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Abstract: This paper addresses the filtered-error recursive least squares (FeRLS) algorithm for
disturbance feedforward control in active vibration isolation systems. The controller structure
consists of a generalized finite-impulse response (FIR) filter to include a set of pre-determined
poles and self-tuning zeros. In addition, residual noise shaping is included to add frequency
weighting and improve robustness. Compared to existing filtered-error least mean squares
(FeLMS) algorithms, two major improvements are distinguished. First, faster convergence
is obtained without the necessity of pre-whitening and an orthonormal basis. Second, the
parameters are estimated without steady-state variance. These improvements are demonstrated
using simulation studies, which show the potential of the algorithm in active vibration isolators.

Keywords: Active vibration isolation, disturbance feedforward control, recursive least squares.

1. INTRODUCTION

Vibration isolation systems are widely used in high-
precision machines to isolate payloads from external dis-
turbances (Iwaya et al. (2011); Heertjes et al. (2013)).
For such systems, disturbance feedforward control (DFC,
Beijen et al. (2018b), also referred to as active noise control
or active vibration control (Landau et al. (2011); Iwai
et al. (2018)), is a promising technique to improve the
rejection of floor vibrations. The inputs to DFC are the
measurements of a reference sensor mounted on the floor
to measure the vibrations. The output of DFC are the
actuator forces to counteract the effect of floor vibrations
on the payload. The required counter force is predicted
using a model that describes the isolator dynamics.

To obtain an accurate model, DFC is often implemented
as an online self-learning filter. In this context, variants of
the least mean squares (LMS) algorithm are widely used.
Examples are filtered-reference LMS (FxLMS, Widrow
and Stearns (1985); Kuo and Morgan (1995)), filtered-
error LMS (FeLMS, Elliott (2001); DeBrunner and Zhou
(2006)), and filtered-U LMS (FuLMS, Eriksson (1991)).
Although the computational load of LMS algorithms is
generally low compared to many other algorithms, they
generally suffer from poor convergence properties related
to a large eigenvalue spread in the so-called covariance
matrix. To reduce this, pre-whitened LMS (Elliott, 2001)
and normalized LMS (NLMS, Sayed (2003)) are proposed
in case of colored input signals. Other methods reduce
eigenvalue spread caused by plant dynamics in the so-
called secondary path, such as modified FxLMS (Bjar-
nason (1992)), preconditioned FxLMS (Elliott (2001)),
and generalized FIR filters to include a set of pre-defined
controller poles (Ninness and Gómez (1998); Zeng and
de Callafon (2004)). In Beijen et al. (2018a), FeLMS with
residual noise shaping is proposed to filter frequencies
where modeling errors and a poor signal-to-noise ratio
(SNR) occur. However, none of these methods guarantee
convergence in mean square since online LMS algorithms

minimize the instantaneous square error rather than the
mean square error (MSE). As a consequence, the problem
of an excess MSE related to a steady-state variance on the
estimated parameters remains. This occurs in particular
when the controller suffers from undermodeling and a poor
SNR in combination with a large adaptation rate, required
for a sufficiently fast parameter convergence in the mean.

To solve the short-comings of LMS, one can turn to recur-
sive least squares (RLS) algorithms where the parameters
converge in mean square (if no forgetting factor is used).
Moreover, RLS provides convergence in mean without the
need of pre-whitening and orthonormal basis functions
(Ninness and Gómez (1998)). Similar to LMS, one can
distinguish filtered-reference RLS (FxRLS) and filtered-
error RLS (FeRLS) to deal with plant dynamics (Bouchard
and Quednau (2000); Tan and Jiang (2009)). An example
of FxRLS with a generalized FIR structure is presented
in Zeng and de Callafon (2004). However, since FxRLS
uses the computationally heavy Kronecker product, it is
not preferred for multi-input multi-output systems. Using
FeRLS instead, the Kronecker product is avoided which
makes it a promising alternative for multi-axis vibration
isolation systems, although the computational load is still
larger compared to FeLMS.

The main contribution of this paper is to demonstrate
the potential of FeRLS with a generalized FIR filter
and residual noise shaping for a particular application,
i.e. single-input single-output DFC for active vibration
isolators within industrial high-precision machines. This
mainly involves an extension of Beijen et al. (2018b) where
an FeLMS algorithm was proposed. Simulation results are
used to demonstrate fast convergence both in mean and
mean square, which are attractive properties in view of a
practical implementation.

