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A B S T R A C T   

The exact-constraint design principle is commonly applied to flexure mechanisms to ensure deterministic 
behavior, but at the cost of reduced robustness, support stiffness, load capacity and usually an increased 
complexity of design. To explore the potential benefit of overconstrained design in flexure mechanisms, this 
paper investigates an elementary two-flexure cross-hinge with a single overconstraint as a case study. The 
stiffness effects of inadvertent stress due to misalignment are investigated experimentally, numerically and 
analytically. 

A measurement set-up with controllable misalignment has been designed. Measurements show that the first 
natural frequency of the cross-hinge decreases strongly with misalignment, suggesting that the actuation stiffness 
decreases due to the misalignment stress, and ultimately vanishes due to bifurcation buckling at a critical 
misalignment of the order of 0.1 mm for the mechanism at hand. 

Simulations with a detailed numerical model support the measurements and expose some additional factors, 
such as warping and shuttle compliance, which influence the system behavior. Importantly, they also show that 
the compliance in the support directions of the mechanism increases strongly at the critical misalignment, 
demonstrating that the mechanism no longer functions at the critical misalignment. 

An extensive analytical buckling analysis shows how the stress due to misalignment poses a functional 
operation limit on the overconstrained mechanism in terms of bifurcation buckling. The analysis serves to 
corroborate the numerical predictions. An expression is derived for the critical misalignment force and 
displacement as a function of the geometry and material of general cross-hinge mechanism designs.   

1. Introduction 

Flexure mechanisms are used in precision applications for their 
ability to guide motion with high repeatability. While traditional rigid- 
link mechanisms move due to rolling or sliding components that induce 
hysteresis, flexure mechanisms move solely due to elastically deforming 
components. This means that flexure mechanisms operate without 
friction, backlash, stick-slip and wear, resulting in low hysteresis [1–10]. 

Deterministic behavior also requires that the influence of 
manufacturing tolerances and environment variations on static and 
dynamic performance is limited. This is typically achieved by employing 
mechanism designs that are exactly constrained [1–6]. 

The exact-constraint design principle originates from rigid-link 
mechanism analysis, in which a mechanism is reduced to a kinematic 
abstraction: it is regarded as a kinematic assembly of constraint- 
imposing components that together produce the desired mobility or 

degrees of freedom (DOF) of the mechanism. When each constraint 
contributes uniquely to the mechanism mobility, i.e. all constraints are 
essential, the mechanism is exactly constrained. When the same mobility 
is achieved with more than just the essential constraints, i.e. there are 
redundant constraints, the mechanism is overconstrained (also referred 
to as statically indeterminate) [11]. 

While the kinematic idealization of a mechanism is not affected by 
redundant constraints, the physical realization is. Geometric imperfec-
tions, such as the ones caused by manufacturing tolerances or thermal 
expansion differences, essentially turn the redundant constraints into a 
set of conflicting constraints. This can lead to undesired internal loads 
and a loss of mobility (also referred to as locking or binding). The 
rationale for the use of exact-constraint designs is then that the reliance 
on geometric accuracy can be reduced by simply avoiding all overcon-
strained designs, and restricting the design space to only the exactly 
constrained ones. In practice, restriction to exact-constraint design tends 
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to limit the load bearing capacity and produce asymmetric designs. 
Exact-constraint design is applied to flexure mechanisms, because its 

elastic components can also be regarded as constraint-imposing com-
ponents, albeit with nonideal behavior. By design, the elastic compo-
nents provide a large ratio of stiffness in various directions. The motion 
directions of low stiffness are considered the DOFs of the component, 
relative to the directions of high stiffness, which are considered the 
constraint (load-carrying, support) directions. Elastic components only 
approximate the ideal kinematic behavior, since they provide nonzero 
stiffness (ideally zero) in the DOFs and limited maximum stiffness 
(ideally infinite) in the constraint directions. While seemingly unfavor-
able, not strictly enforcing constraints actually implies that the unde-
sired associated loads are lower. Conflicting constraints, e.g. due to 
geometric imperfections in overconstrained designs, therefore produce 
lower stress in flexure mechanisms, compromising performance to a 
lesser degree, with a lower risk of locking. 

Since the rationale for exact-constraint design is mostly qualitative 
and based on rigid-link mechanisms, i.e. neglecting the elastic nature of 
flexure mechanisms, its use in flexure mechanisms is potentially overly 
restrictive and an unnecessary limitation on static and dynamic per-
formance. This provides the motivation for the investigation presented 
in this paper. 

In literature, the system behavior of various overconstrained flexure 
mechanisms has been investigated. Meijaard et al. [12] have studied a 
parallelogram flexure mechanism, which has a single redundant 
constraint. The effect of a misalignment on eigenfrequency and stiffness 
is determined analytically, numerically and experimentally. It is shown 
that exceeding the critical misalignment can induce bifurcation buckling 
and compromise system performance. van de Sande et al. [13] have 
studied a four-bar mechanism with flexible hinges, which has three 
redundant constraints. A method for establishing the various critical 
misalignments is presented and validated experimentally. 

The potential of overconstrained mechanisms not only to tolerate 
certain geometric imperfections, but actually achieve greater perfor-
mance has been investigated as an alternative design paradigm, referred 
to as elastic averaging [14–16]. 

In this paper, we focus on the behavior of an overconstrained flexure 
mechanism, in order to quantify the performance and the limits of 
operation. Since flexure mechanisms with a rotational degree of freedom 
are commonly used in larger precision systems, we choose an elemen-
tary two-flexure cross-hinge mechanism to serve as a case study 
[17–19]. It has a single redundant constraint, limiting the complexity. 

The contributions of this paper are a detailed elasticity analysis of the 
consequences of misalignment in a single-overconstraint cross-hinge 
mechanism. We present  

1. the design of a measurement set-up with controllable misalignment and 
several features to limit parasitic compliance and hysteresis, and 
offer repeatable measurements, 

2. measurements of eigenfrequencies that show how the system perfor-
mance is affected by misalignments,  

3. numerical simulations that corroborate the measurements, and  
4. an analytical buckling analysis of the system. This analysis provides a 

verification of the numeric model, the theoretical explanation of the 
observed system behavior and an explicit relation for the critical 
misalignment as a function of the geometry and material of general 
cross-hinge mechanism designs. 

2. Case description 

2.1. Overconstrained flexure mechanism 

Fig. 1 shows the essence of the two-leaf spring cross-hinge flexure 
mechanism that serves as the case study of this work. It consists of a 
shuttle and two attached leaf springs that constrain certain motion of the 
shuttle. The leaf springs have equal dimensions and cross at a right angle 

at half their length. In the analytical investigation in Sec. 3, this angle 
and crossing length remain free parameters in order to obtain a more 
widely applicable result. 

A typical leaf spring has a thickness that is one or two orders of 
magnitude smaller than its width. The length is usually larger than the 
width. As a consequence of these dimensions, a leaf spring offers a large 
ratio of stiffness associated with relative motion between its ends. As 
Fig. 2 summarizes for fixed-free boundary conditions, the stiffness is 
relatively low for motion in the rotational x1-, translational x2-, and 
rotational x3-directions (associated with torsion and bending in the 
plane of lowest rigidity). Contrarily, the stiffness is relatively high for 
motion in the translational x1-, rotational x2-, and translational x3-di-
rections (associated with bending in the plane of highest rigidity, shear 
and elongation). Due to these stiffness properties, the leaf spring can be 
considered as a constraint element for relative motion in the three in-
dependent directions of high stiffness. 

