the
Brillouin zone. The fitting error was at most 1 meV around the K point and the slope
of the bands is accurately reproduced. The dependence of the values of the hopping
parameters on rj , shown in Table 2.1, indicates that we only need three shells of
neighbours around a carbon atom in the graphene layer to describe the occupied
part of the LDA band structure very satisfactorily. Since a h-BN layer is also flat, we
can apply the same procedure to obtain HBN;pz . However, the absence of parity in
this layer breaks the symmetry between the boron and nitrogen sublattices so that
HB 6= HN; the on-site energies of boron and nitrogen are different and the hopping
between boron atoms and between nitrogen atoms is different. The h-BN block of
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Figure 2.4: Same as Fig. 2.3 but for a h-BN monolayer. In the LDA, the minimum
band gap of ∼ 4.5 eV is underestimated, direct and occurs at the K point.

the Hamiltonian becomes

HBN;pz =

(
HB HBN

H†BN HN

)
(2.5)

The results of the tight binding parametrization of HBN;pz given in Table 2.1 were
obtained by fitting the corresponding LDA band structure shown in Fig. 2.4.

To parameterize the interaction between the graphene and h-BN layers, we begin
by noting that the hopping interaction between the layers is short-range, each atom
in one layer interacting with only a few neighbours in the other layer. In the Slater-
Koster scheme [10], interactions are described in terms of orbitals with the angular
momentum quantization axis chosen along the interatomic bond; the atomic orbitals
are assumed to be separable, products of radial functions and spherical (or cubic)
harmonics. Hopping matrix elements then depend only on the distance between the
two atoms and the angular momentum about the bond axis. Transformations as a
result of rotations are “canonical” and purely geometrical. For the planar structure
of graphene and h-BN, it is convenient to choose the z axis normal to the plane. This
means that in addition to needing to know the separation dependence of the ppσ
interaction that describes the interaction between a C pz orbital immediately above
e.g. a B pz orbital, we also need to know the separation dependence of the ppπ
interaction; both are also needed to describe how the interaction is modified when
the graphene and h-BN layers are displaced parallel to one another. The scheme
could be extended to take account of strain by including variation of the in-plane
lattice parameter.

The dipoles induced between the layers [61, 52] change the environment sur-
rounding each atom, adding additional terms to the interaction Hamiltonian Hint.
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Figure 2.5: LDA band gaps of graphene on h-BN for many commensurable con-
figurations derived from the TB model as a function of the in-plane displacement
r = (x, y) for a fixed separation d = 3.4 Å between planar graphene and h-BN
sheets. The geometrical structure of the three most symmetric commensurable con-
figurations labelled (a), (b), and (c) are sketched below where the black dots are
carbon atoms, blue circles are boron atoms, and red circles are nitrogen atoms.

Since these terms do not depend on the wavevector, they should be included as di-
agonal elements in Hint. As a result the interaction part of the Hamiltonian is

Hint =


VC 0 HCB HCN

0 VC′ HC′B HC′N

H†CB H†C′B VB 0

H†CN H†C′N 0 VN

 (2.6)

where VC, VC′ , VB, and VN are the on-site terms representing the contribution of the
dipole layer that depends on the local geometry [61, 52]. The maximum overlap
between atomic orbitals of the graphene layer with those of the h-BN layer is much
smaller than the overlap of atomic orbitals in the graphene layer or in the h-BN layer.
This reflects the weak binding between the two layers, the large layer separation, and
the well documented small dispersion normal to the layers of bulk graphite or h-BN.
For convenience, we assume that the interlayer overlap matrix is vanishingly small.

With these assumptions, the diagonal V terms in Eq. 2.6 as well as the interlayer
hopping parameters, labelled ⊥, (ppσ)⊥(r) and (ppπ))⊥(r) were determined by si-
multaneously fitting the results of (a large number of) LDA calculations for aligned,
commensurable (1 × 1) C|h-BN as a function of the separation d between the layers
and of an in-plane displacement r = (x, y) between the graphene and h-BN sheets.
We were able to fit the band structure for all configurations to their corresponding

21



2

2.3. TIGHT BINDING PARAMETRIZATION

Table 2.1: Hamiltonian and overlap matrix elements (ppπ)j ≡ (ppπ)(rj) for graphene
and h-BN monolayers with a lattice constant of a = 2.445 Å. The subscripts 1, 2,
and 3 indicate nearest, next nearest, third nearest neighbour atoms separated by the
distances 1.412, 2.445, and 2.823 respectively.

Hamiltonian (eV) Overlap
i on-site (εi) (ppπ)1 (ppπ)2 (ppπ)3 (ppπ)1 (ppπ)2 (ppπ)3

C 0.000 -2.924 -1.033 -0.319 0.387 0.040 0.013
B 3.207 -2.333 0.020 -0.294 0.211 0.111 0.051
N -1.579 -2.333 0.519 -0.294 0.211 -0.005 0.051

LDA band structures around the K point with an accuracy of 1 meV for band gaps
indicating that the TB model is sufficiently robust. For a large aligned incommensu-
rable supercell we will use these parameters to construct a global parameterization
for the diagonal terms. The LDA band gaps of many configurations calculated with
the above TB model are shown in Fig. 2.5 and the corresponding diagonal terms in
Fig. 2.6. The diagonal terms are much smaller in magnitude than the hopping ma-
trix elements and are short-range. For commensurable configurations, the overall
dependence of the diagonal terms can be obtained by fitting the values shown in
Fig. 2.6 with the Fourier expansion

VC(r) = 9.8 + 16.6
[

cos b1.r + cos b2.r + cos
(
(b1 + b2).r− 0.55

)]
(2.7a)

VC′(r) = −2.7 + 13
[

cos b1.r + cos b2.r + cos
(
(b1 + b2).r− 1.55

)]
(2.7b)

where b1 and b2 are the primitive reciprocal lattice vectors of graphene and energies
are in units of meV. Shorter wavelengths (larger reciprocal lattice vectors) make a
negligible contribution to the Fourier expansion of VC and VC′ and thus we ignored
them in Eq. 2.7. Later we will use this observation in finding the Fourier expansion
of V terms of GW-corrected band structures.

The interlayer hopping parameters can be fitted to an exponential function of
distance between atoms as

(ppσ)⊥(r) = −370e−1.72(r−3.4) (2.8a)

(ppπ)⊥(r) = −316e−1.46(r−3.4) (2.8b)

Here distances are in units of Å and energies are again in units of meV. The TB
band structure for the (a) configuration of the 1 × 1 C|h-BN is compared to the cor-
responding LDA band structure in Fig. 2.6. Equation 2.7 is only valid for aligned
commensurable configurations of the C|h-BN system. In Sect. 2.5.2, we will present
an approximation for the angle-dependence of the diagonal terms for misaligned
commensurable unit cells. The 1.8% lattice mismatch between graphene and h-BN
layers results in supercells having more that 10000 atoms, much larger than the cor-
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Figure 2.6: (a): Band structure of commensurable C|h-BN. The yellow-dashed curves
are LDA bands and red curves are our TB bands. The dashed green line is the vac-
uum level. On-site energies of (b) A-sublattice carbon atoms, VC(r), Eq. 2.7a and of
(c) B-sublattice carbon atoms, VC′(r), Eq. 2.7b.

responding size of commensurable cells for the same misalignment angle. There are
therefore no first-principles results for such big systems to be fitted to a TB model.
Since the diagonal terms have been found to be short-range, and the magnitude of
the hoppings in Eq. 2.8 are independent of configuration, in an incommensurable
supercell they can be approximated by the local interactions as if the atom is in its
corresponding local commensurable unit cell. This assumption is essential to param-
eterize the interlayer interactions. We will therefore use the functions in Eq. 2.7 for
incommensurable supercells by scaling the reciprocal lattices b to the h-BN recipro-
cal lattice vectors.

2.4 Quasiparticle corrections

We can improve the TB model by using more accurate band structures. Though DFT
calculations can usually predict the general trend of band structures [62], the Kohn-
Sham eigenvalues of DFT fail to describe the band gaps of insulators and semicon-
ductors quantitatively [63]. This failure can be attributed to the fact that DFT eigen-
values are not quasi-particle energies of the system. This drawback can be remedied
by including the electron-electron interactions within many-body perturbation the-
ory where the so-called GW approximation [64] yields significantly more accurate
quasi-particle energies by comparison with experiment [65]. In this approximation,
the exchange and correlation potentials are screened by a frequency-dependent di-
electric function obtained using the random phase approximation (RPA). Starting
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with LDA Kohn-Sham (KS) orbitals [66] calculated for a cell containing two h-BN
layers and a graphene layer, we use the GW implementation in VASP [67], with 12
occupied and 52 empty bands and 50 points on the frequency grid for 1× 1 aligned
commensurable C|h-BN configurations. Interactions between periodic images in the
z direction lead to a dependence of the GW band gap on the cell size D that we re-
move by linearly extrapolating the calculated gaps as a function of the inverse cell
size to infinite separation [68].

We perform G0W0 calculations, where G0 is the Green’s function and W0 is the
screened potential calculated from LDA energy bands and wavefunctions. For the
three most symmetric configurations of graphene on h-BN sketched in Fig. 2.5, we
calculate theG0W0 corrections to the LDA band structures for a number of interlayer
separations ranging from 3.35 to 3.55 Å. New HC, HBN, diagonal and hopping terms
of the interaction Hamiltonian Hint for these three configurations were found by
fitting a TB band structure to the corresponding GW corrected band structures. The
modified diagonal and hopping terms were then used to fit an in-plane periodic
function like Eq. 2.7 used in the previous section. The local average of the on-site
terms in Eq. 2.6, (VC + VC′)/2 varies about 200 meV, the difference (VC − VC′)/2

changes by around 150 meV over the supercell. Because of the nonlocal nature of the
screening of excitations, the G0W0 corrections depend on the size D of the unit cell
in the direction normal to the C|h-BN plane and converge slowly as a function of D.
However, as shown in Fig. 2.7(b), this dependence is well approximated by 1/D [68].

We can construct a simple theory to better understand the contributions of the
electron-electron interactions in the graphene layer to the corrections to the band
gaps calculated above. Since the graphene layer interacts weakly with the h-BN
substrate and its Dirac cone is well separated in energy from the substrate (h-BN)
conduction and valence bands, we can assume that the main many-body correc-
tions to the LDA band gaps of the substrate-supported graphene layer originate from
electron-electron interactions in graphene itself; the h-BN substrate will make only
a small contribution (in opening the LDA band gap and in the form of its static di-
electric constant) to the GW -corrected band gaps. We thus represent C|h-BN as a
free-standing graphene layer with a gap when we study the origin of the GW cor-
rections to the low-energy bands around the K point. With this assumption, we
introduce a two-band model comprising only the unperturbed bands of the gapped
graphene layer and write its Hamiltonian HC,∆ as

HC,∆ =

(
∆ keiθk

ke−iθk −∆

)
(2.9)

where ∆ is half of the LDA gap (of some specific configuration of the C|h-BN sys-
tem), k is the wavevector, and we have set ~vF = 1. Using the solutions of the above
Hamiltonian, we can calculate the RPA density-density response function [69] of the
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Figure 2.7: (a) Quasiparticle (QP) band structure of C|h-BN close to the K point. The
yellow-dashed curves were obtained using the G0W0 approximation, the red curves
are our TB bands. (b) QP band gaps opened at the Dirac point as a function of the
inverse cell size for the configurations sketched in Fig. 2.5 labelled (a) red circles (b)
green squares (c) blue triangles. The solid lines correspond to graphene at the RPA
equilibrium distances [45]. The dotted, dashed, and dashed-dotted lines correspond
to graphene−h-BN separations of 3.35, 3.45, and 3.55 Å, respectively.

gapped graphene layer using

Πo (q, ω) =
∑
µ,µ′

∫
d2k

2π2

nF (εkµ)− nF (εk+q,µ′)

ω + εkµ − εk+q,µ′ + iδ
fµµ′ (k,k + q) (2.10)

where µ and µ′ refer to the occupied (+) and unoccupied (-) states, nF is the occupa-
tion number of the bands, ω is the frequency, q is a wavevector, δ is an infinitesimal
small real number, and fµµ′ (k,k + q) is the overlap of the wave functions at k and
k + q. From Eq. 2.9 we have

fµµ′(k,k + q) =
1

2

(
1 + µµ′

k2 + kq cos θk,q + ∆2

εkεk+q

)
(2.11)

where εk =
√
k2 + ∆2 is an eigenvalue of the Hamiltonian (2.9). The imaginary part

of the polarization function is

IΠo(q, ω) = −q
2

4

ω2 + 4∆2 − q2

(ω2 − q2)3/2
Θ
(
ω −

√
q2 + 4∆2

)
. (2.12)

where Θ(x) is the step function, zero for negative x and one for positive x. The
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Figure 2.8: The static dielectric function as a function of the wavevector q for gapless
(blue line) and gapped (red line) graphene.

real part of Πo can be derived from the imaginary part by using the Kramers-Kronig
relation

RΠo(q, ω) = −q2 Θ(
√
q2 + 4∆2 − ω2)

4

[
2∆

q2 − ω2
+

q2 − ω2 − 4∆2

(q2 − ω2)3/2

(
1− 2

π
tan−1 2∆√

q2 − ω2

)]
. (2.13)

The screened electron-electron interaction of gapped graphene in the RPA approxi-
mation is

W (q, ω) =
V (q)

1− V (q)Πo(q, ω)
(2.14)

where V (q) = 2πe2

κq is the Fourier transform of the Coulomb potential in two di-
mensions and κ is the dielectric constant of the environment which is the average
of dielectric constant of vacuum (κ = 1) and h-BN layer (κ ' 2.8)[61]. The denom-
inator in Eq. 2.14 is the RPA dielectric function. The static dielectric functions for
gapless (blue line; constant) and gapped (red line) graphene are shown in Fig. 2.8.
The gapped static dielectric function is seen to approach that of gapless graphene
asymptotically for large wavevectors. The self-energy in the G0W approximation is

Σµ′λ(k, z) = −kBT
∑
qνnµ

fµ′µλ(k,k + q)G0µ(k + q, z + iνn)W (q, iνn) (2.15)

where z is the complex frequency, λ is the chirality index, νn are Matsubara frequen-
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Figure 2.9: Self-energy diagrams in the G0W approximation. The first diagram is
the Hartree self-energy, the second diagram is a sum of an infinite number of dia-
grams. The straight vertical lines representation the Green function G0, the wavy
lines represent the electron-electron interaction.

cies,
fµ′µλ(k,k + q) = 〈µ′k|µ,k + q〉〈µ,k + q|λk〉 (2.16)

and we have transformed the convolution integral in self-energy to a summation
over Matsubara frequencies in Eq. 2.15. The imaginary part of the self-energy can be
written as:

IΣλ(ω) = rs

∫
dq

(
1 + λ

∆√
∆2 + q2

)
I

(
1

ε(q, ω − εq)

)
Θ (ω − εq) (2.17)

where Σλ(ω) is the diagonal matrix element of Σ at k = K where the minimum band
gap occurs, rs = e2

/
κ~vF is the interaction coupling parameter in graphene that

determines the ratio of the electron-electron potential to the kinetic energy. Using
the Kramers-Kronig relation for self-energy, we can write the real part as

RΣλ(ω) = RΣλ(∞) +
2

π
P

∫ 2Λ

3∆

ω′IΣλ(ω′)

ω′2 − ω2
dω′ (2.18)

where the lower limit of the integral is chosen in such a way that the imaginary part
of the dielectric function can be non-zero. This happens if the frequency is bigger
than the gap (2∆) and because the frequency argument in Eq. 2.17 is ω − εq then
2∆ + εq ≤ ω and since ∆ ≤ εq then we can conclude that the lower bound of the
integral in Eq. 2.18 should be 3∆ ≤ ω. The first term in the above equation, called
the Hartree self-energy correction and corresponding to the first diagram in Fig.2.9,
overestimates the quasi-particle corrections. The second term, corresponding to the
second diagram in Fig. 2.9, is a sum of an infinite number of bubble diagrams of
RPA in the G0W correction and is negative. The frequency cut-off in Eq. 2.18, the
upper limit in the integral, is determined by the graphene bandwidth. In the LDA,
the width of the π bands is about 18 eV (Fig. 2.3) so the cut-off will be Λ ∼ 9 eV.
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The Hartree corrected band gap for the two-band gapped graphene model can be
analytically evaluated as

∆H = ∆LDA

(
1 + rs ln

2Λ

∆LDA

)
. (2.19)

The second term can be approximated as

∆(2) ≈ −∆LDA
r2
s

2
ln

2Λ

3∆LDA
(2.20)

To determine the energy correction using the self-energy, we use the relation

εnk = ε
(0)
nk + RΣ(k, εnk) (2.21)

which should be solved self-consistently. We can expand the self-energy about the
uncorrected energies ε(0)

nk as

Σ(k, εnk) ' Σ(k, ε
(0)
nk ) +

∂Σ(k, ω)

∂ω

∣∣∣∣
ω=ε

(0)
nk

(
εnk − ε(0)

nk

)
(2.22)

and this is the G0W0 self-energy correction. Using this approximation, the quasipar-
ticle energies will be

εnk ' ε(0)
nk +

RΣ(k, ε
(0)
nk )

1− ∂RΣ(k,ω)
∂ω |

ω=ε
(0)
nk

(2.23)

Fig. 2.10 shows the Hartree-corrected band gaps along with the total correction calcu-
lated numerically on the basis of the above two-band model. The agreement between
the results of the two-band model and the first-principles G0W0 band gaps indicates
that the main contribution to the many body correction for the graphene band gap
comes from the screening of the electron-electron interactions in the graphene itself,
and is independent of the specific configuration of the C|h-BN system.

2.5 Solving the Hamiltonian

The weak interlayer interaction in the C|h-BN system means there is no (strong) pref-
erence for aligning the crystal axes of graphene and h-BN. We consider the aligned
incommensurable case and misaligned cases separately.

2.5.1 Aligned incommensurable graphene|h-BN

Aligned incommensurable configurations of C|h-BN can be modelled using the ra-
tional approximant

NC

NBN
=
aBN

aC

= 1.018 ≈ 56

55
(2.24)
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Figure 2.10: The G0W0 corrected band gaps of graphene on h-BN as a function of the
LDA band gaps. The blue triangles, red circles and green squares are the values ob-
tained for different configurations and layer separations d by extrapolating the data
in Fig. 2.7 toD →∞. The dashed curve is the Hartree quasiparticle gap obtained us-
ing Eq. 2.19, the solid curve is the band gap obtained by solving Eq. 2.18 numerically
for the self-energy and using Eq. 2.23.

and a periodic supercell containing NC ×NC unit cells of graphene and NBN ×NBN

unit cells of h-BN. The resulting supercell has dimensions of ∼ 14 nm, in agreement
with experimental observations of moiré patterns [43, 44]. Diagonalizing the corre-
sponding TB Hamiltonian for flat graphene separated by d = 3.4 Å from flat h-BN
[45] using the parameterization explained in the previous section results in gaps of
∼ 4 meV for the LDA parametrization and ∼ 5 meV for the G0W0 parametrization.

For commensurable aligned C|h-BN, the ACFDT RPA calculations predict differ-
ent equilibrium separations dRPA

eq = 3.55, 3.50 and 3.35 Å for the (a), (b) and (c) con-
figurations [45]. As a result of the 1.8% lattice mismatch, carbon atoms in a graphene
sheet aligned incommensurably with a h-BN substrate see different environments
that locally can be approximated by commensurable graphene on h-BN displaced in
plane by some amount. Because the perodicity of 14 nm is so large, it is energetically
favourable for the separation between the graphene and h-BN layers to then vary
locally giving rise to a wavy interface. This height modulation can be important for
determining the electronic and transport properties of C|h-BN [70]. The interlayer
separation can be determined for a superlattice by assuming that the height variation
d(r) (in Å) is smooth over the supercell

dRPA
eq (r) = 3.47− 0.043

[
cos B1.r + cos B2.r + cos

(
(B1 + B2).r + 0.74

)]
(2.25)

where B1 and B2 are the reciprocal lattice vectors of the supercell. Taking this height
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variation into account in the LDA parametrization of the TB Hamiltonian results in
a gap of 5 meV which is only slightly larger than the 4 meV gap we find for the
corresponding flat structure. More importantly, this wavy structure increases the
G0W0 corrected band gap of flat C|h-BN from 5 meV to 32 meV at the K point, a
value in good agreement with experiment [48].

There are two experimental situations that can lead to the absence of gap open-
ing in C|h-BN. The first is when graphene and h-BN are not aligned; this will be
discussed in detail in the next section. The second is when graphene is sandwiched
between two h-BN layers where the topmost h-BN layer may suppress the lateral
height modulation caused by the substrate h-BN, reducing the symmetry breaking
potential and translating into a reduction in the band gap.

