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Abstract
The tracking performance of a motion system increases drastically, if in
addition to a feedback compensator, a feed-forward controller is applied.
This feed-forward controller should be equal to the (stable part of the)
inverse of the plant. However an accurate inverse is generally difficult
to obtain, e.g. due to plant non-linearities.

Learning Feed-Forward Control can help to overcome this difficulty.
For the learning a function approximator is required. Support Vector
Machines can be used as a function approximator in the LFFC setting.
When using a SVM, a non-linear function is approximated by a linear
approximation in the feature space, which is a (non-linear) mapping of
the input-space.

The mapping from input space to feature space determines the set of
functions from which the function approximator can choose. The perfor-
mance of LFFC is influenced by this set of functions. Mappings that give
rise to a set of function that have a support on the complete input-space
are preferred over mappings that have a local support.

1 Introduction

The performance of many industrial applications critically depends on the ability to
follow some reference movement. One can think of copiers, component mounters
or lithographic equipment. The tracking capability is determined by the mechanics
of the application as well as by the control. During the development process of the
application, these two fields are intertwined and their integrated design approach is
called mechatronics.

In this mechatronic setting, the controller will most certainly contain a feedback
compensator. Because a feedback compensator is error driven, the tracking will not be
error-free. To increase the tracking performance, a feed-forward controller is required.
The feed-forward controller generates a control signal from a given reference signal
and doesn’t need an error to act.

If the feed-forward controller is chosen as the inverse of the plant, the system would
track the reference without error, and the feedback controller would only be needed to



reject disturbances. However, for a series-produced product, it is difficult to determine
the inverse of a plant beforehand. This is due to the fact that each plant might be a little
different. Next to this, it is hard to determine the inverse of a plant if the plant contains
non-linear phenomena like friction.

Instead of identifying the (non-linear) plant and computing the required feed-forward
compensation, the feed-forward signal can also be learnt from the feedback control
signal. This may have distinct advantages, specifically for motion systems, as also
unknown (non-linear) system properties such as friction can be compensated in this
way. These are properties that often occur in a mechatronic setting and are difficult to
compensate by mechanical or electrical means. The learning scheme that uses the con-
trol signal of the feedback controller to determine the inverse of the plant, is known as
feedback error learning (Kawato, Furukawa & Suzuki 1987) and the control configura-
tion has been called Learning Feed-Forward Control (LFFC) (Starrenburg, van Luenen,
Oelen & van Amerongen 1996, Velthuis 2000). This control setting is depicted in fig-
ure 1. LFFC has to learn a mapping from the reference and its time derivatives to a

Figure 1: The Learning Feed-Forward setting

feed-forward control signal. To do this, a function approximator is required. A new
type of function approximator has emerged from the field of statistical learning theory.
Vapnik introduced a so called Support Vector Machine (SVM) that does not suffer from
the curse of dimensionality (Vapnik 1995). This method maps the input of the function
appoximator to some (higher-dimensional) feature space in which a linear approxima-
tion can be performed. The approximation of the function in the input space becomes
non-linear this way. Due to the choice of the cost function, a sparse representation is
obtained.

The mapping to the higher-dimensional feature space determines from which set
the function approximator can choose a function to approximate the data. In this paper
it is investigated which mapping is useful in the LFFC setting. To do this we start with
treating SVM. The influence of the mapping is treated in the next section and after this
simulations on a linear motor with non-linear effects are simulated to show the effect
of the kernel on the performance of the LFFC. We close with a discussion.

2 Support Vector Machines

In LFFC a function approximation is required to search for an underlying relation be-
tween the in- and output of examples. This function should minimize the error between
the output of the examples and of the value estimated by the function. The function
approximator has a set of functions from which it can select the one with the smallest
error. This set can be for example the set of linear functions, or the set of polynomial
functions of degreep.



The minimization of the error present in the examples does not mean that the func-
tion underlying the examples is learnt correctly. If only a small number of examples
is present, it is easy to find a function that gives small errors, while the underlying
function is not approximated correctly. This might be due to overfitting.