When attached to the shuttle at one end and fixed at the other, the 
two leaf springs together provide six constraints to the shuttle. Since 
each leaf spring independently already constrains the vertical position of 
the shuttle, the system is overconstrained. The two leaf springs consti-
tute a redundant constraint for the vertical shuttle position. Only five of 
the constraints applied to the shuttle are independent and the shuttle has 
one degree of freedom: it can rotate about the axis that is (for small 
rotation angles) the intersection of the planes of the two undeformed 
leaf springs. The intersection line can also be regarded as the overcon-
strained translational direction. As a mechanism, this configuration is 
commonly referred to as a cross-hinge or cross-spring flexure or pivot. It 
guides motion about the rotational axis with low stiffness (referred to as 
drive or actuation stiffness) and provides high stiffness (referred to as 
support stiffness or off-axis stiffness) in all other motion directions. 

Fig. 1. Overconstrained cross-hinge design consisting of two leaf springs. Gray 
scales in the leaf springs represent the von Mises stress distribution caused by 
misalignment v0 due to a force F0. 

Fig. 2. DOFs (solid lines) and constraints (dashed lines) of a leaf spring.  
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A translational guidance in the vertical direction, represented in 
Fig. 1 by the rollers for the bottom leaf spring, removes the redundant 
constraint and makes the system exactly constrained when the bearing is 
free to move ðF0 ¼ 0Þ. Incidentally, this example also illustrates that 
exact-constraint design tends to lead to lower support stiffness: since 
only one leaf spring now carries vertical loads applied to the shuttle, the 
desired high stiffness of the shuttle in the vertical direction is lower in 
the exact-constraint design configuration. 

2.2. Misalignment stress 

In the overconstrained configuration, the position of the trans-
lational guidance of Fig. 1 is essentially prescribed. Since motion in the 
direction of the redundant constraint is associated with the high support 
stiffness of the leaf springs, a small displacement or misalignment v0 
with respect to the neutral (stress-free) position leads to large internal 
loads. Such a misalignment can stem from environmental variations, 
such as manufacturing tolerances or thermal expansion differences. 
Fig. 1 depicts the distribution of the von Mises stress in the leaf springs 
due to a misalignment v0. The leaf springs are essentially loaded by a 
transverse force under fixed-guided boundary conditions. The dominant 
stress is normal stress due to bending in the plane of highest rigidity. 

One of the ways in which internal loads compromise the perfor-
mance of the mechanism is by affecting the stiffness. Much like the 
classical Euler column that loses transverse stiffness under compressive 
force up to the point of buckling (and, similarly, gains transverse stiff-
ness under tensile force), loads in more complex mechanisms can also 
increase or decrease the stiffness in various directions. This load- 
dependent stiffness is sometimes referred to as the geometric stiffness. 
For the correct operation of the overconstrained cross-hinge, it is crucial 
that the shuttle provides high support stiffness. Misalignment stress has 
been shown to cause a decrease of stiffness in other flexure mechanisms, 
even up to a critical level at which the leaf springs buckle and almost all 
stiffness is lost [12]. As such, the occurrence of buckling due to mis-
alignments can be designated as an upper limit of operation for an 
overconstrained flexure mechanism. 

Dynamically, the natural frequencies (also referred to as eigen-
frequencies) of the system are affected similarly, since they are governed 
by the combination of stiffness and misalignment-independent mass. 
When stiffness in a certain direction decreases, the natural frequency of 
the mode corresponding to motion in that direction also decreases. 
When all stiffness is lost, buckling has occurred; the natural frequency 
then is zero and the corresponding natural mode coincides with the 
buckling mode of the system. This gives a further interpretation to 
buckling as an upper limit of operation: the buckling mode is indicative 
of the motion the system can make without stiffness. The buckling mode 
is essentially a bifurcation of the equilibrium state, with zero linear 
stiffness. 

2.3. Physical realization 

A measurement set-up has been designed and fabricated for 
measuring the effects of misalignments. The nominal dimensions of both 
leaf springs are given in Table 1. We choose to characterize the natural 
frequencies of the system, instead of the stiffness directly, because pre-
cise measurement of the natural frequencies of lowly damped mecha-
nisms is relatively easy, especially for multiple modes (i.e. multiple 
stiffness components). By design, flexure mechanisms provide widely 
ranging stiffness in various directions; accurately measuring high 

stiffness in a certain direction would require an elaborate set-up for 
avoiding the unintentional contribution of ‘off-axis’ low stiffness 
(parasitic compliance). 

The use of modal analysis assumes that the system responds linearly 
to actuation inputs. In the relation between the angle of the shuttle and 
the applied driving torque, there are nonlinear effects due to large 
deformation and anti-clastic curvature. These effects are negligibly 
small (less than 2% effect) for angles of rotation smaller than 0.1 rad and 
leaf springs with a small width to length ratio [7]. For the current 
investigation, a modal analysis of the natural frequencies as functions of 
misalignment contains the necessary information for understanding the 
system behavior and validating the models. 

Although buckling is fundamentally dependent on the load in the 
structure, we choose to apply the misalignment by means of a prescribed 
displacement instead of a prescribed force. A primary reason is to avoid 
excessive deflection that would accompany the occurrence of buckling if 
the mechanism were loaded by a constant force. This does imply that the 
exact force in the mechanism is unknown, and only obtained as a 
quantity derived from measurements of the support stiffness and the 
prescribed displacement. To provide a constant force to the system, the 
stiffness should be constant. Since the support stiffness of the cross-hinge 
mechanism decreases with rotation of the shuttle, it is important to limit 
the amplitude of the shuttle motion during the modal analysis. Simu-
lations show that the decrease in support stiffness of this mechanism is 
less than 5% if the shuttle rotation remains smaller than 0.025 rad, 
which corresponds to a practically feasible maximum transverse 
displacement at the end of the leaf springs of 1 mm. 

2.3.1. Design characteristics 
Fig. 3 shows a photograph of the measurement set-up. To reliably 

control misalignments in the micrometer range, the set-up has several 
design characteristics that reduce parasitic compliance and hysteresis. 

The translational guidance of Fig. 1 for setting the misalignment is 
realized by means of a parallel flexure mechanism, consisting of the 
guidance stage and guidance leaf springs in Fig. 3, to increase repeat-
ability. It has a very high support stiffness; the stroke is limited to 1 mm 
before yielding. A fine-thread screw is used at the bottom to prescribe 
the misalignment displacement. The point of application is such that the 
induced force acts through the center of compliance of the parallel 
flexure mechanism. This ensures that the stage of the parallel flexure 
mechanism has no parasitic rotational motion when it moves in its single 
translational DOF [20,21]. 

The misalignment displacement is measured at the other side of the 
parallel flexure mechanism, to avoid the effects of deformation of the 
guidance stage. Also, the dial gauge is placed co-axially with the 
misalignment screw, to avoid Abbe errors [22]. 

Each leaf spring with the two support fillets is made of a single piece 
of material (stainless steel, AISI 420) by wire EDM, to avoid clamping of 
the leaf springs and the consequences of strain differences between fillet 
and leaf spring (micro-slip). 

The cross-hinge design consists of only two leaf springs, to have a 
minimal number of parts. This reduces parasitic compliance due to 
interface connections. The cross-hinge is oriented such that the rotation 
axis is vertical. This way the effects of gravity work mainly in the 
controllable overconstrained direction of the mechanism, and not in the 
actuation direction. 

2.3.2. Equivalent stiffness 
Since the cross-hinge mechanism is loaded by a prescribed 

misalignment displacement v0, and not by a prescribed force, it is 
important that the load-carrying frames provide sufficient stiffness and 
do not deform significantly. Fig. 4 shows a model of stiffness in series 
and parallel that is representative of the total stiffness between force F0 
and displacement v0 in the load-carrying part of the set-up. The effective 
stiffness of the translational guidance, consisting of the guidance stage 
and guidance leaf springs, is represented by kguidance. The stiffness in the 

Table 1 
Nominal values of the leaf springs’ properties (E represents Young’s modulus, ν 
the Poisson ratio).  

