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ABSTRACT
A numerical study is presented on the intrinsic viscosities of sheared dilute suspensions of nonspherical Brownian colloidal particles. The
simulations confirm theoretical predictions on the intrinsic viscosities of highly oblate and highly prolate spheroids in the limits of weak
and strong Brownian noise (i.e., for low and high Péclet numbers). Numerical data and fit functions are provided covering the entire shear-
thinning regime, for spheroids ranging from highly oblate to highly prolate. The tumbling motion and intrinsic viscosities of a hemispherical
cap and a helix are briefly discussed.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5127001., s

I. INTRODUCTION

In his thesis, submitted in the annus mirabilis 1905, Einstein
showed that the viscosity of a dilute suspension of spherical colloids
increases proportionally with the colloidal volume fraction at a low
Reynolds number.1,2 The extension of this result to nonspherical
particles has attracted many researchers ever since. Jeffery analyti-
cally solved the periodic tumbling motion of spheroids—ellipsoidal
particles with a rotational symmetry axis—in a simple shear flow, in
the absence of Brownian motion.3 This tumbling motion is common
to particles of almost all shapes.4,5 Jeffery also determined the varia-
tion of the shear stress with the orientation of the particle, which led
him to speculate that the steady-state orientation distribution corre-
sponds with the minimum rate of energy dissipation.3 Because the
Jeffery orbits are closed, the viscosity of a dilute solution of nonin-
teracting particles is determined by the initial orientation of these
particles. This peculiar dependence is broken, and memory of the
initial distribution is lost, by deviations from these orbits induced
by inertial effects and/or Brownian motion.6 The combination of
shear flow with Brownian motion involves constructing and solving
a Fokker-Planck equation for the orientation distribution function,
followed by an evaluation of the orientation-averaged stress. Two
routes are taken in the literature, depending on the rotary Péclet

number Pe, i.e., the ratio of the shear rate to the rotational diffu-
sion coefficient. For low Pe, Burgers treated shear as a perturbation
to the Brownian rotational motion, with the latter giving rise to a
uniform distribution on the unit sphere.7 Closely related expres-
sions for the intrinsic viscosities of highly prolate and/or oblate
spheroids were derived by Onsager,8 Kuhn and Kuhn,9 Giesekus,10

and Hinch and Leal,11 with Simha12 obtaining an expression cov-
ering all aspect ratios. For high Pe, Leal and Hinch treated the
Brownian motion as a perturbation to the Jeffery orbit11,13 giving
rise to a slow diffusion of the orbital coordinate, i.e., the constant
of the motion in Jeffery’s solution that determines the shape of the
orbit. To the best of our knowledge, there are no analytic solutions
for the intermediate regime, for Pe of the order of unity, where
the shear-induced motion and Brownian motion are of comparable
importance.

Experimental measurements on the intrinsic viscosities of sus-
pensions of Brownian particles show a surprising variation between
different researcher groups, with values for supposedly identical
systems varying by as much as an order of magnitude.14–18 This
indicates that the experiments are very sensitive to the prevailing
conditions, including the Reynolds number, polydispersity of the
colloids, interactions between the colloids, and interactions between
the colloids and the suspending fluid. For rods and ellipsoidal
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colloids, the quadratic scaling behavior of the intrinsic viscosity with
the aspect ratio is clearly borne out by the experimental data,16 while
it is difficult to confirm the theoretically derived proportionality
factor.

Computer simulations provide an ideal testing ground for
exploring theoretical models. The motion of spheroidal and ellip-
soidal colloids in shear flows is attracting attention lately, with
authors studying the impact of particle inertia,19,20 of fluid inertia,21

of both inertias,22–25 of weak Brownian noise,26 and of the combi-
nation thereof.27 The hydrodynamic contributions to the motion
are accounted for by the explicit solution of time-varying flow and
stress fields, or by analytic approximation in the form of mobil-
ity and resistance matrices. Similar approaches have been applied
to more complex rigid bodies, including two-bladed paddles,28

fractals of sticky particles,29 curved nonchiral fibers,30 and irreg-
ular particles with edges and holes.31 The emphasis in most of
these studies is on the dynamics of the particles, e.g., the phase
behavior and chaos of the tumbling orbits20,22,32,33 or the segrega-
tion of chiral particles in a shear flow,34 while some studies also
explored the resulting intrinsic viscosities of dilute suspensions
of these particles.17,24,26,35,36 Freely available packages like BEST37

and HYDRO++38 readily calculate the mobility matrices of arbi-
trarily shaped colloids and their intrinsic viscosities at zero shear
rate.39,40

Our objective is to explore the intrinsic viscosity, in partic-
ular, the interplay between shear flow and Brownian motion that
gives rise to shear thinning for elongated colloids. We have recently
shown that Brownian Dynamics (BD) simulations of isolated rigid
bodies benefit greatly from describing the rotational motions in
terms of unit-quaternions, i.e., a four-vector of unit length that
enables expressing all elements of a rotation matrix in quadratic
forms.41,42 Several authors have exploited quaternions in BD simu-
lations of colloids to avoid the divergencies occurring when using
three rotational coordinates, like the Euler angles or the Carte-
sian components of the rotation vector.26,36,43–45 Less appreciated
is that quaternions have the additional advantages of eliminating
both a metric tensor term, associated with BD simulations in non-
Cartesian coordinates, and a mobility term, associated with the ori-
entation dependence of the mobility matrix.42,46 The latter cancel-
lation occurs only if the orientation of the colloid is determined
relative to the hydrodynamic center in the mobility picture.42 This
rotational BD scheme is briefly described in Sec. II, along with
the procedure to extract shear stresses from the simulations. Both
are used in Sec. III to calculate the intrinsic viscosities of dilute
suspensions of spheroids. The algorithm is validated against the
aforementioned theoretical predictions of the intrinsic viscosities
of spheroids at low and high Péclet numbers. Numerical data and
fit functions are provided covering the entire intermediate shear-
thinning region for aspect ratios ranging from 1/100 to 100. Sim-
ulations are also presented of two less symmetric bodies, namely,
a spherical cap and a helix. The former performs a more intricate
Jeffery orbit, combining the tumbling motion of a spheroid with a
periodic orbit of its hydrodynamic center that has been solved ana-
lytically.47 The latter achiral particle is of interest because it is known
to drift along the vorticity direction, a feature with potential appli-
cation in the separation of left- and right-handed colloids and enan-
tiomeric molecules.34,48–52 The main conclusions are summarized in
Sec. IV.

