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1 Introduction

For givenωN ≥ 0 and a finite dimensional systemG(s) =
C(sI−A)−1B, the squared chopped norm

‖G‖2
ωN

:=
1
π

tr
∫ ∞

ωN

G∼(iω)G(iω)dω (1)

computation is required, e.g. in [1] for calculating the signal
reconstruction error. It is a classic result that for a stable
system the squaredL2 norm is given by

‖G‖2
L2 :=

1
π

tr
∫ ∞

0
G∼(iω)G(iω)dω = tr(BTPB) (2)

whereP is the unique solution of the linear Lyapunov equa-
tion

ATP+PA=−CTC. (3)

In this paper, we are answering the question that similar
to the stable system, can we express chopped norm into a
single expression for a system with poles in left half plane
(i.e. stable poles), or poles on imaginary axis or both (as re-
quired by [1]).

2 Chopped norm for systems with imaginary and stable
poles

For a system with poles on the imaginary axis and poles
in the left half plane, the squaredL2 norm (2) is not finite.
On the other hand, the chopped norm (1) may be finite but
requires a computation of a matrix logarithm. Now the loga-
rithm of a matrixX ∈Cn×n itself is multivalued, but it can be
made unique by requiring, for instance, thatX do not have
no eigenvalues onR− (closed negative real axis). In this way
a unique matrix logarithm log(X) exists and it is standard in
the literature, known as theprincipal logarithm[2, Theorem
1.31].

Theorem 2.1. Suppose G is strictly proper and let G(s) =
C(sI−A)−1B with A, B, C real matrices. Also, suppose
Reλk ≤ 0 for all eigenvaluesλk of A. Then

‖G‖2
ωN

=
i
π

tr
{
C̃ log(ωNI − Ã/i)B̃

}
(4)

for Ã, B̃,C̃ defined as

[
Ã B̃
C̃ 0

]
:=




A 0 B
−CTC −AT 0

0 BT 0


 (5)

andωN > ωmax= max|ωk|where the maximum is taken over
all imaginary eigenvaluesiωk of A. log denotesprincipal
logarithm.

Since tr
{
C̃B̃

}
= 0, (4) is valid not only forG with poles

on the imaginary axis and poles in the left half plane, but
also forG with poles anywhere in complex plane. Note that
the eigenvalues of matrixωNI − Ã/i do not lie onR− for
ωN > ωmax. This is crucial for the principal logarithm to
exist.

3 Chopped norm for system with stable poles

For given matrixA ∈ Rn×n, the chopped norm (4) requires
computation of the logarithm of a 2n×2n matrix. But it can
be reduced to the logarithm of an×n matrix if the system
is stable.

Theorem 3.1. Suppose G is stable and strictly proper. Let
G(s) = C(sI−A)−1B with A, B, C real matrices and A is
asymptotically stable. Then(1) equals

‖G‖2
ωN

=− 2
π

Imtr

{
BTPlog(ωNI − A

i
)B

}
(6)

= ‖G‖2
L2−

2
π

Imtr
{

BTPlog(iωNI −A)B
}

(7)

where P is the unique solution of(3) and log denotes the
principal logarithm.

Theorem 3.1 can also be proved using the observability
grammian in the limited frequency interval [3]. It can be
shown that (6) and (7) equal the squaredL2-norm, if ωN = 0.
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