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Chapter 1

Introduction

1.1 The relevance of DNS in two-phase bubbly flows

This thesis deals with numerical simulation methods of multiphase flows where
different fluid phases are simultaneously present. In particular, the subject
of interest is a system in which the carrier fluid is a liquid that transports
dispersed gas bubbles. This type of flow is encountered in many practical ap-
plications. Examples are heat exchangers in power plants, or cooling systems
of nuclear reactors. When the temperature of the walls exceeds the satura-
tion temperature of the liquid, steam bubbles tend to originate from cavities
always present due to roughness. As the temperature increases further the
bubbles will eventually detach and reach the core of the channel, producing
a bubbly flow regime. This is an example of a single component multiphase
flow where a liquid and its vapor coexist. The notion of bubbly flows also
extends to systems in which gas bubbles are dispersed in a liquid of a different
component, as for example air bubbles in water or in oil. This flow regime is
widely present in chemical, petroleum, and pharmaceutical industry.

The simultaneous existence of physical phenomena spanning a wide range
of scales of motion is certainly one, if not the most, complex aspect of bubbly
multiphase flows. For example, the presence of distorted interfaces combined
with the surface tension leads to capillary waves with their own dynamics; a
very thin liquid film, between two colliding bubbles, is formed with character-
istic dimension orders of magnitude smaller than the scales of the surrounding
flow; the break up of a large bubble can create very small satellites which by
definition will introduce smaller time and length scales into the problem; the
presence of bubbles in turbulent flows significantly changes the flow statistics
by the introduction of higher velocity fluctuations due to the presence of the
wakes generated by them. This diversity of situations and flow conditions sets
the background motivation for the work presented in this thesis.
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CHAPTER 1. INTRODUCTION

In this context, numerical simulation is a useful and powerful tool for a
better understanding of the physics of such systems. The numerical models
encountered in the multiphase flow world are numerous, and designed to han-
dle a specific physical phenomenon or application. In this work the attention
is turned to direct numerical simulation (DNS), where all the details of the
flow, up to the smallest scales, are resolved by the computational grid and
time steps. The DNS provides insights in the fundamental behaviour of mul-
tiphase flows, such as how bubbles affect the flow field, and what forces act
on a bubble-liquid interface and deform it.

Industrial scale simulations are often computationally too expensive to
be fully resolved by DNS. A fundamental parameter for single phase flows,
that characterises the computational cost of a numerical simulation, is the
Reynolds number, defined as the ratio between the magnitudes of convection
and diffusion. Most industrial units operate at high Reynolds numbers, where
the convective effect is dominant. This generates very small scales of motion
that need to be captured by a correspondingly fine grid. With increasing
Reynolds number DNS become computationally more expensive, and after
some threshold unfeasible, even on the largest computer currently available.

As mentioned above, the presence of a second phase adds even more scales
to the spectrum than those introduced by turbulence alone. A viable practical
approach is then to solve a set of averaged equations with the aim of filtering
out the smaller details, while retaining the basic physical phenomena of the
system in terms of dynamics at the larger scales [1, 2]. The averaging process
relies on the concept of representative elementary volume. The dimension
of an elementary volume has to be many times larger than the small-scale
non-uniformities, but at the same time much smaller than the characteristic
macroscopic dimension of the problem [1]. This is a well-defined concept
when the scales are well separated but, as often happens in fluid dynamics,
this condition is not always satisfied [3]. Furthermore, similarly to single
phase flow, the averaging of the momentum equation produces an additional
tensor, referred to as streaming stress, which needs a closure model. While
simple models, like the mixing-length model, already yield useful results for
certain single phase flows, for multiphase flows simple approaches are very
limited. In this respect, DNS results in a comprehensive database to test and
validate these models as well as other forces present in the averaged equation
approach. Instead of solving the full scale problem, one can build a prototype
case, affordable by DNS, that contains all the relevant physics. The analysis of
the DNS data can then be used as input for the averaged multiphase models.

The aim of this thesis is to develop an accurate and computationally effi-
cient tool for DNS of turbulent bubbly channel flow. Single phase turbulent
channel flow has been the subject of great interest in the past decades [4–7].
The simple geometry of the channel leads to simplified functional forms of

2



1.1. The relevance of DNS in two-phase bubbly flows

the mean velocity in the boundary layer and in the core of the channel; the
periodicity in the stream-wise and the span-wise directions allows to reduce
the averaged quantities to one-dimensional profiles along the wall normal di-
rection resulting in a more intuitive interpretation of the essential physics of
the system. A variety of studies has yielded insight into both the statistical
and the structural characteristics of wall-bounded turbulence [8,9]. The same
concept can be applied to two-phase turbulent channel flows. While single
phase flow has been studied for a considerable time, the presence of a second
phase in the flow drastically changes the structure of the turbulence, making
the problem significantly more complex and accessible to detailed simulations
only much more recently.

A comprehensive review of DNS of bubbly flows is presented in [10]. In
the pioneering work [11] a DNS of a turbulent channel down-flow, with fully
deformable bubbles, is carried out for different gas volume fractions. Several
first order and second order statistics are computed and compared with single
phase channel flow: the migration of bubbles toward the core of the channel
was observed and related to the lift force, leaving a bubble-free wall boundary
layer; the addition of bubbles significantly reduces the mass flow rate while
the wakes generated by the rising bubbles significantly increase the velocity
fluctuations in the core of channel. The companion papers [12,13] focus on the
effect of the bubble sizes and the bubble deformability. Since the appearance
of these two seminal papers, the interest in DNS of turbulent bubbly flows has
grown considerably. More recently, in [14, 15] an up-ward flow configuration
was investigated for different initial bubble distributions.

Due to the ever increasing computational power, it has now become feasible
to simulate a large number of bubbles, going from tens of bubbles to hundreds
of bubbles. The increasing number of bubbles makes the definition of repre-
sentative elementary volume more meaningful and thus provides a more useful
database for two-fluid models [1]

An important current limitation is that in most of the literature a math-
ematical fluid is used. In particular, the mass density ratio between the fluid
and gas phase is set to O(10). High mass density ratios are notoriously chal-
lenging from a numerical standpoint. The relative velocity of the rising bub-
bles increases with the mass density ratio because of buoyancy, resulting in
a thin boundary layer around the bubbles that needs to be resolved by a
fine grid. Furthermore, the efficiency of the standard Poisson solvers used
for single phase flows strongly deteriorates when the mass density ratio in-
creases [16, 17]. Hence, long statistically converged simulations of turbulent
flows become unfeasible. While these mathematical fluids are undoubtedly
useful to study basic mechanisms of two-phase turbulence, it is questionable
whether the same consideration can be directly applied or extrapolated, e.g.,
to a real air-water system.

3



CHAPTER 1. INTRODUCTION

The method developed in the present work attempts to take a step forward
in the direction of DNS of turbulent channel flows loaded with thousands of
bubbles for mass density ratios closer to a real air-water system at atmospheric
pressure. In order to achieve this, efficiency, parallel scalability and accuracy
are essential. A collection of state-of-the-art numerical methods has been
implemented and carefully tested in the solver, called mphBox (MultiPHase
Box), inspired by two existing solvers: Gerris [18], for the transport of bubbles
and the surface tension computation, and AFiD [19] for the solution of the
Navier-Stokes equations. Moreover, the developed solver has been used for
the analysis of the statistics of a set of turbulent bubbly channel flows.

The designed solver can also stimulate further research and serve as a
base platform for the analysis of flow patterns in boiling flows. A variety
of regimes can be found in practical applications of heated pipes: bubbly
flow, slug flow, churn flow and annular flow [20]. At present, given the high
complexity of these systems, only simplified flow regime maps are available,
whose boundaries between one regime and another are often determined by
visual observation or empirical relations. From a numerical standpoint, the
presence of phase change introduces majors challenges to DNS. To name a few,
the mass transfer rate modifies the continuity equation with the addition of
a concentrated source term at the two-phase interface that requires a special
treatment [21–23]. Large temperature gradients are typically present at the
two-phase interface due to phase change which require a high resolution grid,
often orders of magnitude finer than that needed for the velocity field [24,25].
Recent studies [26] have investigated heat transfer in turbulent bubbly flow
proving the feasibility of DNS for such flows at moderate Reynolds numbers.
Convective heat transfer can be considered as a predecessor of turbulent boiling
flow. This, combined with the ability of the VOF method to handle large
topology changes, makes the developed solver a potential method for a better
understanding of the fundamental mechanisms of boiling systems.

1.2 Numerical methods for DNS of two-phase flows

The most used and successful methods for DNS of bubbly flows are based on
the so called “one-fluid” formulation [1] of the governing equations (see section
2.2 for a detailed introduction to the formulation). A single set of equations
is solved for the whole domain, gas and liquid, where the material properties
of the two fluids are accounted for by means of an indicator function for the
tracking of the second phase. Several methods for the choice and transport
of the indicator function are found in literature: the volume of fluid (VOF)
method [27], the front-tracking method [28], the level-set (LS) method [29], the
local front reconstruction method (LFRM) [30] as well as various combinations

4



1.2. Numerical methods for DNS of two-phase flows

of the aforementioned methods among which the VOF-LS method [31].

In this thesis the VOF method, for reasons explained below, has been
used. An extensive review on the VOF method is given in [32] and some
details are discussed in Section 2.1. Here, the description is limited to point
out the essential features of this method and its advantages with respect to
other methods treating bubble dynamics in a flow of liquid.

1.2.1 Indicator function advection in the VOF method

The VOF method solves the evolution of the indicator function, being the
volume fraction, in an Eulerian formulation. The second phase is not tracked
explicitly, in a Lagrangian sense, but it is captured on a fixed numerical grid.
Based on the basic conservation laws, the transport of the volume fraction
results in a hyperbolic differential equation. Physically, this means that the
volume fraction follows the fluid particle trajectories without changing its
value. Given the initial volume fraction field as equal to 1 inside one phase and
equal to 0 in the other, its evolution at any simulation time will ideally always
be a Heaviside-like function. A crucial point of the numerical method is then
the discretisation of the volume fraction fluxes. A first order approximation,
e.g., an upwind discretisation, leads to excessive numerical diffusion of the
interface. A standard central second order finite difference discretisation would
lead, on the other hand, to a sharper volume fraction field, but has numerical
stability issues. Possible alternatives are so called high-order discretisation
schemes [33–35]. The idea behind these is to build a discretisation scheme
that is more than first order accurate and at the same time leads to a positive
discrete convective operator, which ensures boundedness of the volume fraction
field between 0 and 1. This has been achieved through the introduction of non-
linear differencing schemes, referred to as limiter schemes. The non-linearity
of the scheme, however, does not guarantee convergence with grid refinement
for all the flow properties [36]. Furthermore, while it works rather well for
one-dimensional problems, it still shows some degree of diffusion of the two-
phase interface for higher dimensional problems. A different approach, based
on geometrical evaluation of the volume fraction fluxes, has been adopted in
this thesis. In a first step, the interface is reconstructed by a piece-wise linear
interface calculation (PLIC) [37]. Subsequently, an estimation of the fluxes
is possible via purely geometrical considerations basically moving interface
segments with a velocity that is computed locally. This method has been
shown to converge to second order accuracy with grid refinement [38–41] and
it delivers a sharp interface by construction. The complexity introduced by the
geometrical VOF method results in a higher computational cost compared to
high-order discretisation schemes, but this is outweighed by its higher accuracy
resulting in a more efficient algorithm [41].

5



CHAPTER 1. INTRODUCTION

1.2.2 Curvature computation in the VOF framework

Another crucial point of the VOF method, sometimes referred to as its “Achilles’
heel”, is the computation of the curvature field on which the surface tension
contribution to the dynamics depends. A numerical approximation of the cur-
vature can be obtained from derivatives of the volume fraction field. While this
approach is easily implemented by applying standard finite difference schemes,
it leads to large errors [42,43] and does not converge with grid refinement. The
convergence of finite differences relies on the assumption of smoothness of the
indicator function, which is not satisfied by the VOF method, since it keeps
the interface sharp. To overcome this problem, a smoothed version of the
VOF field can be introduced, but in practice this smoothening only mitigates
the problem and does not really address the key problem. If the smoothing
length is too small, spikes in the curvature field are observed; a smoothing
length that is too wide smears out sharp corners affecting the shape evolution
of the bubbles. More importantly, any deviation from the exact value of the
curvature results in so called spurious currents [44,45], which are characteris-
tic for the numerical error and prevent a clear interpretation of the physical
mechanisms at work. The time evolution of the spurious velocities is con-
trolled by the Laplace number defined as the ratio of the surface tension force
and the viscous dissipation force. When the effect of the surface tension is
important with respect to viscosity, in other words for high Laplace numbers,
these spurious velocities can grow significantly and even take on values of the
same order of magnitude as the physical velocity field. This is the case for
turbulent channel flows analysed in this work, where the surface tension in an
air-water system is rather large while the viscosity is small.

A more accurate approach for the computation of the curvature is the
height function (HF) method [46]. For each interface cell a local approximation
of the front is built based on volume fraction values (the height function). A
local approximation of the front is then found from the height function. From
this reconstruction the curvature field can be obtained by standard central fi-
nite differences, showing second-order converge with grid refinement [42]. The
HF method substantially reduces the spurious velocities allowing for mean-
ingful simulations at high Reynolds numbers. A drawback of this approach
is that, in cases where the local radius of curvature is comparable to the
grid spacing, the definition of the height function becomes inconsistent. To
overcome this problem, the generalised height function method (GHF) was
developed in [47]. In the particular cases where the HF method suffers from
too low local resolution, a least squares fitting of a paraboloid is applied, from
which an analytical expression for the curvature can be derived. With the
latter modification the HF method becomes a robust and accurate way of
computing the surface tension force. This is the method implemented in the

6



1.2. Numerical methods for DNS of two-phase flows

mphBox solver.

1.2.3 Drawbacks and advantages of the VOF method com-
pared to the Front Tracking method

The Eulerian framework of the VOF method allows to handle large defor-
mation and topological changes without requiring additional numerical algo-
rithms. Whenever two bubbles merge or one bubble breaks up in two smaller
ones, this will simply result in a different indicator field distribution. Com-
pared with the front-tracking method, this is a significant advantage of the
VOF method. In the former method additional computational points are in-
troduced to track the interface between gas and liquid. The marker points
are advected in a Lagrangian fashion, along with the two-phase interface and
this allows for a very accurate interface representation. This is best suited for
well-defined interfaces that are easily detectable in the initial condition and re-
main as such during the whole simulation time. Break up and coalescence are
possible in front tracking methods but require non-trivial algorithms of point
redistributions, additions or eliminations. These are also a source of introduc-
ing heuristic steps in the total computations. It has to be remarked, however,
that in those physical situations in which coalescence does not happen, partic-
ular care has to be taken in the VOF formulation to avoid so called “numerical
coalescence”. One way to achieve this, is by using the multiple-marker for-
mulation [48], in which an individual volume fraction field is assigned to each
bubble. This is the choice adopted in this thesis for the simulation of dispersed
bubbly flows.

1.2.4 Drawbacks and advantages of the VOF method com-
pared to the LS method

The LS method belongs to the same family as the VOF method, where the
indicator field is replaced by the signed distance function from the interface.
As mentioned above, the volume fraction field is a numerical approximation
of a Heaviside function and therefore varies abruptly from one phase to the
other. In contrast, the distance function, by definition, varies smoothly across
the interface. This simplifies the advection algorithm of the level set function.
Furthermore, if one computes the curvature field from the derivatives of the
indicator function, then the LS method should lead to a more accurate eval-
uation of the curvature than the VOF method. The less complex advection
algorithm and a supposedly accurate computation of the surface tension have
led to the popularity of the LS method, that has been often adopted instead
of the VOF method. In practice it has been shown that the actual computed
distance function, i.e., the distance function advected in the LS method, is

7



CHAPTER 1. INTRODUCTION

prone to high frequency aliasing errors [42]. This deteriorates the convergence
with grid refinement and leads to erroneous values of the curvature. These
errors are of the same order of magnitude as the errors one would obtain by
applying the same formula for the computation of the curvature to a smoothed
version of the volume fraction field [42]. Furthermore, the LS method is not
mass conserving (a periodic reinitialisation of the distance function is needed
to improve mass conservation), while the VOF method conserves mass by
construction.

In this thesis the combination of the VOF method and the GHF method
is pursued, offering an accurate and efficient choice. It should be noticed, that
while the LS is easily extensible to complex meshes, the VOF method becomes
significantly more complex for unstructured meshes. An interesting alternative
is the coupled VOF-LS method [31]. This approach exploits the benefits of
both the VOF and the LS methods. The main advantage of transporting
a signed distance function is that it allows to define an accurate mapping
of the surface tension force onto the Eulerian grid by using the Ghost-Fluid
method (GFM) [49,50]. While in this thesis the continuum-surface-force (CSF)
approach [51] is used, a local distance function to the interface can be easily
reconstructed from the geometrical information readably available from the
PLIC calculation, without having to solve for an additional equation.

1.3 Structure of the thesis

The thesis is structured as follows: in Chapter 2 a comparison between the
geometrical VOF method and a high-order advection algorithm, referred to as
compression method, is carried out for the case of rising bubbles. A detailed
analysis in terms of accuracy and convergence rate is reported, through a
critical investigation of the mathematical properties of the two methods. An
early implementation of the geometric algorithm is realised in openFOAM [52],
and validated for standard kinematic test cases as well as for the case of a rising
bubble in a viscous liquid.

Chapter 3 details the features of the mphBox solver in which several specific
extensions with respect to the openFOAM implementation have been intro-
duced. Specifically, we mention a staggered, energy conserving Navier-Stokes
solver for wall bounded turbulence, the GHF method for the computation of
the surface tension and the multi-marker approach for bubble-bubble interac-
tion. A description of the parallel implementation (hybrid MPI-openMP) is
also given. Subsequently, a convergence analysis in the event of droplet col-
lisions and interactions with the wall is reported and the method is adopted
for turbulent channel flow.

In Chapter 4, a turbulent downward bubble-laden channel flow is analysed.

8



1.3. Structure of the thesis

The flow is considered at different volume fractions at a mass density ratio of
100. The set-up is analogous to [11], where a minimum channel flow at a fric-
tion Reynolds number Reτ = 127 is studied. Statistics of the volume fraction
and of the velocity are computed and compared with the corresponding single
phase flow. Subsequently, two simulations for larger numbers of bubbles are
carried out to investigate the effect of volume fraction. The attention is then
turned to simulations for high mass density ratios. In particular, a modified
pressure equation is introduced, as described in [53,54], that enables the use of
a fast Poisson solver. This entirely overcomes the slow down of the convergence
of the standard multigrid solver used for the Poisson equation at the expense
of introducing an additional error term. The effect of this discretisation is
analysed and compared to the solution of an unmodified pressure equation.
Finally, a scalability test of the fast Poisson solver shows the potential for
simulations at high mass density ratios on high resolution grids.

A summary of the main findings and an overview of possible future devel-
opments are provided in the concluding chapter 5.
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Chapter 2

Rising bubble in a laminar
flow

2.1 Introduction

The present chapter is concerned with isothermal, incompressible two-phase
gas-liquid flows. The interface between the two phases is represented im-
plicitly by adopting the Volume-of-Fluid (VOF) method [27] which has been
extensively used in the CFD community [32,38,47] and has been shown to be
robust and able to capture topologically complex interfaces. Here we present
a careful comparison between two numerical methods, representative of two
classes of numerical methods for the advection of the interface between two
phases: a VOF-PLIC algorithm with split advection technique [37] and the
scheme presented by [55] based on interface compression. It is important to
test the advection algorithms for different physical parameters of the fluid
flow in order to assess the reliability of numerical predictions. Establishing
the accuracy of the numerical method for the advection of the phase indicator
function in real-life problems, such as a rising bubble in a viscous liquid, is not
straightforward since no analytical solution is available. This thesis addresses
the issue of selecting the best numerical prediction method from two classes
of methods, not only by assessing the accuracy of both methods for numerical
benchmark cases but also by showing the viability of the method for complex
flows with a deforming interface. The benefit of this combined comparison is
to establish the numerical features of the two schemes on a simplified set up
where exact solutions are known and at the same time to assess the validity
of the numerical results on problems of physical relevance.

The shape regimes for bubbles and drops in gravitational motion through
a liquid can be determined as functions of buoyancy, surface tension and vis-
cosity expressed by the Reynolds (Re) and the Eötvös (Eo) numbers. For
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example, a single buoyant bubble at sufficiently low Eo, remains close to a
sphere. For high Eo value buoyancy is dominant over surface tension, causing
the bubble to deform, creating wakes that lead to a different flow dynamics.
Numerous numerical studies are available in literature on rising bubbles un-
der different flow conditions [28, 56–61]. Here, the numerical simulations are
carried out in the open-source code OpenFOAM R© [52] where the compression
method is present as a built-in feature, while the VOF-PLIC algorithm has
been implemented in this work. The data from the benchmark reported in [62]
on a rising bubble in a viscous liquid, are used as point of reference.

A crucial point in any numerical method for direct numerical simulation of
multiphase flow is the advection of the phase indicator function. In the VOF
approach, the discrete indicator function is the volume fraction occupied by
a particular fluid within one cell. This function is not smoothly distributed
across the interface where we have a sharp discontinuous field between 0 and
1. Conventional convective differencing schemes can either lead to excessive
smearing of the interface thickness or to violation of the boundedness of the
volume fraction to [0, 1]. Therefore, the choice of the discretisation scheme
for the transport of the phase indicator has a large influence on the surface
dynamics and a careful assessment is required. A comprehensive set of assess-
ment steps is introduced in this work and applied to the compression method
and to PLIC.

Another important aspect of the numerics is the mapping of the pressure
drop onto the underlying computational grid [63, 64], and the discretisation
of the surface tension, which requires the computation of the curvature. A
poor estimate of the curvature often leads to unphysical velocities around the
interface, resulting in a substantial loss of accuracy. Several techniques have
been developed [43, 47, 51]. In this chapter, we focus on the transport of the
phase indicator function since an accurate advection algorithm delivers an ac-
curate representation of the interface and the geometrical properties related to
it. These geometrical properties, in turn, are key for pressure/surface tension
mappings.

For the numerous techniques that have been developed to treat this prob-
lem, two classes can be distinguished: methods that discretise the hyperbolic
equations for the advection of a step function by using high resolution and tai-
lored discretisation schemes [33–35, 65–67]; and methods based on geometric
interface reconstruction as well as geometric evaluation of fluxes [64,68,69].

High resolution differencing techniques are usually based on a combination
of higher and lower order discretisation schemes of the convective term. The
discontinuity of the volume fraction at the interface can lead to numerical
oscillations. To prevent this, non-linear differencing schemes are employed to
achieve a discrete operator of positive type and at the same time an accuracy
higher than first order. These methods have no limitations for grid topology
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and can be volume fraction preserving. The drawback is a loss of accuracy
due to inevitable smearing out of the interface during the advection process
due to numerical diffusion at the interface.

Geometric advection schemes are characterised by an accurate represen-
tation of the interface by a number of curves/surfaces, to match the local
volume fraction. The reconstructed interface is subsequently advected. The
interface reconstruction method proceeds in a number of steps. A major ef-
fort is related to the estimation of the intersection of the interface with a
grid cell. This procedure is commonly combined with a split advection algo-
rithm [38,70] in which the transport of the volume fraction field is sequentially
carried out along each orthogonal direction separately. While our method uses
the split advection algorithm along Cartesian coordinates, making it suitable
for orthogonal meshes, unsplit advection algorithms can be developed that
are suitable also on unstructured meshes [71]. A review of split advection
algorithms is beyond the purpose of this work and can be found in [39].

An important high-order method is the interface compression method pre-
sented by Rusche [55] and also adopted in [61], while the piece wise linear
interface calculation (PLIC) algorithm with a split advection technique [37] is
representative of the class of geometric methods. The present work presents
a comparison between these two methods as these are representative of the
two classes, making this study meaningful also for other methods. On the one
hand the compression method is less accurate but also less expensive. The
platform we work with is OpenFOAM R©, which includes the multiphase solver
interFoam based on VOF in which the compression method is used for the
advection of the volume fraction. For this study, a new solver for both 2D
and 3D geometrical VOF algorithms was developed within the OpenFOAM R©

framework. The implementation is done in the C++ programming language
for high modularity and reusability.

