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Introduction
Two-dimensional fl ow models are widely used
and necessary to predict phenomena such as
the dynamics of bars. In these problems the ef-
fect of the bed slope in the direction of the sed-
iment transport rate needs to be accounted for
to obtain physically realistic results. This effect
is included using an empirical closure relation.
Even including bed slope effects, 2D models
do not capture 3D phenomena such as sec-
ondary fl ow which occurs when the fl ow curva-
ture is large. This process is accounted for in
a parameterized manner including one equa-
tion to model the advection and diffusion of the
secondary fl ow intensity.
A model needs to be well-posed to be repre-
sentative of the physical phenomenon under
study. That is, the resulting system of equa-
tions must have a unique solution which does
not infinitely diverge for infinitesimal perturba-
tions in the problem data (Hadamard, 1923).
Otherwise, the model loses its predictive capa-
bilities exemplified in spurious oscillations that
appear in numerical solutions of ill-posed prob-
lems.
Previously we have studied the conditions in
which the active layer model, used to account
for mixed-size sediment in river morphodynam-
ics, becomes ill-posed (Chavarŕı as et al.). We
found that this model may be ill-posed under
a larger range of conditions than previously
known. In particular we studied the effect of
the empirical closure relations to account for
hiding in the sediment transport rate and the
sediment transfer from the bed surface to the
substrate in aggradational conditions and we
found that they play a major role, limiting or ex-
tending the possibility of obtaining an ill-posed
model.
Here we extend the previous analysis including
2D effects. We study the conditions in which
the parametrization of secondary fl ow and bed
slope effects yield a well-posed model.

∗Corresponding author
Email address: v.chavarriasborras@tudelft.nl

(V́ı ctor Chavarŕı as)

Perturbation Analysis
We study the conditions in which secondary
fl ow and bed slope effects yield a well-posed
model by means of a perturbation analysis of
the model equations. The fl ow is modelled
by the Shallow Water Equations including the
effects of secondary fl ow and an advection-
diffusion equation that models the transport
of the secondary fl ow intensity. The Exner
equation accounts for the mass conservation
of the bed sediment. The active layer model
accounts for the conservation of sediment per
size fraction. The system is closed with rela-
tions for the sediment transport rate, the bed
slope effect, and the equilibrium secondary
fl ow intensity. We refer to Chavarŕı as et al.
(2018) for details on the model equations.
The equations are perturbed around the
steady and uniform solution of fl ow on a fl at
sloping bed without transverse slope. We lin-
earize the system and assume a plane wave
solution to obtain an eigenvalue problem. The
real part of the eigenvalues represent the
growth rate of perturbations as a function of
the wave length. A model can only be repre-
sentative of a physical process if infinitely short
perturbation do not grow. Otherwise the so-
lution is dominated by the smallest scale in
the model which is nonsense in the continu-
ous limit. Thus, if the real part of at least one
eigenvalue is not negative or does not tend to
0 for increasing wave number, the problem is
ill-posed.

Results
We first consider a reference state without
morphology (i.e., fixed bed). We numerically
compute the eigenvalues as a function of the
wave numbers and we find that when the diffu-
sion coefficient of the secondary fl ow intensity
equation is equal to 0, the model is ill-posed.
We run a numerical simulation in these condi-
tions using Delft3D and we find that the solu-
tion presents unphysical growth of truncation
errors in the initial and boundary conditions
which supports the finding that it is ill-posed.
It is physically unrealistic to assume that the
diffusion coefficient is equal to 0. We numeri-
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Figure 1: Ill-posedness in the DVR simulation.

cally reproduce the large curvature laboratory
experiments conducted by Ashida et al. (1990)
using a physically realistic value of the diffusion
coefficient and we find that it is insufficient to
guarantee a well-posed model. When we use
a diffusion coefficient large enough to yield a
well-posed model, the fl ow velocity pattern is
unrealistic.
Following a similar procedure we study the role
of bed slope effects without secondary fl ow.
We observe that the consideration of bed slope
effects is not only necessary to reproduce bar
and bend morphology but it is also necessary
to obtain a well-posed model. A unisize case
is ill-posed when bed slope effects are not ac-
counted for and it is well-posed otherwise. Un-
der mixed-size sediment conditions the kind of
closure relation plays an important role. We
see that, for a simplified case with two sedi-
ment size fractions, the simplest closure rela-
tion only dependent on the bed slope yields a
well-posed model but a more complex one in-
cluding a dependence on the bed shear stress
turns it to be ill-posed.

Ill-posedness Routine
We have implemented a routine in Delft3D
to check whether simulations suffer from ill-
posedness. The current version focuses on ill-
posedness caused by the active layer model
and neglects the other origins (i.e., secondary
fl ow and bed slope effects). We run a subdo-
main of the DVR model used to predict dredg-
ing and dumping operation in the Dutch Rhine
and we find that it suffers from ill-posedness
(Figure 1). This stresses the necessity of pur-
suing a better description of mixed-size sedi-
ment processes.

Discussion and Conclusions
Our analysis of the system of equations mod-
elling 2D morphodynamics in curved channels
shows that the diffusion coefficient of the sec-

ondary fl ow equation is vital to obtain a well-
posed model. The necessary diffusion to ob-
tain a well-posed model may be larger than
what is physically realistic. This implies that
the secondary fl ow model is not always valid.
Bed slope effects are a necessary mechanism
to obtain physically realistic solutions but not
all closure relations provide a physically sound
model. In our analysis we have neglected dif-
fusion in the momentum equations which may
have a regularizing effect. Yet, numerical so-
lutions suggest that it is insufficient to provide
a well-posed model. We have linearized the
model around a state characterized by straight
fl ow. Thus, the ability to predict the mathemati-
cal character of the model is restricted to situa-
tions with small curvature. Yet, we have shown
that it can be used in situations with a reason-
ably large curvature.
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Chavarŕı as, V., Ottevanger, W., Schielen,
R.M.J., Blom, A., 2017. Ill-posedness in 2D
River Morphodynamics. Technical Report
TUD-17363, RWS-4500268550. Delft Uni-
versity of Technology. (in preparation).
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