II. THEORY
A. Brownian dynamics

Consider a colloidal particle experiencing a force f̄ and a torque
τ̄, both derived from a potential Φ, while suspended in a Newtonian
fluid in a linear flow field,

v̄∞(r̄) = v̄0
∞ + ω̄∞ × r̄ + ¯̄E∞r̄, (1)

where r̄ denotes the position, v̄0
∞ denotes the flow velocity at the

origin of the laboratory coordinate system, and the angular veloc-
ity ω̄∞ and the strain rate ¯̄E∞ are constant throughout the flow. In
the Stokes approximation, the velocity v̄ and angular velocity ω̄ of a
colloid at position x̄ are solved from53–55

⎛
⎜⎜
⎝

v̄ − v̄∞(x̄)
ω̄ − ω̄∞
¯̄S

⎞
⎟⎟
⎠
=
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⎝
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E
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f

¯̄Mω
τ
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¯̄̄MS
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MS

E

⎞
⎟⎟⎟⎟
⎠

⎛
⎜⎜
⎝
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τ̄

− ¯̄E∞

⎞
⎟⎟
⎠

, (2)

where ¯̄S is the stress exerted by the particle on the fluid, i.e., the
symmetric first moments of the deviatoric stress field ¯̄σ(r̄) over the
surface of the particle,53–55 with unit Newton meter. The velocity
differences between the colloid and the flow result from balances
between the potential force and torque driving the particle and
the solvent friction—represented by the generalized mobility matrix
M—opposing the relative motion. The stress is obtained by applying
Newton’s third law to the hydrodynamic stresslet acting on a moving
colloid in a flow field. The generalized mobility matrices of spherical
and ellipsoidal bodies are tabulated in the literature,54 while those
of more generally shaped rigid bodies can be constructed either by
the boundary element method,28,56,57 as in BEST,37 or by assuming
the body composed of spherical primary particles,30,42,44,58–60 as in
HYDRO++.38 The latter approach is followed here for nonspheroidal
colloids: Appendix A provides a brief summary of the method, freely
available as Oseen11.61 Two brief comments on the notation: the
bars in the above expression highlight that the generalized mobility
matrix combines matrices of various ranks; the bars will be omitted
for convenience henceforth. The nine blocks of the mobility matrix
are labelled with two indices, with the lower index specifying the
multiplication partner and the top index highlighting the ensuing
result.

For a rigid body composed of multiple beads, the position of
the ith bead in the space frame (s) is related to that in the body frame
(b) by

x(s)
i = x

(s) + A(s)
(b)x

(b)
i , (3)

with A(s)
(b) the rotation matrix from the body to the space frame and

x(s) the reference position of the colloid, which coincides with the
origin of the body-based coordinate system. The generalized mobil-
ity matrix of the colloid is constant in the body-based frame and
rotates with the body in the space frame, e.g.,

Mv(s)α
f (s)γ = A

(s)α
(b)κM

v(b)κ
f (b)μA

(b)μ
(s)γ , (4a)

MS(s)αβ
τ(s)γ = A

(s)α
(b)κA

(s)β
(b)λM

S(b)κλ
τ(b)μ A(b)μ

(s)γ , (4b)

MS(s)αβ
E(s)γδ = A

(s)α
(b)κA

(s)β
(b)λM

S(b)κλ
E(b)μνA

(b)μ
(s)γA

(b)ν
(s)δ , (4c)
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where the Einstein convention of summing over repeated indices,
appearing once up and once down, is implied. Hence, it suffices
to perform one computationally intensive evaluation of the hydro-
dynamic problem to arrive at the mobility matrix in the body
frame, which is then combined with cheap rotations to obtain
the mobility matrix in the space frame for any orientation of the
body.

A colloidal particle suspended in a quiescent fluid will per-
form a Brownian motion. In terms of generalized coordinates Q, in
this case, comprising the particle’s position x(s) and its orientation
q, the discretized equation of motion of a particle in a potential Φ
reads as62–64

ΔQ(t) = Q(t + Δt) −Q(t) (5a)

= −MQ̇
F∇Q(Φ −

1
2
kBT ln gQ)Δt + kBT∇Q ⋅MQ̇

FΔt + δQ, (5b)

where t denotes the time, Δt the integration time step, MQ̇
F the mobil-

ity matrix converting generalized forces F = −∇QΦ into general-
ized velocities Q̇, kB Boltzmann’s constant, T the temperature, gQ
the metric of the coordinate space, and δQ the Brownian displace-
ments. In this forward-Euler or Itô representation of a stochastic
equation, all quantities in Eq. (5b) are evaluated at time t using the
coordinate values at the start of the step. Expressions for the met-
ric have been derived for simulations based on Euler angles or the
three Cartesian coordinates of a rotation vector.65–69 The Brown-
ian displacements have zero mean and no memory of preceding
steps (Markovian) while they are correlated with the fluctuation-
dissipation theorem,62–64

⟨δQ⊗ δQ⟩ = 2kBTMQ̇
FΔt. (6)

A subtle correction is required when the mobility matrix is a func-
tion of the coordinates, in which case the Brownian motion acquires
a bias accounted for by the divergence term in Eq. (5b). Note that
mobility matrices are usually expressed in the form of Eq. (2), in
terms of velocities and forces along and around the Cartesian axes,
while MQ̇

F requires expression in terms of the generalized veloci-
ties and forces. The conversions of the Cartesian space-based Mv(s)

τ(s) ,
Mω(s)

f (s) , and Mω(s)
τ(s) to their counterparts in rotational velocities q̇ and

corresponding forces −∇qΦ are realized by multiplications with the
matrix Bq̇

ω(s) = ∂q/∂ψ
(s) = ∂q̇/∂ω(s) relating (the velocity of) changes

in the orientation coordinates q to (the velocity of) infinitesimal
rotations ψ(s) around the space-based Cartesian axes. This conver-
sion matrix diverges for certain values of the Euler angles, while
converging singularities are encountered when using a rotation vec-
tor.65–69 These complications are avoided when describing rotations
in terms of unit quaternions,41 i.e., a four-vector q, at the relatively
minor effort of a length constraint, |q| = 1. With this choice, the
rotation matrix is quadratic and the transformation matrix is lin-
ear in the vector components, see Appendix B, while the gradient
of the metric lies parallel to q and therefore cancels against the
constraint.46 Furthermore, if the body-based mobility matrix is cal-
culated relative to the hydrodynamic mobility center of the colloid,
i.e., if the origin of the body-based coordinate system is chosen such
that Mv(b)

