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The aim of this paper is to generalise the 
Fenton-Witty-Kaposi (FWK) approach to 
structure software metrics by considering 
arbitrary sets of decomposition operations for 
flowgraphs. In the FWK approach, 
decomposition of flowgraphs is  unique, but 
the number of associated metric functions is 
not finite and these functions are all 
independent. In general, the decomposition of 
flowgraphs is not unique, which leads to 
constraints on the associated metric 
functions. Here we derive these constraints 
explicitly for two special cases, where we 
consider only the two operations sequencing 
and nesting a s  decomposition operations. It is 
shown that the two resulting classes of 
structure metrics are contained in the class of 
recursive structure metrics of the FWK 
approach. 

1 Introduction 
In the FentowWhittyKaposi (FWK) approach to software 
structure metrics [l-31, software is modelled in terms of 
flowgraphs. There are two operations on flowgraphs, 
sequencing and nesting, with which flowgraphs can be 
built from smaller flowgraphs. Flowgraphs that cannot be 
constructed from smaller flowgraphs with these operations 
are called primes. A sofhvare metric is said to be a hierar. 
chical metric with respect to a prescribed set of decompo- 
sition operations if it can be defined inductively on the 
decomposition trees of the flowgraphs. An important sub- 
class of the hierarchical metrics, recursive metrics, has 
been identified by Prather [4]. For a structure metric, there 
is a function associated with each decomposition oper- 
ation. 

In the FWK approach, these decomposition operations 
are the decomposition of a sequential flowgraph as a 
sequence of nonsequential ones and the decomposition of 
a nonsequential flowgraph as a simultaneous nesting of its 
maximal proper one-entry subflowgraphs on a prime. So 
for each integer with n 2 2, there are two decomposition 
operations, and thus two associated functions, decomposi- 
tion as  a sequence of n nonsequential flowgraphs, and 
nesting of (n - 1) flowgraphs on a prime. The advantage 
of this choice of the decomposition operations is that each 
flowgraph has a unique hierarchical decomposition into 
primes. As a consequence, the associated functions are all 
independent of each other. 

Although mathematically elegant, from a practical point 
of view it is unrealistic that the functions associated with 
sequencing different numbers of nonsequential flowgraphs 
are all independent (note that Fenton and w h i  [3] 
provide some ad hoc constraints, which restrict this 
independency). Indeed, if the metric value of a sequence of 
two nonsequential flowgraphs is obtained by the addition 
of the metric values of the components, the same is 
expected to hold for the metric value of a sequence of an 
arbitrary number of nonsequential flowgraphs. The same 
remark holds for the functions associated with nesting dif- 
ferent numbers of flowgraphs on a prime. What is missing 
is some uniformity property, relating to the sequencing 
(and nesting, respectively) of different numbers of flow- 
graphs. 

The aim of this paper is to generalise the M 
approach, by considering arbitrary sets of decomposition 
operations. In general, the decomposition of flowgraphs is 
not unique. The requirement that different decompositions 
of the same flowgraph give the same metric values leads 
to constraints on the associated metric functions. We 
derive these contraints explicitly for two special cases. 

In the first special case, we choose as  decomposition 
operations the operations of sequencing and nesting 
themselves, without any restriction. As there are only two 
decomposition operations, there are only two associated 
functions. The class of structure metrics defined in this 
way, which we call strong recursive metrics (or strong 
metrics), is a subclass of the class of recursive metrics of 
the FWK approach. We also identify a subclass of strong 
metrics, called symmetric strong (recursive) metrics. We 
argue that ‘almost all’ strong metrics are symmetric. The 
reason for introducing symmetric strong metrics is that the 
constraints for the associated functions to define a sym- 
metric strong metric are particularly simple and elegant. 
Strong metrics, in contrast to recursive metrics, satisfy a 
uniformity property, relating the sequencing (resp. nesting) 
of different numbers of flowgraphs. However, the class of 
strong metrics can be criticised for being too small, as  it 
does not contain the maximal depth of nesting metric. 