The remainder of this paper is organized as follows. A
physical model of an active vibration isolation system with
internal isolator dynamics is presented in Section 2. The
problem formulation is found in Section 3, whereas the
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(Ninness and Gómez (1998)). Similar to LMS, one can
distinguish filtered-reference RLS (FxRLS) and filtered-
error RLS (FeRLS) to deal with plant dynamics (Bouchard
and Quednau (2000); Tan and Jiang (2009)). An example
of FxRLS with a generalized FIR structure is presented
in Zeng and de Callafon (2004). However, since FxRLS
uses the computationally heavy Kronecker product, it is
not preferred for multi-input multi-output systems. Using
FeRLS instead, the Kronecker product is avoided which
makes it a promising alternative for multi-axis vibration
isolation systems, although the computational load is still
larger compared to FeLMS.

The main contribution of this paper is to demonstrate
the potential of FeRLS with a generalized FIR filter
and residual noise shaping for a particular application,
i.e. single-input single-output DFC for active vibration
isolators within industrial high-precision machines. This
mainly involves an extension of Beijen et al. (2018b) where
an FeLMS algorithm was proposed. Simulation results are
used to demonstrate fast convergence both in mean and
mean square, which are attractive properties in view of a
practical implementation.

The remainder of this paper is organized as follows. A
physical model of an active vibration isolation system with
internal isolator dynamics is presented in Section 2. The
problem formulation is found in Section 3, whereas the

8th IFAC Symposium on Mechatronic Systems
Vienna, Austria, Sept. 4-6, 2019

Copyright © 2019 IFAC 1141

Filtered-error recursive least squares
optimization for disturbance feedforward

control in active vibration isolation

M.A. Beijen ∗ W.B.J. Hakvoort ∗∗

∗ Demcon Advanced Mechatronics, Institutenweg 25, 7521 PH
Enschede, The Netherlands (e-mail: michiel.beijen@demcon.nl)

∗∗ University of Twente, Department of Mechanical Engineering, PO
Box 217, 7500 AE Enschede, The Netherlands

Abstract: This paper addresses the filtered-error recursive least squares (FeRLS) algorithm for
disturbance feedforward control in active vibration isolation systems. The controller structure
consists of a generalized finite-impulse response (FIR) filter to include a set of pre-determined
poles and self-tuning zeros. In addition, residual noise shaping is included to add frequency
weighting and improve robustness. Compared to existing filtered-error least mean squares
(FeLMS) algorithms, two major improvements are distinguished. First, faster convergence
is obtained without the necessity of pre-whitening and an orthonormal basis. Second, the
parameters are estimated without steady-state variance. These improvements are demonstrated
using simulation studies, which show the potential of the algorithm in active vibration isolators.

Keywords: Active vibration isolation, disturbance feedforward control, recursive least squares.

1. INTRODUCTION

Vibration isolation systems are widely used in high-
precision machines to isolate payloads from external dis-
turbances (Iwaya et al. (2011); Heertjes et al. (2013)).
For such systems, disturbance feedforward control (DFC,
Beijen et al. (2018b), also referred to as active noise control
or active vibration control (Landau et al. (2011); Iwai
et al. (2018)), is a promising technique to improve the
rejection of floor vibrations. The inputs to DFC are the
measurements of a reference sensor mounted on the floor
to measure the vibrations. The output of DFC are the
actuator forces to counteract the effect of floor vibrations
on the payload. The required counter force is predicted
using a model that describes the isolator dynamics.

To obtain an accurate model, DFC is often implemented
as an online self-learning filter. In this context, variants of
the least mean squares (LMS) algorithm are widely used.
Examples are filtered-reference LMS (FxLMS, Widrow
and Stearns (1985); Kuo and Morgan (1995)), filtered-
error LMS (FeLMS, Elliott (2001); DeBrunner and Zhou
(2006)), and filtered-U LMS (FuLMS, Eriksson (1991)).
Although the computational load of LMS algorithms is
generally low compared to many other algorithms, they
generally suffer from poor convergence properties related
to a large eigenvalue spread in the so-called covariance
matrix. To reduce this, pre-whitened LMS (Elliott, 2001)
and normalized LMS (NLMS, Sayed (2003)) are proposed
in case of colored input signals. Other methods reduce
eigenvalue spread caused by plant dynamics in the so-
called secondary path, such as modified FxLMS (Bjar-
nason (1992)), preconditioned FxLMS (Elliott (2001)),
and generalized FIR filters to include a set of pre-defined
controller poles (Ninness and Gómez (1998); Zeng and
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in Zeng and de Callafon (2004). However, since FxRLS
uses the computationally heavy Kronecker product, it is
not preferred for multi-input multi-output systems. Using
FeRLS instead, the Kronecker product is avoided which
makes it a promising alternative for multi-axis vibration
isolation systems, although the computational load is still
larger compared to FeLMS.