The organisation of this chapter is as follows. In section 2.2 and 2.3 we
present the mathematical formulation of the problem and the resulting nu-
merical algorithm, respectively. For the VOF-PLIC reconstruction procedure,
we adopt the method proposed in [72]. This procedure makes use of analytic
relations for the computation of intersections between an interface and a com-
putational cell, which allows a robust implementation. The splitting algorithm
is a sequence of implicit and explicit Eulerian time-stepping calculations of the
fluxes as described in [37]. In section 2.4, the methods are validated for several
so-called advection test cases where a velocity field is imposed externally and
only the transport of the volume fraction is solved. Comparisons with liter-
ature and with the results obtained from the CFD tool ANSYS Fluent [73]
are made. Subsequently, in section 2.5, a simulation of a rising bubble in a
viscous liquid is carried out. The parameters of the simulation are as given in
the benchmark [62], in which the simulation has been performed with three
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independent codes. The accuracy and the convergence of the two advection
algorithms is investigated by studying the time evolution of the circularity
and the bubble shape. The results are then compared with the ones in the
benchmark. Concluding remarks are collected in Section 2.6.

2.2 Mathematical formulation

The multiphase flow is simulated by solving a single set of equations for the
whole domain. The interaction between the two phases is incorporated in
the equations as concentrated source terms acting only at the interfaces. The
Navier-Stokes and the continuity equations for the motion of a viscous, incom-
pressible, immiscible two-fluid system can be written as [1]

∂

∂t
(ρu) +∇ · (ρuu) = −∇p+ ρg +∇ · (2µD) + σknδ(n) (2.1)

∇ · u = 0 (2.2)

Here u = (u, v, w) is the velocity field, ρ is the mass density of the fluid, µ
is the dynamic viscosity, D is the deformation tensor, Di,j = (∂iuj + ∂jui)/2,
σ is the surface tension coefficient, k is the curvature of the interface and n
is a normal to the interface, g is the gravitational acceleration. The Dirac
delta function δ(n), with n being the local coordinate normal to the interface
in the direction of n, locates the surface term at the interface only. The mass
density and the viscosity are assumed to be constant in each phase separately.
The spatial distribution of the phases is defined by the indicator function
f(x, t). The function f is a Heaviside function which is equal to 1 if (x, t)
is in one of the phases and equal to 0 in the other. At a numerical level f
can have a smooth transition between these values and in the VOF approach
it represents the volume fraction of one phase. Mass density and dynamic
viscosity are expressed by

ρ(x, t) = fρ1 + (1− f)ρ2 (2.3)

µ(x, t) = fµ1 + (1− f)µ2 (2.4)

where ρ1, ρ2 and µ1, µ2 are the mass density and the dynamic viscosity of the
two separate fluids, respectively. In the absence of phase change, the phase
indicator simply follows the fluid flow. The function f is then constant along
particle paths, which implies that the material derivative is zero, leading to
the following equation:

∂f

∂t
+ u · ∇f = 0. (2.5)

The set of equations (2.1), (2.2) and (2.5) describes the multiphase flow. The
next section focuses on the numerical discretisation of the governing equations.
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2.3 Numerical algorithm

In this section we first describe the discretisation and the numerical solution of
the Navier-Stokes equations. Subsequently, we turn the attention to the dis-
cretisation of the surface tension term after which follows a detailed description
of the numerical algorithms for the advection of the indicator function (2.5).

2.3.1 Navier-Stokes algorithm

The Navier-Stokes equations are cast in a momentum-conservative formula-
tion on a collocated arrangement of the grid. The primary variables, i.e., u,
p and f , are then stored in cell centres. The indicator function is represented
by the value of the volume fraction f in each computational cell. The advec-
tion equation (2.5) is solved first using an explicit time integration method
where the velocity field is computed at time tn = n∆t (see section 2.3.3 and
2.3.4), with ∆t the time-step. Once the volume fraction fn+1 is known, the
fluid properties are updated using (2.3) and (2.4). A second order backward
differencing scheme in time (BDF2) of (2.1) combined with imposing (2.2) at
the new time level leads to

1

∆t

[
3

2
(ρu)n+1 − 2(ρu)n +

1

2
(ρu)n−1

]
= Rn+1

∇ · un+1 = 0

(2.6)

where we take Rn+1 = −∇pn+1−∇·(ρuu)n+1+∇·(2µD)n+1+(σknδ(n))n+1−
(ρg)n+1. A semi-discrete form of the momentum equation, using the finite
volume method, reads

aPuP = H(u)−∇p̂+ F. (2.7)

where uP is the discrete velocity vector in the centre of cell P . The term on
the left-hand side and the second and the third term on the right-hand side
of equation (2.7) are computed at time n + 1. The vector H(u) is defined as
H(u) =

∑
nb anbu

n+1
nb + 1

∆t [2(ρu)nP −
1
2(ρu)n−1

P ] in which the sum runs over
all nearest neighboring cells of P . The coefficients aP and anb result from the
discretisation of the time derivative, the diffusion term ∇ · (2µD)n+1 and the
convective term ∇ · (ρuu)n+1 for all the neighbouring cells nb of a generic cell
P . Figure 2.1 shows a schematic example of a 1D grid. A full description of
the coefficients aP and anb can be found in [55]. We made use of the modified
pressure p̂ = p − ρg · x, with x the position vector. This form allows an
efficient numerical treatment of the steep mass density jump at the interface,
on a collocated grid, as shown in [55]. The vector F contains the discretisation
of the remainder of the gravity term −g · x∇ρ and the surface tension term.
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W EPw e

Figure 2.1: Schematic 1D stencil where the dashed line defines the boundary of a
control volume with the grid point P as its center. The points W and E are the
centroids of the neighbouring cells nb to the West and to the East. Corresponding
cell faces are labeled w and e.

The treatment of the source term F will be explored in more detail in section
2.3.2. From (2.7) a discrete velocity field at cell faces can be obtained as
follows [74]

uf =

(
H(u)

aP

)
f

−
(

1

aP

)
f

[∇f p̂− (F )f ] (2.8)

where ()f indicates quantities interpolated at cell faces and ∇f is a standard
face-centred gradient operator. The application of the continuity constraint
(2.2) to (2.8) leads to the Poisson equation for the pressure:

∇ ·

[(
1

aP

)
f

∇f p̂

]
= ∇ ·

(
H(u)

aP

)
f

+∇ ·

[(
1

aP

)
f

(F )f

]
(2.9)

From the solution of the pressure field we can build a discrete divergence-
free velocity by using interpolation (2.8). This step, analogous to the explicit
correction introduced by Rhie and Chow [75], avoids the classical problem of
decoupling of the pressure and velocity field on a collocated grid [74].

The PISO algorithm [76], is used to couple the system of equations (2.7)
and (2.9). A first predictor step is employed to obtain an intermediate velocity
field by solving equation (2.7) where the pressure is the one at the previous
time-level. This step requires the solution of a linear system. Subsequently, a
number of explicit corrector steps are performed. The continuity constraint is
enforced through (2.9) after which follows a new velocity field that is explicitly
computed from (2.7). The number of explicit corrector steps influences the
accuracy of the solution and at least two steps are necessary to match the
second order accuracy of the time integration scheme [76]. This algorithm has
been shown to be particularly suitable for implicitly discretised Navier-Stokes
equations.

A centred finite-difference operator is used for all the spatial derivatives.
The explicit time integration (2.5) implies the time step restriction [77]:

∆t ≤ min
D

(
c
h

|u|

)
(2.10)

where h is the grid size, D is the spatial domain, and c a coefficient that de-
pends on the dimensions of the problem and on the particular discretisation
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used for the transport of the volume fraction field. According to Brackbill [51],
the time step has to resolve the capillary wave, which leads to the restriction
∆t <

√
(h3(ρ1 + ρ2)/(4πσ)). This condition is deduced in the ideal situa-

tion of an interface separating two inviscid fluids with zero mean flow and
zero gravity. For the simulations analysed in this study involving of a rising
bubble in a viscous liquid, we did not find any unstable behaviour for time
steps exceeding this stability restriction. Stable results are also found in the
benchmark [62] under the same time-step conditions.

2.3.2 Discretisation of surface tension

The surface tension term is modelled with the continuum-surface-force (CSF)
approach proposed by Brackbill [51]. The delta function δ(n)n is replaced by
the gradient of a smoothed volume fraction field f̃ :

σkδ(n)n ≈ σk∇f̃ (2.11)

where the curvature k is computed as

k = ∇ · ñ (2.12)

with

ñ =
∇f̃
|∇f̃ |

(2.13)

This approach is known to suffer from spurious currents for the case of a
static droplet under zero gravity. As pointed out in [44, 45, 63, 78] the source
of this parasitic velocity can be traced back to two main causes: an inaccu-
rate computation of the curvature and a discrete imbalance between pressure
gradient and surface tension. Under zero flow and gravity conditions equilib-
rium reads ∇p = σkδ(n)n. At a numerical level this condition can be violated
while estimating the surface tension at the face centres in equation (2.9) by
simply averaging the values from the cell centres. In OpenFOAM R© a discrete
equilibrium between surface tension and pressure gradient is obtained by the
following procedure. In the Poisson equation (2.9) the contribution from the
surface tension is computed by applying the operator ∇f to the volume frac-
tion field. The same relation is used for the face-centred velocity (2.8), so that
(F )f is replaced by

(F )f = σkf∇f f̃ (2.14)

Differently, the cell-centred velocity, obtained from (2.7), is computed by re-
placing the term of the pressure gradient and the source term F in the following
way:

−∇p̂+ F =
∣∣∣−∇f p̂+ σkf∇f f̃

∣∣∣f→c (2.15)
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where | · |f→c represents the average of the faces of a computational cell to
its central node. This procedure makes the discrete gradient of the pressure
and volume fraction compatible and it has been shown to significantly reduce
the spurious currents [47,63]. The same steps are applied to the mass density
gradient in the gravity term.

As equations (2.12) and (2.13) show, an accurate computation of the cur-
vature and the normal vector to the interface relies on an accurate numerical
discretisation of the first and second derivative of f̃ . The steep gradients of
the volume fraction at the interface, that characterise the transition from one
phase to the other, can lead to an overall loss of accuracy of the numerical
solution. This point does not seem to be addressed in OpenFOAM R©, where
no regularisation of the delta function in (2.11) is applied. In this study, a
smoothing technique based on the convolution of the volume fraction field f
with a kernel Φ is employed [79]. In particular, consider the following problem:

∂ϕ(x, τ)

∂τ
= k∇2ϕ(x, τ) in Rn × [0,∞)

ϕ(x, 0) = g(x) in Rn
(2.16)

with g(x) continuous and bounded and lim|x|→∞ ϕ(x, τ) = 0. The solution to
problem (2.16) is the spatial convolution

ϕ(x, τ) = g ∗ Φ =

∫
Rn
g(s)Φ(x− s, τ)dns (2.17)

where the kernel function Φ(x, τ) has the following expression

Φ(x, τ) =
1

(4πkτ)n/2
e−

|x|2
4kτ (2.18)

with |x|2 =
∑n

i (xi)
2. If we set g equal to the volume fraction f at the current

time level, we can obtain a spatially filtered field f̃ by solving the unsteady
diffusion problem (2.16). The fictitious time τ and diffusivity k control the
smoothing length. An explicit time integration of (2.16) has the advantage of
having a low computational cost per grid-point and time step and can easily
be implemented. The parameter τ is determined such that at a distance equal
to the smoothing length sl the value of the kernel is close to zero. This is
obtained by

Φ(sl, τ)

Φ(0, τ)
= ε (2.19)

where ε is an arbitrary small number, that we choose equal to 10−3. Equation
(2.19) gives

τ =
s2
l

12k ln(10)
(2.20)
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In practice, the volume fraction needs to be spread over a few computational
cells only, since the CFS approach requires a transition region of f from 1
to 0 on a narrow band across the interface. A small number of time-steps
is then needed. The overall time derivative truncation error is therefore in
practice negligible with respect to the space derivatives truncation error, so
that an Euler forward scheme can efficiently be used for the time marching of
(2.16), while a central differencing scheme is used for the discretisation of the
Laplacian.

A smoothing length of about 3 cells is used for the evaluation of a centred
3 point stencil approximation of the first derivative of f̃ in all the advection
cases analysed in section 2.4. Preliminary tests have shown that values much
larger than 3 would result in a loss of accuracy due to excessive smearing of
sharp edges. Values smaller than 3 would lead to computing derivatives on a
too steep function resulting in a large discretisation error. The computation
of the curvature, via equation (2.12), is much more sensitive than the com-
putation of the normal n to the variations of the smoothing length. For this
reason, a systematic study of the influence of sl is conducted in section 2.5.1
on a simulation of rising bubble, where k appears in the surface tension term.
The filtering of the volume fraction field f was found to be crucial for the
convergence of the numerical solution, as observed in [42].

2.3.3 VOF advection algorithm with piecewise-linear geomet-
ric method

The transport equation (2.5) is solved by using a piecewise-linear geometric
VOF scheme [69]. Geometrical Volume-of-Fluid methods consist of two steps:
the interface between the two fluids is first approximated according to a defined
shape; next, based on the approximate interface, the fluxes are evaluated and
the interface is advected.

In the piecewise-linear VOF scheme the interface in a grid cell is defined
by

n · x = q (2.21)

where n is the normal vector to the interface, that is computed from (2.13), x
is the position vector and q a parameter related to the intersection points of
the interface with the coordinate axes. Equation (2.21) defines a line/plane,
respectively in 2D and 3D. The volume fraction in computational cells that
satisfy 0 < f < 1 is equal to the area/volume on the side of the line/plane of
the reconstructed interface (shaded region in Figure 2.2) divided by the cell
area/volume, according to the relation

f = T (n, q) (2.22)
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Vice-versa, given the field f and the normal vector n, the parameter q defines
a unique line/plane that satisfies the relation

q = T −1(n, f) (2.23)

We remark that f in (2.22) and (2.23) is the sharp volume fraction field since
the use of its smoothed version f̃ would lead to smearing of the interface,
violating so an essential feature of this method. The functions T and T −1

have been implemented in OpenFOAM R©, and they correspond to the rou-
tines developed by Scardovelli [72]. These are based on analytical root finding
formulas for quadratic/cubic equations and result in a robust numerical im-
plementation. A detailed description is given in the Appendix.

Once the interface is reconstructed by (2.23), the geometrical fluxes are
computed. A sketch of the flux estimation is illustrated in Fig. 2.2. The grey
area is the volume fraction of one phase in the computational cell (i, j). The
shaded region inside the dashed line will be convected by the face velocity
ui+1/2,j , to the neighbour cell (i+ 1, j) in time ∆t. The volume of this region
is an estimate of the flux (uf)i+1/2,j , which can be computed using relation
(2.22). The time-marching of the transport equation (2.5) is carried out by

f

ui+1/2, j

ui+1/2, jDt

i, j i+1, j

Figure 2.2: Schematic of 2D geometrical flux. The shaded region is occupied by one
phase inside the cell i, j. The portion of this region inside the dashed lines will be
convected by the velocity ui+1/2,j to the cell i+ 1, j in time ∆t

using an operator split method, where the advection of the volume fraction is
done sequentially along each coordinate direction. In this study, we make use
of the algorithm proposed by Puckett [37]. A 2D time discretisation of (2.5)
reads

f∗ = fn −∆t
∂(ufn)

∂x
+ ∆tf∗

∂u

∂x

fn+1 = f∗ −∆t
∂(vf∗)

∂y
+ ∆tf∗

∂v

∂y

(2.24)
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where f∗ is the volume fraction at an intermediate time level. Since the
relations (2.22) and (2.23) are only valid for values of the volume fraction
bounded between 0 and 1 the additional term f∗(∂xu+ ∂yv) is added to limit
the possible undershoots or overshoots that would occur after a single direction
sweep. The correction term vanishes in the total change (fn+1 − fn)/∆t
provided the velocity is divergence free. The corresponding 3D algorithm
reads [31]

f∗ = fn −∆t
∂(ufn)

∂x
+ ∆tf∗

∂u

∂x

f∗∗ = f∗ −∆t
∂(vf∗)

∂y
+ ∆tf∗∗

∂v

∂y

f∗∗∗ = f∗∗ −∆t
∂(wf∗∗)

∂z
+ ∆tf∗∗∗

∂w

∂z

fn+1 = f∗∗∗ −∆t

(
f∗
∂u

∂x
+ f∗∗

∂v

∂y
+ f∗∗∗

∂w

∂z

)
(2.25)

Similar to the two-dimensional case, f∗, f∗∗, f∗∗∗ are volume fraction fields af-
ter each advection sweep and the second term in the last expression of (2.25)
will subtract the contribution of the correction terms at the final time level
n + 1. Furthermore, in order to minimise asymmetries of the splitting tech-
nique, the order of the advection steps along each coordinate direction is alter-
nated. In particular, all possible permutations are performed. There are 2 of
these permutations for two-dimensional problems and 6 for three-dimensional
problems.

This VOF advection scheme has been shown to be not strictly mass con-
serving [38], since small overshoots or undershoots can still appear during the
advection steps. In practice, the error in the mass conservation has been found
to be small compared to the other sources of error [47]. A quantitative analysis
of the numerical errors of the advection algorithm is made in section 2.4.

2.3.4 VOF advection algorithm with interface compression method

In conservative form VOF equation (2.5) reads

∂fi
∂t

+∇ · (fiui) = 0, i = 1, 2 (2.26)

In this subsection, we derive the surface compression method, and distinguish
between the velocity fields u1 and u2 and the volume fractions f1 and f2 of
the two fluids. It is sufficient to consider only the evolution in time of one
of the two volume fractions, e.g., f1 advected by velocity u1. If the interface
is maintained sharp, as in the method described in the previous section, the
velocity u1 is assumed to be equal to the total velocity u (no mass transfer).
This is not true in the surface compression approach, where the interface is
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always smeared out over a few computational cells. According to [55, 80] the
total velocity u is defined as

u = f1u1 + f2u2 (2.27)

and the relative velocity ur as

ur = u1 − u2. (2.28)

Adding equations (2.27) multiplied by f1 to equation (2.28) multiplied by
f1(1− f1) we have

u1f1 = uf1 + f1 (1− f1) ur. (2.29)

Inserting (2.29) in equation (2.26) written for fluid 1 yields

∂f1

∂t
+∇ · (f1u) +∇ · [urf1 (1− f1)] = 0 (2.30)

The term ∇ · [urf1 (1− f1)] is the surface compression term which is only
active in the vicinity of the interface because of the product f1(1 − f1). The
additional term in equation (2.30) contributes to a higher interface resolution
which partially prevents the smearing out of the interface. The relative velocity
ur is not directly available from the one-fluid formulation because we solve for
the whole velocity u. The numerical implementation of the relative used in
OpenFOAM R© is given by

(ur)f = nf min

(
cγ

∣∣∣∣ φ|S|
∣∣∣∣ , ∣∣∣∣ φ|S|

∣∣∣∣
max

)
(2.31)

where the magnitude of (ur)f is bounded to the maximum face velocity in
the flow field and its direction is aligned with the normal to the interface nf
defined as [80]

nf =
(∇f)f

|(∇f)f + δ|
(2.32)

with δ a stabilisation factor. In (2.31) S is the cell face oriented area, φ is the
the flux uf · S and cγ is a tunable coefficient that determines the effect of the
compression term. The model (2.31) relies on the definition of relative velocity
(2.28), so that when the velocity u2 at the interface is small the relative velocity
will be close to u1. If the velocities are of the same order of magnitude the
coefficients cγ controls the intensity of the additional term in (2.30). We have
found that for values of cγ considerably lower than 1 the interface is excessively
smeared out. On the other hand, increasing cγ above 1 the resulting interface
is distorted and numerical instability may arise. Therefore, for all simulations
we have chosen cγ = 1. The same trends were observed in [61], and a value
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of 1 is also recommended by the OpenFOAM R© user guide. The Van Leer
scheme [81] is used for the discretisation of the convective term ∇ · (uf1),
while for the nonlinear convective term ∇ · (urf1(1 − f1)) a quadratic flux
limiter is used [52].

Equation (2.30) is solved explicitly by a multidimensional universal limiter
solver (MULES) [52]. This solver is designed to preserve the boundedness of
the volume fraction independently of the mesh topology and the numerical
scheme of the convective terms.

In this section we have presented the numerical algorithm detailing the
two main cores of it: the Navier-Stokes solver and the advection of the volume
fraction equation. In the next section a set of numerical solution of Equa-
tion (2.5) is generated and analysed in order to assess the accuracy and the
convergence of the two methods presented here.

2.4 Pure advection test cases

In this section we test the numerical algorithms described in section 2.3. A
set of advection test cases is performed in order to compare the interface com-
pression method with the piecewise-linear geometric method. The advection
test cases are kinematic simulations where equation (2.5) is solved, subject to
an assumed velocity field. This allows to isolate the numerical error of the
advection algorithm from that due to the computation of the velocity field
itself. The latter, fully coupled, situation will be considered in Section 2.5.

In all cases we present in this section, the external velocity field is defined
such that the body that is being advected returns to its initial shape after
some time. This gives a straightforward measure of the accumulated error
in a simulation. To be consistent with literature we use the following error
measures:

E1 =
∑
i

|fi − f̄i|hn (2.33)

E2 =

∑
i |fi − f̄i|∑

i f̄i
(2.34)

E3 =

∑
i(fi − f̄i)∑

i f̄i
(2.35)

where the summation is over all grid points, h is the constant grid size and
n is equal to 2 or 3 for 2D and 3D simulations, respectively. In these error
measures f is the numerical volume fraction at the end of the simulation
and f̄ is the volume fraction imposed as initial condition of the simulation.
The errors (2.33) and (2.34) are used to estimate the truncation error of the
numerical method while (2.35) is a measure for the mass conservation. The

23



CHAPTER 2. RISING BUBBLE IN A LAMINAR FLOW

rate of convergence with grid refinement is indicated in all subsequent tables
in italics and is computed by

Rk =
log((Ek)h/(Ek)h/2)

log(2)
(2.36)

where k = 1, 2, 3 and (Ek)h is an error measure on a grid size h. The conver-
gence rate R is equal to 1 for a first order method and 2 for a second order
method. For brevity, hereafter we refer to the interface compression method
as interFoam and to the geometrical VOF as gVoFoam.

For both methods, the advection algorithm requires the computation of
the vector normal to the interface as shown in (2.31), (2.22) and (2.23). In
the case of interFoam, this is achieved by (2.32). In the case of gVoFoam, n is
computed from the smoothed volume fraction field by (2.13).

2.4.1 Rotation of a 2D slotted disk

A solid body rotation of a slotted disk, often referred to as Zalesak’s test [65],
is simulated. The set up we employed here corresponds to the one used in [66].
The circle has a radius of 0.5 and it is placed inside a square domain of length
4 centred at (2, 2.75), with 200 cells along each dimension. The width and the
length of the slot are, respectively, equal to 0.12 and 0.6. The disk completes
a full rotation in 2524 time-steps, with a maximum Courant number [77] in
the domain of about 0.5. The velocity field is the following:

u = −ω(y − yc)
v = ω(x− xc)

where ω is the angular velocity and (xc, yc) the centre of the square.
In Fig. 2.3 the final numerical shape is shown together with the exact

solution. The result obtained with gVoFoam is visibly more accurate than that
obtained with interFoam. A quantitative analysis in Table 2.1, shows that the
results of gVoFoam are comparable with literature, while with interFoam we
observe a value of E2 about 5 times larger.