2.5.2 Misaligned incommensurable graphene|h-BN

Because of the weak interlayer interaction, the graphene layer can be misaligned
with respect to the underlying h-BN layer as observed experimentally [44]. The
infinite number of possible misalignment angles is countable and each angle corre-
sponds to a finite supercell whose size depends on the rotation angle [71]. Extending
the formulation developed to study graphene C|C bilayers [71] to include incom-
mensurability in the C|h-BN system, we derive the following general condition for
finding rotated supercells

m1a
∗
1

(
θ

2

)
+m2a

∗
2

(
θ

2

)
= n1a1

(
−θ
2

)
+ n2a2

(
−θ
2

)
(2.26)

where a1(θ) and a2(θ) (a∗1(θ) and a∗2(θ)) are rotated lattice vectors of the graphene
(h-BN) layer. The conditions that must be satisfied by the integers n1(2) and m1(2)

can be simplified into the Diophantine equations

NBNU(−p, q)
(
m1

m2

)
= NC U(p, q)

(
n1

n2

)
(2.27)

where U can be written as

U(p, q) =

(
−p+ 3q −2p

2p p+ 3q

)
(2.28)

and p and q are two arbitrary integers that determine the rotation angle through the
condition

θ = cos−1

(
3q2 − p2

3q2 + p2

)
(2.29)

This equation has an infinite number of solutions. For commensurable graphene and
h-BN, the smallest C|h-BN unit cell found from this equation for p = 1 and q = 3

contains 7 unit cells of each layer and is rotated through θ ≈ 21.8o.
Using h-BN primitive unit cells, the graphene layer can be partitioned so that
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each carbon atom will be located in only one primitive unit cell of the h-BN sub-
strate. The direction vector connecting a given carbon atom at a position r to its
nearest neighbour carbon atom inside the same h-BN cell makes some angle φ with
the h-BN primitive lattice vectors. This configuration cannot be described as a sim-
ple translation of a known commensurably aligned C|h-BN configuration so Eq. 2.7
cannot be used to determine the diagonal terms of the TB Hamiltonian. We therefore
introduce a simple interpolation V (r, φ) for the diagonal terms in the TB Hamilto-
nian of a commensurable aligned C|h-BN configuration to give an equation for the
on-site terms V (r, φ) of the corresponding rotated configuration. The three-fold sym-
metry of the local environment of each atom within the supercell keeps V (r, φ) of the
atoms unchanged under rotations of 120 degrees. Therefore, we can expand V (r, φ)

by using terms with three-fold symmetry. The simplest function will be

V (r, φ) = V (r, 0) +
V (r, π/3)− V (r, 0)

2
(1− cos 3φ) (2.30)

where V (r, 0) and V (r, π/3) are the diagonal terms of the two commensurable con-
figurations which can be found from Eq. 2.7. To use Eq. 2.30 for a supercell, we first
find the h-BN primitive cell to which a carbon atom belongs and the vector r, we
then find the relative angle φ of that carbon and its nearest neighbour carbon atom
inside the same h-BN primitive cell, and then use Eq. 2.30 to determine the onsite
potential term.

This can be illustrated using the (b) and (c) configurations of Fig. 2.5. We observe
that these configurations are related by translations along the cell diagonal; starting
from configuration (c), we can displace the graphene layer to reach configuration (b).
We also see that configuration (b) is obtained by rotating configuration (c) through 60
degrees about the center of its h-BN hexagon and vice-versa; however, this rotation
also interchanges the sublattices. The diagonal terms of the carbon atoms at the
center of h-BN hexagons of configurations (b) and (c) are known from section III.
Now, the on-site term V (r, φ), where r is the position of the carbon atom, for the
atom at the center of a h-BN hexagon of any rotated configuration can be written
in terms of the on-site terms of the carbon atoms located at the center of the h-BN
hexagons of configurations (b) and (c). Here the on-site term of the carbon atom
in the center of the hexagon of configuration (c) is V (r, 0), and the on-site term of
configuration (b) is V (r, π/3).

If we apply the above modification of the TB model to configurations rotated
through large angles, no band gap is found. For the commensurable rotated case, this
could be confirmed by performing explicit DFT calculations for these configurations.
For large rotation angles, the band structure of the substrate-supported graphene
layer looks like that of a free-standing graphene layer near the K point. This implies
that a large rotation of the C|h-BN system decouples the graphene layer from its
underlying substrate.

On the other hand, for small rotation angles, the system should have a band gap
close to 32 meV, the value we found in the previous section for perfectly aligned
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incommensurable C|h-BN at the K point. A transition from a conducting C|h-BN
to an insulating C|h-BN must therefore occur. The smallest angle we have studied
with the TB model is about 4 degrees for which no band gap was found making
this an upper limit for the transition angle. Experimental reports of a critical angle
of ∼ 1 degree [56] also suggest that a commensurable-incommensurable transition
occurs in the C|h-BN system. Although the 30 meV gap in that report was attributed
to strain in the graphene layer as it adapts itself to the h-BN layer [56], our GW
calculations suggest that the band gaps of aligned commensurable regions in the
supercell should be as large as several hundred meV. We suggest that the 30 meV
gap is actually the global gap that originates from incommensurable regions of the
moiré patterns. Since a rotation of the commensurable system is found to suppress
the gap, we conclude that the critical angle for rotated incommensurable system will
also be small. Therefore, a small misalignment of layers will completely destroy this
gap and we argue that this is the reason that the initial experiments on the C|h-BN
system[43, 44] did not report any gap.

Any rotation larger than the critical angle will significantly change the surround-
ing of atoms and destroy the band gap, making the modulating potential the domi-
nant potential in the system and charge redistribution possible. This charge redistri-
bution will lead to the formation of “intrinsic” electron-hole puddles in the supercell
[72].

2.6 Löwdin downfolding and effective Hamiltonian

In this section, we present an effective Hamiltonian for C|h-BN [50]. The wavefunc-
tion will be a mixture of the wavefunctions of the graphene and h-BN layers. Using
Löwdin downfolding, we can eliminate the h-BN wave function in the Schrödinger
equation for C|h-BN(

H̃C Hh

H†h H̃BN

)(
ψC

ψBN

)
= ε

(
OC 0

0 OBN

)(
ψC
ψBN

)
(2.31)

where H̃C and H̃BN contain the diagonal parts of the interaction matrix Hint given
in Eq. 2.6, Hh is the off-diagonal “hopping” part of Hint and OC(BN) is the graphene
(h-BN) overlap matrix. We can absorb all the effects of the substrate into an effective
interaction Hamiltonian He

He = H̃C +Hh(εOBN − H̃BN)−1H†h (2.32)

Since we are interested in energies close to the Dirac point of graphene that are small
compared to the eigenstates of HBN, we can formally expand He as a function of the
graphene eigenenergies

He ≈ H̃C −HhH
−1
BNH

†
h − εHhH̃

−1
BNOBNH̃

−1
BNH

†
h (2.33)
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We can also expand the eigenenergies (ε) as a function of the interaction strength
(O(Hh)). From Eq. 2.33 it is clear that ε ≈ O

(
H2
h

)
so the third term in Eq. 2.33 is

of the fourth order (O(H4
h)) and therefore in calculations to the second order can

be neglected. Our parametrization in section II showed that these interactions are
small compared to the h-BN eigenenergies. The effective Hamiltonian corrected to
the second order for the graphene layer is therefore

H(2)
e = H̃C −HhH̃

−1
BNH

†
h (2.34)

H
(2)
e includes the effective modulating potential V , an effective local symmetry-

breaking potential ∆ and a “vector potential” A. V is locally related to the mass
terms and hopping parameters

V =
1

2

[
VC + VC′ +

|HCB|2 + |HC′B|2

εB
+
|HCN|2 + |HC′N|2

εN

]
(2.35)

where εB and εN are onsite energies of boron and nitrogen atoms respectively. The
hopping terms modify the modulating potential (VC+VC′)/2 of the interface dipole(s).
The local sublattice symmetry-breaking potential is also modified by hopping

∆ =
1

2

[
VC − VC′ +

|HCB|2 − |HC′B|2

εB
+
|HCN|2 − |HC′N|2

εN

]
(2.36)

The components (Ax, Ay) of the vector potential which only contain the hopping
interactions are given by

Ax + iAy =
HCBH

†
C′B

εB
+
HCNH

†
C′N

εN
(2.37)

The first-order effective Hamiltonian H
(1)
e can be represented in real space using

Pauli matrices and the unit matrix σo as

H(2)
e = (−i∇−A).σ + V σo + ∆σz (2.38)

The vector potential A in H
(2)
e has the form of a magnetic field and is called the

pseudomagnetic field.

2.7 Perturbation theory for the effective Hamiltonian

By using perturbation theory for the graphene first-order effective HamiltonianH(1)
e

when the lattice mismatch approaches zero, we can derive the band gap of the in-
commensurable system from that of the commensurable configurations. In this sec-
tion we ignore the overlap matrix in Eq. 2.31 for simplicity and restrict ourselves to
the neighbourhood of the K point.
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The two wavefunctions of pristine graphene are

〈r|s,k〉 =
eik.r√

2

(
1

iseiθk

)
(2.39)

where s (±1) is the chirality index of the states. The matrix elements of the potentials
between the two states are

〈s,k|V σo|s′,k− g〉 =
1 + ss′e−iθk,k−g

2
Vg, (2.40)

〈s,k|∆σz|s′,k− g〉 =
1− ss′e−iθk,k−g

2
∆g, (2.41)

and

〈s,k|A.σ|s′,k− g〉 = i
s′eiθk−gA−,g − se−iθkA+,g

2
(2.42)

where A± = Ax ± iAy . In first-order perturbation theory, the eigenvalues are the
solutions of the secular equation∣∣∣∣( V0 + I

(
e−iθkA+,0

)
∆0 − iR

(
e−iθkA+,0

)
∆0 + iR

(
e−iθkA+,0

)
V0 − I

(
e−iθkA+,0

) )
− ε
∣∣∣∣ = 0. (2.43)

The modulating potential V does not open a gap due to the chiral nature of graphene
states near the Dirac point [73]. The A0 can be simplified for supercells by using
graphene bonding and anti-bonding wavefunctions (|ψ+〉,|ψ−〉, the |±, 0〉 of Eq. 2.39)

A0 =
∑
α

1

εS,α

〈
ψ+|Hh|φS,α

〉〈
φS,α|H†h|ψ−

〉
(2.44)

where |φS,α〉 is a substrate wavefunction and εS,α the corresponding energy. For in-
finitely large supercells the hopping interactions of the graphene A and B sublattices
with the substrate will span the same area (inside the supercell). Therefore for every
specific environment for an A-sublattice atom, there will be the same environment
for a B-sublattice atom and we have

∑
j∈S

(∑
i∈A

Hh,ij −
∑
i∈B

Hh,ij

)
∼ N∂γ (2.45)

where on the right hand side of the equation γ is the magnitude of the average inter-
layer hopping and N∂ is the number of atoms close to the boundary of the supercell.
The only term remaining at the K point includes the terms related to the interaction
of carbon atoms with substrate atoms close to the boundary of the supercell. For
very large supercells NBN ' NC and there are then NT ' 4N2

C atoms in the super-
cell. Since only N∂ ' 8NC of them are close to the boundary of the supercell, by
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using Eq. 2.44 we have

A0 ∼
N2
∂

N4
T

γ2

(
1

εB
+

1

εN

)
∼ γ2

N2
C

(
1

εB
+

1

εN

)
. (2.46)

This argument shows the cancellation of A0 for large supercells where NC becomes
very large when the band gaps obtained from solving Eq. 2.43 will be 2|∆0|. With the
same argument that leads to the cancellation of A0, we conclude that in ∆0 only the
sublattice symmetry-breaking potential remains. We can calculate ∆0 from commen-
surable configurations. We showed in section II that the on-site terms have a simple
Fourier expansion; therefore for large supercells we find that 2∆0 = VC,0 − VC′,0

where C refers to the A-sublattice and C′ to the B-sublattice. Fourier expansion of
the diagonal terms allows us to use the three most symmetric configurations (a), (b)
and (c) to calculate ∆0 =

(
∆(a) + ∆(b) + ∆(c)

)
/3.

The relation of the on-site terms to the gaps of the corresponding commensurable
configurations are

G(a) = − 2∆(a) − γ2
B

εB
+
γ2

N

εN
(2.47a)

G(b) = 2∆(b) +
γ2

N

εN
(2.47b)

G(c) = 2∆(c) − γ2
B

εB
(2.47c)

where the G are band gaps for commensurable configurations. This results in

2 |∆o| =
∣∣G(a) −G(b) −G(c)

∣∣
3

(2.48)

This is the main result of perturbation theory for the effective Hamiltonian and pre-
dicts that the total gap of large supercells can be derived from the band gaps of just a
few commensurable configurations. Using the LDA band gaps for the (a), (b) and (c)
configurations, Eq. 2.48 predicts an LDA band gap of 5 meV for the “wavy” dRPA

eq (r)

structure and 31 meV using the G0W0 corrected band gaps where the result of full
diagonalization are 5 and 32 respectively. This close agreement suggest that our ef-
fective Hamiltonian captures the most important physics of the C|h-BN system. It is
worth noting that if we neglect the interface dipole potential V (r) and ∆(r) and only
consider the hopping terms, the gap opened from Eq. 2.43 will be negligible. This
means that a tight binding model that neglects the dipole potentials will not open a
band gap.

We can derive the second order perturbation contribution to the effective Hamil-
tonian. The general form of the second-order energy corrections is

ε
(2)
sk =

∑
s′,g

|〈s,k|δH|s′,k− g〉|2

ε
(0)
sk − ε

(0)
s′,k−g

(2.49)
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where δH is the perturbing part of H(2)
e and the sum is over the states for which the

denominator is not zero. The term which contains ∆ is

ε
(2)∆
sk = −2s

∑
g

g cos θk,g
g2 − 2kg cos θk,g

|∆g|2 (2.50)

Because of the global six-fold symmetry of the system, the above term and all of the
other contributions cancel at the K point making the second-order correction to the
band gap zero. This means that our perturbative estimate of the band gap in Eq. 2.48
is correct to second order.

2.8 Screening

Our TB analysis shows that placing graphene on a h-BN substrate leads to pristine
graphene experiencing a perturbation that can be described as an external potential
V0(r). This potential would in reality be screened. In DFT, the total potential could
be expressed as the sum of an initial (bare) potential V0(r) and the potential Vind(r)

induced by charge redistribution in the system [74, 75]

Vind(r) =
e2

ε

∫
dr′

δn(r′)

|r− r′|
+ Vxc(r) (2.51)

where Vxc is the exchange-correlation potential of the system. Vxc can be neglected
in comparison with the first term, the Hartree potential. The electron density of the
system n(r) can be determined by using the density of states (DoS), which itself can
be related to the chemical potential µ by

n(µ) =
µ|µ|
π~2v2

F

(2.52)

For a free-standing graphene layer in an external potential V0(r), the total potential
can be explicitly written as

V (r) = V0(r) +
e2

πκ~2v2
F

∫
dr′µ

|µ− V (r′)| − |µ|
|r− r′|

− e2

πκ~2v2
F

∫
dr′V (r′)

|µ− V (r′)|
|r− r′|

(2.53)

where κ is the relative dielectric constant of the environment including vacuum on
one side of the graphene layer and h-BN on the other side, κ = (1 + 2.8)/2 [61]. This
is the general Thomas-Fermi (TF) equation for graphene. In such a system, the TF
model can describe static charge redistributions where it is equivalent to the zero-
frequency, long wavelength (q = 0, ω = 0) limit of the RPA model. Therefore if the
system does not have a global gap, there will be charge redistribution. If there is a
gap, no static (ω = 0) transition can change the charge distribution and the TF model
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fails to describe screening in such a system. We should instead use a frequency-
dependent dielectric function such as the RPA. From section IV we already know that
the band gap is zero for C|h-BN configurations with large misalignments making the
TF model applicable to these configurations.

2.8.1 Doped graphene

We begin by examining screening in doped graphene. Because Eq. 2.53 depends on
absolute values, we consider a free-standing graphene layer doped to the maximum
of its bare potential (µ = |V0(r)|max). This choice allows us to simplify one of the
absolute values and therefore, write its TF equation as

V (r) = V0(r) +
e2

πκ~2v2
F

∫
dr′V (r′)

V (r′)− 2|µ|
|r− r′|

(2.54)

The Fourier transform of this equation will lead to

Vg = V0,g +
2rs

~vF|g|
∑
q

Vq
(
Vg−q − 2|µ|δq,g

)
. (2.55)

An approximate solution to this equation when V0,g is small can be obtained as

Vg =
V0,g

1 + qTF/g
(2.56)

where qTF is the characteristic wavevector in the TF model

qTF =
4rs|µ|
~vF

=
2π

LTF
(2.57)

For large supercells, the results of the TF model agree with the RPA result[76]. The
exact solution when the initial modulating potential (V0) contains only the six small-
est reciprocal lattice vectors in its Fourier expansion is

Vg =
|µ|
2

g

qTF

[
1 +

qTF

g
−

√(
1 +

qTF

g

)2

− 4V0,g

|µ|
qTF

g

]
(2.58)

The results of Eq. 2.56 and Eq. 2.58 are shown in Fig. 2.11 for the V0,g values derived
from many-body calculations. The Thomas-Fermi length is LTF ∼ 6.3 nm.

2.8.2 Undoped graphene

If the graphene layer is doped less than the modulating potential, the TF model be-
comes sensitive to the shape of the bare potential. Here we study undoped graphene
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Figure 2.11: TF results for doped graphene, Eq. 2.56 (blue dashed line) and Eq. 2.58
(red).

as a limiting case. For undoped graphene the TF equation becomes:

Vg = V0,g −
2rs
~vFg

∫
Ω

dr

Ω
V (r)|V (r)|e−ig.r (2.59)

where Ω is the area of the supercell and the integral is over the supercell. The above
integral can be separated into two integrals as follows:

1

Ω

(∫
Ω+

drV 2(r)e−ig.r −
∫

Ω−
drV 2(r)e−ig.r

)
(2.60)

where Ω+ (Ω−) are the regions where V is positive (negative). The boundaries of
these two integration regions depend on the shape of the screened potential, and
should be found from Eq. 2.59 simultaneously with the potential itself. We can as-
sume that the area of these regions will not be changed by screening for the average
of the periodic potential over the supercell is not changed by screening in the TF
model; screening only changes the magnitude of the potential and not its phase. We
could choose the supercell in such a way that the Ω+ region is in its center, but by
doing so the Ω− region would have a complicated shape inside the supercell. If we
choose the external potential to have a simple shape so that its Fourier expansion
contains only the six smallest reciprocal lattice vectors, all with the same phase and
magnitude, then we can show that the Ω+ region is a simply-connected hexagonal
while the other region has a more complicated shape. If we start with the positive
V0,g, then the positive part (Ω+) is hexagonal; we approximate this hexagon with a
circle of the same area since the details of the boundary do not change the general
trend of the screening. We define τ = Ω+/Ω as the fraction of the supercell where the
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potential is repulsive. This assumption leads to an analytical solution for the integral
in Eq. 2.60 ∫

Ω+

dr

Ω
V 2(r)e−ig.r = 2τ

∑
p,q

J1(|p + q + g|R)

|p + q + g|R
VpVq (2.61)

whereR =
(
τΩ
π

)1/2
is the radius of the corresponding circle and J1 is the Bessel func-

tion of the first kind. The oscillatory function J1(r)/r originates from the non-linear
dependence of the TF model on the absolute value of V . The oscillations of J1(r)/ r

make the screened potential a non-monotonic function of the reciprocal lattice vec-
tors g. Eq. 2.60 then simplifies to∫

Ω

dr

Ω
V |V |e−ig.r = 2

∫
Ω+

dr

Ω
V 2e−ig.r −

∫
Ω

dr

Ω
V 2e−ig.r (2.62)

and collecting these parts leads to

Vg = V0,g −
2rs
~vF g

∑
p,q

VpVq

(
4τJ1(|p + q + g|R)

|p + q + g|R
− 1

)
(2.63)

If we take the magnitude of the smallest reciprocal lattice vector for the supercell to
be G, then we can define α ≡ GR =

(
12τ2π2

)1/4, and using our assumption that
only the magnitude of Vg is changed by screening, then for every g we can group
the ps and qs into sets where |p + q + g| are the same. For example, we define
the first set to be {1}g ≡ [p,q 3 |p + q + g| = G], the second set to be {2}g ≡[
p,q 3 |p + q + g| =

√
3G
]
, etc. For each set, the value of the quantity between the

large brackets in Eq. 2.63 is constant for all ps and qs belonging to the set and related
to α. If we define this value to be β then for the first four groups we have β =

−0.45,−0.95,−1.06,−1.12. Solving Eq. 2.63 is still difficult so we only solve it for
g = G and the first set group and only for the ps and qs whose magnitude is G. There
are two pairs of p and q for which |p + q + g| = 0, but since lim

x→0
2 J1(x)/x − 1 = 0

then they do not enter into the equation. There are 15 pairs of p and q for which
|p + q + G| = G and therefore we have

Vg = V0,g −
30βrs
~vF g

V 2
g (2.64)

where β = −0.45 and thus Vg can be solved

Vg =
~vF g
60βrs

(
1−

√
1− 120βrs

V0,g

~vF g

)
. (2.65)

For small supercells we can write

Vg ∼
V0,g

1− 30βrs
V0,g

~vF g

(2.66)
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Figure 2.12: TF results for undoped graphene. Results from Eq. 2.65 (solid red) and
Eq. 2.66 (dashed blue).

which gives us a potential dependent TF wavevector. For typical values that we
found for C|h-BN we know that the variation in the modulating potential of quasi-
particles is about 235 meV, and therefore V0,g ∼ 235/9 = 26 meV and rs ∼ 1.14 and
~vF g = 2πγ gb where b is the primitive reciprocal lattice vectors of graphene and γ

is the nearest neighbour hopping in graphene, therefore the TF length scale will be
LTF ∼ 11.2nm, and the dielectric function is ε = 1− 30βrsV0,g/~vF g.

There is no characteristic TF wavevector corresponding to Eq. 2.65 because the
system does not have any characteristic length scale when the graphene layer is un-
doped. However, we can still compare the doped and undoped systems, the V be-
haviour changes from a g dependence for doped graphene to a g1/2 for an undoped
system in very large supercells. In the RPA approximation, the static polarization
function of graphene[76] when ~vF g ≥ 2|µ| is

Π0(g) =
2|µ|
π~vF

1− 1

2

√
1−

(
2|µ|
~vFg

)2

− ~vFg

4|µ|
sin−1 2|µ|

~vFg

 (2.67)

and for ~vFg ≤ 2|µ|we have

Π0(g) =
2|µ|
π~2v2

F

[
1− π

4

~vFg

2|µ|

]
(2.68)

In the long wavelength limit for a doped system, the screening wavevector of the
dielectric function in the RPA approaches the corresponding wavevector of TF di-
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electric function

qs =
2πe2

κ
Π0(0) =

4rs|µ|
~vF

= qTF (2.69)

For undoped free-standing graphene with no gap, there is no screening length scale,
but an effective dielectric constant can be derived from Eq. 2.14 and Eq. 2.67

ε = 1 +
πrs
2
. (2.70)

This dielectric function gives 1/ε ∼ 0.36 which is smaller than the values from
Fig. 2.8 and is closer to the results for doped systems. Comparison of Fig. 2.11 and
Fig. 2.12 shows that doped graphene can screen the induced modulating potential
more strongly than undoped graphene.