Therefore, in our second special case, we consider as  
decomposition operations the operations of sequencing 
and nesting, with the restrictions that a flowgraph can only 
be decomposed as  a nesting if it is a nonsequential and 
the nested flowgraph is a proper maximal one-entry s u b  
flowgraph. Note that these restrictions belong to the 
restrictions of recursive metrics. The class of structure 
metrics defined this way we call semi-strong (recursive) 
metrics. We derive the constraints for the two associated 
functions to define a sembstrong metric. Semi-strong 
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metrics are shown to satisfy the same uniformity prope* 
as strong metrin, and the maximal depth of nesting 
metric is a semi-strong metric. 

The four classes of metrics introduced above satisfy the 
following inclusion relations : 

symmetric strong metrics c strong metrics 

c semi-strong metrics c recursive metrin 

2 Flowgraphs 

In this Section, we brietly recapitulate the theory of flow- 
graphs (Fenton 111; Fenton and Kaposi [2D. We start with 
the definition of a flowgraph: 

Definition 
A flowgraph is a 3tuple (G, a, z), where G is a directed 
graph, and a and z are two different nodes of G, called 
startnode and stopnode, respectively, such that 

0 for each node x of G there is a path in G from a to z 
via x. 
0 The outdegree of z is 0 

The condition that the start node and the stop node of a 
flowgraph are different is an addition to the previous defini- 
tion of a flowgraph [l-31, whose only implication is that the 
graph with only one node and no edges is not a flowgraph. 

The following two definitions specify operations on flow- 
graphs. 

Definition 
If F, = (GI, a,, z,) and F2 = (G,, a,, z,) are flowgraphs, 
then the sequence F,; F, of F, and F, is the flowgraph 
(GI; G,, a,, z,). where GI;  G2 is the directed graph 
obtained from the union of G, and G, by identifying the 
nodes z, and a 2 .  

Definition 
If F, = (GI, a,, 2,) and F, = (G, , a,, z,) are flowgraphs 
and x is a node of G, with outdegree 1 (called a pro- 
cedure node), then the nesting F, (F, on x) is the flow 
graph (G,(G, on x), a,, zl), where G,(G, on x) is the 
directed graph obtained from the union of G, and G, by 
deleting the edge whose source is x, identifying x and a,, 
and identifying z2 and the successor of x. 

In the remainder of this paper, we write F,(F,) instead of 
F,(F, on x). This is no restriction, as for the metrics we 
consider it is unimportant onto which procedure node a 
nesting takes place. 

Definition 
The flowgraph Fz = (G, , a2,  z,) is a subflowgraph of the 
flowgraph F, = (GI, a,, zl) if G, is a subgraph of G, and 
z, is the source of all edges from G, to G,\G, . 

Definition 
The subflowgraph F2 = (G,, a,, z,) of the flowgraph 
F, = (Cl, a,, 2,) is a one.entry subflowgraph if 

the target of each edge from (G,\G,) U {z , }  to G2 is 
either a, or z2 . 
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0 if a, belongs to G2 , then a, = a, or a,  = z2 . 

Definition 
The subflowgraph F, = (G,, a,, z,) of the flowgraph 
F, = (GI, a,, 2,) is a proper subflowgraph if G, # G2 and 
F2 is not equal to PI, the flowgraph with two nodes and 
one edge. 

Definition 
The proper one-entry subflowgraph F2 of the flowgraph F, 
is a maximal oneentry subflowgraph of F, if there exists 
no proper one-entry subflowgraph F3 of Fl such that F2 is 
a proper one-entry subflowgraph of F3. 

The following two theorems show the way flowgraphs 
are decomposed into a hierarchy of primes in the FWK 
approach. 

Theorem 
Each flowgraph F can be written uniquely as  a sequence 
of nonsequential flowgraphs F, ; Fz ; . . . ; F, . 

Theorem 
Each nonsequential flowgraph F can be written as  a simul- 
taneous nesting F’(F,, F,, ..., F,,  where {Fl, F,, ..., Fn} is 
the unique set of maximal proper one.entry subflowgraphs 
of F. Moreover, F is a prime. 

3 Generalised approach to software structure 
rnetrics 

In our generalised approach to software structure metrics, 
we first identify a set X of decomposition operations for 
flowgraphs. 

Definition 
A decomposition operation is a set of tuples, each of 
which consist of a flowgraph and a list of flowgraphs. 