The main contribution of this paper is to demonstrate
the potential of FeRLS with a generalized FIR filter
and residual noise shaping for a particular application,
i.e. single-input single-output DFC for active vibration
isolators within industrial high-precision machines. This
mainly involves an extension of Beijen et al. (2018b) where
an FeLMS algorithm was proposed. Simulation results are
used to demonstrate fast convergence both in mean and
mean square, which are attractive properties in view of a
practical implementation.

The remainder of this paper is organized as follows. A
physical model of an active vibration isolation system with
internal isolator dynamics is presented in Section 2. The
problem formulation is found in Section 3, whereas the
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self-tuning controller with FeRLS is presented in Section 4.
Simulation results comparing the proposed FeRLS method
with an existing FeLMS method are presented in Section 5,
and the main conclusions are summarized in Section 6.

2. VIBRATION ISOLATION SYSTEM

The application example considered in this paper is a
dual-chamber air mount system that acts as a single-axis
vibration isolator in vertical direction, see Fig. 1. The lower
air chamber V1 and upper chamber V2 are connected via a
small air neck. V2 is sealed with a freely moving piston that
supports the isolated payload. The system is mounted on
a stiff base frame which is rigidly connected to a vibrating
floor such that reaction forces on the base frame will not
affect the measured floor motion. To simulate an industrial
environment, the ASML floor vibration specification is
considered (Munnig Schmidt et al. (2011)), which lies
in-between two other frequently used specifications, i.e.
the BBN-C and BBN-D curves (Gordon, 1991). Fig. 2
compares these specifications in terms of power spectral
density (PSD) plots. A parametric fit of the ASML spec-
ification is given by the squared spectral factor |Φa0(s)|2,
with

Φa0(s) = 10−3 · s
2 + 1.4(2πfz)s+ (2πfz)

2

s2 + 1.4(2πfp)s+ (2πfp)2
, (1)

s = j(2πf) with frequency f in Hz, fz = 15.2 Hz, and
fp = 27 Hz.

To show the effect of internal isolator dynamics caused by
air acoustics, define A0(s), A1(s), and U(s) as the Laplace
transforms of floor acceleration a0, payload acceleration
a1, and a Lorentz actuator force u, respectively. Using A0,
U as inputs and A1 as output, it is shown in Beijen et al.
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Fig. 4. Block diagram of a vibration isolation system with
self-tuning disturbance feedforward control.

(2018b) that for the system in Fig. 1 the input-output
relations are

P1(s) :=
A1(s)

A0(s)
≈ ds+ k

ms2 + ds+ k︸ ︷︷ ︸
suspension mode

s2 + ζarωars+ ω2
ar

s2 + ζrωrs+ ω2
r

ω2
r

ω2
ar︸ ︷︷ ︸

internal isolator dynamics

,

P2(s) :=
A1(s)

U(s)
≈ s2

ms2 + ds+ k
,

(2)

with m = 1200 kg, d = 500 Ns/m, k = 50 · 103 N/m,
ωar = 2π · 44 rad/s, ζar = 0.01, ωr = 2π · 99 rad/s,
ζr = 0.01. Bode plots for P1, P2 are given in Fig. 3 and
clearly show the suspension mode at 1 Hz in both P1 and
P2. Moreover, the plot of P1 shows the presence of internal
isolator dynamics, i.e. the effect of air tank acoustics due to
a Helmholtz resonator effect (Beijen et al. (2018b)). This
follows from the anti-resonance at 44 Hz and the resonance
at 99 Hz. In P2, the effect of air acoustics is not visible.
Physically this makes sense, because the actuator force is
applied in parallel to the tanks and the payload mass is
much larger than the total (resonating) air mass inside the
tanks. Different from input U , input A0 is transmitted to
the payload via the air tanks, hence a series connection.
As such, the effect of air acoustics is clearly visible in P1.

3. PROBLEM FORMULATION

In this paper, only single-input single-output feedforward
control is considered for which the block diagram is shown
in Fig. 4. The floor acceleration a0(t) is considered as input
disturbance while the payload acceleration a1 = y1 + y2 is
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self-tuning controller with FeRLS is presented in Section 4.
Simulation results comparing the proposed FeRLS method
with an existing FeLMS method are presented in Section 5,
and the main conclusions are summarized in Section 6.