τ(b) = Mω(b)
f (b) , the divergence term vanishes identically from

the equation of motion.42

By combining the above expressions, one arrives at the dis-
cretized equation of motion of a rigid Brownian colloid suspended
in a flow and subject to a potential,42

(ΔxΔq) =
⎛
⎝
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E
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⎞
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+
⎛
⎝

v(s)
∞

Bq̇
ω(s)ω

(s)
∞

⎞
⎠
Δt + (

0
λq
), (7)

with Δx and Δq the increments of the position and orientation,
respectively, over a time step Δt. In the first term between the square
brackets, the force, torque, and strain in the space frame are con-
verted to their counterparts in the body frame by a rotation, followed
by application of Eq. (2) in the body frame [where for compact-
ness of notation, the sub- and superscripts (b) are appended to the
entire matrix rather than to every block], thereby arriving at linear
and angular velocities in the body frame; the matrix preceding the
square brackets converts the linear velocities back to the space frame
and the angular velocities to quaternion velocities. Expressions for
the rotation matrices A(s)

(b) and A(b)
(s) , as well as for the conversion

matrices Bq̇
ω(b) and Bq̇

ω(s), are provided in Appendix B. The penul-
timate term in the equation of motion describes displacements due
to the flow field. In the second term between the square brackets,
the random displacements δx(b) and δψ(b) in the body-frame, which
obey a fluctuation-dissipation theorem akin to Eq. (6), are sampled
using

(δx
(b)

δψ(b)) =
√

2kBTΔt
⎡⎢⎢⎢⎢⎣
(M

v
f Mv

τ
Mω

f Mω
τ
)

(b)

(b)

⎤⎥⎥⎥⎥⎦

1/2

Θxψ , (8)

where the square root of a symmetric matrix is again a symmet-
ric matrix, and Θxψ represents a vector of six uncorrelated random
numbers without memory, each of zero mean and unit average.
Because the columns of Bq̇

ω(b) and Bq̇
ω(s) are all perpendicular to q, the

length of the quaternion vector is conserved in the limit of infinitely
small time steps. To conserve the length in a finite time step, a
constraint with an undetermined Lagrange multiplier λ is included
in the last term to the equation of motion. Using qu to denote
the quaternion vector after the unconstrained step, as obtained by
assuming λ = 0, the required value of λ follows from the constraint
condition,

∣q(t + Δt)∣ = ∣qu(t + Δt) + λq(t)∣ = 1, (9)

which readily yields a quadratic equation in λ.

B. Stress and viscosity
The stress in the fluid is derived from Eq. (2), whose bottom

line provides an expression for minus the instantaneous hydro-
dynamic stress on a non-Brownian colloid subjected to a poten-
tial and flow. To include the Brownian contribution, the Brow-
nian displacements in the discretized equation of motion are
converted to Brownian forces and torques, to be added to the
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potential forces and torques in the stress expression. The stress then
reads as

S(s) = (MS
f MS

τ MS
E)

(s)

(s)

⎛
⎜
⎝

f (s)

τ(s)

−E(s)
∞

⎞
⎟
⎠

+
1
Δt
(MS

f MS
τ)

(s)

(s)

×
⎡⎢⎢⎢⎢⎣
(
Mv

f Mv
τ

Mω
f Mω

τ
)

(s)

(s)

⎤⎥⎥⎥⎥⎦

−1
⎛
⎝
δx(s)

δψ(s)

⎞
⎠

+ kBTG(s), (10)

where δx(s) and δψ(s) denote the space-based representation of the
Brownian displacements in Eq. (8). While the contribution of the
Brownian displacements to the stress clearly averages out to zero,
the Brownian motion also gives rise to the subtle nonvanishing last
term in the above expression; the reader is referred to the literature
for derivations of this term35,70,71 (see also Appendix A),

G(s) = (∇R) ⋅ (M
S
f MS

τ)
(s)

(s)
= R ⋅MS(s)

τ(s), (11)

where R is the rotational operator72,73 and the last step follows
from the translational invariance of the space-based mobility matrix
of an isolated colloid. With MS(s)

τ(s) expressed in terms of MS(b)
τ(b) and

A(s)
(b) by Eq. (4b) and using the relations derived in Appendix C, the

divergence is evaluated as35

G(s) = A(s)
(b)G

(b)A(b)
(s) , (12a)

G(b)κλ = ϵκπρ MS(b)ρλ
τ(b)π + ϵλπρ MS(b)κρ

τ(b)π , (12b)

where G(b) is constant in the body frame; the Levi-Civita symbol ϵαβγ
equals +1 (−1) when α, β, γ is a cyclic (anticyclic) permutation of
{x, y, z} and equals zero otherwise. Combining the above steps, the
stress is conveniently calculated in the body frame as

S(b) = (MS
f MS

τ MS
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τ

Mω
f Mω
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)

(b)

(b)
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−1
⎛
⎝
δx(b)

δψ(b)

⎞
⎠

+ kBTG(b),

(13)

where the Brownian displacements are identical to those in the
equation of motion, see Eq. (7), followed by the transformation,

S(s) = A(s)
(b)S

(b)A(b)
(s) , (14)

to the space frame.
The presence of colloids in the fluid affects the velocity and

stress fields in the fluid and thereby raises the viscosity of the pure
fluid, η0, to the effective viscosity of the suspension, ηs. A convenient
way to express this impact is the intrinsic viscosity [η], defined by

ηs = η0(1 + [η]ϕ), (15)

where ϕ denotes the (small) volume fraction of particles. For a dilute
suspension of rigid spherical colloids, Einstein derived the seminal

result [η] = 5/2.1,2,55 By using that the viscosity is related to the
average shear stress, one readily shows that

[η] = 1
η0vc

⟨S(s)
xy ⟩

2E∞(s)
xy

, (16)

where vc denotes the volume of the colloid and 2E∞(s)
xy = γ̇ for the

simple shear flow adopted throughout this study, v∞(r) = γ̇ryêx
with γ̇ the shear rate and êx the basis vector along the x axis.