A method to overcome this problem is regularization. With this method, not only
the norm of the error is minimized, but also a second term. This term might be, for
example, a measure for the presence of high frequencies. If high frequencies are atten-
uated, fast changes of the function will also be attenuated. This will result in a smooth
function.

The minimization of the error between a function and the examples together with
some regularization can be written as follows:

min
f

(
1
l

l∑
i=1

c(yi, f(xi)) + λ ‖Pf ‖2
)

(1)

In this equationf is a function,l is the number of examples,c is a cost function and
P is a regularization operator. This minimization problem is the same as the starting-
point of support vector machines. For a thorough explanation of SVM the following
references can be used (Cristianini & Shawe-Taylor 2000, Smola 1998, Vapnik 1995).
Here it is treated shortly

2.1 Linear case

In the linear case the set of functions is the following:

f(x;w, b) = 〈w · x〉+ b (2)

The x andw can be vectors. The following cost function is introduced in (Vapnik
1995):

|y − f(x;w)|ε =
{

0, if |y − f(x;w)| < ε
|y − f(x;w)| − ε otherwise

(3)

ε ≥ 0 gives the absolute error which is not penalized. With this and the minimizing of
the weights as regularization, the minimization problem is given by:

min
w,b

(
1
l

l∑
i=1

|yi − 〈w · xi〉 − b|ε +
λ

2
〈w · w〉

)
(4)

With the aid of optimization theory (Aoki 1971) using Lagrangians, this can be written
in the following form:

W (α, α∗) =
l∑
i=1

−ε(αi + α∗i ) +
l∑
i=1

yi(α∗i − αi)

−
l∑

i,j=1

1
2 (α∗i − αi)(α∗j − αj)〈xi · xj〉

(5)

with constraints
l∑
i=1

α∗i =
l∑
i=1

αi

0 ≤ α∗i ≤ C, i = 1, . . . , l,
0 ≤ αi ≤ C, i = 1, . . . , l.

(6)



The weights are given by:

w =
l∑
i=1

(α∗i − αi)xi, (7)

and the offset can be calculated by

b = yi − 〈w · xi〉 − ε for α∗i ∈ (0, C)
b = yi − 〈w · xi〉+ ε for αi ∈ (0, C). (8)

In these equationsC is the regulator parameter and is related toλ andl asC = 1/λl.
The values ofα(∗)

i can be calculated by the SMO algorithm given by (Smola 1998) and
improved by (Shevade, Keerthi, Bhattacharyya & Murthy 1999).

Only for some values ofi the (α∗i − αi) differ from zero; the corresponding data
points are called thesupport vectors. The output of the approximation is given by:

f(x) = 〈w · x〉+ b = 〈
∑
SV

(α∗i − αi)xi · x〉+ b =
∑
SV

(α∗i − αi)〈xi · x〉+ b. (9)

In this function the SV are the support vectors with non-zero(α∗i − αi).

2.2 Non-linear case

Only a small set of functions can be approximated well by a linear estimation. There-
fore, the linear case should be extended to the non-linear case. To achieve this, the
input space is mapped to a higher dimensional feature space. In this feature space, a
linear approximation can be performed. This linear approximation in feature space is
a non-linear approximation in the input space. For example, if the input space is two
dimensional and a quadratic function should be approximated, the following mapping
could be performed (Smola & Schölkopf 1998):

Φ(x1, x2) =
(
x2

1,
√

2x1x2, x
2
2

)
(10)

A linear approximation in the resulting feature space implies a quadratic approximation
in the input space. If the dimension of the input space is larger or if the degree of
the polynomial is higher, the explicit calculation of the inproduct in the feature space
becomes infeasible.