The error in the conservation of mass E3 is equal to −7.76 · 10−14 and
7.66 · 10−16 respectively for gVoFoam and for interFoam. The latter is mass
conservative by construction, and this result establishes confidence that its
implementation in OpenFOAM is reliable. The gVoFoam method is known
to suffer from small undershoots/overshoots of the volume fraction [38]. On
the contrary, in this particular test case, the velocity field satisfies ∂u/∂x =
∂v/∂y = 0. Therefore the 1D divergence correction terms in (2.24) are zero.
This makes the method mass conserving in this particular case, which is well
realized as E3 values indicate.
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Figure 2.3: Final shape in the Zalesak test: the black line is the exact solution; the
red line is the result from interFoam; the blue line is the result from gVoFoam. In this
simulation a resolution of 200× 200 was used with a maximum CFL number equal to
0.5

Table 2.1: Zalesak’s test [65]; grid: 200× 200

VOF algorithms Error (2.34) Error (2.33) Error (2.35)

Youngs [66] 1.09 · 10−2 / /
Elvira/Lagrangian [39] 1.00 · 10−2 / /

gVoFoam 1.36 · 10−2 9.71 · 10−3 −7.76 · 10−14

interFoam 6.61 · 10−2 4.71 · 10−2 −7.66 · 10−16
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2.4.2 Deformation field - 2D

A circle of radius 0.15 inside a unit sized box, with centre initially at point
(0.5, 0.75), is subjected to the following velocity field:

u = sin(2πy) sin2(πx) cos(
πt

T
)

v = − sin(2πx) sin2(πy) cos(
πt

T
)

This test case has been used by many researchers [38–40,66]. With respect to
Zalesak’s test, the presence of shear leads to deformation of the body of fluid.
The cosine term, depending on time, reverses the velocity field at t = T/2 so
that the deformed circle should return back to its initial shape at t = T . The
CFL number, based on the maximum velocity magnitude, is chosen equal to 1
to be consistent with literature. Table 2.2 shows the values of the error (2.33)
at T = 8 for different grid refinement. The results are compared with [38]. The
errors obtained with gVoFoam are on the same order of magnitude as reported
in [38] and second order convergence is observed. An unsplit time integration
scheme and computation of the interface normal based on a minimisation of
error [82] is used in [38]. That explains the small differences observed in Table
2.2.

Table 2.2: Error (2.33) in the 2D deformation field (CFL = 1). The convergence
rate R is reported in italic.

grid T = 8
gVoFoam Rider and Kothe [38]

322 5.90 · 10−2 4.78 · 10−2

2.03 2.78

642 1.44 · 10−2 6.96 · 10−3

2.37 2.27

1282 2.78 · 10−3 1.44 · 10−3

A CFL number close to 1 results in an unstable solution for the time
integration scheme used in interFoam [55]. To test the interface compression
method also away from this instability, we also considered CFL= 0.5 and
performed a grid refinement study. Fig. 2.4 shows the final shape of the circle
on a uniform grid with 128×128 cells while Fig. 2.5 shows the deformed shape
at T/2.

Clearly at the final time T = 8, interFoam fails to reproduce the exact solution
and is qualitatively in error, while the final result obtained by gVoFoam is very
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Figure 2.4: Contour level f = 0.5 for the 2D deformation field test on a 128 × 128
grid: the black line is the exact solution; the red line is the result from interFoam; the
blue line is the result from gVoFoam.
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Figure 2.5: Contour level f = 0.5 for the 2D deformation field test on a 128 × 128
grid at the maximum deformation time t = T/2: (a) gVoFoam; (b) interFoam.
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close to a circle. At t = T/2, where the deformation is maximum, a highly
fragmented interface is observed using the interface compression method while
gVoFoam appears more reliable. A quantitative comparison is reported in
Table 2.3. We notice that interFoam is superior in terms of conservation of
mass which is not remarkable as this aspect is built into the method. We also
notice that interFoam does not show convergence in E1 with grid refinement
suggesting even a systematic error. The error in the mass conservation with
the geometrical VOF is small for the coarsest grid considered and decreases
about one order of magnitude when halving the mesh size.

Table 2.3: Error (2.33) and (2.35) in the 2D deformation field (CFL = 0.5). The
convergence rate R is reported in italic. As final time we adopt T = 8.

grid E1 E3

gVoFoam interFoam gVoFoam interFoam

322 8.10 · 10−2 1.04 · 10−1 1.32 · 10−3 2.06 · 10−14

2.16 0.22 3.15

642 1.80 · 10−2 8.92 · 10−2 1.49 · 10−4 3.59 · 10−14

2.61 0.67 4.21

1282 2.95 · 10−3 5.58 · 10−2 8.04 · 10−6 6.12 · 10−14

As a further validation of the developed gVoFoam implementation, we com-
pare PLIC results against the commercial CFD tool ANSYS Fluent [73] for
the case T = 8 and CFL = 0.5. Figure 2.6 shows the error E1 as a function
of the grid size h. The results of both methods are within 30% of each other
with similar converge. This independent test provides an additional confir-
mation of the reliability of the gVoFoam implementation, while at the same
time establishing that also the Fluent PLIC implementation in 2D performs
as expected for this test case.

Figure 2.7(a) shows the computational time as a function of the resolution
on one core of a 2.2 GHz Intel Xeon Processor. gVoFoam is about 3 times
slower than interFoam on the finest grid. But if we look at the computational
time as a function of the error E1 (Figure 2.7(b)), we see that for the same
grid gVoFoam is about two orders of magnitude more accurate than interFoam.
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Figure 2.7: 2D deformation field test: (a) computational time CT as a function of
the number of grid points; (b) error E1 as a function of the computational time CT .
The solid lines show the results obtained with gVoFoam; the dashed lines correspond
to the results obtained with interFoam
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2.4.3 Deformation field - 3D

In order to validate the geometrical VOF method in three dimension, we test
the solver gVoFoam on the case proposed by [83], and later used by [40,84–86].
A sphere of radius 0.15 is centred at (0.35, 0.35, 0.35) in a cubic domain of size
one and advected by the following velocity field:

u = 2 sin(2πy) sin2(πx) sin(2πz) cos(
πt

T
)

v = − sin(2πx) sin2(πy) sin(2πz) cos(
πt

T
)

w = − sin(2πx) sin2(πz) sin(2πy) cos(
πt

T
)

for a period T = 3. The CFL number is taken equal to 0.5. Due to the
external velocity, the sphere undergoes significant thinning at the maximum
deformation, making this test case challenging for low grid resolution. Fig.
2.8 and Fig. 2.9 show the deformed shape at t = T/2 and the final shape
for, respectively, the grids 128 × 128 × 128 and 256 × 256 × 256. Consistent
with the results presented above, the isosurface at f = 0.5 is shown. At
the coarser resolution the volume fraction in the thinner part is lower than 0.5
which results in the empty area in the figure. The isosurface at a lower volume
fraction, e.g., at 0.2, shows a continuous shape. In Table 2.4 the error E1 is
shown and compared with the one obtained by [40] using the Youngs normal
calculation method [69] with a direction-splitting time integration scheme.
The relative differences with [40] are within 20% and the convergence rate is
comparable. The error in mass conservation on the coarsest grid 32× 32× 32
and on the finest grid 256× 256× 256 is, respectively, equal to 8.74 · 10−5 and
8.13 · 10−6.

Table 2.4: Error (2.33) in the 3D deformation field. The convergence rate R is
reported in italic

grid gVoFoam Liovic et al. [40]
(Youngs + direction-split)

322 9.18e− 03 7.71e− 3
1.56 1.47

642 3.11e− 03 2.78e− 3
1.78 1.87

1282 9.06e− 04 7.58e− 4

Summarising, we have shown that our implementation of a geometrical
VOF algorithm is reliable by testing the solver gVoFoam on several 2D and
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3D standard advection test cases. Both the comparisons with literature and
with the software package ANSYS Fluent revealed a good agreement and gen-
erally a second order convergence rate. Conversely, the experiments conducted
on interFoam showed large errors and poor convergence of this method. In
fact, the compression method of interFoam is based on a so called normalised
variable diagram (NVD) scheme. Poor and oscillatory convergence behaviour
of such NVD schemes was also found in [36] and is also expressed in the sim-
ulation of a rising bubble in this work. In the next section we will turn our
attention to a real-life problem of a rising bubble in a viscous liquid.
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Figure 2.8: 3D deformation field obtained with gVoFoam at a resolution of 128 ×
128× 128: left t = T/2; right t = T .

Figure 2.9: 3D deformation field obtained with gVoFoam at a resolution of 256 ×
256× 256: left t = T/2; right t = T .
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2.5 Rising bubble

In order to assess the accuracy and convergence of interFoam and gVoFoam on
a fully coupled two-phase flow problem, in this section a simulation of a single
rising bubble in a viscous liquid is considered. The full set of equations (2.1),
(2.2) and (2.5) is solved, first in 2D and subsequently also illustrated in 3D.
A two-dimensional circular bubble of initial radius r0 is simulated for 2 values
of the Eötvös and Reynolds numbers, defined as

Eo =
g∆ρd2

e

σ
, Re =

ρlU∞de
µl

where U∞ is the terminal velocity of the bubble, ρl and µl the mass density
and the dynamic viscosity of the liquid phase. The effective diameter de is
defined as the diameter of a spherical bubble with the same volume as the
actual bubble. The set up of the simulation is given in benchmark paper
[62]. We reproduce the two test cases proposed in this benchmark reference,
characterised as follows:

Table 2.5: Dimensionless parameters - rising bubble test cases

Test case Re Eo ρ1/ρ2 µ1/µ2

1 35 10 10 10
2 35 125 1000 100

In the first test case the point (Re,Eo) in the bubble diagram of Grace [87]
predicts a final ellipsoidal shape. In the second test case the buoyancy term is
dominant with respect to the surface tension leading to a bubble shape with
a strongly deformed ‘skirted’ interface. From the results presented in [62] we
observe that the most sensible quantity to compare is the circularity, defined
as [88]

c =
Pa
Pb

(2.37)

where Pa is the perimeter of a circle having the same area as the bubble and
Pb is the actual perimeter of the bubble. In order to quantify the quality of
the numerical solution we adopt the same error measure as used in [62]. The
L1 norm of the error in the circularity is defined as

L1 =

∑
n |cn,ref − cn|∑

n |cn,ref|
(2.38)

where the summation
∑

n is over all the time steps and the subscript ref
indicates a reference grid. The benchmark presents results obtained from three
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different numerical codes: Transport Phenomena in 2D (TP2D) [89]; Free-
Surface Library of Finite Element (FreeLIFE) [90]; Mathematics and object-
oriented Numerics in MagDeburg (MooNMD) [91]. For test case 1, on the
finest grids, no significant differences can be seen. We assume as a reference
solution the finest grid and smallest time-step presented in the benchmark
which is the one of the group TP2D.

We conduct a grid refinement study from a grid size h = 1/40 to h = 1/320.
A time step ∆t of h/2 is used in all the simulations, which corresponds to a
maximum CFL number of approximately 0.35 for test case 1 and 0.26 for test
case 2.

2.5.1 Test case 1 (Eo = 10,Re = 35)

A key factor for the convergence of the numerical method, together with the
advection algorithm described in section 2.3, is an accurate evaluation of the
surface tension that, in the model we use, depends on the smoothing length
sl. A too large value of sl exaggerates softening of rapid changes in the bubble
shape with consequent loss of accuracy. On the contrary, a too small value of
sl causes large errors in the computation of the second derivative of the volume
fraction field, related to the curvature by (2.12). This leads to high spurious
currents that deteriorate the solution. Figure 2.10 shows a grid refinement
study of the L1 norm of the circularity for different smoothing lengths. In the
left picture sl is a function of the grid size, while in the right picture it is kept
fixed despite the grid refinement.
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Figure 2.10: L1 norm of the error in the circularity for different grid size h: (a)
variable smoothing length; (b) fixed smoothing length. As reference we adopt the
results as presented in [62].

In Figure 2.10(a) we see that for very coarse grids the error is smaller
when we use a smaller smoothing length. If we take, for example, the case
where the smoothing length is quite large with sl = 8h at the coarser grid
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h = 1/40 we would have a value of the smoothing length equal to 0.2 which
is comparable with the radius of the bubble equal to 0.25. In this situation
the excessive smoothing will drive the bubble far from the reference solution.
On the other hand, at higher resolutions a higher sl/h gives more accurate
results. If we keep increasing the grid resolution for small values of sl/h, the
convergence of the finite difference discretisation of (2.12) is not ensured since
the higher derivatives in the truncation error can grow unbounded. This can
be seen, for example, in the results for interFoam or gVoFoam with sl = 2h.
Figure 2.10(b) shows that when the grid sufficiently resolves the length sl
second-order converge can be recovered.

The results obtained with sl = 4h are used for later comparisons. This
value of the smoothing length allows to achieve a better accuracy in a wider
range of grid resolutions and to preserve sharper corners in the bubble shape
with respect to sh = 8h. In Figure 2.11 a comparison of the final shape
obtained with gVoFoam at sl = 4h (a) and with interFoam (b) for the finest
grid h = 1/320 is shown. The numerical shape obtained with interFoam on
the finest grid substantially differs from the one of the benchmark while the
numerical shape obtained with gVoFoam converges to the benchmark solution.
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Figure 2.11: Bubble shape at time t = 3 for h = 1/320: (a) solution of gVoFoam
(green line with diamonds); (b) solution of interFoam (green line with diamonds). In
(a) and (b) we included the TP2D solution as point of reference (black line)

In Figure 2.12(a) the computational time is shown as a function of the
number of grid points. Differently from the advection test cases, the differences
are small since most time is taken by the solution of the Poisson equation (2.9)
in the Navier-Stokes solver, which is carried out in the same way for the two
codes. This implies that a significant gain in accuracy can be obtained at little
additional computational costs for the fully coupled problem. This is clearly
visible in Figure 2.12(b) where we plot the L1 norm of the volume fraction
field at the final time of the simulation as a function of the computational

35



CHAPTER 2. RISING BUBBLE IN A LAMINAR FLOW

time. The points on the two curves have about the same values of CT while
the ones corresponding to the results obtained with gVoFoam are shifted down
towards higher accuracy.
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Figure 2.12: 2D rising bubble: (a) computational time (CT ) as a function of the
number of grid points; (b) L1 norm of the volume fraction field as a function of the
grid points. The solid lines show the results obtained with gVoFoam using sl = 4h;
the dashed lines correspond to results obtained with interFoam.

2.5.2 Test case 2 (Eo = 125,Re = 35)

This second test case shows a considerably higher deformation of the interface.
For high Eötvös numbers the buoyancy term is dominant compared to the
surface tension, causing the appearance of significant wakes. Figure 2.13 shows
the computed bubble shapes at different times. The progressive thinning of
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Figure 2.13: Computed bubble shapes for test case 2 on a grid 640×1280: (a) t = 0;
(b) t = 1.5; (c) t = 3.
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the skirts requires a high resolution in order to be captured well. For the
reasons explained in the previous section we choose a smoothing length sl =
4h, creating a good balance between accuracy and computing time. Figure
2.14(a) shows a detail of the final shape for different grid resolutions and Figure
2.14(b) a comparison of the final shape obtained with the finest grid from the
three codes in the benchmark [62].
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Figure 2.14: (a) Detail of the final bubble shape for different grid refinement ob-
tained with gVoFoam at sl = 4h; (b) comparison of the final shape with the benchmark
grid reference results.

In the region far away from the skirt the computed shapes overlap very
closely. The occurrence of break up, as observed in the solution of TP2D,
is dependent on the grid resolution and on the numerical method used for
tracking of the bubble. As can be inferred, even at the higher resolutions
the details that appear in the shape are captured by just a few grid cells,
hence leaving still quite some contribution of spatial discretization error on
such fine details. The wake obtained from gVoFoam is comparable in length
and thickness with the ones obtained from the benchmark. At h = 1/640 we
have approximately 4 cells across the thinnest point of the tail and no break
up occurs with our method. The solver gVoFoam is thus shown to be able to
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capture highly deformed bubble shapes.

2.5.3 3D rising bubble

To show the capability of gVoFoam in 3D we perform a simulation of an
initially spherical rising bubble placed at (0.5, 0.5, 0.5) under the same physical
parameters and computational domain as in test case 2. Figure 2.15 shows the
results at t = 1 and t = 3, where the iso-surface of the volume fraction at 0.5 is
shown together with the velocity field on a slice passing through the centre of
mass of the bubble. Figure 2.16 shows the same results for a spherical bubble
initially displaced off-centre at (0.625, 0.5, 0.625). The colour map indicates
the magnitude isolines of the velocity field.

Figure 2.15: 3D rising bubble on a grid 160 × 320 × 160 with the corresponding
velocity field (arrows) on a plane passing through the centre of mass of the bubble:
(a) t = 1; (b) t = 3. One velocity vector in each 10 grid points is shown. The
magnitude of the velocity is shown on the background. The centre of the bubble is
initially placed at (0.5, 0.5, 0.5)

In Figure 2.17 the shape of the bubble, corresponding to the symmetric
case, in the vertical mid plane is shown for different grid refinements at t = 1
and t = 3. The point Eo = 125 and Re = 35 in the Grace diagram falls
in the region between dimpled and skirted bubble shape. This behaviour
is well reproduced by gVoFoam as evidenced from the mid-plane shape at
t = 3. A more quantitate convergence can be deduced from figure 2.17(b) by
computing the volume fraction field on successive grid refinements. Computing
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Figure 2.16: 3D rising bubble on a grid 160 × 320 × 160 with the corresponding
velocity field (arrows) on a plane passing through the centre of mass of the bubble:
(a) t = 1; (b) t = 3. One velocity vector in each 10 grid points is shown. The
magnitude of the velocity is shown on the background. The centre of the bubble is
initially placed at (0.625, 0.5, 0.625)
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Figure 2.17: Bubble shape on a vertical mid plane on the grids 40× 80× 40 (green
line), 80 × 160 × 80 (red line), 160 × 320 × 160 (black line) at: (a) t = 1; (b) t = 3.
The results are obtained with gVoFoam using a smoothing length equal to 4h.
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Ef =
∑

i |fi(h) − fi(h/2)|/|fi(h/2) − fi(h/4)| with h = 1/40 and i the index
of the grid points, we find a value equal to 3.9 which suggests second order
convergence. The results on the finer grids are linearly interpolated on the
grid h = 1/40 so that the index i has the same bounds.

The simulation on the finest grid 160×320×160 has been carried out using
32 cores of 2.6 GHz Intel Xeon Processors, with a CPU time of 2.6 hours.

2.6 Concluding remarks

In this chapter we considered multiphase flow of single objects and compared
and verified two numerical methods for the simulation of air bubbles in a liquid.
In particular, the compression method [55] and the geometric method [37,38].
The combination of a VOF-PLIC algorithm and a smoothing technique for the
computation of the surface tension has been shown to give accurate results
and convergence under grid refinement. In order to assess the methods we
performed a number of advection tests in which interfaces are transported in
an assumed external velocity field. A quantitative comparison with reference
data available from literature has been made. In addition, the motion of
bubbles in a liquid flow was simulated by solving the Navier-Stokes equations
coupled to the volume fraction field equation.

From the advection test cases, where the volume fraction equation is solved,
we observed that the compression method, implemented in the solver inter-
Foam, fails qualitatively. In contrast, the results obtained with the new gVo-
Foam solver, based on the VOF-PLIC algorithm, adhere closely to literature
and second order convergence was found in the 2D deformation field test
case [66]. The VOF-PLIC algorithm is not exactly mass preserving but the
error is relatively small for the coarsest grid and decreases about one order of
magnitude when halving the mesh size. On the other hand, the compression
method is mass conserving up to machine precision. On these advection test
cases interFoam was found to be three times faster than gVoFoam for the finest
grid resolution, but the latter is about two order of magnitude more accurate
than the former. An independent test performed with the software package
ANSYS Fluent provided an additional confirmation of the reliability of the
gVoFoam implementation.

For the fully coupled problem of a rising bubble in a viscous liquid, the
solver gVoFoam gives results in good agreement with a literature benchmark
[62]. Furthermore, second order convergence was achieved by using a smooth-
ing length numerically well resolved by the computational grid. This allows
an accurate computation of the surface tension and a reduction of spurious
currents. On the contrary, the solver interFoam does not show convergence un-
der grid refinement at all and the results on the finest grid substantially differ
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from the one of the benchmark. Differently from the advection test cases, only
a small relative difference in the computational time has been observed, due
to the fact that most time is taken by the solution of the pressure equation.
This implies that more accurate results can be obtained at virtually no extra
computational costs for the fully coupled problem. Finally, the capability of
gVoFoam has been shown on a 3D simulation of a rising bubble where an error
measure on the volume fraction field suggests second order converge in the
range of grids analysed.

2.7 Appendix

Relations (2.22) and (2.23) have been implemented in OpenFOAM R© as well
as the time splitting advection algorithm and the geometrical evaluation of
the fluxes explained in section 2.3.3. The functions T and T −1 are derived,
for a unit cube, by Scardovelli and Zaleski [72], and here reported with addi-
tional details about the implementation in OpenFOAM R© for a parallelepiped.
Consider the generic cell of Fig. 2.18 with edges ∆1, ∆2 and ∆3, that is cut
by the plane of equation (2.21)

n1x1 + n2x2 + n3x3 = q (2.39)

where n1, n2 and n3 are the components of the normal vector to the plane.
The intersection volume below the plane be calculated by boolean subtraction
operations on the volume of the hexahedron ABCEDFGH. In particular, the
volume ABGHKNML is found to be

Volume(ABGHKNML) =Volume(AJIK)−Volume(HPIL)

−Volume(BJON) + Volume(GPOM)
(2.40)

whose analytical expression is given by

Volume(ABGHKNML) =
1

6n1n2n3
[q3 − (q − n1∆1)3 − (q − n2∆2)3

+ (q − n1∆1 − n2∆2)3]

(2.41)

This relation can be generalised to

V =
1

6n1n2n3

[
q3 −

3∑
i=1

H(q − ni∆i)(q − ni∆i)
3

+

3∑
i=1

H(q − qmax + nici)(q − qmax + nici)
3

] (2.42)
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Figure 2.18: Geometry of a cell cut by a plane.
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where H(·) is the Heaviside function and qmax =
∑3

i=1 ni∆i. Expression (2.42)
is conceptually easy, and can be applied to every possible case of a plane
cutting a hexahedron. However, this results in a large number of combinations,
each of them having a different form of (2.42). The complexity of the problem
can be reduced by making use of parametrisation and symmetries. We first
use the following change of variables:

x′1 = x1/∆1

x′2 = x2/∆2

x′3 = x3/∆3

(2.43)

so that in the transformed space (x′1, x
′
2, x
′
3) the cell is a unit cube cut by the

plane of equation

n′1x
′
1 + n′2x

′
2 + n′3x

′
3 = q (2.44)

and the volume V in (2.42) becomes the volume fraction. It is convenient to
have all three components of the normal vector positive. To do so, we can
apply a mirror reflection around the plane ∆m/2 since the resulting volume
fraction will be the same. Here, m is the index of the component of the normal
vector that has a negative value. In formulas we have:

n′i = |n′i|

q′ = q +
3∑
i=1

max(0,−n′i)
(2.45)

A scalar quantity is also invariant under any permutation of the coordinate
system, so we can sort the normal components:

n′3 < n′2 < n′1 (2.46)

The last step is to scale equation (2.44) by the factor
∑3

i=1 n
′
i:

n′1x
′
1

n′1 + n′2 + n′3
+

n′2x
′
2

n′1 + n′2 + n′3
+

n′3x
′
3

n′1 + n′2 + n′3
=

q′

n′1 + n′2 + n′3

i.e.,

n′′1x
′
1 + n′′2x

′
2 + n′′3x

′
3 = q′′ (2.47)

which leads to q′′max = 1. With these transformations both V and q vary in
the range [0, 1] and the function V = f(q) has an odd symmetry at q = 1/2,
so that we can restrict the analysis to the range [0 ≤ q ≤ 1/2]. It can be
shown that the complexity of the problem is reduced to 5 cases. If we define
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d = 6n1n2n3, n12 = n1 + n2 and n = min(n1 + n2, n3), then the expressions
for the volume fraction are:

V =
q3

d
0 ≤ q < n1

V =
q(q − n1)

2n2n3
+
n3

1

d
n1 ≤ q < n2

V =
q2(3n12 − q) + n2

1(n1 − 3q) + n2
2(n2 − 3q)

d
n2 ≤ q < n

and for the last interval depending whether n = n3 < n12 or n = n12 < n3 we
have the following two possibilities:

V =
q2(3− 2q) + n2

1(n1 − 3q) + n2
2(n2 − 3q) + n2

3(n3 − 3q)

d
n3 ≤ q < 1/2

V =
2q − n12

2n3
n12 ≤ q < 1/2

The function T −1 can be derived in an analogous way. The transformations
(2.43), (2.46) and (2.47) are applied to the initial problem (2.42). The function
q = f(V ) is then given by

q =
3
√
V d 0 ≤ V < V1

q =
1

2

(
n1 +

√
n2

1 + 8n2n3(V − V1)

)
V1 ≤ V < V2

a3q
3 + a2q

2 + a1q + a0 = 0 V2 ≤ q < V3

and again for the last interval, depending on whether V3 = V31 < V32 or
V3 = V32 < V31, we have the following two possibilities:

a′3q
3 + a′2q

2 + a′1q + a′0 = 0 V31 ≤ V ≤ 1/2

q = n3V +
n12

2
V32 ≤ V ≤ 1/2

where V1 = n3
1/d, V2 = (n2−n1)/(2n3)+V1 and V3 = [n2

3(3n12−n3)+n2
1(n1−

3n3) + n2
2(n2 − 3n3)]/d if n3 < n12 else V3 = n12/(2n3). The coefficients

of the first cubic polynomial are: a3 = 1, a2 = −3n12, a1 = 3(n2
1 + n2

2),
a0 = −(n2

1 + n2
2 + V d); the coefficients of the second cubic polynomial are:

a′3 = 1, a′2 = −3/2, a′1 = (3/2)(n2
1 + n2

2 + n3
3), a′0 = −(n3

1 + n3
2 + n3

3)/2 + d/2.
The roots of the polynomials corresponding to the proper value of the intercept
q have been worked out by Scardovelli [72]. The solution of the first polynomial
is given by

q =
√
p0

(√
3 sin(θ)− cos(θ) + n12

)
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where p0 = 2n1n2, θ = arccos
(
q0/
(
p

3/2
0

))
/3 with q0 = 3n1n2(n12/2− n3V ).

