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Summary 

Thermoacoustic engines promise to be a cost effective and reliable alternative to tra-

ditional Stirling engines, as the function of the piston is fulfilled by an acoustic wave. For 

the design and development of thermoacoustic devices, the one-dimensional thermo-

acoustic equations are commonly used. However, to further improve the performance of 

these devices a better understanding of the flow field and the acoustic losses inside of 

thermoacoustic components is required. To gain further insight, commercial Computa-

tional Fluid Dynamics (CFD) software is used in this thesis, as CFD allows revealing the 

entire flow field with all its physical quantities in the respective component of the ther-

moacoustic device. Reducing the numerical study to individual components of thermo-

acoustic devices is only possible with dedicated acoustic boundary conditions. As these 

boundary conditions are not yet readily available in commercial CFD packages, their 

implementation into ANSYS Fluent is included within the scope of this work. The 

boundary conditions are validated successfully in one- and two-dimensional cases against 

analytical solutions from the low-reduced frequency approximation. Furthermore, the 

analytical solutions are used in order to derive the optimal numerical parameters for 

thermoacoustic simulations and to give general rules of thumb for the spatial and time 

discretization. 

 

In a second step these parameters are applied to the simulations of four different 

thermoacoustic cases in order to show that CFD can lead to a better understanding of 

phenomena that are not incorporated in the one-dimensional thermoacoustic equations. 

The first investigated component is the thermal buffer tube. Its aim is to provide 

thermal insulation between the hot heat exchanger and the secondary ambient heat ex-

changer while transmitting the acoustic power out of the hot zone. However, due to the 

interaction of the acoustic wave with the temperature gradient, a two-dimensional steady 

mass flux called acoustic streaming occurs, which leads to undesired thermal losses. 

Using the implemented ideal heat exchanger boundary condition, the two-dimensional 

streaming field inside the thermal buffer tube is revealed and the influence of the wall 

properties on the streaming pattern is estimated. The temperature field resulting from the 

different streaming patterns as well as the repercussions on the acoustic properties are 

shown.  

The second investigated component is the U-bend that feeds back the acoustic wave 

in a traveling wave device. In the scope of reducing the size of the thermoacoustic devic-

es, the bend becomes increasingly sharp, introducing additional losses and reflection as 

well as a velocity component in the cross-direction, which is expected to influence nearby 

components such as heat exchangers. The influence of the geometric parameters of the 
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bend on the flow field are investigated in this thesis. The deviations from the analytical 

solution are revealed and for even sharper bends the onset of vortex generation is given. 

In general, this study shows the strength of numerical CFD simulations in thermoacous-

tics, as a large geometric parameter space could be investigated, leading to an in-depth 

understanding of the underlying flow phenomena.  

The subsequent study in this thesis makes the link between the one-dimensional ther-

moacoustic equations and the full time domain CFD, as it shows how the accuracy of the 

results from the one-dimensional equations can be increased when data from CFD is 

used. In this work the thermoacoustic functions, which incorporate the three-dimensional 

effects in the one-dimensional thermoacoustic equations, are calculated from CFD for a 

reduced model of a stacked screen regenerator, leading to more realistic values of the 

thermoacoustic functions. It is shown that the arrangement of the screens has an effect on 

the heat transfer inside the regenerator, while the viscous effects stay the same. This 

study shows that not only large components like bends and the thermal buffer tube can be 

successfully simulated with CFD, but so can small scale geometries like the ones inside 

the regenerator.  

In the last thermoacoustic study within this work, the entrance effects in a stacked 

screen regenerator are investigated for different geometric variations. The mean tempera-

ture profile due to the non-linear entrance effects and the heat pumped at the end of the 

stacked screen regenerator are calculated. Furthermore, a one-dimensional time depend-

ent heat equation is used in order to predict the changes in mean temperature. In this one-

dimensional time dependent heat transfer equation the thermal thermoacoustic function is 

used in order to estimate the heat transfer coefficient between the regenerator and the 

fluid. The results compare well with the CFD results. 

 

It can be concluded from the four studies conducted within this thesis that the simula-

tion of components of thermoacoustic devices with commercial CFD is possible and that 

they will contribute to a better understanding of the flow phenomena inside of the respec-

tive components. This work paves the way towards the in-depth investigation of other 

components within the field of thermoacoustics using CFD.  
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Samenvatting 

Thermoakoestische motoren kunnen in potentie uitgroeien tot een kostenefficiënt en 

betrouwbaar alternatief voor de traditionele Stirlingmotoren, aangezien de functie van de 

zuiger wordt vervuld door een akoestische golf. Voor het ontwerp en de ontwikkeling van 

thermoakoestische apparaten, wordt doorgaans gebruikgemaakt van eendimensionale 

thermoakoestische vergelijkingen. Om de prestaties van deze apparaten verder te verbete-

ren is echter een beter begrip vereist van het stromingsveld en de akoestische verliezen 

binnen de thermoakoestische onderdelen. Om tot een beter inzicht te komen wordt voor 

dit onderzoek gebruikgemaakt van commerciële numerieke stromingsleer (Computational 

Fluid Dynamics of CFD). Hiermee kan het gehele stromingsveld met alle grootheiden in 

de betreffende component van het thermoakoestische apparaat in kaart worden gebracht. 

Het terugbrengen van de numerieke studie tot afzonderlijke componenten van ther-

moakoestische apparaten is alleen mogelijk door gebruik te maken van akoestische rand-

voorwaarden. Omdat deze randvoorwaarden niet standard beschikbaar zijn in commerci-

ele CFD-pakketten, maakte de implementatie hiervan in ANSYS Fluent deel uit van dit 

onderzoek. De randvoorwaarden zijn met succes in één- en tweedimensionale gevallen 

gevalideerd tegen analytische oplossingen van het zogenaamde Low Reduced Frequency 

model. Daarnaast wordt er gebruikgemaakt van deze analytische oplossingen om te ko-

men tot optimale numerieke parameters voor thermoakoestische simulaties en om te 

zorgen voor algemene vuistregels ten aanzien van de ruimte- en tijdsdiscretisatie. 

 

Tijdens een volgende stap zijn deze parameters toegepast op de simulaties van vier 

verschillende thermoakoestische situaties. De bedoeling is aan te tonen dat CFD kan 

leiden tot een beter inzicht in verschijnselen die niet worden beschreven door de eendi-

mensionale thermoakoestische vergelijkingen. 

De eerste onderzochte component is de zogenaamde thermal buffer tube. Het doel 

hiervan is te zorgen voor thermische isolatie tussen de hete warmtewisselaar en de secun-

daire warmtewisselaar op omgevingstemperatuur, tijdens de overdracht van het akoes-

tisch vermogen uit de warme zone. Als gevolg van de wisselwerking tussen de akoesti-

sche golf en de temperatuurgradiënt, ontstaat er een tweedimensionale continue massa-

stroom die we acoustic streaming noemen en die leidt tot ongewenste warmteverliezen. 

Met behulp van de geïmplementeerde randvoorwaarde voor de warmtewisselaar wordt 

het tweedimensionale stromingsveld binnen de thermal buffer tube opgelost. Zo kan een 

schatting worden gemaakt van de invloed van de wandeigenschappen op het stromings-

patroon. Het temperatuurveld als gevolg van de verschillende stromingspatronen evenals 

de effecten daarvan op de akoestische eigenschappen worden in beeld gebracht.  
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De tweede onderzochte component is de U-bocht die de akoestische golf geleidt. Om 

thermoakoestische apparaten compacter te maken, moet de bocht steeds scherper worden. 

Hierdoor ontstaan extra verliezen en reflectie, evenals een snelheidscomponent in de 

radiale richting, die naar verwachting de nabije componenten zoals de warmtewisselaars 

beïnvloedt. In dit proefschrift wordt de invloed van de geometrische parameters van de 

bocht op het stromingsveld onderzocht. De afwijkingen van de analytische oplossing 

worden beschreven en voor nog scherpere bochten wordt het ontstaan van de gegenereer-

de vortex gegeven. Over het algemeen laat dit onderzoek de kracht zien van numerieke 

CFD-simulaties in de thermoakoestiek, aangezien een grote geometrische parameterruim-

te kan worden onderzocht. Dit resulteert in een gedetailleerd inzicht in de achterliggende 

stromingsverschijnselen.  

In het daaropvolgende onderzoek in dit proefschrift wordt een verband gelegd tussen 

de eendimensionale thermoakoestische vergelijkingen en CFD. Dit geeft aan hoe de pre-

cisie van de resultaten van de eendimensionale vergelijkingen kan worden vergroot door 

gebruik te maken van CFD-gegevens. Hierbij worden de thermoakoestische functies, 

waarbij driedimensionale effecten in de eendimensionale thermoakoestische vergelijkin-

gen zijn opgenomen, berekend op basis van CFD voor een gereduceerd model van een 

stacked-screen regenerator. Dit resulteert in realistischer waarden voor de thermoakoesti-

sche functies. Aangetoond wordt dat de rangschikking van de screens een effect heeft op 

de warmteoverdracht in de regenerator, terwijl de viskeuze effecten gelijk blijven. Uit het 

onderzoek blijkt dat niet alleen grote componenten zoals bochten en de thermal buffer 

tube met succes met CFD kunnen worden gesimuleerd, maar ook kleinschalige geometri-

sche aspecten zoals die aanwezig zijn in de regenerator.  

In het laatste thermoakoestische onderzoek van dit project, zijn de intree-effecten in 

een stacked-screen regenerator onderzocht voor verschillende geometrische variaties. Het 

tijdgemiddelde temperatuurprofiel als gevolg van de niet-lineaire effecten bij intrede en 

de warmte die wordt gepompt aan het einde van de stacked-screen regenerator zijn be-

schreven. Daarnaast wordt gebruikgemaakt van een eendimensionale tijdsafhankelijke 

warmtevergelijking om de veranderingen in de gemiddelde temperatuur te voorspellen. In 

deze vergelijking wordt de thermische thermoakoestische functie gebruikt om de warm-

teoverdrachtscoëfficiënt tussen de regenerator en het gas te schatten. De resultaten daar-

van laten zich goed vergelijken met de CFD-resultaten. 

 

Uit de vier in het kader van dit proefschrift verrichte onderzoeken kan worden gecon-

cludeerd dat het simuleren van componenten van thermoakoestische apparaten met com-

merciële CFD mogelijk is en dat dit kan bijdragen aan een beter begrip van de stromings-

verschijnselen binnen de desbetreffende componenten. Dit onderzoek maakt de weg vrij 

voor verder onderzoek naar overige thermoakoestische componenten met behulp van 

CFD.  
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1 Introduction 

This simple engine is transforming heat into a strong acoustic sound without any 

moving part. 

 
Figure 1.1:  Thermoacoustic laser that converts heat from an electrically heated wire 

into a strong acoustic sound without any moving part.  

Experiencing this sound four years ago puzzled me that much that I wanted to study 

this phenomenon in details. The underlying phenomenon is called thermoacoustics and 

according to Nikolaus Rott [1], who introduced this term in 1980, the term is "rather self-

explanatory", namely the combination of heat transfer and acoustics.  

Acoustic waves are commonly described as a combination of pressure and velocity 

changes, but as waves propagate adiabatically in free space, the temperature has to 

change accordingly: 

𝑇1
𝑇0

=
𝛾 − 1

𝛾

𝑝1
𝑝0

 (1.1) 

While these temperature changes are hardly noticeable in open space, they can be 

used in thermoacoustic engines like the one given above to create a strong sound. The 

first qualitative explanation of this phenomenon was given by Lord Rayleigh in 1887 [2], 

who recognized that "if heat is given to the air at the moment of largest compression or 

taken from it at the moment of largest expansion, the acoustic wave is encouraged".  

This is exactly what happens in the porous material of the thermoacoustic device 

shown in Figure 1.1. But next to the desired conversion of energy described above, ther-

moacoustics can also have a large harmful effect. In gas turbines, for example, the ther-

moacoustic effect can excite the resonance mode of the combustion chamber and destroy 

the latter within a short time [3]. In gas turbines the thermoacoustic resonance has to be 

avoided by an appropriate design and combustion control strategy [4]. These necessary 

design steps endorse the power that the thermoacoustic effect can have when applied in a 

proper way.  

The work in this thesis does not focus on the part of thermoacoustics related to com-

bustion and where thermoacoustic has a destructive nature. Instead, it focuses on applica-

tions like the thermoacoustic laser presented above, where the thermoacoustic effect is 

used for energy conversion. In these thermoacoustic devices the acoustic wave interacts 
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with a close by solid, which is subject to a temperature gradient. Large advances in mod-

eling this effect were achieved by Rott from 1969 on and his work led to a quantitative 

understanding of the phenomenon [5]. Later, Swift reviewed and summarized the ther-

moacoustic theory in his book [6]. The derived theory is still used for the design of ther-

moacoustic devices, for example in the one-dimensional code DeltaEC [7], which is 

largely used in the thermoacoustic community [8, 9, 10].  

1.1 Thermoacoustic devices 
The aforementioned one-dimensional theory led to the development of numerous 

thermoacoustic devices. An important first step was the development of a standing wave 

thermoacoustic refrigerator by Hofler [11], who used a closed resonator and a loudspeak-

er in order to create a temperature gradient in the porous material. This means that instead 

of converting heat into acoustic power, like in the case of the thermoacoustic laser, the 

acoustic wave pumped the heat and created a temperature gradient. Numerous other de-

vices were build using the same underlying theoretical thermodynamic cycle (for exam-

ple [12]), but all suffer from the fact that an imperfect thermal contact is needed such that 

the phasing between the acoustic wave and the heat transfer fulfils the Rayleigh criterion. 

This imperfect thermal contacts leads to low theoretic efficiencies. 

An important step in the development of thermoacoustic devices was the understand-

ing of Cerperley that thermoacoustic devices based on traveling waves could reach much 

higher theoretical efficiencies, as in theory the underlying thermodynamic cycle is a Stir-

ling cycle [13]. The first traveling wave thermoacoustic Stirling engines developed by 

Swift [14] and de Blok [15] at about the same time were a milestone in thermoacoustics. 

The Swift type of engine was designed with DeltaEC and reached an efficiency of 30% 

from heat to acoustic power, without any moving part [9]. A schematic illustration of this 

type of engine is given in Figure 1.2. 

Next to the promise of high theoretic efficiencies, thermoacoustic devices possess fur-

ther advantages. One of these advantages is that the thermoacoustic effect occurs without 

any moving part, which is especially useful for cryogenic cooling, as high tolerances in 

the cold part can be avoided [16]. Another advantage is that most thermoacoustic devices 

use noble gases like helium or air, which are not harmful for the environment [6]. Fur-

thermore, thermoacoustic devices can be supplied with any form of heat, which makes 

them suitable for regenerative energy sources, like solar energy [17]. Even small tem-

perature differences can be used, such that waste heat can be upgraded [18]. This makes 

thermoacoustics a promising technology for energy conversion. 

Using the specific advantages of thermoacoustics, numerous specific applications 

have been investigated in the recent years. One of these innovative applications, where 

the reliability of the device plays an important role, is the thermoacoustic self-powered 

temperature sensor and telemetry system for application in nuclear power plants investi-
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gated by Ali et al. [19]. The device uses a standing wave device which emits sound of a 

defined frequency which is characteristic for the temperature in the nuclear fuel rod.  