If A is a decomposition operation and (F, [F,, F,, ..., 
FJ belongs to A, then F is said to have an A decomposi- 
tion into IF,, F, , . . . , FJ. 

Definition 
A metric p is a structure metric with respect to a set X of 
decomposition operations if, and only if, there exists a 
function f, for each A E X such that 

An = fAOl(F1). p(Fz), . . ., p(FJ 

for all (F,  [F,, F,, ..., FJ in A. (1) 

We want a structure metric to be completely defined by 
the associated functions f, and the value of the metric for 
the primes. This is ensured when we demand that each 
flowgraph can be hierarchically decomposed into primes 
using the decomposition operations. 

However, we do not demand that there are no decom- 
positions for primes, nor that each flowgraph which is not 
a prime has a unique decomposition. As a consequence, 
given functions f, for each A E X and the metric values of 
the primes, eqn. 1 does not necessarily have a solution for 
p. Thus, the second step in our generalised approach con- 
sists of deriving the contraints on the associated functions 
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fA that are necessary and sufficient for the existence of a 
corresponding structure metric with respect to X, i.e. the 
existence of a solution p of eqn. 1. 

We now consider how the FWK approach fits into this 
general framework In this approach, the set of decomposi- 
tion operations Xis given by 

X={Seq , In>2}  U {Nes f In>2}  (2) 

(3) 

1 Fl prime; none of F,, F,, . . . , F. equal to PI} 
(4) 

We call the structure metrics with respect to X recursive 
metrics. In order that a metric p is a recursive metric, there 
should exist functions f. and g. (n 2), associated with 
Seq, and Nest,, , respectively, such that 

Seq, = {VI; F2; ... ; Fn, [F,, F 2 ,  .. ., F,D 
I F,, F 2 ,  . . . , F,, nonsequential} 

Nest,, = {(Fi(F2 7 F z  9 . . ., FnD 

AFi ; F2; . . . I F.1 = f,ol(FiX AF2), . . . , 
if F,, F,, . .., F. are all nonsequential (5) 

and 

AFi(Fz, . . ' 3  F,)) = gnWi)p d F J ,  . . . , AF,)) 

if Fl is a prime and F,, F,, . . . , Fm are all unequal to Pi 
(6) 

By applying the decomposition operations Seq, and 
Nest,, , each flowgraph can be hierarchically decomposed 
into primes, and primes cannot be decomposed. The 
decomposition of a flowgraph is not unique, as  in Fl(F2, 
..., F.) the order of F2 ,  ..., F. is irrelevant. This leads to 
the constraints that the functions gn should be symmetric 
in all but their first arguments. If the metric values of the 
primes are given, and if functions f. and gn are given that 
satisfy the above constraint, then eqns. 5 and 6 define the 
recursive metric p unambiguously. Thus, there are no con- 
straints that impose relations between the associated func- 
tions. 

4 Strong s o b r e  metrics 
We define strong metrics to be the structure metrics for 
which the decomposition operations are the operations of 
sequencing and nesting, without any restriction. Thus, our 
set of decomposition operations is given by 

&trong = Nest} (7) 
Seq = {(F, ; FzI IF,, F21)} (8) 

Nest = {(F1(F2L [F,, F,1)} (9) 
A mapping p from flowgraphs to numbers is a strong 
metric if, and only if, there exist two functions fand g such 
that 

It is clear that each flowgraph has a hierarchical decompo 
sition into primes. Our task is to determine the constraints 
on the functions f and g which ensure that, given the 
values p(P) for all primes P, p is defined unambiguously by 
eqns. 10 and 11. The result is given in the following 
theorem. 

