
Precision Engineering 63 (2020) 115–125

Available online 10 February 2020
0141-6359/© 2020 The Authors. Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

Contents lists available at ScienceDirect

Precision Engineering

journal homepage: www.elsevier.com/locate/precision

Improved dynamic performance in flexure mechanisms by overconstraining
using viscoelastic material
M. Nijenhuis a,∗, S.T.B. klein Avink a, W.K. Dierkes b, J.W.M. Noordermeer b, D.M. Brouwer a

a Precision Engineering, Faculty of Engineering Technology, University of Twente, Drienerlolaan 5, 7522 NB, Enschede, The Netherlands
b Elastomer Technology and Engineering, Faculty of Engineering Technology, University of Twente, Drienerlolaan 5, 7522 NB, Enschede, The Netherlands

A R T I C L E I N F O

Keywords:
Design principle
Viscoelastic
Elastomer
Polymer
Overconstraints
Parallelogram flexure mechanism
Buckling
Misalignment
Deterministic design
Exact-constraint design
Statically determinate design

A B S T R A C T

Flexure mechanisms are commonly designed to be exactly constrained to favor determinism, though at the
expense of limitations on the maximum parasitic natural frequencies and support stiffness. This paper presents
the use of viscoelastic material for providing additional support stiffness in a certain frequency range without
the indeterminism commonly associated with overconstraining. This design principle of dynamically stiffened
exact-constraint design is exemplified by a parallelogram flexure mechanism. Experiments demonstrate that
a custom synthesized elastomer compound can compensate for unintended misalignments without significant
internal stress buildup, while improving the dynamic performance in terms of a higher first parasitic natural
frequency. An analytical investigation clarifies the relationship between misalignment, internal load, stiffness
and natural frequency. Using the buckling modes of the system, the nonlinear geometric stiffness is modeled
accurately up to the bifurcation. The measurements and analytical model are corroborated by a nonlinear
flexible multibody analysis.

1. Introduction

To ensure determinism, precision flexure mechanisms are typically
designed to be exactly constrained [1–6]. While this mitigates the prob-
lems of overconstrained designs, in which tolerances, misalignment
errors and temperature gradients lead to internal forces that compro-
mise system behavior, repeatability and predictability, overconstrained
flexure mechanisms can offer better dynamic performance (i.e. higher
parasitic natural frequencies).

To exploit these benefits and simultaneously avoid the problems
of overconstrained designs, we are investigating a new class of flex-
ure mechanisms in which overconstraints are applied by means of
viscoelastic material. Since the effective stiffness of the viscoelastic
material is frequency-dependent, the overconstraint is only present in
a designed frequency range. As a consequence, static loads e.g. due
to misalignment errors, for which the exactly constrained behavior is
desired, hardly affect the mechanism. For dynamic loads, for which the
overconstrained behavior is desired, the effective stiffness and the first
parasitic natural frequency are higher. This improves aspects such as
the control bandwidth and tracking error, and lowers vibrations. We
are referring to this approach as the principle of dynamically stiffened
exact-constrained design.

In the literature, various publications on the merits and prob-
lems of overconstrained flexure mechanisms can be found. The ef-
fects of misalignments on stiffness, natural frequency and buckling
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have been investigated for a single-overconstraint parallelogram flex-
ure mechanism, a single-overconstraint cross-hinge mechanism and a
triple-overconstraint four-bar mechanism [7–9]. The potential of over-
constrained mechanisms for higher performance has been investigated
as an alternative design paradigm, referred to as elastic averaging [10–
12]. The use of viscoelastic material for providing passive damping in
mechatronics systems has been investigated [13,14]. To the knowledge
of the authors, there are no earlier publications on the use of vis-
coelastic material for applying additional constraints in flexure mecha-
nisms without the problems normally associated with overconstrained
designs.

In this paper, a single-overconstraint parallelogram flexure mecha-
nism is used as a case study. The formulation of a custom synthesized
elastomer is detailed. This elastomer has been designed for the pur-
pose of improving the (high frequency) dynamic performance and
decreasing the sensitivity to (low frequency) misalignment errors. Mea-
surements on a dedicated demonstrator set-up with controllable mis-
alignment show how these performance attributes vary for the exactly
constrained, the conventionally overconstrained and the dynamically
stiffened exactly constrained case. A nonlinear analytical model for the
misalignment-dependent stiffness and natural frequency is presented.
Simulations with a numerical model corroborate the measurements and
the analytical model.
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Fig. 1. Von Mises stress due to misalignment 𝜙0 in the overconstrained parallelogram
flexure mechanism.

2. Case description

A parallelogram flexure mechanism, consisting of two nominally
identical and parallel leaf springs with a connecting shuttle, serves
as a case study. This mechanism is considered to have one degree of
freedom: a translation of the shuttle in the 𝑥-direction of Fig. 1, on
account of the low stiffness in that direction. Motion of the shuttle
in all other directions is associated with a much higher stiffness and
considered to be constrained.

In the conventionally overconstrained case, both leaf springs are
clamped at the base. This way, both leaf springs constrain the rota-
tion of the shuttle around its longitudinal axis (the rotational 𝑥-axis),
leading to indeterministic behavior, since a small misalignment at
the base (indicated by the fictitious roller bearing that represents the
misalignment angle 𝜙0 between both lower leaf spring ends around the
𝑥-axis) can induce large internal loads. These in turn negatively affect
the (geometric) stiffness and natural frequency of the system, as will be
detailed in Section 7. Fig. 1 depicts the von Mises stress distribution in
the leaf springs due to a misalignment angle 𝜙0 at the base.

In the exactly constrained case, the misalignment sensitivity is
mitigated by the use of an additional flexure hinge, which removes
the overconstraint. The front view of Fig. 2 shows a kinematic repre-
sentation. The additional hinge is placed at the base of the left leaf
spring. Now, only one leaf spring constrains the longitudinal rotational
motion of the shuttle about the 𝑥-axis, meaning that a misalignment
angle at the right base principally induces a compensating rotation of
the additional flexure hinge at the left base, almost without any internal
load and no change in system behavior.