 
Figure 1.2: Schematic illustration of the traveling wave thermoacoustic en-

gine [14]. 

Furthermore, thermoacoustics has been considered as small scale conversion technol-

ogy for rural and developing areas. The reason is that while the physics behind the ther-

moacoustic converter is rather complex, the final implementation is simple, which allows 

for low production, investment and maintenance costs [20, 21]. Another field investigated 

in numerous studies for industrial application is waste heat recovery, as already small 

temperature differences can be exploited with the thermoacoustic effect [22, 23, 24]. 

Despite all the thermoacoustic research done, numerous questions stay open and have 

to be answered in order to come closer to the theoretically predicted efficiencies [8]. 

Profound knowledge lacks, especially when the flow field loses its one-dimensional char-

acter and the one-dimensional equations are not valid anymore. This is the case for ex-

ample for complex geometries, when the size of the thermoacoustic device shall be re-

duced or when different components interact with each other. Revealing the flow field 

inside the different components can lead to a better understanding of the underlying flow 

phenomena and thus to an improvement of the thermoacoustic devices. 

1.2 CFD modeling in thermoacoustics 
In order to get a better understanding of the flow field and the acoustic losses inside 

of a thermoacoustic component, flow visualization can be a useful tool. Different ap-

proaches can be used to visualize the flow inside of a thermoacoustic device. One possi-

ble approach is to use experimental flow visualization techniques like Particle Image 

Velocimetry (PIV). These experimental techniques have been applied successfully to 

visualize the vortex generation at the extremities of a stack (for example [25, 26, 27]), but 

are restricted to certain geometries by the laser and are time consuming and expensive. 

Another approach, which is used in this thesis, is to numerically model the flow field 

with Computational Fluid Dynamics (CFD). CFD simulations and PIV measurements are 
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found to be in close agreement [27], but CFD simulations have the advantage that they 

allows revealing the entire flow field with all its physical quantities. 

A large number of CFD publications in thermoacoustics focuses on the so called 

thermoacoustic couple, which is a parallel plate stack with heat exchangers at both ex-

tremities, modeled in different degrees of complexity. Cao et al. [28] were the first to 

introduce the thermoacoustic couple. They modeled it as one plate with zero wall thick-

ness and no heat exchangers. The acoustic wave was introduced by imposing the velocity 

at both sides of the plate. Later, Worlikar et al. extended the stack model to a finite plate 

thickness and implemented heat exchangers at both extremities of the stack [29, 30, 31, 

32]. In a further step, Besnoin et al. investigated the placement of the heat exchangers 

relative to the stack plate [33, 34]. Marx et al. applied a boundary condition which uses 

the method of characteristics in order to introduce an acoustic wave that propagates in-

side of the domain, while the waves from inside of the domain can leave without reflec-

tions. With this boundary condition they investigated the thermoacoustic couple and 

revealed the nonlinearities in the temperature and velocity [35, 36, 37, 38]. All the previ-

ous mentioned works were conducted with dedicated codes developed for the respective 

specific application. Zoontjens et al. made the step towards commercially available CFD 

software, namely ANSYS Fluent [39], in order to model the thermoacoustic couple [40].  

Besides the simulations of the thermoacoustic couple, simulations of entire engines 

have also been performed. Lycklama à Nijeholt et al. performed simulation of a coaxial 

traveling wave thermoacoustic engine with ANSYS CFX [41], from which they conclud-

ed that CFD can be used for the prediction and optimization of thermoacoustic devices, 

as the agreement between the simulations and the experiments was satisfactory [42]. In 

their work they did not geometrically resolve the heat exchanger and the regenerator, but 

modeled it with help of volume sources in order to reduce the computational resources 

need. Scalo et al. extended this model to the third dimension and added a secondary heat 

exchanger in order to reach a limit cycle [43]. 

Another work of an entire engine but with a different geometry is investigated by 

Zink at al. [44]. They modeled an entire standing wave engine in two dimensions and 

investigated the influence of a coiled resonator. They have shown that a bent resonator, 

which cannot be easily investigated with one-dimensional models, reduces the efficiency 

of the device and shifts the resonance frequency.  

 

This increasing number of thermoacoustic CFD simulations shows that CFD is seen 

as a valid and promising method to gain a better understanding of the flow phenomena 

that are beyond the one-dimensional thermoacoustic equations. From the earlier named 

works one can also see that an increasing number of numerical studies is conducted with 

commercial CFD codes, which is promising as these codes are readily available to a large 

public and allow for broad investigations.  
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In general, two different approaches for the thermoacoustic modeling in CFD can be 

differentiated from the earlier named work. The first approach consists in modeling entire 

engines. This approach allows investigating the time dependent behavior of the thermo-

acoustic device and the interaction between the different parts, without using a dedicated 

acoustic boundary condition. On the other side, this is computationally expensive and 

geometric simplifications are needed to model all the scales comprised in the device. This 

makes it difficult to conduct a study over a large amount of parameters that is often nec-

essary to get a profound knowledge of the underlying flow phenomena.  

The second approach reduces the study to only one component of the thermoacoustic 

device, like for example the thermoacoustic couple presented above. The disadvantage of 

this method is that dedicated boundary conditions are needed for CFD, as the pressure 

and velocity are imposed at the boundary and these quantities are a superposition of an 

acoustic wave from outside of the domain and one from the inside of the domain. These 

dedicated boundary conditions are not yet readily available in the commercial CFD pack-

ages, but once they are introduced, detailed investigation of an isolated component can be 

done. As the computational domain is reduced compared to the entire device simulations, 

a large parameters space can be investigated to get in-depth knowledge of the flow field 

in the respective components. This is the reason that in this thesis acoustic boundary 

conditions are implemented into the commercially available CFD code ANSYS Fluent 

[39] and an in-depth validation is performed. In a second step it is shown that it is possi-

ble to study the geometric parameters of components detached from the rest of the ther-

moacoustic device. This will open the field to a large number of in-depth numerical 

thermoacoustic studies in the future. 

1.3 Thesis outline 
The aim of this research is to make a next step towards numerical simulations of 

thermoacoustic components with commercially available CFD software. First, in Chapter 

2 the general principle of thermoacoustics and the corresponding theory are summarized. 

The numerical method used in this thesis is described in Chapter 3, including the imple-

mented non-reflecting boundary conditions needed in order to reduce the computational 

domain to a thermoacoustic component. In the subsequent Chapter 4 the numerical meth-

od and especially its boundary conditions are validated against the low reduced frequency 

solutions derived in Chapter 2. The necessary discretization and the best numerical pa-

rameters for the ensuing simulations are derived. With these optimal numerical parame-

ters known, four different components of a thermoacoustic device, where the non-linear 

effects cannot be neglected, are studied in Chapter 5.  

The first investigated component is the thermal buffer tube. Its aim is to provide 

thermal insulation between the hot heat exchanger and the secondary ambient heat ex-

changer while transmitting the acoustic power out of the hot zone. But due to the interac-

tion of the acoustic wave with the temperature gradient, a two-dimensional steady mass 
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flux called acoustic streaming occurs, which leads to unwanted thermal losses. In Chapter 

5.1 the streaming patterns inside the thermal buffer tube are revealed and the resulting 

temperature profiles are given. 

The second investigated component is the U-bend that feeds back the acoustic wave 

in a traveling wave device. In the scope of reducing the size of the thermoacoustic devic-

es, the bend gets increasingly sharp, introducing additional losses. In Chapter 5.2 the 

influence of the geometric parameters of the bend on the flow field are investigated. The 

deviations from the low reduced frequency model are revealed and for even sharper 

bends the limit to vortex generation is given. 

In the subsequent Chapter 5.3 an experimental method to calculate the thermoacoustic 

functions is applied to CFD. The thermoacoustic functions represent the spatially aver-

aged diffusion functions for heat and momentum and allow incorporating three-

dimensional effects into the one-dimensional thermoacoustic equations. The method is 

applied to a reduced model of a stacked screen regenerator and the thermoacoustic func-

tions are given for different geometries of the regenerator model. 

In Chapter 5.4 the non-linear entrance effects at a stacked screen regenerator are in-

vestigated and the resulting changes in the mean temperature profile are given for differ-

ent geometric variations. 

The thesis ends with concluding remarks in Chapter 6. 
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2 Thermoacoustics 

This chapter gives a short summary of the thermodynamics and fluid mechanics upon 

which thermoacoustic theory is based. In Chapter 2.1 the thermodynamic aspects of 

thermoacoustic devices are discussed to provide a general understanding. A qualitative 

description is then given in the following subchapters. In Chapter 2.2 the conservation 

equations of fluid mechanics are used to derive the general thermoacoustic equations. In 

Chapter 2.3 the flow field is derived for some specific cases.  

2.1 Thermodynamics 
It is possible by applying the first law of thermodynamics to thermoacoustic devices 

to estimate their performance. The subsequent subchapters will expose the thermodynam-

ic cycle that thermoacoustic devices undergo. 

2.1.1 Laws of thermodynamics 

The energy flow and the performance of thermoacoustic devices can be described by 

looking at the first law of thermodynamics for an open system [45]: 

Depending on the energy flow, two different types of devices can be distinguished: 

thermoacoustic prime movers and heat pump. In both cases, it can be assumed that the 

system is closed and that it has reached a time averaged steady state. For a prime mover 

equation (2.1) can be simplified to: 

0 = �̇�𝐻 − �̇�𝑐 − �̇� (2.2) 

Heat is taken from a heat source at a higher temperature 𝑇𝐻 and exhausted at a lower 

temperature 𝑇𝐶 to a heat sink while producing acoustic work (see Figure 2.1 a)). The 

performance of the prime mover can be estimated by dividing the useful acoustic power 

�̇� by the heating power �̇�𝐻, which gives the efficiency of the prime mover: 

𝜂 =
�̇�

�̇�𝐻

 (2.3) 

For refrigerators and heat pumps equation (2.1) can be simplified to: 

0 = −�̇�𝐻 + �̇�𝑐 + �̇� (2.4) 

Heat is thus absorbed at a lower temperature 𝑇𝐶 and rejected at a higher temperature 

𝑇𝐻 while consuming acoustic work (see Figure 2.1 b)). As refrigerators and heat pump 

have different goals, their performances have to be quantified differently. For a refrigera-

𝑑𝐸𝑠𝑦𝑠

𝑑𝑡
= ∑�̇�𝑖

𝑖

+∑�̇�𝑗

𝑗

+∑�̇�𝑖𝑛  (ℎ𝑖𝑛 + 𝑔 𝑧𝑖𝑛 +
1

2
�⃗�𝑖𝑛
2 )

𝑖𝑛

−∑�̇�𝑜𝑢𝑡 (ℎ𝑜𝑢𝑡 + 𝑔 𝑧𝑜𝑢𝑡 +
1

2
�⃗�𝑜𝑢𝑡
2 ) 

𝑜𝑢𝑡

 

(2.1) 
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tor the goal is to extract heat at a lower temperature with as little work as possible. The 

coefficient of performance can be calculated as: 

𝐶𝑂𝑃𝑟𝑒𝑓 =
�̇�𝐶

�̇�
  (2.5) 

The useful output of a heat pump is the heat rejected at a higher temperature 𝑇𝐻 while 

it consumes acoustic power. The coefficient of performance for a heat pump can be de-

fined as: 

𝐶𝑂𝑃ℎ𝑝 =
�̇�𝐻

�̇�
  (2.6) 

 

  

a) prime mover b) refrigerator / heat pump 
 

Figure 2.1:  Thermodynamic representation of the heat and work flow inside a) a prime 

mover and b) a refrigerator or heat pump [46]. 

 

2.1.2 Thermodynamic cycles 

Thermoacoustic devices can also be classified by their underlying thermodynamic 

process. Two different types are distinguished depending upon the phasing between the 

oscillation in pressure and velocity. When the pressure and the velocity oscillations are 

out of phase, the phasing is referred to as standing wave, while when the pressure and 

velocity are in phase the phasing is referred to as traveling wave. The thermodynamic 

process for both cases is presented in the following subchapters. 

2.1.2.1 Standing wave phasing 

For standing wave phasing the pressure and the velocity oscillations are out of phase. 

A gas parcel will be compressed and at the same moment displaced in positive direction 

(see Figure 2.2 A-B). Half a period later, during the expansion, it will be displaced in the 

negative direction (see Figure 2.2 C-D). When the distance of a gas parcel to the wall is 

much larger than the thermal penetration depth (𝑦 ≫ 𝛿𝑘 see Figure 2.3 a) ) an adiabatic 

cycle will occur and no heat will be exchanged between the bulk of the fluid and the wall. 

�̇� 

�̇�𝐻 

�̇�𝑐 

𝑇𝐻 

𝑇𝐶 

Prime mover
�̇� 

�̇�𝐻 

�̇�𝑐 

𝑇𝐻 

𝑇𝐶 

Refrigerator 
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This adiabatic cycle is summarized in the 𝑝-𝑣-diagram in Figure 2.3 b). The gas parcel 

temperature also changes during the adiabatic cycle, due to the changing pressure. When 

the gas parcel temperature is plotted over the particles position, the so called critical tem-

perature gradient can be obtained, which is an important quantity for standing wave en-

gines as will be shown.  

 
Figure 2.2:  Pressure (black dashed line) and velocity (solid gray line) over time for a 

standing wave. Four stages can be distinguished: A-B, the fluid is displaced 

to the right and compressed; B-C, The fluid stays at its right extremity; 

C-D, the fluid is displaced to the left and expanded; D-A, the fluid stays at 

its left extremity. [46] 

If the gas parcel is in close contact to a wall subject to a temperature gradient (y ≪

δk see Figure 2.3 a) ) the gas parcel temperature follows the wall temperature. Two cases 

can be distinguished, depending on the temperature gradient of the wall. If the tempera-

ture gradient is higher than the critical temperature gradient, the gas parcel will be heated 

during the compression (see Figure 2.2 A-B), while if the temperature gradient is smaller 

than the critical temperature gradient the gas parcel will be cooled. As compression and 

heat exchange happen simultaneously, no surface is enclosed in the 𝑝-𝑣-diagram in Fig-

ure 2.3 c) and hence no work is done or consumed. 

If the distance of the gas parcel to the wall is on the same order of magnitude as the 

thermal penetration depth, a time delay between the compression and the heat transfer 

occurs. Depending on whether the temperature gradient of the wall is higher or lower 

than the critical temperature gradient, the device is working as a prime mover or refriger-

ator, respectively. In case of a prime mover, the cycle that the gas parcel undergoes can 

be approximated as follows: 

1) compression (A-B) 

2) isobaric heating (B-C)  

3) expansion (C-D)  

4) isobaric cooling (D-A) 

These four steps correspond to the idealized Brayton cycle [47], which is shown for 

the prime mover and refrigerator in Figure 2.3 d) and e), respectively. As a surface is 

enclosed in the p-v diagram, work is exchanged with the environment.  

A B C D A

u; p
t
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The thermoacoustic component in which the thermoacoustic effect occurs in standing 

wave devices is called a stack. It is a porous structure, frequently made of parallel plates 

[6], which has pores on the order of a few thermal penetration depths.  

 

 
a) 

 

 

 

b) 𝑦 ≫ 𝛿𝑘 

 

c) 𝑦 ≪ 𝛿𝑘 

  

d) 𝑦 ≈ 𝛿𝑘: prime mover e) 𝑦 ≈ 𝛿𝑘: refrigerator 
 

Figure 2.3:  Definition of the position y between a wall with temperature gradient and 

gas parcels subject to an acoustic standing wave a) and the corresponding 

p-v diagrams of the gas parcels b)-e) [46].  