C. Spheroids
For a non-Brownian spheroid in a simple shear flow, with

length L along the axis of revolution, diameter D along the two per-
pendicular axes, and aspect ratio p = L/D (see Fig. 1), Jeffery solved
the orbit traced out by the axis of revolution as a function of time t,3

tan θ = C(cos2 χ + p2 sin2 χ)1/2
, (17a)

tanφ = p tan χ, (17b)

χ = κt = γ̇
p + (1/p) t, (17c)

where θ denotes the angle of the symmetry axis relative to the vor-
ticity direction and φ the rotation angle around the vorticity axes
(see Fig. 2), the revolution period T = 2π/κ is equal for all orbits,
and C is a constant of motion characterizing the orbit. A spheroid
at C = ∞ performs a “tumbling” motion with its symmetry axis
permanently perpendicular to the vorticity, in the θ = π/2 plane,

FIG. 1. Pictorial representations of the simulated bodies: a prolate spheroid (blue)
of length L and diameter D, a hemispherical cap (red) of radius R, thickness a, and
top angle α, and a helix (pink) of length L, diameter D, pitch d, and thickness a.
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FIG. 2. Orientation of the linear shear flow field relative to the coordinate system,
with the flow velocity v∞, the velocity gradient ∇v∞, and the vorticity w paral-
lel to the x-axis, the y-axis, and the (negative) z-axis, respectively. Also shown
are the paths traced on the unit sphere (grey) by the symmetry axis of a non-
Brownian (blue, Pe =∞) and a moderately Brownian (red, Pe = 3 ⋅ 103) prolate
p = 5 spheroid suspended in this shear flow, with the dots denoting orientations at
regular intervals in time. The symmetry axis moves at its slowest, and hence, the
impact of the Brownian motion is at its largest, when the axis is nearly flow-aligned.

with a variable angular velocity φ̇ that reaches minima (maxima)
when the symmetry axis is parallel (perpendicular) to the flow direc-
tion. A spheroid at C = 0 has its symmetry axis forever oriented
along the vorticity direction, θ = 0, while “log-rolling” around this
axis at a constant angular velocity. Intermediate values of C cor-
respond to a “kayaking” motion of the symmetry axis (see Fig. 2)
with the spheroid simultaneously rotating around its symmetry axis
(not shown). Jeffery also derived expressions for the instantaneous
orientation-dependent intrinsic viscosity of a spheroid, based on
the excess work required in shearing a particle-laden fluid vs the
pure fluid.3 For instance, the intrinsic viscosity due to a particle
tumbling at constant θ = π/2 varies with the tumbling angle φ
following

[η] = 4
3vc
(F sin2 2φ + G), (18)

where F and G are functions of the aspect ratio.
In the presence of Brownian noise, the motion is no longer

deterministic and the orbit parameter C is not conserved. For weak
Brownian noise, Pe → ∞; Leal and Hinch11,13 assumed that the
motion can be described by augmenting Jeffery’s solution with
a slow (compared to the tumbling period) diffusion of the orbit
parameter C. The steady state orientation probability distribution
then takes the form of a product,

P(C, χ̃) = PC(C)Pχ(χ̃∣C), (19)

where Pχ(χ̃∣C), the conditional distribution of χ mapped to its mod-
ulo χ̃ in the (0, π) interval, is approximated by the distribution of χ̃
for an unperturbed Jeffery orbit at the given C. The steady state dis-
tribution across these orbits, PC(C), is solved from a Fokker-Planck

equation by demanding that the average flux crossing any closed Jef-
fery orbit equals zero. In combination with Jeffery’s expression for
the excess work, the intrinsic viscosity is obtained as13

[η]∞ =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

3.183 − 1.792p for p→ 0

2 +
0.315p

ln(2p) − 1.5
for p→∞,

(20)

with the limiting behavior,11

[η]∞ =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

3.183 for p→ 0

0.315
p

ln p
for p→∞.

(21)

Since the numerical values in the published equations11,13 are incon-
sistent (3.183 vs 3.13 and 0.312 vs 0.315), we took the liberty of
selecting those values that agree best with the simulation results
presented below.

In the opposite limit of a strong Brownian noise, Pe ≪ 1,
the orientation distribution in the angles θ and φ was assumed by
Burgers7 to be nearly isotropic, with the flow giving rise to a weak
perturbation. Onsager,8 Simha,12 Kuhn and Kuhn,9 Giesekus,10 and
Hinch and Leal11 derived identical limiting expressions for the
intrinsic viscosity at Pe→ 0,

[η]0 =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

32
15π

1
p

for p→ 0

4
15

p2

ln p
for p→∞.

(22)

A theory for [η]0 covering the entire range of p was derived by
Simha.12 To the best of our knowledge, there are no analytic solu-
tions for intermediate Brownian noise, i.e., for the shear-thinning
transition between these two extremes.

III. RESULTS
The equations of motion reviewed in Secs. II A and II B are now

applied to spheroids in Sec. III A and to two more complex bodies—
a hemispherical cap and helices (see Fig. 1)—in Sec. III B. The three
independent units used in the simulations are ϵ for the energy, σ
for distance, and τ for time; all relevant quantities are expressible in
these units. The imposed flow field is a simple shear, v∞(r) = γ̇ryêx
(see Fig. 2), with a constant shear rate γ̇ = 0.01τ−1. The solvent vis-
cosity is fixed at η0 = (6π)−1ϵτ/σ3, and the time step is Δt = 0.01τ. For
computational reasons, the Péclet number—defined as Pe = γ̇/Dr
with the rotational diffusion coefficient Dr—is varied by changing
the thermal energy, kBT, and hence the strength of the Brownian
noise. For ease of comparison with experiments and theory, the main
results will be presented in terms of dimensionless numbers, e.g., the
intrinsic viscosity, Péclet number, and aspect ratio.

A. Spheroids
Spheroidal particles provide an ideal testing ground for

methodological development; the exact expression for the gener-
alized mobility matrix54 is used in the BD simulations, and the
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FIG. 3. Probability distributions of the Jeffery orbit parameter C for prolate ellip-
soids, p = 5, in simple shear flows at various Péclet numbers (see the legend) and
in a quiescent fluid (Pe = 0). The solid line shows the theoretical prediction by Leal
and Hinch for high Pe.

extracted intrinsic viscosities can be compared against theoretical
solutions of [η]0 and [η]∞.

1. Distributions
A typical path traced by the long axis of a prolate spheroid at

high Pe is shown in Fig. 2, where the kayaking motion of the par-
ticle is still recognizable while the superimposed diffusion of the
orbit parameter results in a nonclosed path. Probability distribu-
tions of the orbit parameter C over long simulations are presented
in Fig. 3 for a wide range of Pe = γ̇/Dr , where Dr is obtained as
kBT times the degenerate eigenvalue of Mω

τ . The sampled distribu-
tion at large Pe closely approximates the theoretical expression for
PC(C) derived by Leal and Hinch13 in this limit. Note, however, that
the distribution is fairly insensitive to the Péclet number. The dis-
tribution of the polar angles of the long axis reveals a much more
pronounced impact of the Péclet number on orientation; see Fig. 4.