2.9 Conclusions

Many-body corrections to a tight binding model developed here for the C|h-BN sys-
tem show that the quasiparticle energies of this system around the K point are much
larger than was previously thought. Our relaxation of the interface of the C|h-BN
system leads to a wavy topography for the graphene layer, which along with the
many-body corrections results in a gap of about 30 meV. This band gap is the result
of an incomplete cancellation of the sublattice symmetry-breaking potential for the
graphene bands near the K point, suggesting that an amplified height variation of
the graphene layer might allow us to make use of the underlying large gaps to open
a wider gap in the graphene layer; this can, for example, be done through locally
bending the surface at some regions of the supercells. Our final tight binding picture
can be employed to understand the physics behind the C|h-BN interlayer interac-
tions.

We developed a perturbation scheme to predict the band gaps of large supercells
using small commensurable configurations. We found that an effective Hamiltonian
assigned to the C|h-BN system suffices to understand the interactions of the sys-
tem, and can be even be applied to more complex situations where external pressure
is applied. Furthermore, the screening of the potentials in the C|h-BN system can
be understood from our RPA dielectric function derived for the gapped-graphene;
this screening can also be applied to other systems where a band gap is opened
for graphene. Employing the Thomas-Fermi model, we have demonstrated that
the behaviour of the C|h-BN system changed as a function of the size of the super-
cell, and consequently, the metal-insulator transition in the C|h-BN system changes
the screening of the system. It is also noteworthy that our theoretical model devel-
oped here for the C|h-BN system can be applied to any other substrate-supported
graphene layer, too.
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Intrinsic electron-hole puddles in

graphene on hexagonal boron nitride

3.1 Introduction

Hexagonal boron nitride (h-BN) has been shown to be a very suitable dielectric
substrate for graphene devices. It has insulating characteristics similar to those of
SiO2 [77] but has far fewer charged impurities and is atomically flat. This results
in a higher mobility of the charge carriers in graphene when placed on h-BN com-
pared to SiO2 [42] and larger electron-hole puddles [72] which are less deep [43, 44].
Graphene has a small lattice mismatch with h-BN and forms a superstructure when
placed on it which is observed as a moiré pattern in scanning tunnelling microscopy
(STM) images [43, 44]. Since STM does not directly measure the height but rather
a current, it is possible that the moiré patterns in graphene (C) on h-BN (C|h-BN)
have an electronic as well as a structural origin. If the local density of states, i.e. the
doping level, gradually fluctuates throughout the graphene sheet, the STM tip will
follow this profile in order to keep the tunnelling current constant.

The h-BN honeycomb crystal structure has an approximately δ = 1.8% larger lat-
tice constant than graphene. Unlike graphene, the bonds in the h-BN plane have a
polar-covalent character because of the large difference in electronegativity of boron
and nitrogen. Graphene is weakly bonded to h-BN with a binding distance similar
to the h-BN interlayer separation [18, 45]. The competition between in-plane strain
and interplanar bonding in C|h-BN has been investigated by means of random phase
approximation (RPA) calculations within the framework of the adiabatic connection
fluctuation-dissipation theorem (ACFDT) calculations [45]. There it was found that
the energy cost of stretching the graphene sheet and compressing h-BN to make
them match was comparable in size to the gain in bonding energy making it uncer-
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Figure 3.1: Binding energy curves for commensurable aligned C|h-BN in the three
symmetrical configurations (a) red, (b) blue and (c) green explained in the text. The
dashed lines correspond to vdW-DF, the solid lines to LDA calculations.

tain what would actually happen in experiment. Subsequent experiments indicated
that when very well aligned, graphene and h-BN form domains where they become
commensurable that are separated by domain walls where the strain accumulates
[56]. In the aligned case, we have predicted that band gaps of order 30 meV would
develop for the incommensurable case and of order 200 meV if the lattices remain
incommensurable [52]. Experimentally, temperature dependent measurements in-
dicate gaps of ∼ 30 meV [48, 56]. Above a very small critical angle, the lattices no
longer become commensurable. This is the case that is studied in this chapter.

3.2 Computational details

The DFT equilibrium binding distances and charge densities for different C|h-BN
configurations were calculated using the Local Density Approximation (LDA) [3]
and vdW-DF [78] functionals within the framework of the plane-wave PAW pseu-
dopotential method [8], as implemented in VASP [59, 79]. A plane wave basis with a
cutoff energy of 600 eV in combination with a 36×36×1 k-point grid was used. Total
energies were calculated using the tetrahedron scheme [80] and converged to 10−7

eV. Care was taken to ensure that the high symmetry Γ, K, and M points of graphene
were explicitly included in the Brillouin zone sampling in order to describe charges
and band structures accurately. A dipole correction was applied to avoid spurious
interactions between periodic images of the slab [81].

For the rotationally aligned commensurable structures a unit cell with ahex =

2.445 Å consists of two carbon atoms on top of a h-BN and a 15 Å vacuum layer. For
the large rotated C|h-BN structures a k-grid with the same density was used.
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Figure 3.2: LDA Binding energy curves for two commensurable supercells with the
graphene and h-BN lattice rotated by θ = 21.8o (solid red) and θ = 11.0o (dashed
blue) with respect to one another.

3.3 Graphene|h-BN binding

In Fig. 3.1 the binding energies of three commensurable aligned C|h-BN structures
are shown as a function of the binding distances d. We distinguish three different
symmetrical configurations: (a) with one carbon over boron, the other over nitro-
gen; (b) with one carbon over nitrogen, the other centered above a h-BN hexagon;
(c) with one carbon over boron, the other centred above a h-BN hexagon. The LDA
curve decays exponentially, since it depends on the wavefunction overlap between
the two sheets, whereas the vdW-DF curves show a d−4 dependence, as expected
for the asymptotic behaviour for van der Waals interacting planes [82]. As expected,
the vdW-DF yields larger equilibrium binding separations. A comparison with the
results from the ACFDT-RPA method shows that the energy ordering of the three
configurations does not depend on which functional is used. The equilibrium sepa-
rations are largely similar, with the exception of the (c) configuration where the LDA
results in a significantly shorter separation than either vdW-DF or RPA.

We also calculated the binding energy curves for two commensurable systems
rotated through θ = 21.8o (7 unit cells of graphene) and θ = 11.0o (13 unit cells of
graphene). The LDA binding energy curves shown in Fig. 3.2 are almost identical
with the same equilibrium binding separation. The difference between the equi-
librium binding energies is much less than what is seen for the aligned systems in
Fig. 3.1 indicating that for the rotated systems the binding energy will not depend
on the detailed structure of the supercell.

Even though the interaction between graphene and h-BN is small, a non-negligible
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c + o

Vac

Figure 3.3: Schematic illustration of the local potential and local Dirac cones that
follow the potential. c is a constant potential and Vac indicates the vacuum level of
the system.

interface dipole layer is formed at the interface [60]. The strength and direction of
the dipole depend on the binding configuration. The interface dipole is calculated
from the charge density difference function ∆n(x) = nC|BN(x) − nC(x) − nBN(x).
Formation of the dipole layer gives rise to a step ∆V in the electrostatic potential
perpendicular to the layer as

∆V =
e2

Ωεo

∫ ∞
−∞

zdz

∫
Ω

dxdy∆n(x) (3.1)

where Ω is the area of the supercell, x,y are in-plane coordinates and z is the out
of plane coordinate. We found that the results of vdW-DF and LDA are very close
to each other and therefore ∆V could be taken as a functional-independent param-
eter [57]. This results indicates that the rather crude LDA functional gives a very
reasonable description of potentials in this weakly van der Waals bonded system at
lower computational cost. In the remainder of this work we will therefore use RPA
equilibrium separations [45] but use the LDA to carry out calculations.

3.4 Puddle formation

With both lattice mismatch and orientational misalignment there is in principle no
limit to the moiré pattern period for C|h-BN depending on the rotation angle. The
resulting interface dipole will therefore be slowly varying throughout the supercell
for large moiré patterns. This slow variation enables us to take the local electronic
structure as similar to the Dirac cone structure of graphene by a local Hamiltonian. A
schematic illustration of the consequence of this is shown in Fig. 3.3. Locally the po-
tential step (λo) changes, creating a landscape of shifted Dirac cones. The graphene
sheet will try to screen the external potential, however because of the low density of
states near the Fermi energy, it is not able to completely do so. The strength of the po-
tential will be diminished, but the shape is retained. Therefore we believe that even
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Figure 3.4: Charge density difference of C|h-BN around the graphene sheet for a
supercell with θ = 17.9o containing 62 carbon atoms.

with screening in the graphene sheet, the effect of the local binding configuration on
the interface dipole will give rise to lateral charge redistribution by the screened po-
tential. This will become apparent by electron and hole doped regions in a graphene
sheet on h-BN. In the case that a band gap opens, but the size of band gap is smaller
than the λo, then still an in-plane charge redistribution will occur, and in the case
that the band gap is larger than the potential step and graphene in its undoped state,
electron-hole puddles can not formed.

3.4.1 Low energy Hamiltonian

The low energy Hamiltonian of graphene will contain the two bands around the K

point. The general form of this Hamiltonian in real space can be represented as

HK(x) = λoσo + λmσz + (−i~vF∇ + f).σ (3.2)

where x is the position of the carbon pairs measured in the supercell, vF is the Fermi
velocity, σ represents the sublattice degree of freedom. λo is the modulating po-
tential which shifts the position of the graphene’s bands in energy, λm is the sub-
lattice symmetry breaking term which can rises from dipole layer formation and
interlayer hoppings and can correspond to the breaking of the inversion symmetry
in the system, and f is a two-dimensional vector that represent breaking of the C3

threefold symmetry in the system. In the supercell the Hamiltonian in Eq. 3.2 will be
position-dependent and therefore the parameters will be function local of position
of graphene’s original primitive unitcell in the supercell. For large supercells the
parameters of Hamiltonian will depend on the position of graphene’s primitive cell.

The slowly varying landscape means that the Hamiltonian. Eq. 3.2 can be locally
diagonalized and local band structure and wavefunctions can be calculated. If we
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define the average of our parameters around some region in the supercell (x) then
Hamiltonian can be partitioned (H(x)) and therefore local energies will be

ε±(x) = λo(x)±
√
λ2
m(x) + f2(x) (3.3)

and the local wave functions are

ψ±(x) = eiϕ(x)
(
λm(x)±

√
λ2
m(x) + f2(x), f(x)eiθf

)
/Z± (3.4)

where Z± is the normalization factor and θf is the angle of vector f and ϕ is the
position-dependent phase of the local wave function. Since the local wavefunctions
should be continuously glued together in order to make the global wavefunction,
then the phase of the local wave functions cannot be chosen arbitrarily. As we show
in Eq. 3.4 the local wave functions do not depend explicitly on λo, but the continuity
of the global wave function will requires indirectly introduce dependency on the λo
through ϕ. The normalization factor Z± does not depend on the local parameters but
only normalizes the total wave function, and therefore the local wave functions will
capture charge fluctuations through the supercell by being non-normalized. Locally
the f terms cannot be ignored since without them the wave function will not be
continuous through the Brillouin zone, but if we partition the supercell into large
enough cells with approximate three-fold symmetry in them, then the contribution
of the f term could be neglected.

3.4.2 Global solutions

For the general case the Hamiltonian Eq. (3.2) can be represented in reciprocal space
and the Dirac equation for graphene becomes∑

gi

〈sq|δH|s′,q + gi〉〈s′,q + gi|ψsq〉 =
(
εsq − ε(o)

sq

)
〈sq |ψsq 〉 (3.5)

where δH = λoσo + λmσz + f .σ is the perturbative part of Hamiltonian, 〈x|s,q〉 =

eiq.x
(
1, seiθq

)
/
√

2 are the unperturbed wave functions of graphene and s is the chi-
rality index of the bands. If we choose the local regions large enough then f will
vanish from the Hamiltonian and therefore we have

〈sq|δH|s′,q + g〉 =
1

2

[
λgo + λgm + ss′ (λgo − λgm) ei(θq+g−θq)

]
(3.6)

where λgo is the corresponding Fourier transformation of λo. Therefore the wave
function can be written to first order as

〈x |ψsq 〉 = 〈x|sq〉+
∑
i

〈x |s′ ,q + gi〉 〈s′,q + gi|δH|sq〉
ε

(o)
sq − ε(o)

s′,q+gi

(3.7)

this solution however works when λ(g)
o , λ

(g)
m � ~vF q where g is the smallest recipro-
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Figure 3.5: Energy gap from Eq. 3.8 where blue line contains up to the linear term
and red line contains all terms.

cal lattice vector of the supercell, since it is a perturbation result for bands away from
the gap. For bands very close to the gap then we need to use Eq. 3.5 and it is more
convenient to change our basis to 〈x|+, q〉 = eiq.x(1, 0) and 〈x|−, q〉 = eiq.x(0, 1). We
can look at the occupied wave function at the K point by solving Eq. 3.5 by using
new basis. If we define εg = ~vF g as the lattice energy, where g is the smallest
reciprocal lattice vector and if we define g = b/N where b is the reciprocal lattice vec-
tor of graphene and N is the scale of supercell to primitive unit cell, then we have
εg = 2πγ/N where γ is the nearest neighbour hopping parameter of graphene, then
the energy gap for the cases where

∆ = 2λ(o)
m −

12λ
(g)
o λ

(g)
m

πγ
N +

6λ
(g)
m

[(
λ

(g)
m

)
2 + 3

(
λ

(g)
o

)
2
]

π2γ2
N2 (3.8)

the last term in Eq. 3.8 is the higher order interactions and therefore if the last term
is important, then larger g vectors should be included which means that the wave
functions and energies will no longer follow the potential. The gap at a = 14.5 nm is
around 36 meV, which is in agreement with our previous findings [52]. We plot the
linear term in Eq. 3.8 and the full energy gap in Fig. 3.5, and we show the potential
and wavefunction difference

δ|ψ(x)|2 = |ψ(x)|2 − |ψo(x)| 2 (3.9)

where ψo(x) is the unperturbed wavefunction of graphene at the K point for the
supercell of 55 × 55 graphene unit cell in Fig. 3.6. We used the corresponding val-
ues obtained from our commensurable DFT calculations with including many-body
corrections for λo as 235 meV variation and λm for 200 meV variation[18]. The de-
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(a)	   (b)	  

Figure 3.6: (a) The potential profile and (b) the corresponding low-energy occupied
wave function difference. The lighter regions the difference is positive and darker
regions represent the negative wave function difference.

viation from linear correction starts to be visible from supercells of a ∼ 6 nm, and
becomes around 44% error in a ∼ 15 (nm). we conclude that the wavefunction and
therefore electron-hole puddles regions will be the same as the potential landscape
for a ≤ 6 and therefore electron-hole puddles will form for C|h-BN supercell which
indicate the local change in the underlying potentials, and for larger supercells the
the shape of potential landscape and charge density start to become different from
one another, but still density will resemble the potential to a good degree.

One point worth mentioning here is that in Eq. 3.8 we have put λ(o)
m = 0 because

for small supercells the gap in the system vanishes. For 1× 1 C|h-BN cells the gap is
large, but when the system rotates the gap disappears. This can be attributed to the
fact that in large supercells we have regions similar to (a), (b), and (c) configurations,
but when the size of a unit cell decreases it is not obvious which configuration the
supercell will map into in this limit. Therefore if we want to find the small supercells
correspond to the large supercells then the small supercell will be a superposition
of 1 × 1 unitcells of C|h-BN. Now in this situation the λ(o)

m should be averaged over
them. In three above mentioned unitcells, the (b) and (c) configurations are different
with (a) unitcell because the mass term has opposite sign in two cases, which leads
to dissapearence of λ(o)

m and that is the reason that in Fig 3.5 the gap is zero for a = 0.

3.5 Graphene on molybdenum disulfide

Calculations have been performed of graphene on molybdenum disulfide (MoS2),
in order to determie wether the formation of electron-hole puddles in graphene on
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h-BN is caused by the in-plane polar covalent bonding character in the h-BN sheet.
MoS2 is a semiconductor with a hexagonal layered structure and a monolayer unit
cell consisting of two Sulfur atoms and one Molybdenum atom. The layers in the
crystal are weakly by van der Waals forces and can be cleave in a similar fashion as
h-BN. The outside of a MoS2 monolayer consists of only Sulfur atoms, therefore if
graphene is placed on top of MoS2 it is not affected by lateral polar covalent bonds as
in h-BN. The lattice mismatch of 22% with graphene is much larger than for h-BN. In
order to compare C|MoS2 with C|h-BN we constructed an aligned 5× 5 graphene on
4×4 MoS2 supercell, because the rotated C|h-BN supercells have different structures
than local aligned commensurable systems. Similar interface dipole layer calcula-
tions as for C|h-BN have been performed. The LDA equilibrium binding distance
deq between MoS2 and graphene sheet is 3.34Åthe potential step across the interface
is ∆V = 0.26 eV, and therefore the potential step is larger in C|MoS2 in compari-
son with C|h-BN. However upon translation of the graphene lattice over the MoS2

substrate, a negligible change in the binding distances and the strength of the inter-
face potential step were found. The chemical selectivity for the carbon atom to bond
to the Nitrogen or Boron atoms is lost for C|MoS2 systems, since the interactions
are dominated by the homogeneous top Sulfur layer and graphene sheet. Therefore
C|h-BN, intrinsic electron-hole puddles in C|MoS2 are not expected.

3.6 Conclusion

In conclusion, we have found that an interface dipole layer is formed between graphene
and h-BN. The size and direction of the accompanying potential step are dependent
on the precise binding configuration. Since in experiment C|h-BN forms an incom-
mensurable structure in which the local binding configuration gradually changes,
we expect slowly varying dipole layer and a corresponding electrostatic potential
landscape. The electrostatic potential will be only partially screened because of the
low density of states in graphene around the Fermi level. The Dirac cone will be
moved following the direction of the local electrostatic potential of the inhomoge-
neous dipole layer. The result is a redistribution of charge in-plane, causing intrinsic
electron-hole puddles to appear in graphene when placed on hexagonal boron ni-
tride. The electron-hole puddle formation is caused by the polar covalent character
of the bonds in h-BN, therefore we predict that no intrinsic electron-hole puddles
will be formed when graphene in placed on a homogeneous material like MoS2.
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4
Increasing the effective spin-orbit

coupling in graphene by hybridization
with transition metal dichalcogenide

substrate

Graphene was the first material proposed to be a topological insulator. Because its
spin-orbit coupling (SOC) is so weak, experiments with it would have to be carried
out at impracticably low temperatures. We use density functional theory calculations
to explore the possibility of inducing a larger effective SOC in graphene by letting it
hybridize with layered semiconducting MX2 transition metal dichalcogenide which,
with M = Mo or W and X = S, Se or Te, have sizeable spin-orbit splittings at the K

point. We generalize the phenomenological low energy Hamiltonian proposed by
Kane and Mele for graphene to describe the electronic structure modified by inter-
action with a substrate and use it to show that MX2|graphene|MX2 sandwiches with
inversion and reflection symmetry are Z2 topological insulators with small gaps but
graphene|MX2 bilayers are normal insulators. Applying external pressure does not
change their topological invariants.

4.1 Introduction

The discovery of topological insulators has changed our perception of the “triviality”
of the insulating state in band insulators. Insulators can be categorized by “topologi-
cal invariants” and since these invariants are not continuous, interesting phenomena
occur when they have to change. The first group of these invariants was found in
describing the quantum Hall effect for electrons confined in strong magnetic fields
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[36, 83, 26]. Kane and Mele [29, 30] proposed another class of “topological insulators”
for systems with time-reversal symmetry where the invariant can have two values.
Systems which are topologically nontrivial in the presence of time-reversal symme-
try are called Z2 topological insulators (TI) [29, 30, 25, 32, 84, 85]. The non-trivial
behaviour is caused by the spin-orbit interaction (SOI).

Kane and Mele showed that the spin-orbit coupling (SOC) in graphene that opens
a gap at the Dirac point could give rise to topologically protected spin-polarized edge
states [29, 30]. A number of studies indicated that the intrinsic SOC of graphene is
so weak that for typical values of Rashba coefficient, temperatures of order ∼0.01 K
[86, 87, 88] would be required to observe these states though subsequent calcula-
tions have revised this temperature upwards to < 0.6 K (corresponding to a gap of
< 50µeV) [89, 90]. It has been proposed to increase the SOC in graphene by “dec-
orating” it with heavy adatoms [91, 92, 93] or by making it interact with a suitable
substrate. A number of different substrate materials have been studied theoretically
as possible candidates, for example Bi2Se3 which is itself a TI [94]; the transition
metal dichalcogenides (TMD) [95, 96, 97, 98]; the layered BiTeX compound with X
= Cl, Br, or I [99]. This work shows that the spin-orbit splitting of graphene can be
enhanced by three orders of magnitude on the TMD substrates and that around the
graphene Dirac point a band inversion occurs that has been interpreted to indicate
that the graphene bands in these systems have a non-trivial topological character.
The TMDs have hexagonal lattices, can be exfoliated into single layers [34] and can
be composed of heavy metals and chalcogens that give rise to large spin-orbit split-
tings of their energy bands [100]. If the graphene pz orbitals can be made to hybridize
with such a substrate, a larger SOC might be induced at the Dirac point. The lack of a
coherent and complete low-energy model to describe the band structure of graphene
on TMD substrates as well as the importance of spatial symmetries such as reflection
and inversion symmetry prompted us to address this problem.