 

p
re

ss
u

re

volume

p
re

ss
u

re

volume

p
re

ss
u

re

volume

A

B C

D

p
re

ss
u

re

volume

D

C B

A

𝛿𝑘 
𝑦 ≈ 𝛿𝑘 

𝑦 ≫ 𝛿𝑘  

𝑦 ≪ 𝛿𝑘 

𝑦 



   2 Thermoacoustics 11 

 

 

2.1.2.2 Traveling wave phasing 

In traveling acoustic waves the pressure and velocity oscillation are in phase. A gas 

parcel undergoes the following cycle: compression (see Figure 2.4 A-B); displacement to 

the right (B-C); expansion (C-D); displacement to the left (D-A). When the gas parcel is 

in ideal contact with a wall subject to a positive temperature gradient, the gas parcel un-

dergoes the following cycle: 

1) isothermal compression (A-B) 

2) isochoric heating (B-C) 

3) isothermal expansion (C-D) 

4) isochoric cooling (D-A) 

This cycle is known as the idealized Stirling cycle [47] and is summarized in Fig-

ure 2.5 a). It is a clockwise cycle, thus acoustic power is produced. When the temperature 

gradient is negative, the heating and cooling phase are interchanged. Thus, the gas parcel 

undergoes a counterclockwise cycle (Figure 2.5 b)) and acoustic power is consumed. In 

this case the acoustic power is used to pump heat. Depending on the aim, the thermo-

acoustic device is working as a refrigerator or heat pump.  

The thermoacoustic component, in which the thermoacoustic effect occurs in a travel-

ing wave device, is called a regenerator. It is a porous part, which is frequently assembled 

from stacked woven or random fiber screens [6], as these provide a wide selection of 

useful pore sizes. Compared to the stack in standing wave devices the pores size is small-

er in the regenerator. The pore size of the regenerator is an important characteristic that 

should be selected to assure perfect thermal contact between the gas and the solid, while 

balancing the associated viscous losses.  

 
Figure 2.4:  Pressure (black dashed line) and velocity (solid gray line) over time for 

standing wave phasing. Four stages of the gas parcel can be distinguished: 

A-B, compression; B-C, displacement to the right; C-D, expansion; D-A, 

displacement to the left. [46] 
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a) prime mover b) refrigerator 

 

Figure 2.5:  Thermodynamic cycle of gas parcel that is subject to a traveling wave 

phasing, close to a wall. a) Prime mover: wall has a positive temperature 

gradient, acoustic power is produced; b) refrigerator: wall has a negative 

temperature gradient, acoustic power is consumed. [46] 

2.1.2.3 Bucket-brigade effect 

In a regenerator or stack a large amount of gas parcels undergo the aforementioned 

thermodynamic cycles. As the displacement amplitude of the gas parcels is usually only a 

fraction of the total regenerator or stack length [6], the gas parcels absorb heat at one 

place and release it at another place, passing the heat from one parcel to another. Fig-

ure 2.6 shows the case of a prime mover where every gas parcel takes part in transferring 

the heat from the hot end to the cold end, while producing acoustic power. From the 

analogy with fire workers standing in a line passing the buckets of water from one to the 

other, this effect is called the Bucket-brigade effect. 

 
Figure 2.6:  Bucket-brigade effect in the case of a prime mover. Heat is passed from 

one gas parcel to the other while producing acoustic power [12]. 

 

2.2 General thermoacoustic theory 
The thermoacoustic effect was described in the previous chapter in a qualitative way 

in order to provide a general idea. In this chapter quantitative equations to describe the 

p
re

ss
u

re

volume

D

C

B
A

p
re

ss
u

re

volume

A

B

C
D

𝛿𝑥 

T
C
 T

H
 

�̇�𝐶 �̇�𝐻 

    
𝛿𝑥 

𝛿𝑄 
̇  𝛿𝑄 

̇  

𝑊 
̇  

𝛿𝑄 
̇  𝛿𝑄 

̇  
𝛿𝑥 𝛿𝑥 



   2 Thermoacoustics 13 

 

 

thermoacoustic effect will be derived from the conservation equations. Introducing as-

sumptions valid for the specific case of thermoacoustics allows one to simplify the full 

Navier-Stokes equations to one-dimensional differential equations. These equations can 

be solved effectively with programs like DeltaEC [7] and Sage [48] and are a useful tool 

for the design of thermoacoustic engines and heat pumps [8, 9, 10]. The underlying linear 

theory was derived by Rott in the seventies [1] and reviewed later by Swift [6]. A short 

derivation of the thermoacoustic equations will be given in this chapter in order to intro-

duce the thermoacoustic functions. In Chapter 2.2.1 the full conservation equations are 

given, together with the equations of state. The complete set of equations is then linear-

ized and Fourier transformed in Chapter 2.2.2. Finally in Chapter 2.2.3 the thermoacous-

tic equations are obtained and the thermoacoustic functions are introduced. Further dis-

cussion about the thermoacoustic function is given in Chapter 2.2.4.  

2.2.1  Conservation equations 

The basic equations governing the thermoacoustic effect are derived using the fact 

that mass, momentum and energy are conserved. The conservation equations are derived 

by making a balance of the conserved quantities over an infinitesimal control volume. 

The changes of the conserved quantities can be obtained from the fluxes through the 

borders of the control volume. These equations are known as the Navier-Stokes equations 

[49]: 

- Mass conservation:  

𝛿𝜌

𝛿𝑡
+ ∇ ∙ (𝜌�⃗�) = 0 (2.7) 

- Momentum conservation: 

𝛿

𝛿𝑡
(𝜌�⃗�) + ∇ ∙ (𝜌�⃗��⃗�) = −∇𝑝 + ∇ ∙ (𝜏̿) + 𝜌�⃗� (2.8) 

where �⃗� is the gravity and 𝜏̿ is the viscous stress tensor. Assuming a Newto-

nian fluid the stress tensor is given as:  

𝜏̿ = 𝜇 ((∇�⃗� + ∇�⃗�𝑇) −
2

3
∇ ∙ �⃗�𝐼) (2.9) 

- Energy conservation, assuming Fourier law for heat conduction and a Newtoni-

an fluid: 

𝜌
𝜕𝑒

𝜕𝑡
+  𝜌�⃗� ∇⃗⃗⃗𝑒 = ∇⃗⃗⃗ ∙ (𝑘∇⃗⃗⃗𝑇) − 𝑝 ⋅ ∇⃗⃗⃗�⃗� + 𝜇 Φ (2.10) 

where 𝑒 is the specific internal energy and Φ the viscous dissipation function, 

which can be written in a Cartesian coordinate system as: 

Φ = 2 ∙ [(
𝜕𝑢

𝜕𝑥
)
2

+ (
𝜕𝑣

𝜕𝑦
)
2

+ (
𝜕𝑤

𝜕𝑧
)
2

] + (
𝜕𝑣

𝜕𝑥
+
𝜕𝑢

𝜕𝑦
)
2

+ (
𝜕𝑤

𝜕𝑦
+
𝜕𝑣

𝜕𝑧
)
2

+ (
𝜕𝑢

𝜕𝑧
+
𝜕𝑤

𝜕𝑥
)
2

−
2

3
(
𝜕𝑢

𝜕𝑥
+
𝜕𝑣

𝜕𝑦
+
𝜕𝑤

𝜕𝑧
)
2

 

(2.11) 
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In order to close the system of equations, two additional equations are needed. These 

are the state equations. Throughout this thesis it will be assumed that the working fluid 

behaves like an ideal gas and follows the ideal gas law: 

𝑝 = 𝜌 𝑅𝑠 𝑇  (2.12) 

The second equation needed to close the system is the caloric equation of state for an 

ideal gas: 

𝑑𝑒 = 𝑐𝑣𝑑𝑇 (2.13) 

Assuming the specific heat capacities to be constant, the energy equation can finally 

be written in terms of temperature as: 

𝑐𝑣𝜌
𝜕𝑇

𝜕𝑡
+ 𝑐𝑣𝜌�⃗� ∇⃗⃗⃗𝑇 = ∇⃗⃗⃗ ∙ (𝑘∇⃗⃗⃗𝑇) − 𝑝 ⋅ ∇⃗⃗⃗�⃗� + 𝜇 Φ (2.14) 

All together equations (2.7), (2.8), (2.12) and (2.14) form a complete set of equation 

that can be solved for the pressure, the velocity, the temperature and the density.  

2.2.2 Linearization and Fourier transformation 

The conservation equations and the equations of state given in Chapter 2.2.1 are valid 

for a large variety of flows. Solving these equations is difficult and no general solution 

exists. Assumptions are necessary to solve the complete flow field. For this reason the 

flow variables are rewritten assuming the small signal approximation, valid for a large 

amount of acoustic cases [50]: 

𝑝 = 𝑝 0 + 𝑝′(𝑥, 𝑡) (2.15) 

𝑣 = �⃗�′(𝑥, 𝑡) (2.16) 

𝑇 = 𝑇0 + 𝑇′(𝑥, 𝑡) (2.17) 

𝜌 = 𝜌 0 + 𝜌′(𝑥, 𝑡) (2.18) 

The index zero indicates a mean value, which is only dependent on the wave propaga-

tion direction, the 𝑥-coordinate in Cartesian coordinates. The prime indicates the small 

variations, in time and space. The underlying assumption for the small signal approxima-

tion can be rewritten as [50]: 

|�⃗�′(𝑥, 𝑡)| ≪ 𝑐0 (2.19) 

where 𝑐0 is the unperturbed speed of sound. 

Higher order terms are products of small quantities, they are thus small and can be 

neglected. It follows that the convective effects and the viscous dissipation in the energy 

equation can be neglected. This means that viscous effects are still taken into account in 

the momentum equation, but do not lead to a temperature increase of the fluid. The re-

sulting linearized equations are: 

𝛿𝜌′

𝛿𝑡
+ ∇ ∙ (ρ0�⃗�′) = 0 (2.20) 

𝜌0
𝛿

𝛿𝑡
(�⃗�′) = −∇𝑝′ + ∇ ∙ (𝜏̿′) + 𝜌0�⃗� (2.21) 
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𝑐𝑝𝜌0 (
𝜕𝑇′

𝜕𝑡
+ 𝑢1

𝑑𝑇0
𝑑𝑥

) = 𝑘ΔT +
𝜕𝑝′

𝜕𝑡
 (2.22) 

𝑝′

𝑝0
=

𝜌′

𝜌0
+

𝑇′

𝑇0
  (2.23) 

Assuming that the system is steady periodic, equation (2.20) to (2.23) can be trans-

formed to the frequency domain by applying the Fourier transformation for the angular 

frequency 𝜔 [51]: 

𝐹(𝜔) =
1

√2π
∫ 𝑓′(𝑡)𝑒−𝑖𝜔𝑡𝑑𝑡

∞

−∞

 (2.24) 

it follows: 

𝑖𝜔𝜌1 + ∇ ∙ (𝜌0�⃗�1) = 0 (2.25) 

𝑖𝜔𝜌0�⃗�1 = −∇𝑝1 + ∇ ∙ (𝜏1̿) + 𝜌0�⃗� (2.26) 

𝑐𝑝𝜌0 (𝑖𝜔𝑇1 + 𝑢1
𝑑𝑇0
𝑑𝑥

) = 𝑘ΔT + 𝑖𝜔𝑝1 (2.27) 

𝑝1
𝑝0

=
𝜌1
𝜌0

+
𝑇1
𝑇0
  (2.28) 

This set of equations can be solved for discrete frequencies independently of each 

other as it consists of linear equations. The solution for each frequency can then be add-

ed. The flow variables in the Fourier domain can be transformed back to the time domain 

by the following transformation: 

𝑝 = 𝑝 0 + 𝑅𝑒(𝑝1 e
𝑖𝜔𝑡) (2.29) 

𝑣 = 𝑅𝑒(𝑣1 e
𝑖𝜔𝑡) (2.30) 

𝑇 = 𝑇0 + 𝑅𝑒(𝑇1 e
𝑖𝜔𝑡) (2.31) 

𝜌 = 𝜌 0 + 𝑅𝑒(𝜌1 e
𝑖𝜔𝑡) (2.32) 

 

2.2.3 Thermoacoustic equations 

With additional assumptions, the thermoacoustic equations can be obtained. The ef-

fect of gravity is neglected. In most thermoacoustic devices the characteristic length 𝑙𝑐𝑑 

in the cross-direction is much smaller than the wavelength. As the ratio of these two 

quantities is defined as the reduced frequency 𝑘, this assumption can be written as: 

𝑘 =
𝜔 𝑙𝑐𝑑
𝑐0

≪ 1 (2.33) 

From this assumption it follows that the gradients in the cross-direction are much 

higher than in the wave propagation direction. Applying the low reduced frequency ap-

proximation to the momentum equation in the cross-direction, it follows that the pressure 

amplitude is only dependent on the x-coordinate. With this assumption the linearized 

momentum equation (2.26) can be rewritten for wave propagation in the 𝑥-direction: 
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𝑖𝜔𝜌0𝑢1 = −
𝜕𝑝1
𝜕𝑥

+ 𝜇 (
𝜕2𝑢1
𝜕𝑦2

+
𝜕2𝑢1
𝜕𝑧2

 ) (2.34) 

Integrating this equation over the cross-direction leads to the first thermoacoustic 

equation in terms of the volume flow rate 𝑈1: 

𝑈1 =
𝑖

𝜔𝜌0𝐴
(1 − 𝑓𝜈)

𝑑𝑝1
𝑑𝑥

  (2.35) 

where 𝑓𝜈 is the viscous thermoacoustic function, which is a geometric function depending 

on the frequency and will be discussed in more details in the following Chapter. 

The second thermoacoustic equation can be derived from the two remaining conserva-

tion equations. Integrating the continuity equation (2.20) over the cross-section and ap-

plying the divergence theorem assuming no-slip at the wall yields: 

𝑖𝜔𝐴〈𝜌1〉 +
𝑑

𝑑𝑥
(𝜌0𝑈1) = 0 (2.36) 

The low reduced frequency approximation is also applied to the energy equation 

(2.27), which leads to: 

𝑐𝑝𝜌0 (𝑖𝜔𝑇1 + 𝑢1
𝑑𝑇0
𝑑𝑥

) = 𝑘 (
𝜕2𝑇1
𝜕𝑦2

+
𝜕2𝑇1
𝜕𝑧2

) + 𝑖𝜔𝑝1 (2.37) 

Assuming that the wall is isothermal (𝑇1 = 0) and integrating over the cross-section 

leads to: 

〈𝑇1〉 =
1 − 𝑓𝜅
𝑐𝑝𝑐0

 𝑝1 −
1

𝑖𝜔𝐴

𝑑𝑇0
𝑑𝑥

(1 − 𝑓𝜅) − 𝑃𝑟(1 − 𝑓𝜈)

(1 − 𝑓𝜈)(1 − 𝑃𝑟)
𝑈1 (2.38) 

where 𝑓𝜅 is the thermal thermoacoustic function, which is a geometric function depending 

on the frequency and will be discussed in more details in the following Chapter. Inserting 

(2.38) and (2.28) into (2.36) leads to the second thermoacoustic equation: 

𝑑𝑈1

𝑑𝑥
 = −

𝑖𝜔𝐴

𝛾𝑝0
 (1 + (𝛾 − 1)𝑓𝜅) 𝑝1 +

𝑓𝜅 − 𝑓𝜈
(1 − 𝑓𝜈)(1 − Pr)

1

𝑇0

𝑑𝑇0
𝑑𝑥

𝑈1 (2.39) 

Using the first two thermoacoustic equations, the volume flow rate 𝑈1 and the pres-

sure 𝑝1can be obtained. The last unknown is the mean temperature gradient 𝑑𝑇𝑚 𝑑𝑥⁄ . 