FIG. 4. Distributions of the orientation of the long axis of a prolate spheroid, p = 5,
(a) in a sheared fluid without thermal noise, Pe = ∞, perpetually tumbling in a
Jeffery orbit at θ = π/2, in shear flows with Brownian fluctuations at (b) Pe = 3000
and (c) Pe = 30, and (d) in a quiescent fluid with thermal noise, Pe = 0. The selected
mapping turns an isotropic distribution into a uniform P(cos θ, φ) = 1/(4π).

In a quiescent fluid, the spheroid samples an isotropic probability
distribution, as expected for a Brownian particle with no preferred
orientation, while a clear preference for the two flow-aligned ori-
entations, cos θ = 0 (i.e., θ = π/2) and φ = {π/2, 3π/2}, emerges
with increasing Pe. The peaks shift and sharpen with Pe, as can be
quantified by fitting the sampled distributions with bivariate normal
distributions,

P(cos θ,φ) = a + b1e−c1 cos2 θ−d1(φ−φ1)
2

+ b2e−c2 cos2 θ−d2(φ−φ2)
2

. (23)

The locations of the peaks are plotted in Fig. 5 as a function of
the Péclet number, for spheroids with aspect ratios of 5 and 20.
At low Péclet, the particles are seen to preferably orient along the
direction of the elongation component of the flow field, at φ = π/4,
while at high Péclet, the particles align along the flow field itself, at
φ = π/2, in accordance with the predictions by Burgers.7 The
widths of the peaks, as represented by the standard deviations
σφ = (2di)−1/2, are indicated in the figure by error bars. One clearly
sees a narrowing of the distribution with increasing Péclet number.
The good agreement between the corresponding fit parameters of
the two peaks to P indicates that the distributions are well-sampled
(data not shown).

The simulations also permit an assessment of the impact of
the Brownian motion on the tumbling period. In runs over a range
of Péclet numbers, the increments and decrements of the angle φ
were added up to count the numbers of revolutions during the sim-
ulations. For ease of interpretation, the angle θ was constrained to
the value of π/2. In Fig. 6, the average tumbling periods are com-
pared against the periods calculated by Jeffery’s theory, i.e., in the
absence of thermal noise. For Pe ≳ 1, an excellent agreement is
observed, indicating that the systematic tumbling motion domi-
nates over the erratic Brownian motion. Lower Péclet numbers see
a marked deviation from the theoretical period, with a drop in the
average period. Notably, the Brownian motion consistently makes
the particles perform a larger number of rotations than expected in a
given time interval, instead of merely inducing fluctuations around
the expected number of rotations. This suggests that the flow field
biases the Brownian motion by acting as a ratchet that promotes

FIG. 5. The averaged location (markers) and standard deviations (error bars), plot-
ted against the Péclet number, of the peaks in the orientation distribution functions
of prolate spheroids (p = 5 and 20) subject to shear and Brownian motion, as deter-
mined by fitting distributions like those in Fig. 4 with the double-peaked function of
Eq. (23). The line is a guide to the eye.
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FIG. 6. The ratio of the average tumbling period in simulations to the theoretical
tumbling period in the absence of noise, plotted against the Péclet number. The
orientation of the spheroid, with the aspect ratio p = 5, is constrained to the flow
plane, θ = π/2.

rotation in the forward direction and hinders rotation in the reverse
direction.

2. Viscosity
The instantaneous intrinsic viscosity in a non-Brownian sim-

ulation at constant θ = π/2 is shown in Fig. 7 to be in good agree-
ment with Jeffery’s expression, Eq. (18). The shear stress is at its
lowest when the particle is slowly rotating through a flow-aligned
state, φ = (n + 1/2)π with integer n, resulting in the two broad
minima in the figure. Orientations away from the flow-aligned state
tend to obstruct the flow and thereby increase the intrinsic viscosity.
The maximum resistance, however, does not occur at the gradient-
aligned state, φ = nπ, but at about φ = (n ± 1/4)π, because the colloid
traverses the gradient-aligned state with an angular velocity peak-
ing at the flow field’s shear rate, ω = γ̇, thereby briefly matching the
flow field and hence giving rise to the narrow minima at φ = nπ. At
all of these minima, the intrinsic viscosity drops slightly below the
constant value of 5/2 for a sphere.

FIG. 7. The instantaneous intrinsic viscosity of a non-Brownian prolate spheroid
(p = 5) tumbling in a simple shear flow at constant θ = π/2, as functions of time
(bottom axis) and rotation angle (top axis, with ticks at intervals of Δφ = π/6).
The simulation results (markers) are in good agreement with Jeffery’s theory; see
Eqs. (17) and (18). The dashed line at [η] = 5/2 highlights the intrinsic viscosity of
a sphere.

Simulation results for the intrinsic viscosities of Brownian
spheroidal colloids, over wide ranges of aspect ratios and Péclet
numbers, are collected in Fig. 8. Both prolate (p > 1) and oblate
(p < 1) colloids show pronounced shear-thinning, which increases
with the deviation from the spherical shape (p = 1). The decrease of
the intrinsic viscosity with increasing Pe reflects the flow-induced
alignment of the particles (see Figs. 4 and 5), which results in a
reduction of the hindrance to the flow by the colloids; see Fig. 7.
With increasing Péclet number, shear thinning starts at Pe ∼ 1, irre-
spective of the aspect ratio, and finishes at Pe ∼ p3 (prolate) or
Pe ∼ p−3 (oblate). The plateau values at a low Péclet, [η]0, are plotted
in Fig. 9 (top) as a function of the aspect ratio. A clear minimum
of [η]0 = 5/2 is reached for spherical colloids, with [η]0 showing
power law behavior for both smaller and larger aspect ratios. The
solid lines represent the theoretical predictions of Eq. (22), which
are in excellent agreement with the simulations for p ≤ 1/10 and
p ≥ 10. The numerical data closely follow Simha’s theory12 over the
entire range of p. The plateau values of the intrinsic viscosities at
a high Péclet, [η]∞, are plotted in Fig. 9 (bottom) as a function of
the aspect ratio. For oblate spheroids, a plateau value of about 2.5 is
obtained from the fits to the shear-thinning curves (see below), while
the simulations at the highest Pe indicate a slightly higher plateau
value of about 3; it should be noted that sampling configuration
space by diffusion of the orbit parameter C becomes prohibitively
slow for extreme aspect ratios and high Péclet numbers. After a shal-
low minimum of [η]∞ = 5/2 for spheres, a power law growth of [η]∞
with p sets in. The solid lines in the figure represent the theoretical
predictions by Leal and Hinch13 [see Eq. (20)], which are in good