The solution of the second polynomial is equal to

q =
√
p0

(√
3 sin(θ)− cos(θ) + 1/2

)
where p0 = n1(n2 + n3) + n2n3 − 1/4, θ = arccos

(
q0/
(
p

3/2
0

))
/3 with q0 =

(3/4)n1n2n3(1 − 2V ). Finally, the inverse of transformation (2.45) is used to
transform the plane back to its actual position.

The function T −1 reconstructs the interface at the beginning of each ad-
vection step in (2.24) and (2.25). By means of the function T we compute the
geometrical fluxes. Depending on the sign of the velocity, the flux will leave
or enter the considered cell. Since we use a splitting advection algorithm we
can analyse only one direction at the time. For example, we can consider the
generic cell i, j, k and the split direction x1. When at the face (i−1/2, j, k) we
have u < 0 a portion of volume of phase 1 will leave the cell. The equation of
the plane that describes the interface is defined in a coordinate system centred
in a vertex of the cell (i, j, k) so we can apply T to (qi,j,k, ni,j,k). On the other
hand, when u > 0 a portion of volume of phase 1 will enter the cell (i, j, k)
from the cell (i − 1, j, k). The equation of the piece of planar interface that
will be convected is now defined in a coordinate system centred in a vertex of
the cell (i− 1, j, k). The change of coordinates

x1 = (∆1 − u∆t) + x̄1

will bring back the problem to the standard configuration depicted in Fig.
2.18.

The 2D and 3D algorithms have been implemented in a new solver class
VOF, where the advection directions are cyclicly alternated as explained in
section 2.3.3. Given the directional nature of the splitting time integration
method a new mesh topology class, called vofMesh, was created. This class
contains a list of cells that have as attribute a list of ordered faces along the
3 orthogonal directions. This feature, not present in OpenFOAM R©, enables a
more efficient implementation of the geometrical VOF method. The parallel
implementation of the algorithm is performed with the standard interface MPI
[92].
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Chapter 3

Numerical method for
turbulent bubble-laden flow

3.1 Introduction

In this chapter a series of numerical methods, aimed to improve the accuracy
and reduce the computational cost of the algorithms presented in Chapter 2,
for flows at high Reynolds numbers, are presented and analysed. The main
points of improvement are concerned with:

• fundamental variables arrangement on the computational grid

• time marching algorithm

• formulation of the momentum equation

• curvature computation

• bubble-bubble collision algorithm

Focusing on the solution of the momentum and continuity equation, the in-
compressible Navier-Stokes solver used for the simulations shown in the pre-
vious chapter is based on a collocated grid arrangement of the fundamental
variables with a fully implicit time integration method. Collocated grids are
often preferred over staggered grids since they lead to a simpler discretisation
of the velocity components, which are allocated on the same computational
nodes. Such methods can be more easily extended to complex mesh topologies.
The domain of interest in this work is, however, a channel that is naturally
discretised by an orthogonal Cartesian grid. For such a grid a staggered ar-
rangement has several advantages over the collocated one: a strong coupling
between velocity and pressure field without addition of artificial terms [75],
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energy preserving discretisation of the momentum equation [93] and more ac-
curate discretisation of concentrated source terms.

Regarding the time marching algorithm, a fully implicit method often guar-
antees an unbounded numerical stability region regardless of the grid spacing
or the time-step size, which makes it suitable for a wide range of flows and
mesh topologies. The drawback is that three large sparse matrices need to
be inverted every time-step. Again, the specific simulation target, namely the
turbulent channel flow, leads to the choice for a more efficient time integration
scheme. In section 3.3 it is argued that a fully explicit time marching algo-
rithm, also used in several other studies [6,94], constitutes the best candidate
in terms of accuracy and computational cost.

For flow at high Reynolds numbers, the fully conservative momentum equa-
tion formulation, adopted in Chapter 2, has been shown to produce unphysical
velocity oscillations around the two phase interface [58]. The cause has been
traced back to an inconsistency between the volume fraction fluxes and the
momentum fluxes. An effective solution is to switch to a semi-conservative
discretisation of the Navier-Stokes equation which is also the choice adopted
here.

When the Reynolds number increases, the effect of the surface tension com-
pared to the viscous effect becomes dominant. This phenomenon is governed
by the Laplace number. For high Laplace numbers the spurious currents, in-
heritance of the VOF formulation, grow bigger as the simulation advances [47],
and eventually will deteriorate the velocity field. It becomes essential then to
accurately compute the curvature field [63]. An accurate curvature compu-
tation is delivered by the generalised height function method (GHF) [47], a
hybrid algorithm based on the height function method and local surface fitting.
The GHF algorithm converges to second order accuracy with grid refinement
and provides a substantial improvement with respect to the curvature field
obtained from the gradient of a smoothed volume fraction field.

Finally, in order to avoid numerical coalescence, a feature of the VOF
method, a multiple-marker formulation [48] has been implemented. An indi-
vidual volume fraction field is assigned to each bubble allowing for a physical
bubble-bubble interaction as separate bubbles can be identified.

The chapter is structured as follows: in Section 3.2 the mathematical
model, on which the solver mphBox is based, is presented; in Section 3.3 the
numerical algorithms for the Navier-Stokes solver, the surface tension com-
putation and the multiple-marker formulation are described. Some details on
the parallelisation of the code are also provided thereby detailing the com-
putational method for the simulation of bubble-laden turbulent channel flow.
In Section 3.4 a convergence analysis of the GHF method is presented for
the case of a rising bubble in a viscous liquid. Finally, in Section 3.5, a nu-
merical experiment is carried out to establish accuracy and grid convergence
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rate of a droplet-droplet collision event and a droplet-wall interaction event.
Concluding remarks are collected in Section 3.6.

3.2 Mathematical method for resolved bubble-laden
flow

The mathematical model used for resolved bubble-laden flows is essentially
the one described in section 2.2: a single set of equations is solved for the
whole field where differences in the material properties and interfacial terms
(surface tension) are accounted for with the help of a marker function f . In
the presence of more than one bubble, an individual marker function fi is
assigned to each bubble. Given N bubbles, we advect

∂fi
∂t

+ u · ∇fi = 0 i = 1, ..., N (3.1)

This formulation, referred to as multiple-marker formulation [48], introduces a
convenient numerical setting to account for bubble-bubble interaction, which
is the subject of section 3.3.2.

The non-dimensional incompressible Navier-Stokes equation and incom-
pressible continuity equation are used for the simulation of turbulent flows:

ρ

[
∂u

∂t
+∇ · (uu)

]
= −∇p+

1

Fr2 ρĝ +
1

Re
∇ · (2µD) +

1

We
knδ(n), (3.2)

∇ · u = 0 (3.3)

where u is the velocity, p is the pressure, t the time, k is the curvature, n is
the normal vector to the interface, D the deformation tensor, Fr = u/

√
gL the

Froude number with L a reference length, Re = UL/νl the Reynolds number
with U a reference velocity, We = LU2ρl/σ the Weber number and ρ and
µ are respectively the non-dimensional mass density and dynamic viscosity
defined as

ρ = 1 · (1− f) +
ρg
ρl

(1− f) (3.4)

µ = 1 · (1− f) +
µg
µl

(1− f) (3.5)

where ρg and ρl are the mass density of the gas and liquid phases, respectively,
and f is the global volume fraction field derived from the individual markers
fi (see Subsection 3.3.2). In the next section the attention is turned to how
to solve the set of governing equations numerically.
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3.3 Numerical method for tracking bubbles in a flow

3.3.1 Discretisation of the governing equations

The time-marching of Eq. (3.2,3.3) is carried out with a fractional-step method
described in [95]. A third order low-storage Runge-Kutta scheme [96] is used
for the convection and diffusion terms of Eq. (3.2), while for the surface tension
term the Crank-Nicolson scheme [96] is used. Each time step, going from tn

to tn+1, is composed of 3 stages. The time levels of the stages are denoted
by the index s = [0, 3], where s = 0 corresponds to time level tn and s = 3
corresponds to time level tn+1. The Runge-Kutta coefficients γs and ξs are
the ones used in [97, 98] and here reported for completeness: γ = [ 8

15 ,
5
12 ,

3
4 ],

ξ = [0,−17
60 ,−

5
12 ].

In each stage, we first solve numerically for (3.1) using the algorithm de-
scribed in Chapter 2, that employs a piece-wise linear reconstruction of the
interface and a geometric evaluation of the volume fraction fluxes. This equa-
tion is solved at the beginning of each stage delivering the solution for f at
stage ts+1 from which the viscosity and the mass density field, as well as the
surface tension term are updated (see section 3.3.2, 3.3.3). At this point, a
previsional velocity u∗ can be found from

u∗ − us

∆t
+ (Cs − V s)γsu

s − (Cs−1 − V s−1)ξsu
s−1 =

αs

[
− Gps

ρs+1/2
+

(
knδ(n)

ρWe

)s+1/2

+
ĝ

Fr2

]
(3.6)

where αs = γs + ξs, C
s is the discrete convection operator u · ∇, V s is the dis-

crete diffusion operator 1
ρsRe∇·(2µ

s∇), and G is the discrete gradient operator

∇. The surface tension term as well as the mass density ρs+1/2 are computed
from the volume fraction field fs+1/2, obtained by linear interpolation between
fs and fs+1. The pressure gradient at the old time level is introduced in (3.6)
according to the so called “delta-form” [95], where the pressure is decomposed
as ps+1 = ps + φ with φ the pressure correction. The continuity constraint
(3.3) requires the solution of the discrete Poisson equation:

D

(
1

ρs+1/2
Gφ

)
= D

(
u∗

αs∆t

)
(3.7)

where D is the discrete divergence operator ∇·. The velocity and the pressure
field are then corrected by the following relations:

us+1 = u∗ − αs∆t
(

1

ρs+1/2
Gφ

)
(3.8)

50



3.3. Numerical method for tracking bubbles in a flow

and

ps+1 = ps + φ (3.9)

The velocity field us+1, resulting from the correction (3.8) is numerically di-
vergence free. The use of the “delta-form” pressure simplifies the boundary
conditions for the provisional velocity u∗ and φ, retaining first order accuracy
in time of the pressure gradient. The velocity at the final stage, obtained from
(3.8), will be the velocity at the new time level un+1.

The domain is discretised on a three-dimensional Cartesian grid. For wall-
bounded turbulent flows the grid spacing is uniform along the stream-wise
direction x and the span-wise direction z. Along the wall normal coordinate
y, depending on the grid resolution, the spacing can be uniform or refined
according to the hyperbolic tangent profile described in [94].

A staggered arrangement of the variables is used for the spatial discreti-
sation, where the velocity components are defined at the cell faces while the
pressure field and the volume fraction field are defined at the cell centres.
This guarantees a strong coupling between pressure and velocity. The volume
fraction field is defined at the cell centres so that the advection velocity of the
volume fraction fluxes is readily available at the cell faces avoiding interpola-
tions.

The convective term in the momentum equation (3.6) is discretised in di-
vergence form which follows from the finite volume approach. This requires
the interpolation of the velocities to the faces of the control volumes for which
a simple weighted average with weights 1

2 is used for all the derivatives ex-
cept ∂(uv)/∂x and ∂(wv)/∂z, for which a finite volume based interpolation
is used, as described in [94]. This leads to an energy-conserving convective
scheme for uniform and refined grids along the wall normal direction. For two
phase flows, the QUICK [99] interpolation scheme of the convective term has
additionally been implemented to avoid the presence of unphysical oscillations
for increasing Reynolds numbers, as noted by [11]. Oscillations of the velocity
field were also observed in the cases analysed in this thesis.

The diffusion term is discretised by a central second order finite difference
scheme for all the derivatives. The values of the viscosity needed at the cell
faces are linearly interpolated from the cell centres. The discrete pressure
gradientG is a central finite difference operator (two-points) between the nodes
neighbouring the cell faces. For example, the x component of the pressure
gradient term reads: (pi+1,j,k − pi,j,k)/(ρi+1/2,j,khc,i) where i, j, k identifies a
control volume, hc,i is the grid spacing between nodes i+1 and i and ρi+1/2,j,k

is the mass density at cell face i+ 1/2, computed by linear interpolation from
the cell centre values. The discretisation of the surface tension term is more
involved and will be described in section 3.3.3.

For the Poisson equation (3.7), the discretisation of Gφ follows the same
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scheme as applied to Gp. The discrete divergence operator D acts as a finite
difference operator between face values. For example, the term Dx(u∗) is
equal to (u∗i,j,k − u∗i−1,j,k)/hf,i where hf,i is the grid spacing between faces i
and i− 1. This simple and compact scheme leads to a second order accurate
discretisation of the Poisson equation on a uniform grid.

The explicit integration of the convective and the diffusion term leads to
time step restrictions in order to guarantee stability of the numerical inte-
gration. To avoid the solution of a non-linear system the convective term is
commonly treated explicitly. This gives a CFL [77] time step size ∆tu∇u ∝ ∆x

u ,
which is also applicable for the stability of the discrete volume fraction equa-
tion. It is arguable, however, whether it is convenient to treat the diffusion
term explicitly since it could lead to a severe restriction on the time step. The
viscous term requires a time step ∆tν ∝ Re∆x2. To relate the grid size ∆x to
the physics of the problem we use the results of homogeneous turbulence the-
ory, for which the minimum length scale of the flow is given by ∆η ≈ LRe−3/4

with L a characteristic length of the problem. Having solved the problem in di-
mensionless form, we have by definition the dimensionless velocity |u| ≈ O(1),
which leads to ∆tu∇u ∝ Re−3/4 while the viscous time step is ∆tν ∝ Re−1/2.
For high Re the most limiting restriction is then ∆tu∇u which justifies the
explicit treatment of the viscous term. This may not be true in the proximity
of the wall where the flow obeys a different scaling law [3]. However, this was
not an issue at the Reynolds numbers of the cases studied in the present work.

For two-phase flows there are other contributions that play a role: a small
CFL number may be required for the advection algorithm to be sufficiently
accurate; the presence of the surface tension term introduces another physical
scale to the flow given by the capillary waves. While in Chapter 2, the advec-
tion algorithm has been shown to be accurate also for CFL numbers close to 1,

the surface tension term leads to a time step restriction ∆tσ ∝
[
ρ̃∆x3

2πσ

]1/2
[51]

which translates into ∆tσ ∝ Re−9/8, being the most restrictive limitation on
the time marching algorithm at sufficiently high Re. It should be noted that,
for the discretisation used in the present work, the surface tension term is not
an explicit function of the fundamental variable u but only indirectly via the
volume fraction fields fi. Hence, in the classical Fourier analysis of (3.6) it
appears as an independent source term that does not influence the amplifi-
cation factor. In fact, the actual ∆t can be orders of magnitude higher than
∆tσ, as shown in [100]. However, if one wants to accurately resolve the cap-
illary waves, the time step should be around the value prescribed by ∆tσ, in
which case the use of a fully explicit time integration of the convective and
viscous terms is the most efficient choice. When ∆t < ∆tσ the benefit of an
enlarged numerical stability region provided by the RK3 scheme can however
be outweighed by the tighter physical restriction ∆tσ so that it can be more
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efficient to use an alternative time integration scheme which does not require
multiple stages. For this reason, a second order Adams-Bashforth (AB2) [96]
scheme is also available in mphBox. This can be simply obtained by reducing
the number of stages from 3 to 1 and setting γs = 1.5, ξs = −0.5.

Particular attention was given to the solution of the Poisson equation (3.7)
that is known to be the computationally most expensive part of the time
marching algorithm. A preconditioned conjugate gradient (PCG) method was
implemented with a geometric V-cycle multi-grid preconditioning [101]. The
efficiency of the multi-grid method is well known for Poisson-like problems, and
the addition of PCG improves convergence for high mass density ratios [101].
Nevertheless, a significant slow down of the Poisson solver was experienced for
mass density ratios close to 1000, which makes the already computationally
very intensive simulations of turbulent flow not feasible. A maximum mass
density ratio of 100 was therefore used, which corresponds to a realistic pres-
surised water-air system. A possible solution to overcome the degradation of
convergence for large-mass-density-ratio flow has been examined in Chapter
4.

3.3.2 Multiple-marker formulation

The multiple-marker formulation [48] is used in the context of the VOF method
in order to handle collisions between bubbles. When a single marker function
f is used, bubbles will always merge if one grid cell contains a part of two
bubbles. This is known as numerical coalescence. By using a different marker
function for each bubble we can simulate collisions in which the colliding bub-
bles remain separated, allowing a meaningful bubble interaction event. The
numerical formulation implemented in the solver mphBox is the one described
in [48], which for completeness is described in detail here. Given N bubbles,
for each bubble i = 1, ..., N Eq. (3.1) is solved using the algorithm described
in section 2.3.3. A common volume fraction field f is then built as

f = max
i=1,...,N

fi (3.10)

which guarantees 0 ≤ f ≤ 1. The mass density and the viscosity field are
updated via (3.4) and (3.5) using (3.10). The total surface tension term fσ is
taken to be the sum of all the contributions from each bubble:

fσ =
N∑
i

σkiδ(ni)ni (3.11)

As the number of bubbles increases, the solution of N equations of the type
(3.1) on the whole domain becomes computationally too expensive. A more
efficient approach was proposed in [48,102], and has been implemented in the
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present work. Each marker function fi is discretised and solved on a local
rectangular box that moves along with the bubble. The underlying velocity
field is transferred to this box grid in order to compute the volume fraction
fluxes (see also section 3.3.4). Only the velocity on the positions relevant for
the term ∇ · (fu) is copied. For cells far away from the interface Eq. (3.1)
reduces to fni = fn+1

i for which the computation of the fluxes is not needed
since they are trivially equal to zero. The net volume fraction flux will be
different from zero only on interface cells and their neighbours. The size of
the velocity field of the box is equal to the size (number of cells) of the bubble
plus a halo region of 2 computational cells in each direction. This, and the
condition CFL < 1, ensures that all cells for which fn 6= fn+1 are within the
box. Similarly, the determining factor for the box size is the length of the
stencil required for the computation of the curvature (see section 3.3.3) for
which a halo region of 3 cells around the bubble shape is used. This approach
guarantees a substantial memory saving and reduced computational time.

3.3.3 Discretisation of surface tension

The surface tension term present in (3.6) is modelled by the CSF approach
as described in section 2.3.2. This approach suffers from spurious currents.
The relative importance of the surface tension with respect to the viscosity is
described by the Laplace number (La) defined as

La =
σρD

µ2
(3.12)

which is related to We and Re by

La =
Re2

We
(3.13)

where D is the bubble diameter. Increasing Re, other non-dimensional param-
eters kept constant, La increases. Turbulent flows are therefore characterised
by high Laplace numbers. This means that the effect of surface tension is
increasingly larger than the damping induced by the viscosity, which in turn
leads to a large growth of the spurious currents as time evolves. Ultimately,
this completely deteriorates the physical solution. An effective way of reducing
the magnitude of the spurious currents is to accurately compute the curvature
k [63], which becomes the essence at high Reynolds numbers. To this end, the
height function method (HF) [42,46] has been implemented in the solver mph-
Box. This method consists of computing a set of heights around each interface
cell, calculated by summing the volume fraction field along the direction most
aligned with the interface normal vector n. For example if |nz| > |ny| > |nx|
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a 3×3 stencil is constructed in the x− y plane around the interface cell i, j, k;
for each cell in the stencil a height function hi,j can be found as

hi,j =
∑
k

fi,j,k∆zk (3.14)

The sum over k is extended over a maximum of ±3 cells from the plane of the
stencil. However, to optimise the computational complexity, not all possible
values of k are computed but only those necessary to obtain a valid height
function, as explained in [47]. Once all the 9 heights are known the curvature
can be computed by

k =
hxx + hyy + hxxh

2
y + hyyh

2
x − 2hxyhxhy(

1 + h2
x + h2

y

)3/2 (3.15)

where the derivates are discretised by second order finite difference schemes.
The major advantage with respect to (2.12) is that the reconstructed height
function field is smooth and hence well-defined on a finite grid, while the gra-
dients of the volume fraction field itself have the inherited problem of derivates
across a sharp transition region which may cause large numerical errors and
lack of convergence. On the contrary, the HF method has been shown to be
second-order accurate with grid refinement [42] (see also section 3.4). Further-
more, no regularisation of f is needed, resulting in a more accurate represen-
tation of the curvature near sharp edges.

The HF method fails at particularly low resolution of bubble shape details
[47]. In the interface cells where this happens, a paraboloid-fitted curvature
is employed instead. For an interface mostly oriented along the z direction,
a set of new heights is computed in the planes x − z and y − z collecting
all the valid entries. These points approximate the interface positions in the
considered stencil. The coordinates of the interface are then transformed to
an orthonormal system O′ = (i′, j′,k′), centred on the considered interface
cell i, j, k with k′ aligned to the interface normal. A paraboloid is fitted by
minimising the function

Π =

n∑
j

[
z′j − f(aq, x

′
j , y
′
j)
]2

(3.16)

where x′j , y
′
j , z
′
j are the interface coordinates in the system O′ and j = 1, ..., n

the number of interface positions with

f(aq, x
′
j , y
′
j) = a0x

′2 + a1y
′2 + a2x

′y′ + a3x
′ + a4y

′ + a5. (3.17)

The curvature k is then given by

k = 2
a0(1 + a2

4) + a1(1 + a2
3)− a2a3a4(

1 + a2
3 + a2

4

)3/2 (3.18)
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The minimisation of (3.16) requires the solution of a 6×6 linear system with at
least 6 interface positions. To ensure that the problem matrix does not become
singular, only interface positions p1 and p2 that satisfy |p1 − p2| ≥ 10−2∆,
with ∆ the average mesh size, are considered. When the number of indepen-
dent interface positions is lower than 6, a new set of interface coordinates is
assembled from the centroid of all the interface cells in the stencil 3× 3× 3. If
the number of independent centroids is lower than 6, the considered cell most
likely contains an isolated piece of interface or an interface resulting from a
purely numerical error and the curvature is set to zero. In practice, the al-
gorithm succeeds in computing k through the HF method in the majority of
interface cells, while a few interface cells require the computationally more
expensive paraboloid fitting.

The hierarchical algorithm, called generalised height function (GHF) was
developed by the authors of [47] and it has been described here in detail for
completeness. A quantitative study on the accuracy and convergence rate
of the GHF method, as well as a comparison with curvature values derived
from a smoothed volume fraction field is carried out in section 3.4. In the
same section the magnitude of the spurious currents for the classical standing
bubble problem [45] is analysed.