This particular case study has been designed to demonstrate the
difference between the overconstrained and exactly constrained case.
In the exactly constrained case, the first natural mode describes motion
of the shuttle in the degree of freedom (the translational 𝑥-direction).
The second natural mode describes motion of the shuttle out of the
𝑥, 𝑧-plane. By design, the overconstrained case has very similar natural
modes when it is aligned perfectly, except that the second natural
frequency is a factor of about two larger than the exactly constrained
case (owing to the specific location of the flexure hinge). Since this
frequency tends to limit the achievable vibration attenuation or the
bandwidth in a control system, it shows that the overconstrained case
has higher dynamic performance. For this reason, we consider the
second natural frequency to be a measure of dynamic performance in
the current case study. Additionally, in the overconstrained case, there
are various natural modes, among which the first, that are strongly af-
fected by misalignment: the corresponding natural frequencies decrease
with increasing misalignment. For this reason, we use the first natural
frequency as a measure of misalignment sensitivity in the current study.
The relationship between natural frequency, misalignment and stiffness
will be elaborated on in Section 7.

Table 1
Elastomer compound formulation in Parts per Hundred Rubber (PHR). TMQ is
polymerized 2,2,4-trimethyl-1,2-dihydroquinoline. CBS is N-cyclohexyl benzothiazole
sulfenamide.

SBR 137.5 TMQ 1.5
Carbon black N339 50 CBS 2
Zinc oxide 4 Sulfur 15
Stearic acid 1

In the new dynamically stiffened exactly constrained case, a custom
elastomer is placed in parallel with the flexure hinge at the left leaf
spring base in order to apply an overconstraint to the system. It allows
misalignments (by providing only low stiffness at low frequencies)
while increasing the first parasitic natural frequency (by providing high
stiffness at high frequencies), on the basis of a clear distinction in the
frequency range in which these two otherwise conflicting attributes are
desired.

3. Elastomer compound formulation

The viscoelastic behavior of polymers is used to apply high stiffness
in only a limited frequency range. The temperature- and frequency-
dependent glass transition that polymers exhibit may be exploited: the
rubbery state is used for misalignment compensation at low frequencies
and the glassy state for a stiffness increase at high frequencies. For this
application, it means that at operating temperature 𝑇op = 20 degrees
Celsius, the transition from rubber to glass should occur close before
the first parasitic natural frequency of the system, which is considered
to be on the order of 100 Hz for the following discussion.

The mechanical characteristics of a viscoelastic material can be
obtained from a Dynamic Mechanical Analysis (DMA) test, in which
an oscillatory strain 𝜖0 sin (𝜔𝑡) is applied (in shear, compression or
elongation) and the induced stress state 𝜎0 sin (𝜔𝑡 + 𝛿) is measured and
recorded. Angle 𝛿 is the phase lead due to viscosity. Relevant measures
are the storage modulus 𝐺′ and loss modulus 𝐺′′, defined by

𝐺′ =
𝜎0
𝜖0

cos 𝛿, 𝐺′′ =
𝜎0
𝜖0

sin 𝛿, (1)

which represent the elastic and viscous character of the material,
respectively. The complex number

𝐺∗ = 𝐺′ + 𝑖𝐺′′ (2)

is referred to as the dynamic modulus, whose magnitude |𝐺∗(𝜔)| rep-
resents 𝜎0∕𝜖0, the frequency-dependent ratio between the amplitude of
the harmonic strain and stress profile. This ratio is a measure of the
effective material stiffness.

The glass transition can be characterized by means of a glass tran-
sition temperature 𝑇g at a certain frequency. 𝑇g is defined here as the
maximum of

tan 𝛿 = 𝐺′′

𝐺′ . (3)

These quantities are temperature- and frequency-dependent. For the
current investigation, ideally 𝑇g < 𝑇op for a rubbery state in the fre-
quency range of misalignment compensation, and 𝑇g > 𝑇op for a glassy
state in the higher frequency range of additional support stiffness.

Solution-polymerized styrene-butadiene rubber (S-SBR, SE6233
from Sumitomo Industries, 37.5 Parts per Hundred Rubber oil ex-
tended) is selected as the base polymer in the formulation. It is a
synthetic rubber with a high styrene content (40% by mass) resulting
in a glass transition temperature of −2 degrees Celsius at vanishing
frequency. The material is compounded according to the formulation
given in Table 1. Carbon black is used as reinforcing filler to improve
the tensile strength and wear resistance. Zinc oxide and stearic acid are
used to speed up the vulcanization of the elastomer. Stearic acid also
improves the processing of the compound, since it acts as a dispersing
agent for the carbon black. Antioxidant TMQ is used as a protective
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Fig. 2. Kinematic representation of the constraints. The two fictitious roller bearings are a schematic representation of the boundary conditions of the leaf springs. At the right
leaf spring, angle 𝜙0 represents the misalignment. At the left leaf spring, the angle is fixed (overconstrained case), free (exactly constrained case) or governed by the viscoelastic
material placed in parallel (dynamically stiffened exactly constrained case).

Fig. 3. Measurements of tan 𝛿, indicating the glass transition temperature 𝑇g at 1 Hz
and 100 Hz.

agent for the elastomer to improve oxidative heat ageing resistance.
The vulcanization ingredients, i.e. sulfur and the accelerator CBS, are
added in a second mixing step. With a relatively high sulfur content and
long vulcanization time of 50 min, the cross-link density is increased
in order to increase the glass transition temperature [15].

Fig. 3 shows the glass transition temperature for frequencies of 1 Hz
and 100 Hz, as the maximum of the tan 𝛿 curve obtained from a DMA
test. Measurements are performed with a static strain of 1% and a
dynamic strain of 0.1%, in a temperature range from −15 to 62 degrees
Celsius and a frequency range from 1 Hz to 100 Hz. It follows from
the figure that at the operating temperature, the compound is in the
transition state at 1 Hz and in the desired glassy state at 100 Hz.

The effective stiffness increase of the compound between low fre-
quencies and high frequencies at a given temperature can be obtained
by using the time–temperature superposition principle for viscoelastic
materials. The principle states that data at one temperature can be
superposed on data at another temperature by shifting the curves along
the frequency axis. This means that DMA measurements obtained over
a practically limited frequency range but at various temperatures can be
used to estimate the material properties over a much larger frequency
range. For a convenient representation, the effect of both temperature
and frequency can be cast into a single variable, referred to as the
reduced frequency. It is defined as 𝑓𝛼(𝑇𝑖), where 𝑓 is the frequency and
𝛼(𝑇𝑖) the shift factor for temperature 𝑇𝑖. At the reference temperature
𝑇0, the shift factor 𝛼(𝑇0) = 1 and the reduced frequency coincides
with the frequency. The shift factor for other temperatures needs to be
determined from experimental data, e.g. by means of the closed-form
t-T-P shifting algorithm [16].