Length Width Thickness E ν 

80 mm 30 mm 0.3 mm 200 GPa 0.29  
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load-carrying direction of the cross-hinge mechanism is represented by 
the series arrangement of cross-hinge leaf spring stiffness kleaf and 
shuttle stiffness kshuttle. The effective frame stiffness is represented by 
kframe. 

The numerical values are given in Table 2. The value of kguidance is 
obtained by direct measurement (using a calibrated weight with a 
capacitive displacement sensor). The value of kleaf is the theoretical 
value due to bending and shear deformation. The value of kframe is ob-
tained by FEM. The effective shuttle stiffness kshuttle is inferred from the 
measurement of kguidance, the theoretical value of kleaf and the measured 
total stiffness between F0 and v0. It is concluded that the frame is suf-
ficiently stiff for the purpose of this investigation. Since the shuttle has 
the same order of magnitude stiffness as the undeflected leaf springs, the 

shuttle elasticity does have to be accounted for in the numerical model. 

3. Analytical investigation 

For understanding how stress due to misalignment can affect the 
system behavior, a stability analysis is performed. Based on first prin-
ciples, it exposes the mechanics that govern the operational limit of the 
system. 

Stability analysis in structural mechanics deals with the character of 
the response of structures to some load case. A structure is said to have 
buckled when at some level of the increasing load it assumes a distinctly 
different equilibrium configuration. As this new configuration can be 
reached in various ways, different buckling mechanisms, e.g. bifurcation 
buckling, finite-disturbance buckling and snapthrough buckling, can be 
distinguished [23]. In the following section, only the bifurcation buck-
ling mechanism will be considered. Various solution approaches are 
available, such as the classical force equilibrium method, the 
free-vibration dynamic method, and the minimum potential energy 
method. We adopt a theory based on the potential energy of the system 
[24–27]. This provides a systematic way of modeling the system and 
deriving the conditions that govern elastic stability. To illustrate some 
crucial steps in this procedure, a highly simplified example is provided 
in Appendix A.1. 

The buckling of beams with highly different flexural rigidities, 
loaded in the plane of highest rigidity, is called lateral buckling. This 
phenomenon was first studied by Michell and Prandtl [28,29]. 

3.1. Model description 

For a balance between model accuracy and mathematical 
complexity, we choose to account for the 3-D behavior of the leaf springs 
using a beam model, but ignoring gravity, shuttle elasticity and the ef-
fects of constrained warping. Mathematically, we exploit the constraint- 
based view of leaf springs and assume that the only strain energy is due 
to deformation modes associated with low stiffness (i.e. torsion and 
bending in the plane of lowest rigidity). The other deformation modes (i. 
e. elongation, transverse shear and bending in the plane of highest ri-
gidity) have high stiffness, experience very small deformation, and 
mainly serve to transfer forces and moments. This is approximated by 
using Lagrange multipliers to include the conditions that the de-
formations of high stiffness are zero (i.e. considered infinitely stiff). The 
shuttle is modeled by a kinematic relation between the two ends of the 
leaf springs. The angle at which the two leaf springs cross and the length 
of the shuttle are parameters, such that the analysis can be generalized 
to a wide variety of cross-hinge designs. 

3.2. Configuration coordinates 

The system consists of two leaf springs of length L, width h and 
thickness t, and the shuttle of length dx. The lateral offset between the 
leaf springs is dy. The angle between the leaf springs and the normal to 
the shuttle is α, as indicated in Fig. 5a. In the following analysis, su-
perscripts l and r are used to denote the left and right leaf spring, 
respectively. 

The deformed configuration of the leaf springs is described with 
respect to the initial coordinate frames. These frames are attached to the 
undeformed leaf springs and given by base vectors el

x; el
y; el

z and er
x;er

y;er
z, 

whose origins coincide with the centroid of the bottom cross-section of 
the leaf springs. Vectors el;r

x and el;r
y are oriented along the principal axes 

Fig. 3. Photograph of measurement set-up.  

Fig. 4. Equivalent stiffness of frame, guidance and cross-hinge in the load- 
carrying direction. 

Table 2 
Equivalent stiffness in N/m.  

kframe  kleaf  kshuttle  kguidance  

5⋅107  2⋅106  2⋅106  8⋅104   
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of the cross-section and vector el;r
z is normal to the cross-sectional plane. 

The relation with the global coordinate frame vectors ½nx; ny; nz� is given 
by 
�

el
x el

y el
z
�
¼ Ri½nx ny nz �; (1)  

�
er

x er
y er

z
�
¼ RT

i ½nx ny nz �; (2)  

where 

Ri ¼

2

4
cosα 0 � sinα

0 1 0
sinα 0 cosα

3

5: (3) 

The deformed configuration of the leaf springs is described by three 
position and three orientation functions. The position of the deformed 
neutral line of the leaf springs is given by the vectors 

rlðsÞ ¼ rl
0ðsÞ þ ulðsÞ ¼

�
ulðsÞ vlðsÞ sþ wlðsÞ

�
; (4)  

rrðsÞ ¼ rr
0ðsÞ þ urðsÞ ¼ ½ urðsÞ vrðsÞ sþ wrðsÞ �; (5)  

resolved in the initial frames, where s is the material coordinate from 
0 to L. For the orientation of the deformed cross-section, a local coor-
dinate frame is introduced, see Fig. 5b. It is attached to the deformed 
cross-section, given by base vectors el

x; e
l
y; e

l
z and er

x;e
r
y;e

r
z, and related to 

the global frame by 
�

el
x el

y el
z
�
¼ RiDl½ nx ny nz �; (6)  

�
er

x er
y er

z
�
¼ RT

i Dr½nx ny nz �: (7)  

Matrices Dl and Dr are rotation matrices that describe the rotation of the 
deformed cross-sections. They can be parametrized in several ways. We 
choose the Euler angles ϕl, ψ l, χl and ϕr, ψ r, χr, which are all functions of 
s, for successive rotation of the initial frames about the x-, z- and y-axes. 
The full expressions are provided in Appendix A.2. For small de-
formations, ϕ can be interpreted as the bending angle in the plane of 
highest rigidity, ψ as the torsion angle and χ as the bending angle in the 
plane of lowest rigidity of the leaf spring. 

The deformation of the beam can be captured by the three curva-
tures, given as components of the skew-symmetric matrix 

~κ ¼ DT D0

; (8)  

and by the three strains, given as components of the vector 

γ ¼ DT r0 � nz: (9)  

Since the expressions are the same for the left and right leaf springs, the 

superscript has been omitted. A prime denotes differentiation with 
respect to s. In terms of the displacement and rotation functions, a 
second-order approximation of the six deformation components is given 
by 

κx ¼ ϕ
0

cosχ cosψ � ψ 0 sinχ � ϕ
0

� ψ 0χ; (10)  

κy ¼ χ 0 � ϕ
0

sinψ � χ 0 � ϕ
0ψ ; (11)  

κz ¼ ψ 0cosχ þ ϕ
0

cosψ sinχ � ψ 0 þ ϕ
0χ; (12)  

γx � u0 � χð1þ w0 Þ þ ψðϕþ v0 Þ; (13)  

γy � v
0

þ ϕð1þ w
0

Þ � ψu
0

; (14)  

γz � w0 � ϕðϕ=2þ v0 Þ � χðχ=2 � u
0

Þ: (15)  

Component κx can be interpreted as the curvature in the plane of highest 
rigidity, κy as the curvature in the plane of lowest rigidity, κz as the 
specific twist angle, γx and γy as the transverse shear strains, and γz as the 
elongation strain. 