3.3.4 Code parallelisation

The parallelisation of the algorithm, described in previous sections, is done
by means of decomposition of the domain into blocks. The choice of the data
distribution is strongly dependent on the computational grid topology and the
algorithms used for the numerical solution of the governing equations. The
efficiency of decomposition methods depends on the particular numerical algo-
rithm that is being used. The integration of Eq. (3.6) is done by a fully explicit
method that only involves computations on local stencils without preferential
direction of update, suggesting an equipartition of the load. For the Poisson
equation (3.7) a PCG method with multigrid preconditioning is used. The
PCG method involves matrix-vector multiplications of a 3D Laplacian opera-
tor acting on a vector. This can be executed for each grid point independently.
The same applies to the Red-Black Gauss Seidel smoother [101] used in the
multigrid iterations where the sets of so called red and black grid points can be
updated independently. A decomposition along each direction in sub-domains
of equal size optimises the load balancing. An MPI [92] Cartesian communi-
cator builds a 3D mapping of the processes along Cartesian directions used for
communication. Within each MPI process a multi-threading approach is used
through the openMP standard [103]. This is particularly suitable for mixed
distributed-shared memory architectures where the use of multiple threads for
the shared memory reduces the overall communications per node and has an
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efficient memory management. It is also favourable for the multigrid algorithm
since it reduces the limit on the minimum number of cells on the coarsest grid
by a factor equal to the number of threads. In fact, under the assumption of
having at least one cell per subdomain, the minimum number of cells becomes
equal to the number of subdomains which can limit the efficiency of the solver.
Finally, the coarsest level of the Poisson equation is solved via a direct solver
for which the library MUMPS [104, 105], that supports MPI parallelism, is
used.

The subdomain boundaries need special attention. For explicit methods,
like the ones implemented in mphBox, the ghost-cells approach is an efficient
and simple way to handle finite differences at boundaries. A halo of cells
is built around the subdomain in which the data belonging to neighbouring
processors are stored. In order to optimise the amount of data transferred a
variable halo size is used for different fields. The pressure has a halo depth of
1 cell that is just the size needed by a second order finite difference Laplace
operator. For the velocity field a quadratic upwind interpolation is used for
the convective term of (3.6) which, in order to be well defined at the bound-
aries, requires a halo depth of 2 cells. For homogeneous Neumann boundary
conditions the value at ghost-cells is taken equal to the value of the closest cell
inside the domain along the direction orthogonal to the boundary. This is sec-
ond order accurate for uniform grids. The ghost value at Dirichlet boundaries
is computed by a cubic extrapolation of the closest nodes along the normal to
the boundary. This has been shown to lead to convergent Laplace operators
at the boundary [94]. In figure 3.1 the wall clock time per time-step, using
the AB2 time integration scheme is shown. The mesh size is about 33 million
points. Linear scalability is observed up to about 800 cores. Most of the time,
as expected, is taken by the Poisson solver which accounts for 95% of the total
time.

The advection of the volume fraction equation (3.1) requires the compu-
tation of the volume fraction fluxes on N finite size rectangular boxes (see
section 3.3.2), with N the number of bubbles. At the initial time of the sim-
ulation each box is assigned to a Master MPI process based on the position
of the centroid of the enclosed bubble. The bubbles are distributed equally
in space at t = 0 to balance the load. The Master process stays attached
to its bubbles. As time evolves the bubbles will occupy a different subdo-
main/subdomains than the Master subdomain. The MPI processes belonging
to these subdomains are called Slaves of the box. The velocity field on the
cells that a bubble happens to occupy at a certain time t is sent from the
Slaves to the Master. The Master receives the velocity field and computes
the volume fraction f to the next time-level/stage. Based on the new value
of f the Master computes the surface tension term which it then sends back,
together with f , to the Slaves. While receiving the volume fraction and the
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Figure 3.1: Wall clock time per AB2 time-step as a function of the number of cores
for a grid 512× 256× 256. The dashed line indicates linear scaling.

surface tension of the boxes, the Slaves update the common f and fσ via (3.10)
and (3.11). The procedure described is the same as proposed by [102], with
the difference that in the present work the computation of f and the surface
tension for the boxes attached to a Master process are shared among openMP
threads reducing the amount of communication per node. Furthermore, the
boxes are periodically reassigned to a new Master whose domain contains the
actual centroids of the bubbles. This reduces the amounts of data transfer of
the velocity, the volume fraction and the surface tension field, back and forth
between Master and Slaves.

Figure 3.2 shows the wall time per time-step of a simulation of a two-
phase channel flow with the same grid as used above (512 × 256 × 256 grid
points). The mass density ratio ρl/ρg is set to 10; the bubbles are resolved
with about 20 cells along the diameter. The simulation on the left figure has a
gas volume fraction of 10%, which corresponds to 1152 bubbles; the simulation
on the right figure has a gas volume fraction of 2.5%, which corresponds to
288 bubbles. The black line is the total computational time, the red line is
the time taken by the Poisson solver and the blue line is the time taken by the
VOF solver. Approximately linear scaling of the total computational time is
observed for all the number of cores tested. The Poisson solver and the VOF
solver show similar scaling, with the former performing slightly better toward
the maximum number of cores tested. In the case of 10% volume fraction (Fig.
3.2 (a)) the VOF solver has a lower but comparable cost as the Poisson solver
at a high number of cores. In the case of 2.5% volume fraction (Fig. 3.2 (b))
the cost of the VOF solver is about one order of magnitude lower than that
of the Poisson solver.

A qualitative example of the downflow in a channel loaded with 1152 bub-
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Figure 3.2: Wall clock time per AB2 time-step as a function of the number of
cores for a grid 512 × 256 × 256. The mass density ratio ρl/ρg is set to 10; the
bubbles are resolved with about 20 cells along the diameter. On the left figure the
total volume fraction is 10% corresponding to 1152 bubbles; on the right figure the
total volume fraction is 2.5% corresponding to 288 bubbles. The black line is the
total computation time, the red line is the time taken by the Poisson solver, the blue
line is the line taken by the VOF solver, the black dashed line presents an inversely
proportional dependence, which corresponds to perfect linear speed-up.

bles (total volume fraction of 10%), at shear Reynolds number 127 is shown in
Fig. 3.3 (see also Fig. 4.1 for a sketch of the set-up). The results refer to the
final simulation time t = 250H/U . In the core of the channel lower velocity
regions are present where the bubbles rise with respect to the surrounding liq-
uid because of gravity. A bubble-free region is observed in the very proximity
of the walls. A strong reduction of the turbulence in the wall boundary layer is
visible and is also observed for a similar set up that will be presented in Section
4.3.4. In the regions where the carrier liquid has significantly slowed down the
bubbles are driven upward (in the opposite direction to the mean flow) by the
buoyancy force. The total computational cost of this simulation amounts to
about 105 CPU hours. Flow features and statistics of bubble-laden channel
flows like the one shown in Fig. 3.3 will be analysed in detail in Chapter 4.

In the next subsection the accuracy of the GHF method is numerically
investigated for a rising bubble in a viscous liquid, comparing the performance
of mphBox with the earlier method discussed in Chapter 2.
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Figure 3.3: Contour levels of the stream-wise velocity component for different slices
of bubbly channel flow at shear Reynolds number 127. The flow direction is along
the x axis. The bubbles are represented by grey objects, which are the computed
isosurfaces f = 0.5. The channel is loaded with 1152 bubbles corresponding to a total
volume fraction of 10%.
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3.4 Accuracy of the GHF method for a rising bub-
ble

In this section we present an analysis of the accuracy of the GHF method in
comparison with a finite difference approach applied to the smoothed volume
fraction. First, in Subsection 3.4.1 we present grid refinement results for a
rising bubble in 2D, while Subsection 3.4.2 is devoted to a spherical bubble.
It is shown that the GHF method provides results that are considerably more
accurate than those of a standard finite difference approach, creating a sound
basis for its application to capturing bubble dynamics in subsequent sections.

3.4.1 Application of the GHF method to a rising bubble in 2D

In order to establish the relevance of the GHF method for the simulation of the
dynamics of a bubble in an external flow we consider the well-known case of a
rising bubble in two spatial dimensions. This case was extensively discussed in
the previous Chapter and also published in [41]. The most direct assessment
of the method is obtained from a grid refinement study in which the accuracy
is directly related to the required computational effort.

In Figure 3.4 predicted bubble shapes for flow conditions as also adopted
in [41] are compared with the reference provided by [62]. The simulations were
initialised from a bubble of circular shape which gradually develops into the
presented shapes. We observe that a resolution of 10 × 20 for the simulation
domain of 1 × 2 is clearly insufficient to capture the shape with more than
a qualitative agreement. However, for all higher resolutions we do observe
a close agreement with the high-resolution reference data. The resolution of
20×40 corresponds to about 10 grid cells per bubble diameter, which is already
well comparable to [62].

To quantify the convergence of the GHF method upon grid refinement we
present the L1 error of the circularity with respect to the high-resolution ref-
erence data in Figure 3.5. For all grids adopted here, including the coarsest
of 10 × 20 we notice a clear correspondence with second order convergence
as shown by the dashed line. This second order convergence is clearly supe-
rior to the convergence rate established in [41], without having to resort to
any additional smoothing of the near-interface region. The GHF method is
computationally more involved than more basic finite difference approaches.
However, its robust convergence behaviour and the fact that no additional
smoothing is needed are clearly in favour of the GHF method.

The application of the GHF method to a rising bubble in 2D yields a first
demonstration of the quality of this method. In the next subsection we turn
our attention to a spherical bubble in 3D.
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Figure 3.4: Contour plot c = 0.5 at the final simulation time for benchmark case
1. Different grid resolutions are shown as described in the legend. The predictions
of mpohBox are in good agreement with the reference results (black line) provided in
the benchmark [62]. An estimate for the minimum number of grid points necessary
for a resolved bubble shape follows from the blue line, in which we have about 10 grid
points along the bubble diameter.
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Figure 3.5: L1 norm of the error in the circularity obtained by mphBox for bench-
mark case 1. The reference circularity values are those from the finest grid presented
in [62].
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3.4.2 Comparison of the GHF method with a smoothed finite
difference approach for a spherical bubble in 3D

In this subsection we focus on the computation of the curvature and pressure
field of a spherical bubble and compare the GHF method with a ‘smoothed
finite difference method’, i.e., a standard finite difference method applied to
a smoothed volume fraction field, as introduced in the previous section. The
computation of the curvature is essential for a successful simulation of the
dynamics of a bubble in an external flow to which we turn in the next section.

In Figure 3.6 we present the approximation of the curvature of a spherical
bubble on a grid of 64× 64× 64 grid points. The exact value of 4 is seen to be
well approximated by the GHF method. Not only is this value properly com-
puted, also the numerically obtained value is found to be highly uniform across
the interface. This is in marked contrast with the results obtained with the
smoothed finite difference method which not only yields a considerable error,
but also significant variation of the predicted values over the sphere’s interface.
Corresponding results for the pressure field are collected in Figure 3.7. The
non-uniformity of the curvature calculations arising from the smoothed finite
difference method are found to yield significant oscillations in the pressure
field, while a constant value should be expected. This is illustrated in the left
figure of Figure 3.6 where the GHF method is found to yield a nearly constant
pressure inside and outside the bubble. Variation of the pressure along the
sphere’s surface appeared to be less than 1.5% percent.
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Figure 3.6: Curvature values on a mid plane of a spherical bubble using: the GHF
algorithm (left figure); finite differences derivative (Eq.2.12) of the smoothed volume
fraction field (right figure).
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Figure 3.7: Pressure fields on a mid plane of a spherical bubble. The curvature
field, on which the surface tension force depends, is computed by using: the GHF
algorithm (left figure); finite differences derivative (Eq. 2.12) of the smoothed volume
fraction field (right figure).

The predicted pressure field inside and around the spherical bubble shape
are shown quantitatively in Figure 3.8, where we show the pressure variations
along a line through the centre of the bubble.
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Figure 3.8: Pressure profile along a centre line of a spherical bubble. The black line
is the result obtained by using the GHF method for the computation of k; the blue
line is the result obtained by using the finite difference formula (2.12) with a variable
smoothing length for the computation of k; the red line is the result obtained by using
the finite difference formula (2.12) with a fixed smoothing length for the computation
of k; the dashed black line is the exact value.

The exact value of 98 is found to be virtually identical to the numerical predic-
tion obtained with the GHF model. The results based on the smoothed finite
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difference approach display an error up to a 10%. Moreover, the pressure
obtained with these smoothed finite difference methods shows qualitative dif-
ferences with the physically correct pressure variations which induce spurious
effects on the dynamics of the bubbles.

The convergence of the curvature predictions is qualitatively summarised
in Figure 3.9, where the GHF method is compared with two options for the
smoothed finite difference approach. The option in which the smoothing length
is taken equal to a fixed number of grid cells is found not to converge at all,
while adopting a fixed smoothing length as well as using the GHF method
without any additional smoothing shows second order convergence upon grid
refinement. This corresponds closely to the theoretical expectations. On the
finest grid the curvature delivered by the GHF method is about 2 orders of
magnitude more accurate than the one obtained by adopting a fixed smoothing
length.

10
−3

10
−2

10
−1

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

h

L
1
 c

u
rv

a
tu

re
 e

rr
o
r

Figure 3.9: L1 norm of the curvature field for a spherical bubble. The black line with
crosses is the result using Eq. (2.12) with a smoothing variable smoothing length; the
black line with triangles is the result using Eq. (2.12) with a fixed smoothing length;
the black line with dots is the result using the GHF method; the dashed line is the
second order convergence slope.

The ultimate consequence of errors in the computation of the curvature is
due to the dynamic relevance of curvature effects. This is concisely illustrated
in Figure 3.10. On the scale of the comparison the GHF method appears
entirely without spurious velocity effects. Quantitatively, we observed that
the spurious velocity induced by the GHF method is two orders of magni-
tude smaller than the velocities produced by the smoothed finite difference
approach.

Based on the numerical assessment of the GHF and smoothed finite dif-
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Figure 3.10: Spurious currents vector field after one time-step for the simulation
of a standing spherical bubble under zero gravity. In the left figure the curvature
is computed by the GHF method; in the right figure the curvature is computed by
equation (2.12). The velocity field obtained employing the GHF method is approxi-
mately 2 orders of magnitude smaller and practically not visible on the same scale.
The maximum velocity magnitude in the left picture is about 10−5.

ference methods in this section we clearly favour the GHF approach and will
adopt this method throughout the rest of this chapter. In the next section we
first investigate the capturing of bubble-bubble and bubble-wall collisions by
the numerical approach.

3.5 Simulation of collisions and interaction with a
wall

The presence of bubbles dispersed in a flow has several effects. First of all, by
taking part of the volume and moving and interacting with the surrounding
fluid the presence of the bubbles influence the overall dynamics. This has many
consequences for the effective flow properties of the total multiphase system.
The capabilities of the GFH method in capturing the motion of individual
bubbles was validated in the previous section. A second consequence of the
presence of bubbles, in particular in case of sufficiently high bubble volume
fractions, is the occurrence of collisions between the bubbles and between
bubbles and walls of the flow domain. These events also influence the bubble
dynamics and hence the overall flow dynamics. It is important to capture such
events accurately and in this section we present the capabilities of the GHF
method, combined with the multi-marker formulation, in this respect.

Even though the focus of this work is on bubbly flows, the analysis and
validation of the bubble-bubble collision algorithm and the wall-interaction
algorithm has been conducted on droplets. This simplifies the initial condition
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of the numerical experiments. Two spherical droplets are initially placed at
a certain distance with a uniform and opposite velocity imposed inside each
droplet. The higher inertia of the liquid region with respect to the surrounding
gas quickly drives the droplets toward each other. A similar simulation with
bubbles would require more elaborate initial conditions of the velocity field.
The droplet collision setting described above is also often used in experiments
[106]. From a numerical point of view this is fully equivalent to a bubble-
bubble collision, where the volume fraction field is simply switched from 1 to
0 in the liquid phase, and from 0 to 1 in the gas phase.

In this section we focus on a particular physical setting for the simulation of
the droplet-droplet and droplet-wall interactions. The parameters are collected
in Table 3.1, and correspond closely to the physical situation of water droplets
in air under standard conditions. The Weber number is chosen in such a way
that the droplets do not break up, and at the same time the collision is strong
enough to lead to significant deformation of the droplets. In the actual case of
bubble-bubble interaction in channel flow, the lower inertia of the gas phase
and the fact that the bubbles move on average along the stream-wise direction
results in a more gentle collision. Hence, the tests proposed in this section
are numerically more challenging and thus also relevant for the milder case of
bubble-bubble or bubble-wall interaction.

We first turn our attention to droplet-droplet collisions in Subsection 3.5.1
and subsequently describe droplet-wall interactions in Subsection 3.5.2.

Table 3.1: Dimensionless parameters - droplet collision

Re We ρl/ρg µl/µg
20 4.17 1000 100

3.5.1 Droplet-droplet collision

In Figure 3.11 a general impression of the droplet-droplet collision is shown.
We clearly observe the approaching droplets and the corresponding large de-
formation of their shapes that is associated with the collision process. A
smooth sequence of physically recognisable droplet shapes is found in the vi-
sualisations of the collision. In fact, the multiple marker approach enables the
identification of the interfaces of each of the droplets separately by the contour
f = 0.5. The collision process in the VOF approach appears to correspond to
a slight overlap between the two f ≥ 0.5 regions that define the two individual
droplets. We selected a large approaching velocity U0 to create a demanding
test case. In this situation the overlapping region was found to be limited
to approximately 1 grid spacing. Moreover, we verified that the individual
volume of the two bubbles is conserved to high accuracy throughout the entire
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collision event. Relative variations with respect to the initial volume of less
than 1 · 10−5 were observed at the selected spatial resolution of 64 × 48 × 48
grid points.

Figure 3.11: Isosurface f = 0.5 for different simulation times of a droplet collision:
t = 0.2, top-left figure; t = 1, top-right figure; t = 1.2, bottom-left figure; t =
2, bottom-right figure. An initial velocity of opposite direction and equal to U0 is
imposed inside the droplet region.
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A more quantitative impression of the progressing collision is presented by
a cut through the center plane z = 0 in Figure 3.12.
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Figure 3.12: Velocity field vectors on a mid plane for different simulation times of a
droplet collision: t = 0.2, top-left figure; t = 1, top-right figure; t = 1.2, bottom-left
figure; t = 2, bottom-right figure. Only one arrow every 4 grid cells is shown for the
sake of clarity. On the background, the computed droplet shape is reported in black
together with the contourplot of the x component of the velocity

The induced velocity field inside and outside the droplets is included in two
ways. First, we show the vortical structure of the velocity field with four
clockwise/anti-clockwise rotating vortices in the right/left top and bottom
parts of the domain. Specifically, we plot the (u, v) components as velocity
vectors in the plane. In addition, contours of the u component are shown in
colour as well. The initial phase where the droplets approach (top left figure)
displays a clear ‘squeezing out’ of the air between the droplets, ejected toward
the top and bottom, which is particularly large just to the north and the
south of the region of closest proximity. This is combined with a positive u
in the left of the domain and a negative u in the right part shown in colour.
Somewhat later (top right figure) we observe a situation with highly deformed
droplets that already begin to separate. A large, very flat interface between
the droplets has formed and the vortical structures have all switched rotation
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direction compared to the initial approaching phase. The separation velocity is
seen to be largest along the x direction near y = 1.5. The separation of the two
droplets gradually progresses (bottom left and bottom right figures) showing
a retracting flat interface between the droplets and an ‘inward pointed’ shape
that has formed on both droplets just after the direct ‘contact’ between the
droplets has ended.

The curvature as computed by the GHF method is illustrated in Fig-
ure 3.13. We observe a very sharp representation of the interface with non-zero
values of the curvature only at the interface cells, i.e., in grid cells directly ad-
jacent to the f = 0.5 contours of the volume fraction fields associated with
the droplets. Large variations of the curvature are found along the droplet
interfaces, which are well captured by the method. No signs of numerically
induced wiggles in the curvature along the contours are observed.
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Figure 3.13: Curvature value computed using the GHF method, for the simulation
times: t = 0.2, left figure; t = 1. The values of the curvature only exist at the interface
cells; no artificial smoothing is applied.

The convergence of the droplet shapes with grid refinement is illustrated
in Figure 3.14. We compare findings on four different grids that are system-
atically refined by a factor of two in each coordinate direction. While even
the coarsest grid displays clearly recognisable droplet shapes at the point of
high deformation, the strength of the GHF method is best appreciated by the
rapid convergence of the droplet shapes with grid refinement. Results on the
two finest grids correspond very closely with each other, and display a nearly
perfectly overlapping contour of both droplet interfaces. This high level of
correspondence allows to quantify the order of convergence, as shown in Fig-
ure 3.15. The L1 norm of the difference between the volume fraction field on a
given grid g0, g1, g2 compared to the result on the finest grid g3 shows a clear
second order convergence, as is expected theoretically.
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Figure 3.14: Contourplot f = 0.5 on a mid-plane of the collision test at t = 1 for
different grid resolutions: g0 = 32 × 24 × 24; g1 = 64 × 48 × 48; g2 = 128 × 96 × 96;
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Figure 3.15: L1 norm of the volume fraction field error as a function of the grid
refinement (black line). The second order line is reported for comparison (dashed
line)
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3.5.2 Droplet-wall collision

We proceed with a description of the capturing of a droplet-wall collision by
the GHF method. For that purpose we introduce a spherical droplet close
to the channel wall and initialise the velocity inside the droplet such that it
approaches the wall under an angle. A physical simulation of the two-phase
flow wall interaction requires the introduction of a contact angle model. Nu-
merically, this translates to an imposed interface slope for those interface cells
adjacent to the wall. A detailed description of a contact angle model for the
VOF method is given in [107]. While this is certainly a possible approach,
in the simulations we are interested in (turbulent channel bubbly flows), im-
posing a specific content angle at the wall has a small effect on the mean
properties of the flow, since it only affects the droplet (or bubble) shape in
the very proximity of the wall. What is however important, as also noticed
in [14], is to avoid an artificial sticking of the bubbles at the wall. This hap-
pens when a zero-gradient boundary condition for the volume fraction field is
used at the wall. Taking in mind Eq. (2.13), ∇f · nw = 0, where nw is the
normal to the wall, leads to an interface normal always orthogonal to the wall
surface. This does not enable bouncing, causing an agglomeration of bubbles
at the wall, which is not always physical. In order to numerically simulate a
bouncing event, a value of f = 0 is assigned to the halo region next to the wall.
The gradient of the volume fraction, i.e. the normal vector to the interface,
will then be non-zero in the cells containing an interface. This prevents the
interface component normal to wall from being zero. The value of ∇f · nw is
computed from the impact dynamics of the droplet (or bubble). For a sessile
bubble or droplet on a wall, the stationary configuration corresponds to a hy-
drophobic surface (contact angle equal to 180 degrees). The method is then
able to numerically simulate a meaningful bouncing event, as shown below.

The sequence of events that illustrates the collision is shown globally in
Figure 3.16, displaying a characteristic flattening of the part of the interface
that is squeezed against the wall during the droplet-wall interaction. This
collision process is shown more quantitatively in Figure 3.17. The complex
vortical structure in the (u, v) velocity field is clearly captured in the simulation
together with the asymmetrically deformed droplet shapes that are found in
the course of the droplet-wall collision.