Fig. 4 shows the superposed master curves of the shear moduli as
a function of the reduced frequency for a reference temperature of 20

Fig. 4. Nomogram for the master curves of the dynamic, storage and loss modulus at
a reference temperature of 20 ◦C. Given a desired frequency on the right side scale,
the intersection of a horizontal line with the isotherm of the desired temperature can
be determined; by next extending a vertical line from this intersection point down to
the horizontal axis, the corresponding reduced frequency is obtained. The shear moduli
are plotted as functions of the reduced frequency.

degrees Celsius in a nomogram. The graph has an additional frequency
scale as the ordinate on the right side. That frequency scale can be
used with the oblique isotherms to determine the reduced frequency
for a given temperature and frequency. This way, the graph encodes the
measurement data for a wide range of temperatures and frequencies.

The ratio of the dynamic modulus magnitude at 100 Hz to the
dynamic modulus magnitude at vanishing frequency is found to be 63
at the operating temperature. This is a measure for the effective stiffness
increase that can be obtained at the first parasitic natural frequency of
the system by using the viscoelastic material. The relatively high sulfur
content and long vulcanization time that were used have a marked
effect on this measure: with a lower sulfur content of 1.5 PHR and a
shorter vulcanization time of 18 min, the dynamic modulus ratio is only
16.

4. Measurement set-up

Figs. 5 and 6 show a schematic and a photograph of the measure-
ment set-up. It has a screw for controlling the misalignment angle and
a dial gauge at the back (not shown) for measuring the misalignment.
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Fig. 5. Schematic representation of the measurement set-up. A detailed front view of the custom elastomer connected to the left leaf spring in parallel with the left notch hinge
is shown.

The base plate, misalignment arm and other frame parts that carry
loads are dimensioned such that parasitic compliances are negligible.
The leaf springs with support fillets at the ends are made of a single
piece of material (Stavax stainless steel, AISI 420) by wire EDM to
avoid clamping of the thin leaf springs; the associated strain difference
between the clamping blocks and the leaf spring would otherwise lead
to micro-slip hysteresis. The leaf springs have a nominal length of
100 mm, width of 20 mm, and thickness of 0.35 mm. Young’s modulus
is 200 GPa, Poisson’s ratio is 0.29 and the density is 7800 kg/m3.

The left notch hinge serves as the flexure hinge that can remove the
overconstraint. A detailed view is provided in Appendix A.1. The right
notch hinge serves to guide the misalignment arm. The new viscoelastic
overconstraint is placed in parallel with the left notch hinge.

The first natural frequency of the system, corresponding to a mode
in which the shuttle moves in its degree of freedom, serves as a mea-
sure of the misalignment sensitivity of the system, since it is affected
strongly by the internal load that develops in the overconstrained case.
The first natural frequency is measured by a laser displacement sensor.

The second natural frequency of the system, corresponding to a
mode in which the shuttle moves largely in the 𝑦-direction of Fig. 2,
is the performance-limiting first parasitic natural frequency. It is mea-
sured by accelerometers (not shown) on the shuttle. For measurement
of the second natural frequency, excessive motion of the shuttle in the
degree of freedom is avoided by means of an additional wire constraint
(which does not introduce any significant stiffness in the measurement
direction).

5. Numerical model

Simulations of the system are carried out in the flexible multibody
software program SPACAR [17]. Each leaf spring is modeled by eight
flexible three-dimensional beam elements that capture the linear and
geometrically nonlinear effects associated with bending, shear, torsion,
elongation and warping [18,19]. The slight variations in thickness of
the leaf springs over their length as a consequence of the wire EDM
process have been measured and accounted for as modified thickness
values for the various beam elements. The material characterization
from the DMA test is used as the constitutive relation for the elastomer
compound model. A standard Kelvin–Voigt model is used with two
constant proportionality coefficients that are based on the measured
storage and loss modulus from Fig. 4.

Since the modal frequency of interest determines the frequency at
which the Kelvin–Voigt coefficients should be evaluated, and the value
of the coefficients in turn affects the modal frequency, an iterative
solver is implemented. During the first iteration, the model is evaluated
as an exactly constrained system (so without the elastomer model). The
resulting frequency of the mode of interest is input for the Kelvin–Voigt
elastomer model in the next iteration, resulting in a corrected modal
frequency. This is repeated until some convergence (less than 0.1%
deviation in frequency) is obtained.

Fig. 6. Photograph of the measurement set-up.

6. Results

Fig. 7 shows measurements and simulations of the first natural
frequency as a function of the misalignment angle. For all three cases,
the measurement and simulation results match well. It can be seen
that the first natural frequency decreases strongly with misalignment
in the overconstrained case, which agrees with prior art [7,8]. At only
5 mrad, the internal load exceeds the critical load value and bifurcation
buckling occurs, indicating that the actuation stiffness is lost.

In the exactly constrained case, the first natural frequency hardly
decreases with misalignment. The small decrease that is observed in
both the experiment and the simulation is due to the small but finite
stiffness of the notch hinge in the set-up causing just a small internal
load.

In the new dynamically stiffened exactly constrained case, a small
decrease in the first natural frequency is observed, demonstrating the
desired low sensitivity to misalignment. In the experiment, the system
behavior at a misalignment angle of 15 mrad (three times the overcon-
strained value) is largely unaffected. Measurements have been taken
up to a positive misalignment value of 42 mrad without bifurcation,
suggesting that the new dynamically stiffened case has a critical mis-
alignment that is at least 8 times larger than the overconstrained case.

The natural frequencies are measured twice: from the stress-free
state of zero misalignment to maximum positive misalignment in in-
crements, then to maximum negative misalignment in increments,
and back to zero. Successive measurements are performed every two
minutes. At the maximum positive and negative misalignment mea-
surement, the wait time is ten minutes; due to stress relaxation, the
frequency then increases slightly and a loop in the frequency plot is
observed.
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Fig. 7. Measurements (solid lines) and simulations (dashed lines) of the first natural
frequency for the overconstrained case, the exactly constrained case and the new
dynamically stiffened exactly constrained case.

Fig. 8 shows the second natural frequency as a function of the mis-
alignment. For all three cases, the measurement and simulation results
match within 6%. It is observed that the second natural frequency (the
first parasitic natural frequency) in the overconstrained case (124 Hz)
is a factor of 2.0 larger than in the exactly constrained case (which is
61 Hz). Compared to the exactly constrained case, the new dynamically
stiffened case has a natural frequency of 109 Hz, which is a factor
of 1.8 larger than the exactly constrained case. This clearly shows
the improvement in dynamic performance over the exactly constrained
case.