We used a combination of density functional theory calculations and phenomeno-
logical tight binding Hamiltonians to study the electronic structure of graphene (C)
on monolayers of the six TMD MX2 compounds with M = Mo or W and X = S, Se
or Te. The MX2 materials resemble graphene in that they have a layered hexagonal
structure where the carbon atoms of one graphene sublattice are replaced with M
atoms while those of the other sublattice are replaced with a pair of X atoms posi-
tioned symmetrically on either side of the M atom plane. Each M atom is located at
the centre of a trigonal X6 prism with threefold rotation symmetry. Besides studying
asymmetric (AS) C|MX2 bilayers, we constructed MX2|C|MX2 trilayers with reflec-
tion symmetry (RS) as well as trilayers with inversion symmetry (IS).

The plan of the paper is as follows. In Sect. 4.2.1 we describe how the AS, RS,
and IS supercells were constructed with minimal lattice mismatch and three-fold
rotational symmetry. In Sect. 4.2.2 we describe the most important computational
details and in Sect. 4.2.3 we present the calculated work functions and summa-
rize how the graphene bands are aligned with the MX2 valence and conduction
bands. In Sect. 4.3 we derive a phenomenological low energy Hamiltonian to inter-
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pret our first-principles electronic structures by considering a toy model of graphene
on hexagonal boron nitride. This effective Hamiltonian is then applied to the AS bi-
layers, RS and IS trilayers and simplified in each case. By evaluating the eigenvalues
and vectors and with the help of phase space arguments, we distinguish the topo-
logical insulating regions of parameters. In Sect. 4.4 the theoretical model is applied
to first-principle electronic structures of AS, RS, and IS graphene-MX2 systems and
we present our fitting results and analysis of the bands.

4.2 Calculations

The weak “van der Waals” (vdW) interaction between graphene and MX2 and the
chemical homogeneity of the X layer seen by graphene lead us to expect at best a
weak preference for the alignment of the two lattices and a negligible gap-opening
from sublattice symmetry breaking. Even graphene and the isomorphic hexagonal
boron nitride (h-BN) whose lattice mismatch is only 1.8% interact so weakly that it
is not energetically favourable to “lock” in their lattices [101, 56]. In recent work [52]
we studied how incommensurability and rotational misalignment affect the band
gap induced in graphene by the sublattice symmetry breaking interaction with a
hexagonal boron nitride (h-BN) substrate that was originally predicted for rotation-
ally aligned commensurable structures [18]. Though greatly reduced, a finite band
gap was found to survive incommensurability as long as the lattices were orienta-
tionally aligned. However, even a small deviation from perfect rotational alignment
was sufficient to suppress it completely [52]. Because of the homogeneous composi-
tion of the outer X layers in MX2 compared to the partly ionic B+ and N− in h-BN,
we expect any sublattice symmetry breaking interaction will be substantially weaker.
For these reasons, we do not expect that a rotation of the graphene and MX2 lattices
will greatly influence the electronic properties. In particular, we expect that in the ab-
sence of spin-orbit coupling even a small deviation from perfect rotational alignment
will suppress any substrate-induced band gap. The spin-orbit splittings that we will
find in our calculations will be directly attributable to substrate-induced SOC. In the
absence of energetics favouring alignment, the findings of the present work should
be applicable to most experimentally accessible systems unless of course they are
accidentally aligned.

4.2.1 Constructing the supercells

To construct C|MX2 unit cells with minimal mismatch, we take advantage of the
freedom to rotate the substrate with respect to the graphene layer. For a graphene
(MX2) lattice with primitive translation vectors a1 and a2 (b1 and b2), any lattice
vector t can be expressed as

tC = n1a1 + n2a2 ; tMX2
= m1b1 +m2b2 (4.1)
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Table 4.1: Properties of MX2 monolayers and C|MX2 bilayers calculated with the
optB88 functional. Shown are the in-plane lattice constants a, the equilibrium sepa-
ration between the two X planes cX, and between graphene and the neighbouring X
plane deq, all in Angstroms. η is the substrate strain for supercells containing NMX2

(N2) primitive unit cells of MX2 and NC unit cells of graphene with the lattices ro-
tated with respect to one another through an angle θ. Eb is the LDA equilibrium
binding energy between graphene and the substrate per graphene unit cell in meV.
∆v (meV) and ∆c (meV) are the SOC induced splitting of the MX2 valence and con-
duction bands indicated in Fig. 4.3. WMX2

(eV) is the workfunction of an MX2 mono-
layer, WC|MX2

(eV) that of a C|MX2 bilayer.
a(Å) cX(Å) η(%) N2 NC θ ∆v ∆c deq Eb WMX2

WC|MX2

MoS2 3.16 3.14 2.0 12 19 6.6 146.64 2.72 3.35 -44.9 6.01 4.74
MoSe2 3.30 3.35 1.1 4 7 19.1 185.81 23.21 3.44 -43.0 5.53 4.73
MoTe2 3.52 3.62 1.6 9 19 23.4 218.59 39.19 3.65 -40.8 5.22 4.75
WS2 3.17 3.15 2.0 12 19 6.6 418.22 39.52 3.36 -43.9 5.78 4.75
WSe2 3.30 3.37 1.1 4 7 19.1 454.03 47.11 3.45 -42.3 5.31 4.72
WTe2 3.53 3.64 1.6 9 19 23.4 472.66 63.29 3.64 -40.6 4.98 4.74

where ni (and mi) are integers. The primitive vectors are a1(2) = a
2 (
√

3x̂ ± ŷ) for
graphene and b1(2) = b

2 (
√

3x̂ ± ŷ) for MX2. The carbon A and B sublattices are
related by τB = τA + δC, the M and X sublattices by τX = τM + δMX2

where δC =

(a1 + a2)/3 and δMX2 = (b1 + b2)/3. We determine commensurable supercells with
a tolerance expressed in terms of the maximum allowed substrate strain η as |t∗

C
−

t∗MX2
| ≤ ηt∗MX2

. Lattice vectors satisfying this condition are described by the integers
(n∗1, n

∗
2;m∗1,m

∗
2). The supercell thus defined contains

NC = n∗21 + n∗1n
∗
2 + n∗22 (4.2)

unit cells of graphene and

NMX2
= m∗21 +m∗1m

∗
2 +m∗22 (4.3)

unit cells of MX2. Choosing b′ = bt∗
Cr
/t∗MX2

as the strained lattice constant of the
substrate, the primitive lattice vectors of the supercell will then be T1 = t∗

C
and

T2 = R(π/3)T1 where R(π/3) is a rotation in the graphene plane. The vectors t∗
C

and t∗MX2
are not generally aligned so the substrate should be rotated by an angle

θ = cos−1
t∗
C
· t∗MX2

t∗
C
t∗MX2

. (4.4)

A typical supercell of C|MX2 that contains
√

19 ×
√

19 unit cells of graphene and√
12×

√
12 unit cells of WS2 is illustrated in Fig. 4.1.

It will turn out to be useful to construct MX2|C|MX2 sandwiches with well de-
fined symmetries. To do so we use the remaining freedom to displace the two lat-
tices with respect to one another by an arbitrary in-plane vector to construct an

56



4

4. INCREASING THE EFFECTIVE SOC IN GRAPHENE BY HYBRIDIZATION WITH TMD SUBSTRATE

Figure 4.1: Top view of the unit cell of C|WS2, with three-fold rotation symmetry C3

about the center of the unit cell. The small brown spheres are carbon atoms; the grey
spheres indicate tungsten atoms and the yellow spheres represent sulphur atoms.
This unit cell with (n∗1, n

∗
2;m∗1,m

∗
2) = (3, 2; 2, 2) contains 38 carbon, 12 tungsten, and

24 sulphur atoms. The relative rotation angle is 6.6◦.

asymmetric (AS) bilayer with threefold rotation symmetry. Starting with super-
cells with one carbon atom and one M atom at the origin, we displace all of the
atoms in the graphene layer by ∆C = (T1 + T2)/2 − 2δC and in the MX2 layer
by ∆MX2 = (T1 + T2)/2 − 2δMX2 to align the threefold rotation axes. The center
of the supercell then coincides with the center of a graphene hexagon which is an
inversion center for graphene. We can then construct reflection symmetric (RS) or
inversion symmetric (IS) trilayers with three-fold rotation symmetry by reflecting
the MX2 layer in the graphene plane or inverting it with respect to the center of
inversion symmetry.

This choice allows us to compare different C|MX2 bilayers whereby extraneous
contributions to the electronic properties from different atomic geometries are sup-
pressed. For some choices of supercells, the high symmetry K point in the Brillouin
zone of graphene maps into the K, K′ or Γ points in the Brillouin zone of the su-
percell. Since all of these points are compatible with C3 symmetry, choosing the
supercells to have this symmetry will help us keep the gaps close to the original
graphene K point.

4.2.2 Computational details

To determine reasonable equilibrium geometries of MX2 monolayers, we used first-
principles density functional theory (DFT) calculations within the framework of the
projector augmented wave (PAW) method [8] as implemented in the Vienna Ab-
initio Simulation Package (VASP) code [58, 59, 9]. Because the interaction in weakly
vdW bonded systems is difficult to describe within DFT, we consider three differ-
ent functionals: the local density approximation (LDA) as parameterized by Perdew
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and Zunger [3], the PBE generalized gradient approximation (GGA) [6], and a van
der Waals density functional [78, 102, 103]. Though it generally overestimates chem-
ical interactions, the LDA gives a reasonable description of the binding energy and
equilibrium separation of C|metal [104, 105] and C|h-BN interfaces [18, 45, 52]. GGA
often gives a good description of chemisorption but fails to capture physisorption.
Local or semi-local functionals lack vdW interactions which play an important role
in physisorption [106] and in the bonding of layered materials [107]. In this pa-
per we use one of the recently developed and implemented van der Waals den-
sity functionals (vdW-DF) [78, 102, 103], and compare the results to those obtained
with LDA. In the vdW-DF, the exchange-corrrelation functional is split up as Exc =

Ex + EvdW
c + Eloc

c , where EvdW
c describes non-local electron-electron correlations

and Eloc
c local correlations. For EvdW

c and Eloc
c we use the vdW kernel developed by

Dion et al. [78] and the LDA correlation [108], respectively. For the exchange partEx,
we use the optB88 functional [103]. The resulting optB88-vdW-DF functional gives a
satisfactory description of the lattice parameters and binding energy of graphite.

Electronic structure codes like VASP use a plane wave basis to very efficiently op-
timize geometrical and electronic properties at the price of imposing periodic bound-
ary conditions. Introducing the supercell lattice vector T3 perpendicular to T1 and
T2 to define the position of the periodic images in all three directions, we simulate
single layers by adding a “vacuum” spacer layer of sufficient thickness dvac between
the images that the interaction between them can be neglected. If the X-X distance
in MX2 is cX, then for an MX2 monolayer the supercell size in the perpendicular
direction is dvac + cX.

We construct MX2|C|MX2 sandwiches with IS and RS with the graphene plane
situated at height zero so that the center of inversion through which the C3 rotation
axis passes is at rc = (T1 + T2)/2. The position of every M and X atom can be
expressed as rM(X) = αT1 + βT2 + γT3 where 0 ≤ α, β < 1 and we choose γ < 0 for
the AS bilayer. For the IS trilayers, each M and X atom in the first layer is inverted
through the center of the supercell (inversion center). The positions of the M and X
atoms belonging to the second layer will be rIM(X) = (1 − α)T1 + (1 − β)T2 − γT3.
This supercell has both inversion and threefold symmetry around its center and the
point group associated with it is S6. For the RS trilayers, we only need to reflect
the T3 component of the atomic positions so rRM(X) = αT1 + βT2 − γT3 and the
associated point group will be C3h.

A plane-wave basis with a cutoff energy of 600 eV was used in combination with
the equivalent of a ∼36×36×1 k-point grid in a 1×1 graphene unit cell (Table 4.1).
Based on these structures we find the best supercell for the C|MX2 bilayer and adjust
the in-plane lattice constant of the MX2 layer to graphene to avoid changing the
electronic properties of graphene. With this new lattice constant, the structure of
MX2 is again relaxed to minimize the energy. After these steps we obtained binding
energies and separations of C|MX2 bilayers. The graphene cone and the Γ, K and M

high symmetry points were always explicitly included where the original K point
in graphene maps into Γ or K (K′). For example, WSe2 and graphene are matched
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Figure 4.2: Binding energy per C2 unit cell for graphene on a WSe2 monolayer calcu-
lated with the GGA (green line, diamonds), LDA (blue line, squares), and vdW (red
line, circles) functionals as a function of the layer separation d.

to ∼ 1.1% by using a 2 × 2 supercell of WSe2 and a
√

7 ×
√

7 supercell of graphene.
For this C|WSe2 system, we use a 24×24×1 k-point grid. The vacuum thickness
was set to 15 Å and a dipole correction applied to avoid artificial effects of image
charges [81]. The electronic self-consistency criterion was set to 10−7 eV during all
of the calculations in order to obtain numerically well converged band gaps. The
geometrical and electronic properties of monolayer MX2 TMDs and C|MX2 bilayers
are given in Table 4.1.

The results are illustrated in Fig. 4.2 for C|WSe2 using the LDA, GGA and vdW
functionals. GGA gives essentially no bonding with an adsorption energy Eb = −3

meV/C2 at an equilibrium separation deq = 4.5 Å. LDA gives a reasonable bonding
with Eb = −42.3 meV/C2 at deq = 3.45 Å. The optB88-vdW-DF gives Eb = −120

meV/C2 at deq = 3.48 Å. Because little is known from experiment about the equilib-
rium separations, we err on the side of caution and use the vdW functional separa-
tions to study the effect of spin-orbit coupling.

In the PAW method, all-electron wave functions are derived from smooth pseudo
wave functions by means of a linear transformation [8] allowing all physical prop-
erties to be evaluated using the latter. In the VASP implementation, the spin-orbit
interaction is evaluated taking into account only the spherical part of the potential
inside muffin tins surrounding the carbon nuclei. For “free” atoms in a large box, we
calculated the spin-orbit splitting of the valence orbitals of all of the atoms treated in
this paper and reproduced the splittings reported by Herman and Skillman [109]; in
particular we find a 2p 3

2
− 2p 1

2
splitting for carbon of 8.7 meV in agreement with a

recently reported value [90].
Because of the small size of the splittings at the K point of graphene, we carried
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Figure 4.3: Band structures of MoTe2 (a,b) and WTe2 (c,d) without (a,c) and with
(b,d) spin-orbit interactions. The spin-orbit splitting ∆v of the valence band and ∆c
of the conduction band referred to in the text are indicated.

out numerical tests of the accuracy of the eigenvalue determination for a graphene
monolayer. Without SOC, we can converge the eigenvalues so that at the K point
they are (fourfold) degenerate to better than 10−6eV. Including SOC, we find a gap
of 0.022 meV opens between states that are doubly degenerate to better than 10−6eV.
This gap is in agreement with the gaps reported using all electron methods [89, 90].
We also reproduce the much larger SOC induced splitting of ∼ 9.31 meV of the π
bands at the Γ point found using the FLAPW method [90].

4.2.3 MX2 band structure and band alignments

The work functions of graphene and MX2 and the potential step at a C|MX2 interface
determine where the Dirac point of graphene is situated in the MX2 band gap. The
potential step is obtained from self-consistent calculations as the difference between
the work functions WMX2

of the ideal relaxed MX2 monolayer with its in-plane lat-
tice constant adjusted to match that of graphene and that of the combined system
WC|MX2

as ∆VSCF = WMX2
−WC|MX2

[81, 57].
In Fig. 4.4 we show the band structures of MoTe2 (a,b) and WTe2 (c,d) in the M-Γ-

K direction without SOC (a,c) and with SOC (b,d). For monolayers, the band gap is
direct and at the K point [19, 110, 111, 112]. Replacing Mo with W is seen to increase
the spin-orbit splitting ∆v of the top of the valence band at the K point substantially
and that of the bottom of the conduction band ∆c less so [100]. ∆v and ∆c are shown
schematically in Fig. 4.3 and numerical values are given in Table 4.1. These results
show that the splitting of the valence and conduction band extrema depend mostly
on the metal (M) and not on the chalcogen (X) atom.

As shown in Fig. 4.4 and Table 4.1, the work functionWMX2
and the band gaps of

60



4

4. INCREASING THE EFFECTIVE SOC IN GRAPHENE BY HYBRIDIZATION WITH TMD SUBSTRATE

MoS
2
MoSe

2
MoTe

2
WS

2
WSe

2
WTe

2

-1.5

-1

-0.5

0

0.5

1

E
(e
V
)

Figure 4.4: Schematic alignment of MX2 band structures with respect to the graphene
Dirac point (dashed black line). The thick lines indicate, respectively, the top of the
valence band (red) and the bottom of the conduction band (blue) for each compound.
The light hatched region between the solid and dashed red lines is equal to the SO
splitting (∆v) in each MX2 layer. The (blue) conduction band splitting is not visible
on this scale.

monolayer MX2 decrease in the sequence S→Se→Te. Replacing Mo with W also low-
ers the work function of MX2 as shown in Table 4.1. Fig. 4.4 results from first prin-
ciples calculations for C|MX2 bilayers and therefore includes also the dipole layer
contribution [57]. The hatched region represents the valence band splitting of the
MX2 layers, and we found that this splitting does not depend strongly on the X
atoms since the valence band is dominated by M atom dx2−y2 and dxy state character
(for MoS2 we have 76% dx2−y2 , dxy Mo character, only 20% S atom px, py character
and 4% from other orbitals [113]). This can be seen in Fig. 4.4 where the spin-orbit in-
duced splitting of the valence and conduction bands is almost the same for all three
chalcogens S, Se and Te for both the Mo and W compounds. For the valence band
maximum at the K point, this can be understood in terms of the atom and orbital
resolved character of these states having largely in-plane d-orbital (dx2−y2 and dxy)
character. The ratio of the free atom d state spin orbit splitting, 0.7 eV for W and
0.2 eV for Mo, is close to the ratio of the SO splitting of WX2 to that of MoX2 as given
in Table 4.1.

4.3 Constructing the model

Before presenting detailed results of the ab-initio calculations for graphene on MX2,
it will be useful to derive a simple model that will prove capable of capturing all
of the essential features of the numerical results for the low energy electronic struc-
ture of graphene interacting with a generic substrate but in a form more suitable for
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intuitive understanding.

To describe the behaviour of the low energy π bands of graphene around the
Dirac point, we take hexagonal boron nitride (C|h-BN) as a model substrate because
of its simplicity. We start with a full Slater-Koster [10] LCAO (linear combination of
atomic orbitals) model for a C|h-BN (graphene on hexagonal boron nitride) bilayer.
In this representation, the 32× 32 Hamiltonian takes the form

H =

(
G I
I† S

)
=

 Gz GI I1

G†I Gsp2 I2

I†1 I†2 S

 (4.5)

where G represents the Hamiltonian of a monolayer of graphene on a chemically
complete pz ⊕ sp2 basis, S is the corresponding full sp3 Hamiltonian of the h-BN
monolayer “substrate”, and I represents the interaction between the two monolay-
ers. The graphene Hamiltonian G is decomposed into

G =

(
Gz GI
G†I Gsp2

)
(4.6)

where Gz and Gsp2 are, respectively, the pz and sp2 orbital parts of the Hamiltonian
and GI is the interaction between these. In the absence of spin-orbit coupling GI
vanishes because of the odd (even) symmetry of the pz (sp2) orbitals under reflec-
tion in the graphene plane. The SO interaction couples the pz state (with magnetic
quantum number m=0) to the px and py states (with m = ±1). We can use Löwdin
perturbation theory to downfold G into the subspace of pz orbitals as [114]

GDz (ε) = Gz + GI
(
ε− Gsp2

)−1 G†I . (4.7)

Since we are interested in the eigenvalues ε close to the Fermi energy at the K point,
we can expand this equation around the unperturbed eigenvalues with ε ∼ 0. The
effective Hamiltonian for pz orbitals in the presence of SOC is

GDz (ε) ≈ G(2)
z = Gz − GIG−1

sp2G
†
I (4.8)

to second order in the SOC GI , and is energy-independent. In the subspace of pz
spin orbitals the wavefunction ψK can be represented as (ϕKA↑, ϕKB↑, ϕKA↓, ϕKB↓)

where A and B refer to the sublattices of graphene. In this representation the effec-
tive Hamiltonian at the K point will be [86]

G(2)
z = λso


1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 1

 = λsoσzsz (4.9)
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where σ and s are vectors of Pauli matrices, σz representing states on the A and B

sublattices of graphene and sz representing spin. If we define [10] α = 3(spσ)/2 and
β = 3[(ppσ)− (ppπ)]/4 then

λso =
ξ2

4

(
εs

εsεxy − 2α2
− εxy
ε2
xy − 4β2

)
(4.10)

where εs (εxy) is the energy of the s (pxy) orbital(s) with respect to that of the pz
orbital, (spσ) is the σ interaction between s and p orbitals, (ppσ) and (ppπ) are the
σ and π interactions, respectively, between p orbitals on neighbouring carbon atoms
in graphene, and ξ is the conventional intrinsic spin-orbit coupling parameter that
can be calculated from the ∆p = p 3

2
− p 1

2
splitting for a carbon atom (ξ = 2 ∆p/ 3).

For graphene, λso is called the intrinsic spin-orbit term [30, 86]. Eq. (4.9) shows that
the intrinsic spin-orbit interaction in graphene can open a (tiny) gap at the K point
[87, 86, 88, 89, 90].