Figure 3.18 displays the evolution of the curvature of the interface, repre-
sented by f = 0.5, in the course of the collision with the wall, underlining as
before the very high spatial localisation of non-zero curvature values on the
grid. The characteristic shape of the droplet at the moment of strong defor-
mation is well captured with refined spatial resolution as shown in Figure 3.19,
and, as in the case of droplet-droplet collision, we can readily establish a clear
second order convergence as is summarised in Figure 3.20.
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Figure 3.16: Isosurface f = 0.5 for different simulation times of a wall-droplet
collision: t = 0.3, top-left figure; t = 0.9, top-right figure; t = 1.5, bottom-left figure;
t = 3, bottom-right figure. An initial velocity pointing toward the wall and equal to
U0 is imposed inside the droplet region.
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Figure 3.17: Velocity field vectors on a mid plane for different simulation times of a
droplet collision with a wall: t = 0.3, top-left figure; t = 0.9, top-right figure; t = 1.5,
bottom-left figure; t = 3, bottom-right figure. Only one arrow every 4 grid cells is
shown for the sake of clarity. On the background, the computed droplet shape is
reported in black together with he contourplot of the x component of the velocity
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Figure 3.20: L1 norm of the volume fraction field error as a function of the grid re-
finement (black line). The second order line is shown for comparison purpose (dashed
line)
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3.6 Concluding remarks

In this chapter we numerically analysed the processes of droplet-droplet and
droplet-wall collision and the accuracy with which this can be captured numer-
ically with the GHF method. The study is also applicable to bubble-bubble
and wall-bubble interaction by simply switching the volume fraction field val-
ues from 1 to 0 in the liquid phase and from 0 to 1 in the gas phase. The
analysis has revealed a successful simulation of these collision events, which
increases confidence in the application of this method to a turbulent bubble-
laden channel flow. Of course, the accuracy that can be reached depends to
a large extent on the spatial resolution. For the extreme collision events that
were investigated here with very high droplet deformations we found good
convergence on the g1 and g2 grids, which cover the initial droplet diameter
with 16 and 32 grid cells approximately. This resolution is approximately
maintained in the simulations of turbulent bubble-laden channel flow shown
in the next chapter.
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Chapter 4

Turbulence modulation in
dispersed gas-liquid flow

4.1 Introduction

In this chapter the attention is turned to turbulent bubble-laden channel flows.
The aim of this study is to investigate the changes in statistical turbulence
quantities due to the presence of deformable bubbles. Moreover, this study
is used to illustrate the capabilities of the mphBox solver for the simulation
of such flows. The statistics of the velocity field are compared with those
of the corresponding single-phase turbulent channel flow. While extensive
literature is available for single-phase flow, where both average quantities and
flow structures are well documented, the presence of the second phase gives
rise to additional challenges from a physical and numerical standpoint that
are addressed in this chapter.

A comprehensive review of DNS of bubbly flows is presented in [10]. The
main reference from which this study derives its inspiration is the pioneering
work of Lu and Tryggvason [11]. A set of simulations at different volume
fractions is carried out for a vertical downflow configuration, and first and
second order statistics are computed and compared with those of single phase
channel flow. The companion paper [12] focuses on the effect of bubble sizes,
which is also investigated in this chapter. The effect of deformability in a
turbulent bubbly upflow was investigated in [13]. A strong dependency of
the volume fraction profile on the bubble deformability was observed. More
recently, an upflow bubbly channel loaded with different numbers of bubbles
and size distributions was investigated in [14]. A high volume fraction in air-
water systems under pressurised conditions was also studied in [15]. In [26] the
focus is moved toward convective heat transfer in turbulent bubbly upflows.

In most studies a ‘mathematical’ flow has been used to overcome the diffi-
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culties that the high mass density ratio of 1000, typical for air-water systems at
atmospheric pressure, presents from a numerical point of view. Furthermore,
relatively low volume fractions are typically investigated since the computa-
tional cost increases with the number of bubbles. Here, we present a numerical
method cable to simulate a statistical steady state of turbulent channel flow
loaded with thousands of bubbles at high mass density ratios.

First, a comparison with [11] is made for the case of a volume fraction of
1.5%, analysing profiles of mean velocity and rms of velocity fluctuations as
a function of the distance from the wall, along the wall normal. Two initial
bubble distributions have been considered and simulated for an averaging time
t = 3000H/U , probing the statistical steady state. An overall good agreement
with [11] is found for this case at mass density ratio equal to 10.

Three simulations at volume fraction 1.5%, 3% and 6% have been carried
out for a mass density ratio of 100. As the volume fraction increases significant
deviations from the single phase flow profiles are observed: a reduction of the
mass flow rate with a flat velocity profile in the bulk of the channel, an increase
of the velocity fluctuations in the core region due to the formation of bubble
wakes and an essentially isotropic flow extends toward the outer region of the
core.

The effect of the bubble size has also been investigated by comparing two
simulations at a fixed volume fraction. The case of a smaller bubble diameter
resulted in a strong turbulence attenuation with a reduction of the velocity
fluctuations both in the core and in the near-wall region. This result, only
mentioned here, will be presented in detail in Section 4.3.4.

In order to overcome the slowdown at high mass density ratios of the
PCG method, used for the solution of the pressure equation, the modified
pressure equation developed by [54] was adopted. This transforms the variable
coefficient Poisson equation into a constant coefficient Poisson equation. The
efficiency of solving the latter is independent of the mass density ratio. A
Fast-Fourier-Transform (FFT) -based Poisson solver was implemented for the
solution of the pressure equation. An order of magnitude in speed-up has been
gained for ρl/ρg = 100. The accuracy of this method was tested for the case
of a rising bubble in a laminar flow, as well as for a case of a turbulent bubble-
laden channel flow. A good agreement is shown with the results obtained from
the unmodified pressure equation.

Preliminary tests showed that simulations at mass density ratio 1000 lead,
at the investigated grid resolution (512× 256× 256 grid points), to high spu-
rious velocities in the proximity of the interface in the gas phase. The results
shown in Chapter 3 suggest that grid refinement leads to improvement in
computations of the curvature and so of the surface tension force. A first
simulation on a finer grid did, however, not show a significant reduction of
the magnitude of these spurious currents which is an illustration of the need
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to further improve the discretisation of the surface tension force. This will be
the subject of future investigations.

In order to assess the feasibility of a statistically converged bubble-laden
flow simulation at high grid resolutions and mass density ratios (100), a scal-
ability test of the fast Poisson solver has been conducted for the finer grid
1024× 512× 512. Both strong and weak scaling are observed for all the con-
sidered numbers of cores proving that the developed algorithm is an efficient
tool for turbulent bubbly flows at high mass density ratios.

The structure of this chapter is as follows: in Section 4.2 a brief intro-
duction to the computational model is given; in Section 4.3 the turbulent
flow statistics are investigated for different volume fractions and bubbles sizes.
First a comparison with the results available from literature is made and sub-
sequently first and second order statistics of the velocity field are computed
and compared to single phase channel flow statistics. In Section 4.4 the mod-
ified pressure equation is analysed and tested on a rising bubble in a laminar
flow and for a turbulent bubble-laden channel flow. Finally, the main findings
are summarised in Section 4.5.

4.2 Computational model for dispersed gas-liquid
flow

The computational model for dispersed gas-liquid flow is described in detail in
section 3.3. The momentum equation (3.2) and the continuity equation (3.3)
are discretised by a third/second order method in time and a second order
finite difference method in space, resulting in Eq. (3.6) and Eq. (3.7). The
system of equations is coupled through a standard projection method. The
bubbles are captured by the Volume of Fluid (VOF) method. A volume frac-
tion field f is initialised in the computational domain with value 0 in the liquid
phase and 1 in the gas phase. A different volume fraction field fi, i = 1, ..., N ,
with N the number of bubbles, is assigned to each bubble and then advected
through equation (3.1). This avoids the so called numerical coalescence allow-
ing for a physically meaningful bubble collision (see Subsection 3.3.2). The
volume fraction field is coupled to the momentum and continuity equations
by the mass density and the dynamic viscosity that are computed using (3.4)
and (3.5).

The numerical method summarised here belongs to the category of direct
numerical simulation methods and as such it resolves all scales of motion. In
the next section this method will be applied to the simulation of turbulent
bubble-laden channel flow for the analysis of the flow statistics.
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4.3 Comparison of single and multiphase turbulent
channel flow statistics

The choice of the channel geometry and the flow parameters is closely related
to the underlying numerical method used for solving the governing equations.
Two-phase flow simulations are considerably more expensive than single-phase
flow simulations for a number of reasons: the solution of an additional set of
equations for the volume fraction fields requires additional computational ef-
fort; the discontinuity in the material properties and the pressure jump at the
bubble interface slow down the convergence of the multigrid solver used for
the solution of (3.7); a finer grid is generally required also in the core of the
channel for an accurate resolution of the bubble interfaces and the flow struc-
tures generated by them. In this respect, the so called “minimum turbulent
channel flow”, studied in [11–13], allows for statistically converged simulations
with much reduced computational power compared to other channel flows in
literature such as in [6]. This geometry represents the smallest flow domain
in which the characteristics of the simulated turbulence resemble those of the
full-scale turbulent channel flow [108]. In particular, the computational do-
main is π×2×π/2, respectively along x (stream wise direction), y (wall normal
direction) and z (span-wise direction). Furthermore, in order to enable a com-
parison with the pioneering work of Lu and Tryggvason [11], Reτ was set to
127.

The flow is confined between two walls perpendicular to the y-direction,
is periodic along x and z and is driven by a constant pressure gradient in the
stream-wise direction. A schematic representation of the set-up is shown in
Fig. 4.1. The global momentum balance in the statistical steady state leads
to:

2τwA =
dp

dx
V + ρgV (4.1)

where τw is the average wall shear stress, V the volume of the channel, A
the area of one wall, dp/dx the imposed pressure gradient, g the gravitational
acceleration and ρ = (ρlVl+ρgVg)/V the average mass density where Vl and Vg
are the liquid and the gas volume, respectively. From (4.1), using V = 2HA
with H the half-width of the channel, the average wall shear stress in the
statistically steady state can be derived as:

τw = H

(
dp

dx
+ ρg

)
(4.2)

The equations are solved in non-dimensional form so that H = 1, ρl = 1
and νl = 1/3000. From the definition of the shear velocity uτ =

√
τw/ρl and
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Figure 4.1: A sketch of the downflow configuration. The solid lines that delimit the
channel domain represent the walls. The dashed lines are periodic boundaries. The
mean stream-wise velocity profile is qualitatively represented at the bottom of the
picture.

the definition of the friction Reynolds number Reτ = uτH
νf

we can derive that

τw = ρl

(
νlReτ
H

)2

= 0.0018. (4.3)

Combining (4.3) and (4.1) the value of the pressure gradient is found. The
simulation parameters chosen in [11] are as follows: the mass density ratio
ρl/ρg is equal to 10; the dynamic viscosity is equal for both phases so that
νl/νg = 1/10; the surface tension σ is 0.01 and the gravitational acceleration
g is 0.1. In section 3.4 we showed that a number of at least 15 grid points
per bubble diameter is required to resolve the shape of a deforming bubble.
For the simulation of the channel flow the bubbles are resolved with about
20 grid points along the diameter, with d = 0.25. This ensures an accurate
computation of the curvature on which the surface tension depends. The

corresponding Morton number, Mo =
gµ4l
ρlσ3 and Eötvös number, Eo = ρlgd

2

σ

are respectively 1.5 · 10−10 and 0.31. For a water-air system this value of Eo
corresponds to bubbles of D = 1.53 mm.

The computational grid is 192 × 160 × 96 grid points (unless otherwise
specified) and is the same as in [11]. For the Reynolds number used, a uniform
distribution of points along the y-direction has been shown to be sufficiently
accurate to resolve the boundary layer (see Fig. 4.3). The dimensionless grid
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spacing in wall units δw = ν/uτ is: ∆x+ = 2.09, ∆y+ = 0.79, ∆z+ = 2.09.

4.3.1 Initial conditions

The initial conditions of the velocity field are generated from the solution of
the corresponding single-phase channel flow in the statistical steady state. In
order to check the convergence of the results of the single phase flow, the shear
stress τw is tracked in time (Fig. 4.2) and compared with the theoretical value
(4.3). The minimum channel, as described in [108], shows a slow convergence
with a long intermediate regime which requires simulations of t = 1000H/U ,
with U the mean bulk velocity. The presence of an intermittent regime and
the long relaxation time of the viscous term was already reported in [108].
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Figure 4.2: Total average wall shear stress τw as a function of time. The black dashed
line is the theoretical value deduced from the global force balance. An approximate
statistically steady state is reached at around t = 3000H/U . Before this point the
flow is characterised by intermediate time scales and oscillations of the flow statistics.

In order to see how well the minimum channel at Reτ = 127 is able to
reproduce the flow statistics of the full channel, the stream-wise mean velocity
and the rms of the velocity fluctuations were computed and compared with the
same quantities for a full channel at the same Reynolds number. In particular,
the simulation of the full channel was carried out with an independent spectral
method, well validated and used in [6], on a 384× 193× 192 grid. Figure 4.3
left shows the mean velocity profiles scaled with uτ , as functions of y+ for the
minimum channel flow (dashed line) and for the full scale channel flow (solid
line). The quantities are averaged over time and homogeneous directions (x
and z). The profiles are in good agreement but show small differences in
the core of the channel, which are expected given the reduced size of the

82



4.3. Comparison of single and multiphase turbulent channel flow statistics

domain [108]. Similar considerations can be drawn for the rms of the velocity
fluctuation shown in Figure 4.3 right. A good agreement is found for all
quantities with a maximum relative error of about 3%. This shows that the
choice of the minimum channel is appropriate for analysing the quantities of
interest in this work, namely first and second order statistics.
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Figure 4.3: Mean stream-wise velocity normalised by the friction velocity as a func-
tion of the wall normal coordinate y+ (left figure); root-mean-square of the velocity
fluctuations normalised by the friction velocity as a function of the wall normal coor-
dinate y+ (right figure). Solid lines: full scale (Lx = 4π, Ly = 2, Lz = 4/3π) channel
flow on a 384×193×192 grid; dashed lines: minimum channel flow on a 192×160×96
grid. In the right figure the crosses indicate the rms of u′, the circles indicate the rms
of w′ and the triangles indicate the rms of v′.

4.3.2 Comparison of flow statistics at mass density ratio 10

For the computation of the statistics of the two-phase flow it is useful to sample
the quantities of interest in the liquid phase and in the gas phase. To this end,
a definition of volume fraction average is introduced rather than the average
over the whole domain in the following way:

< q >=
f · q
f

(4.4)

where f is the volume fraction, q a generic quantity and (·), as for the single
phase flow, indicates an average over time and the homogeneous directions.
From (4.4) a natural definition of the root-mean-square (rms) of the fluctuation
q′ is derived:
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rms(q′)f =

√
< (q− < q >)2 >

=
√
< q2 > − < q >2

=

√
fq2

f
−
(
fq

f

)2

(4.5)

The liquid-phase volume fraction averages can simply be derived by substitut-
ing (1−f) instead of f in (4.4). From this point onward, the statical quantities
presented are the liquid-phase volume fraction averages and are indicated by
< · >, unless stated otherwise. For single phase flow f is replaced by unity.
Furthermore, for the two-phase flow all the statistics have been averaged also
over the left and the right side of the channel.

The simplest way to add bubbles to the flow is to initialise these as spherical
objects with the local velocity of the liquid. However, these initial conditions
do not satisfy the governing equations and in order to avoid large disturbances
at t = 0 the material properties of the gas phase have initially been set to those
of the liquid. The mass density and the dynamic viscosity of the gas phase
are then linearly increased up to their actual values within one flow-through
time.

To make a direct comparison with [11], the case of the channel flow loaded
with 18 bubbles, corresponding to a total volume fraction of 1.5%, was sim-
ulated. The initial condition of the volume fraction field is not specified in
full detail in [11]. To establish the influence of the initial bubble distribution
on the statistically steady state, two initial configurations of bubble arrays
(nbx, nby, nbz) were tested: one with an array of bubbles (6, 1, 3) and the sec-
ond with an array of bubbles (3, 2, 3). Here nbx is the number of bubbles along
x, nby is the number of bubbles along y, and nbz is the number of bubbles
along z. The shear stress averaged over t = 3000H/U is shown in Fig. 4.4.

The solid black line is the configuration (6, 1, 3), the dashed blue line is the
configuration (3, 2, 3) and the dashed black line is the theoretical value. Since
the total volume fraction is low, the flow is expected to converge fast to a new
statistically steady state. A rather longer time average has been calculated to
understand whether the initial bubbles distribution has an effect on the statical
quantities. An initial increase from the statically steady state is observed for
both cases from t = 0 to t = 250H/U . After this time the value of τw decreases
toward the theoretical value (dashed line) with a maximum relative error of
3% at the final time. An error of the same order of magnitude on the average
shear stress was also found in [11].
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Figure 4.4: Total averaged wall shear stress τw as a function of time for the bubble
laden channel flow with 18 bubbles, as studied in [11]. The solid black dashed line
is the theoretical value deduced from the global force balance. The black and the
dashed blue line correspond to different initial bubble distributions (nbx, nby, nbz):
the black line has the initial configuration (6, 1, 3); the dashed blue line has the
initial configuration (3, 2, 3). The initial velocity field is the converged solution of the
corresponding single phase flow.

Fig. 4.5 shows the average volume fraction (top figure) and velocity profile
(bottom figure). The solid black and the dashed blue lines are the results
obtained with the solver mphBox for initial arrays of bubbles (6, 1, 3) and
(3, 2, 3), respectively, while the dashed black lines are the results form reference
[11]. The velocity profiles are in good agreement, showing a narrow flat region
in the bulk, with a maximum value of about 0.7. For the volume fraction field
the trend is qualitatively the same, with the bubbles mainly present in the bulk
of the channel, but the differences in the results with respect to the reference
paper are significant. The reason for this is not entirely clear. The results
from solver mphBox show that the averaging time is sufficiently long for the
average volume fraction to have become independent of the initial conditions.

More pronounced are the differences in the rms of the velocity fluctuations.
Fig. 4.6 shows the rms of u′ obtained by solver mphBox (solid black and dashed
blue lines) and the one reported in [11] (dashed black line).

The two profiles for different initial bubble arrays are in good agreement with
each other, showing a statistically steady state virtually independent of the
initial condition of the volume fraction. For the reference case, a substantial
increase of the velocity fluctuations appears in the core of the channel, where
the increased rms is due to the presence of the wake of the bubbles. Because
of gravity, the bubbles rise with respect to the liquid velocity generating a
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Figure 4.5: Average volume fraction (top figure) and average stream-wise velocity
(bottom figure) as functions of the wall normal coordinate y, for channel flow with
18 bubbles. The solid black and the dashed blue lines are the results obtained with
solver mphBox, while the dashed black lines are the results from [11].
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Figure 4.6: Rms of u′ as a function of the wall normal coordinate y for channel
flow with 18 bubbles. The solid black and dashed blue lines are the result for both
initial bubble configurations obtained by solver mphBox using averaging over the
liquid phase as in (4.5); the dashed black line is the reference result from [11]; the red
line is the result obtained by solver mphBox averaging over the whole domain, liquid
and gas.
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relatively low velocity region, the wake, which increases the velocity fluctua-
tions. The profiles are in good agreement with the reference solution up to a
distance of 0.25 from both walls from where on they start to differ. However,
the values of the rms strongly depend on the definition of this quantity, which
is not trivial in multiphase flow. As described above, the solid black line and
the blue line have been obtained using definition (4.5). If one averages over the
whole domain one obtains instead the red line in Fig. 4.6, which corresponds
more closely to the reference results. Unfortunately, the definition of the aver-
aging process was not explicitly given in [11], making a one-to-one comparison
impossible. Despite the difference in the results, for the remainder of this
chapter statistics are computed with (4.4) and (4.5). These definitions allow
to distinguish between the two phases, making the comparison with single
phase flow more meaningful.

A qualitative impression on the convergence rate of the statistical quanti-
ties is shown in Fig. 4.7. The mean stream-wise velocity (top figure) and the
rms of u′ (bottom figure) are computed for three different averaging times:
t = 300H/U (red line), t = 600H/U (green line) and t = 3000H/U (black
line). A good approximation of the longer time statistics is already obtained
at t = 600H/U , corresponding to about 100 flow-through times. The maxi-
mum relative difference between the black and green line for the rms of u′ is
about 4.5%.

0 0.5 1 1.5 2
0

0.2

0.4

0.6

y

<
u
+
>

0 0.5 1 1.5 2
0

1

2

3

y

(<
u
′
2
>
)

1 2

Figure 4.7: Mean stream-wise velocity profile (top figure) and rms of u′ as a function
of the wall normal coordinate y, for three different averaging times: t = 300H/U (red
line), t = 600H/U (green line) and t = 3000H/U (black line).
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In the next section an analysis of flow statistics at mass density ratio 100
for different volume fractions will be carried out. Given the results obtained in
this section, the convergence of the statistical quantities will be monitored not
only by computing the average shear stress at the wall but also by introducing
an error measure to estimate the convergence of the averaged quantities from
samples at different time levels.

4.3.3 Flow statistics at mass density ratio 100 for different vol-
ume fractions

Moving away from mathematical fluids toward a physical system, the biggest
obstacle from a numerical point of view is the high mass density ratio. An air-
water system at atmospheric pressure would require ρl/ρg = 1000, but such
a high ratio has been found to significantly slow down the convergence of the
Poisson solver (see section 4.4). The success of the multigrid method, used
here as a preconditioner, relies on the smoothing, interpolation and coarse grid
operators. A standard multigrid method consisting of full coarsening, linear
interpolation and Gauss-Seidel smoothing is used in this work. For PDE prob-
lems with non-smooth coefficients, however, the typical fast convergence rate
observed in the single phase flow problem, deteriorates. Special techniques,
such as line Gauss-Seidel, algebraic multigrid and specially designed inter-
polation operators for coarsening of discontinuous quantities are summarised
in [17]. This rather wide area of research is not the focus of this work, and it
has not been pursued further. In order to make the simulation feasible, the
mass density ratio has been set to 100. Consequently, the dynamic viscosity
ratio was set to 10, so that the ratio of the kinematic viscosity of gas and
liquid is equal to 10, which is comparable to air and water.

Similar to what has been studied in [11], a set of simulations is carried
out to investigate the change in the turbulence induced by the presence of
deformable bubbles. For a meaningful comparison with the single phase flow,
Reτ has been fixed to 127 for all the cases studied here. The bubble size is
kept constant, while the number of bubbles N is varied. The values of the
total volume fraction αt investigated are: αt = 1.5%, αt = 3% and αt = 6%.
These values correspond to respectively N = 18, N = 36 and N = 72 and
throughout the text they will be referred to as C18, C36 and C72.

A qualitative impression of the flow is given in Fig. 4.8 and Fig. 4.9. In the
first figure the contours of the stream-wise velocity field are shown comparing
C72 (left figure) with the single-phase flow (right picture). The motion of
the bubbles is clearly visible and characterised by lower velocity regions (dark
blue). The core of the multiphase channel is enriched with small scales as a
result of the bubble-liquid interaction. The bubbles rise with respect to the
surrounding liquid due to the buoyancy force.
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Figure 4.8: Contour plot of the stream-wise velocity field on a mid plane of a
multiphase channel flow with total volume fraction α = 6% (left figure) and for single
phase channel flow (right figure) at the same Reτ = 127. The motion of the bubbles
is clearly visible and characterised by lower velocity regions (dark blue regions) with
respect to the liquid due to the buoyancy force.
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Figure 4.9: Contour plot of the liquid phase of the vorticity component orthogonal
to the mid plane, ωz, of a multiphase channel flow with total volume fraction α = 6%
(left figure) and for single phase channel flow (right figure) at the same Reτ = 127.
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As a consequence the averaged liquid velocity is decreased. The second figure
shows the contours of the vorticity field of the liquid phase in the z-plane for
C72 (left figure) and for the single phase flow (right figure). For the single
phase flow high values of ωz are mainly present in the near-wall region due
to high values of ∂u/∂y near the wall. In the multiphase flow, the wakes
induced by the relative motion of the bubbles with respect to the liquid flow
generate vorticity in the core of the channel with corresponding formation of
small scales of motion in the centre region.

The statistically steady state was closely approximated in the simulations.
This was checked in two ways: by monitoring the total average shear stress at
the walls and by computing a sliding-window average of the flow statistics. The
latter method is used to estimate the convergence of the averaged quantities
from samples at different time levels through the definition of the maximum
relative error

Er = max
j

(
| < q >n+1

j − < q >nj |
| < q >nj |

)
(4.6)

where n corresponds to the simulation time over which < q > has been com-
puted and j the index of the grid point along the wall normal direction. Figure
4.10 shows the time evolution of the wall shear stress for the single phase flow
(solid black line), the case C18 (green line), the case C36 (blue line) and the
case C72 (red line). The theoretical value is given by the black dashed line.
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Figure 4.10: Average shear stress as a function of time.