Also, failure of the overconstrained mechanism due to excessive
misalignment can be observed: at the critical misalignment angle of 5
mrad, the second natural frequency drops rapidly and the mechanism
has buckled. The dynamically stiffened exactly constrained case does
not show any negative effect of misalignment in the entire measured
range.

7. Analytical investigation

In the overconstrained version of the mechanism, misalignments
can induce stresses large enough to affect system properties, such as
stiffness and natural frequency. In this section, that relationship is in-
vestigated in order to clarify the problem that the proposed viscoelastic
constraints solve.

An analytical model is developed by formulating the potential and
kinetic energy of the overconstrained system. A lumped compliance is
introduced at the base of the left leaf spring for modeling the exactly
constrained and dynamically stiffened exactly constrained cases as well.
The goal is to obtain a model for not only the linear solution of the
perfectly aligned overconstrained system, but also the nonlinear mis-
alignment effect. While there are analytical models for the geometric
stiffness of leaf springs, they are intended for loads smaller than the
critical buckling load and lose validity when the applied loads are the
same order. For the particular load case encountered in leaf springs in
a parallelogram flexure mechanism, an analytical model valid up to the
bifurcation can be formulated.

The formulation of the strain energy of the leaf springs is based on
the buckling analysis of the parallelogram flexure mechanism carried
out by Meijaard et al. [7], which already provides the critical load

Fig. 8. Measurements (solid lines) and simulations (dashed lines) of the second natural
frequency for the overconstrained case, the exactly constrained case and the new
dynamically stiffened exactly constrained case.

and buckling modes of the system. While the buckling analysis is
only concerned with the system when all (linear) stiffness is lost, we
now use the knowledge of the buckled configuration to augment a
linear model and obtain a nonlinear model for the stiffness and natural
frequency as general functions of the misalignment, describing how
these properties change from their nominally high value to a zero value
at the bifurcation. To capture the first three natural frequencies of the
system, we introduce shape functions based on the buckling modes and
derive the relevant inertial properties of the system.

The notation convention of the following section largely follows that
of the earlier work on overconstrained flexure mechanisms [7,8].

7.1. Description of a single leaf spring

Beam theory is used for modeling the leaf springs of length 𝐿, width
ℎ, thickness 𝑡, and material coordinate 𝑠, which is measured from the
base. The deformed configuration is given by the position of the elastic
line,

𝐫(𝑠) =
[

𝑢(𝑠) 𝑣(𝑠) 𝑠 +𝑤(𝑠)
]𝑇 , (4)

and the orientation of an orthogonal triad
[

𝐞�̄� 𝐞�̄� 𝐞�̄�
]

= 𝐑(𝑠)
[

𝐧𝑥 𝐧𝑦 𝐧𝑧
]

, (5)

attached to the deformed cross-section at the centroid. This way, matrix
𝐑(𝑠) describes the cross-sectional orientation as a rotation with respect
to the global coordinate frame vectors 𝐧𝑥, 𝐧𝑦 and 𝐧𝑧. All vectors in the
following section are resolved in this coordinate frame. Matrix 𝐑(𝑠) is
parametrized by the three Euler angles 𝜙, 𝜓 and 𝜒 , according to

𝐑(𝑠) =
⎡

⎢

⎢

⎣

1 0 0
0 c𝜙 −s𝜙
0 s𝜙 c𝜙

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

c𝜓 −s𝜓 0
s𝜓 c𝜓 0
0 0 1

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

c𝜒 0 s𝜒
0 1 0

−s𝜒 0 c𝜒

⎤

⎥

⎥

⎦

, (6)

where c is short for the cosine and s for the sine function. The three
angles are functions of 𝑠.

Fig. 9 depicts the definition of the coordinate frames and configura-
tion parameters. For small deformations, angle 𝜓 can be interpreted as
the torsion angle, 𝜙 as the bending angle in the plane of highest rigidity
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Fig. 9. Definition of coordinate frames and deformation parameters.

and 𝜒 as the bending angle in the plane of lowest rigidity. The strain
energy is given by

𝑃leaf =
1
2 ∫

𝐿

0

[

𝐺𝐽𝜅2𝑧 + 𝐸𝐼𝑦𝜅
2
𝑦 + 𝐸𝐼𝑥𝜅

2
𝑥

]

d𝑠, (7)

where 𝐺 represents the shear modulus, 𝐽 Saint-Venant’s torsion con-
stant, 𝐸 Young’s modulus, and 𝐼𝑥 and 𝐼𝑦 the second moments of
area about the 𝑥- and 𝑦-axes. The curvatures 𝜅𝑥, 𝜅𝑦 and 𝜅𝑧 are the
components of the skew-symmetric matrix 𝐑𝑇𝐑′, which are nonlinear
functions of the angles 𝜙, 𝜓 and 𝜒 . The prime denotes differentiation
with respect to 𝑠.

To obtain a simplified model that captures the essential effects,
the distinct geometry of leaf springs is exploited: the thickness is at
least two orders of magnitude smaller than the length. Only the energy
due to torsion and bending is accounted for; elongation, shear and
warping are neglected. For ℎ∕𝐿 < 1∕4, shear deformation has a small
effect. For ℎ∕𝐿 ratios approaching unity, constrained warping can have
a marked effect on the buckling load [20]; for the present case, the
effect is minor and only taken into account in the numerical model
presented in Section 5. As a consequence of neglecting shear energy,
the cross-sectional plane is normal to the elastic line, so 𝜒 ≈ 𝑢′ and
𝜙 ≈ −𝑣′.

Since the deformation modes of bending about the 𝑦-axis and torsion
have a relatively low stiffness 𝐸𝐼𝑦 and 𝐺𝐽 , respectively, the linear term
in the corresponding expressions for the 𝑦-axis curvature 𝜅𝑦 and the
specific twist 𝜅𝑧 is dominant. Since the deformation mode of bending
about the 𝑥-axis has a relatively high stiffness 𝐸𝐼𝑥, the first-order
term in the corresponding 𝑥-axis curvature 𝜅𝑥 is small and the second-
order term can be significant as well. It is taken into account, so the
curvatures can be approximated as

𝜅𝑧 ≈ 𝜓 ′, 𝜅𝑦 ≈ 𝑢′′, 𝜅𝑥 ≈ −𝑣′′ − 𝜓 ′𝑢′. (8)

The second-order term of 𝜅𝑥 models the geometrically nonlinear effect
of lateral buckling due to a load acting in the plane of the leaf
spring [7], such as the one due to misalignment 𝜙0.