Even though the band gap of h-BN at the K point is ∼ 6 eV, the closest sp2 bands
are at least 6 eV further away in energy [115] and only very weakly coupled by
SOC. This means that we can again apply Löwdin perturbation theory to the h-BN
pz orbital subspace, the only difference being that the energy ε in (4.6) is a non-zero
constant energy. Choosing the wavefunction representation for h-BN to be ψK =

(φKB↑, φKN↑, φKB↓, φKN↓) where B and N refer to boron and nitrogen, we derive the
effective substrate pz Hamiltonian at the K point

S(2)
z = λ(S)

o + λ(S)
m σz + λ(S)

so σzsz + λ
(S)
B sz + fK.σ (4.11)

where σz now represents states on the boron and nitrogen sublattices. λ(S)
o and the

sublattice symmetry breaking term λ
(S)
m are, respectively, the sum and difference of

the boron and nitrogen pz orbital energies with respect to the graphene pz orbital en-
ergy, λso is the “intrinsic” SOC term in h-BN and λ(S)

B represents a “pseudomagnetic”
term in h-BN which originates from SOC when inversion symmetry in broken. The
term fK.σ is added to generalize the substrate Hamiltonian to materials other than
h-BN; in the present case fK = 0. We will return to this term in the Appendix and
show how it changes the Hamiltonian.

4.3.1 Asymmetric bilayers

The graphene energy bands at the Dirac point are separated by several electron volts
from the nearest h-BN bands and the interaction between the two sheets is weak.
For convenience and simplicity, we place graphene on h-BN with its A sublattice
above the B sublattice and its B sublattice above the N sublattice so the threefold
rotation axes coincide and the bilayer has threefold rotation symmetry. We proceed
to downfold the substrate interaction into the graphene effective pz Hamiltonian
at the K point. We are interested in corrections to second order in I1 and GI , see
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Eq. (4.5). Calling the 28× 28 block (
Gsp2 I2

I†2 S

)
(4.12)

in (4.5) HR, the effective Hamiltonian (4.8) becomes

G(2)
z = Gz − (GI , I1)H−1

R

(
G†I
G†1

)
(4.13)

for pz orbitals of graphene in the presence of a substrate. HR cannot be inverted
analytically so we use the smallness of the interlayer interactions I2 compared to in-
plane interactions to approximate the inverse. Using (A+ηB)−1 ≈ A−1−ηA−1BA−1

where η is a small parameter, we write

H−1
R ≈

(
G−1
sp2 −G−1

sp2I2S−1

−S−1I†2G
−1
sp2 S−1

)
. (4.14)

With this approximation for H−1
R and the Slater-Koster form for the tight-binding

matrix elements in (4.5), we use MATHEMATICA [116] to evaluate (4.13) “analytically”
and derive the Hamiltonian for graphene pz bands close to the Dirac point

HAS
K (q) = ~vFq.σ + λmσz +

λR
2

(σ × s)z + λsoσzsz + λBsz (4.15)

where we now rename G(2)
z as HAS

K and q is the wave vector measured from the K

point, q = k −K. Though we have explicit expressions for the parameters in (4.15)
in terms of the microscopic Slater-Koster matrix elements, they are too complex to
be reproduced here. We return to this below.

The first term ~vFq.σ is the unperturbed pz orbital Hamiltonian where vF is
the Fermi velocity for graphene bands. Although vF can be modified by interac-
tion with the substrate, its value is not found to change significantly from its un-
perturbed value. The second term λm is an effective mass that can originate from
interlayer hopping between graphene and the substrate but can also contain contri-
butions arising from the electrostatic potential from the interface dipole layer [52].
λso corresponds to the Kane-Mele [30] intrinsic spin-orbit interaction in graphene
(Eq. 4.9) but also contains contributions from the interaction with the substrate. λR
is the Rashba term which originates from reflection-symmetry breaking interactions
and can be described as a Stark effect contribution to the Hamiltonian from an ex-
ternal electric field perpendicular to the graphene plane [30, 86]. So far the Hamilto-
nian is identical to that proposed by Kane and Mele [30]; the final term λBsz is new
[98, 97]. This Zeeman-like term shifts states with opposite spins in opposite direc-
tions in energy and can be regarded as an effective magnetic field that is caused by
interaction with the substrate since it is absent in the graphene monolayer Hamilto-
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a( )λR ,λso ≠ 0 b( )λR,λso,λm ≠ 0

c( )λR ,λm ,λB ≠ 0 d( )λso,λB ≠ 0

Figure 4.5: Representative band structures from equation (4.15) where sz is repre-
sented by a vertical arrow and the projection onto sublattices is give on a color scale;
A is red, B is blue.

nian. We will return to it later and show that it does not have the symmetry of a real
effective magnetic field but that of a pseudo-magnetic field (pseudo pseudovector =
vector).

Because the λs were derived from the full tight binding Hamiltonian at the K

point, they depend on q via the Slater-Koster hopping parameters and so they are
not truly constants. However, if we restrict ourselves to the band structure close to
the K point, all of the corrections to these parameters can be neglected and we will
be able to treat them as constants, the only explicit q dependence coming from the
~vFq.σ linear term in (4.15). Because of their complexity and because we want to
use the effective Hamiltonian for substrates more complicated than h-BN, we will
treat (4.15) as a phenomenological Hamiltonian and the λs as disposable constants
to be determined experimentally or from first-principles calculations.

The eigenvalues of the 4× 4 equation (4.15) at the K point are

ε4 = − λso +
√

(λB − λm)2 + λ2
R (4.16a)

ε3 = − λB − λm + λso (4.16b)

ε2 = λB + λm + λso (4.16c)

ε1 = − λso −
√

(λB − λm)2 + λ2
R (4.16d)
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Depending on the values of the parameters, solutions of the Hamiltonian fall into
the four regimes characterized by the spin characters of the bands sketched in Fig. 4.5
close to the K point. For the special case where λm and λB are both zero the bands
contain the same amount of up and down spin character, Fig. 4.5(a). When λR and
λB dominate, the minimum gap is not at the K point (see Fig. 4.5(c)) and band in-
version occurs a distance

qg =
√

2 |λB |

√
2λ2

B + λ2
R

4λ2
B + λ2

R

(4.17)

from K where the size of the minimum gap is

∆g =
2 |λBλR|√
4λ2

B + λ2
R

(4.18)

4.3.2 Reflection symmetric trilayers

The derivation of Eq. (4.15) just sketched can be extended to include a layer of h-BN
placed on either side of the graphene layer to form a h-BN|C|h-BN trilayer. Such a tri-
layer can be constructed to have reflection symmetry by mirroring the z-component
of the B and N atoms of the first layer in the graphene layer. The equilibrium separa-
tion of the two h-BN layers is so large that their direct interaction can be neglected.
We then extend Eq. (4.13) by adding the corresponding contributions of the second
layer. Since the origin of the Rashba term is the electric field induced by h-BN (or any
other substrate such as MX2) on graphene, then by construction the field produced
by the second layer must give rise to an induced electric field with the opposite direc-
tion to the first, cancelling it so the corresponding RS Hamiltonian will not contain
a Rashba term. The contribution to the mass term from dipole formation will also
vanish but a hopping part remains. The effective Hamiltonian for the RS system will
therefore be

HRS
K (q) = ~vFq.σ + λmσz + λsoσzsz + λBsz (4.19)

where we have neglected additional terms (discussed in the Appendix) induced by
the fK.σ term in (4.11). The eigenvalues at the K point are then

ε1 = − λm − λso + λB (4.20a)

ε2 = λm − λso − λB (4.20b)

ε3 = − λm + λso − λB (4.20c)

ε4 = λm + λso + λB (4.20d)

where the eigenvalue ordering depends on the parameter values. Without a Rashba
term, band inversion occurs for large values of λB > λm, λso when bands with op-
posite spins cross and the model predicts zero gap, Fig. 4.5(d). The crossing will
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happen at a distance

q2
g = (

λB
~vF

)2(1− λ2
m

λ2
B

)(1− λ2
so

λ2
B

) (4.21)

from the K point. When the reflection symmetry is broken so λR is no longer zero, a
gap opens around this point. Thus when λB is dominant, the bands will cross at qg
unless λR opens a gap there.

4.3.3 Inversion symmetric trilayers

An approach similar to that sketched for RS trilayers can be applied to construct an
effective Hamiltonian for inversion symmetric (IS) trilayers. Inversion and time-
reversal symmetries change q → −q, inversion interchanges the graphene sub-
lattices but does not change spins while time-reversal change spins but not sub-
lattices. The operator for inversion symmetry can be expressed as P = σx and
time-reversal Θ = isyK̂ in our representation, where K̂ is the complex conjuga-
tion operator. Θ invariance requires that λB(K)sz = −λB(K′)sz , while P requires
λB(K)sz = λB(K′)sz . If a system has both time-reversal (Θ) and inversion symme-
tries, then the Hamiltonian should be invariant under PΘ and λB = 0. Now we
can see that λBsz is odd under inversion, therefore λB represents an induced mag-
netic field which is odd under inversion and therefore is a real vector and a pseudo
magnetic field.

The mass term λm, pseudo magnetic terms λB and terms induced by the fK.σ

term in (4.11) (discussed in the Appendix) will be absent in IS systems. These terms
are odd under inversion and therefore the contributions from two encapsulating lay-
ers (of h-BN or MX2, or whatever) with inversion symmetry will cancel each other
out. The off-diagonal λR term is also odd in our representation and will vanish glob-
ally though an effective electric field can be non-zero locally. Therefore, we expect
that their values at the K point to be zero. Based on these considerations, the low
energy Hamiltonian for IS systems around the K point has to be

H IS
K(q) = ~vFq.σ + λsoszσz (4.22)

with eigenvalues
ε = ±

√
|~vFq|2 + λ2

so (4.23)

and each value is doubly degenerate due to the PΘ symmetry of the IS system. For IS
systems we have [P,H(q)] = 0 and as a result each wave function is an eigenvector
of the parity operator and bands have well defined parities. This property will be
useful when we want to look at the topological nature of bands for IS systems.

4.3.4 Phase space

In an insulating system with time reversal symmetry, a Z2 topological invariant ν can
be found by calculating the Pfaffian of the time-reversal operator for occupied bands
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at time-reversal fixed Γi points [30, 32]. Calculating the Pfaffian from first-principles
wavefunctions is, however, not well-formulated except for IS systems. Instead, we
can understand the topological nature of bands by constructing the phase space of
the effective Hamiltonian. Since ν can have two values corresponding to a trivial or a
non-trivial (topological) insulator and the system can also have zero gap, the phase
space will be divided into three regions, topological insulator regions (TI), normal
insulating regions (NI), and metallic regions (M) where the band gap is zero and the
Z2 invariant cannot be defined. Since the invariant must change at a transition be-
tween TI and NI regions, the band gap in between should become zero. However
a vanishing band gap does not necessarily imply that the invariant changes. Fur-
ther support for this argument comes from the behaviour of occupied state wave
functions in phase space. A Z2 topological insulator should show robust edge states
where spin up and down are separated from each other, the total current is zero but
the spin-current is not. The robustness of edge states means that backscattering is
prohibited by a system having time-reversal symmetry. Kane and Mele formalized
this argument for an arbitrary number of bands [29]. For our four band Hamiltonian
with two states occupied, their argument can be translated into the mathematical
condition that 〈u1

K|Θ|u2
K〉 = 0 where |u1

K〉 and |u2
K〉 are the occupied cell periodic

wave functions at the K point. That is, the occupied state Pfaffian for our model is
Pf = 〈u1

K|Θ|u2
K〉. Thus we can recognize TI, NI and M regions in phase space by

looking at the band gaps and the quantity Pf, since Pf must be zero at the K point
for TI systems with C3. For the TI systems without C3 symmetry the zero of Pfaffian
can occur away from the K point . The last part of this argument comes from noting
that the phase space region where all |λi| � |λso| is TI while for |λi| � |λm| it is NI
and the Pfaffian must be zero in the TI region. We use the Berry curvature B(k) and
the Berry potential A(k) to express the invariant ν as [117]

ν =
1

2π

[∮
∂(EBZ)

dk.A(k)−
∫

EBZ
B(k)dk

]
mod 2 (4.24)

where EBZ is the effective Brillouin zone and ∂(EBZ) is the boundary of the EBZ. In
the low-energy regime the full Brillouin zone is K ⊕K′, the EBZ will only contain
K (or only K′) and the boundary is an infinitely large equilateral triangle with K

at its center. The effective Hamiltonian has C∞ rotational symmetry for large q and
therefore its boundary is a circle, but the actual shape of ∂(EBZ) is an equilateral
triangle, however for q →∞ the integral of the Berry phase is the same for both. The
Berry curvature for occupied bands of the Hamiltonian 4.15 decreases as a function
of q very fast (B1+B2 ≈ λm

~vF q3 ) and therefore the contribution of large q is very small.
Since the integral of Berry curvature can only have discrete values then the small
changes in its large q values will not change the result of this integral. The small
changes in the rest of the EBZ is not strong enough to change the Berry curvature
integral and the most important contribution comes form the neighbourhood of the
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Figure 4.6: Various cross sections of the four dimensional phase space for Hamilto-
nian (4.15). The boundaries are determined by ε3− ε2 = 0. In panel (a) λR = λB = 0,
(b) λB = 0, (c) λR = 0, and in (d) all four parameters are non-zero. λm is along the x
axis, λso along the y axis.

K point (where the bands are close to each other). We can write (4.24) as

ν =
1

2π

∫ ∑
i=1,2

Bi(q)dq + 1 mod 2 (4.25)

where Bi(q) is the Berry curvature of the ith occupied band and +1 is the contri-
bution of the boundary. For special cases this can be solved analytically and for
|λi| � |λso| it gives ν = 1 (TI) and for |λi| � |λm|we found that ν = 0 (NI).

To summarize, we determine where the band gap vanishes in the phase space
of the parameters of our Hamiltonian and then we check how different regions are
connected to |λso| → ∞ and |λm| → ∞. If a point in phase space can be connected
to |λm| → ∞ without the gap vanishing then it must be NI, but if the gap vanishes
then we must check if the Pfaffian is zero at that point and how it is connected to
|λso| → ∞. This inspection will partition phase space and allows us to predict the
topological invariant of our system.

To find the boundaries between regions where ν can change, we solve ε3−ε2 = 0.
For IS trilayers this equation simplifies to

√
|~vFq|2 + λ2

so = 0. The Hamiltonian in
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(4.23) has a simple phase space, since the gap only vanishes when ε is zero. This can
only happen at q = 0 if λso = 0 which defines a point in phase space in which the
system is gapless and ν cannot be defined. There is no NI region for the IS trilayer
because λm is strictly zero; the whole IS phase space is TI except for the point λso = 0.
Thus the four-band model for graphene predicts that an IS trilayer will be either
metallic (gapless) or a topological insulator and that a normal insulting region can
only be accessed by breaking the inversion symmetry.

Illustrative λm-λso cross sections of the four dimensional phase space of Hamilto-
nian (4.15) are shown in Fig. 4.6. The Hamiltonian (4.19) describing the phase space
of a RS trilayer contains three parameters, λR being zero. The corresponding λm-λso

cross sections are shown in Figs. 4.6(a) and 4.6(c). An interesting point in Fig. 4.6(c)
is that the system has a metallic phase if λB dominates λso and λm. In the Results
Section we will see that this is the case for the RS MX2|C|MX2 systems we study.
However as can be seen in the other panels, when λB or λR is zero, the metallic
region disappears.

Another interesting point can be seen in panels (b) and (d). Although the gap
vanishes on the vertical lines in the two panels, the Pfaffian is not zero on either side
of it and they can be connected to the λm →∞ or λm → −∞ points. Thus although
the two regions of NI are separated by a vertical gapless line, the topological invari-
ant does not change across it and therefore both regions are NI. For AS systems all
four panels in Fig. 4.6 can occur. However we found that panel (d) describes the
part of phase space relevant for our AS C|MX2 bilayers for which λB and λR are
dominant.

4.4 Results

Calculations for each graphene-MX2 system were carried out for three configura-
tions, the asymmetric (AS) bilayer and reflection symmetric (RS) and inversion sym-
metric (IS) trilayers to trace the effect of different symmetries on the SOI induced by
MX2 layer(s).

4.4.1 AS parameters and band structure

The Hamiltonian describing asymmetrical bilayers is HAS
K (q) in (4.15). Since it con-

tains four parameters (λm, λso, λR, λB) and there are four bands at the K point
with the constraint that Tr[HAS

K (q)] = 0, our system of equations is underdeter-
mined. To solve this problem we use the expectation values of sz calculated with the
first-principles wavefunction of the system together with the eigenvalues and slopes
of the bands at the K point to generate the bands, their derivatives, and expecta-
tion values of sz , for all q. The first-principles pseudo wavefunction has the form
ψ̃nk(r) =

(
ψ̃↑nk(r), ψ̃↓nk(r)

)
, where each spin part is expanded in a plane wave basis

as ψ̃σnk(r) =
∑

gi
Cσgi

nk e
i(k+gi).r where σ is the spin component of the wave function

and the summation is over reciprocal lattice vectors gi. The projection operator is sz
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so we have
〈ψ̃mK|sz|ψ̃nK〉 =

∑
gi

[
(C↑gi

mK)∗C↑gi

nK − (C↓gi

mK)∗C↓gi

nK

]
(4.26)

Since ψ̃nK are not orthonormalized, we transform these matrix elements to an or-
thonormal basis to calculate the expectation values. Since the trace of sz is zero we
can only obtain three independent equations from using 〈sz〉nK giving us six equa-
tions at the K point. We can therefore determine up to six parameters from the K

point only. However, we only need four parameters so our system of equations is
now overdetermined. We can use this to test the consistency of the effective Hamil-
tonian. To determine the parameters we calculate the expectation value of sz which
yields:

〈sz〉K = (s, 1,−1,−s) (4.27)

where

s =
|λB − λm|√

(λB − λm) 2 + λ2
R

(4.28)

and the order in 4.27 corresponds to the first-principles results for AS C|MX2. The
expectation values of sx can be written as in (4.26) as

〈ψ̃mK|sx|ψ̃nK〉 =
∑
gi

[
(C↑gi

mK)∗C↓gi

nK + (C↓gi

mK)∗C↑gi

nK

]
(4.29)

For Hamiltonian (4.15) with large λR, we found
〈
sx(y)

〉
K

= (0, 0, 0, 0) for all AS sys-
tems that we studied. 〈sx〉K and 〈sz〉K are in agreement with results from (4.15)
and therefore the four parameters are enough to describe AS C|MX2. For exam-
ple the 〈sz〉K for AS C|WTe2 are 〈sz〉K = (0.45, 1.00,−1.00,−0.45) and 〈sx〉K =

(0.00, 0.00, 0.00, 0.00). The parameters λm, λso, λR, λB could then be found from
the eigenvalues at the K point and 〈sz〉K and the ordering in (4.16) is a result of
order in 〈sz〉K. If we set 〈sz〉K = (s, 1,−1,−s), then the parameters are:

λso = (ε2 + ε3 − ε1 − ε4)/4 (4.30a)

λm = (ε2 + sε4 − ε3 − sε1)/4 (4.30b)

λB = (ε2 − sε4 − ε3 + sε1)/4 (4.30c)

λR = ± (ε1 − ε4)
√

1− s2/2 (4.30d)

By determining the four parameters in the phenomenological Hamiltonian (4.15)
in this way we can describe the band structure, derivatives of bands, and spin-
expectation values for all low-energy bands essentially perfectly. The results of doing
this for all AS C|MX2 bilayers are given in Table 4.2.

Another point worth mentioning is that if supercells are used for which NC is
a multiple of 3, then both K and K′ map onto the Γ point of the supercell. Since
the spin direction of bands changes from K to K′, then at K′ we have 〈sz〉K′ =

(−s,−1, 1, s). Because the bands from K are degenerate with the corresponding
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Figure 4.7: Phase space for an AS C|MX2 bilayer with threefold rotational symmetry.
The x axis is λm, the y axis is λso. The ab-initio calculated parameter values λAS

m and
λAS

so are given in Table 4.2.

bands from K′, the first-principles wavefunction will now be determined up to a
U(2) transformation of these two wavefunctions. The wavefunction with 〈sz〉 = s

mapped from K will be degenerate with the wavefunction from K′ with 〈sz〉 = −s,
and the space these two functions span will be a linear combination of the two. For
any arbitrary 〈sz〉, any value between -1 and 1 is possible. Under these circumstances
using 〈sz〉 values of the wave functions to find the parameters becomes meaningless
and additional information must be used.

To determine the topological invariants for AS bilayers, we now turn to the phase
space of the Hamiltonian (4.15) for which different cross sections are illustrated in
Fig. 4.6. From Table 4.2 we see that for the six bilayers we have studied |λR| ∼
|λB | >> |λso| ∼ |λm| making Fig. 4.6(d) the relevant cross section (but noting that
all λB in the Table are negative). Because of the small magnitudes of λso and λm, all
bilayers are very close to the origin in the phase space shown in Fig. 4.7 where TI

Table 4.2: Calculated gaps and parameters in meV for equilibrium AS C|MX2 con-
figurations.

MX2 s ∆g ∆K λm λso λR λB
MoS2 0.91 0.12 0.55 -0.08 0.00 0.12 -0.27
MoSe2 0.74 0.45 1.01 0.05 0.00 0.54 -0.55
MoTe2 0.52 0.77 1.24 -0.02 0.01 0.96 -0.60
WS2 0.95 0.25 1.58 -0.01 0.00 0.25 -0.78
WSe2 0.48 0.92 1.42 -0.05 0.00 1.11 -0.66
WTe2 0.45 1.38 1.96 -0.01 0.00 1.92 -0.98
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Figure 4.8: Band structures of AS C|WSe2 at d = 2.80 Å (left) and deq = 3.48 Å (right).
The band structure under pressure becomes flatter because λR increases faster than
λB .

regions are separated from NI regions by the boundaries l± given by solving

λB + λm ± 2λso −
√

(λB − λm)2 + λ2
R = 0 (4.31)

and p± given by solving

λB + λm ∓ 2λso +
√

(λB − λm)2 + λ2
R = 0. (4.32)

The Pfaffian is zero in the region labelled TI and non zero in the regions labelled
NI. On the vertical black dashed line λB + λm = 0, the system is gapless but the
Pfaffian does not change to zero and therefore the topological invariant will remain
unchanged. From Fig. 4.7 and the parameters in Table 4.2 we expect all AS C|MX2

bilayers to be normal insulators and therefore the Z2 invariant to be zero.