Theorem 
Given the values of p for the prime flowgraphs, eqns. 10 
and 11 define p unambiguously for all flowgraphs if, and 
only if, the functions f a n d  g satisfy eqns. 12-16 for all 
flowgraphs F,, F, and F3 : 

gol(F,), PPI)) = P(FJ (12) 

gOlPiA AFi)) = PO=,) (13) 

g@(Fi). g W 2 ) ,  = g @ W i ) ,  M 2 ) ) .  AF3)) (14) 

g @ W i ) ,  AF2)). AF3)) = g @ W i ) ,  dF3)). AF2)) 

(if F, has at least two procedure nodes) (15) 

f W A  AFJ) = g@(foC(Pi), dpi)). /Mi)), A F J )  (16) 

Proof 
We first show that the conditions are necessary. Eqn. 12 is 
necessary as  F,(P,) = F,. Eqn. 13 is necessary as 
P,(F,) = Fl. Eqn. 14 is necessary as nestings is associa- 
tive. Eqn. 15 is necessary as the order of two nestings on 
the same flowgraph is irrelevant. Eqn. 16 is necessary as  
Fl ; F, can be decomposed as (Pi ; Pl)(Fl)(F2). 

Now we show that the conditions are also sufficient con- 
ditions for the non-occurrence of ambiguities. There are 
two reasons why ambiguities may occur. The first is that 
there are decompositions of primes. The decompositions 
for a prime P are (f, (P ,  PI]) and (P ,  [PI, PI), which both 
belong to Nest. It follows from eqns. 12 and 13, respec- 
tively, that these decompositions do not lead to ambi- 
guities. The second reason for possible ambiguities is that 
flowgraphs may have more than one decomposition. 
Suppose the flowgraph F has two distinct decompositions, 
(F, [Fl, F2]) and (F, [F3, FA). Below we distinguish ten dif- 
ferent cases. We easily verify that each situation is covered 
by one of the cases. Each case leads to a sufficient condi- 
tion for the non-occurrence of ambiguities. All ten condi- 
tions are shown to hold if eqns. 12-16 hold. This last part 
of the proof is given in the Appendix. 

Case 1 

F =  F,; F, and F =  F3; F4. 

Without a loss of generality, we may assume that the start 
node of F4 belongs to F2.  There then exists a flowgraph F, 
such that F3 = Fl ; F, and F, = F,; F4. No ambiguities 
can arise in this case if 

fol(FJ fb(Fs), /.4F4))) = f(f@(Fi), A F A  AFJ) (17) 

Case 2 
F =  F,; F2 ,  F =  F3(F$ and F4 E Fl. 

There exists a flowgraph F, such that Fl = F5(FJ and 
F3 = F,; F2 . No ambiguities can arise in this case if 

f @ W 5 ) ,  AF4)). AFz)) = dfOl(F5). ~(Fzh AFJ) (18) 

case 3 

F = F, ; F2 ,  F = F3(F4) and F4 G F, . 
There exists a flowgraph F, such that F, = F5(FJ and 
F3 = Fl ; F, . No ambiguities can arise in this case if 

f W i ) ,  g01(F5), dFJ)) = g(f(jdFi), P ( F ~ ) ) .  AFJ) (19) 
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Case 4 
F = Fl ; f 2 ,  F = F3(F4) and neither F4 G F, nor F4 E f2 , 
the start node of F4 is the start node of Fl, and the stop 
node of F4 is the stop node of F2.  

In this case, we have F4 = Fl; F2 and F3 = P,. No ambi- 
guities can arise in this case if 

fb(Fh AFz)) = gb(Pi ) ,  fb(FiX p(Fz))) (20) 

Case 5 
f = F,; F2 ,  F = F,(f4) and neither F4 E Fl nor F4 c F 2 ,  
the start node of F4 is the start node of F,, and the stop 
node of F4 is not the stop node of F 2 .  

There exists flowgraphs F, and F6 such that Fz = f,; 
F6,  F4 = Fl ; F, and F3 = PI ; F6.  No ambiguities can arise 
in this case if 

fb(F1), f@(FS), pc(F6))) = g( f@(P 1)dF6))9 fb(Fl), pc(F5))) 

(21) 

Case 6 
F = Fl ; F 2 ,  F = F3(F4) and neither F4 G Fl nor F4 c Fz , 
the start node of F4 is not the start node of F,, and the 
stop node of F4 is the stop node of F 2 .  