FIG. 8. The intrinsic viscosities of dilute suspensions of prolate (top) and oblate
(bottom) spheroids of various aspect ratios p, see legends, as functions of the
Péclet number. The smooth lines are fits with Eq. (25), yielding the fit parameters
plotted in Figs. 9 and 10. The small markers for 0.25≤ Pe ≤ 60 represent numerical
results by Scheraga.74
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FIG. 9. The plateau values of the intrinsic viscosities [η] in the low (top) and high
(bottom) Péclet limits, obtained by fitting the data in Fig. 8 with the Carreau-like
function of Eq. (25), plotted as functions of the aspect ratio p. The theoretical pre-
dictions of Eqs. (22) and (20) are included as solid blue lines in both plots and
those of Eq. (21) as dashed-dotted green lines in the bottom plot. The red line in
the top plot represents Simha’s theory,12 and that in the bottom plot is a fit dis-
cussed in the main text. The dashed blue lines represent Einstein’s result for a
sphere, [η] = 5/2.

agreement with the simulations for p ≤ 1/10 and p ≥ 10. The dashed
lines denote their asymptotic predictions, Eq. (21), which are a good
approximation for oblate spheroids at the smallest aspect ratios but
for the prolate spheroid require aspect ratios much larger than those
considered here. A nice fit covering the entire range is obtained
with

[η]∞ = 2.36 +
0.85 + (1.58p)2.60

1 + (5.87p)1.75 , (24)

where the less reliable data points for low p were ignored in the fit.
The intrinsic viscosities in Fig. 8 are fitted very well with a

variation on the Carreau model,

[η] = [η]0 − [η]∞
[1 + (αPe)β]

γ + [η]∞, (25)

drawn as solid lines in that figure. The two fit parameters for the
plateau heights, [η]0 and [η]∞, were discussed before. The fitted
values for the scaling factor α and the powers β and γ are pre-
sented in Fig. 10. For the former, a V-shaped profile is observed,
with

α = {
−0.057 ln p for p < 1

0.085 ln p for p > 1
, (26)

FIG. 10. Parametrization of the Carreau-like function [see Eq. (25)] fitted to the
simulation data of Fig. 8. Shown are the variations with the aspect ratio of (a) the
scaling factor α, (b) the power β, (c) the power γ, and (d) the product βγ. The trend
lines are discussed in the main text.

where the tip of α = 0 coincides with the absence of shear-thinning
for a sphere; see Fig. 10(a). The outliers in the intermediate region
around p = 1 are probably a consequence of the small number of
data points in the narrow shear-thinning regions for these spheroids
and affect all four data sets in Fig. 10. The power β is reasonably fitted
with

β = 1.290 + 0.043 ln p + 0.039 ln2 p, (27)

plotted as a line in Fig. 10(b). The product of the powers β and γ is
very well fitted by

βγ =
⎧⎪⎪⎨⎪⎪⎩

0.23 + 1.63p+0.66 for p < 1

0.37 + 1.30p−0.66 for p > 1
(28)

[see Fig. 10(d)]. Instead of fitting γ independently, the ratio of the
fits for βγ and β is shown in Fig. 10(c) to approximate γ quite well.
Of the three four-parameter variations on Eq. (25), both the Car-
reau model (β = 2) and the “hemi-Carreau” model (β = 1) perform
considerably better than the Cross model (γ = 1), especially in the
sharp corner at the onset of shear-thinning, with the Carreau and
hemi-Carreau models working best for prolate and oblate spheroids,
respectively.

It is suggested in the literature that the intrinsic viscosity in
the shear-thinning region follows a power law, [η] ∝ Pe−δ , with
δ = 1/3.5,11,72,75,76 Plots of the local powers δ(Pe) extracted from the
simulations reveal that, following the onset of shear-thinning, δ rises
within one to two orders in Pe to a maximum value that increases
with p, barely reaching 0.3 for p = 1/100 and just exceeding 0.4 for
p = 100, followed by a more gradual steady decay back to zero
over many orders in Pe (data not shown). For strong shear thin-
ning, the Carreau-like fit function reduces to a power law in the
Péclet number, with δ = βγ. The two aforementioned peak values
of the local δ for the spheroids with the highest and lowest aspect
ratios do indeed closely approximate the values of βγ at these two
extremes; see Fig. 10(d). Extrapolation based on the fit functions to
βγ then predicts the limit values of δ = 0.37 for prolate spheroids and
δ = 0.23 for oblate spheroids.
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Figure 8 also shows data from the early electronic calculation
by Scheraga,74 based on the theory by Saitô,77 combining a very
slowly converging series of spherical harmonics for the orienta-
tion distribution function for near-spheres, due to Peterlin,78 with
Jeffery’s solution of the hydrodynamics for a spheroid. The numer-
ical results, only available up to Pe = 60, are in excellent agreement
with the intrinsic viscosities from our simulations—for the dozen
(Pe, p) combinations where both values are available—and with the
fitted functions to the latter.

B. Complex particle shapes
The methodology applied above to spheroids can also be

used to colloids of more complex shapes. Whereas the general-
ized mobility matrix M of a sphere is block diagonal, a spheroid
adds rotation-strain coupling, Mω

E and MS
τ , a hemispherical cap adds

translation-strain coupling, Mv
E and MS

f , and a helix adds rotation-
translation coupling, Mv

τ and Mω
f , thus step by step filling in all

nine blocks of the matrix. Analytic expressions for the generalized
mobility matrices of spheres and spheroids can be found in text-
books; those for the hemispherical cap and the helix were deter-
mined numerically by considering the bodies as rigid collections of
nearly-touching unit-radius spherical primary particles, with inter-
particle hydrodynamic interactions calculated at the Rotne-Prager-
Yamakawa level,79,80 using the publicly available Oseen11 code61 as
detailed in Ref. 42 and outlined in Appendix A. We verified that
application of this technique to hollow spheroidal-shaped aggre-
gates yields good agreement with the intrinsic viscosities discussed
above.