This gradient can be obtained by looking at the total energy flow �̇�, which is the sum of 

the enthalpy flow and heat flow: 

�̇� =
1

2
𝜌0∬ 𝑅𝑒(ℎ1𝑢1

∗) 𝑑𝐴 − (𝐴
𝐴

𝑘 + 𝐴𝑠𝑜𝑙𝑘𝑠𝑜𝑙)
𝑑𝑇0
𝑑𝑥

 (2.40) 

where ℎ1 is the specific enthalpy, 𝐴𝑠𝑜𝑙 the solid surface and 𝑘𝑠𝑜𝑙 the thermal conduc-

tion coefficient of the solid. Using the caloric equation of state and integrating over the 

cross-section yields the mean temperature gradient: 

𝑑𝑇0
𝑑𝑥

=

�̇� −
1
2
𝑅𝑒 ( 𝑝1𝑈1

∗ (1 −
(𝑓𝜅 − 𝑓𝜈

∗)
(1 + 𝑃𝑟)(1 − 𝑓𝜈

∗)
))

𝜌0𝑐𝑝|𝑈1|
2

2 𝜔 𝐴 (1 − 𝑃𝑟 )|1 − 𝑓𝜈|
2  𝐼𝑚 (𝑓𝜈

∗ +
𝑓𝜅 − 𝑓𝜈

∗

1 + 𝑃𝑟 
) − 𝐴 𝑘 − 𝐴𝑠𝑜𝑙𝑘𝑠𝑜𝑙

 (2.41) 
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Altogether, equations (2.35), (2.39) and (2.41) form the set of thermoacoustic equa-

tions, which were derived using the following main assumptions: 

- No mean velocity. 

- The pressure, the velocity, the temperature and the density can be written as the 

sum of a mean value and a first order variation, where the variation part is much 

smaller than the mean value. 

- The acoustic wave has only one fixed frequency and one propagation direction.  

- Geometric changes in propagation direction are small. 

- The system is steady periodic. This means that after one acoustic cycle the sys-

tem is in the same state as at the beginning of the cycle. 

2.2.4  Thermoacoustic functions 

The thermoacoustic functions 𝑓𝜅 and 𝑓𝜈 account for three-dimensional effects in the 

one-dimensional thermoacoustic equations. The time dependent three-dimensional flow 

field can be reduced to a one-dimensional frequency dependent problem. Physically 

speaking, the thermoacoustic functions are the spatially averaged diffusion functions for 

heat and momentum respectively: 

𝑓𝑗 = ∬ ℎ𝑗  𝑑𝐴
𝐴

, for 𝑗 = 𝜅 or 𝜈 (2.42) 

They are both dependent on the geometry, the material parameters and the frequency. 

The momentum diffusion function ℎ𝜈 is defined by the following differential equation: 

ℎ𝜈 −
𝛿𝜈
2 𝑖

2 
 ∇𝑐𝑑

2 ℎ𝜈 = 0 (2.43) 

which can be obtained from equation (2.34), assuming that the cross-directional effects 

are independent of the effects in the propagation direction. In this case the velocity can be 

written as (see also Chapter 2.3): 

𝑢1 =
𝑖

𝜔𝜌0
(1 − ℎ𝜈(𝑦, 𝑧))

𝑑𝑝1
𝑑𝑥

  (2.44) 

The boundary conditions for the momentum diffusion function ℎ𝜈 are given through 

the boundary conditions of the velocity. The thermal thermoacoustic function 𝑓𝜅 can be 

calculated from the heat diffusion function ℎ𝜅 according to equation (2.42). The heat 

diffusion function ℎ𝜅 has to solve a partial differential equation similar to the one given 

in Equation (2.43) with the viscous penetration depth 𝛿𝜈 replaced by the thermal penetra-

tion 𝛿𝜅. The necessary boundary conditions can be obtained from the boundary condi-

tions for the temperature oscillation at the wall [52]. The thermoacoustic functions can be 

obtained in three different ways. For some cases an analytical solution for the partial 

differential equations can be found. Some examples are given in Chapter 2.2.4.1. Another 

way to obtain the solution for complicated uniform pores is to numerically solve the 

differential equations (2.43). In Chapter 2.2.4.2 a numerical integration method imple-

mented in MATLAB is presented. Finally Chapter 2.2.4.3 presents a method to experi-
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mentally estimate the thermoacoustic functions of stack or regenerator assemblies. This 

allows estimating the thermoacoustic functions of tortuous geometries using CFD. The 

obtained thermoacoustic functions can then be applied in the one-dimensional formalism. 

2.2.4.1 Existing analytical solutions 

For some geometries the thermoacoustic functions can be calculated analytically. The 

differential equation (2.43) can be solved assuming no-slip or isothermal boundaries at 

the walls for the viscous and the thermal part, respectively. The real and the imaginary 

part of the thermoacoustic functions are shown in Figure 2.7 for five geometries for 

which an analytical solution is known. These solutions are given in Appendix B. Fig-

ure 2.7 shows that for large ratios of 𝑟ℎ 𝛿⁄  the solution converges towards the boundary 

layer solution. 

 
Figure 2.7:  Thermoacoustic function 𝑓 for five geometries for which the analytical 

solution is known. Using 𝑟ℎ 𝛿𝜈⁄  on the horizontal axe yields 𝑓𝜈 and using 

𝑟ℎ 𝛿𝜅⁄  yields 𝑓𝜅. With 𝑟ℎ the hydraulic radius. The rectangle has an aspect ra-

tio of 6:1. The pin array has 𝑟𝑜 𝑟𝑖⁄ = 6 [6]. 

2.2.4.2 Numerical integration 

Another way to obtain the thermoacoustic functions is to numerically integrate the el-

liptic partial differential Equation (2.43) with its boundary conditions [53]. Solving for 

the different ratios of hydraulic radius to penetration depth, the thermoacoustic functions 

can be calculated as a function the dimensionless frequency even for complicated cross-

sections. An algorithm to solve Equation (2.43) was implemented in MATLAB using the 

boundary value solver. The algorithm was validated for different geometries for which an 

analytical solution exists, but it is possible to further extend the method to more complex 

geometries. The drawback of this method is that it cannot account for non-uniform pores.  
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2.2.4.3 Experimental estimation of the thermoacoustic functions 

In order to incorporate the complex flow field of real stacks and regenerators into the 

one-dimensional formulation, the thermoacoustic functions can be estimated experimen-

tally. Two different experimental methods are distinguished in the following two sub-

chapters. The first method applies for waves propagating through a constant cross-section 

while the second allows also for a changing cross-section and estimates the thermoacous-

tic functions of a whole stack or regenerator. Both methods are intended to be applied to 

CFD simulations. 

2.2.4.3.1 Thermoacoustic functions for pores with uniform cross-section 

The following method uses the temperature distribution inside the uniform pore, 

which is difficult to obtain in experiments, but is easy to obtain with CFD. Arnott, Bass 

and Raspet [52] use the relation for the cross-sectional averaged temperature for an arbi-

trary channel cross-section given in Equation (2.38). Assuming that there is no mean 

temperature gradient, Equation (2.38) simplifies to: 

〈𝑇1〉 =
1

𝜌0𝑐𝑝
(1 − 𝑓𝜅) 𝑝1 (2.45) 

This can also be written as in Hayden et al. [54]: 

〈𝑇1〉

𝑇0
=

𝛾 − 1

𝛾
 (1 − 𝑓𝜅)

𝑝1
𝑝0

 (2.46) 

Knowing the temperature and the pressure in one cross-section from simulations or 

experiments, allows one to find the value of 𝑓𝜅 for a certain frequency and geometry. To 

obtain the full curve of the thermoacoustic functions, the frequency in the simulations or 

experiments has to be varied. As in uniform pores, the viscous and the thermal thermo-

acoustic functions behave similar, only the behavior of the thermal thermoacoustic func-

tion has to be determined. The corresponding viscous thermoacoustic function can be 

deduced from the thermal one. This method can also be applied to statistically uniform 

materials, like random fibers, by averaging the value of the thermoacoustic functions over 

several cross-sections [55].  

2.2.4.3.2 Thermoacoustic functions for pores with non-uniform cross-

section 

Another way to estimate the thermoacoustic functions of complex structures is to 

evaluate them globally over the whole stack or regenerator. The idea is to model the re-

sults from the numerical simulations with the one-dimensional thermoacoustic equations. 

This leads to a set of equations from which the thermoacoustic functions can be calculat-

ed. Equations (2.35) and (2.39) are taken as a starting point and are simplified by assum-

ing that there is no temperature gradient. Equation (2.39) can be simplified to: 

𝑑𝑈1 =
𝑖 𝜔 𝐴 𝑑𝑥

𝛾 𝑝0
[1 + (𝛾 − 1)𝑓𝜅] 𝑝1 (2.47) 
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Using equations (2.35) and (2.47) two differential equations can be derived: 

(1 + (𝛾 − 1) 𝑓𝜅) 𝑝1 +
𝑐0
2

𝜔2
(1 − 𝑓𝜈) 

𝑑2𝑝1
𝑑𝑥2

= 0  (2.48) 

(1 + (𝛾 − 1) 𝑓𝜅) 𝑈1 +
𝑐0
2

𝜔2
(1 − 𝑓𝜈) 

𝑑2𝑈1

𝑑𝑥2
= 0  (2.49) 

These can be solved for the pressure and the volume flow rate. Applying the boundary 

conditions for the pressure and the volume flow rate at position 𝑥𝑖, the pressure and the 

volume flow rate at position 𝑥𝑖+1 can be calculated as follows: 

𝑝1,𝑖+1 = 𝑝1,𝑖  cos(𝑘Δ𝑥𝑖,𝑖+1) −
𝑖 𝜔 𝜌0

(1 − 𝑓𝜈)𝑘

𝑈1,𝑖

𝐴
sin(𝑘𝛥𝑥𝑖,𝑖+1)

=  𝑝1,𝑖  cos(𝑘Δ𝑥𝑖,𝑖+1) − 𝑖 𝑍
𝑈1,𝑖

𝐴
sin(𝑘𝛥𝑥𝑖,𝑖+1) 

(2.50) 

𝑈1,𝑖+1

𝐴
=

𝑈1,𝑖

𝐴
𝑐𝑜𝑠(𝑘𝛥𝑥𝑖,𝑖+1) −

𝑖 (1 − 𝑓𝜈) 𝑘

𝜔 𝜌0
 𝑝1,𝑖 𝑠𝑖𝑛(𝑘𝛥𝑥𝑖,𝑖+1)

=
𝑈1,𝑖

𝐴
𝑐𝑜𝑠(𝑘𝛥𝑥𝑖,𝑖+1) −

𝑖 

𝑍
 𝑝1,𝑖 𝑠𝑖𝑛(𝑘𝛥𝑥𝑖,𝑖+1)  

(2.51) 

With the wave number 𝑘 defined as: 

𝑘 =
𝜔

𝑐0
 √

1 + (𝛾 − 1)𝑓𝜅
1 − 𝑓𝜈

 (2.52) 

and the impedance 𝑍 as: 

𝑍 =
𝜌0 𝜔

𝑘(1 − 𝑓𝜈)
 (2.53) 

To calculate the thermoacoustic functions, a method similar to the one from Udea et 

al. [56] is applied. The simulation domain is split in three parts, shown in Figure 2.8: 

- inlet part (𝛥𝑥12) 

- investigated pore (𝛥𝑥23)  

- outlet part (𝛥𝑥34) 

 
Figure 2.8:  Division of the computational fluid domain into three parts to calculate the 

thermoacoustic functions: 1-2 inlet part; 2-3 investigated pore; 3-4 outlet 

part. 

𝛥𝑥12 𝛥𝑥23 𝛥𝑥34 

1 2 3 4 
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Assuming that the wave propagates adiabatically in the inlet (𝛥𝑥12) and outlet (𝛥𝑥34) 

part, the corresponding thermoacoustic functions are known and the pressure and the 

velocity at point 2 and 3 can be calculated from Equation (2.50) and (2.51). With this, the 

wave number 𝑘 and the characteristic impedance 𝑍 of the investigated pore can be calcu-

lated as follows: 

𝑘 =
1

Δ𝑥23
arccos (

𝑝1,2 𝑈1,2 + 𝑝1,3 𝑈1,3

 𝑝1,2 𝑈1,3 + 𝑝1,3 𝑈1,2
) (2.54) 

𝑍 = 𝐴√
𝑝1,3
2 − 𝑝1,2

2

𝑈1,3
2 − 𝑈1,2

2   (2.55) 

Knowing the wave number 𝑘 and the characteristic impedance 𝑍, the thermoacoustic 

functions can be calculated using Equations (2.52) and (2.53). 

If this method is used for short pores, the effect at the entrance of the pore becomes 

increasingly important as the total length becomes smaller. However, investigating short 

pores is of special interest to CFD, as the computational domain is smaller and thus also 

the computational costs. The method here corrects for the entrance effects, by comparing 

two simulations with different pore length. The end correction method works similar to 

the above described method. The only difference is that the wave number 𝑘𝐸 and the 

characteristic impedance 𝑍𝐸  are not known beforehand for the entrance part ΔxE (see 

Figure 2.9). Therefore, an additional simulation (B) is needed, where the inner length 

Δ𝑥𝐼  is varied.  

 
Figure 2.9:  Geometric definition of the subdomains for the end-correction 

od: 𝛥𝑥12 inlet length; 𝛥𝑥𝐸 pore end effect length; 𝛥𝑥𝐼 investigated inner 

pore length; 𝛥𝑥𝐸 pore end effect length; 𝛥𝑥34 outlet length; 𝛥𝑥𝑡 total pore 

length. 