The kinetic energy of a leaf spring is modeled as

𝑇leaf =
1
2
𝜌∫

𝐿

0

[

𝐴
( 𝜕𝑢
𝜕𝑡

)2
+
(

𝐼𝑥 + 𝐼𝑦
)

(

𝜕𝜓
𝜕𝑡

)2
]

d𝑠, (9)

where 𝜌 represents the density and 𝐴 the cross-sectional area. Only the
deformation modes of low stiffness, i.e. bending about the 𝑦-axis and
torsion, are taken into account here.

7.2. Description of the system

The shuttle imposes the kinematic constraints that the leaf spring
angles at the ends are equal, i.e.

𝜙l(𝐿) = 𝜙r (𝐿), 𝜓 l(𝐿) = 𝜓 r (𝐿), 𝜒 l(𝐿) = 𝜒 r (𝐿), (10)

and that the translations are related by

𝐮l(𝐿) + 𝐑(𝐿)
[

𝑑𝑥 0 0
]𝑇 − 𝐮r (𝐿) −

[

𝑑𝑥 0 0
]𝑇 = 𝟎, (11)

which is approximated to first order by

𝑢l(𝐿) = 𝑢r (𝐿), 𝑣l(𝐿) = 𝑣r (𝐿) − 𝑑𝑥𝜓(𝐿), 𝑤l(𝐿) = 𝑤r (𝐿) + 𝑑𝑥𝜒(𝐿). (12)

The superscripts l and r are used to denote the left and right leaf spring.
The shuttle has length 𝑑𝑥 and mass 𝑚s, see Fig. 9.

An additional lumped rotational stiffness around the 𝑥-axis with
value 𝑘n is placed in series with the left leaf spring base. It introduces
compliance in the overconstrained system and can be used to represent
the exactly constrained and dynamically stiffened exactly constrained
cases. At the base, 𝑠 = 0, the boundary conditions are

𝑢l = 𝑢r = 𝑣l = 𝑣r = 𝑤l = 𝑤r = 0,

𝜓 l = 𝜓 r = 𝜒 l = 𝜒 r = 0,

𝜙r = 𝜙0.

(13)

In the overconstrained case, 𝜙l(0) = 0. In the exactly constrained case,
𝜙l(0) = 𝜙n is unknown and 𝑘n represents the stiffness of the notch hinge
(see left notch hinge in Fig. 5). In the dynamically stiffened exactly
constrained case, 𝜙l(0) = 𝜙n is unknown as well and 𝑘n represents the
combined effective stiffness of the notch hinge and the elastomer at the
frequency of interest.

7.3. Critical misalignment load and angle

From the buckling analysis by Meijaard et al. [7], we already know
that the critical moment

𝑀cr = 2𝜋
√

𝐺𝐽𝐸𝐼𝑦∕𝐿 (14)

applied at the base of the right leaf spring induces buckling of the
overconstrained system in three possible modes. In the anti-symmetric
mode, depicted in Fig. 10a, the shuttle moves and both leaf springs
deform similarly, though with reversed twist angle. In the two symmet-
ric modes, depicted in Fig. 10b, the shuttle remains stationary and an
individual leaf spring buckles [7]. The misalignment angle 𝜙0 is related
linearly to the moment applied at the right leaf spring base, so

𝜙0 =
2𝑀0𝐿
𝐸𝐼𝑥

, 𝜙cr =
2𝑀cr𝐿
𝐸𝐼𝑥

. (15)

7.4. Nonlinear model

Instead of deriving the equilibrium conditions of the system as
differential equations that render the total potential energy stationary,
we first choose a specific set of interpolation functions based on the
known solution of the linearized system (referred to as the linear-
system solution in this section) and augment it with the buckling
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Fig. 10. Buckling modes of the overconstrained system [7]. The front edge of the leaf springs is drawn heavier than the rear edge.

modes in order to account for the geometrical nonlinearity of buckling.
Minimization of the total potential energy with respect to the un-
known coefficients of these interpolation functions then yields a set of
algebraic equations that is easier to handle.

We choose the interpolation functions

𝑢 = 𝑢1
(

3𝜉2 − 2𝜉3
)

+
𝑢2
2𝜋

(2𝜋𝜉 − sin 2𝜋𝜉) +
𝑢3
2𝜋

(1 − cos 2𝜋𝜉) ,

𝜓 = 𝜓1𝜉 + 𝜓2 sin (2𝜋𝜉) − 𝜓3 (1 − cos 2𝜋𝜉) ,

𝑣 = 𝑣1
(

3𝜉2 − 2𝜉3
)

− 𝐿𝑣2
(

−𝜉2 + 𝜉3
)

− 𝐿𝑣3
(

𝜉 − 2𝜉2 + 𝜉3
)

.

(16)

The undetermined coefficients are collected in

𝐚 =
[

𝑢1 𝑢2 𝑢3 𝜓1 𝜓2 𝜓3 𝑣1 𝑣2 𝑣3
]𝑇 . (17)

Coefficient 𝑢1 accounts for the contribution of the linear-system so-
lution to the transverse displacement 𝑢 of the leaf springs in the
low-stiffness 𝑥-direction. Coefficient 𝜓1 accounts for the contribution
of the linear-system solution to the torsion angle 𝜓 . Coefficients 𝑢2, 𝑢3,
𝜓2 and 𝜓3 account for the new shape functions that are based on the
first buckling modes of the system: 𝑢2 and 𝜓2 are nonzero in the anti-
symmetric mode (Fig. 10a), 𝑢3 and 𝜓3 are nonzero in the symmetric
modes (Fig. 10b) [7]. The interpolation of the transverse displacement
𝑣 in the high-stiffness 𝑦-direction is based solely on the linear-system
solution. The undetermined coefficients 𝑣1, 𝑣2 and 𝑣3 represent 𝑣(𝐿),
𝜙(𝐿) and 𝜙(0), respectively. For the right leaf spring, 𝑣3 represents the
misalignment 𝜙0 and is considered a known parameter in the analysis.
For the left leaf spring, 𝑣3 = 0 in the overconstrained case and equal
to the unknown parameter 𝜙n in the exactly and dynamically stiffened
exactly constrained cases.

Substitution of Eqs. (8) and (16) into the strain energy Eq. (7)
yields an expression that has common quadratic terms in 𝐚, but also
higher-order terms due the nonlinear relation for the curvature 𝜅𝑥. The
higher-order terms in all coefficients except 𝑣3 can be neglected. The
strain energy can then be written as

𝑃leaf =
1
2
𝐚𝑇𝐊leaf𝐚, (18)

where 𝐊leaf is the stiffness matrix that still depends on 𝑣3.
The kinetic energy of a leaf spring is modeled according to Eq. (9)

as

𝑇leaf =
1
2
d𝐚
d𝑡

𝑇
𝐌leaf

d𝐚
d𝑡
, (19)

where 𝐌leaf represents the constant mass matrix. Full expressions for
the stiffness and mass matrices are provided in Appendix A.2.