1. Hemispherical cap
The hemispherical cap (see Fig. 1) was selected as the next step

in complexity following the spheroid. Analytical expressions for the
Jeffery orbit of a spherical cap in a linear shear flow were derived by
Dorrepaal,47 showing that the cap combines the periodic tumbling
motion of spheroids with simultaneous translations of the hydro-
dynamic center along both the velocity and velocity-gradient direc-
tions. As shown in our previous work,42 the employed simulation
method accurately captures this motion (in the absence of Brownian
noise). A cap-like rigid aggregate, with a top angle α = π/2, was con-
structed by positioning 2051 primary particles on the corner points
of a triangulated mesh generated with the DistMesh routine81 in
MATLAB,82 resulting in a cap with a radius R ≈ 47.8σ. The Péclet num-
ber is again defined as Pe = γ̇/Dr , where the rotational diffusion
coefficient Dr is obtained as kBT times the degenerate eigenvalue of
Mω

τ . The colloidal volume is taken as the volume enclosed by the
hemisphere, vc = 2

3πR
3. Simulation results for the intrinsic viscosity

as a function of Péclet number, as presented in Fig. 11, systemati-
cally exceed the sphere’s [η] = 5/2 by 10%–20%. The hemispherical
cap shows only weak shear-thinning because, at a length to width to
height ratio of about 2:2:1, this colloid is still fairly close to spherical
in shape.

2. Helix
The final colloidal shape explored in this study is the helix,

lacking any symmetry and requiring all nine blocks of the mobil-
ity matrix. Due to this complexity, there are no analytic solutions to

FIG. 11. The intrinsic viscosities of a hemispherical cap (green circles), of two
short helices (red triangles pointing left and right for left and right-handedness,
respectively), and of two long helices (blue triangles pointing up and down for left
and right-handedness, respectively) as functions of the Péclet number. The lines
are fit with Eq. (25).

its intricate motion under shear. We modeled helices as rigid col-
lections of primary particles distributed along a spiral of diameter
D = 63.3σ; see Fig. 1. A short helix of two turns comprised 201 parti-
cles, amounting to a length of L = 41.8σ, and a long helix of 7.5 turns
and 751 particles reached a length of L = 158.3. For both helices, left
and right-handed versions were created.

In the absence of Brownian motion, the long helix periodically
tumbles its long axis and rotates around this axis, like the spheroids,
while the hydrodynamic center is moving periodically along both the
velocity and velocity-gradient directions, like the cap. Unlike either
of these two bodies, the helix also moves along the vorticity direc-
tion, combining a periodic back and forth motion with a steady drift.
The right-handed helix with its long axis tumbling in the shear plane
θ ≈ π/2 drifts in the negative vorticity direction. Rotating the long
axis to align with the vorticity direction, θ ≈ 0, flips the drift to the
positive vorticity direction and reduces the (absolute) drift velocity
by about two orders in magnitude. The latter drift reflects the usual
motion of a screw, turning rotation around the axis into motion
along the axis. The former sideward motion is caused by a lift force
that varies and can change sign with the rotation angle φ in the shear
plane and the rotation angle of the helix around its long axis; even
the (noninteger) number of turns of the helix can alter the direction
of the lift force.50,52 Upon introducing Brownian motion, the right-
handed helix shows an average drift along the negative vorticity
direction. All drifts are reversed for a left-handed helix. The motion
of the short helix is less predictable; even in the absence of Brownian
noise, particles with their central axes initially aligned in or perpen-
dicular to the shear flow do not maintain their orientations.48 The
short helices were seen to drift along both the positive and the nega-
tive vorticity direction, and changes in the direction were seen as late
as 106τ.

The intrinsic viscosities of the helices are presented in Fig. 11.
The Péclet number is again defined as Pe = γ̇/Dr where the rotational
diffusion coefficient Dr is now obtained as kBT times the value of
Mω

τ along the helix’s long axis, and the volume is calculated as that
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of the circumscribing cylinder, vc = 1
4πD

2L. Since all four helices
share aspect ratios p = L/D fairly close to unity, they show modest
shear thinning. The low values of the intrinsic viscosities, relative
to spheroids of similar aspect ratios, indicate that the impact of the
helix on the surrounding and enclosed fluid is less than that of sim-
ilarly sized spheroids. The handedness of the helix appears to play
no role, as evidenced from the near coalescence of the markers in
Fig. 11.

IV. SUMMARY AND CONCLUSIONS
A recently proposed efficient Brownian dynamics scheme, uti-

lizing quaternions for the rotational dynamics and taking advantage
of the mobility matrix being constant in the body-based frame, has
been used to simulate the dynamics of arbitrarily shaped colloids
subjected simultaneously to simple shear and Brownian motions.
The calculated intrinsic viscosities for spheroids are in excellent
agreement with theoretical predictions in the limits of high and
low Péclet values, providing support for the validity of both the-
ory and the employed simulation methodology. Intrinsic viscosi-
ties at intermediate Péclet values, in the shear thinning regime, are
well fitted with a modified Carreau model. Fit functions are pre-
sented for the model parameters, covering a wide range of aspect
ratios, to provide a benchmark for future theories, simulations, and
experiments. The applied methods work for particles of the arbi-
trary shape, as illustrated by the viscosity calculations for a cap and
helices.
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APPENDIX A: MOBILITY MATRIX
This appendix summarizes the derivation of the generalized

mobility matrix of a rigid cluster of N identically sized spherical pri-
mary particles, as described in more detail in our previous work.42

In the mobility picture, the hydrodynamic interactions couple every
particle i with every particle j,

⎛
⎜⎜
⎝

v̄i − v̄∞(x̄i)
ω̄i − ω̄∞
− ¯̄E∞

⎞
⎟⎟
⎠
=

N

∑
j=i

⎛
⎜⎜⎜⎜⎜
⎝

¯̄Mv,i
f ,j

¯̄Mv,i
τ,j

¯̄̄Mv,i
S,j

¯̄Mω,i
f ,j

¯̄Mω,i
τ,j

¯̄̄Mω,i
S,j

¯̄̄ME,i
f ,j

¯̄̄ME,i
τ,j

¯̄̄̄
ME,i

S,j

⎞
⎟⎟⎟⎟⎟
⎠

⎛
⎜⎜
⎝

f̄ j
τ̄j
¯̄Sj

⎞
⎟⎟
⎠

. (A1)

Expressions for the various pair mobility matrices can be found in
the literature.53,54,83,84 The combination of variously sized matrices
excludes the use of conventional rank two matrix manipulations;
hence, it proves convenient to reduce the strain and stress matri-
ces to vectors. In the current case, both the strain and the stress are
symmetric and traceless, and hence can be expressed as five-vectors.
The conversion of the strain is realized by rewriting the matrix as a
linear combination of five (3 × 3) “basis matrices” ¯̄eEκ ,