The effect of the different parts adds up to the total effect of the whole pore, thus: 

2 𝑘𝐸Δ𝑥𝐸 + 𝑘𝐼  Δ𝑥𝐼,𝐴 = 𝑘𝑡,𝐴 Δ𝑥𝑡,𝐴 (2.56) 

2 𝑘𝐸Δ𝑥𝐸 + 𝑘𝐼  Δ𝑥𝐼,𝐵 = 𝑘𝑡,𝐵 Δ𝑥𝑡,𝐵 (2.57) 

Or: 

𝛥𝑥12 𝛥𝑥𝐼 𝛥𝑥34 

1 2 3 4 2‘ 3‘ 

𝛥𝑥𝐸  𝛥𝑥𝐸  𝛥𝑥𝑡 
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𝑘𝐼 =
𝑘𝑡,𝐴 Δ𝑥𝑡,𝐴 − 𝑘𝑡,𝐵 Δ𝑥𝑡,2

Δ𝑥𝑡,𝐴 − Δ𝑥𝑡,𝐵
 (2.58) 

𝑘𝐸 =
1

2

Δ𝑥𝐼,𝐵 𝑘𝑡,𝐴 Δ𝑥𝑡,𝐴 − Δ𝑥𝐼,𝐴 𝑘𝐼  Δ𝑥𝐼,𝐴
2 Δ𝑥𝐸(Δ𝑥𝑡,𝐵 − Δ𝑥𝑡,𝐴)

 (2.59) 

To calculate the characteristic impedance the same procedure can be applied and after 

some rearranging the impedance of the entrance area can be calculated as: 

𝑍𝐸 = −
1

2

(− sin(𝑘𝐼𝛥𝑥𝐼,𝐴) sin(𝑘𝑡,𝐵𝛥𝑥𝑡,𝐵) 𝑍𝑡,𝐵 + sin(𝑘𝐼𝛥𝑥𝐼,𝐵) sin(𝑘𝑡,𝐴𝛥𝑥𝑡,𝐴) 𝑍𝑡,𝐴)

cos(𝑘𝐸𝛥𝑥𝐸) sin(𝑘𝐸𝛥𝑥𝐸) (cos(𝑘𝐼𝛥𝑥𝐼,𝐵) sin(𝑘𝐼Δ𝑥𝐼,𝐴) − cos(𝑘𝐼𝛥𝑥𝐼,𝐴) sin(𝑘𝐼Δ𝑥𝐼,𝐵))
 (2.60) 

Knowing 𝑍𝐸 and 𝑘𝐸, the same method that was described at the beginning of this 

chapter can be applied to get the characteristic impedance of the center part of the pore.  

2.3 Low reduced frequency approximations 
In this chapter the linearized Navier-Stokes equations are solved for three specific ge-

ometries without a temperature gradient. The flow field is derived and used in Chapter 4 

to validate the CFD simulations and select the adequate discretization parameters. The 

following derivations closely follow those found in [57], [58] and [59]. First in Chapter 

2.3.1 the general solution method is presented, then this method is applied to obtain the 

solution of the flow field in a straight tube with circular cross-section (Chapter 2.3.2), a 

vibrating resonator (Chapter 2.3.3) and finally in a bent tube (Chapter 2.3.4). 

2.3.1 General solution method 

The starting point of the derivation are the linearized Navier-Stokes equations as de-

rived in Chapter 2.2.2. These consist of the conservation equations for mass (2.25), mo-

mentum (2.26) and energy (2.27) and are closed by the ideal gas law (2.28).  

The idea for solving these equations is to decouple the governing equations such that 

the contributions in the cross-direction can be separated from the contributions in the 

wave propagation direction. In order to split the equations into the different contributions, 

the gradient is split into its contribution in the cross-direction (𝑐𝑑) and the propagation 

direction (𝑝𝑑): 

∇= ∇𝑐𝑑 + ∇𝑝𝑑 (2.61) 

Applying the following additional assumptions, the governing equations can be sim-

plified [59]: 

- the viscous and thermal boundary layer are small compared to the wavelength 

- the hydraulic radius is small compared to the acoustic wavelength 

- the hydraulic radius is small compared to the length of the waveguide 

- no mean temperature gradient exists 

From these assumptions it follows that the magnitude of the velocities in the cross-

direction are much smaller than the magnitude of the velocities in propagation direction. 

Furthermore, the gradient of the velocity in the propagation direction 𝑣𝑝𝑑 and the gradi-
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ent of the temperature are much larger in the cross-direction compared to the propagation 

direction. Finally, the conservation equations can be written as: 

𝑖𝜔𝜌1 + ∇cd ∙ (𝜌0𝑣𝑐𝑑) + ∇𝑝𝑑 ∙ (𝜌0𝑣𝑝𝑑) = 0 (2.62) 

𝑖𝜔𝜌0𝑣𝑝𝑑 = −∇pd𝑝1 + 𝜇 Δcd𝑣𝑝𝑑 (2.63) 

0 = ∇cd𝑝1 (2.64) 

𝑐𝑝𝜌0𝑖𝜔𝑇1 = 𝑘ΔcdT1 + 𝑖𝜔𝑝1 (2.65) 

𝑝1
𝑝0

=
𝜌1
𝜌0

+
𝑇1
𝑇0
  (2.66) 

This is the set of equations from which the low reduced frequency models are derived. 

This set of equations can be solved for different geometries by choosing the appropriate 

coordinate system and the right boundary conditions. In all cases, equation (2.63) and 

(2.65) can be solved for the temperature and the velocity in wave propagation direction, 

the solutions have the general form: 

𝑇1 =
1

𝑐𝑝𝜌0
 (1 − ℎ𝜅) 𝑝1 + ℎ𝜅,𝐼𝐻 (2.67) 

𝑣𝑝𝑑 =
𝑖

𝜔𝜌0
(1 − ℎ𝜈)∇𝑝𝑑𝑝1 + ℎ𝜈,𝐼𝐻  (2.68) 

The functions (1 − ℎ𝜅) and (1 − ℎ𝜈) are the particular solution of equations (2.63) 

and (2.65) with homogeneous boundary conditions, while the functions ℎ𝜅,𝐼𝐻 and ℎ𝜈,𝐼𝐻 

are the solutions that satisfy the inhomogeneous boundary conditions. They are depend-

ent on the cross-section coordinates. In the case of a straight tube with circular cross-

section (Chapter 2.3.2) and the bend tube (Chapter 2.3.4) the wall velocity and oscillating 

temperature are zero. Thus, ℎ𝜅,𝐵𝐶 and ℎ𝜈,𝐼𝐻 are zero. For the vibrating resonator (Chapter 

2.3.3) the walls are moving and the term ℎ𝜈,𝐼𝐻 is non-zero, while ℎ𝜅,𝐼𝐻 is zero. The func-

tion ℎ𝜅,𝐼𝐻 does not appear in any of the cases discussed in this thesis. For this reason it 

will be dropped in the following derivation. For a more complete derivation see [59].  

Equation (2.67) and (2.68) can be related to the thermoacoustic equations obtained in 

Chapter 2.2.3 by spatially averaging them, as the spatial average of the functions ℎ𝜅 and 

ℎ𝜈 yield the thermoacoustic functions 𝑓𝜅 and 𝑓𝜈 (see Chapter 2.2.4).  

The density can be obtained by inserting the temperature (2.67) in the equation of 

state (2.66): 

𝜌1 =
𝑝1
𝑝0

 𝜌0 (1 −
𝛾 − 1

𝛾
 (1 − ℎ𝜅)) (2.69) 

The equation to calculate the pressure is derived by integrating the velocity in the 

propagation direction (2.68) and the density (2.69) over the cross-section and inserting 

them into the cross-sectionally averaged continuity equation (2.62). Assuming that the 

wall does not move in the cross-direction and has a constant cross-section in the wave 

propagation direction, the differential equation for the pressure is obtained: 
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𝜔2

𝑐0
2 Γ2 𝑝1 + Δ𝑝𝑑𝑝1 = 0 (2.70) 

with the propagation constant Γ defined as: 

Γ = √
𝛾

𝑛 (1 − 𝑓𝜈)
 (2.71) 

and the kind of polytropic constant 𝑛: 

𝑛 = (1 −
𝛾 − 1

𝛾
(1 − 𝑓𝜅))

−1

 (2.72) 

In the following chapters equation (2.70), (2.67), (2.68) and (2.69) can be solved to 

obtain the flow field for different geometries and boundary conditions. 

2.3.2 Straight tube with circular cross-section 

The first solution presented here is the acoustic wave propagation in a circular tube. 

Solutions for this geometry were reviewed by [57]. A cylindrical coordinate system is 

chosen, in which the wave propagates in the direction of the 𝑧-axis. In this coordinate 

system the problem can be reduced to a two-dimensional problem where the gradient and 

Laplace operator are given by: 

∇𝑝𝑑=
𝜕

𝜕𝑧
 𝑒𝑧 (2.73) 

∇𝑐𝑑=
𝜕

𝜕𝑟
 𝑒𝑟 (2.74) 

Δ𝑐𝑑 =
1

𝑟

𝜕

𝜕𝑟
+

𝜕2

𝜕𝑟2
 (2.75) 

To solve the problem the following boundary conditions are needed: 

𝑢1(𝑧, 𝑅) = 0 (2.76) 

𝑇1(𝑧, 𝑅) = 0 (2.77) 

Introducing these boundary conditions into equations (2.63) and (2.65) the solution 

for the functions ℎ𝜈 and ℎ𝜅 is given by: 

ℎ𝜈 =
𝐽0 ((𝑖 − 1)

𝑟
𝛿𝜈
)

𝐽0 ((𝑖 − 1)
𝑅
𝛿𝜈
 )

=
𝐽0 (𝑖

3
2𝜂 𝑠)

𝐽0 (𝑖
3
2𝑠)

 (2.78) 

ℎ𝜅 =
𝐽0 ((𝑖 − 1)

𝑟
𝛿𝜅

)

𝐽0 ((𝑖 − 1)
𝑅
𝛿𝜅

)

=
𝐽0 (𝑖

3
2𝜂 𝑠 𝑃𝑟)

𝐽0 (𝑖
3
2𝑠 𝑃𝑟)

=
𝐽0 (𝑖

3
2𝜂 𝑠𝑡)

𝐽0 (𝑖
3
2𝑠𝑡)

 (2.79) 

ℎ𝜅,𝐼𝐻 = ℎ𝜈,𝐼𝐻 = 0 (2.80) 

The velocity, temperature and density can be calculated according to equations (2.67), 

(2.68) and (2.69). The pressure is given by: 
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𝑝1 = 𝐴exp (Γ
𝜔

𝑐0
𝑧) + 𝐵 exp (−Γ 

𝜔

𝑐0
𝑧)

=𝐴 exp(Γ 𝜉) + 𝐵 exp(−Γ 𝜉) 
(2.81) 

with the wave propagation constant Γ calculated according to (2.71) and (2.72). The inte-

gration constants 𝐴 and 𝐵 can be obtained by imposing boundary conditions in the axial 

direction.  

From the dimensionless equations of the flow variables it can be seen that the shear 

wave number is the governing dimensionless number, pertaining to the velocity profile 

over the dimensionless radius. Figure 2.10 shows the dimensionless velocity profiles for 

different shear wave numbers over the dimensionless radius. For higher shear wave num-

bers the inertial effects are more important than the viscous effects. This results in nearly 

constant values in the center of the tube, while at the wall a clear boundary layer is visi-

ble. For lower shear wave numbers, the viscous effects dominate and the boundary layer 

fills the whole radius.  

Another interesting flow effect is the overshooting at the boundary. This effect is 

caused by the interaction between the pressure and the velocity (or temperature) at a wall. 

Assuming that the velocity reached its maximum, a profile similar to the one with 𝑠 = 20 

in Figure 2.10 can be observed. The velocity close to the wall at this moment in time is 

smaller than in the center of the tube. In the following half period the bulk fluid is accel-

erated in the negative direction. As the velocity close to the wall was already smaller than 

in the center, it reaches a lower negative value than in the center and a velocity overshoot 

occurs.  

 
Figure 2.10:  Velocity profiles for five shear wave numbers. 

2.3.3 Vibrating resonator 

In this chapter the solution for a vibrating resonator is presented. It is a two-

dimensional test case, which does not incorporate sophisticated boundary conditions in 

CFD. For this reason it will be used to choose the right discretization of the boundary 

layers in Chapter 4.1. The same coordinate system as for the cylindrical tube in Chapter 

2.3.2 is chosen, only the boundary conditions change to: 
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𝑢1(𝑧, 𝑅) = 𝑢𝑤cos (𝜔𝑡) (2.82) 

𝑇1(𝑧, 𝑅) = 0 (2.83) 

Introducing these boundary conditions into equations (2.63) and (2.65) the solutions 

to the function ℎ are given by: 

ℎ𝜈 =
𝐽0 ((𝑖 − 1)

𝑟
𝛿𝜈
)

𝐽0 ((𝑖 − 1)
𝑅
𝛿𝜈
 )

=
𝐽0 (𝑖

3
2𝜂 𝑠)

𝐽0 (𝑖
3
2𝑠)

 (2.84) 

ℎ𝜅 =
𝐽0 ((𝑖 − 1)

𝑟
𝛿𝜅

)

𝐽0 ((𝑖 − 1)
𝑅
𝛿𝜅

)

=
𝐽0 (𝑖

3
2𝜂 𝑠 𝑃𝑟)

𝐽0 (𝑖
3
2𝑠 𝑃𝑟)

=
𝐽0 (𝑖

3
2𝜂 𝑠𝑡)

𝐽0 (𝑖
3
2𝑠𝑡)

 (2.85) 

ℎ𝜈,𝐼𝐻 = 𝑢𝑤 ∙
𝐽0 (𝑖

3
2𝜂𝑠)

𝐽0 (𝑖
3
2𝑠)

 (2.86) 

The solution for the pressure is the same as the one presented in Chapter 2.3.2: 

𝑝1 = 𝐴exp (Γ
𝜔

𝑐0
𝑧) + 𝐵 exp (−Γ 

𝜔

𝑐0
𝑧)

=𝐴 exp(Γ 𝜉) + 𝐵 exp(−Γ 𝜉) 
(2.87) 

The constants 𝐴 and 𝐵 can be obtained for a closed geometry of length 𝐿 by imposing 

the velocity at the axial ends of the resonator: 

𝑢1(0, 𝑟) = 0 (2.88) 

𝑢1(𝐿, 𝑟) = 0 (2.89) 

The flow field is qualitatively the same as for a cylindrical tube. The only change is 

that there is an additional term for the axial velocity due to the moving wall. 

2.3.4 Curved layer 

The last low reduced frequency solution discussed here, is the solution for the flow in 

a curved layer. The solution presented here is a special case of the general equations 

derived by Nijhof [59]. The solution is used to validate the simulation of losses in a bend. 

It is valid for low curvatures and is only two-dimensional, which is favorable for CFD 

simulations. In case of large curvatures the low reduced frequency solution no longer 

holds and CFD simulations are necessary to reveal the flow field.  

The curved layer is defined by the curvature 1/𝑅 and the half spacing ℎ (see Fig-

ure 2.11). A cylindrical coordinate system is chosen, but the wave does not propagate in 

the axial direction, but in the angular direction, 𝜑. The gradients in the cross-direction 

and propagation direction can be written as: 

∇𝑝𝑑=
1

𝑟

𝜕

𝜕𝜑
 𝑒𝜃 (2.90) 
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∇𝑐𝑑=
𝜕

𝜕𝑟
 𝑒𝑟 (2.91) 

Δ𝑐𝑑 =
1

𝑟

𝜕

𝜕𝑟
+

𝜕2

𝜕𝑟2
−

1

𝑟2
 (2.92) 

Using the following boundary conditions at the walls: 

𝑢1(𝑅 ± ℎ) = 0  (2.93) 

𝑇1(𝑅 ± ℎ) = 0  (2.94) 

analytical solutions for the velocity, temperature and the density can be obtained. Alt-

hough analytical solutions exist, these solutions are cumbersome. Hence, these solutions 

are not given here. Instead, the velocity in the wave propagation direction and the tem-

perature profile are plotted. Figure 2.12 shows the velocity a) and temperature profile b) 

for a constant radius R, at three different values of the half spacing ℎ. For smaller half 

spacing ℎ and thus smaller shear wave numbers 𝑠, the boundary effects extend over the 

whole height of the curved layer. For larger values of the shear wave number a clear 

boundary layer close to the walls can be distinguished from an inner part. The inner pro-

file of the temperature is constant over the radius 𝑟, while the inner part of the velocity 

decreases towards higher radii 𝑟. This is due to the fact, that the temperature is driven by 

the pressure (see equation (2.65)), while the velocity is driven by the angular gradient of 

the pressure (see equation (2.63)). As the angular gradient is larger for smaller radii 𝑟, the 

velocity is larger in this part close to the inner wall. This is illustrated in Figure 2.13 

which shows the velocity a) and angular momentum profile b) for different radii 𝑅, but 

constant half spacing ℎ. For sharp curved layers, the velocity is high for small radii 𝑟, but 

the angular momentum is the same for all three geometries. This is due to the assumption 

that the pressure is constant over the cross-section, which does not hold for very sharp 

curved layers. This is the motivation for using CFD simulation to reveal the flow field 

even for sharp curves.  