There exist flowgraphs F5 and F6 such that Fl = F6; F, , 
F4 = F,; F2 and F3 = F6: PI. No ambiguities can arise in 
this case if 

f( f@(F6), P(Fs)), ~ ( F z ) )  = 5'( f@(F& P(pi))v fb(Fs), p(F.2))) 

(22) 

Case 7 
F = Fl ; F 2 ,  F = F3(F4) and neither f4 c Fl nor f4 E Fz , 
the start node of F4 is not the start node of F,, and the 
stop node of F4 is not the stop node of F 2 .  

There exist flowgraphs F, , F6, F, and F, such that 
Fl = F7; F,, F4 = F,; f6 ,  F2 = F6; F8 and F3 = F7; P,; 
F, . No ambiguities can arise in this case if 

f( f b ( F 7 ) 7  P(Fs)), fb(F6)! P(F8))) 

= g( fb(F7)~ fb(Pi)v P(F8))). f@(F5)3 P(F6))) (23) 

Case 8 

F = Fl(F2), F = F3(FJ and F2 G F4. 

There exists a flowgraph F, such that Fl = F3(F5) and 
F4 = F,(Fz). No ambiguities can arise in this case if eqn. 
14 holds. 

Case 9 

F = F,(Fz), F = F3(FJ and F2 and f4 edge-disjoint. 

There exists a flowgraph F, , which has at least two pro- 
ceedure nodes, such that F, = F,(fJ and F3 = F,(F2). No 
ambiguities can arise in this case if eqn. 15 holds. 

Case 10 

F = F,(F2), F = F3(FJ, neither F2 E F4 nor 

F4 G Fz , F2 and F4 not edge-disjoint 

Without a loss of generality, we may assume that the stop 
node of F2 belongs to F4. There exist flowgraphs F, , F6, 
F7 ,  F8 and F9 such that F2 = f,; F6, F4 = F6; F7,  Fl = 
F,(F7) and F3 = F,(F,) and F, = F9(P2). No ambiguities 
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can arise in this case if 

dddP(F9) ,  P(Pz)). P(F7)), fb(Fs), p(F6))) 

= g@@b(F9), P(pz))q P(Fs)), fb(F6). P(F7))) (24) 

This proves the theorem. 0 
The next theorem shows that the strong metric values of 

a sequence and a nesting of an arbitrary number of flow- 
graphs are determined by the metric values of the com. 
ponents in a uniform way, which is in contrast with the 
situation for recursive metrics. We use the function foldll 
(which is well known from functional programming [5D, 
informally defined by 

fold1 (0, [xi, x z ,  . . . , 4) 
= ( ' ' . ((xi 0 ~ 2 )  0 ~ 3 )  . . . ) 0 X, (25) 

and formally by 

foldll ( f ,  1x1) = x (26) 

foldll ( f ,  X :  IJ : XS) = foldll ( f ,  / ( x ,  y) : XS) (27) 

Theorem 
Let p be a strong metric, and f and g its functions a s d .  
ated with Seq and Nest, respectively, then, for each n 2 1 

p(Fl ; F2 ; . . . ; F,,) = foldl 1 ( f, [p(F,), p(F2), . . . , p(FJD (28) 

AFi(F2 8 t.. , FJ) 

= fordll @. w,), CCF,), ~ ( F J ,  .... ~(FJI) (29) 

Proof 
Straightfolward, using induction with respect to n. 

. . . ; F.) = sum [p(F,), p(F2), . . . , p(FJ] for all n 3 1. 

Theorem 
Each strong metric is a recursive metric. 

Proof 
Let p be a strong metric, and /and g its functions associ- 
ated with Seq and Nest, respectively, and let f. and gn for 
all n 2 2 be defined by 

f.(xi, . . . , ~ . ) = f o l d l l  ( / , [ x i ,  ..., x,]) (30) 

g,(Xi, . . . . ~ J = f o l d [ l  @,[x i  , . . . , % I )  (31) 
It is straightforward to show, using induction with respect 
to n, that eqns. 5 and 6 are satisfied. Thus, p is a recursive 
metric. 0 

0 
For example, if p(F, ; f 2 )  = p(FJ + p(F2), then p(Fl ; F2; 

With the choice of Seq and Nest as decomposition oper- 
ations, the class of structure metrics is a proper subclass 
of the class of structure metrics in the FWK approach, and 
these metrics behave uniformly with respect to the simulta- 
neous sequencing or nesting of a number of flowgraphs. 
In the following Section, we show a number of examples of 
strong metrics. 