¯̄E∞ =∑
κ

¯̄eEκEκ∞, (A2a)

Eκ∞ = ¯̄eκE : ¯̄E∞, (A2b)

where the five parameters Eκ∞ combine into the vector Ē∞ and the
second line, with ¯̄eκE : ¯̄eEλ = δκλ and δ the Kronecker-delta, provides the
inverse transformation. A likewise conversion is used for the stress
matrices ¯̄Sj, yielding the vectors S̄j. The basis matrices need not be
orthogonal, but it is recommendable to select ¯̄eEκ = ¯̄eκS in order to
retain a symmetric grand mobility matrix. After re-expressing the
grand mobility in terms of the strain and stress vectors, it reduces to
a regular rank-two matrix. Inversion by standard algorithms, which
is equivalent to summing over all reflections between all particles,53

yields

⎛
⎜⎜
⎝

f i
τi
Si

⎞
⎟⎟
⎠
=

N

∑
j=1

⎛
⎜⎜⎜
⎝

Rf ,i
v,j Rf ,i

ω,j Rf ,i
E,j

Rτ,i
v,j Rτ,i

ω,j Rτ,i
E,j

RS,i
v,j RS,i

ω,j RS,i
E,j

⎞
⎟⎟⎟
⎠

⎛
⎜⎜
⎝

vj − v∞(xj)
ωj −ω∞
−E∞

⎞
⎟⎟
⎠

, (A3)

where the bars have been omitted. In the vector on the RHS, the
velocities of and at the particles are related to the velocities of and at
the cluster’s center via the rigidity of the cluster and the linearity of
the flow,

vj = v + ω × rj, (A4a)
ωj = ω, (A4b)

v∞(xj) = v∞(x) + ω∞ × rj + E∞rj, (A4c)

where rj = xj − x. In the vector on the LHS of Eq. (A3), the forces,
torques, and stresses on the particles can be summed into the total
force, torque, and stress on the cluster,

f =
N

∑
i=1

f i, (A5a)

τ =
N

∑
i=1
(τi + ri × f i), (A5b)

S =
N

∑
i=1
(Si + ri ⊗ f i). (A5c)

By combining the above steps,42 one arrives at the grand resistance
matrix of the cluster,

⎛
⎜⎜
⎝

f
τ
S

⎞
⎟⎟
⎠
=
⎛
⎜⎜
⎝

Rf
v Rf

ω Rf
E

Rτ
v Rτ

ω Rτ
E

RS
v RS

ω RS
E

⎞
⎟⎟
⎠

⎛
⎜⎜
⎝

v − v∞(x)
ω − ω∞
−E∞

⎞
⎟⎟
⎠

. (A6)

A partial inversion of the above expression, bringing the velocities
to the left and the forces to the right, followed by a conversion back
to stress and strain matrices, yields Eq. (2). Note that this partial
inversion implies that the (5 × 6) block MS

F of the Cartesian mobility
matrix is related to the (5 × 6) block RS

Q̇ and the (6 × 6) block RF
Q̇ of

the corresponding resistance matrix by

MS
F = RS

Q̇(R
F
Q̇)
−1. (A7)
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The stress-term G(s), as derived by Bossis and Brady71 in the resis-
tance picture, is then readily converted to the mobility form used in
Eq. (11).

APPENDIX B: QUATERNIONS
Unit quaternions,41 i.e., a four-vector q = (q0, q1, q2, q3) of

unit length q = ∣q∣ = 1, provide a convenient way to parameterize
a rotation matrix in three-dimensional space. The rotation matrix
for the conversion from body-based to space-based coordinates
reads as

A(s)
(b) =
⎛
⎜⎜
⎝

q2
0 + q2

1 − q2
2 − q2

3 2q1q2 − 2q0q3 2q1q3 + 2q0q2

2q1q2 + 2q0q3 q2
0 − q2

1 + q2
2 − q2

3 2q2q3 − 2q0q1

2q1q3 − 2q0q2 2q2q3 + 2q0q1 q2
0 − q2

1 − q2
2 + q2

3

⎞
⎟⎟
⎠

,

(B1)

while the inverse conversion A(b)
(s) is realized by the transpose of

A(s)
(b). A conversion matrix between angular velocities in the space

frame and quaternion velocities is obtained by evaluating ω(s) × x(s)

= Ȧ(s)
(b)A(b)

(s) x
(s), which yields

Bq̇
ω(s) =

∂q̇
∂ω(s) =

1
2q4

⎛
⎜⎜⎜⎜⎜
⎝

−q1 −q2 −q3

q0 q3 −q2

−q3 q0 q1

q2 −q1 q0

⎞
⎟⎟⎟⎟⎟
⎠

. (B2)

The conversion from an angular velocity in the body frame to a
quaternion velocity can be derived likewise, yielding

Bq̇
ω(b) =

∂q̇
∂ω(b) =

1
2q4

⎛
⎜⎜⎜⎜⎜
⎝

−q1 −q2 −q3

q0 −q3 q2

q3 q0 −q1

−q2 q1 q0

⎞
⎟⎟⎟⎟⎟
⎠

, (B3)

and can also be obtained from Bq̇
ω(b) = B

q̇
ω(s)A

(s)
(b).

APPENDIX C: ROTATIONAL DERIVATIVES
The derivative of a function f (r) under a rotation of the point r

around the coordinate axis êα through the origin reads as

Rαf (r) =
∂f (r)
∂r

⋅ (êα × r) = ϵγαβr
β ∂f (r)

∂rγ
, (C1)

where the Levi-Civita symbol ϵαβγ returns +1 (−1) if {α, β, γ} is a
cyclic (anticyclic) combination of {x, y, z}, and zero otherwise. A
right-handed rotation matrix A can be regarded as a collection of
three perpendicular unit column vectors, A = (a1 a2 a3), with the
(λ, κ)th matrix element equaling the λth element of the κth vector,
Aλ
κ = (aκ)λ. Defining a function f (r) = r ⋅ êλ = rλ, one readily shows

that

RαAλ
κ = Rαf (aκ) = ϵγαβ(aκ)

β ∂(aκ)λ
∂(aκ)γ

= ϵλαβAβ
κ , (C2)

which is used in Eq. (12). Taking the cross product of two column
vectors of a rotation matrix gives

ϵαβγA
β
κA

γ
λ = (aκ × aλ)α = (ϵ

μ
κλaμ)α = ϵ

μ
κλA

α
μ , (C3)

where the right-handedness of A was used in the second step.
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