 
Figure 2.11:  Dimensions of the curved layer; radius 𝑅 and half spacing ℎ. 

 

 

 

 

h 

h 

R 

𝜑 



 28 2 Thermoacoustics  

  

 

  
a) b) 

 

Figure 2.12:  a) Velocity in wave propagation direction and b) temperature profile over 

the dimensionless radial component 𝜂 for four different heights ℎ.  

  
a) b) 

 

Figure 2.13:  Profile of the velocity in wave propagation direction a) and the angular 

momentum b) for three different radii 𝑅 and constant half spacing ℎ. 

In Chapter 4 the CFD simulations will be validated with the low reduced frequency 

approximations presented in this chapter. In Chapters 5 the CFD simulations will be 

applied to cases where the low reduced frequency approximations are no longer valid. 
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3 Computational fluid dynamics 

The Navier Stokes equations do not have a unique solution and only in some simple 

cases an analytical solution can be derived. In some other cases assumptions can be made 

which provide a solution to the Navier Stokes equations for a specific case, as was shown 

in Chapter 2 for the thermoacoustic equations. But these equations are only valid when 

three-dimensional effects, like for example vortex shedding, are negligible. To resolve 

these three-dimensional effects, the Navier Stokes equations have to be solved numerical-

ly. Well-established techniques such as the Finite Difference method, the Finite Volume 

method and the Finite Element method [60] can be used. For this work the commercially 

available CFD software ANSYS Fluent [39] was chosen and is presented in Chapter 3.1.  

Even though CFD can be applied in a variety of applications, it is necessary for each 

of these applications to conduct a verification and validation of the code and the numeri-

cal parameters as defined by [61]. Because in this work commercially available CFD 

software is used, no verification of the code is possible. A validation of numerical simula-

tions in thermoacoustics is done in Chapter 4.1 and a choice of numerical parameters is 

presented. The non-reflecting and impedance boundary conditions are presented in Chap-

ter 3.2 and verified and validated in Chapters 4.2 through 4.4. This results in reliable 

CFD simulations of thermoacoustic components.  

3.1 Navier-Stokes equations 
The commercial CFD software used in this research is ANSYS Fluent 14.0 [39]. It 

solves the three-dimensional time dependent compressible conservation equation as 

shown below: 

Mass conservation:  

𝛿𝜌

𝛿𝑡
+ ∇ ∙ (ρv⃗⃗) = 𝑆𝑚 (3.1) 

Momentum conservation: 

𝛿

𝛿𝑡
(𝜌�⃗�) + ∇ ∙ (𝜌�⃗��⃗�) = −∇𝑝 + ∇ ∙ (𝜏̿) + 𝜌�⃗� + �⃗� (3.2) 

Energy conservation: 

𝛿

𝛿𝑡
(𝜌𝑒) + ∇ ∙ (�⃗�(𝜌𝑒 + 𝑝)) = ∇ ∙ (𝑘∇𝑇 + (𝜏̿ ∙ �⃗�)) + 𝑆ℎ (3.3) 

where 𝑆𝑚, �⃗�, 𝑆ℎ are source terms in the respective conservation equation and with 𝜏̿ the 

stress tensor: 

𝜏̿ = 𝜇 ((∇�⃗� + ∇�⃗�𝑇) −
2

3
∇ ∙ �⃗�𝐼) (3.4) 

The specific energy 𝑒 is defined as: 
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𝑒 = ℎ −
𝑝

𝜌
+
�⃗�2

2
 (3.5) 

To close the system of equations an equation of state is needed. As the working fluid 

is helium, assuming that it behaves like an ideal gas is a good approximation: 

𝜌 =
𝑝

𝑅𝑠𝑇
 (3.6) 

No turbulence model is used, as the implemented models in ANSYS Fluent have low 

pressure amplitudes. 

The conservation equations are solved using the finite volume method [60]. The ge-

ometry is divided into a finite number of volumes, for which the conservation equations 

are solved. The flow variables are calculated at the center of each volume. In order to 

obtain the values on the surface of every volume an interpolation is done between the 

center values of neighboring cells 0F

1. Gradients at the surfaces are estimated from the 

neighboring cells with the discretization schemes 1F

2.  

The pressure-based solver is used to solve the conservation equation, as it was devel-

oped for low-speed flows [62]. Furthermore, most of the reported thermoacoustic CFD 

simulations conducted with ANSYS Fluent are done with the pressure based solver. 

Some examples are: [40, 63, 64, 65, 66, 67]. The solver calculates the velocity field from 

the momentum equation and the pressure from a pressure correction equation, which is 

obtained by manipulating the continuity and the momentum equation [62].  

The spatial and temporal discretizations are discussed in more details in Chapter 4, 

where they are investigated for some test cases. In order to solve the equations given 

above, boundary conditions are needed. These are presented in the following chapter. 

3.2 Boundary conditions 
The Navier-Stokes equations are valid for a large amount of flows. To investigate 

specific flow situations and regimes, the correct boundary conditions have to be chosen. 

A common choice in CFD is to apply the velocity and the temperature at the inlet of the 

domain and the pressure at the outlet of the domain.  

However in (thermo)acoustic simulations the flow is oscillating, which makes the 

choice of the boundary condition more challenging. Applying an oscillating boundary 

condition at the inlet, with a non-matching boundary condition at the outlet would lead to 

unwanted reflections. Non-reflecting and impedance boundary conditions are needed for 

(thermo)acoustic simulations in order to allow the acoustic waves to leave the domain 

without causing unwanted reflections. As no impedance boundary conditions are imple-

                                                           
1 The different interpolation schemes implemented in ANSYS Fluent are presented in 

Chapter 4.2.2.1.  
2 The different discretization schemes implemented in ANSYS Fluent are presented in 

Chapter 4.2.2.2. 
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mented in ANSYS Fluent, both a non-reflecting and an impedance boundary condition 

where implemented with the use of User Defined Functions (UDF). The underlying idea 

of the non-reflecting boundary condition and the impedance boundary condition are in-

troduced in Chapter 3.2.1 and 3.2.2, respectively. In Chapter 3.2.4 the implementation in 

ANSYS Fluent is described. 

3.2.1 Non-reflecting boundary condition 

Nonreflecting boundary conditions are of great importance for thermoacoustic simula-

tions to reduce the computational domain and with this the computational costs. While it 

is easy in acoustic models to impose the wave entering the domain, this is much more 

complex in CFD, as the total value of the pressure and the velocity have to be imposed at 

the boundaries. In order to obtain a boundary condition which does not reflect the wave 

in an undesirable way, the incoming and outgoing waves have to be known at the bound-

aries.  

The idea behind the non-reflecting boundary is similar to the one presented in [68] 

and uses the most general solution of the one-dimensional wave equation for the pressure 

𝑝 and the velocity 𝑢 [50]: 

𝑝 = 𝑓 (𝑡 −
𝑥

𝑐0
) + 𝑔 (𝑡 +

𝑥

𝑐0
) (3.7) 

𝑢 =
1

𝜌0𝑐0
(𝑓 (𝑡 −

𝑥

𝑐0
) − 𝑔 (𝑡 +

𝑥

𝑐0
)) (3.8) 

In equation (3.7) and (3.8), 𝑓(𝑡 − 𝑥 𝑐0⁄ ) represents the forward traveling wave, while 

𝑔(𝑡 + 𝑥 𝑐0⁄ ) represents the backward traveling wave. Assuming no mean flow, the pres-

sure and velocity can be calculated as a superposition of these two waves. At a boundary 

as shown in Figure 3.1 the incoming wave 𝑓 (blue) shall be specified, while the outgoing 

wave 𝑔 (green) is given by the fluid flow inside the domain. 

 
Figure 3.1:  Forward and backward traveling wave at the domain boundary condition 

("left boundary"). 

In order to apply the correct pressure at the boundary 𝑥𝐵, the value of 𝑔 has to be 

known. To calculate the wave leaving the domain at the time t, the propagation character-

istics of acoustic waves are used. The following equality, which is graphically shown in 

Figure 3.2, is valid: 

𝑔 (𝑡 +
𝑥𝑏
𝑐0
) = 𝑔 (𝑡 − Δ𝑡 +

𝑥𝑏
𝑐0

+
Δ𝑥

𝑐0
) (3.9) 

Fluid domain 

 𝑓 (𝑡 −
𝑥

𝑐0
) 

  

𝑔 (𝑡 +
𝑥

𝑐0
) 

𝑥 = 𝑥𝑏 

Boundary  

Condition 
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This equality is valid if the wave propagates within the time Δ𝑡 by a distance Δ𝑥 

without damping: 

Δ𝑥 = 𝑐0 Δt (3.10) 
 

 
Figure 3.2:  Definition of the monitor point for computing the backward traveling wave 

at the boundary. 

In the following subsections two different boundary conditions will be presented, the 

first assumes ideal one-dimensional wave propagation and is presented in Chapter 

3.2.1.1. The second extends this idea to general plane waves with velocity profiles in the 

direction orthogonal to the wave propagation direction. This boundary condition is pre-

sented in Chapter 3.2.1.2. In Chapter 3.2.1.3 it is shown how non ideal wave propagation 

and damping can be taken into account. 

3.2.1.1 One-dimensional wave propagation 

In a first approach, lossless acoustics are assumed. This means that the wave is one-

dimensional and no changes are to be expected in the direction orthogonal to the wave 

propagation direction. The procedure is derived for a boundary condition at the left side 

of the domain as shown in Figure 3.1. The procedure for a boundary at the right side of a 

domain can be derived in the same way. The wave 𝑔 leaving the domain at time 𝑡 can be 

calculated by sampling the pressure and velocity at the location 𝑥𝑏 + Δ𝑥 at the previous 

time 𝑡 − Δ𝑡. The pressure and the velocity is monitored at this location and with equa-

tions (3.7) and (3.8) the backward traveling wave can be calculated as: 

𝑔 (𝑡 +
𝑥𝑏
𝑐0
) =

1

2
(𝑝(𝑡 − Δ𝑡, 𝑥𝑏 + Δ𝑥) − 𝜌0 𝑐0 𝑢(𝑡 − Δ𝑡, 𝑥𝑏 + Δ𝑥)) (3.11) 

Knowing the backward traveling wave at the monitor point and the fact that it travels 

to the boundary within one time step, the boundary condition can be imposed by superpo-

sition of the imposed forward traveling wave 𝑓𝐵(𝑡) and the calculated backward traveling 

wave. The whole procedure for a boundary condition at the left of a domain assuming 

lossless acoustics is summarized in Figure 3.3. On the horizontal axis the location of the 

boundary 𝑥𝐵 and the monitor point 𝑥𝑀 are shown, while the vertical axis represents a 

time axis with two time steps 𝑡 and 𝑡 − Δ𝑡. The information about the backward traveling 

wave 𝑔 is calculated from the monitor point 𝑥𝑀 at the time step 𝑡 − Δ𝑡. Then the wave 

travels to the boundary within the time step Δ𝑡. The backward traveling wave is thus 

known at the boundary 𝑥𝐵 at the time t and the pressure boundary condition 𝑝 can be 

imposed. 

Fluid domain 

𝑥 = 𝑥𝑏

Boundary  

Condi-

tion 
𝑔 (𝑡 +

𝑥𝑏
𝑐0
) 𝑔 (𝑡 − Δ𝑡 +

𝑥𝑏
𝑐0

+
Δ𝑥

𝑐0
) 

Δ𝑥 
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Figure 3.3:  Functioning of the non-reflecting boundary condition without boundary 

layer effects. 

3.2.1.2 Wave propagation in a pipe 

In cases where a velocity boundary layer occurs it is not possible to calculate the 

backward traveling wave from the pressure and the velocity at the monitor point, as 

shown in equation (3.11). But when the radius is small compared to the wavelength, the 

pressure is nearly uniform in the direction orthogonal to the wave propagation, even 

though the velocity shows a non-uniform profile. The underlying assumption is that the 

reduced frequency is low 𝑘 = 𝜔𝑅 𝑐0⁄  ≪ 1, which is usually the case in thermoacoustic 

devices. Using this assumption it is possible to derive a more general form of the non-

reflecting boundary condition. 

In this case we use the fact that the pressure at the monitor point is a superposition of 

the forward and backward traveling wave (Equation (3.7)). Applying this idea equation 

(3.11) can be replaced by 

𝑔 (𝑡 +
𝑥𝐵
𝑐0
) = 𝑝(𝑡 − 𝛥𝑡, 𝑥𝑏 + Δ𝑥) − 𝑓 (𝑡 − 𝛥𝑡 −

𝑥𝑏 + Δ𝑥

𝑐0
) (3.12) 

such that no velocity information is required. The forward traveling wave is given at the 

boundary one time step before reaching the monitor point (using Equation (3.10)). Thus, 

a further time step back in time is needed to calculate the pressure boundary condition at 

the time 𝑡. Different ways to model the wave propagation and to account for dissipation 

and dispersion due to the viscous effects are presented in the Chapter 3.2.1.3. The proce-

dure for general plane wave propagation is summarized in Figure 3.4. The horizontal axis 

shows the location of the boundary 𝑥𝐵 and of the monitor point 𝑥𝑀. The vertical axis 

shows the three time steps necessary to calculate the pressure at the boundary 𝑝 at the 

time 𝑡. 

𝑔 (𝑡 − Δ𝑡 +
𝑥𝑀
𝑐0

) = 𝑔 (𝑡 +
𝑥𝐵
𝑐0
) 

𝑥𝑀 𝑥𝐵 

 
𝑡 − Δ𝑡 

𝑡 

𝑝(𝑡, 𝑥𝐵) = 𝑓𝐵(𝑡) + 𝑔 (𝑡 +
𝑥𝐵
𝑐0
) 

𝑔 (𝑡 − Δ𝑡 +
𝑥𝑀
𝑐0

) =
1

2
(𝑝(𝑡 − Δ𝑡, 𝑥𝑀) − 𝜌0𝑐𝑜𝑢(𝑡 − Δ𝑡, 𝑥𝑀)) 
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Figure 3.4:  Functioning of the non-reflecting boundary condition with boundary ef-

fects. 

3.2.1.3 Extension of the non-reflecting boundary condition for non-ideal wave 

propagation 

For high pressure amplitudes or small diameters, the wave does not travel ideally as 

assumed in equation (3.9). Dissipation and changes in the wave propagation speed need 

to be taken into account. In this chapter three different ways to account for these effects 

are presented.  