3.3. Kinematic constraints due to the shuttle 

The shuttle imposes a fixed distance between the two leaf spring 
ends, governed by the vector equation 

RT
i urðLÞ � RiulðLÞ �

�
RiDlðLÞRT

i � I
�

2

4
dx
dy
0

3

5 ¼ 0: (16)  

This equation is abbreviated as 
�
Kx Ky Kz

�T
¼ 0 for use in the 

following sections. In Appendix A.3, the derivation is detailed. 
In addition, the shuttle imposes a constraint on the orientation of the 

two leaf springs, expressed as 

RiDlðLÞRT
i ¼ RT

i DrðLÞRi: (17)  

This matrix equality can be converted to the three equations 

χl � χr þ quadratic terms ¼ 0;
ψ l � ψ rcos2αþ ϕrsin2αþ cubic terms ¼ 0;
ϕl � ϕrcos2α � ψ rsin2αþ cubic terms ¼ 0; (18)  

to be satisfied at s ¼ L. These equations are abbreviated as 
½Kχ Kψ Kϕ �

T
¼ 0. 

Fig. 5. Configuration parameters.  
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3.4. Potential energy 

The contribution of a single leaf spring to the potential energy of the 
system is 

Pleaf ¼
1
2

Z L

0

�
Stκ2

z þ Sbκ2
y

�
dsþ

Z L

0

�
Nuγx þ Nvγy þ Nwγz þMκx

�
ds: (19)  

The first integral represents strain energy due to torsion (with stiffness 
St) and bending (with stiffness Sb) in the plane of lowest rigidity. The 
torsion and bending stiffness are given by 

St ¼ GJ; Sb ¼ EIy; (20)  

where G is the shear modulus, J is Saint-Venant’s torsion constant, E is 
Young’s modulus, and Iy is the area moment of inertia about the y-axis of 
the initial frame (Fig. 5a). The second integral provides the constraints 
on the four other deformation components by means of the Lagrange 
multipliers Nu, Nv, Nw and M, which are still functions of s. 

The total potential energy of the system is given by 

Ptot¼Pl
leafþPr

leaf � F0vlð0ÞþDxKxþDyKyþDzKzþRχKχþRψ Kψ þRϕKϕ:

(21)  

Here, Pl
leaf and Pr

leaf represent the contributions of the left and right leaf 
spring according to Eq. (19). The external work F0vlð0Þ is the work due 
to the misalignment at the bottom of the left leaf spring in the vertical 
direction. Lagrange multipliers Dx, Dy, Dz are used to include the 
translational shuttle constraint of Eq. (16). Lagrange multipliers Rχ , Rψ 
and Rϕ are used to include the rotational shuttle constraint of Eq. (18). 

3.5. Kinematic boundary conditions 

The boundary conditions due to the clamping of the leaf springs at 
the bottom ends are not included in the total potential energy. They are 
given by 

at s ¼ 0 :
ul ¼ ur ¼ vr ¼ wl ¼ wr ¼ 0;
χl ¼ χr ¼ ψ l ¼ ψ r ¼ ϕl ¼ ϕr ¼ 0; (22)  

and have to be imposed separately. 

3.6. Fundamental solution 

For the fundamental solution of the system, i.e. the straight unde-
formed configuration, the expressions for the curvatures, Eqs. (10)–(12), 
the strains, Eqs. (13)–(15), and the shuttle constraints, Eqs. (16) and 
(18), can be linearized. Equilibrium requires that the total potential 
energy of the system is minimized with respect to variations of all un-
known functions and variables, summarized in Table 3. These are the six 
functions for the configuration of each leaf spring, the multipliers 
(functions of s) for the deformation constraints for each leaf spring and 
the (constant) multipliers for the shuttle constraints. 

Taking variations with respect to the unknown functions then yields 
a system of ordinary differential equations (ODEs) with dynamic 
boundary conditions. Taking variations with respect to the unknown 

multipliers again returns the linearized constraints that we sought to 
impose. The fundamental solution is given by a zero value for all 
configuration functions. However, it turns out that some of the multi-
pliers are actually nonzero in the fundamental state and take on the 
values 

Dy ¼ � F0;

Rϕ ¼ dxF0cosα cot2α;
Rψ ¼ � dxF0cosα;
N l

v ¼ � F0;

Nr
v ¼ F0;

Ml ¼ � F0ðs � bÞ;
Mr ¼ F0ðs � bÞ;

(23)  

where 

b ¼ L � ðdx=2Þcscα: (24)  

The cotangent function is denoted by cot and the cosecant function by 
csc. 

This fundamental solution then is a mathematical reflection of the 
constraint-based view of leaf springs: since the model only accounts for 
strain energy due to deformation in modes of low stiffness, and ap-
proximates the deformation in modes of high stiffness by a rigid 
constraint, a force acting in the constrained direction of the leaf springs 
indeed causes no deformation. So, while application of force F0 does not 
lead to deformation, the multipliers that enforce this zero-deformation 
constraint do increase in value. Multipliers Nl

v and Nr
v can actually be 

interpreted as the forces that impose γl
y ¼ γr

y ¼ 0, i.e. as the forces that 
ensure that the transverse shear is zero, in the presence of the applied 
load F0 at vlð0Þ. 

Similarly, multipliers Ml and Mr can be interpreted as the moments 
required to impose κl

x ¼ κr
x ¼ 0, i.e. as the moments that ensure zero 

bending in the plane of highest rigidity. Note that these moments change 
linearly over the length of the leaf springs. The offset b that shows up can 
be interpreted as the distance between the bottom end of the leaf spring 
and the intersection of the undeformed leaf spring axes. It is indicated in 
Fig. 5a and referred to as the crossing length in the following sections. 
The value of b can be positive or negative, depending on whether the 
intersection lies on (positive) or beyond (negative) the leaf springs. It is 
as if the misalignment force were applied at this point of intersection. 

3.7. Support stiffness 

Although the leaf spring deformation modes of high stiffness are 
approximated by a rigid constraint in the fundamental solution of Sec. 
3.6, the results of that linearized analysis can be used to find an 
expression for the (finite) support stiffness in the y-direction, associated 
with the deformation modes of high stiffness. The nonzero multipliers 
Nl;r

v and Ml;r in Eq. (23) represent the internal forces and moments that 
make equilibrium with the applied force F0, linearized about the neutral 
configuration of zero shuttle rotation. Given this equilibrium stress state, 
the complementary energy of the cross-hinge mechanism can be readily 
formulated as 

Pc ¼ �
1

2kGA

Z L

0

�
N l2

v þ Nr2
v

�
ds �

1
2EIx

Z L

0

�
Ml2 þMr2�ds: (25)  

Now, the transverse shear γy and curvature κx are not constrained to zero 
values, but instead governed by linear constitutive relations, where A is 
the cross-sectional area, Ix is the area moment of inertia about the x-axis 
of the initial frame (Fig. 5a) and k is the shear correction factor [30]. 
With Castigliano’s second theorem, it follows that 

vlð0Þ ¼ 2F0

�
L

kGA
þ

L3

EIx

�
1
.

3 � b
.

Lþ ðb=LÞ2
��

; (26) 

Table 3 
Unknowns that are subject to variation.  

ul ;vl;wl;χl;ψ l;ϕl  configuration functions 

ur ;vr ;wr ;χr ;ψr ;ϕr  for left and right leaf spring  

Nl
u;N

l
v;Nl

w;Ml  deformation constraint multipliers 

Nr
u;N

r
v;N

r
w;Mr  for left and right leaf spring  

Dx;Dy;Dz  translational and rotational 
Rχ ;Rψ ;Rϕ  shuttle constraint multipliers  
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meaning that the support stiffness in y-direction is given by 

ksupp;y ¼

�
2L

kGA
þ

2L3

EIx

�
1
.

3 � b
.

Lþ ðb=LÞ2
��� 1

: (27)  

3.8. Bifurcation equilibrium 

In elastic structures that are prone to bifurcation buckling, a second 
equilibrium configuration, different from but infinitesimally close to the 
trivial fundamental solution, is possible due to loads reaching a critical 
value. 