2. VIBRATION ISOLATION SYSTEM

The application example considered in this paper is a
dual-chamber air mount system that acts as a single-axis
vibration isolator in vertical direction, see Fig. 1. The lower
air chamber V1 and upper chamber V2 are connected via a
small air neck. V2 is sealed with a freely moving piston that
supports the isolated payload. The system is mounted on
a stiff base frame which is rigidly connected to a vibrating
floor such that reaction forces on the base frame will not
affect the measured floor motion. To simulate an industrial
environment, the ASML floor vibration specification is
considered (Munnig Schmidt et al. (2011)), which lies
in-between two other frequently used specifications, i.e.
the BBN-C and BBN-D curves (Gordon, 1991). Fig. 2
compares these specifications in terms of power spectral
density (PSD) plots. A parametric fit of the ASML spec-
ification is given by the squared spectral factor |Φa0(s)|2,
with

Φa0(s) = 10−3 · s
2 + 1.4(2πfz)s+ (2πfz)
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s2 + 1.4(2πfp)s+ (2πfp)2
, (1)

s = j(2πf) with frequency f in Hz, fz = 15.2 Hz, and
fp = 27 Hz.

To show the effect of internal isolator dynamics caused by
air acoustics, define A0(s), A1(s), and U(s) as the Laplace
transforms of floor acceleration a0, payload acceleration
a1, and a Lorentz actuator force u, respectively. Using A0,
U as inputs and A1 as output, it is shown in Beijen et al.
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(2018b) that for the system in Fig. 1 the input-output
relations are

P1(s) :=
A1(s)

A0(s)
≈ ds+ k
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suspension mode
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internal isolator dynamics

,

P2(s) :=
A1(s)

U(s)
≈ s2

ms2 + ds+ k
,

(2)

with m = 1200 kg, d = 500 Ns/m, k = 50 · 103 N/m,
ωar = 2π · 44 rad/s, ζar = 0.01, ωr = 2π · 99 rad/s,
ζr = 0.01. Bode plots for P1, P2 are given in Fig. 3 and
clearly show the suspension mode at 1 Hz in both P1 and
P2. Moreover, the plot of P1 shows the presence of internal
isolator dynamics, i.e. the effect of air tank acoustics due to
a Helmholtz resonator effect (Beijen et al. (2018b)). This
follows from the anti-resonance at 44 Hz and the resonance
at 99 Hz. In P2, the effect of air acoustics is not visible.
Physically this makes sense, because the actuator force is
applied in parallel to the tanks and the payload mass is
much larger than the total (resonating) air mass inside the
tanks. Different from input U , input A0 is transmitted to
the payload via the air tanks, hence a series connection.
As such, the effect of air acoustics is clearly visible in P1.

3. PROBLEM FORMULATION

In this paper, only single-input single-output feedforward
control is considered for which the block diagram is shown
in Fig. 4. The floor acceleration a0(t) is considered as input
disturbance while the payload acceleration a1 = y1 + y2 is
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considered as the signal to be minimized in some norm-
based sense. The latter is formed by two signals: y1(t) is
caused by a0 via the primary path P1, and y2(t) represents
the impact of the control signal u(t) transferred via the
secondary path P2. The self-tuning feedforward controller
C0 provides disturbance feedforward control based on the
measured signal ã0 = a0+n0, representing the base frame
acceleration with additive measurement noise represented
by n0(t). Similarly, additive sensor noise n1 is added to
the measured signal ã1 = a1 + n1. For fixed parameters in
C0, a1 can be written in the Laplace domain as

A1(s) = T (s)A0(s) + S0(s)N0(s), (3)

with transmissibility matrix T and noise sensitivity matrix
S0 which are defined as

T (s) = P1(s) + P2(s)C0(s), (4)

S0(s) = P2(s)C0(s). (5)

Here, T is a measure for vibration isolation performance,
whereas S0 is a measure for noise amplification.