5 Examples 
5.1 Additive rnetrics 

A whole class of strong metrics is given by 

0 the values for the primes are arbitrarily chosen. 
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0 f ( x ,  y) = x + y + a ,  where a is chosen arbitrarily. 
g(x, Y) = x + y - PPI)  

Eqns. 12-16 are easily shown to hold. Thus, for each 
choice of the metric values of the primes and each choice 
of a ,  we have a strong metric. We call these metrics addi- 
tive metrics. 

5.2 McCabe's metric 

McCabe's metric 161 is an additive metric. The value for a is 
- 1 and, for each prime P, the value p(P) is one greater 
than the number of nodes of P with outdegree 2 2. 

5.3 Number of occurrences of a particular prime 

Let Pr be a prime flowgraph, and let p be the additive 
metric for which a =  0 and the metric values for the 
primes are given by p ( f r )  = 1 and p(P) = 0 for all P # Pr. 
p(F) then is the number of Occurrences of the prime Pr in 
F, with respect to any decomposition of Fusing decompo- 
sitions from Seq and Nest. 

5.4 Highest valued prime 

Consider the metric functions defined by f (x ,  y) = g(x, 
y) = max (x, y). We can easily check that these functions 
satisfy eqns. 12-16 if, and only if, p(Pr) 2 p(PJ for all 
primes Pr. The corresponding strong metric assigns to 
each flowgraph the maximum of the metric values of its 
prime components. 

5.5 Maximal depth of nesting (not a strong 
metric) 

Let p be the maximal depth of nesting metric. p(Fl(F2)) not 
only then depends on p(FJ and p(F2), but also on the 
depth where F2 is nested on Fl. Thus, there exists no func- 
tion g that satisfies eqn. 11, and thus p is not a strong 
metric. 

6 Symmetric strong software metrics 

In the previous Section (and the Appendix), it has been 
shown that for each strong metric p the functions fand g, 
associated with the Seq and Nest, have the properties 

0 fis symmetric and associative. 
0 

The function g is not necessarily symmetric. However, in 
all examples of strong metrics we have seen up to now, 
this function is symmetric. The subclass of strong metrics 
with symmetric g seems to deserve special attention. 

g is associative and has unit element p ( P l )  

Definition 
A mapping p from flowgraphs to numbers is a symmetric 
strong metric if it is a strong metric whose function g, 
associated with Nest, satisfies 

(32) Sb(FiX AFzN = g(dFJ, AFIN 
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The following theorem gives a number of conditions, each 
of which is sufficient to ensure that a strong metric is a 
symmetric strong metric. This theorem seems to show 
that 'most of' the strong metria are symmetric strong. 

Theorem 
A mapping p from flowgraphs to numbers is a symmetric 
strong metric if p is a strong metric and one of the follow- 
ing conditions holds: 

0 the function that maps p(F)  to p ( F ;  PI) has an inverse, 
i.e. there exists a function h such that 

AR = h(fb(F), P i ) ) )  (33) 
0 there exists a flowgraph F with more than one pro- 
cedure node and 

P m  = PPI)  (34) 
0 eqn. 15 holds for all flowgraphs Fl. 

Example 
The metric values are { I ,  2, 3, 4). Define p on primes 
such that p(P) = 1 if, and only if, P =  P,.  Define /by f ( x ,  
y) = 2. Define g by g(1, x) = g(x, 1) = x(x E { I ,  2, 3, 4)); 

y E {3,4}). It is easy to check that eqns. 12-16 hold. Note 
that, for a flowgraph Fwith two or more procedure nodes, 
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g(2, x) = g(x, 2) = 2 (x E (2, 3, 41); g(x, Y) = x (x. 



we have p(F) # 1, which means that eqn. 15 need not 
hold for p(F,) equal to 1. Thus, p is a strong metric. It is 
not a symmetric strong metric, however, as  g is not sym. 
metric (provided primes P and P exist with p(P) = 3 and 
dP)  = 4). 