3.2.1.3.1 Inclusion of dissipative effects in small channels 

If waves propagate in small tubes, the dissipative effects cannot be neglected between 

the boundary and the monitor point, as this would create unphysical reflections. These 

effects can be taken into account by means of the complex wave propagation constant Γ. 

This can be determined, for example, from the low reduced frequency model [57], the 

thermoacoustic functions [52] or from other simulations. Thus, equation (3.9) has to be 

adapted such that it accounts for dissipative effects as follows: 

𝑔 (𝑡 +
𝑥𝑏
𝑐0

+
Δ𝑥

𝑐0
) = 𝑔 (𝑡 + Δ𝑡 +

𝑥𝑏 𝐼𝑚(Γ)

𝑐0 
) ∙ exp(𝑅𝑒(𝛤) ∙ 𝛥𝑥)  (3.13) 

𝑓𝐵(𝑡 − 2Δ𝑡) = 𝑓 (𝑡 − Δ𝑡 −
𝑥𝑀
𝑐0

) 

𝑔 (𝑡 − Δ𝑡 +
𝑥𝑀
𝑐0

) = 𝑔 (𝑡 +
𝑥𝐵
𝑐0
) 

𝑥𝑀 𝑥𝐵 

 

𝑡 − Δ𝑡 

𝑡 

𝑔 (𝑡 − 𝛥𝑡 +
𝑥𝑀
𝑐0

) = 𝑝(𝑡 − 𝛥𝑡, 𝑥𝑀) − 𝑓 (𝑡 − 𝛥𝑡 −
𝑥𝑀
𝑐0

) 

𝑝(𝑡, 𝑥𝐵) = 𝑓𝐵(𝑡) + 𝑔 (𝑡 +
𝑥𝐵
𝑐0
) 

𝑡 − 2Δ𝑡 
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The real part of the propagation constant induces a damping of the amplitude while 

the imaginary part reduces the propagation speed of the wave and with this the position 

of the monitor point. 

As will be mentioned later in Chapter 3.2.3, the temperature profile during the half 

period of inflow is computed from the pressure with the assumption of adiabatic wave 

propagation. This means that a constant temperature over the height is assumed. When 

dissipative effects due to a nearby thermally interacting wall are of importance, this no 

longer holds. Figure 3.5 shows the temperature profile in a case, where the wave propa-

gates between two isothermal parallel plates with four different shear wave numbers. The 

temperature distribution shows a non-uniform profile over the height.  

 
Figure 3.5:  Normalized temperature profile between two isothermal parallel plates for 

four different shear wave number over the dimensionless half spacing 𝜂. 

If an analytical solution is known, for example for parallel plates as shown in Fig-

ure 3.5, the solution can be used to impose the temperature profile from the pressure. 

Otherwise one has to be aware that the boundary condition introduces a thermal error 

during the inflow into the domain.  

3.2.1.3.2 Inclusion of nonlinear effects at high amplitudes 

Nonlinear effects become more and more important with increasing pressure ampli-

tude. In Blackstock [50] the general solution for the nonlinear wave equation for a plane 

progressive wave traveling in the positive 𝑥-direction is derived as: 

𝑝 = 𝑓 (𝑡 −
𝑥

𝑐0 + 𝛽𝑢
) (3.14) 

where 𝛽 is the coefficient of nonlinearity, defined for ideal gases as: 

𝛽 =
1

2
(𝛾 + 1) (3.15) 

Comparing Equation (3.7) and (3.14) shows that the unperturbed wave propagation 

speed, 𝑐0, for linear acoustics (3.7) is replaced by 𝑐0 + 𝛽𝑢 in the nonlinear case (3.14). 

Even though the difference between these two wave propagation speeds is small, the 

effect is cumulative and leads to wave steepening. At the boundary an accumulating error 
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could lead to a drift of the boundary values. Rewriting the wave propagation speed as 

[50]: 

𝑐0 + 𝛽𝑢 = 𝑐 + 𝑢 (3.16) 

shows that there are two effects causing nonlinear wave propagation. The first term on 

the right side shows that the wave propagation speed is not constant but varies with the 

temperature amplitude as 𝑐 ∝ √𝑇. The second term on the right hand side, 𝑢, introduces 

convection of the sound wave. To account for nonlinearities at high amplitudes in the 

boundary condition, the wave propagation speed 𝑐0 is replaced by 𝑐0 + 𝛽𝑢 in case of a 

forward traveling wave and 𝑐0 − 𝛽𝑢 for a backward traveling wave: 

𝑓 (𝑡 + 𝛥𝑡 −
𝑥𝑏

𝑐0 + 𝛽𝑢
) = 𝑓 (𝑡 −

𝑥𝑏
𝑐0 + 𝛽𝑢

−
𝛥𝑥

𝑐0 + 𝛽𝑢
) (3.17) 

𝑔 (𝑡 + Δ𝑡 +
𝑥𝑏

𝑐0 − 𝛽𝑢
) = 𝑔 (𝑡 +

𝑥𝑏
𝑐0 − 𝛽𝑢

+
Δ𝑥

𝑐0 − 𝛽𝑢
) (3.18) 

Thus, the forward traveling wave travels  

Δ𝑥 = Δ𝑡 (𝑐0 + 𝛽𝑢) (3.19) 

within one time step and the backward traveling wave 

Δ𝑥 = Δ𝑡 (𝑐0 − 𝛽𝑢) (3.20) 

3.2.1.3.3 Plane wave averaging 

In thermoacoustic simulations where plane wave propagation can be assumed, this 

property can be used to make the non-reflecting boundary conditions more stable. Oscil-

lating behavior on the boundary can be avoided by averaging over the direction orthogo-

nal to the wave propagation direction. Polifke et al. [69] separate the pressure into three 

different components, the mean pressure 𝑝0, the pressure fluctuation 𝑝1 and the turbulent 

pressure component 𝑝′.Here we do not account for turbulent fluctuations and use 𝑝′ for 

numerical noise: 

𝑝(𝑥, 𝑡) = 𝑝0(𝑥) + 𝑝1(𝑥, 𝑡) + 𝑝′(𝑥, 𝑡) (3.21) 

The same separation is applied to the velocity: 

𝑢(𝑥, 𝑡) = 𝑢0(𝑥) + 𝑢1(𝑥, 𝑡) + 𝑢′(𝑥, 𝑡) (3.22) 

Taking the area averaged 〈. . 〉 over the plane orthogonal to the wave propagation di-

rection and assuming that the length scale of the numerical noise is small enough, the 

numerical noise almost vanishes: 

〈𝑝′〉  ≈ 0 (3.23) 

〈𝑢′〉  ≈ 0 (3.24) 

If no numerical noise occurs, the pressure and velocity are constant in the direction 

orthogonal to the wave. Thus, averaging the left and right going waves over the orthogo-

nal direction should reduce numerical errors. Another advantage of the averaging is that 

only one value has to be saved for the next time step, instead of every grid point in the 

orthogonal direction.  
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3.2.2 Impedance boundary condition 

An acoustic domain is often reduced by imposing an acoustic impedance boundary 

condition, which models the domain that is not taken into account. In CFD the impedance 

boundary conditions are more difficult to implement as the CFD simulations take place in 

the time domain and not in the frequency domain. In the following, an impedance bound-

ary condition is proposed which is applicable if the driving frequency is known before-

hand, which is generally the case for thermoacoustic CFD simulations. 

The pressure and velocity can be written in terms of left and right traveling waves like 

in Equation (3.7) and (3.8). In complex notation this can be written as: 

𝑝 = 𝑝+ 𝑒
𝑖𝛼+𝑖𝜔𝑡 + 𝑝− 𝑒

𝑖𝛽+𝑖𝜔𝑡  (3.25) 

𝑢 = 𝑢+ 𝑒
𝑖𝛼+𝑖𝜔𝑡 − 𝑢− 𝑒

𝑖𝛽+𝑖𝜔𝑡  (3.26) 

where the plus ("+") indicates a forward and the minus ("−") a backward traveling wave. 

The angles 𝛼 and 𝛽 are phase delays. As we are only interested in the phase difference 

between the incoming and the outgoing wave, one of both angles can be chosen freely. 

Assuming that the wave is leaving at a boundary at the right of the computational do-

main, the outgoing, forward traveling wave is given by the flow field in the domain, 

while the backward traveling wave has to be calculated to impose the correct boundary 

condition. Therefore, 𝛼 is chosen as a reference and set to zero. Using this reference the 

acoustic impedance at the right boundary can be written as: 

𝑍𝑎𝑐 =
𝑝

𝑢
=

𝑝+  + 𝑝− 𝑒
𝑖 𝛽

𝑢+  − 𝑢−𝑒
𝑖 𝛽 

=
𝑝+
𝑢+

1 +
𝑝−
𝑝+

 𝑒𝑖 𝛽

1 −
𝑢−

𝑢+
 𝑒𝑖 𝛽

= 𝜌0𝑐0
1 + 𝑅− 𝑒

𝑖 𝛽

1 − 𝑅− 𝑒
𝑖 𝛽
  (3.27) 

where 𝑅− is the ratio between the backward and the forward traveling wave defined as: 

𝑅− =
𝑝−
𝑝+

=
𝑢−

𝑢+
 (3.28) 

Equation (3.27) can be solved for the ratio 𝑅− and the phase delay 𝛽 as they are pure 

real numbers: 

𝑅− = √
(𝜌0𝑐0)

2 − 2 𝜌0𝑐0𝑅𝑒(𝑍𝑎𝑐) + |𝑍𝑎𝑐|
2

(𝜌0𝑐0)
2 + 2 𝜌0𝑐0𝑅𝑒(𝑍𝑎𝑐) + |𝑍𝑎𝑐|

2
 (3.1) 

𝛽 = sign(Im(Zac)) arccos (
1

𝑅−

|𝑍𝑎𝑐|
2 − (𝜌0𝑐0)

2

(𝜌0𝑐0)
2 + 2 𝜌0𝑐0𝑅𝑒(𝑍𝑎𝑐) + |𝑍𝑎𝑐|

2
) (3.2) 

Knowing the frequency of the wave 𝑓, the ratio 𝑅− and the phase delay 𝛽, the incom-

ing wave can be calculated from historical data as follows: 

𝑔(𝑡, 𝑥) = 𝑅− 𝑓 (𝑡 −
𝛽

2 𝜋 𝑓
 , 𝑥) (3.29) 

In cases in which 𝛽 < 0, the boundary condition would need information from the fu-

ture, thus the angle is corrected such that: 

𝛽′ = 𝛽 + 2 𝜋 (3.30) 
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With this correction only data from the past is required to impose the incoming wave 

such that the acoustic impedance at the boundary corresponds to the acoustic impedance 

imposed 𝑍𝑎𝑐. 

3.2.3 Temperature boundary condition 

In addition to the pressure or the velocity, the temperature has to be imposed in CFD 

if the fluid enters the domain. As wave propagation also implies an oscillation in temper-

ature, time dependent temperature changes need to be taken into account. As wave prop-

agation is an adiabatic process, the temperature can be computed from the pressure as-

suming an adiabatic process: 

𝑇(𝑡, 𝑥𝑏) = 𝑇0 ∙ (1 +
𝑝(𝑡, 𝑥𝑏)

𝑝0
)

𝛾−1
𝛾

 (3.31) 

The acoustic boundaries have to be placed several displacements amplitudes away 

from all thermally interacting parts inside the domain such that the wave is adiabatic 

again at the boundaries. Whether this assumption is correct can be checked during the 

postprocessing by looking at the temperature over time at the boundary. If a jump in 

temperature occurs when the flow is reversed, the wave does not propagate adiabatically. 

The temperature of the incoming fluid can also be set constant if an ideal heat ex-

changer shall be modeled with the boundary condition. In this case the incoming fluid has 

the temperature of the heat exchanger. 

3.2.4 Implementation 

The boundary condition is implemented via a User Defined Function in Fluent 14.0.0 

[70] which calculates the pressure at the boundary and imposes it on the existing pressure 

boundary condition. The full C code can be split into different functions which are called 

at different moments during the calculation algorithm of ANSYS Fluent. Three categories 

can be distinguished: the initialization at the beginning, the functions to apply the bound-

ary condition and finally the function for calculation of new values for the waves leaving 

the domain. They are presented in the following subchapters and summarized in Fig-

ure 3.6. 

3.2.4.1 Initialization function 

The initialization function is executed before the start of the calculation. The identifi-

cation number of mesh points that are closest to the monitor point are saved, to avoid a 

scan of the entire domain at each future time step. Then the historical pressure data is set 

to zero and with this the pressure is calculated at the boundary for the first time step.  

3.2.4.2 Function to calculate the new pressure values 

In this function the pressure at the boundary for the following time step is calculated 

from the actual time data, once the actual time step is converged. The function is called at 
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the end of each time step. As in most cases the monitor point does not lay on a cell cen-

ter, the outgoing waves have to be interpolated from two cell centers. Therefore, an algo-

rithm was written which finds the adjacent cell centers. At this location the outgoing 

traveling waves are calculated and afterwards interpolated according to the distance to the 

theoretical monitor point. With this data the pressure at the boundary is calculated ac-

cording to Chapter 3.2.1 or 3.2.2. 

 
Figure 3.6:  Calculation flow diagram of the non-reflecting boundary condition. Rectan-

gles correspond to the implemented UDF’s. 
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3.2.4.3 Function to apply the boundary condition 

The last type of function applies the pressure and temperature at the boundary. Here 

attention has to be paid to the fact that the pressure has to be applied in a different way, 

depending on whether the flow enters or leaves the domain. During the time when the 

flow enters the domain the total pressure and the total temperature have to be imposed: 

𝑝𝑡𝑜𝑡𝑎𝑙 = (1 +
𝛾 − 1

2
 𝑀2)

𝛾
𝛾−1

(𝑝𝑠 + 𝑝0) − 𝑝0 (3.32) 

𝑇𝑡𝑜𝑡𝑎𝑙 = (1 +
𝛾 − 1

2
𝑀2)  𝑇𝑠 (3.33) 

where 𝑝𝑠 is the static pressure and 𝑇𝑠 the static temperature from the implemented algo-

rithm. However, when the flow leaves the domain, the static pressure can be applied 

directly. 

3.3 Limitation of thermoacoustic CFD simulations 
CFD simulations of thermoacoustic components suffer from a high computational 

cost. This has to do with the different scales that have to be resolved. Both in time and in 

space different orders of magnitude have to be resolved, as will be shown in the follow-

ing. 

3.3.1 Spatial scales 

The biggest spatial dimensions in a thermoacoustic device are mostly on the order of 

the wavelength 𝜆: 

𝜆 =
𝑐0
𝑓

 (3.34) 

For a device running with helium at a frequency of 𝑓 = 100Hz and atmospheric pres-

sure, the wavelength is roughly ten meters. The pipes in which the wave propagates, are 

already two orders of magnitude smaller and mostly on the order of centimeters. The 

smallest scale is defined by the viscous boundary layer 𝛿𝜈: 

𝛿𝜈 = √2
𝜇

𝜔𝜌
 (3.3) 

as the thermoacoustic effect occurs close to the solid walls. For helium at 𝑓 = 100Hz, 

𝑇 = 300K and atmospheric pressure, the viscous penetration depth is: 

𝛿𝜈 = 0.624 mm (3.4) 

Several mesh points are needed inside the boundary layer, to resolve the momentum 

and heat transfer accurately. Hence, between the largest scale (the wavelength) and the 

smallest scale (the boundary layer elements close to the wall) there is a difference of 

approximately four orders of magnitude. This means that for the spatial discretization a 

very fine grid is needed on a large domain, which is computationally very expensive. 
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Therefore, the spatial discretization has to be chosen carefully, as is discussed in Chap-

ter 4. 