Formally, a bifurcation equilibrium requires that the second varia-
tion of the total potential energy with respect to the fundamental solu-
tion vanishes. It can be shown that this means that the second-order 
terms in the potential energy become stationary. This is illustrated in 
Appendix A.1 by a highly simplified example. Appendix A.4 details the 
derivation of the equations that govern the bifurcation equilibrium of 
the actual cross-hinge mechanism. 

It follows that the bifurcation configurations are given by nontrivial 
solutions of two sets of systems: one for a symmetric buckling mode and 
one for an anti-symmetric buckling mode. These modes are depicted in 
Fig. 6 for a crossing length b ¼ L=2. In the anti-symmetric mode, the 
shuttle moves and both leaf springs deform, with a reversed twist angle. 
In the symmetric mode, the shuttle remains stationary and both leaf 
springs deform, with the bending angle and transverse displacement 
reversed. 

The expression for the critical load is given by 

F0;cr ¼ βðb=LÞ
ffiffiffiffiffiffiffiffi
SbSt
p

L2 : (28)  

The torsion stiffness St and bending stiffness Sb are given by Eq. (20). 
The geometric factor β accounts for the effect of the shuttle length dx and 
the angle α on the critical load: it turns out that β is strictly dependent on 
only the dimensionless crossing length b=L, which is related to dx and α 
by Eq. (24). The value of the geometric factor β is different for the 
symmetric and the anti-symmetric mode. It is given in Figs. 7 and 8 for 
the two buckling modes for a range of values of b=L. 

The relation between β and b=L is approximated by the rational 
function for β2 in terms of z2, 

β2 ¼ c1
1þ c2z2 þ c3z4

1þ c4z2 þ c5z4 þ c6z6; z ¼ b=L � 1=2; (29)  

for the values of the coefficients given in Table 4 with high accuracy (i.e. 
a maximum relative error of 1.1% and 0.3% in the range jb=Lj < 10 for 
the anti-symmetric and symmetric mode, respectively). 

For all values of b=L, the geometric factor of the anti-symmetric mode 

is smallest, meaning that the anti-symmetric mode has the lowest 
buckling load and represents the critical buckling mode of the system. In 
both modes, the geometric factor (and hence the buckling load) has a 
maximum value at b ¼ L=2. The value of β is the same for z and � z, 
because they correspond to the cases in which the shuttle and the ground 
are interchanged. 

In the configuration that the leaf springs are placed parallel to each 

Fig. 6. Anti-symmetric (left) and symmetric (right) buckling modes. For visualization purposes, dy ¼ 0, i.e. the leaf springs are depicted as intersecting; the buckling 
modes are independent of dy. 

Fig. 7. Geometric factor β for the critical load of the anti-symmetric mode.  

Fig. 8. Geometric factor β for critical load of the symmetric mode.  

Table 4 
Numeric values of the coefficients for the geometrical factor β in Eq. (29) for the 
two buckling modes.  

Mode c1  c2  c3  c4  c5  c6  

Anti-symm. 494.9 116.9 202.9 117.6 2086 2602 
Symmetric 780.0 26.14 0 59.67 518.2 0  
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other (α ¼ 0), the crossing length b→∞ and β � 2π=z→0, meaning that 
the buckling force approaches zero. This matches with the analysis of 
Meijaard et al. [12] that shows that the overconstrained parallelogram 
flexure mechanism buckles due to a moment load, whose critical value is 
2π

ffiffiffiffiffiffiffiffiffi
SbSt
p

=L. 
The critical misalignment displacement can be obtained as 

vl
crð0Þ ¼ F0;cr

�
ksupp;y; (30)  

with the critical misalignment force from Eq. (28) and support stiffness 
from Eq. (27). 

3.9. Design relations 

Summarizing the results for practical purposes, an estimate of the 
critical misalignment of a general cross-hinge mechanism follows from 
Eq. (30) as 

vl
crð0Þ
L
� 0:55β

ffiffiffiffiffiffiffiffiffiffiffi
1þ ν
p t2

L2 þ
0:94β
ffiffiffiffiffiffiffiffiffiffiffi
1þ ν
p

�

1 � 3
b
L
þ 3

b2

L2

�
t2

h2: (31)  

This estimate provides a conservative lower bound since the effects of 
warping and frame elasticity, which both increase the critical 
misalignment, are not included. This expression holds for cross-hinge 
mechanisms with arbitrary material and geometry properties. The ma-
terial is accounted for by Poisson ratio ν (assuming isotropic material 
and a shear correction factor k of 0.85). The geometry is accounted for 
by crossing length b (indicated in Fig. 5a), geometric factor β (given in 
Fig. 7 and Eq. (29) for the critical anti-symmetric buckling mode) and 
the leaf spring length L, width h and thickness t. Crossing length b is 
related to the shuttle length dx and shuttle–leaf spring angle α by Eq. 
(24). 

A common class of cross-hinge mechanism designs has leaf springs 
crossing at half their length (b ¼ L=2, β �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
494:9
p

) with a Poisson ratio 
of 0.3. In that case, Eq. (31) reduces to 

vl
crð0Þ
L
� 14

t2

L2 þ 4:6
t2

h2: (32)  

In both Eqs. (31) and (32), the first term (proportional to t2=L2) is the 
contribution to misalignment due to shear deformation; the second term 
(proportional to t2=h2) is due to bending deformation in the plane of 
highest rigidity. In case of extreme h=L ratios, one term may be domi-
nant. For wide leaf springs with h=L > 2:6, shear deformation is domi-
nant and bending can be neglected (with less than 5% error). For slender 
leaf springs with h=L < 0:13, bending deformation is dominant and 
shear can be neglected (with less than 5% error). 

4. Numerical model 

The flexible multibody software SPACAR is used for numerical cal-
culations [31,32]. This program can perform the static and dynamic 
analysis of mechanisms that consist of interconnected rigid and flexible 
elements. It can simulate motion for given initial conditions, linearize 
about an arbitrary state of motion, determine stationary solutions, and 
with linearized equations, determine the eigenmodes, buckling modes 
and compliances. 

SPACAR includes an element that is based on the geometrically 
nonlinear Timoshenko–Reissner beam formulation [33]. This two-node 
beam element captures the effects of bending, elongation, shear, 
non-uniform torsion, and warping. An element has nodes at both ends. 
Multiple elements can be interconnected by sharing a common node, 
much like the standard finite element approach. 

A distinctive feature of SPACAR is the definition of element flexi-
bility by means of a set of physically meaningful deformation functions. 
These modes are unaffected by rigid body motion, so they measure 
deformation only, and form the discretized analogue of strain and 

curvature of a continuous beam. Expressed as functions of the nodal 
coordinates, they can be prescribed a zero value to become the 
constraint equations that govern element rigidity. Alternatively, one or 
more deformation modes can be allowed a nonzero value to model 
flexibility instead, in accordance with a constitutive model. 

The various deformation modes are constructed to independently 
and consecutively represent elongation, torsion, bending in the two 
principal planes and warping deformation. This means that this 
formulation matches well with the constraint-based view of leaf springs: 
an efficient numerical model for a leaf spring is obtained by only 
allowing nonzero values of the deformation modes associated with 
relatively low stiffness. This reduces the computational load and avoids 
numerical problems associated with deformation modes of high stiff-
ness, such as ill-conditioning and reduced maximum time steps. 

4.1. Simplified model 

A simplified numerical model is created with assumptions that are 
very similar to the analytical investigation. The leaf spring fillets and 
cross-hinge shuttle are assumed to be rigid. The translational guidance is 
omitted and replaced by fixed and guided boundary conditions on the 
end nodes. The only elastic effects modeled are due to the leaf spring 
deformation. Like in the analytical investigation, the deformation modes 
of torsion and bending in the plane of lowest rigidity are allowed; 
elongation, shear and bending in the plane of highest rigidity are 
ignored. Also, the effects of gravity and constrained warping are 
neglected. 