To study the effect of uniaxial pressure, we calculated the electronic structure of
AS C|WSe2 self consistently as a function of the interlayer separation d to determine
the λ parameters. We show typical low energy band structures close to the K point
for the equilibrium separation deq = 3.48 Å and for a small separation d = 2.80 Å.
The bands are seen to become “flatter” because the Rashba term increases under
pressure faster than λB . The minimum gap is seen to occur a distance qg from the
origin where qg is given by (4.17) and the corresponding gap ∆g is given by (4.18).
The pressure corresponding to a certain interlayer separation d can be estimated by
differentiating the total energy of the system with respect to d and dividing by the
supercell area Ω, P = −(1/Ω)∂E/∂d. The dependence of the gap on d (pressure) is
shown in Fig. 4.9, and in Fig. 4.10 we show the two dominant parameters λR and λB
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Figure 4.9: Band gaps at the K point (red squares and line) and at the qg point (blue
circles and line) as a function of pressure for AS C|WSe2.

as a function of the interlayer separation. As can be seen from Fig. 4.10(a), the Rashba
term has a larger slope than the internal magnetic term λB , and from the phase space
we conclude that applying pressure to this bilayer will not change its topological
invariant and the system will remain a normal insulator. The external pressure has
effects on the MX2 band structures too. In Fig. 4.10(b) we show λo(d) the separation
of the Dirac cone’s center of graphene from the top of the valence band of MX2 as
a function of separation d. Under pressure the valence band of MX2 moves upward
toward the graphene Dirac bands and for interlayer separations smaller than 2.8 Å
the valence band of MX2 and graphene pz bands at the K point will cross. When this
happens, our model which is based on four pz bands of graphene will no longer be
applicable.

4.4.2 RS parameters

For an MX2|C|MX2 trilayer with reflection symmetry λR should vanish since it is
odd under reflection leaving us to determine three parameters from equations (4.20)
that are given in Table 4.3. With λR = 0 the effective Hamiltonian (4.19) is diagonal
in spin so 〈sz〉 = ±1. This is in good agreement with the results of the first-principles
calculations where the expectation values of sz for the four low energy bands at the
K point are 〈sz〉K = (1, 1,−1,−1).

In Table 4.3, λB is seen to be the dominant parameter. The effective Hamiltonian
HRS

K in (4.19) predicts zero gap for reflection symmetric structures. This is in good
agreement with the tiny gaps ∆g given in Table 4.3 that were calculated from first-
principles. These first-principles gaps are an order of magnitude smaller than those
calculated for the AS structure (Table 4.2) and do not show a strong dependence on
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Figure 4.10: (a): Dependence of λR (squares, red line) and λB (circles, blue line)
on the separation d of C from WSe2 for an AS C|WSe2 bilayer. The equilibrium
separation is 3.48 Å and λR is dominant over the whole range. (b): λo, the separation
of ε1 from the top of the valence band of WSe2.

Table 4.3: Calculated gaps and parameters in meV for RS MX2|C|MX2 trilayers.
∆g ∆K λm λso λB

MoS2 0.04 0.99 0.00 0.02 0.51
MoSe2 0.03 1.91 0.00 0.10 1.06
MoTe2 0.07 3.31 0.01 0.01 1.67
WS2 0.03 2.93 0.00 0.03 1.50
WSe2 0.09 2.21 0.00 0.01 1.11
WTe2 0.00 4.66 0.00 0.01 2.34

the X atom or M atom. In addition, they are an upper bound since a more refined
search on a finer k-mesh could lead to lower values. Because the vanishing of the
off-diagonal terms in our effective Hamiltonian is a consequence of the trilayer re-
flection symmetry, we expect the metallic phase of this system to be robust against
translational transformations of the unit cell. However, such translations can gener-
ate additional terms (the f3 and f4 terms discussed in the Appendix) from the fK.σ

term in (4.11) that have been neglected here. Including these could lead to the RS
trilayer becoming a TI with very small gaps.

4.4.3 IS parameters and band structure

For an MX2|C|MX2 trilayer with inversion symmetry, λR is predicted to be globally
zero. The λm mass term and the λB pseudomagnetic term are rigorously zero since
they are odd under inversion. Besides the Fermi velocity term, the effective Hamilto-
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nian HIS
K in (4.22) contains only the λso term. Since the bands are paired and the two

bands of each pair have opposite spin texture, 〈sz〉 cannot be determined. However,
since there is only one parameter left to be determined, there is no need to know the
spin expectation values. The HIS

K model predicts a non-zero gap for IS systems. For
all IS MX2|C|MX2 structures we found that the minimum gaps are at the K point
and they are very small (smaller than 0.1 meV) in agreement with the results for the
AS bilayer. From the phase space arguments given in Section 4.3.4, we know that
the IS systems are topological insulators. The gaps could be increased by breaking
the C3 rotational symmetry but the topological non-triviality of the IS systems will
not change. Applying external pressure will also not change the character of the IS
trilayers.

We can use the formula given by Fu and Kane [32]

(−1)ν =
∏
i

δi (4.33)

for inversion symmetric systems to determine the topological invariant ν explicitly
from the wave functions in first-principles calculations. In (4.33) the multiplication
is over all the time-reversal fixed points in the Brillouin zone (Γi), and

δi =

N∏
m=1

ξ2m (Γi) (4.34)

where the multiplication is over bands with even band number at the Γi and ξ2m is
the parity eigenvalue of the bands 2m − 1 and 2m. In a first-principles calculation
for a large supercell with many bands, practical complications can occur. The en-
ergy separations of non-degenerate bands might be comparable with the numerical
accuracy of bands that should be degenerate, or there can be higher order degen-
eracies due to extra crystal symmetries that are compatible with inversion and time
reversal symmetries. Each pair of Kramers degenerate bands (degenerate by time re-
versal and inversion symmetry) will have the same parity eigenvalue, but if there is
fourfold degeneracy (or close to degeneracy) then the multiplication of parity eigen-
values will be ambiguous if we only take into account the bands with even (odd)
band number. To avoid such difficulties we take all the degenerate (to within some
tolerance) bands into account. Generally, there are 2N occupied bands, r pairs of
which have negative parity eigenvalue and the rest have positive eigenvalues. If ξm
is now the parity eigenvalue of band m then the number of odd pairs will be

r =
2N −

∑2N
m=1 ξm

4
, (4.35)

(−1)δi = (−1)r and there is no ambiguity in the final result. Using this procedure,
trilayer structures with inversion and three-fold symmetry were found to be topo-
logical insulators with small band gaps.
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Figure 4.11: Band structures of graphene on WTe2 close to the K point for different
configurations. The yellow circles are the results of first principles calculations, the
black lines are the effective Hamiltonian bands.

4.5 Conclusion

We have explored the spin-orbit splitting induced in graphene by interaction with
transition metal dichalcogenides and found that inversion and reflection symme-
tries are important for the general features of the graphene band structure close to
the K point. This is very clearly seen in Fig. 4.11 which shows the band structures
for AS, RS, and IS graphene on WTe2 calculated from first-principles (yellow dots)
and using a low-energy effective Hamiltonian (black lines) developed in Section 4.3
by downfolding a tight-binding model. The model describes the bands close to the
K points very accurately. By combining our knowledge of the first-principles topo-
logical invariants with the predictions of the effective Hamiltonian model, we could
conclude that the non-trivial invariant is robust against relative translations of the
layers and pressure.

Compared to the model Hamiltonian introduced by Kane and Mele [29, 30], our
effective Hamiltonian contains five additional terms. The first of these, λBσoτzsz , has
the form of a pseudo internal magnetic field and is characterized by the parameter
λB . The other four terms depend on eight parameters f1, f2, f3, and f4 (discussed in
the Appendix) which respect the time reversal symmetry and are therefore allowed
by symmetry. We constructed low energy Hamiltonians for AS, RS, and IS systems.
A systematic method to find the parameters from the eigenvalues and vectors at
the K point was developed and the results found to be in good agreement with the
results of first-principles calculations.

We established arguments to allow the Z2 invariant to be calculated from low-
energy states. Based on phase space analyses, we concluded that with SOC-induced
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gaps less than 1 meV at the equilibrium separations, AS C|MX2 bilayers are not Z2

topological insulators. The same procedure was applied to RS structures which we
showed to be either metallic or TI for C3 symmetric supercells. By calculating the
Pfaffian from first-principles we moreover demonstrated that IS MX2|C|MX2 trilay-
ers are Z2 topological insulators but with very small band gaps at their equilibrium
separations for C3 symmetric cells.

The band gap is reduced significantly for RS trilayers by the absence of a Rashba
λR term and the presence of an internal pseudo magnetic λB term which dominates
the “intrinsic” λso term. The IS trilayers also have very small band gaps because λso

is so small and other terms that could open a gap are not allowed by symmetry. The
AS bilayer was realised by putting graphene in contact with a single layer of MX2 to
break the inversion and reflection symmetry of graphene plane. The resulting band
gap is dominated by the spin-orbit interaction and is about 1 meV at the equilibrium
separation for WSe2 and WTe2 (Fig. 4.11). On applying uniaxial pressure, we ob-
served that the band gap increases due to the increase in the hybridization between
layers which results in an increase in the induced spin-orbit parameters. However,
the topological invariant did not change.

4.6 Appendix: non-zero fK

In deriving (4.15) we neglected fK in (4.11). For an arbitrary substrate however,
fK does not vanish and must be taken into consideration. If the substrate does not
have three-fold symmetry or if the interacting orbitals of the substrate have non-zero
interactions with each other at the K point, then it becomes necessary to include fK.
For example, in MX2 the hopping between the M atom d3z2−r2 orbitals and X atom
pz orbitals is not zero at the K and Γ points. The correction to (4.15) resulting from
fK is

Hf = f1.σ + f2.σsz + f3.sσz + f4.s (4.36)

where the fi = Refi(K)x̂ + Imfi(K)ŷ are vectors and Hf should be added to the
Hamiltonian (4.15). All four fi vectors depend on |fK| and vanish if it is zero. How-
ever they appear in the final Hamiltonian mixed with different Slater-Koster param-
eters of different orbitals and are not simply related. We obtained the f terms by
breaking three-fold symmetry in the substrate (fK 6= 0). However, the C3 symme-
try can be broken by interactions between graphene and a substrate and on gen-
eral grounds, we expect that this type of interaction can also be represented by f

terms. The supercells used in this work all have C3 rotational symmetry around
the inversion-center so that the f terms should be minuscule. This is why the pa-
rameterization neglecting Hf in (4.36) could describe the band structures and spin
expectation values so accurately.

The first term in (4.36), f1.σ, will shift the Dirac point away from the K point
meaning that it will break the direction-independent character of the bands around
the K point. The bands will still be symmetric around the point q = −f1/~vF and
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therefore this term alone will not open a band gap. The second term, f2.σsz , will
also shift the Dirac point away from the K point, however the shift is opposite for
opposite spins. It also does not open a gap by itself. These two terms will change the
symmetrical shape of the bands about the K point and therefore can be detected as
a direction dependence with respect to q.

The third term, f3.sσz , is the (x, y) component of the λso term since it is even
under time-reversal and inversion like λso and similar to it in form. The fourth term,
f4.s, is the (x, y) component of the pseudomagnetic field (λB) because they are both
odd under inversion and have a similar form.

The presence of the eight f terms in the Hamiltonian will change the band struc-
ture and will also increase the dimension of phase space to twelve (4 + 8). We show
one cross section of phase space with four different f terms in Fig. 4.12. We have ne-
glected the f1 and f2 terms for the sake of simplicity. In panel (a) we show the phases
without f term for reference. In the other panels we show three different ways that
the f terms can change this cross section. It can be seen that the M(etallic) regions in
panel (a) become TI on introducing f terms. This indicates that for the RS systems
with threefold rotation symmetry for which we found no gap, introduction of C3

breaking displacement of the layers will open a non-trivial gap.
HAS

K (q) + Hf contains a total of 12 parameters: λR, λB , λso, λm and the 8 fi
parameters just discussed. The most general four-band Hamiltonian for graphene
can have four more terms. In addition to a λo term that only rigidly shifts the center
of the graphene bands in energy that will be studied in the results section, these three
terms can be represented as λxσxsx+λyσysy+λ+ (σxsy + σysx). On constructing the
full 32 × 32 sp3 tight binding Hamiltonian for graphene on h-BN and downfolding
it at K, we did not observe these terms. We conclude that they do not represent any
new symmetry and therefore they can be negligible and Rashba term is enough to
describe our graphene on MX2 bilayers and trilayers.
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Figure 4.12: Phase space for reflection symmetric (RS) systems. The boundaries are
determined by ε3 − ε2 = 0. In panel (a) system is in metallic (M) phase, however
if a gap opens in the system without breaking reflections symmetry then the system
becomes TI.
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5
Inducing spin-orbit gap in graphene

on heavy metal compounds

Graphene was the first material proposed to be a Z2 topological insulator but its mi-
nuscule spin-orbit coupling (SOC) makes experimental observation unlikely. We use
density functional theory calculations to explore the possibility of inducing a larger
SOC in graphene by letting it hybridize with the layered MX substrates (M=Sn, Pb;
X=O) which have the heavy metal on the outside of the layer. We show that an inver-
sion symmetric SnO|graphene|SnO trilayer is a Z2 topological insulator with a band
gap of 0.7 meV but that a graphene|SnO bilayer is a normal insulator in its equilib-
rium configuration with a larger gap of 6.8 meV. The Dirac point of graphene does
not fall in the band gap of PbO.
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5.1 Introduction

Our understanding of the insulating phase of materials has been changed by the
discovery of topological insulators [26, 118]. The explanation of quantization in the
quantum Hall effect in terms of topological invariants [36] popularized the concept
of the topological nature of wavefunctions. Another topological invariant was dis-
covered for systems with time-reversal symmetry [29, 30] where the invariant is
called Z2. A spin-dependent conductivity and robust edge states were predicted
for graphene, the first candidate proposed to exhibit non-trivial Z2 behaviour. When
SOC is included, a gap is opened at the K point where the linear crossing of two spin-
degenerate bands in the absence of SOC gives rise to many of graphene’s remarkable
properties [38]. However the intrinsic SOC in graphene is so small that the splitting
induced at the K point is predicted to be less than 0.05 meV [86, 87, 88, 89, 90] making
experimental observation extremely demanding if not impossible.

Proximity to a material with a large SOC has been suggested as a way to induce
larger spin-orbit interactions in graphene and several attempts have been made to
find suitable substrates [94, 96, 99]. Similarity of the lattice structure and experi-
mental advances in growing semiconducting transition metal dichalcogenide (TMD)
substrates has led to a number of theoretical [95, 96, 98] and experimental [97] stud-
ies of graphene on TMD substrates in the hope of finding large SOC induced gaps
and Z2 topological phase.

The MX2 transition metal dichalcoginide structure consists of trilayers of transi-
tion metals (M = Mo or W) sandwiched between and covalently bonded to layers of
chalcogens (X = S, Se, Te); each trilayer is weakly bonded to the neighbouring tri-
layers. The semiconducting band gap is formed between a filled nonbonding metal
band and an empty antibonding metal-chalcogen conduction band. These states
are localized on the metal atoms and interact correspondingly weakly with a ph-
ysisorbed graphene layer. In this work we investigate using the MX litharge struc-
ture (M = Sn or Pb; X = O) as a substrate and study the effective interactions it induces
in graphene. Litharge also has a trilayer structure but with the heavy metal forming
the outer layers so that stronger hybridization with a physisorbed graphene might
be expected. Since litharge has a tetragonal structure [23, 119], putting graphene on
MX will break the three-fold symmetry of graphene and the two-fold symmetry of
α-MX so the resulting structure will not have any symmetry.

5.2 Method

To determine equilibrium structures of free-standing MX layers, we used density
functional theory (DFT) calculations as implemented with a Projector Augmented
Wave (PAW) basis [8, 9] in the Vienna Ab-initio Simulation Package (VASP) [58]. A
plane-wave basis with a cut-off energy of 600 eV was used and a 24× 24× 1 k-mesh
were used for MX and 42×42×1 for graphene. The k-mesh was chosen in such a way
as to include all the high symmetry points of both MX and graphene. The electronic
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Figure 5.1: The unit cell of AS-C|SnO corresponds to
√

49×
√

12 graphene or
√

20×
√

5
SnO unit cells. It contains 56 carbon (grey), 20 oxygen (red), and 20 Sn (purple)
atoms. The relative rotation between layers is θ = 3.4o and the strain is -0.4 and 0.6
percent respectively.

self-consistency criterion was set to 10−7eV during all of the calculations in order to
obtain well converged band structures. Interaction between periodic images of the
trilayer was minimized by separating them with a “vacuum layer”. The vacuum
thickness was set to 15 Å and a dipole correction applied to avoid artificial effects of
(long range) image charges [81].

As a compromise between the local density approximation (LDA) that tends to
overbind, and the generalized gradient approximation (GGA) that underbinds van
der Waals (vdW) structures, we used the optB88-vdW density functional (DF) [78,
102, 103] that describes the weak bonding of graphene to substrates. In the vdW-DF,
the exchange correlation functional is written asExc = Ex+EvdW

c +Eloc
c , whereEvdW

c

describes non-local electron-electron correlations and Eloc
c local correlations. For the

exchange part Ex, we use the optB86 functional. This functional gives a satisfactory
description of the lattice parameters and binding energy of graphene and MX.

We begin with a full geometry optimization of isolated monolayers of graphene
(C) and MX to determine theoretical in-plane lattice constants. After this step we
determine common C|MX supercells that accommodate both components with an
acceptable amount of strain. The strain is then accommodated entirely in the MX
“substrate” structure so that the graphene layer is in equilibrium. With the joint
supercell lattice parameters now fixed, the MX structure is again relaxed. To con-
struct C|MX unit cells with acceptable mismatch, we assume that the angle between
graphene and MX layer can be chosen arbitrarily to make use of the rotational degree
of freedom. Since the interaction between layers is weak, we expect that this rotation
has no major effect on the electronic properties of graphene. Our experience with
graphene on hexagonal boron nitride (Chapter 2) and graphene on transition metal
dichalcogenides (Chapter 4) shows that small rotations of layers usually cause the
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Figure 5.2: The band structure of (a) litharge-SnO (left) and (b) litharge-PbO (right).
The band gap is indirect and about 0.4 eV for SnO and 1.3 eV for PbO.

two layers to electronically decouple and decrease the gap found for aligned systems
[18]. Because of the underestimation of gaps by the LDA, we expect that the gaps
we find in this paper to be lower bound on the experimental results. We choose the
two primitive lattice vectors of graphene to be a1(2) = a

2 (
√

3,±1). Any lattice vector
in the graphene layer with the basis {a1,a2} can be expressed as tC = n1a1 + n2a2

where n1 and n2 are integers, and in the MX layer with primitive lattice vectors
b1 = b(1, 0) and b2 = b(0, 1) as tMX = m1b1 +m2b2 where m1 and m2 are integers.

To determine the supercell we start with one edge. We impose the condition that
parallel to this edge ∣∣∣t‖

C
− t
‖
MX

∣∣∣ ≤ η|t‖MX|

where η is some maximum acceptable value of the strain of the substrate. Solutions
to this equation are a set of the four integers (n1, n2,m1,m2) that we call (n∗1, n

∗
2;m∗1,m

∗
2).

Before choosing one element of this set, we should find the size of the other vec-
tor of the supercell. For each vector t

‖
C

= n∗1a1 + n∗2a2 of the graphene layer and

t
‖
MX = m∗1b1 +m∗2b2 of the MX layer, orthogonal vectors can be constructed as

t⊥
C

= β [± (n∗1 + 2n∗2) a1 ∓ (2n∗1 + n∗2) a2]

t⊥MX = α [±m∗2b1 ∓m∗1b2]

where α and β should be chosen in such a way that the coefficients

β (n∗1 + 2n∗2) ; β (2n∗1 + n∗2) ; αm∗1; αm∗2
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Table 5.1: The calculated parameters of graphene, SnO, and PbO. a (Å is the lattice
constant, c (Å is the vertical separation of X-X atoms, W (eV) is the work function
and ∆ (eV) is the band gap.

a c W ∆
PbO 4.05 2.39 4.76 2.28
SnO 3.86 2.35 5.58 2.88
Gr 2.47 – 4.56 –

are integers and t⊥
C

and t⊥MX satisfy the relation∣∣t⊥
C
− t⊥MX

∣∣ ≤ ηt⊥MX.

By solving these two equations simultaneously we obtain the primitive vectors of
the supercell, T1 = t

‖
C

and T2 = t⊥
C

and the substrate lattice constant should be

rescaled to t‖
C
/t
‖
MX along one edge and t⊥

C
/t⊥MX in the orthogonal direction. Since the

vectors t
‖
C

and t
‖
MX will in general not be aligned we need to rotate one of the layers

through the angle θ between t
‖
C

and t
‖
MX

θ = cos−1
t
‖
C
.t
‖
MX

t
‖
C
t
‖
MX

.

to construct the supercell. The resulting C|SnO supercell with primitive supercell
vectors T1 = 7a1 and T2 = 2a1−4a2 is shown in Fig. 5.1. It leads to a very acceptable
strain of -0.4 and 0.6 percent along orthogonal directions and contains 56 carbon
atoms, 20 oxygen atoms, and 20 Sn atoms. The layers are rotated relative to one
another through θ = 3.4o

To construct a trilayer unit cell with inversion symmetry (IS), we move the center
of a graphene hexagon to the center of the unit cell by moving the graphene layer
by r = (T1 + T2)/2 + ∆ where ∆ is the vector that connect the two sublattices of
graphene. This construction implies that the center of inversion will be at the center
of the unit cell and therefore M and X atoms in the inverted layer can be obtained by
rIX(M) = (T1 + T2) − rX(M) and the z-component of the X and M atoms should be
inverted through the graphene layer.