The control problem can now be formulated as follows.
Given disturbance A0, find a feedforward controller C0
such that the power of A1 is minimized in the frequency
range of interest (2.5–150 Hz). In the absence of n0, perfect
cancellation is obtained if T = 0 which requires

C0(s) = −P−1
2 (s)P1(s). (6)

This controller follows from substitution of (6) in (4). For
the example in (2), the perfect feedforward controller is
obtained by substitution of (2) in (6), giving

C0(s) =
ds+ k

s2︸ ︷︷ ︸
spring-damper
compensation

· s2 + ζarωars+ ω2
ar

s2 + ζrωrs+ ω2
r

ω2
r

ω2
ar︸ ︷︷ ︸

internal isolator dynamics
compensation

. (7)

The first part of (7) describes the compensation for the
fundamental stiffness and damping properties of the iso-
lator, whereas the second part can be regarded as the
compensation for internal isolator dynamics. Although
(6) shows a model-based solution to the control problem,
two practical aspects limit a straightforward discrete-time
implementation. First, (6) needs parametric models for P1
and P2, but model estimates of P1 are in practice only
available with limited accuracy. This is because the floor
is often not sufficiently exciting for proper system iden-
tification experiments (Beijen et al. (2018c)). Although
one might still be able to detect resonance peaks (poles)
of P1 under this limiting condition, it generally impedes
accurate estimations of the zeros of P1 and therefore an
accurate model-based design of C0. Second, (6) does not
consider the noise contribution S0N0, while minimization
of A1 in (3) implies finding a balanced tradeoff between
minimizing T A0 and S0N0. To deal with these two prac-
tical aspects, self-tuning will be used.
Remark 1. A discrete-time implementation of (6) gener-
ally results in a non-causal and unstable feedforward con-
troller due to time delays and non-minimum phase zeros
in P2. In practice, the aim is therefore to obtain the best
causal and stable approximation of (6), see, e.g., Elliott
(2001); Beijen et al. (2018b).
Remark 2. The example in (7) requires two poles at
s = 0, hence it has two pure integrators. However, since
the input to C0 is a measured acceleration signal, pure in-
tegrators are generally undesired, because they may induce
the amplification of low-frequency sensor noise and signal
drift. To circumvent this problem, the pure integrators
will be replaced by nth-order weak integrators H(α,n) as
proposed in Beijen et al. (2018a), or

H(α,n) =
1− ( α

s+α )
n

s
. (8)

In this paper, the cut-off frequency α = 2π · 0.5 rad/s
(0.5 Hz) and n = 3. By doing so, large roll-off is obtained
in T for frequencies beyond α.

4. SELF-TUNING CONTROLLER

This section presents the self-tuning FeLMS and FeRLS
algorithms in discrete-time. The parameters will be up-
dated at every time sample tk = kTs, with index k ∈ N
and sampling time Ts. Both FeLMS and FeRLS use the
same controller structure which is presented first.

4.1 Controller structure

Consider Figure 5 that shows the structure of a generalized
FIR filter (Beijen et al. (2018b)). The input consists of the
measured floor accelerations ã0(k) ∈ R3. The poles are
stored in basis functions B[i], with i ∈ {1, ..., np + 2}. The
self-tuning parameters are given by w[i](k) ∈ R. Figure 5
basically consists of two blocks. The left block is used for
compensating internal isolator dynamics having Laguerre
or Kautz functions as basis functions to include all np

relevant internal isolator poles (Beijen et al., 2018b). The
right block represents spring-damper compensation. To
make a fair comparison between FeLMS and FeRLS, a
set of orthonormal basis functions (Ninness and Gómez
(1998)) is used which is adopted from Beijen et al. (2018b):

B[1](z) =

√
1− c2(z − b)

z2 + b(c− 1)z − c
,

B[2](z) =

√
1− c2

√
1− b2

z2 + b(c− 1)z − c
,

B[3](z) = B[np+1](z) =
−cz2 + b(c− 1)z + 1

z2 + b(c− 1)z − c
βH(z),

B[4](z) = B[np+2](z) = 1.
(9)

B[1],B[2] are so-called Kautz functions (Heuberger et al.,
1995) and account for the np = 2 poles related to internal
isolator dynamics. Here, the poles (z2 + b(c − 1)z − c)
are related to (s2 + ζr2ωr2s + ω2

r2) in (7) such that
the coefficients b, c follow straightforwardly from zero-
order-hold (ZOH) discretization of (7) with sampling time
Ts. B[3],B[4] provide spring-damper compensation. Having
defined the basis functions, the control signal is calculated
in line with Fig. 5, resulting in

u(k) = H(α,n)(q)

np+2∑
i=1

w[i](k)ψ[i](k), (10)

with w[i], ψ[i] ∈ R in accordance to Fig. 5. In the next
sections, the self-tuning algorithm is presented to find the
parameter vector w(k) = [w[1], ..., w[np+2]]T .