On a system level, the kinematic shuttle constraints of Eqs. (10) and
(12) in terms of the components of 𝐚 are satisfied when

𝑢l1 + 𝑢
l
2 = 𝑢r1 + 𝑢

r
2, 𝑣l1 = 𝑣r1 − 𝑑𝑥𝜓

r
1, 𝑣l2 = 𝑣r2, 𝜓 l

1 = 𝜓 r
1. (20)

The remaining coefficients 𝑢3, 𝜓2 and 𝜓3 describe deformation without
shuttle motion, so they already satisfy the kinematic constraints. The

mass of the shuttle is considerable and modeled as a point mass 𝑚s
located midway between the two leaf springs and at a distance 𝑑s
above the leaf spring ends at 𝑠 = 𝐿. The shuttle mass matrix 𝐌shuttle is
provided in Appendix A.2.

The stiffness and mass matrix of the system, consisting of two leaf
springs, the shuttle and the lumped compliance, can be obtained from
a finite element-like assembly of the derived matrices for the single leaf
spring and the shuttle. The kinematic shuttle constraints of Eq. (20) can
be accounted for by direct elimination. In the following sections, we
will derive analytical expressions for the first three natural frequencies,
since these demonstrate the differences between the overconstrained,
exactly constrained and dynamically stiffened cases. To obtain tractable
expressions, we only use parts of the full 14 × 14 system matrices
by making suitable assumptions on the dominant mass and motion in
the various natural vibration modes. This reduces the mathematical
complexity of the eigenvalue problem.

7.5. Actuation mode

In the first natural mode, the system moves in the degree of free-
dom. Depending on the magnitude of 𝜙0, the system also exhibits some
torsion deformation simultaneously. This mode can be modeled on the
basis of symmetric leaf spring deformation, the linear-system solution
(coefficient 𝑢1) and the anti-symmetric buckling mode (coefficients 𝑢2
and 𝜓2). The stiffness is given by

d𝐹𝑥
d𝑢

=
24𝐸𝐼𝑦
𝐿3

𝜙2
cr −

(

𝜙0 − 𝜙n
)2

𝜙2
cr −

(

1 − 6∕𝜋2
) (

𝜙0 − 𝜙n
)2
, (21)

showing the dependency on the misalignment angle 𝜙0. Notch hinge
angle 𝜙n is related to 𝜙0 by

𝜙n = 1
1 +𝛷1

𝜙0, 𝛷1 =
2𝐿𝑘n
𝐸𝐼𝑥

. (22)

Factor 𝛷1 is used to account for the notch hinge stiffness 𝑘n relative
to the effective rotational 𝑥-axis stiffness of the flexure mechanism
between the two leaf spring ends at 𝑠 = 0.

When 𝜙0 = 0, the stiffness d𝐹𝑥∕d𝑢 of Eq. (21) is simply 24𝐸𝐼𝑦∕𝐿3,
whereas when the misalignment increases, the stiffness decreases. The
stiffness reaches a value of zero when 𝜙0−𝜙n = 𝜙cr; the system buckles.
The ratio 𝛷1 between notch hinge stiffness 𝑘n and 𝐸𝐼𝑥∕2𝐿 determines
the rotation 𝜙n of the notch hinge. When 𝑘n is very large, 𝜙n → 0. Since
the shuttle mass 𝑚s is the dominant moving mass in this mode, the first
natural frequency can simply be obtained as

𝜔1 =

√

1
𝑚s

d𝐹𝑥
d𝑢

. (23)
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7.6. Suspension mode

A second natural mode is one in which the shuttle moves out of
the 𝑥, 𝑧-plane due to bending deformation of the leaf springs about the
𝑥-axis in a pendulum-like fashion. It is referred to as a suspension mode.
In the overconstrained case, the leaf spring deformation is symmetric.
In the exactly constrained cases, when the notch hinge stiffness is finite,
the shuttle also rotates about a 𝑧-axis aligned with the right leaf spring;
the leaf springs exhibit some torsion as well and the deformation is no
longer symmetric.

This mode can be modeled on the basis of only the linear-system
solution (with coefficients 𝑣1, 𝑣2, 𝑣3 and 𝜓1). The dominant moving
mass is the shuttle mass 𝑚s, so 𝐌leaf can be ignored and the natural
frequency is

𝜔2 =

√

1
𝑚s

d𝐹𝑦
d𝑣

. (24)

The natural frequency is affected by the geometric parameters 𝑑s, which
gives the distance between the shuttle mass and the leaf spring ends,
and 𝑑𝑥, which is the shuttle length. The full expression for the stiffness
d𝐹𝑦∕d𝑣 is provided in Appendix A.3.

In the overconstrained case, 𝑘n → ∞ and the effective stiffness is
given by
d𝐹𝑦
d𝑣

=
6𝐸𝐼𝑥

𝐿3 + 3𝑑2s𝐿 + 3𝑑s𝐿2
, (25)

which reduces to 6𝐸𝐼𝑥∕𝐿3 when also 𝑑s = 0.
In the exactly constrained cases with finite notch hinge stiffness, the

effective stiffness is given by

d𝐹𝑦
d𝑣

=
6𝐸𝐼𝑥
𝐿3

3 + 4𝛷2 +𝛷1
(

3 +𝛷2
)

12 + 7𝛷2 +𝛷1
(

3 +𝛷2
) , 𝛷2 =

𝐿2𝐺𝐽
𝑑2𝑥𝐸𝐼𝑥

, (26)

when 𝑑s = 0. Factor 𝛷2 is a measure of the torsion stiffness of the entire
flexure mechanism at the shuttle relative to its bending stiffness about
the 𝑥-axis.

This mode is not affected by misalignment 𝜙0.