5.3 Band structure and electronic properties of MX

Litharge SnO and PbO have similar lattices and electronic band structures. Since
the atomic SO splitting of oxygen is 37 meV, of Sn 442 meV, and of Pb 1.3 eV, we
expect that for bands with predominantly oxygen character, the SOC induced band-
splitting will be negligible and relatively large for bands with Pb and Sn p character.
The bulk band structures of SnO and PbO are shown in the Fig. 5.2. We present the
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Figure 5.3: The band structures of (a) a monolayer and (b) five layers of SnO.
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Figure 5.4: Comparison of the band structures of monolayer (a) SnO and (b) PbO.
Γ is the center of Brillouin zone, M1 a high-symmetry point and M2 is the corner of
Brillouin zone.

lattice parameters and work functions og graphene and MX in Table. 5.1.
Since the bulk band gap of SnO is only about 0.4 eV, semi-infinite SnO with this

small band gap will not be an appropriate substrate since the Dirac cone of graphene
might overlap the SnO bands. The band structures of a monolayer and of five mono-
layers of SnO plotted in Fig. 5.3 show that a monolayer of SnO has a large and quite
uniform (in k-space) band gap of ∼ 3 eV. Comparison of Figs. 5.4 and 5.5 show that
stacking SnO trilayers leads to a large dispersion normal to the monolayer plane es-
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Figure 5.5: The work function of monolayer-PbO as a function of the separation of
Pb-Pb layers c normal to the plane of the layer. The workfunction for the calculated
equilibrium value of ceq = 2.39Å is around 4.76 eV and reaches a maximum of 4.9
eV.

pecially at theM2 point (corner of Brillouin zone) where the conduction band edge is
seen to descend towards the Fermi level. The 2.9 eV large band gap of a SnO mono-
layer will decrease as a function of the number of layers toward 0.4 eV, the bulk
value. From this observation we conclude that in an experiment graphene should
be deposited on at most a few layers of SnO (on a large band gap substrate such as
h-BN). Explicit calculations show that for graphene on a semi-infinite SnO substrate,
the Dirac cone falls below the Fermi energy and overlaps the occupied SnO bands.

The band gap of a monolayer of PbO is around 2.3 eV but its work function is
much lower than that of SnO. The low workfunction of PbO and formation of an
interface dipole layer combine so that graphene on PbO is electron doped. Under
external pressure the workfunction can increase as shown in Fig. 5.5, but reaches a
maximum of 4.9 eV where the Dirac cone in C|PbO is still doped. As a result we do
not continue our calculations with C|PbO and focus on the C|SnO system.

5.4 Phenomenological model

In this section we introduce an effective four-band Hamiltonian for graphene on
a SnO substrate and sandwiched between SnO layers. We use first-principles cal-
culations to find the parameters in the Hamiltonian and use these to calculate the
topological invariants of both systems.
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5.4.1 Inversion symmetric (IS) supercell

We start by considering IS SnO|C|SnO trilayers since the effective Hamiltonian is
made simpler by inversion symmetry. In Chapter 4 we showed that the effective
Hamiltonian for a trilayer could be written

HIS
K (q) = (~vFq + f1).σ + λso.szσz (5.2)

where σ and s are vectors of Pauli matrices representing sublattice and spin degrees
of freedom, respectively. The linear term, ~vFq, has the form of the unperturbed
Hamiltonian for a graphene monolayer. f1 is a two-dimensional vector which can
result from breaking the C3 symmetry of graphene. It in turn will break the sym-
metry of the (unperturbed) bands around the K point. If it is nonzero, the bands
will exhibit a direction dependence; however, the band structure will be symmetric
about the point q = −f1/~vF and f1 will not open a gap. The term f1.σ is even un-
der inversion. λso is a generalized three-dimensional Kane and Mele [30, 29] SOC
term which contains in addition to the intrinsic spin-orbit interactions of graphene,
a contribution induced by the substrate.

The eigenvalues of Eq. 5.2 are

ε = ±
√
|~vFq + f1|2 + λ2

so (5.3)

where all states are doubly degenerate because of the time-reversal and inversion
symmetries. The system will be gapless only if λso = 0, moreover the complete
phase space has topological insulating character (TI). Since the bands are doubly
degenerate their spin character will be lost because each pair of bands comprises
states with opposite spin character so spin matrices cannot be defined uniquely. The
two eigenvalues in Eq. 5.3 at the K point are not sufficient to uniquely determine
the five parameters in Eq. 5.2. In the weak coupling (of graphene and SnO) limit,
we expect the contributions of each SnO layer to be additive. Since each term in
Eq. (5.3) is even under inversion, the value of these parameters for AS bilayers will
be half of the value for the corresponding IS trilayer in this limit. We calculate a gap
of ∼ 0.7 meV at the K point for the IS system so we predict that for the AS system√

f2
1 + λ2

so ∼ 0.2 meV. This result will help us to find the correct parameters for the
AS system which are consistent with the IS gap.

The topological nature of the IS trilayer can be explicitly calculated from first-
principles wavefunctions because there is no ambiguity in the Pfaffian when a sys-
tem has inversion symmetry. The topological invariant is related to the parity eigen-
values of each band [32]. For each fixed point Γi we can calculate

δi =

N∏
m=1

ξ2m (Γi) (5.4)

where ξ2m(Γi) is the parity eigenvalue of bands 2m-1 and 2m at Γi; since the two

88



5

5. INDUCING SPIN-ORBIT GAP IN GRAPHENE ON HEAVY METAL COMPOUNDS

bands are degenerate and have the same parity at these points, only one eigenvalue
of each pair is needed to obtain δi. 2N is the number of occupied bands. However,
in a first-principles numerical calculation states are only degenerate to within some
tolerance that depends on the details of the numerical algorithms etc. If there are
other bands close to the (2m-1,2m) pair, this can cause some ambiguity in determin-
ing the sign of δi. This can occur if a crystal has other symmetry operators in the Γi
symmetry group so that a higher-order degeneracy would occur in the absence of
SOC. With SOC included, these degeneracies may be lifted but the eigenvalues may
still be very close to each other if the spin-orbit interaction is weak. To avoid such
problems we prefer to count the number of pairs (s) with negative parity eigenval-
ues taking into account all the bands and not only the bands with even (odd) band
number. We found that

si =
2N −

∑2N
m=1 ξm (Γi)

4
(5.5)

and therefore (−1)δi = (−1)si , where the Z2 invariant is (−1)ν =
∏4
i=1 δi. We found

that for the IS-SnO|C|SnO trilayer, the invariant is 1 and therefore this system is
a topological insulator. The good agreement between the Hamiltonian parameters
determined for AS bilayer and IS trilayers and the prediction of the topological phase
for the IS system from the effective Hamiltonian, allows us to claim that our phase
space analysis of the effective Hamiltonian for the AS-C|SnO and prediction of the
topological invariant are correct.

5.4.2 Asymmetrical supercell (AS)

To describe the low energy bands of graphene around the K point, we use the most
general four band Hamiltonian because the AS-C|SnO system has no symmetry be-
sides time-reversal. The Hamiltonian can be written as

HAS
K (q) = (~vFq + f1).σ + λmσz + λso.sσz + λB .s + f2.σsz +

λR
2

(σxsy − σysx)

+
λR
2

(σxsy + σysx) +
λr
2

(σxsx − σysy) +
λr
2

(σxsx + σysy) (5.6)

λmσz is the “mass” term that represents sublattice symmetry breaking that can be
caused by the formation of a dipole layer between graphene and SnO or by any
other asymmetric interaction of the graphene sublattices with the substrate; it is odd
under inversion. λB is a three vector that corresponds to an effective magnetic field;
it is also odd under inversion. f2, like f1, can result from breaking of C3 rotational
symmetry. It breaks the symmetry of the bands about the K point, displacing the
Dirac point to q = −f2/~vF for up spins and to q = f2/~vF for down spins; it is odd
under inversion.

The λR, λR, λr, and λr (“Rashba”) terms correspond to an effective electric field
between the layers. If an electric field is applied perpendicular to a single layer of
graphene then the λR term (“Rashba”) represents the effect of the field at K. If the
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Figure 5.6: Brillouin zone of (a) monolayer-graphene and (b) AS-C|SnO. K1, K2, and
K3 all map into the K point of AS-C|SnO.

electric field is caused by interactions with a substrate or other orbitals then its rep-
resentation will depend on the K point position. To illustrate this point, we consider
a free-standing buckled monolayer of hexagonal boron nitride (h-BN) because, in
order to observe the Rashba term, we must break inversion and mirror symmetry.
In the absence of spin-orbit interactions and buckling, the pz orbitals of flat h-BN
will be completely decoupled from the sp2 orbitals. Buckling, whereby the B and N
sublattices are displaced by equal and opposite amounts normal to the plane, will
allow mixing between pz and sp2 orbitals. As a result, the three equivalent K points
in the Brillouin zone will no longer have the same representation because px and py
orbitals mix under C3. For a buckled sheet of h-BN with SOC, the Hamiltonian at
the three K points in Fig. 5.6(a) are related to each other by

HK1
= Hi +

λR
2

(σ × s)z (5.7a)

HK2 = Hi +
λR
2

[
−1

2
(σ × s)z −

√
3

2
(σ.s)xy

]
(5.7b)

HK3
= Hi +

λR
2

[
−1

2
(σ × s)z +

√
3

2
(σ.s)xy

]
(5.7c)

where Hi = λmσz + λsoσzsz + λBsz and (σ.s)xy = σxsx + σysy . Eq. 5.7 shows that
for buckled h-BN, λR and λr mix at K2 and K3. In the absence of C3 both terms mix;
the two terms cannot be reduced to a single term. If we consider the K′ points, we
will see that λR and λr also mix so the most general representation of the Rashba
term will contain all λR, λR, λr, and λr terms. In our AS-C|SnO supercell all three K

points map into a single point and the most general form of the Rashba term must
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be used.

To fit the band structure resulting from a first-principles calculation, we need in-
formation about the bands and the wave functions at the K point. There are four
eigenvalues at the K point but because the effective Hamiltonian Eq. (5.6) does not
contain a σoso term, the sum of the eigenvalues is zero yielding three equations re-
lated to the energies. More information is to be had about the system by examining
the spin matrices for the four bands. The first-principles wave functions have the
form ψ̃nk(r) =

(
ψ̃↑nk(r), ψ̃↓nk(r)

)
, where each spin component is expanded in a plane

wave basis as ψ̃σnk(r) =
∑

gi
Cσgi

nk e
i(k+gi).r where σ is the spin component of the

wavefunction and the summation is over reciprocal lattice vectors gi. The projection
operator for the z component of spin is simply σosz and therefore we have

〈ψ̃mK|σosz|ψ̃nK〉 =
∑
gi

[(C↑gi

mK)∗C↑gi

nK − (C↓gi

mK)∗C↓gi

nK ] (5.8)

and for σosx

〈ψ̃mK|σosx|ψ̃nK〉 =
∑
gi

[(C↑gi

mK)∗C↓gi

nK + (C↓gi

mK)∗C↑gi

nK ] (5.9)

For the equilibrium separation of AS-C|SnO we calculated the corresponding sz and
sx matrices. The Hamiltonian H has been transformed by a unitary matrix U as
U†HU = HD where HD is a diagonal matrix and its diagonal elements are the
eigenvalues calculated from first-principles. Therefore the spin matrices transform
with the same unitary matrix, U†σoszU = SUz where SUz is calculated with the first-
principles wave functions from Eq. 5.8. However, since the eigenvalues of σosz and
SUz are degenerate, their transformation matrix is not uniquely determined. In gen-
eral we have

U†

(
ω†1 02×2

02×2 ω†2

)
σosz

(
ω1 02×2

02×2 ω2

)
U = SUz (5.10)

where ω1 and ω2 are two independent 2 × 2 unitary matrices and they will be com-
pletely undetermined by Eq. 5.10. If we choose a unitary matrix V that diagonalizes
SUz (V SUz V † = sz) then we have

V =

(
ω1 0

0 ω2

)
U (5.11)

Applying V to the spin in the x direction, the σosx transformation is

V SUx V
† =

(
ω1 0

0 ω2

)
USUx U

†

(
ω†1 0

0 ω†2

)
= SVx (5.12)
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and since the USUx U† = σosx we have

SVx =

(
0 ω1ω

†
2

ω2ω
†
1 0

)
=

(
0 s̃x
s̃x 0

)
(5.13)

where s̃x is determined from the first-principles spin matrices and the chosen V ma-
trix. One can show that s̃x is unitary: s̃xs̃†x = ω1ω

†
2ω2ω

†
1 = so and therefore ω1 can be

related to ω2 by ω1 = s̃xω2. Therefore the matrix U is

U =

(
ω†2 0

0 ω†2

)(
s̃†x 0

0 1

)
V =

(
ω†2 0

0 ω†2

)
W (5.14)

If we define HW = WHDW † then the Hamiltonian is

HAS
K (q) =

(
ω†2 ⊗ so

)
HW (ω2 ⊗ so) + ~vFq.σ (5.15)

HW has the same eigenvalues and spin matrices as H has at the K point. We next
make use of the derivatives of the energies with respect to q. Since a unitary trans-
formation will not change the eigenvalues we are allowed to use a different repre-
sentation for H as long as we apply it to the linear term too. We then have

Hω = ω2H
AS
K ω†2 = HW + ~vFq.

(
ω2σω

†
2

)
. (5.16)

Any 2× 2 unitary matrix can be expanded using Pauli matrices as

ω2 = aoσo + iaxσx + iayσy + iazσz (5.17)

where ai are real with the constraint that
∑
i a

2
i = 1. Applying ω2 to σx yields

ω2σxω
†
2 = (a2

o + a2
x − a2

y − a2
z)σx

+ 2(axay + aoaz)σy + 2(axaz − aoay)σz (5.18)

and for the y direction

ω2σyω
†
2 = 2(axay − aoaz)σx + (a2

o − a2
x + a2

y − a2
z)σy

+ 2(aoax + ayaz)σz (5.19)

By using the eigenvectors of HW we can relate the derivatives of energies to Eq. 5.18
and Eq. 5.19 as

∂εn
∂q

=
〈
ϕWn |ω2σω

†
2|ϕWn

〉
. (5.20)

This equation yields six relations (three for each direction) for ai. By solving them
we can find the ω2 matrix and therefore determine the Hamiltonian Eq. 5.15 that will
automatically give the exact eigenvalues, spin-matrices, and derivatives of the bands
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Figure 5.7: Band structure of AS-C|SnO close to the K point in the Γ-K direction. The
blue balls represent the first-principles calculation results, the red line represents the
bands from the model.

around the K point.
The first-principles bands are compared with the bands from Eq. 5.15 close to the

K point in Fig. 5.7 in the Γ-K direction. The band structure is slightly asymmetric
around the K point and the derivatives of the bands in the Γ-K direction are slightly
different from the bands at the perpendicular direction. This is reflected in the pa-
rameters since f1 and f2 are non-zero. The dominant parameters for AS-C|SnO are
the Rashba terms, λR, λr terms and their corresponding complementary representa-
tions (Eq. 5.7) which indicate strong breaking of the reflection symmetry. The band
gap of AS system is 6.8 meV and the parameters for the AS bilayer predict a gap of
0.7 meV for the corresponding IS trilayer which is in good agreement with the value
of 0.7 meV that we found for the IS system by explicit calculation. The origin of the
large difference between AS and IS band gaps is that in AS system the terms that
contribute the most to the gap opening are odd under inversion. Since the Rashba
terms are also odd under reflection symmetry then we expect that for reflection sym-
metric (RS) systems the value of band gap be close to the IS gaps. Therefore making
any sandwich of MX|C|MX will most likely reduce the band gap.

The first-principles wave functions cannot be directly used to obtain the Z2 in-
variant (ν) in the absence of inversion symmetry; we instead use the phase space of
the effective Hamiltonian. For AS-C|SnO this phase space depends on fifteen inde-
pendent parameters and therefore forms a fifteen dimensional space. Direct inspec-
tion of the topological invariant is therefore not practical. There are two limits where
we know the topological invariant. When λm → ±∞ the system will be a normal
insulator (NI) with ν = 0; when λ(z)

so → ±∞ the system is a topological insulator (TI)
with ν = 1. These four points are separated from each other by a boundary where
the gap of the system vanishes. Any point that can be connected to one of the NI
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Figure 5.8: Band gap in a λm-λ(z)
so cross section of the phase space of AS C|SnO where

the origin (black disk) represents the parameters we extract from the first-principles
calculations. The TI and NI regions are separated by red region where the gap van-
ishes. The color code gives the magnitude of the gap. The dashed-black curves are
approximate solutions of zero-gap condition.

points without closing the gap of the system will itself be a NI while any point that
can be connected to one of the TI points without closing the gap is a TI. In Fig. 5.8
we show the phase space (and boundaries where the gap is zero) in the λm − λ(z)

so

plane around the point where our system is located. The origin represents the pa-
rameters that we calculate from first principles for the AS-C|SnO system. Two TI and
NI regions are indicated in the figure, separated by red regions where the band gap
vanishes. An approximate solution to the gapless curves is

λso = ±
√
λ2
m + λ2

R + λ
2

r (5.21)

and this solution is shown by dashed-black curves in Fig. 5.8. According to the
Fig. 5.8, the system is located in a NI region and therefore the AS-C|SnO should
be a normal insulator with a 6.8 meV band gap.

5.5 Conclusion

We explored the idea of inducing large spin-orbit interactions in graphene by letting
it hybridize with a compound that contains heavy metal elements on the outside.
Because such a system in general might not have any symmetry, a general four-band
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phenomenological low-energy Hamiltonian had been applied for an asymmetric bi-
layer and an inversion symmetric trilayer in order to understand the interactions
in the system and test the Hamiltonian. Three new terms have been introduced in
the Hamiltonian that represent a generalized Rashba interaction. For simple systems
whereC3 symmetry is only weakly broken, a single new term suffices to describe the
band structure and spin characters of the bands, but for a more complicated system
like AS-C|SnO where all K points map into one point in the supercell Brillouin zone
(SBZ) and C3 is broken, then all of the Rashba representations have to be included in
the Hamiltonian.

Our first-principles calculations showed that the work function of litharge PbO
is too small to be used as a substrate for graphene. Because of the low work function
of PbO and the formation of a dipole layer, the graphene cone will be doped. To
our surprise SnO has a higher work function by comparison with PbO and a few
layers of it can be used as a substrate for graphene. We found that AS-C|SnO at
its equilibrium separation will have 6.8 meV gap which is dominated by Rashba
interactions, indicating strong influence of an effective induced electric field. By
analysing the phase space of the AS system we found that it is a normal insulator. IS-
SnO|C|SnO has lower gap of 0.7 meV, however direct calculation of the topological
invariant shows that it is a topological insulator.

By comparing the results of this work with comparable results for graphene TMD
bilayers and trilayers, we conclude that the advantage of MX over MX2 is that having
the metal on the outside will induce higher SOC on graphene leading to large gaps,
however the Rashba terms are more likely to dominate over other parameters and
change graphene into a normal insulator.
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6
Z2 invariance of germanene on MoS2

from first-principles

We present a low energy Hamiltonian generalized to describe how the energy bands
of germanene (Ge) are modified by interaction with a substrate. The parameters
that enter the Hamiltonian are determined from first-principles relativistic calcula-
tions for Ge|MoS2 bilayers and MoS2|Ge|MoS2 trilayers. The SOC induced gap is
predicted to be almost quenched by interaction with the substrate for the recently
grown bilayer system. The trilayer band gap is almost as large as for a free-standing
germanene layer. The full phase diagram predicts both systems to be topological
insulators.
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6.1 Introduction

Insulators can be categorized by topological invariants that are not continuous; when
these have to change, interesting physics occurs. The first group of these invariants
was found to describe the quantum Hall effect for electrons confined in strong mag-
netic fields [36, 120, 26]. A new class of “topological” insulators (TI) was proposed
for systems with time-reversal symmetry where the invariant can have two values
[29, 30]; topologically non-trivial systems are called Z2 TIs [29, 30, 25, 32, 84, 85]. In
the two dimensional (2D) graphene (C) originally studied by Kane and Mele [29, 30],
spin-orbit coupling (SOC) leads to the opening of a gap at the Dirac point giving rise
to the possibility of topologically protected spin-polarized edge states. The intrinsic
spin-orbit coupling (SOC) of carbon is, however, very small resulting in gaps of less
than 50 µeV (0.6 K) [86, 87, 88, 89, 90]. Two approaches have been taken to resolve
this issue. One is to induce a larger spin-orbit coupling in graphene by placing it in
contact with layered materials that contain heavy elements with large intrinsic SOC
[94, 95, 99, 96, 16, 97, 98]. The other is to begin with a 2D group IV material with
a larger intrinsic SOC [121, 14]. Motivated by recent success in growing germanene
(Ge) on MoS2 [122], this paper is concerned with the latter.

The structures and stability of free-standing group IV layers have already been
studied theoretically. Both silicene (Si) and germanene “buckle” with the two sublat-
tices moving in opposite directions out of the original plane but maintaining inver-
sion symmetry [123, 124, 125]; stanene (Sn) forms a different dumbell structure [17].
The unsupported layers are predicted to be TIs [126, 17]. Experimental efforts have
so far focussed on growing silicene [127] and germanene [14] on metallic substrates
where the intrinsic transport properties cannot be studied. Eventually these lay-
ered structures must be transferred to or grown on a nonconducting substrate. It is
then essential to know if the TI character survives the interaction with the substrate.
However, the complexity of these systems has made calculation of the topological
invariant impossible until now.