Each leaf spring is modeled in SPACAR by 20 beam elements of equal 
length. For the nominal values of the system parameters, given in 
Table 1, the analytical critical load according to Eq. (28) is 58.247 N for 
the anti-symmetric buckling mode and 73.121 N for the symmetric 
buckling mode. In SPACAR, the same modes are encountered, with 
corresponding critical loads of 58.589 N and 73.811 N, respectively. 
This means that the discretization error is less than 1%. More impor-
tantly, the analytical solution now serves as a verification of the nu-
merical model, at least to the extent of the effects that this simplified 
numerical model takes into account. 

4.2. Refined model 

Unlike in the analytical investigation, it is feasible to include addi-
tional effects in a refined numerical model. The leaf springs are modeled 
by allowing all deformation modes, meaning that torsion, bending (in 
both planes), elongation, transverse, warping and torsion-elongation 
coupling are taken into account. Small variations in thickness (due to 
manufacturing tolerances) that occur over the length of the leaf springs 
are modeled. Body forces due to gravity are included. The parallel 
flexure mechanism serving as the translational guidance is also modeled 
using beam elements that are fully elastic for the two additional leaf 
springs, and rigid for the guidance stage. The elasticity of the cross-hinge 
shuttle is modeled by approximating the mid-section with fully elastic 
beam elements with a rectangular cross-section. 

The misalignment displacement is prescribed and increased in steps 
of 1 μm. Fig. 9 shows the misalignment force as a function of the rotation 
of the shuttle. The shuttle rotation stays nearly zero until the critical 
force is established; after this bifurcation of equilibria, the system fol-
lows a different (post-buckling) path, for which the shuttle rotates in 
relation to the applied force. It is found that the practical ‘imperfections’ 
of shuttle elasticity, gravity and thickness variations only govern the 
smoothness of the transition from the fundamental path (of zero shuttle 
rotation) to the stable path after bifurcation. Without the imperfections, 
the transition is instant and sharp at the critical load; with imperfections, 
the transition is smoother, as Fig. 9 indicates. The imperfections do not 
affect the critical load or the post-buckling path markedly. 

Compared to the simplified model of Sec. 4.1, the critical load has 
increased due to several effects. Gravity and the additional stiffness of 
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the translational guidance (kguidance in Fig. 4) that acts in parallel with 
the cross-hinge together increase the critical load to approximately 77 N. 
More strikingly, it is found that the effects of warping, i.e. the conse-
quences of constrained warping at the ends of the leaf springs, affect the 
buckling behavior significantly: the bifurcation load is an additional 
factor of approximately 1.3 larger. A qualitative explanation for this 
observation is that warping constraints at both ends of the leaf springs 
increase the effective torsional stiffness; it is as if the length over which 
torsion deformation can happen is reduced. Since the buckling modes 
exhibit torsion deformation, the warping constraints effectively increase 
the bifurcation load. 

Fig. 10 shows a piecewise linear relation between misalignment 
displacement vlð0Þ and force F0. The support stiffness of the mechanism 
is constant and considerably lower in the buckled state when the critical 
misalignment is exceeded. It is found that the compliance of the cross- 
hinge shuttle has a significant effect: it reduces the support stiffness 
before buckling and increases the critical misalignment displacement by 
a factor of approximately 1.6. In the buckled state, the compliance of the 
leaf springs is dominant and the support stiffness of the mechanism is not 
affected by the shuttle compliance. 

Fig. 11 shows three compliances calculated for the center of the 
shuttle, as a function of the misalignment. The rotational compliance in 
the drive direction of the cross-hinge, cdrive, is relatively large compared 
to the compliance in the other directions. The translational compliances 
in y- and z-directions, which are two support directions, are given by 
csupp:y and csupp:z, and scaled by factors 106 and 105, respectively, to 
show them in the same figure. 

Support direction compliances csupp:y and csupp:z have nearly constant 
values of 1:9⋅10� 6 and 2:5⋅10� 7 m/N before the critical misalignment of 
approximately 117.5 μm. When buckling has occurred, the values 
rapidly increase by factors 19.4 and 275.8, respectively. This indicates 
that the support stiffness has decreased considerably, meaning that the 
performance of the mechanism is severely reduced. In the post-buckling 
regime, the compliances in support directions keep increasing with 
increasing misalignment and accompanying rotation of the shuttle. 

The compliance in the drive direction (the rotational y-direction) 
increases gradually with misalignment from 2.94 1/Nm to a maximum 
of 56.0 1/Nm (a factor 19.4 increase) at the bifurcation. Then, it de-
creases again, with increasing rotation of the shuttle. It is also observed 
that in the absence of gravity the drive compliance grows unbounded at 
the bifurcation, on an unstable equilibrium; gravity acts as a perturba-
tion that switches the system to a stable equilibrium path near the 
bifurcation. 

5. Measurements 

For measurement of the first eigenfrequency of the cross-hinge, 
corresponding to a vibration mode in which the mechanism moves in 
the DOF, a laser optical displacement sensor is used (Micro-Epsilon 
optoNCDT 1402-20 with 2 μm resolution). It is located behind the frame 
of Fig. 3 (not visible) and pointed at a side face of the shuttle, through a 
chamber in the frame. The analog output signal is sampled at 1 kHz and 
captured using a data acquisition system for further processing. An end- 
stop is mounted to prevent excessive rotation of the shuttle. 

At the start of a measurement, the misalignment displacement is set 
with the screw at the bottom and read out with the dial gauge at the top. 
An initial transverse displacement of no more than 0.8 mm at the end of 
the leaf springs is applied by holding the shuttle against a stop and 
releasing it to record the free vibrations. Because the vibration mode is 
only lightly damped, a useful signal is obtained for a time period of at 
least 20 s. A Fourier transformation is used to extract the frequency 
content of the signal. 

Fig. 12 shows the measurement of the eigenfrequency as a function 
of misalignment. The misalignment is increased in steps of 5 μm. Due to 
gravity, there is an offset in the misalignment measurement; since the 
eigenfrequency is highest for zero misalignment, the offset can be found 
and compensated for. Qualitatively, much like the gradually increasing 
drive compliance, the first eigenfrequency decreases with misalignment, 
from a value of 3.48 Hz to 1.02 Hz. It is observed in the experiment that a 
misalignment of approximately 111 μm leads to a sudden rotation of the 
shuttle, against the end-stop. This indicates that the cross-hinge has 
buckled in the anti-symmetric mode. Since the mechanism in this state 
cannot be actuated by initial nonzero transverse displacements, no 
measurements could be conducted in the post-buckling regime. 

The first eigenfrequency predicted by the refined model in SPACAR 
as described in Sec. 4.2 is also shown. It matches qualitatively and 
quantitatively with the measurements: the prediction of the critical 
misalignment is 5.9% larger. After the bifurcation, the eigenfrequency 
starts increasing again with misalignment. 

As a comparison, a pre-stressed modal analysis was conducted in 
ANSYS Workbench, which uses solid elements. It predicts similar 
eigenfrequencies up to the critical misalignment; it lacks post-buckling 
features and is unable to compute equilibrium in a buckled state. 

Fig. 9. Bifurcation diagram illustrating the effect of warping.  

Fig. 10. Load–deflection curves illustrating the effect of shuttle elasticity.  

Fig. 11. Compliances at the shuttle as functions of misalignment. Rotational 
compliance cdrive in 1/Nm, translational compliances csupp:y and csupp:z in m/N. 