7.7. Internal mode

A third natural mode can be obtained on the basis of the symmetric
buckling mode, in which the shuttle stays stationary and only the leaf
springs deform. It is referred to as an internal mode. We assume that the
deformation of the left and right leaf spring is symmetric, so 𝑢l3 = −𝑢r3
and 𝜓 l

3 = 𝜓 r
3. Since the shuttle does not move, the only moving mass

stems from the leaf springs, so the consistent mass matrix 𝐌leaf is taken
into account now. The corresponding eigenvalue problem is given by
(

−𝜔2
[

3𝐿𝑚0∕(4𝜋2) 0
0 3𝐼0𝐿

]

+
[

4𝜋2𝐸𝐼𝑦∕𝐿3 (𝜙n − 𝜙0)𝜋𝐸𝐼𝑥∕𝐿2

(𝜙n − 𝜙0)𝜋𝐸𝐼𝑥∕𝐿2 4𝜋2𝐺𝐽∕𝐿

])[

𝑢3
𝜓3

]

= 0, (27)

where 𝑚0 = 𝜌𝐴 and 𝐼0 = 𝜌
(

𝐼𝑥 + 𝐼𝑦
)

≈ 𝜌𝐼𝑥. The smallest solution is

𝜔3 =

√

𝑘3
𝜌𝐴𝐿

, (28)

where

𝑘3 =
2
3
𝜋2𝐺𝐽𝐴

𝐼𝑥𝐿
+ 8

3
𝜋4
𝐸𝐼𝑦
𝐿3

− 2
3𝐿3

𝜋2

×

√

(

𝐺𝐽𝐴𝐿2

𝐼𝑥
− 4𝜋2𝐸𝐼𝑦

)2
+ 𝐴𝐸2𝐼𝑥𝐿2

(

𝜙0 − 𝜙n
)2.

(29)

Since this natural mode exhibits deformation in the low-stiffness defor-
mation modes of the leaf springs, it is affected, like the first natural
mode, by the misalignment as well.

Fig. 11. Comparison of natural frequencies of the overconstrained system, given by the
analytical model of Eqs. (23), (24) and (28), and the numerical model of Section 5.

Fig. 12. Change in first natural frequency over time after a sudden initial
misalignment, indicating the stress relaxation time scale.

7.8. Summary

From this analysis, we conclude that two kinds of natural modes can
be distinguished:

1. modes with the low-stiffness bending deformation of the leaf
springs and

2. modes with deformation associated with higher stiffness.

The actuation mode (Section 7.5) and internal mode (Section 7.7)
belong to the first kind. For these modes, the misalignment affects
the mode shape and natural frequency. While the relatively large mis-
alignment load 𝑀0 acts solely in the leaf spring plane of high bending
stiffness when the leaf spring is undeformed, upon bending (about the
𝑦-axis) moment 𝑀0 has a component in the low-stiffness bending plane
as well, especially since the torsional stiffness is relatively small. As
a consequence, the mode shape that predominantly features bending
when misalignment is zero starts to show an increasing amount of
torsion deformation when the misalignment increases.

While the normal elastic restoring force opposes the inertial force
of the moving mass and promotes resonance, this component acts in
the opposite direction, reducing the effective elastic force and behaving
like negative stiffness (also referred to as geometric stiffness), following
the same mechanism that governs lateral buckling. For this reason,
the corresponding natural frequency decreases with misalignment and
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the buckling modes can be used to construct the natural modes of the
misaligned system.

The second kind of modes do not feature deformation in a low-
stiffness direction, meaning that they are not sensitive to parasitic load
components and hence misalignment.

Given a prescribed misalignment angle, the introduction of the
notch stiffness 𝑘n (placed in series with the leaf spring) simply lowers
the internal moment and reduces the effect of the geometric stiffness.
It also reduces the effective stiffness d𝐹𝑦∕d𝑣 in the suspension mode,
which lowers the corresponding natural frequency. From a design point
of view, the notch stiffness, when sufficiently low, makes the system
exactly constrained. Additionally, when the notch stiffness is instead
frequency-dependent, it is possible to keep the internal load low and
the suspension mode stiffness high at the frequency where it matters,
as has been demonstrated with the proposed viscoelastic constraint.

Fig. 11 shows the natural frequencies according to the analytical
model. Initially, the internal mode has a higher frequency than the sus-
pension mode; around 3.5 mrad, the internal mode decreases to a lower
frequency and becomes the second mode of the system. The figure
also shows the frequency predictions according to the numerical model
of Section 5 that was used in the comparison with the measurements
results in Section 6. The agreement between the analytical model, the
numerical simulations and the measurements is good. A simplified nu-
merical model, subject to largely the same assumptions as the analytical
model (i.e. no gravity, warping, shear and leaf spring thickness varia-
tions), is visually indistinguishable. The refined numerical model does
include these effects and produces only slight quantitative deviations.
The analytical model is capable of modeling the geometric stiffness up
to the bifurcation, at which the natural frequency of the actuation mode
and the internal mode goes to zero. Since the bifurcation behavior is
very sensitive to perturbations, it can be seen that the refined numerical
and the measurements do not portray the vanishing frequency at the
bifurcation. Simulations with the numerical model show that this can
be attributed to a combination of the effects of gravity, constrained
warping and geometric imperfections.

8. Discussion

8.1. Stress relaxation time

To measure the time scale at which internal stresses (caused by mis-
alignment) decrease in the dynamically stiffened exactly constrained
case, a large misalignment of 15 mrad (three times the critical value of
the overconstrained case) is applied within 0.2 s. Initially, this causes
buckling of the mechanism. In this state, the free vibration of the
shuttle, due to an excitation in the first natural mode, is recorded.
The change of the first natural frequency over time, due to stress
relaxation of the elastomer compound, is shown in Fig. 12. The natural
frequency is affected over a certain time span. Within this time, there
will be associated internal stress, deformation and a position error of
the shuttle. It can be seen that 60% of the decrease in natural frequency
is recovered within 10 s. This suggests that the stress relaxation occurs
sufficiently fast to negate the internal stresses when a misalignment
stems from assembly or manufacturing tolerances. In case the effective
misalignment in the mechanism would e.g. vary with the process
frequency of a manipulation task, shorter relaxation times or a larger
critical misalignment may be needed.

8.2. Damping

While this study has focused on the use of viscoelastic material to
provide additional stiffness, the material is commonly used to provide
passive damping. From the modal analysis measurements, the relative
damping of the second natural mode can be estimated by means of a
logarithmic decrement method. It is found that the relative damping
of the second mode is approximately 0.001 in the two cases without

viscoelastic material and approximately 0.05 when the material is
added in the dynamically stiffened exactly constrained case. Even when
the viscoelastic material is present, the relative damping is found to be
independent of the misalignment.

8.3. Elastomer compound

When the elastomer is exposed to high temperatures, the dynamic
modulus may increase further, changing the dynamic performance of
the system. For typical flexure mechanism applications, this is likely
irrelevant, since such extreme conditions are not expected to occur.