In (5) it can be seen that only the inproduct of the input samples is taken to calculate
theα(∗)’s and that the input vectors of the data points are never used individually. This
is the same for calculating the output (9). By replacing the inproduct in some feature
space by a kernel function in the input space, the inproduct in the feature space can
be calculated implicitly. The kernel has to satisfy the conditions stated in Mercer’s
theorem (Mercer 1909) to be a valid inproduct in some feature space. The selected
kernel determines the mapping to a higher dimensional feature space. Hence, the kernel
determines from which set of functions, the function approximator can choose. This is
illustrated by the output of the function approximator:

f(x) = 〈w · Φ(x)〉+ b (11)

= 〈
∑
SV

(α∗i − αi)Φ(xi) · Φ(x)〉+ b (12)

=
∑
SV

(α∗i − αi)〈Φ(xi) · Φ(x)〉+ b (13)

=
∑
SV

(α∗i − αi)k(xi, x) + b (14)



It is important that the kernel is chosen in accordance with the problem at hand. Some
useful kernels are:

• kernels which generate polynomials of orderp in the input space:
k(x, xi) = (〈x · xi〉+ 1)p.

• kernels which generate radial basis functions with varianceσ2:
k(x, xi) = exp (|x− xi|/2σ2).

• kernels which generate zero-order spline functions with infinite splines:
k(x, xi) = 1 + min(x, xi).

• kernels which generate first-order spline functions with infinite splines:

k(x, xi) = 1 + xxi + |x− xi|min(x, xi)2 + min(x,xi)
3

3 .

3 Kernels in LFFC

In the previous section we saw that a kernel is an implicit mapping to a feature space.
The kernel determines from which set the function approximator can chose its function,
and due to the minimization of the weights (eq. 4) in the feature space it also determines
the regularization operator in the input space (Smola, Schölkopf & Müller 1998). In
this section we will treat the influence of the choice of the kernel in a LFF-setting.

The kernels can be divided into two classes: The translation invariant and the trans-
lation variant kernels (Smola 1998). The translation invariant kernels can be translated
while maintaining their form. The translation variant kernels don’t have this property.
These two classes will be treated subsequently.

3.1 Translation invariant

A translation invariant kernel meets the following condition:

k(xi, xj) = k(ρ(xi, xj))

In this equationρ is a distance measure. As long as the distance between the two
samples is equal the value of the kernel will be the same. It doesn’t matter where the
kernels are located.

The evaluation of a translation invariant kernel is determined by some distance
measure. For the approximation of functions it is useful that a sample with a larger
distance to an example is less influenced by the example then a sample with a short
distance. This leads to kernels like radial base functions, exponential radial base func-
tions or B-spline functions. Periodic kernels are not treated here, because of thet seem
to be unattractive for LFFC.

Radial base kernels are given by the exponent of the Euclidian distance between
two samples, with some scaling. This is a smooth function, and the function that it will
generate is also smooth. This can be profitable, but if the function to be approximate
contains rather fast changes, these will be lost in the approximation. If the scaling of
the radial base kernel is small, the generalization of the approximation will be poor.

Exponential base kernels and B-spline kernels are not so smooth as a radial base
kernel. Therefore they are better equipped to approximate higher frequencies.

In figure 2 examples are given of invariant kernels. It is clear that these kernels
have a local character. The radial base kernels have an infinite support, but the value of
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Figure 2: Translation invariant kernels

the kernel is negligible if the distance becomes large. These kernels have a parameter
which determines their width. This means a extra parameter that must be given a value.
This parameter gives a trade off between smoothness/generalisability and approxima-
tion of higher frequencies. This can be a disadvantage in LFFC if no prior knowledge
is available on the frequencies of the underlying relation, or if these frequencies are
different in separate regions.

3.2 Translation variant

The evaluation of a translation variant kernel depends on both the data point and the
SV, and not on their distance. This is probably best illustrated with the kernel for linear
approximation. This kernel is given by:

k(x, xi) = 〈x · xi〉 (15)

The inproduct is influenced by the value ofxi, and therefore this kernel is translation
variant. Some examples of variant kernels are: linear, polynomial and spline generating
kernels. In figure 3 examples are given of variant kernels. It can be observed that each
support vector has an influence on the complete domain. This is certainly valid for
the examples given above. e.g. If two examples are given in a one-dimensional input
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Figure 3: Translation variant kernels

space a translation variant kernel gives an approximation everywhere between these
examples.The distance between themis not of influence. If an invariant kernel is used,



the distance between the examples determines if a sample between them is given a
value different from zero.