Fig. 12. First eigenfrequency as a function of misalignment, comparing mea-
surement and numerical simulations. 
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6. Conclusion 

This work has provided a practical and explicit bound on the 
misalignment below which overconstrained flexure mechanism designs 
are feasible, based on bifurcation buckling. A cross-hinge flexure 
mechanism with a single overconstraint has been analyzed analytically, 
numerically and experimentally as a case study on the properties of 
overconstrained flexure mechanisms. It is shown that small, typically 
unintended, misalignments in the overconstrained direction can affect 
the system behavior significantly. Measurements show that a misalign-
ment on the order of 0.1 mm is critical for this mechanism, leading to a 
complete loss of actuation stiffness due to bifurcation buckling. This is 
supported by a numerical model, which exposes further effects, such as a 
large decrease in support stiffness at the critical misalignment. An 
idealized analytical model describes the essential buckling behavior of 
the system in terms of the buckling modes and an explicit expression for 

the critical misalignment force and displacement that cause bifurcation. 
This expression is valid for various cross-hinge mechanism topologies: 
the shuttle length and the angle between the leaf springs are parameters. 
Simulations with the numerical model have shown that additional ef-
fects due to warping and parasitic compliances explain the difference 
between the measurements and the analytical model. 
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Appendix A. Analytical buckling analysis 

Appendix A.1. 1-DOF example 

The principle of minimum potential energy provides a systematic procedure for finding equilibrium configurations, such as those corresponding to 
the fundamental (also referred to as trivial) state and to a bifurcation. In the cross-hinge mechanism analysis of the current work, many configuration 
functions and constraint equations are needed to model the cross-hinge, increasing the complexity. To highlight some crucial steps in the procedure, 
this appendix provides a simpler example that has only a single degree of freedom.

Fig. A.1. 1-DOF example for illustrating the equilibrium principle.  

Fig. A.1 shows a pinned massless rigid rod of length L connected to a torsion spring with stiffness k. Angle θ fully describes the configuration of this 
system and can be considered the degree of freedom. A force F acts in the fixed vertical direction along a distance y. The kinematic relation between y 
and θ is given by 

y ¼ Lð1 � cosθÞ: (A.1) 

One way to model this system is by formulating the total potential energy (consisting of strain energy and external work), i.e. 

P1 ¼
1
2

kθ2 � Fy; (A.2)  

and substituting the kinematic relation of Eq. (A.1) such that the total potential energy only depends on the degree of freedom θ. All equilibrium 
configurations can then be found by requiring that P1 is stationary, i.e. that the first variation with respect to θ vanishes: 

δP1 ¼
dP1

dθ
δθ ¼ ðkθ � FL sinθÞδθ ¼ 0: (A.3)  

The trivial solution is given by θ ¼ 0, for which the rod is exactly vertical. All other solutions are given by the roots of sinðθÞ=θ ¼ k=ðFLÞ, which is a 
transcendental expression in θ because of the nonlinear form of the kinematic relation Eq. (A.1). If not all solutions are relevant, but only those close to 
the trivial one, one could assume that θ is small. The series expansion sinθ � θ around θ ¼ 0 can then be used to approximate the nonlinear relation and 
find that δP1 is also zero when the force F ¼ k=L and θ 6¼ 0. In other words, for this critical value of the force, the rod has a nontrivial bifurcation 
equilibrium configuration. 

An alternative approach for finding the fundamental and bifurcation configuration makes use of Lagrange multipliers for including kinematic 
constraint relations and a series expansion of the total potential energy [27]. Instead of eliminating y from Eq. (A.2) with the kinematic relation of Eq. 
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(A.1), a Lagrange multiplier λ can be used to account for the constraint between y and θ: 

P2 ¼
1
2

kθ2 � Fyþ λðy � Lþ L cosθÞ: (A.4)  

The three variables θ, y, and λ have to be regarded as independent variables now. Including constraints this way increases the number of variables, but 
has the benefit that constraint equations without explicit solution (ruling out the former elimination approach) can be included as well. 

From a physical point of view, the fundamental configuration is often obvious, except for the value of the Lagrange multiplier. To find it, we use the 
second-order expansion around the tentative guess θ ¼ y ¼ λ ¼ 0, given by 

1
2

kθ2 � Fyþ λy: (A.5) 

The first variation is given by 

kθ δθ þ ðλ � FÞδyþ yδλ ¼ 0; (A.6)  

which, since the three variations are now independent, means that indeed θ0 ¼ y0 ¼ 0. Importantly, it follows that λ0 ¼ F in the fundamental 
configuration. 

For the nearby bifurcation configuration, the total energy expression Eq. (A.4) can be expanded in a truncated series around the fundamental 
configuration, in order to simplify the nonlinear terms. With the replacement 

θ ¼ θ0 þ θ ¼ θ; y ¼ y0 þ y ¼ y; λ ¼ λ0 þ λ ¼ F þ λ; (A.7)  

the second-order expansion in θ, y, and λ is given by 

1
2
ðk � FLÞθ2

þ λy: (A.8) 

It can be seen that the expansion around the nonzero value of λ in the fundamental configuration brings about the new second-order term 
� FLθ2

=2, which is due to λLcosθ in the original total potential energy P2 of Eq. (A.4). Also, all first-order terms have vanished, since the expansion is 
around an equilibrium configuration. The first variation is now given by 

ðk � FLÞθδθ þ λδyþ yδλ ¼ 0: (A.9) 

Like before, we find the nontrivial solution θ 6¼ 0 and F ¼ k=L (and y ¼ λ ¼ 0), corresponding to the bifurcation configuration. 
The second approach illustrated here for obtaining equilibrium configurations is used in the cross-hinge mechanism analysis, since it allows for 

taking into account more complicated constraint equations (such as those given by an implicit relation) and only requires second-order expansions of 
nonlinear terms. While the basic principle is the same, we use a continuum description for the cross-hinge leaf springs; unlike the single degree of 
freedom variable here, the potential energy of the cross-hinge depends on several configuration functions to accurately model its elastic behavior. 
Vanishing of the first variation is then expressed as a set of ODEs (Euler–Lagrange equations) and dynamic boundary conditions [23,26,27]. 

Appendix A.2. Deformation parameters 

D ¼

2

4
1 0 0
0 cϕ � sϕ
0 sϕ cϕ

3

5

2

4
cψ � sψ 0
sψ cψ 0
0 0 1

3

5

2

4
cχ 0 sχ
0 1 0
� sχ 0 cχ

3

5 �

2

4
1 � χ2�2 � ψ2�2 � ψ χ

ψ þ χϕ 1 � ϕ2�2 � ψ2�2 � ϕþ χψ
� χ þ ψϕ ϕ 1 � χ2�2 � ϕ2�2

3

5;

where c is short for the cosine, s for the sine function, and the approximation is truncated after the second-order terms. 

Appendix A.3. Shuttle constraints

Fig. A.2. Vectors for deriving the shuttle displacement constraint.  

Fig. A.2 shows the vectors that are used for deriving the translational shuttle constraint of Eq. (16). Expansion of this vector equation yields 
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�
� ul þ ur þ dyψ l�cosαþ

�
wl þ wr þ dyϕl�sinα þ quadratic terms ¼ 0;

� vl þ vr �
�
ψ l þ χlϕl�dxcosα �

�
ϕl � χlψ l�dxsinαþ dy

�
ϕl2 þ ψ l2��2þ cubic terms ¼ 0;

dxχl þ
�
� wl þ wr � dyϕl�cosα �

�
ul þ ur � dyψ l�sinα þ quadratic terms ¼ 0:

Appendix A.4. Equations governing bifurcation equilibrium 

By expanding the total potential energy of Eq. (21) in a series up to second-order terms around the fundamental state from Sec. 3.6 and taking 
variations with respect to the configuration functions, twelve ODEs are obtained. They are summarized as

where b ¼ L � ðdx=2Þcscα. Each entry represents two equations: the upper sign corresponds to the left and the lower sign to the right leaf spring 
equation. 