We focus on the recently grown Ge|MoS2 system [122]. A free-standing, planar
germanene layer has a SOC induced gap of 4 meV. Buckling breaks the reflection
symmetry, mixes the pz with the {s, px, py} orbitals and increases the SOC gap to
24 meV [126]. It leads to one Ge sublattice interacting more strongly with a substrate
than the other, breaking the sublattice symmetry and opening a gap of 20 meV with-
out SOC. When SOC is included, Rashba SOC is induced by the breaking of reflection
(and inversion) symmetry. To investigate whether or not the gapped asymmetric bi-
layer is a TI, we generalize Kane and Mele’s model to describe the interaction with a
substrate. We use first-principles calculations to determine equilibrium geometries,
evaluate the parameters in the model Hamiltonian from the first-principles electronic
structures and calculate phase diagrams. We will see that the band gap induced by
SOC in free-standing Ge is almost completely closed by interaction with the sublat-
tice. By constructing an MoS2|Ge|MoS2 trilayer, it can be almost completely restored.
The sandwich structure should also serve to stabilize and protect the Ge layer from
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the environment.

6.2 Phenomenological model: asymmetric bilayer

We begin by constructing a low energy Hamiltonian for graphene interacting (weakly)
with a semiconducting substrate (S) by downfolding a tight-binding Hamiltonian for
the same system. Taking σ and s to be vectors of Pauli matrices where σ represents
the A(B) sublattices of graphene and s represents spin, then the result for an asym-
metric (AS) C|S bilayer is

HAS
K (q) = ~vFq.σ + λmσz +

1

2
λR(σ × s)z + λsoσzsz + λBsz (6.1)

where q is the wave vector relative to the K point, q = k − K. λm is a “mass”
term that describes the breaking of the sublattice symmetry by the interaction with
the substrate. λR is a Rashba SOC term that results from the breaking of reflection
symmetry in the direction perpendicular to the germanene layer. λso is Kane and
Mele’s spin-orbit term [29] that contains the intrinsic “atomic” SOC term of mono-
layer germanene plus λ(ind)

so , the SOC induced by the substrate. λB corresponds to a
“pseudomagnetic” term which is odd under inversion symmetry and changes sign
at the K′ point and therefore does not break time-reversal symmetry.

The eigenvalues of Eq. 6.1 at the K point are

ε4 = λso + λB + λm (6.2a)

ε3 = λso − λB − λm (6.2b)

ε2 = − λso +
√

(λB − λm)2 + λ2
R (6.2c)

ε1 = − λso −
√

(λB − λm)2 + λ2
R (6.2d)

where the order corresponds to the results obtained in first principles calculations.
By comparing these eigenvalues and the corresponding eigenvectors with values cal-
culated from first-principles, we can determine the parameters in Eq. 6.1 with which
the band structure about the Dirac point can be described. The projection of wave-
functions onto specific atoms is not unique. However, the spin space is complete to
very good accuracy and we use the expectation values for the z component of spin

〈sz〉nK =
1

Ω

∫
Ω

(∣∣∣ψ↑nK(r)
∣∣∣2 − ∣∣∣ψ↓nK(r)

∣∣∣2) d2r (6.3)

for the four bands at the Dirac point where the integral should be taken over the
supercell with area Ω. If the wavefunctions at K are expanded in a plane wave basis
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Figure 6.1: Band structures of (a) AS p-C|MoS2 and (b) AS b-Ge|MoS2 bilayers close
to the K point. The yellow dots are the results of first principles calculations, the
black lines result from the phenomenological model Eq. 6.1 with parameters from
Eq. 6.5.

as ψnK(r) =
∑
σG CσGnKe

i(K+G).r then Eq. 6.3 simplifies to

〈sz〉nK =
∑
G

(∣∣∣C↑GnK∣∣∣2 − ∣∣∣C↓GnK∣∣∣2) (6.4)

Applying Eq. 6.4 to first principles results to be presented below shows that 〈sz〉K=(s,-
s,-1,1) for the four bands at the Dirac point; here s is a positive number smaller than
one. Solving for the parameters in Eq. 6.1 results in

λm = [(ε4 − ε3) + s(ε2 − ε1)]/4 (6.5a)

λR = ±(ε2 − ε1)
√

1− s2/2 (6.5b)

λso = [(ε4 + ε3)− (ε2 + ε1)]/4 (6.5c)

λB = [(ε4 − ε3)− s(ε2 − ε1)]/4 (6.5d)

When buckling is included, the tight-binding Hamiltonian cannot be exactly down-
folded. However, it does not introduce any qualitatively new symmetries and Eq. 6.1
describes the band dispersion about the Dirac point equally well for planar C|MoS2

and buckled Ge|MoS2 as seen in Fig. 6.1.
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6.3 Phenomenological model: inversion symmetric supercell

he term containing λR in Eq. 6.1 is odd under inversion and reflection. For an
MoS2|Ge|MoS2 trilayer constructed to have inversion symmetry the average of λR
over a supercell is zero so this term is absent. The mass term λm and pseudomag-
netic term λB also vanish because they are odd under inversion and Eq. 6.1 simplifies
to

HIS
K (q) = ~vFq.σ + λsoσzsz. (6.6)

This equation satisfies the requirement of Kramers degeneracy that all bands should
be doubly degenerate and predicts that the gap will vanish only if λso is zero. In this
case 〈sz〉 is not uniquely defined because degenerate bands have complementary
spin textures.

6.4 First-principles calculations

We use density functional theory (DFT) to calculate ground state energies and opti-
mized geometries with a projector augmented wave (PAW) basis set [8, 9] as imple-
mented in VASP [58, 59] for a Ge|MoS2 bilayer and an MoS2|Ge|MoS2 trilayer. These
are repeated periodically and separated from their images by a 15 Å thick vacuum
region. A dipole correction is applied to avoid spurious interactions between the
periodic images [81]. The plane wave kinetic energy cutoff is set at 600 eV. We ap-
ply a dense 42× 42 k-point grid to sample the germanene 1× 1 Brillouin zone (BZ),
and a comparable density for supercells. For BZ integrations we use the tetrahe-
dron scheme [80]. The electronic self-consistency criterion is set to 10−7 eV. Bilayers
and trilayers are relaxed until the total energy is converged to within 10−7 eV. As a
compromise between the LDA density functional (DF) that tends to overbind, and
GGA that underbinds van der Waals (vdW) structures, we used the optB88-vdW-DF
[78, 102, 103].

We first determine equilibrium geometries for individual monolayers of Ge and
MoS2. For germanene both planar (p-Ge) and buckled (b-Ge) structures are studied.
For relaxed b-Ge the sublattice planes are separated by c = 0.71Å. The calculated in-
plane lattice constants are 4.05, 4.05 and 3.16 Å for p-Ge, b-Ge and MoS2, respectively.
We identify lattice vectors in both materials with an acceptable length mismatch and
then rotate the two lattices to make them coincide. This defines a “supercell”. Be-
cause of the weak interaction between germanene and MoS2 a strong preference for
a particular alignment of the two lattices is not expected and this is borne out by the
weak binding energy we find for the relaxed structures. We accommodate the small
residual lattice mismatch in the MoS2 layer and reoptimize its structure. The Ge and
MoS2 layers are allowed to bond in two stages, first only changing the height of the
b-Ge above MoS2 (h-AS structure) and then without constraint (f-AS structure). For
a supercell, the average buckling is calculated as c =

√∑
NGe

c2i /NGe and is given
together with other relevant parameters in Table 6.1. The separation of the bottom
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Table 6.1: Eb is the binding energy in meV per Ge unit cell. The dimensionless spin
parameter s is defined in the text. ∆K is the gap calculated at the K point in meV.
The Hamiltonian parameters defined in equations (6.2) and (6.5) are given in meV
for free-standing planar and buckled Ge layers, for AS Ge|MoS2 bilayers and for IS,
RS (see text), and a completely non-symmetric (NS) MoS2|Ge|MoS2 trilayers. c is the
separation between the two Ge planes in Å.

Eb s ∆K λm λso λR λB c(Å)
p-Ge – – 4.21 – 2.11 – – 0.00
b-Ge – – 25.78 – 12.89 – – 0.71
h-AS 328 0.83 5.55 7.95 11.60 5.72 -0.56 0.71
f-AS 332 0.87 1.88 10.28 12.04 6.18 -0.62 0.73
h-IS 671 – 21.21 – 10.61 – – 0.71
f-IS 680 – 22.71 – 11.36 – – 0.75
h-RS 673 1.00 20.58 0.08 10.37 0.00 -0.03 0.71
h-NS 671 0.99 21.00 0.26 10.76 0.03 -0.07 0.71

germanene plane from the upper sulphur layer is 3.11 Å for the h-AS bilayer.
For convenience, we displace the two layers in the xy plane so that the threefold

axes at the centre of the hexagonal rings which are also inversion centres for the
component layers coincide so the final structure has threefold rotation symmetry.
This allows us to generate inversion symmetric (IS) trilayers with threefold rotation
symmetry that we relax in a similar fashion; first with respect to the height (h-IS) and
then fully unconstrained (f-IS) in both cases maintaining inversion symmetry. A top
view of the AS Ge|MoS2 bilayer supercell is shown in Fig. 6.2. The supercell contains
89 atoms and the lattice mismatch is only 0.7%.

The SO splitting of the p valence states of free C, Si and Ge atoms, 8.7, 32.5 and
190.2 meV, respectively has a negligible effect on the equilbrium structures of the
corresponding monolayers. The increase in the atomic SOC is reflected in the SO
splitting for the planar monolayers that is greatly enhanced by buckling; the K-point
SO splitting of p-Ge is 4.2 meV, that of b-Ge is 25.8 meV. For a free-standing Ge layer,
buckling preserves inversion symmetry so the bands at the Dirac point are linear in q

in the absence of SOC. The parameters extracted from the first principles calculations
and Eqs. (6.2), (6.4), and (6.5) are given in Table 6.1.

6.5 Results: AS bilayers

The comparison in Fig. 6.1 of the first-principles band structures (yellow dots) close
to the Dirac point with the results of the phenomenological model (black lines) for
AS C|MoS2 and Ge|MoS2 bilayers shows that the shape of the bands changes very
considerably because λB is dominant for graphene while for germanene λso, λm,
and λR are much larger. It is clear from the figure that the model describes the low
energy bands close to the K point very accurately for different regimes. The first-
principles calculations show that for AS Ge|MoS2 the gap decreases from 5.6 meV for
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Figure 6.2: Top view of a Ge|MoS2 bilayer with three-fold rotation symmetry C3

about the center of the unit cell that contains 26 Ge (red), 21 Mo (gray) and 42 S
(yellow) atoms. The relative rotation angle is 24.8◦.

the height optimized structure (h-AS) to 1.9 meV for the fully unconstrained struc-
ture (f-AS); see Table 6.1. There λm is seen to increase faster than λso because the
average buckling increases slightly from 0.71 to 0.73Å so the gap decreases. An-
other important point is that λ(ind)

so is negative. Calculating λ(ind)
so = λh−AS

so − λb−Ge
so

with parameters from Table 6.1 yields λ(ind)
so = 11.60 − 12.89 = −1.29 meV and

therefore interaction with the MoS2 layer reduces the intrinsic SOC induced gap
of germanene. The mass and Rashba terms are larger than the induced SO term
and both λm and λR increase faster than λ(ind)

so if the interaction between germanene
and MoS2 increases. Applying pressure to AS Ge|MoS2 reduces the gap until λso =
1
2

(
λm + λB +

√
(λm − λB) 2 + λ2

R

)
where the gap vanishes. After that, the band

gap grows again but the topological nature of the bands changes. Applying pressure
to AS Ge|MoS2 will therefore not result in a TI with a larger band gap.

To determine the Z2 topological invariant for the AS system, we analyse the phase
space corresponding to Eq. 6.1 with the parameter values from Table 6.1. The TI,
normal insulating (NI) and metallic (M) regions are separated by gapless curves.
The Z2 invariant (ν) is related to the integral of the Berry curvature (B) over the
effective Brillouin zone (EBZ) and the Berry potential over its boundary [117]. In our
four band model the full Brillouin zone is K⊕K′, the EBZ contains only K, therefore

ν =
1

2π

∫
[B1(q) +B2(q)] dq + 1 mod 2 (6.7)

where Bi(q) is the Berry curvature of the ith occupied band and +1 is the contri-
bution of the boundary. Since ν is a topological invariant it will not change unless
the band gap vanishes so TI and NI regions should be separated by zero-gap lines.
According to Eq. 6.7, the system will be a TI if the λso term is dominant whereas if
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Figure 6.3: Phase space cross section for an AS Ge|MoS2 bilayer where the origin (red
dot) represents the parameter values (λf−AS

m , λf−AS
so ) = (10.28, 12.04) calculated from

first principles. Black lines represent the boundaries between regions where the gap
vanishes.

λm is dominant, the system will be a NI. Any point in the phase space that can be
connected to any of the λso dominated points without closing the gap is TI. Based on
these arguments we show in Fig. 6.3 a λm, λso cross section in the neighbourhood of
the parameter values (λf−AS

m , λf−AS
so ) we calculated for this system. According to the

figure, AS Ge|MoS2 is a topological insulator - just. Relaxing the germanene layer
fully on MoS2 does not change the Z2 invariant though the reduced gap means that
it is less stable. The small size of the gap will make measurements very difficult.

6.6 Results: IS trilayers

Using the effective Hamiltonian parameters calculated for the AS Ge|MoS2 bilayer,
we can estimate the band gaps at the K point for the IS MoS2|Ge|MoS2 trilayer. For
the h-AS system λ

(ind)
so was found to be −1.29 meV. For the h-IS configuration, we

predict λ(IS)
so = λ

(Ge)
so + 2λ

(ind)
so = 12.89− 2× 1.29 = 10.31. An explicit first-principles

calculation yields a value of λ(IS)
so = 10.61 meV. The close agreement between the

predicted and calculated values indicates that the model is consistent.
In a real experiment it will not be possible to make an ideal IS trilayer; a second

layer of MoS2 will most likely not be perfectly inverted with respect to the first. To
check how sensitive the system is to such details, we constructed a “reflection sym-
metric” (RS) trilayer from the AS bilayer by reflecting the MoS2 layer in the b-Ge

layer; the b-Ge monolayer itself does not have reflection symmetry. For this system,
the Rashba term is in practice zero and the mass term greatly reduced since there is
now no interface dipole formation; see the parameter values in Table 6.1. We also
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constructed a trilayer without any symmetry (NS) to show the effect of breaking C3

symmetry. λso does not change significantly and remains close to its IS value. We
therefore predict that the band gap will be largely unchanged. This is confirmed
by explicit calculation where values of ∆K = 21.21, 22.71, 20.58, and 21.00 meV are
found for h-IS, f-IS, h-RS and h-NS trilayers, respectively. The observation that a ro-
tation of the second MoS2 layer will not change the electronic structure strongly indi-
cates that the IS results can be generalized to any arbitrarily prepared encapsulated
germanene structure. Our phenomenological model and its phase space predict that
IS systems will be topological insulators with a substantial gap.

For inversion symmetric systems we can use the formula given by Fu and Kane
[32] to determine the topological invariant ν explicitly from first principles calcula-
tions,

(−1)ν =
4

Π
i=1

N

Π
m=1

ξ2m (Γi) (6.8)

where the first multiplication is over all the time-reversal fixed points Γi and the
second multiplication is over bands with even band number at the Γi; ξ2m is the
parity eigenvalue of bands 2m−1 and 2m. For our inversion symmetric systems, we
explicitly calculated the Z2 invariant and found them all to be topological insulators
with band gaps of about 23 meV generated by SO interactions. According to this, a
quantum spin Hall effect should be observable in a germanene sandwich structure
at room temperature.

6.7 Conclusion

We use a comprehensive phenomenological model to describe spin-orbit interactions
for asymmetric Ge|MoS2 bilayers and inversion symmetric MoS2|Ge|MoS2 trilayers.
We determine the parameters entering this model from the eigenvalues and spin ex-
pectation values at the K point. The model describes the low energy band structure
of germanene very accurately and provides insight into the different interactions
involved. For a Ge|MoS2 bilayer the intrinsic SO gap of germanene is almost com-
pletely quenched by the sublattice symmetry breaking and Rashba interactions. By
sandwiching Ge between MoS2 layers, we can almost completely recover the large
(23 meV) intrinsic SOC gap reported for free-standing germanene. We show that
both the bilayer and trilayer systems are topological insulators.
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Summary

In this thesis I focussed on the interactions between graphene-like materials (graphene
and germanene) and various substrates. The attractive properties of graphene like a
high carrier mobility, its single-atomic thickness and its theoretical magic have made
graphene a very popular and promising candidate material for numerous applica-
tions. However the zero-band gap of intrinsic graphene is a drawback for appli-
cations - if not for theoretical physicists! The study of gap opening mechanisms in
graphene and how the band structure can be engineered to behave as we wish were
the central questions that I have tried to address.

In chapter 2, a tight binding model was developed to describe the electronic band
structure of graphene on hexagonal boron nitride (h-BN) substrate. Since the lattice
constants of graphene and h-BN are not exactly matched and the layers are not soft,
the result of putting the two layers in contact with each other is a “superstructure”
that appears in scanning tunneling microscopy studies as a moiré pattern. The num-
ber of atoms in this structure is so large that direct first-principles calculations are
not possible. The alternative presented in this chapter is to use instead a minimal
tight binding (TB) model. To construct the TB Hamiltonian, we need to know matrix
elements of the Hamiltonian throughout the supercell and we do this by approxi-
mating the local structure with commensurable structures for which we can perform
first-principles calculations. Many-body corrections to the band gap were also calcu-
lated from first-principles within the so-called GW approximation and a two-band
model for these corrections was developed. The results lead us to believe that the
biggest contribution to the corrections comes from electron-electron interactions in
the graphene itself. After adopting the (modified) parameters into the tight bind-
ing model we found that the gap of graphene on h-BN is about 30 meV, in very
good agreement with experiment. An effective low-energy Hamiltonian was solved
for the same system to which perturbation theory was applied. The results indi-
cated that the gap appears due to a combination of the sublattice-symmetry-breaking
potential, interface dipole formation and a small but important height modulation
of graphene with respect to h-BN. The effect of screening was studied using the
Thomas-Fermi model for doped and undoped graphene. The screening length and
dielectric constant were calculated for a simple and symmetric external potential.

In chapter 3, I look more closely into the formation of the dipole layer between
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graphene and h-BN, its magnitude and size. I also calculated the charge density dis-
tribution over the supercell for commensurable rotated layers. The results show that
for large enough relative rotations the band gap vanishes. However, the potential
landscape on graphene is complicated and shows that although the band structure
of the system is simple, the wavefunctions are not. The analysis in this chapter shows
that for graphene on h-BN the wavefunction follows the potentials and therefore the
charge density can be an indicator of the potential landscape.

Chapter 4 is a comprehensive study of the spin-orbit interactions induced in
graphene by proximity to transition metal dichalcogenide (TMD) substrates. Spin-
orbit coupling and time-reversal symmetry can lead to a new phase of matter, aZ2

topological insulating phase, in such systems. This phase is interesting for theoret-
ical research because it involves a non-trivial structure over the Hilbert space. This
non-triviality will lead to the existence of robust edge states on the boundary be-
tween the material and vacuum. My study in this chapter led to the development
of an effective four-band model for the low-energy band structure of graphene on
TMDs which was used to predict the non-triviality of the wavefunctions. To this
end, first-principle calculations were performed and from the eigenvalues and spin
expectation values of the wavefunctions at the high-symmetry K point the param-
eters were derived analytically. The parameterization of the effective Hamiltonian
allowed me to predict band gaps for different configurations.

In chapter 5, I continued my study of the nature of the spin-orbit interaction
induced in graphene but choosing a more complicated substrate with larger intrinsic
spin-orbit coupling and different rotational symmetry. The substrate I studied was
SnO that has a square lattice which breaks the rotational symmetry of the graphene
layer. I developed a method to obtain a very general four-band Hamiltonian for
this system, moreover an insight into the various new terms and parameters was
suggested and the relation between the terms has been explained by using simple
systems.

In the last chapter, motivated by recent experimental developments in the group
of Prof. Harold Zandvliet, I investigated the interaction between buckled germanene
and a MoS2 substrate. I studied the effect of inversion and reflection symmetry on
this structure and concluded that for germanene on MoS2 the interaction almost
completely quenches the quite large intrinsic spin-orbit coupling induced band gap
of free-standing germanene. By introducing a second MoS2 layer on the other side
of germanene, we recover almost all of this intrinsic gap. The first-principles calcu-
lations for various MoS2|Germanene|MoS2 sandwiches show that the band gap and
parameters do not depend strongly on the precise positioning of layers and therefore
for a general germanene- MoS2 sandwich we predict that the system is a topological
insulator. Moreover applying external pressure can lead to a phase transition in the
single layer germanene on MoS2 and make it a normal insulator at some external
pressure.
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spin Hall states in graphene interacting with WS2 or WSe2,” Appl. Phys. Lett.,
vol. 105, p. 233112, 2014.

115



-1

REFERENCES

[96] L. Kou, F. Hu, B. Yan, T. O. Wehling, C. Felser, T. Frauenheim, and C. Chen,
“Proximity enhanced quantum spin Hall state in graphene,” Carbon, vol. 87,
pp. 418–423, 2015.

[97] Z. Wang, D.-K. Ki, H. Chen, H. Berger, A. H. MacDonald, and A. F. Morpurgo,
“Strong interface-induced spin-orbit interaction in graphene on WS2,” Nature
Communications, vol. 6, p. 8339, 2015.

[98] M. Gmitra and J. Fabian, “Graphene on transition-metal dichalcogenides: A
platform for proximity spin-orbit physics and optospintronics,” Phys. Rev. B,
vol. 92, p. 155403, 2009.

[99] L. Kou, S.-C. Wu, C. Felser, T. Frauenheim, C. Chen, and B. Yan, “Robust 2D
Topological Insulators in van der Waals Heterostructures,” ACS Nano, vol. 8,
pp. 10448–10454, 2014.

[100] Z. Y. Zhu, Y. C. Cheng, and U. Schwingenschlögl, “Giant spin-orbit-induced
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