4.2 Filtered-error LMS

Stochastic gradient algorithms based on least mean
squares (LMS) are derived from a steepest descent method
satisfying the update law

w(k + 1) = w(k)− µ(k)

(
∂J

∂w

)T

, (11)

with possibly time-varying step-size µ(k), and cost func-
tion J = 1

2E[e
2(k)] representing a mean square (filtered)
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Fig. 5. General structure of a self-tuning controller to compute the control signal u; the controller poles are fixed in the
basis functions B[i], i ∈ {1, ..., np + 2}, while the controller zeros are determined by the self-tuning parameters w[i].

error. LMS algorithms use an instantaneous approxima-
tion of the gradient in (11) such that actually the instan-
taneous square error is minimized, i.e. J(k) = 1

2e
2(k).

For the specific case of FeLMS with residual noise shaping,
the filtered error is given by

e(k) = H−1
(α,n)(q)N(q)P̂−1

2 (q)a1(k). (12)

The filtering operations to obtain e(k) from the measured
payload acceleration a1(k) can be explained as follows.
Since FeLMS is used, a1 must be filtered by the model
inverse of the secondary path denoted by P̂−1

2 , see (2),
and by H−1

(α,n) to compensate for the weak integrator used

as pre-multiplication filter in (10). The additional filter
N for residual noise shaping specifies the frequency range
of interest for vibration isolation. In this paper, the role
of N is to remove signal contents at very low and high
frequencies where model errors are expected to occur, and
is therefore designed as a band-pass filter. Given (12), it is
derived in Beijen et al. (2018a) that, under the assumption
of slow adaptation, the gradient is approximated as(

∂J(k)

∂w

)T

= ψN (k)e(k), (13)

with filtered regressors ψN (k) = N(q)ψ(k) obtained from
ψ = [ψ[1], ..., ψ[np+2]]T . Substitution of (13) and a normal-
ized adaptation rate, µ(k) = µ̄/(ε+ψT

N (k)ψN (k)), in (11)
leads to the update law for FeLMS with noise shaping:

w(k + 1) = w(k)− µ̄

(
1

ε+ψT
N (k)ψN (k)

)
ψN (k)e(k).

(14)

4.3 Filtered-error RLS

In general, recursive least squares (RLS) algorithms are
considered as the exact solution to a well-defined estima-
tion problem with a least-squares cost function. Alterna-
tive approaches, derived by Elliott (2001); Sayed (2003),
consider RLS as a stochastic gradient algorithm based on
Newton’s method:

w(k + 1) = w(k)− µ(k)A−1(k)

(
∂J

∂w

)T

. (15)

Compared to (11), the method in (15) contains an ad-
ditional scaling with the inverse of A, representing the
Hessian matrix of J with respect to w. This is useful
because it compensates for eigenvalue spread in the auto-
correlation matrix of the regressors, which is known to

be a main cause for non-uniform convergence speeds of
the parameters in LMS algorithms (Ninness and Gómez,
1998).

To derive the FeRLS algorithm from (15), the instanta-
neous approximation of the gradient in (13) is again used.
For the Hessian matrix, A = E[ψN (k)ψN (k)T ], a mean
square approximation is used :

A(k) =
1

k + 1


εI+

k∑
j=0

ψT
N (j)ψN (j)


 . (16)

Eq. (16) provides an accurate estimation for the co-
variance matrix, where the regularization constant ε will
automatically vanish for increasing k. Next, define a van-
ishing adaptation gain (Sayed, 2003),

µ(k) =
1

k + 1
. (17)

Substitution of (13) and (17) in (15) yields

w(k + 1) = w(k)− 1

k + 1
A−1(k)ψN (k)e(k), (18)

For a practical implementation, (18) is not desired because
it means that at every time step a summation and a
matrix inversion must be calculated. To circumvent this,
it is shown in, e.g., Sayed (2003) that the matrix inversion
lemma can be used, which actually turns (18) into the
filtered-error recursive least squares algorithm:

w(k + 1) = w(k)−P(k)ψN (k)e(k), (19)

where

P(k) = P(k − 1)− P(k − 1)ψN (k)ψT
N (k)P(k − 1)

1 +ψT
N (k)P(k − 1)ψN (k)

,

(20)

and initial condition P(−1) = ε−1I. In contrast to FeLMS,
(19) minimizes the mean square error, J = 1

2

∑
k e

2(k).
This is identical to the RLS algorithm as obtained from
minimization of the mean square error.