After t = 300H/U all simulations except C72 appear to be converged in time.
The higher volume fraction case requires a longer time averaging, which was
also reported in [11]. The shear stress approaches its theoretical value slowly
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around t = 650H/U . The relative error Er, shown in figure 4.11, reveals
that the statistics change very slowly for C72. In the presence of more bub-
bles, corresponding to a higher volume fraction, the deviation from the sta-
tistical equilibrium prescribed by the initial conditions is larger resulting in
a longer transient than the lower volume fraction cases. Nevertheless, case
C72 approaches Er = 2% (dashed line) at the final time. This suggests that
the results obtained for this averaging time are a good approximation of the
statistics for longer averaging times.
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Figure 4.11: Convergence rate (4.6) of the rms of u′ as a function of time.

Figure 4.12 shows the average volume fraction field as a function of the
wall normal coordinate y. The green line is the profile of C18, the blue line is
the profile of C36 and the red line is the profile of C72. Due to the lift force
the bubbles are mainly present in the core region, leaving a bubble-free region
near the wall [11,109]. For the case C72 oscillations of the order of the bubble
diameter become visible with a peak in the volume fraction around y = 0.35,
also found in [11] and in the experiments [110,111].

The mean stream-wise velocity profile, normalised by the wall shear veloc-
ity, is reported in Figure 4.13 in linear scale (top figure) as a function of the wall
normal coordinate y, and semi-logarithmic scale (bottom figure) as a function
of the wall normal coordinate y+. Shown are the single phase profile (black
line); C18 (green line); C36 (blue line); C72 (red line). The near-wall profile is
similar for all the cases shown since the bubbles are on average mainly in the
core region. The rising of the bubbles with respect to the surrounding fluid
results in the formation of wakes characterised by low velocity regions. Hence,
the bulk velocity decreases with increasing αt, flattening toward a constant
value, with a significant reduction of the mass flow rate.
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Figure 4.12: Average volume fraction field as a function of the wall normal coordi-
nate y for 3 different volume fractions: αt = 1.5% (green line); αt = 3% (blue line);
αt = 6% (red line).

0 0.5 1 1.5 2
0

0.2

0.4

0.6

y

<
u
>

10
0

10
1

10
2

0

10

20

y
+

<
u
+
>

Figure 4.13: Mean stream-wise velocity as a function of the wall coordinate y (top
figure) and normalised by the wall shear velocity as a function of the wall normal
coordinate y+ (bottom figure). Single phase flow (black line); αt = 1.5% (green line);
αt = 3% (blue line); αt = 6% (red line).
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Figure 4.14 shows the rms of u′ (left-top figure), the rms of v′ (right-
top figure), the rms of w′ (left-botom figure) and the Reynolds shear stress
< u′v′ >. With respect to the single phase flow all rms profiles increase in the
core of the channel as αt increases and tend to flatten toward a constant value.
The motion of the bubbles relative to the liquid generates intermittent regions
of higher and lower velocity which results in higher velocity fluctuations. The
Reynolds shear stress < u′v′ > tends to zero in the core region as αt increases
suggesting an isotropic behaviour. A further confirmation of this is given in
Fig. 4.15 were a comparison between the rms of w′ and v′ for the single phase
flow (black lines with, respectively, triangles and circles) and the case C72
(red lines with, respectively, triangles and circles) is shown. From y = 0.5 to
y = 1.5 the rms of w′ and v′ overlap for C72.
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Figure 4.14: Second order velocity fluctuation statistics normalised by the wall shear
velocity as a function of the wall normal coordinate y: rms of u′ (left-top figure); rms
of v′ (right-top figure); rms of w′ (left-bottom figure); < u′v′ > (right-bottom figure).
Single phase flow (black line); αt = 1.5% (green line); αt = 3% (blue line); αt = 6%
(red line).

The increased intensity of the velocity fluctuations in the core of the chan-
nel is also reflected in the turbulence kinetic energy dissipation rate εt, com-
puted as < 2νE′E′ > with E′ the symmetric part of the velocity fluctuations
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Figure 4.15: Rms of w′ for the single phase flow (black line with triangles) and for
the case αt = 6% (red line with triangles); rms of v′ for the single phase flow (black
line with circles) and for the case αt = 6% (red line with circles).

gradient tensor. In Figure 4.16 the 12 components <
∂u′i
∂xj

∂u′i
∂xj

> with i = 1, 3

and u′i a component of the velocity fluctuations vector are shown. Only the
first three higher components are labeled in the figures. On the left are the
results for single phase flow, on the right the results for case C36. For the
single phase flow εt is high at the walls, mainly due to the fluctuation of u
in the wall normal direction, and decreases rapidly toward the core. For the
two-phase channel flow an opposite behaviour is observed, with εt reduced
near the wall and strongly increased in the core region. This highlights the
formation of small structures in the bulk induced by the passing of the bub-
bles and characterised by high velocity fluctuation gradients. Similar general
conclusions were found for cases C18 and C72.

4.3.4 Influence of the bubbles size on the flow statistics

Having investigated the change in the turbulence statistics with increasing
volume fraction, it is also of interest to see how the bubble size influences
the turbulent structures at a given volume fraction. To illustrate this two
simulations for αt = 2.6% with a bubble diameter of 0.24 and 0.12 were carried
out. For brevity, these two cases are referred to as Cd and Cdh. The total
number of bubbles is 36 for case Cd and 288 for Cdh. In order to resolve a
bubble diameter with approximately 20 grid points a 192×160×96 grid is used
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Figure 4.16: Contributions to the turbulence kinetic energy dissipation rate εt as
function of the wall normal coordinate y, for single phase flow (left figure) and case
C36 (right figure). Only the three highest contributions are labeled in the plots.

for the case Cd and a 512×256×256 grid is used for case Cdh. The simulation
at ρl/ρg = 100 on the finer grid, even though feasible, is computationally
expensive. Since the goal is to show the changes in the statistics due to the
changes in the bubbles size, the mass density ratio has been reduced to 10 for
both cases. The gravitational acceleration and the surface tension coefficients
for the case of smaller size bubbles have been chosen in such a way that they
match Froude and Weber number used for the previous simulations at mass
density ratio 100 (C18, C36, C72).

The simulations have been run for t = 1000H/U where an approximate
steady state is reached with an error value, given by (4.6), less than 2%.
Figure 4.17 shows the contour levels of the stream-wise velocity component in
different slices of the channel. The bubbles are represented by grey objects,
which are the computed isosurfaces f = 0.5.

While the wall boundary layer for case Cd shows oscillating and detaching
structures, just as for single phase flows, for case Cdh the wall boundary layers
appears to be laminarised. Figure (4.18) shows the average volume fraction
profile as a function of the wall normal coordinate. Case Cd (blue line) shows a
smooth profile, with volume fraction tending to zero at the wall and increasing
toward the core of the channel, as observed above. No trace of preferential
paths followed by the bubbles is visible in this average volume fraction profile.
On the contrary, f̄ for case Cdh (red line) reveals striking patterns with many
pronounced peaks and valleys separated by a distance of the order of the
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Figure 4.17: Contour levels of the stream-wise velocity at αt = 3%, for two different
bubble diameters: d = 0.24 (top figure); d = 0.12 (bottom figure). The flow direction
is along the x axis. The bubbles are represented by grey objects, which are the
computed isosurfaces f = 0.5.
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bubble diameter. On average, trains of bubbles appear to be present suggesting
a strong interaction between bubbles. In case of halving the bubble diameter
while keeping the volume fraction equal, large-scale coherency along the y
direction appears to form in the bubble field. The origin of this qualitative
change in the bubble dynamics is subject of further investigation.
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Figure 4.18: Average volume fraction as a function of the wall normal coordinate:
case Cd (blue line); case Cdh (red line).

In Fig. 4.19 the averaged volume fraction profiles for different lengths of
the time averaging interval are shown. As time evolves f̄ quickly converges
toward a statistically steady profile, showing that at the final simulation time
the volume fraction profile is essentially independent of the averaging time.
Whether the observed preferential clustering in case Cdh is a sign of the physics
of the bubbly system or whether it is due to the size of the periodic stream-wise
length of the computational domain is to be studied in future investigations.

In Figure 4.20 the mean stream-wise velocity is shown as a function of the
wall normal coordinate. The black line is the single phase flow profile, the blue
line is the Cd profile and the red line is the Cdh profile. The difference between
cases Cd and Cdh is not as big as the difference between the two cases and the
single phase flow. The mean stream-wise velocity in the core of the channel
for cases Cd and Cdh is about 0.67 and 0.65, respectively. The stream-wise
velocity is thus not strongly dependent on the bubble size.

More sensitive to the bubble size are the velocity fluctuations. Figure
4.21 shows the rms of u′ (left-top figure), the rms of v′ (right-top figure), the
rms of w′ (left-bottom figure) and the Reynolds shear stress < u′v′ >. All
these components of the Reynolds stress tensor are significantly lower for case
Cdh than for case Cd, both in the core region and in the near-wall region.
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Figure 4.19: Average volume fraction as a function of the wall normal coordinate
for case Cdh at different time averaging interval lengths: t = 100H/U (blue line),
t = 400H/U (green line), t = 800H/U (red line) and t = 1000H/U (dashed black
line).
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Figure 4.20: Average stream-wise velocity as a function of the wall normal coordi-
nate: case Cd (blue line); case Cdh (red line); single phase flow (black line).
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Small amplitude fluctuations in all the profiles are visible and are attributed
to the oscillating average volume fraction distribution shown in Fig. 4.18. The
quantity < u′v′ > is close to zero along the entire channel height. In the core
region this suggests an essentially isotropic flow [11]; in the near-wall region
the fluctuations are reduced compared with case Cd.
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Figure 4.21: Second order velocity fluctuation statistics normalised by the wall shear
velocity as a function of the wall normal coordinate y: rms of u′ (left-top figure); rms
of v′ (right-top figure); rms of w′ (left-bottom figure); < u′v′ > (right-bottom figure).
The legend of the lines is: single-phase flow (black line); two phase flow with bubble
diameter d = 0.24 (blue line); two phase flow with bubble diameter d = 0.12 (red
line).

In general, while the mean velocity is only mildly affected by the bubble
size, the velocity fluctuations appear significantly reduced. Since the effect of
inertia compared to gravity, quantified by Fr and the effect of inertia compared
to surface tension, quantified by We, and the fluid viscosity are the same for
both cases, the mean rise velocity of the bubbles is approximately the same for
the two cases. For the same reasons the bubble shapes will be approximately
equal. In the core of the channel the fluctuations are mainly generated by
the bubbles. Larger rising bubbles will typically generate larger regions of
recirculation and low velocity than smaller bubbles. This explains the larger
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fluctuations observed in Figure 4.21 for case Cd.
The decrease of fluctuations in the boundary layer region, where the volume

fraction is nearly zero, is not yet fully understood. It appears that the bubbles
interact in such a way that the turbulence structures are destroyed. If we
consider an equivalent system with bubbles equidistributed in regular arrays
we would have, for example along the stream-wise direction, an array of nbx
bubbles with a distance from each other of lx = Lx/(nbx − 1). Since the
velocity of the bubbles is significantly lower than that of the liquid they act
essentially as obstacles that break down the structures of wave lengths larger
than lx. In our simulation this appears to lead to a strong reduction of < u′2 >.
Furthermore, from the equations for the turbulence fluctuations in the three
directions one can show that only the equation for < u′2 > has a production
term. From the stream-wise fluctuation the energy is redistributed among the
components < v′2 > and < w′2 >, hence leading to lower kinetic energy also
in these two components [3].

4.4 Fast Poisson solver for high mass density ratio
systems

As mentioned in the previous section, the convergence of the standard multi-
grid based Poisson solver deteriorates significantly for larger discontinuities in
the coefficients. This slowdown becomes so large that statistically converged
simulations of turbulent air-water systems at atmospheric conditions are no
longer feasible. This has been a topic of research in the past years and several
improvements have been suggested, some of which are summarised in [17].
These methods mainly focus on better interpolation operators for the transfer
of data from fine to coarse grids (coarsening operators) and vice-versa (pro-
longation operators) in the presence of discontinuities. While this is certainly
a viable and effective option for problems with general boundary conditions,
in the case of periodic channel flow it is worth investigating if Eq. (3.7) can be
transformed into a constant coefficient Poisson equation. This makes it possi-
ble to use efficient direct solvers whose efficiency, by definition, is independent
of the mass density ratio.

The idea, developed by [53], and also applied by [54], is to split the density
weighted pressure gradient into two terms:

1

ρn+1
∇pn+1 =

1

ρ0
∇pn+1 +

(
1

ρn+1
− 1

ρ0

)
∇p̂ (4.7)

where ρ0 is constant and the pressure gradient ∇p̂ is an approximation of
∇pn+1 based on the pressure gradient at previous time levels. To simplify the
notation, here we assume to use the Adams-Bashforth time integration scheme,
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but the same considerations apply to the RK3 scheme. If ∇p̂ = ∇pn+1, Eq.
(4.7) is trivially satisfied. Substitution of (4.7) into (3.7), assuming not to use
the pressure correction formulation, i.e., setting φ equal to the pressure, leads
to:

∇2pn+1 = ∇ ·
[(

1− ρ0

ρn+1/2

)
∇p̂
]

+∇ ·
(
ρ0

u∗

∆t

)
(4.8)

The first approximation, ∇p̂ = ∇pn, leads to large errors even for short simu-
lations of rising bubbles in a laminar flow, as shown in [54]. In the same paper
the linear extrapolation

∇p̂ = 2∇pn −∇pn−1 (4.9)

is shown to deliver accurate results for a number of cases of falling droplets and
rising bubbles for a wide range of parameters. For this reason interpolation
(4.9) has also been adopted here.

The choice of ρ0 is related to the numerical stability of (4.8). A formal
Fourier stability analysis is not easily applicable given the presence of the
discontinuous coefficients ρ0/ρ

n+1/2. However, if one considers the following
simplified equation: only the first term on the right-hand side is relevant for
stability since it explicitly contains the variable p; p̂ is approximated by pn; the
mass density ρn+1/2 is assumed to be constant with values between ρg and ρl;
then the amplification factor will be (1−ρ0/ρ

n+1/2), which in absolute value is
lower or equal than 1 when ρ0 ≤ 2ρn+1/2. Setting for example ρ0 = ρg satisfies
this simplified numerical stability criterion, and this is also the choice made
in [53, 54]. Even though this result is oversimplified, no numerical instability
was found in the parameter space investigated in this work.

Once the pressure at the new time level n + 1 is known, the velocity cor-
rection is applied to project the velocity field onto the space of divergence free
vector functions. Substituting (4.7) into (3.8) leads to the following velocity
correction:

un+1 = u∗ −∆t

[
1

ρ0
∇pn+1 +

(
1

ρn+1/2
− 1

ρ0
∇p̂
)]

(4.10)

Summarising, the only modifications applied to the numerical algorithm pre-
sented in section 3.3 are the use of (4.8) instead of (3.7) and the use of (4.10)
instead of (3.8).

The major advantage of solving (4.8) is that the Poisson matrix reduces to
a standard constant coefficients matrix, for which several efficient solvers, iter-
ative and direct, are available from single-phase flow studies. In the particular
case of channel flow, the periodicity in x and z directions can be exploited,
resorting to a Fast-Fourier-Transform-based (FFT-based) Poisson solver. This
algorithm is a well established technique [112] and has been detailed here for
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completeness. Applying the Fourier Transform in x and z directions, Eq.
(4.10) reduces to: (

∂2

∂y2
+ λx + λz

)
p(kx, y, kz) = F (q) (4.11)

where λx and λy are the eigenvalues:

λx = 2

(
cos(2πkx/nx)− 1

∆2
x

)
kx = 0, .., nx − 1

λz = 2

(
cos(2πkz/nz)− 1

∆2
z

)
kz = 0, .., nz − 1

with kx, kz the wave numbers, q the right-hand side of (4.8) and F the two-
dimensional Fourier transform operator. The pressure field in the spectral
domain p(kx, y, kz) can then be found by solving a tri-diagonal system arising
from a second order finite difference discretisation of ∂2/∂y2. An efficient and
scalable parallel implementation of this algorithm has been developed in [19]
and the same strategy has been implemented in solver mphBox. While for the
multigrid algorithm a 3D Cartesian decomposition is the natural choice (see
section 3.3.4), for an fft-based Poisson solver a 2D pencil decomposition (see
Fig. 4.22) allows for an efficient implementation of the Fourier transforms in
the periodic directions. The steps of the fast Poisson solver are the following:

• Fourier transform of q(x, y, z) in x on a x-pencil decomposition

• Fourier transform of q(kx, y, z) in z on a z-pencil decomposition

• Solution of the linear system of Eq. (4.11) on a y-pencil decomposition

• Inverse Fourier transform of p(kx, y, kz) in z on a z-pencil decomposition

• Inverse Fourier transform of p(kx, y, z) in x on a x-pencil decomposition

The Fourier transforms are performed with the optimised library FFTW [113,
114], while the data transfer among the different pencils is dealt with by the
library 2DECOMP&FFT [115]. The procedure combined with a fully explicit
time integration of the momentum equation, has been shown to be efficient in
terms of computational time per time-step and also massively scalable [19].

The accuracy of approximation (4.7) relies on the smoothness of the trun-
cation error of the pressure gradient. In the gas region the density weighted
pressure gradient is exact since the correction cancels. In the liquid region
the approximation of the pressure gradient is not exact but the pressure field
varies smoothly so that the truncation error goes to zero with refinement of the
time step size. At the bubble interface the assumption of smoothness is not
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Figure 4.22: Example of x-pencil domain decomposition using a 4 × 4 processor
gird.

satisfied since the pressure varies abruptly due to the surface tension. In order
to quantifiy the error introduced by the approximate pressure gradient, a set of
simulations has been set up on a three-dimensional rising bubble in a viscous
liquid. The parameters of the simulation are the same as test case 1 analysed
in section 2.5 except for the mass density ratio, which is now increased to 100
and 1000. The surface tension compared to the kinetic energy of the bubble,
quantified by the Eötvös number (Eo= 10 for this test case), is large enough
to keep the bubble together with a final ellipsoidal-like shape. This parameter
regime is relevant for analysis of the turbulent air-water channel flow, where
a similar condition applies.

In Fig. 4.23 the contour plot f = 0.5, obtained by solving the variable
coefficient Poisson equation (3.7) (black line with circles) and the modified
pressure equation (4.8) (blue line with crosses), is shown. A good agreement
between the two approaches is clearly visible for both mass density ratios 100
and 1000.

A quantitative measure of the error can be extracted from the following
norms of the pressure field:

L1 =

∑N
i |pi − p̃i|
N

(4.12)

L∞ = max
i=1..,N

(
|pi − p̃i|
pi

)
(4.13)

where N is the total number of grid points, p the pressure obtained by solving
the variable coefficient Poisson equation and p̃ the pressure obtained by solving
the modified pressure equation (4.8). Figure 4.24 shows the errors of (4.12)
(line with dots) and (4.13) (line with triangles) at the final simulation time
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Figure 4.23: Contour plot f = 0.5 of a rising bubble in a viscous liquid, obtained
by solving the variable coefficient Poisson equation (3.7) (black line with circles) and
the modified pressure equation (4.8) (blue line with crosses). In the top figure the
mass density ratio is 100, in the bottom figure the mass density ratio is 1000.

for three different time-steps: ∆t, ∆t/2 and ∆t/4, with ∆t = 1 · 10−4. The L1

norm converges toward second order accuracy (dashed line) with refinement
of the time step. The L∞ norm on the contrary, does not show convergence.
This is not surprising, since, as mentioned above, at the interface the pressure
gradient is not continuous in time. However, the maximum relative error in
the pressure is about 3 · 10−3, which is very small compared to other sources
of error, for example the spatial discretisation (see Fig. 3.4).

While (4.7) is now established by [54] and by the above results for the
case of a rising bubble in a laminar flow, it is still unclear whether for long
turbulent flow simulations this still holds. Extrapolation (4.9) introduces an
error proportional to ∆t2. The leading term of the time truncation error of
the second term on the right-hand side of (4.8) goes to zero as O(T (u∗)/∆t),
with T (u∗) the time truncation error of the momentum equation. If a second
order Adams-Bashforth scheme is applied, the time truncation error due to
the divergence of u∗ goes to zero as O(∆t). Approximation (4.7) then leads
to a smaller error as ∆t→ 0. However, for finite size ∆t the error introduced
by approximation (4.7) may become the dominant factor for long simulations
of turbulent flow up to the statistically steady state. In order to investigate
whether this occurs in turbulent channel flow, a comparison between the orig-
inal and modified pressure treatment for case C36 (see section 4.3) at mass
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Figure 4.24: L1 norm (4.12) (line with circles) and L∞ norm (4.13) (line with
triangles) as a function of the time step ∆t. The mass density ratio is 1000. The
dashed line denotes second order convergence.

density ratio 100 has been made. The time averaging interval has been in-
creased to t = 750H/U in order to assure that the error in the averaging
process is not the dominant factor. The Adams-Bashforth time integration
scheme is used with CFL= 0.1. Fig. 4.25 shows profiles of the average vol-
ume fraction (top figure) and the average stream-wise velocity (bottom figure),
both computed by solving (3.7) (black line) and by solving (4.8) (blue line).
The maximum relative difference in the velocity profile is seen to be small.
The differences in the volume fraction profile are better visible in the outer
core region, with a relative maximum value of about 3%. Given the relatively
small number of bubbles, the convergence of the mean volume fraction requires
longer time averaging than what is needed for determining the statistics of the
velocity field. A similar behaviour was encountered in 4.3.2 where a longer
time average was required in order to obtain full convergence of the mean
volume fraction. When f̄ is averaged over a longer time period its profile
becomes independent of the initial bubble distribution as shown in Fig. 4.5.
Even though the initial distribution of the bubbles is the same, differences
can still be present given the turbulent nature of the velocity field. The small
discrepancies in the volume fraction profile are likely related to the precision
of the time averaging rather than to the use of Eq. (4.8).

Fig. 4.26 shows the comparison of the rms of u′ (top figure) and profile
of the Reynolds stress tensor component < u′v′ > (bottom figure). A good
agreement is also found for the second order statistics with a relative error
less than 3%, and so of the same order as the uncertainty in the first order
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Figure 4.25: Comparison between the multigrid-based Poisson solver (black line)
and the fft-based Poisson solver (blue line) for C36. The top figure shows < f >
as a function of the wall-normal coordinate y; the bottom figure shows the mean
stream-wise velocity profile as a function of the wall normal coordinate y.

statistics (see Fig. 4.11), for most of the values of y.
As argued above, the main advantage of (4.8) is the speed-up achievable

by solving a constant coefficient Poisson equation rather than a discontinuous
coefficient Poisson equation. Figure 4.27 shows the wall clock time per time
step of the simulation of a turbulent channel flow where the PCG method
is used for the solution of (3.7) (black line) and where the fft-based solver
is used for the solution of (4.8) (blue line). The computational mesh has
512 × 256 × 256 grid points. The tolerance of the Poisson equation for the
iterative method is defined as the following ratio of the L2 norms:

εp =
L2(b−Ap)
L2(b)

(4.14)

where A is the discrete variable coefficient Poisson matrix, p is the pressure
field vector and b is the right-hand side of (3.7). The value of εp has been set
to 10−10. For ρl/ρg = 1 the fast Poisson solver is about 3 times faster than
the iterative solver. As the mass density ratio increases the computational
cost of the PCG method quickly grows and equals 2 seconds per time-step
at ρl/ρg = 1000. At ρl/ρg = 100 already an order of magnitude difference is
observed.