9. Conclusion

Experimental measurements of a demonstrator set-up of a par-
allelogram flexure mechanism with a custom synthesized elastomer
compound show that

1. the first parasitic natural frequency goes from 61 Hz, without
the viscoelastic overconstraint, to 109 Hz, with the viscoelastic
overconstraint. This is close to the limit value that can be
achieved with a conventionally overconstrained design (which
is 124 Hz);

2. the critical misalignment angle, at which buckling occurs and
the mechanism no longer functions, goes from only 5 mrad, for
the conventional overconstraint, to at least 42 mrad, for the
viscoelastic overconstraint.

The measurements are corroborated by a numerical nonlinear multi-
body analysis combined with DMA (dynamic mechanical analysis) test
results of the elastomer compound. An nonlinear analytical model accu-
rately predicts the load-dependent stiffness and first three natural fre-
quencies of the system. The results show that the presented viscoelastic
material can be used to significantly increase the dynamic performance
of (flexure) mechanisms, while being tolerant to misalignments.
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Appendix

A.1. Detailed view of the elastomer in the measurement set-up

Fig. A.1 shows a close-up view of the base of the left leaf spring. The
leaf spring fillet is connected on the right-hand side through the notch
hinge to the fixed ground. In parallel with the notch hinge, connected
on the left-hand side of the fillet is the metal plate with the elastomer
(connected in turn to the fixed ground). With the notch hinge free to
move, the visco-elastic material provides additional stiffness at high
frequencies to the otherwise exactly-constrained system. The system
can be made overconstrained by locking the notch hinge.
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Fig. A.1. Detailed view of the elastomer in parallel with the left notch hinge.

The stiffness matrix 𝐊leaf for a single leaf spring is given by

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

12𝑆𝑦 12𝑆𝑦 0 𝑣3𝐿𝑆𝑥 −6𝑣3𝐿𝑆𝑥∕𝜋 −54𝑣3𝐿𝑆𝑥∕𝜋2 0 0 0
⋅ 2𝜋2𝑆𝑦 0 𝑣3𝐿𝑆𝑥 −𝜋𝑣3𝐿𝑆𝑥 −9𝑣3𝐿𝑆𝑥∕2 0 0 0
⋅ ⋅ 2𝜋2𝑆𝑦 3𝑣3𝐿𝑆𝑥∕𝜋 3𝑣3𝐿𝑆𝑥∕2 −𝜋𝑣3𝐿𝑆𝑥 0 0 0
⋅ ⋅ ⋅ 𝐿2𝑆𝑡 0 0 0 0 0
⋅ ⋅ ⋅ ⋅ 2𝜋2𝐿2𝑆𝑡 0 0 0 0
⋅ ⋅ ⋅ ⋅ ⋅ 2𝜋2𝐿2𝑆𝑡 0 0 0
⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 12𝑆𝑥 6𝐿𝑆𝑥 6𝐿𝑆𝑥
⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 4𝐿2𝑆𝑥 2𝐿2𝑆𝑥
⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 4𝐿2𝑆𝑥

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (A.1)

where 𝑆𝑥 = 𝐸𝐼𝑥∕𝐿3, 𝑆𝑦 = 𝐸𝐼𝑦∕𝐿3 and 𝑆𝑡 = 𝐺𝐽∕𝐿3.
The mass matrix 𝐌leaf for a single leaf spring is given by

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

13
35
𝐿𝑚0

15+5𝜋2+7𝜋4

20𝜋4
𝐿𝑚0

1
4𝜋
𝐿𝑚0 0 0 0 13

35
𝐿𝑚0

11
210
𝐿2𝑚0 − 13

420
𝐿2𝑚0

⋅
(

1
3
+ 5

8𝜋2

)

𝐿𝑚0
1
4𝜋
𝐿𝑚0 0 0 0 15+5𝜋2+7𝜋4

20𝜋4
𝐿𝑚0

2+15∕𝜋4

40
𝐿2𝑚0

−4+45∕𝜋4

120
𝐿2𝑚0

⋅ ⋅ 3
8𝜋2
𝐿𝑚0 0 0 0 1

4𝜋
𝐿𝑚0

3+𝜋2

24𝜋3
𝐿2𝑚0 − 3+𝜋2

24𝜋3
𝐿2𝑚0

⋅ ⋅ ⋅ 𝐼0𝐿∕3 −𝐼0𝐿∕(2𝜋) −𝐼0𝐿∕2 0 0 0

⋅ ⋅ ⋅ ⋅ 𝐼0𝐿∕2 0 0 0 0

⋅ ⋅ ⋅ ⋅ ⋅ 3𝐼0𝐿∕2 0 0 0

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 13𝐿𝑚0∕35 11𝐿2𝑚0∕210 −13𝐿2𝑚0∕420

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 𝐿3𝑚0∕105 −𝐿3𝑚0∕140

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 𝐿3𝑚0∕105

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (A.2)

where 𝑚0 = 𝜌𝐴 and 𝐼0 = 𝜌
(

𝐼𝑥 + 𝐼𝑦
)

.

Box I.

A.2. Leaf spring and shuttle matrices

The mass matrix 𝐌shuttle for the shuttle is given by

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑚s 𝑚s 0 0 0 0 0 0 0

⋅ 𝑚s 0 0 0 0 0 0 0

⋅ ⋅ 0 0 0 0 0 0 0

⋅ ⋅ ⋅ 𝑑2𝑥𝑚s∕4 0 0 𝑑𝑥𝑚s∕2 −𝑑s𝑑𝑥𝑚s∕2 0

⋅ ⋅ ⋅ ⋅ 0 0 0 0 0

⋅ ⋅ ⋅ ⋅ ⋅ 0 0 0 0

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 𝑚s −𝑑s𝑚s 0

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 𝑑2s𝑚s 0

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (A.3)

where 𝑚s is the mass of the shuttle, 𝑑𝑥 the length of the shuttle and
𝑑s the distance between the leaf spring end at 𝑠 = 𝐿 and the center of
mass of the shuttle.

A.3. Effective stiffness in actuation mode

The effective stiffness d𝐹𝑦∕d𝑣 is given by

6𝐸𝐼𝑥
[

3 + 4𝛷2 +𝛷1
(

3 +𝛷2
)]

3𝑑2s 𝐿
[

6 + 5𝛷2 +𝛷1
(

3 +𝛷2
)]

+ 3𝑑s𝐿2
[

9 + 6𝛷2 +𝛷1
(

3 +𝛷2
)]

+ 𝐿3
[

12 + 7𝛷2 +𝛷1
(

3 +𝛷2
)] ,

(A.4)

with 𝛷2 from Eq. (26).
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