Two key differences can be distinguished by comparing
the FeRLS update law (18) to (14) for FeLMS. First, it is
observed that FeLMS has a fixed adaptation rate µ̄ such
that the algorithm keeps on updating. As a consequence,
FeLMS will remain a non-zero variance on the estimated
parameters in steady-state. This problem disappears in
RLS by using the vanishing adaptation gain from (17).
Second, FeLMS in fact satisfies Newton’s method when
one defines
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w(k + 1) = w(k)− 1

k + 1
A−1(k)ψN (k)e(k), (18)

For a practical implementation, (18) is not desired because
it means that at every time step a summation and a
matrix inversion must be calculated. To circumvent this,
it is shown in, e.g., Sayed (2003) that the matrix inversion
lemma can be used, which actually turns (18) into the
filtered-error recursive least squares algorithm:

w(k + 1) = w(k)−P(k)ψN (k)e(k), (19)

where

P(k) = P(k − 1)− P(k − 1)ψN (k)ψT
N (k)P(k − 1)

1 +ψT
N (k)P(k − 1)ψN (k)

,

(20)

and initial condition P(−1) = ε−1I. In contrast to FeLMS,
(19) minimizes the mean square error, J = 1

2

∑
k e

2(k).
This is identical to the RLS algorithm as obtained from
minimization of the mean square error.

Two key differences can be distinguished by comparing
the FeRLS update law (18) to (14) for FeLMS. First, it is
observed that FeLMS has a fixed adaptation rate µ̄ such
that the algorithm keeps on updating. As a consequence,
FeLMS will remain a non-zero variance on the estimated
parameters in steady-state. This problem disappears in
RLS by using the vanishing adaptation gain from (17).
Second, FeLMS in fact satisfies Newton’s method when
one defines
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A−1(k) =
1

ε+ψT
N (k)ψN (k)

I (21)

as an instantaneous estimated inverse of the Hessian ma-
trix A = E[ψN (k)ψN (k)T ]. However, this instantaneous
estimate used in FeLMS will be less accurate compared
to the Hessian used in FeRLS for two reasons. First,
it assumes that the regressor output signals in ψN are
orthogonal and all have the same power, because the
matrix obtained from (21) has np + 2 identical eigenval-
ues. However, this is unlikely for stochastic signals and a
frequency-dependent residual noise shaping filter. Second,
it approximates the expected value of the power by a regu-
larized instantaneous estimate, i.e. E[ψN (k)ψN (k)T ] ≈ ε+
ψT

N (k)ψN (k), which is not correct for stochastic signals.
Therefore, FeLMS will in general not have the fast conver-
gence properties such as obtained with FeRLS.

5. SIMULATIONS

In this section, four simulation studies are presented to
demonstrate the performance improvements obtained with
FeRLS compared to FeLMS. The filter N is designed as a
3rd-order band-pass filter from 2.5 to 150 Hz. For FeLMS,
numerical values µ̄ = 10−3 and ε = 10−10 are used. For
FeRLS, the initial co-variance matrix P (−1) = 103I. The
sample rate Fs = 1000 Hz and the spectrum of floor
vibrations a0 is similar to Φa0 in (1).

Fig. 6a shows a simulation result when four basis functions
are used, i.e. two basis functions to describe the internal
isolator dynamics, and two basis functions to implement
spring-damper compensation using 3rd-order weak inte-
grators as given in (8). The first two basis functions are
chosen such that they perfectly match with the “real”
isolator poles. As a result, the system is able to obtain
almost perfect cancellation. As a result, there is almost no
steady-state variance on both the solutions for FeLMS and
FeRLS. However, it is shown that the FeRLS parameters
converge in a few seconds, whereas the FeLMS parameters
need more than 100 s to converge. Moreover, the fastest
FeLMS parameter converges in less than 10 s while the
slowest needs more than 100 s to converge. This undesired
difference in convergence speed is explained by the fact
that FeLMS uses the instantaneous estimate of the Hessian
matrix, see (21), being less accurate compared to the
estimate used in FeRLS.

To demonstrate the effect of sensor noise, the first simu-
lation study is repeated but with both n0 and n1 given
by additive zero-mean white noise signals with an average
power of 10−12 (m/s2)2/Hz which is a representative value
for a high-end sensor (Beijen et al. (2018c)). The simula-
tion result is shown in Fig. 6b. It is observed that the
FeLMS algorithm results in a large steady-state variance
which can only be reduced by decreasing the LMS adap-
tation gain µ̄. In contrast, sensor noise has not a large
effect on convergence and variance for FeRLS, showing its
robustness against poor signal-to-noise ratios.