4 Simulations

4.1 Plant description and SVM parameterization

Run simulationFF = 0 OK? Learn r to uff

yes

Figure 4: Steps to take to learn an inverse of the plant

The learning was performed in several steps. These steps are depicted in figure 4.
In the beginning no feed-forward is used. The plant is controlled using only a feedback
compensator. If the tracking is good enough, we stop. If the tracking is not good
enough the mapping from the reference to the feedforward signal is learnt. With this
new mapping, the simulation is done again. This is done until the tracking performance
is good enough by some criterion.

To investigate the influence of the kernel in a LFFC setting, the SVM with different
kernels is tested in simulation. The system that was used in this simulation was a linear
motor motion system. The dominant dynamics of this drive are:
Mass; the mass that has to be displaced. It is assumed to be constant throughout the
simulations.
Friction; the friction description used in the simulations is a velocity dependent non-
linear force. It contains the Stribeck effect, a viscous part and a constant part.
Cogging; this effect results from the magnetic interaction between the permanent mag-
nets of the stator and the iron cores in the coils of the translator. Cogging can be seen
as a position dependent disturbance force with a periodic character. In the model a sine
function is used.

The SVM has several parameters that should be set. The cost function that will
be used is theε-insensitive cost function as given in the section 2. The value ofε
is a compromise between the accuracy of the estimationat the data pointsand the
number of support vectors. The smaller theε the smaller the error at the data points.
It doesn’t give any information about the accuracy between the data points. Ifε is
large, less support vectors are required to approximate the function. The range of the
control signal is from -150 to 150 [N]. We choose to approximate the data points with
an accuracy of 5 [N].

The smoothness is controlled by the parameterC. In the simulation we choose a
rather smooth function. It is therefore not required to smooth the data by this parameter.
It is chosen large to approximate the data without much regularization,C = 1010.

Five second-order paths with different stroke were applied for learning. This covers
a sufficient part of the input-space.



4.2 Results

The above system is simulated with 20Sim [] and the support vectors were calculated
for several kernels with the SMO algorithm given by (Shevade et al. 1999).

Due to the limitations of space, only a limited number of results can be given. Not
all the kernels described in 3 were used. The linear and the polynomial approximation
of this complex function is not feasible and these are therefore omitted. In the class
of translation invariant kernels the radial basis function and the zero-order B-spline are
investigated, and for the translation variant kernel the zero-order spline is investigated.

The result of the radial base function with two different values of theσ is given
in figure 5. The result of the zero-order B-spline and the zero-order spline is given in
figure 6.
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Figure 5: RBF kernel withσ equal to 0.5 and 0.01 respectively.
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Figure 6: B-spline kernel (left) and spline kernel (right)

From figure 5 it can be seen that the parameterσ has a large influence on the final
result. If it is chosen small, the generalization is bad. If it is chosen too large, only the
low frequencies can be approximated. It is difficult to tune this parameter correctly if
no knowledge is available about the frequencies contained in the plant. An additional
disadvantage is that if theσ is chosen small to approximate fast changes better, more
samples are required to approximate the complete input domain.

Both the B-spline and the spline approximate the function well. The B-spline is
still a kernel with local support and if the data-points are far apart, it might have prob-



lems with the approximation. However good results were obtained in other simula-
tions (de Kruif & de Vries 2001).

The error reduction of the spline networks is given in figure 7. It can be seen that the
normal spline gives a better results than the B-spline kernel. An additional advantage
in real time applications is that the calculation time is much shorter with the ordinary
splines.
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Figure 7: B-spline (left) and spline (right) simulation

5 Discussion

The choise of the kernel depends on the knowledge about the dynamic properties of the
plant that is available a priori. This knowledge can be used to select a set of allowable
functions.

A good start is by using a spline kernel. This kernel influences the complete input-
space and therefore always gives an interpolation between examples. Kernels with a
local support, or with a value that is neglectable if the distance to the support vector is
too large , don’t have this interpolation property.

An additional advantage is that the computational load of the splines is low, for
low order splines. Because LFFC is to be applied in real-time applications, this is
important.
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