The formulation of the pressure equation in terms of a constant coefficient
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Figure 4.26: Comparison between the multigrid-based Poisson solver (black line)
and the FFT-based Poisson solver (blue line) for C36. The top figure shows(
< u′2 >
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as a function of the wall-normal coordinate y; the bottom figure shows

< u′v′ > as a function of the wall normal coordinate y.
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Figure 4.27: Wall clock time per time step as a function of the mass density ratio
for the PCG Poisson solver (black line) and for the FFT-based Poisson solver (blue
line) at a spatial resolution of 512× 256× 256.
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Poisson equation and a correction evaluated with previous pressure fields leads
to a significantly cheaper computational method for high mass density ratios.
This will allow for simulations of air-water systems at atmospheric conditions.
This novel approach has been shown to deliver accurate first and second order
turbulent statistics within the time averaging error. Nevertheless, a mass
density ratio of 1000 brings further challenges to the underlying numerical
algorithm. Very small errors in the curvature field are more amplified in
systems at high mass density ratios than at low mass density ratios. The
mapping of the surface tension onto the Eulerian grid nodes used here is the
CSF method [51]. This approach applies the surface tension force to the grid
points adjacent to an interface in which the volume fraction gradient is different
from zero. The cells that are prevalently gas have a lower inertia than those
that are prevalently liquid, and consequently will have a higher acceleration
when subject to the surface tension force. If we keep all the parameters the
same, the acceleration will increase proportionally to the mass density ratio.
As the simulation time evolves the magnitude of the spurious currents in the
proximity of the gas interface will become dominant. Preliminary tests have
shown this behaviour at ρl/ρg = 1000.

The convergence study presented in Fig. 3.9 suggests that increasing the
resolution leads to lower spurious velocities and thus improves the results at
high mass density ratios. In the particular case analysed here, doubling the
number of grid points in each direction would lead to a mesh of about 260 mil-
lion points. While this resolution is well within the limits of current technology,
preliminary tests on this grid have shown only a slight reduction of the spuri-
ous velocity suggesting that an even further grid refinement would be needed.
A more efficient strategy to address this issue relies on an improved discreti-
sation of the surface tension force. In Chapter 3, the curvature estimated by
the GHF method has been shown to be orders of magnitude more accurate
than the curvature computed from the smoothed volume fraction field. This
leads to an already significant reduction of the spurious currents. A further
improvement might be found in the accuracy of the mapping of the surface
tension force on the velocity grid nodes for which the continuum-surface-force
(CSF) approach has been used in this thesis. A more accurate approxima-
tion of the pressure jump at the two-phase interface could possibly still be
achieved, for example by employing the Ghost-Fluid method [50]. Whether
the pressure mapping is the key factor to reach a significant reduction of the
spurious velocities is unclear and will be the subject of future investigations.

Although a mass density ratio of 1000 has been shown to be problematic for
turbulent channel flow in terms of spurious velocities, the speed-up that results
from solving (4.8) can be exploited for turbulent channel flows at ρl/ρg =
O(100) using a large number of grid points. This is the case for the full
scale turbulent channel characterised by a total volume about 10 times larger
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than that of the minimum channel, or for higher Reynolds number flows than
considered in this thesis. In order to quantify the performance of the fft-based
Poisson solver for higher resolution grids, a scalability test on a 1024× 512×
512 grid has been carried out and reported in Figure 4.28. Close to linear
scalability is observed for all the numbers of cores tested. At 6144 cores the
cost of the pressure solver is about 7 · 10−2 seconds per time-step, which is
approximately equal to the computational cost required on the coarser grid
(33 million grid points) shown in Fig. 4.27 (blue line). Hence, increasing the
number of grid points by a factor of 8 the cost of the Poisson solver stays
about the same when using 8 times as many cores.
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Figure 4.28: Wall clock time per time step for the fft-based Poisson solver as a
function of the number of cores for mass density ratio 1000. The size of the numerical
grid is 1024× 512× 512.

From the scalability analysis of the Poisson solver and of the VOF solver
reported in Fig. 4.28 and Fig. 3.2, we can deduce the computational cost of
a statistically converged channel flow at ρl/ρg = 100 on a 1024 × 512 × 512
grid. Assuming to use 6144 cores the wall clock time per time step needed for
the Poisson solver as mentioned above is about 7 · 10−2 seconds and the time
taken for the solution of the momentum equation is about 3 · 10−2 seconds
(not reported). The cost of the VOF solver depends on the number of grid
points used to resolve the bubbles and on the total number of bubbles present
in the computational domain. In Chapter 3 we have shown that an accurate
representation of a bubble can be obtained by using about 20 grid points or
more per diameter, as also reported in [10]. We can then consider a high
volume fraction case (αt = 10%) corresponding to about 1200 bubbles. For
this case the VOF solver takes about 0.2 seconds per time step. From the
results presented in this chapter we know that a total simulation time of t =
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O(1000)H/U is sufficiently long to deliver a good approximation of statistical
quantities. Furthermore, if we assume to employ a second order AB2 time
integration scheme with CFL = 0.1, then the total computational cost per
time step would be 0.3 seconds with time step size ∆t = 1 ·10−4. The number
of time steps required is then ndt = 1·107. This leads to a total simulation cost
of about 5.1·106 CPU-hours. Given the current computational power available
in modern clusters [116], the algorithm implemented in solver mphBox appears
to be a suitable candidate for future investigations on high resolution grids at
high mass density ratios.

4.5 Concluding remarks

A a set of numerical simulations of turbulent bubble-laden channel flow has
been carried out. In order to validate the developed solver mphBox for such
flows a comparison with the work of Lu and Tryggvason [11] was made. Two
initial bubble distributions have been considered and simulated for an aver-
aging time t = 3000H/U , at which an approximate statistically steady state
is reached. The mean stream-wise velocity profile is in good agreement with
that provided in [11]. The relatively small number of bubbles considered led
to a slow statistical convergence of the mean volume fraction profiles which
was found to require a longer time averaging than the statistics of the velocity.
The rms of u′ is in good agreement with that reported in the reference paper
except in the bulk of the channel. The rms of the velocity fluctuations strongly
depends on the definition of this quantity. A closer inspection of the effects of
spatial resolution is required to resolve this issue.

Having established the reliability of the developed method, three simula-
tions of a turbulent flow at ρl/ρg = 100 for a total volume fraction of 1.5%, 3%
and 6% were analysed. A higher concentration of bubbles is present in the core
of the channel where the mean stream-wise velocity profile tends to flatten to
a lower value with respect to the single-phase flow. Such flattening was also
observed for point particle simulations at comparable volume fractions [117].
Higher levels of fluctuations due to the bubble wakes were found in the bulk,
whereas an opposite trend is observed in the near-wall region. The rms of
w′ and v′ overlap in most of the core region as the volume fraction increases.
This suggest the development of an isotropic flow.

Subsequently, the effect of the bubble size was investigated by comparing
two simulations at the same volume fraction of 2.6%. The number of bubbles
considered is 36 for the first case and 288 for the second case. A laminarisation
of the turbulent boundary layer was observed for the case of 288 bubbles
while the boundary layer remained turbulent at 36 bubbles. The velocity
fluctuations are in general smaller for the channel loaded with 288 bubbles,
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also in the core region, indicating a strong reduction of the turbulence. A
preferential clustering was also found for the case of smaller bubble diameters
indicating a stronger interaction between the bubbles.

Finally, a modified pressure equation that transforms the variable coeffi-
cient Poisson equation into a constant coefficient Poisson equation, developed
by [54], was implemented and tested for both laminar and turbulent bubbly
flows. The constant coefficient Poisson equation can be solved more efficiently
for high mass density ratios (an FFT-based direct solver was used). An order
of magnitude in speed-up can be gained for ρl/ρg = 100 while retaining the
accuracy of the original Poisson equation for first and second order statistics.
Simulations at mass density ratio 1000 were found to lead to high spurious
velocities, at the spatial resolution investigated, due to an amplification of
the spurious currents in the gas phase. Suppression of this phenomenon will
require further investigations.

Ultimately, a scalability analysis of the fast Poisson solver showed linear be-
haviour up to around 12000 cores and a good weak scalability. The developed
tool was proven to be efficient for the simulation of turbulent bubble-laden
channel flows at mass density ratios up to O(100) loaded with a total number
of fully resolved bubbles of O(1000).
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Chapter 5

Conclusions and outlook

5.1 Main findings and achievements

The main goal of this thesis was the development of an accurate and computa-
tionally efficient method for DNS of turbulent bubbly flow. This was achieved
by a well-considered combination of state-of-the-art methods as well as fast
and scalable numerical algorithms coming from both the single-phase and the
two-phase flow community. Furthermore, the main problematic aspects of the
underlying numerical methods, such as the advection of the indicator function
for the capturing of the second phase, the computation of the surface tension
and the solution procedure of the variable coefficient Poisson equation were
analysed and discussed in detail. Weaknesses and strong points of methods
for DNS of two-phase flow have been investigated and highlighted providing
guidance for the choice of the numerical methods, the parameter space and
the flow topologies best suited for simulation of bubbly flows.

The developed method has been validated using a number of steps: first,
the transport of the indicator function (the volume fraction field for the VOF
method) has been tested independently from the Navier-Stokes equations by
prescribing a velocity field for which the analytical solution is known. This is
particularly useful since it allows to isolate the sources of error coming from
the VOF advection only. Subsequently, a validation with a well established
benchmark was carried out for the simulation of a rising bubble in a viscous
liquid for Re= 35, Eo= 10 and Re= 35, Eo= 125. The selected method has
been proven to be able to accurately deal with large interface deformations
and a good agreement with an existing benchmark was found. Finally, a set
of simulations of bubbly turbulent channel flow has been successfully carried
out and analysed. Statistical quantities have been measured and compared
with reference data available from literature. An overall good agreement was
found. This indicates the reliability of the method which was subsequently
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used to investigate the flow statistics at higher mass density ratios and different
bubbles size.

Chapter 2 focused on the selection of the best method for the computation
of the volume fraction flux: high order differencing schemes and geometrical
reconstruction algorithms were compared. High order differencing techniques
are based on a combination of higher and lower order discretisation schemes
of the convective term. To prevent numerical oscillations at the interface,
non-linear differencing schemes are employed to achieve a discrete operator of
positive type and at the same time an accuracy higher than first order. While
these methods are easily extendible to 3-dimensional problems and complex
mesh topologies, they show loss of accuracy due to inevitable smearing out
of the interface during the advection process. Geometric advection schemes,
on the contrary, are characterised by an accurate representation of the in-
terface that is kept sharp (within one computational cell) during the whole
simulation time. A major computational effort is related to the estimation
of the interface shape. However, the combined comparison showed that when
the computational cost is related to accuracy the geometric VOF algorithm
results in a more efficient method. Furthermore, it has been shown that the
interface reconstruction procedure leads to significantly more accurate results
for larger deformations, even at low resolutions and CFL numbers close to 1.
This makes the method potentially suitable for the numerical simulation of
merging and break up.

In Chapter 3 the attention is turned to improving the numerical methods
for bubbly turbulent channel flow as well as to develop numerical methods
that account for bubble-bubble collision and bubble-wall collision. Turbulent
flows are characterised by high Reynolds numbers. In the case of two-phase
flow this often translates into high Laplace numbers (La), meaning that the
importance of the surface tension is large with respect to viscous dissipation.
DNS methods based on the one-fluid formulation, like the VOF method, suffer
from spurious currents. At high La the magnitude of the spurious velocities
can become of the same order as the magnitude of the physical velocity. In
order to avoid this, it is essential to accurately compute the curvature of
the interface between the two phases. The generalised height function (GHF)
method, proposed by [47], has been adopted and compared with the smoothed
volume fraction field in this respect. Second order convergence of the curvature
with grid refinement was shown for the GHF method, with a maximum error
about 2 orders of magnitude lower than the curvature derived from a smoothed
volume fraction field at the finest grid. The GHF method leads to a more
accurate discretisation of the pressure jump at the interface which results in
a significant reduction of the spurious currents (a reduction of up to 2 orders
of magnitude was observed).

The presence of more than one bubble in the same domain and the presence
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of the walls of the channel pose additional challenges to the underlying numer-
ical methods. Regarding bubble-bubble collisions, the VOF method is known
to yield automatic merging regardless of the physical conditions of the impact
whenever pieces of two different interfaces occupy the same grid cell. This is
known as numerical coalescence. In order to prevent this, the multi-marker
formulation was implemented. A unique volume fraction field is attached to
each bubble and advected separately, so that during a collision event the artifi-
cial bridging film between two bubbles or droplets is never formed allowing for
a meaningful bouncing phenomenon. A grid convergence study showed second
order accuracy and clearly recognisable flow patterns. A similar analysis has
been conducted for a droplet bouncing against a solid wall arriving to similar
conclusions.

In Chapter 4 the developed and validated tool was applied to simulations
of a turbulent bubble-laden channel flow at Reτ = 127. First, for comparison
purposes a bubbly flow at mass density ratio 10 available from literature [11]
was reproduced. Statistically converged volume fraction, velocity and veloc-
ity fluctuation profiles were computed and compared for two different initial
bubble distributions. An overall good agreement was found with the reference
data, confirming the reliability of the developed method for such flows.

Subsequently, a set of simulations at ρl/ρg = 100 was carried out for 3
different volume fractions at a fixed bubble diameter: αt = 1.5%, αt = 3%
and αt = 6%. Increasing the volume fraction led to significant deviations
from the single-phase flow profiles. In particular a reduction of the mass flow
rate with a flat velocity profile in the bulk of the channel has been observed.
In the core region the velocity fluctuations significantly increase due to the
formation of bubble wakes. An essentially isotropic flow extending toward the
outer region of the core was also found. A second study was conducted at a
fixed volume fraction of 2.5% and changing the bubble diameter from 0.24 to
0.12. The case of a smaller bubble diameter resulted in a strong turbulence
attenuation with a reduction of the velocity fluctuations both in the core and
in the near-wall region.

As is well known from literature, high mass density ratios slow down the
convergence of the standard multigrid method significantly [16]. In order to
overcome this problem, a transformed Poisson equation was implemented as
derived in [54]. This transforms the variable coefficient Poisson equation into
a constant coefficient Poisson equation whose efficiency is independent of the
mass density ratio. The speed-up achievable by using an FFT-based solver for
the pressure equation was shown to lead to an order of magnitude reduction
of the computational cost with respect to the multigrid algorithm at a mass
density ratio of 100. The gain in speed-up is even larger at a mass density
ratio of 1000. The accuracy of this method was tested for a rising bubble
in a laminar flow, as well as for a turbulent flow in a channel loaded with
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36 bubbles. A good agreement is shown with the results obtained from the
unmodified pressure equation reference case.

The use of an efficient direct solver for the pressure equation allows, in
principle, simulation of air-water systems at atmospheric pressure. However,
preliminary tests showed that simulations at mass density ratio 1000 led at
the investigated grid resolution (512× 256× 256 grid points) to spurious high
velocities in the proximity of the interface in the gas phase. In Chapter 3 we
have shown that the GHF method converges with grid refinement, hence a
more accurate computation of the surface tension can be obtained at yet finer
resolutions. However, preliminary tests have shown that a further doubling
of the grid in each direction does not sufficiently reduce the magnitude of the
spurious velocities, suggesting that an even further grid refinement would be
necessary. Turning to more accurate discretisations of the surface tension than
that developed in Chapter 3 is the object of ongoing research.

In order to assess the efficiency of the developed method at mass density
ratios O(100) for high resolution grids and numbers of bubbles O(1000), a scal-
ability test on the FFT-based Poisson solver was conducted. Approximately
linear scaling has been shown up to 12000 cores for a 1024×512×512 resolution
grid with a remarkably low computational cost per time step. Additionally,
a realistic estimate of the computational cost required for a statistically con-
verged channel flow on the same grid loaded with about 1200 bubbles was
derived, resulting in a total computational time of about 5.1 · 106 CPU-hours.
Hence, the developed algorithm is efficient for high mass density ratio flows
on high resolution grids.

Summarising, a number of numerical methods for DNS of bubbly flow has
been analysed and applied to the simulation of physically relevant laminar
and turbulent flows. A number of numerical algorithms for the simulation
of dispersed turbulent bubbly flow, including an accurate algorithm for the
curvature computation and an algorithm for bubble-bubble interaction, has
been successfully implemented in the solver mphBox. Particular attention
has been paid to scalability, which is, nowadays, a crucial element for large-
scale computations. From figures 3.2 and 4.28 we can deduce that we can
simulate channel flow at relatively high mass density ratios, loaded with up
to one thousand resolved bubbles at a computational cost equal to about a
fraction of a second per time step. This represents a step forward toward high
volume fraction channel flow simulations at realistic and practically relevant
conditions.
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5.2 Future developments

Having tackled and largely solved the issue that a high mass density ratio
in dispersed multiphase flows brings in terms of computational cost for the
solution of the pressure equation, a major issue still unsolved is the effect of
spurious velocities at high Laplace numbers. This, in turn, hampers the ap-
plication of the developed method to highly turbulent flows. Simulations at
Re considerably higher than analysed in this thesis (bulk Re number based on
the width of the channel of about 3800) are expected to break down because
of the magnitude of the spurious velocities. The GHF algorithm is among the
most accurate methods for the computation of the curvature from the vol-
ume fraction field. A further improvement of the discretisation of the surface
tension term may be found in the mapping of the surface tension force onto
the Eulerian grid points. In this thesis the CSF approach is used, and several
alternatives have been developed in the past years [43]. An example is the
Ghost-Fluid method, which has been shown to be more accurate in applying
the jump condition in the pressure field at the interface. Whether this or
other methods can lead to a significant reduction of the spurious currents is a
relevant direction of future research.

In the bubbly flows analysed in this thesis coalescence has been numeri-
cally prevented. As shown in Chapter 2 and 3, a useful feature of the VOF
method is that it is able to handle topological changes, e.g., related to the
break up of a bubble. A possible extension is the development of a model for
bubble coalescence based on physical parameters of the local flow that distin-
guishes whether two colliding bubbles coalesce or not. From the multi-marker
formulation point of view, in the case of coalescence the marker functions are
simply replaced by a single marker that traces the newly merged shape. On
the contrary, in the event of break-up a single marker function is replaced by
two markers, one for each newly formed bubble. This would allow to study the
bubble size distribution at statistical steady state generated by turbulence.

In this thesis the attention was focused on dispersed bubbly flow. The
developed solver, however, is able to handle also different flow regimes. One
example is turbulent multiphase stratified flow with an evolving interface that
can deform and break up. The multiple marker formulation can then simply
be replaced by the single marker formulation used in Chapter 2. Of course,
the smallest interface fragments generated by the shear stress will not be
resolved by the grid, and will be part of the discretisation error. But this
holds for any two-phase flow DNS method. For example, the VOF method
is commonly used for spray formation [118] where very small droplets can be
formed. Again, the advantage of the VOF method is the ability in dealing
with larger deformations.
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[44] Stéphane Popinet and Stéphane Zaleski. A front-tracking algorithm for
accurate representation of surface tension. International Journal for
Numerical Methods in Fluids, 30(6):775–793, 1999.

122



Bibliography

[45] Dalton JE Harvie, MR Davidson, and Murray Rudman. An analysis
of parasitic current generation in volume of fluid simulations. Applied
mathematical modelling, 30(10):1056–1066, 2006.

[46] Martin D Torrey, Lawrence D Cloutman, Raymond C Mjolsness, and
CW Hirt. Nasa-vof2d: a computer program for incompressible flows
with free surfaces. Technical report, Los Alamos National Lab., NM
(USA), 1985.
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Summary

This thesis deals with numerical simulation methods for multiphase flows
where different fluid phases are simultaneously present. In particular, the sub-
ject of interest is a system in which the carrier fluid is a liquid that transports
dispersed gas bubbles. The simultaneous existence of physical phenomena
spanning a wide range of scales of motion is certainly one, if not the most,
complex aspect of bubbly multiphase flows. In this context, numerical simula-
tion is a useful and powerful tool for a better understanding of the physics of
such systems. The method applied in this thesis is direct numerical simulation
(DNS), where all the details of the flow, up to smallest scales, are resolved by
the computational grid and time steps. The aim of this thesis is to develop an
accurate and computationally efficient tool for DNS of turbulent bubbly chan-
nel flow, starting from the volume-of-fluid formulation. While single phase flow
has been studied for a considerable time, the presence of a second phase in the
flow drastically changes the structure of the turbulence making the problem
significantly more complex and accessible to detailed simulations only much
more recently. An important current limitation is that a mathematical fluid
is often used. In particular, the mass density ratio between the fluid and gas
phase is often set to approximately 10 since high mass density ratios are no-
toriously challenging from a numerical standpoint. The method developed in
the present work attempts to take a step forward in the direction of DNS of
turbulent channel flows loaded with thousands of bubbles and mass density
ratios closer to a real air-water system at atmospheric pressure. In order to
achieve this, efficiency, parallel scalability and accuracy are essential. The de-
veloped method has been validated in a number of steps: first, the transport
of the indicator function used to track the second phase has been tested in-
dependently from the Navier-Stokes equations by prescribing a velocity field
for which the analytical solution is known. Subsequently, a validation with
a well-established benchmark was carried out for the simulation of a rising
bubble in a viscous liquid under different parameters proving the method to
be able to accurately deal with large interface deformation. Finally, a set of
simulations of bubbly turbulent channel flow has successfully been carried out
and analysed. Statistical quantities have been measured and compared with
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reference data available from literature. An overall good agreement was found.
This indicates the reliability of the method which was subsequently used to
investigate the flow statistics at higher mass density ratios of up to 100 and
different bubble sizes.
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Samenvatting

Dit proefschrift behandelt numerieke simulatiemethoden voor meerfasestro-
ming waarin verschillende fasen tegelijkertijd aanwezig zijn. Het onderwerp
van het proefschrift is met name een systeem dat uit een vloeistofstroming
bestaat waarin gasbellen gedispergeerd zijn. Een van de meest ingewikkelde
aspecten van meerfasestromingen met gasbellen is het tegelijkertijd voorkomen
van fysische verschijnselen op een grote hoeveelheid verschillende ruimte- en
tijdschalen. Daarom is numerieke simulatie een nuttig en krachtig gereed-
schap om de fysica van dergelijke systemen beter te begrijpen. In dit proef-
schrift wordt directe numerieke simulatie (DNS) gebruikt, waarin de stroming
tot op de allerkleinste details wordt opgelost door middel van een voldoende
fijn rekenrooster en voldoende kleine tijdstappen. Het doel van dit proef-
schrift is de ontwikkeling van een nauwkeurige en efficinte methode voor DNS
van turbulente kanaalstroming met bellen, startend vanuit een ‘volume-of-
fluid’ formulering. Stromingen van een enkele fase worden al geruime tijd
bestudeerd, maar de aanwezigheid van een tweede fase in de stroming veran-
dert de structuur van de turbulentie drastisch. Dit maakt het probleem veel
gecompliceerder, waardoor het pas de laatste jaren mogelijk is geworden gede-
tailleerde simulatiemethoden erop toe te passen. Meestal is hierbij echter een
wiskundige vloeistof gebruikt, waarbij de verhouding in massadichtheid van de
beide fasen ongeveer gelijk aan 10 werd genomen. Hogere verhoudingen van de
massadichtheid zijn vanuit numeriek oogpunt nog steeds een grote uitdaging.
De methode die in dit onderzoek ontwikkeld is beoogt in dit opzicht een stap
voorwaarts te zetten in de richting van DNS van turbulente kanaalstroming
met duizenden gasbellen met een massadichtheidsverhouding die in de bu-
urt ligt van lucht-water-systemen bij atmosferische druk. Om dit te bereiken
zijn efficintie, nauwkeurigheid en parallelle schaalbaarheid van groot belang.
De ontwikkelde methode is in een aantal stappen gevalideerd. Allereerst is
de methode voor het transport van de indicatorfunctie van de tweede fase
onafhankelijk van de Navier-Stokesvergelijking getest door een snelheidsveld
voor te schrijven waarvoor de analytische oplossing van de indicatorfunctie
bekend is. Vervolgens is een bekend benchmarkprobleem voor een opstijgende
gasbel in een viskeuze vloeistof gevalideerd voor verschillende waarden van de
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fysische parameters van dit probleem. Hiermee is aangetoond dat de methode
nauwkeurig blijft als het grensvlak tussen de twee fasen sterk vervormt. Tot
slot zijn een aantal simulaties van turbulente kanaalstroming met gasbellen uit-
gevoerd en geanalyseerd. Statistische grootheden zijn berekend en vergeleken
met referentiedata uit de literatuur, waarbij een goede overeenkomst is gevon-
den. Dit toont aan dat de methode betrouwbaar is, zodat hij daarna gebruikt
kon worden om de statistische eigenschappen van de stroming te onderzoeken
bij grotere massadichtheidsverhouding tot 100 en verschillende beldiameter.
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