The dynamic boundary conditions are given by

to be satisfied at s ¼ L. Also, Dy;0 ¼ � F0, Ml
0 ¼ � F0ðs � bÞ and Mr

0 ¼ F0ðs � bÞ are the nonzero values of the multipliers in the fundamental 
configuration. 

By taking variations with respect to the multipliers Ml, Mr, Nr
v, N

l
w and Nr

w, five first-order ODEs are obtained. These are the linearized versions of 
the constraints on the deformation components κx; γy; γz in Eqs. (10)–(15). With the appropriate kinematic boundary conditions, the solution of these 
ODEs is 

ϕl ¼ ϕr ¼ vr ¼ wl ¼ wr ¼ 0: (A.10) 

By taking variations with respect to the multipliers Rϕ, Rχ , Rψ , Dx, Dy and Dz, the linearized versions of the shuttle constraints of Eq. (16) and Eq. 
(18) are obtained. Assuming that 0 < α < π=2, they can be simplified to 

ψ l ¼ ψ r ¼ 0; (A.11)  

χl ¼ χr; (A.12)  

ul ¼ ur; (A.13)  

dxχl ¼
�
ul þ ur�sinα; (A.14) 
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vl ¼ vr; (A.15)  

at s ¼ L. By taking the variation with respect to Nl
v and using Eq. (A.15), it also follows that vlðsÞ ¼ 0. 

The four dynamic boundary conditions for χl, χr, ul and ur can be reduced, by eliminating Rχ , Dx and Dz and using Eq. (A.11), to 

Sb
�
χl0 þ χr0�þ ðL � bÞ

�
N l

u þ Nr
u

�
¼ 0: (A.16) 

By taking variations with respect to multipliers Nl
u and Nr

u, the linearized versions of the constraints on γl
x and γr

x, 

ul0 ¼ χl and ur0 ¼ χr; (A.17)  

are obtained. Combined with the ODEs for ψ l and ψ r, it follows that 

χ 0 ¼ �St

F0

1
s � b

ψ 00; (A.18)  

χ00 ¼ �St

F0

1
ðs � bÞ2

ψ 00 � St

F0

1
s � b

ψ 000 (A.19)  

where the upper sign corresponds to the left and the lower sign to the right leaf spring. 
From the ODEs for ul and ur, it follows that 

N l
u ¼ � F0ψ l þ Cl

0; (A.20)  

Nr
u ¼ F0ψ r þ Cr

0; (A.21)  

where Cl
0 and Cr

0 are unknown integration constants. Substitution of Eqs. (A.19)–(A.21) in the ODEs for χl and χr yields 

�
SbSt

F0

1
ðs � bÞ2

ψ 00 � SbSt

F0

1
s � b

ψ 000 þ C0 � F0ψ � F0ðs � bÞψ 0 ¼ 0; (A.22)  

�ψ 00 � ðs � bÞψ 000 � F0

SbSt
ðs � bÞ2C0 �

F2
0

SbSt
ðs � bÞ2ψ � F2

0

SbSt
ðs � bÞ3ψ 0 ¼ 0: (A.23)  

With a change of variable x ¼ s � b, it becomes 

�xψ 000 � ψ 00 � c2x3ψ 0 � c2x2ψ � c2x2C0

F0
¼ 0; (A.24)  

where c ¼ F0=
ffiffiffiffiffiffiffiffiffi
SbSt
p

. With the integrating factor x� 2, the ODE is further reduced to 

�
ψ 00
x
� c2xψ � c2x

C0

F0
¼ k1; (A.25)  

where k1 is another integration constant. With the Lommel transformation [34]. 

ψðxÞ ¼ X
1
4ΨðXÞ �

C0

F0
; X ¼

1
2

cx2; (A.26)  

Eq. (A.25) is transformed to a standard non-homogeneous Bessel differential equation in ΨðXÞ, given by 

X2Ψ00 þ XΨ0 þΨ
�

X2 �
1
16

�

¼ k1
X5=4
ffiffiffiffiffiffiffi
2c3
p : (A.27)  

The general solution is 

ψðxÞ ¼
�

1
2

cx2
�1

4

2

6
4C1J� 1

4

�
1
2

cx2
�

þ C2J1
4

�
1
2

cx2
�

þ C3H1
4

�
1
2

cx2
�
3

7
5�

C0

F0
; (A.28)  

where JnðzÞ is the Bessel function of the first kind of order n and HnðzÞ the Struve function of order n [35]. 
With Eq. (A.18), the solution for χðxÞ can be written as 

χðxÞ ¼ �g
c

Z x

� b

ψ"
x

dxþ χð� bÞ ¼ �
g
c

n
C1½Y1ðxÞ � Y1ð � bÞ� þ C2½Y2ðxÞ � Y2ð � bÞ� þ C3½Y3ðxÞ � Y3ð � bÞ�

o
; (A.29)  
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where g ¼
ffiffiffiffiffiffiffiffiffiffiffi
St=Sb

p
; and the boundary conditions on χl and χr at s ¼ 0 are satisfied by setting the integration constant to zero. The functions YiðxÞ are 

given by various generalized hypergeometric functions (most easily obtained by symbolic manipulation software). 
With Eq. (A.17), the solution for uðxÞ can be written as 

uðxÞ ¼
Z x

� b
χðxÞdxþ uð� bÞ

¼ �
g
c

�

C1½U1ðxÞ � U1ð � bÞ � ðxþ bÞY1ð � bÞ� þ C2½U2ðxÞ � U2ð� bÞ � ðxþ bÞY2ð� bÞ� þ C3½U3ðxÞ � U3ð � bÞ � ðxþ bÞY3ð � bÞ�
�

; (A.30)  

where the boundary conditions on ul and ur at s ¼ 0 are satisfied by setting the integration constant to zero. Different expressions for uðxÞ are found for 
when b � 0 and b > 0. We have been unable to find a single expression that holds for b 2 R . 

At this point, there are eight unknown constants: the integration constants Cl
0, Cl

1, Cl
2, Cl

3, and Cr
0, Cr

1, Cr
2, Cr

3. There are also eight equations: the 
dynamic boundary condition (A.16), the remaining five linearized shuttle constraints (A.11)–(A.14), and the remaining two kinematic boundary 
conditions ψ l ¼ ψr ¼ 0 at s ¼ 0. 

To reduce the complexity of solving this system further, we choose to split the solution into a symmetric and an anti-symmetric part. This means 
that we assume that the deformation of the left leaf spring is linked to the deformation of the right leaf spring by a symmetry condition. 

For the symmetric case, 

χl ¼ � χr; ψ l ¼ ψ r; ul ¼ � ur; N l
u ¼ � Nr

u: (A.31)  

The eight equations then reduce to 

χðLÞ ¼ 0;
uðLÞ ¼ 0;
ψðLÞ ¼ 0;
ψð0Þ ¼ 0;

(A.32)  

for unknown coefficients C0, C1, C2 and C3. 
For the anti-symmetric case: 

χl ¼ χr; ψ l ¼ � ψ r; ul ¼ ur; N l
u ¼ Nr

u: (A.33)  

The eight equations then reduce to 

ψðLÞ ¼ 0;
ψð0Þ ¼ 0;
uðLÞ ¼ ðL � bÞχðLÞ;
Sbχ0ðLÞ ¼ � ðL � bÞNu;

(A.34)  

for unknown coefficients C0, C1, C2 and C3. 
Nontrivial solutions for the unknowns of the symmetric and anti-symmetric system require that the determinant of the corresponding coefficient 

matrix is zero. It can be checked that this is the case when 

F0 ¼ β
ffiffiffiffiffiffiffiffi
SbSt

p .
L2; (A.35)  

where β is a factor that only depends on the dimensionless quantity b=L. 
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