To consider the effect of small modeling errors in the
basis functions, consider Fig. 6c. This figure shows a
simulation result with again four basis functions, similar
to the previous simulations but with a small modeling
error. That is, a 1% under-estimation of the poles in the
basis functions is performed with respect to the poles
of the “real” internal isolator dynamics (e.g., due to air
temperature variations within the vibration isolator). As
a result, the optimal solution will no longer perfectly fit
P−1
2 P1 such that a non-zero residual steady-state error
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(a) Simulation 1: 4 basis functions, poles perfectly estimated
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(b) Simulation 2: 4 basis functions, poles perfectly estimated, but
including sensor noise
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(c) Simulation 3: 4 basis functions, poles 1% under-estimated.
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(d) Simulation 3: 2 basis functions, only spring-damper compensation

Fig. 6. Convergence of the weights for four different simula-
tion studies using either FeLMS (solid gray) or FeRLS
(dashed black).

appears. Due to this fact, the FeLMS algorithm keeps on
updating in an attempt to reduce this steady-state error
which is obviously not possible. Therefore, the steady-state
variance of FeLMS is not desired. However, the problem
disappears when FeRLS is used. Moreover, FeRLS keeps
on having the fast convergence similar to Fig. 6a.
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Fig. 7. Transmissibility plots

Fig. 6d shows the effect of a large modeling error in a
simulation. Namely, the two poles for describing internal
isolator dynamics are omitted and only two basis func-
tions for spring-damper compensation are included. It is
observed that this results in a very large steady-state vari-
ance on the parameters using FeLMS, while, in contrast,
FeRLS shows fast convergence both in mean and in mean
square.

Fig. 7 shows the effect of disturbance feedforward control
on active vibration isolation, i.e. the main goal of this
paper according to Section 3. More specific, the figure
shows that the transmissibility from floor vibrations to
payload vibrations is reduced by the effect of disturbance
feedforward control for each simulation study in the fre-
quency range of interest (2.5–150 Hz). However, a wrong
pre-estimation of the basis functions significantly decreases
performance, as can be seen in case of a model mismatch or
a pole mismatch. This should be a topic of future research.

6. CONCLUSIONS

The FeRLS algorithm with residual noise shaping for self-
tuning disturbance feedforward control is proposed. It is
shown that FeRLS does not need an orthonormal basis
for the regressors or a white-noise input signal because of
an accurate estimation of the Hessian matrix. Moreover,
convergence in mean square is obtained by a vanishing
adaptation gain such that the steady-state variance de-
creases to zero. Simulations showed that, compared to
FeLMS, the parameters converge up to 100 times faster
and with a uniform convergence speed. This makes the
algorithm attractive for practical applications such as ac-
tive vibration isolation of high-precision machines. Future
research should focus on a multi-input multi-output con-
trol implementation and experimental validation on an
industrial vibration isolation system.
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Fig. 6d shows the effect of a large modeling error in a
simulation. Namely, the two poles for describing internal
isolator dynamics are omitted and only two basis func-
tions for spring-damper compensation are included. It is
observed that this results in a very large steady-state vari-
ance on the parameters using FeLMS, while, in contrast,
FeRLS shows fast convergence both in mean and in mean
square.

Fig. 7 shows the effect of disturbance feedforward control
on active vibration isolation, i.e. the main goal of this
paper according to Section 3. More specific, the figure
shows that the transmissibility from floor vibrations to
payload vibrations is reduced by the effect of disturbance
feedforward control for each simulation study in the fre-
quency range of interest (2.5–150 Hz). However, a wrong
pre-estimation of the basis functions significantly decreases
performance, as can be seen in case of a model mismatch or
a pole mismatch. This should be a topic of future research.

6. CONCLUSIONS

The FeRLS algorithm with residual noise shaping for self-
tuning disturbance feedforward control is proposed. It is
shown that FeRLS does not need an orthonormal basis
for the regressors or a white-noise input signal because of
an accurate estimation of the Hessian matrix. Moreover,
convergence in mean square is obtained by a vanishing
adaptation gain such that the steady-state variance de-
creases to zero. Simulations showed that, compared to
FeLMS, the parameters converge up to 100 times faster
and with a uniform convergence speed. This makes the
algorithm attractive for practical applications such as ac-
tive vibration isolation of high-precision machines. Future
research should focus on a multi-input multi-output con-
trol implementation and experimental validation on an
industrial vibration isolation system.
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