7 Semi-strong software metrics 

In Section 4, we showed that strong metrics, in contrast to 
recursive metrics, have a uniformity property with respect 
to the sequencing and nesting of an arbitrary number of 
flowgraphs. This is because the decomposition operations 
were chosen to be the operations sequencing and nesting, 
instead of simultaneous sequencing of nonsequential flow- 
graphs and simultaneous nesting of maximal proper s u b  
flowgraphs on primes. However, the resulting class of 
strong metrics does not contain the depth of nesting 
metric, which indicates that this class might be considered 
to be too restricted. 

In this Section, we define an intermediate class of struc- 
ture metrics, called semi-strong metrics, with a uniformity 
property and which contains the depth of nesting metric. 
This is done by considering not all nestings, but only those 
of proper maximal subflowgraphs on nonsequential flow- 
graphs. Thus, the set of decomposition operations is given 
bY 

&mi-strong = {Seq, N a f l  (35) 

Nest' = {(F,(F2), [F,, F,]) I F, is nonsequential; 

F2 is a proper maximal subflowgraph of Fl} (36) 
A mapping p from flowgraphs to numbers is a semi- 
strong metric if, and only if, there exist two functions f and 
g such that 

; F2) = f W i X  AFJ) 

A f i ( F 2 ) )  = gbC(Fi), p(F2)) 

(37) 

if f l  is nonsequential and F2 is a 

proper maximal subflowgraph of F, (38) 
As for strong metrics, each flowgraph has a hierarchical 
decomposition into primes, and our task is to determine 
the constraints on the functions f and g which ensure that, 
given the values p(P) for all primes P, p is defined unam- 
biguously by eqns. 37 and 38. The result is given by the 
following theorem. 

Theorem 
Given the values of p for the prime flowgraphs, eqns. 37 
and 38 define p unambiguously for all flowgraphs if, and 
only if, the functions f and g satisfy eqn. 17 and the follow- 
ing relaxation of eqn. 15: 

g@Wi), p(F2)), AFJ) = g@WJ, AFJ), pF2)) 

(if F, is nonsequential and P, occurs at least twice as  

maximal oneentry subflowgraph of F,) (39) 

Proof 
The conditions are necessary: eqn. 17 is necessary as 
sequencing is associative, and eqn. 39 is necessary as the 
order of two nestings on the same flowgraph is irrelevant 

To show that the conditions are also sufficient, it is suffi- 
cient to note that, unlike the case of strong metrics, there 
are no decompositions of primes in this case, and from 
the ten cases considered in the proof for the case of 
strong metrics, only cases 1 and 9 occur for semi-strong 
metrics. 0 

Just as strong metrics, semi-strong metrics have a uni- 
formity property for simultaneous sequencing and nesting. 

Theorem 
Let p be a semi.strong metric, and f and g its functions 
associated with Seq and Nest', respectively. Then, for each 
n > l  

PC(F; ; F ~ ;  . . . ; a= fold[ 1 ( f ,  wl), AF~).  . . . , ~c(F,)I) (40) 

p(F,(Fz, . . . , FJ) = fold1 1 @, Wl), pF2), . . . , AFJD 
if F, is nonsequential and Fz. . . . , Fn are 

proper maximal subflowgraph of F,. (41) 

Proof 
Straightforward, using induction with respect to n. 0 

As its name already suggests, the class of semi-strong 
metrics contains the class of strong metrics and is con- 
tained in the class of recursive metrics. 

Theorem 
Each semi-strong metric is a recursive metric. 

Proof 
Similar to the corresponding theorem for strong metrics.0 

Theorem 
Each strong metric is a semi-strong metric. 

Proof 
It is sufficient to show that eqns. 12-16 imply eqns. 17 and 
39. Eqn. 39 is a relaxation of eqn. 15. A proof of eqn. 17 
from eqns. 12-16 has already been given as  part of the 

0 

Finally we show that the depth of nesting metric is a 
semi-strong metric. The depth of nesting metric is defined 
bY 

p(P) = 1 for all primes P 
f(x, Y) = max (x, Y) 

0 g(x, Y) = max (x, Y + 1) 

proof of the main theorem of Section 4. 

eqns. 37 and 38 

which is a correct definition of a semi-strong metric as 
eqns. 17 and 39 are satisfied. 
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