3.3.2 Time scales 

Not only are the spatial dimensions spread over different orders of magnitude, but so 

are the time scales. In the investigated thermoacoustic systems, the frequency is 𝑓 =

100Hz, which corresponds to a period of 𝑇 = 0.01s. Each period has to be resolved to 

several time steps. This is the smallest scale that has to be resolved, while the largest is 

the time that it takes to start a thermoacoustic device, which is on the order of minutes. 

Here again there are several orders of magnitudes between the smallest and largest scales, 

which makes the simulation computationally expensive. Ideas addressing this problem 

are presented in Chapter 4. 

3.3.3 Coupling between time and spatial discretization 

Due to the boundary condition presented in Chapter 3.2, the spatial and the time di-

mension are coupled. They are related by the CFL number [71]:  

𝐶𝐹𝐿 = 𝑐0 ∙
Δ𝑡

Δ𝑥
 

(3.5) 

which should be larger than one, but still close to it. Denoting 𝑛𝑡 and 𝑛𝑥 as the number of 

elements per period and per wavelength respectively, the time step size and the spatial 

element size can be written as:  

Δ𝑡 =
𝑇

𝑛𝑡
 (3.6) 

Δ𝑥 =
𝜆

𝑛𝑥
 (3.7) 

Using that  

𝑐0 = 𝜆 𝑓 =
𝜆

𝑇
 

(3.8) 

and assuming a CFL number of one, it follows: 

𝑛𝑡 ≈ 𝑛𝑥 (3.9) 

This means that if a very small component is investigated, the time step size also has 

to be very small. This leads again to computationally expensive simulations. How to 

choose an appropriate discretization in order to reduce the computational costs is shown 

in the next chapter. 
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4 Validation for thermoacoustic simula-

tions 

The derived low reduced frequency solutions from Chapter 2.3 are used in this chap-

ter to conduct a verification and validation of the implemented boundary condition and 

numerical parameters in the sense of Laurien et al. [61]. In Chapter 4.1 the discretization 

parameters are investigated in the case of a vibrating resonator. This model has the ad-

vantage that it does not rely on sophisticated boundary conditions and allows an investi-

gation of the discretization only. Afterwards, in Chapter 4.2 the non-reflecting boundary 

conditions and the appropriate discretization schemes are investigated. The impedance 

boundary conditions are studied in the one-dimensional case in chapter 4.3 and in the 

two-dimensional case in Chapter 4.4. 

4.1 Acoustic boundary layer discretization 
The analytical solution for a vibrating resonator derived in Chapter 2.3.3 is used here 

to validate numerical parameters in thermoacoustic simulations, especially the boundary 

layer discretization. A vibrating resonator is particularly suitable for this as no sophisti-

cated boundaries are needed, only well-known no-slip boundary conditions. The analyti-

cal and numerical models are presented in Chapter 4.1.1, while the results for the best 

choice for spatial and time discretization are presented in Chapter 4.1.2. 

4.1.1 Shaking resonator models 

The shaking resonator test case is chosen because it allows the investigation of the in-

teraction of an acoustic wave with a nearby wall, without using sophisticated boundary 

conditions in CFD. Furthermore, this model is easy to simulate as it is axisymmetric. 

The resonator consists of a cylindrical tube filled with helium at atmospheric pressure 

(properties given in Appendix E). The resonator is harmonically shaken with a frequency 

of 𝑓 = 100Hz and a velocity amplitude of  𝑢𝑤 = 10−4 ∙ 𝑐0. The velocity amplitude de-

termines the energy introduced into the resonator and stored in the form of a standing 

wave. Energy is supplied until equilibrium between the introduced energy and the dissi-

pation in the boundary layer is reached. For high velocity amplitudes of the resonator or 

large radii, reaching the steady periodic state can take a large number of periods. For this 

reason only small radii are simulated. The reference test case has a radius of 𝑅 =

0.005m, which corresponds to a shear wave number of 𝑠 = 11.3. The length of the tube 

is chosen to be half the wavelength 𝐿 = 5.095m, in order to fulfill the assumptions of the 

low reduced frequency model. The dimensions and coordinates are summarized in Fig-

ure 4.1. 
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Figure 4.1:  Dimensions and coordinates of the vibrating resonator. 

The experiment can be characterized by the following dimensionless parameters: 

- Shear wave number: 𝑠 = 11.3 

- Square root of the Prandtl number: √𝑃𝑟  = 0.824 

- Reduced frequency: 𝑘 = 3.01 ∙ 10−3 

- Specific heat ratio: 𝛾 = 1.6667 

- Excitation velocity: �̃�𝑤 = 10−4 

Furthermore, it is assumed that helium behaves like an ideal gas with a constant dy-

namic viscosity and thermal conduction in both the CFD model and the low reduced 

frequency model.  

4.1.1.1 Low reduced frequency approximation 

The low reduced frequency approximation for a vibrating resonator presented in 

Chapter 2.3.3 is evaluated for the parameters given above. From this, the flow field in the 

resonator can be obtained. The model shows the steady, periodic state after an infinite 

amount of periods and allows the validation of the numerical parameters of the numerical 

models shown in the following chapter. 

4.1.1.2 Numerical model 

The numerical CFD model is implemented in ANSYS Fluent 13.0 [39]. The domain 

is modeled as two-dimensional axisymmetric, as no effects in the angular direction are 

expected. In order to reduce the calculation costs and to avoid a moving mesh, a change 

in coordinate system is done. Instead of carrying out the simulation in the global system, 

a local coordinate system on the resonator is defined. In the new coordinate system the 

movement of the tube can be seen as a volume force (see appendix F), which is applied in 

Fluent by a User Defined Function. In the local coordinate system all walls are assumed 

to be isothermal and with no-slip. 

The reference test case is discretized with the following numerical parameters: 

- Time step size Δ𝑡 = 10−5s. This corresponds to 1000 time steps per period. 

- Elements in the axial direction 𝑛𝑥 = 400. This corresponds to 800 elements per 

wavelength. 

- Elements in the radial direction n𝑟 = 10. 

𝑅 = 0.005m 

𝐿 =  5.095m 

r, 𝜂 

x, 𝜉 



   4 Validation for thermoacoustic simulations 45 

 

 

The reference parameters of the solver are given in Table 4.1. Furthermore, the con-

vergence criteria are set to a residual of 10−9 for the energy equation and 10−5 for the 

continuity and momentum equations. To get the steady periodic solution first 0.2 s are 

simulated, which corresponds to 20 periods. The transient behavior of the axial velocity 

at the center of the resonator is shown in Figure 4.2. After the initial 20 periods, the data 

of the following 2 periods is exported and post processed for comparison with the low 

reduced frequency approximation. 

 

Table 4.1:  Solver Parameters. 

Spatial discretization Pressure PRESTO! 

 Density Second Order Upwind 

 Momentum Second Order Upwind 

 Energy Second Order Upwind 

Transient Formulation Time Second Order Implicit 

Pressure Velocity Coupling Coupling PISO 
 

 
 

 

  
Figure 4.2:  Transient oscillation of the axial velocity at the center of the resonator over 

the first 20 periods. 

4.1.2 Results 

The low reduced frequency model and the CFD model are compared in this section 

for different numerical parameters. This is done in order to find the best parameter set for 

thermoacoustic CFD simulations. The effect of the discretization of the boundary layer is 

investigated in Chapter 4.1.2.1 by looking at the discretization in radial direction. After-

wards, the time discretization is investigated in Chapter 4.1.2.2 by changing the time step 

size. Finally, the axial discretization is investigated in Chapter 4.1.2.3 by changing the 
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number of elements per wavelength. Two major errors are expected if the numerical 

parameters are not appropriate. Numerical dissipation, which leads to a change in the 

amplitude of the flow variables. Dispersion, which leads to a change in phasing of the 

flow variables. Both are graphically defined in Figure 4.3.  

 
Figure 4.3:  Definition of the dissipation and dispersion. Black solid line represents 

analytical solution and gray dashed line the numerical result. 

4.1.2.1 Radial discretization 

The first numerical parameter investigated is the influence of the mesh in the radial 

direction. The idea is to find a mesh size which allows an accurate solution to be calcu-

lated using as little numerical power as possible. The discretization of the vibrating reso-

nator reference test case is therefore changed in the radial direction. First, different uni-

form meshes are investigated, with 10, 20 and 50 elements over the height. The results 

for the axial velocity at the point B at the center of the resonator (s. Appendix G) are 

shown in Figure 4.4. It can be seen that a phase delay and a difference in amplitude oc-

curs for the coarsest meshes.  

 
Figure 4.4:  Axial velocity over time at location B of the vibrating resonator for three 

uniform meshes, with 11, 21 and 51 nodes over the radius 

In Table 4.2 the difference between the analytical solution and the CFD calculations 

of the different discretizations are given quantitatively. The refinement from 10 elements 

over the radius to 20 shows an improvement, as the phase delay and the amplitude differ-

0 0.002 0.004 0.006 0.008 0.01
-0.5

0

0.5

t (s)

u
 (

m
/s

)

 

 

n
r
=11

n
r
=21

n
r
=51

Anal.

-1

0

1

Time

P
h
y

si
ca

l 
q

u
an

ti
ty

 

 

Dispersion  

Dissipation 

  



   4 Validation for thermoacoustic simulations 47 

 

 

ence are reduced. A further increase in elements over the radius does not show a consid-

erably better result.  

Table 4.2:  Phase delay and amplitude difference for three uniform meshes, with 11, 

21 and 51 nodes over the radius. 

Nodes over 

the radius 
Phase delay 

Relative difference in axial 

velocity amplitude 

11 -7.7° 2.6% 

21 -1.8° 0.089% 

51 -0.08° −0.17% 
 

 
 

In Figure 4.5 the axial velocity profile is plotted over the radius at the center of the 

resonator (line BB see Appendix G). The blue line represents the low reduced frequency 

solution and the dots show the corresponding values at the nodes of the different meshes. 

The profile is closely followed by the numerical results. It can be seen that for small 

radial locations the profile is nearly constant, while high gradients arise near the walls. 

Only a part of this gradient is inside the viscous boundary layer as defined in equation 

(3.3). In order to cover the complete domain where high gradients occur, an extended 

boundary layer is defined: 

 𝛿𝜈,𝑒𝑥 = 𝛿𝜈 ∙ 𝜋  (4.1) 

and plotted as the gray area in Figure 4.5. The factor 𝜋 is chosen, as the viscous penetra-

tion depth is defined as the characteristic length over which the momentum can diffuse 

during a time interval on the order of the period of the oscillation divided by 𝜋 [6]. 

 
Figure 4.5:  Axial velocity profile 𝑢 over the line BB in the middle of the resonator at 

the moment of maximum velocity of the resonator. Grayed area indicates 

the extended boundary layer 𝛿𝜈 ⋅ 𝜋. 

The fact that the majority of changes occur in the part close to the wall and less occur 

near the axis indicates that a non-uniform grid is more appropriate: the nodes can be 
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redistributed such that there are more elements close to the wall, where higher gradients 

occur compared to the center. A boundary layer discretization is therefore developed with 

the following parameters:  

- Ten elements in the extended viscous boundary layer 𝛿𝜈,𝑒𝑥 

- Ratio between two neighboring cell sizes is 1.2 

Using this approach, only 17 nodes are needed over the radius. Due to the small ele-

ments at the wall a better convergence is achieved. Together with the reduced number of 

nodes, the simulation time can be reduced by 40% compared to the discretization with 21 

nodes. The phase delay can be reduced to nearly zero and the amplitude error is smaller 

than 0.1%. These results were also verified for different radii corresponding to shear 

wave numbers varying from 𝑠 = 3 to 𝑠 = 45 and the results are comparable.  

The simulations presented in this chapter have shown that a non-appropriated dis-

cretization in the radial direction leads to considerable phase and amplitude deviations in 

the simulations. Due to the good results and the reduced simulation times, the boundary 

layer discretization is applied to the reference case in the following chapters instead of a 

uniform grid.  

4.1.2.2 Time discretization 

In this chapter the time discretization is investigated. Hence, the time step size is var-

ied from 𝑛𝑇 = 10 elements per period (Δ𝑡 = 1 ∙ 10−3s) to 𝑛𝑇 = 800 elements per peri-

ods (Δ𝑡 = 1.25 ∙ 10−5s). The results in terms of phase delay and different amplitudes are 

summarized in Table 4.3. It can be seen that when the number of time steps per period is 

small, a large deviation in the amplitude of the axial velocity occurs. The table shows that 

from 100 time steps per period on, the relative error in velocity is low and a further re-

duction of the time step size does not results in a further improvement in the accuracy of 

the velocity phase and amplitude. However, it is expected that for wave propagation with 

less physical dissipation, a smaller time step will be needed as the relative numerical 

dissipation would increase. Furthermore, when the non-reflecting boundary condition is 

used, a smaller time step might be needed, especially when small components are inves-

tigated (see Chapter 3.2.1).  

4.1.2.3 Axial discretization 

The axial discretization is investigated in this chapter. Therefore, the number of ele-

ments per wavelength is varied from 𝑛𝜆 = 10 to 400. As the resonator is 𝜆/2 long, this 

corresponds to 5 to 200 elements in the axial direction of the numerical model. Table 4.4 

shows the phase delay and the relative damping of the different axial discretizations. The 

results show that a discretization of 100 elements per wavelength is sufficient to obtain 

good results. These results are also checked for the temperature at one quarter of the 

resonator and a very similar trend is observed. The results of Table 4.4 show that 100 
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elements per wavelength are enough for good results in the highly damped case with low 

shear wave number. This is not necessarily true in the case when less damping occurs, 

then more elements could be needed. 

Table 4.3:  Phase delay and amplitude difference for different time discretization. 

Time steps 

per period 
Phase delay 

Relative difference of the 

axial velocity amplitude 

10 3.5° −51.2% 

20 4.6° −18.6% 

100 0.29° −0.37% 

200 0.064° 0.22% 

400 0.015° 0.30% 

800 0.015° 0.28% 
 

 
 

Table 4.4:  Phase delay and amplitude difference for different axial discretization. 

Nodes per 

wavelength 
Phase delay 

Relative difference of the 

axial velocity amplitude 

10 2.1° −27.2% 

20 0.73° −4.8% 

50 0.083° −0.67% 

100 0.025° 0.19% 

200 0.0048° 0.33% 

400 −0.0013° 0.37% 
 

 
 

4.2 One-dimensional non-reflecting boundary condition – 

wave propagation 
The aim of the non-reflecting boundary condition presented in Chapter 3.2.1 is to 

model wave propagation in components of a thermoacoustic engine. While the time and 

spatial discretization of the acoustic boundary layer were investigated in the previous 

chapter, this chapter focuses on the verification and validation of the implemented non-

reflecting boundary conditions. Thereby, the best discretization schemes for the non-

reflecting boundary conditions are determined. 
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The one-dimensional traveling wave model used to investigate the different imple-

mented versions of the non-reflecting boundary conditions is presented in Chapter 4.2.1. 

The results are presented in Chapter 4.2.2. 

4.2.1 One-dimensional traveling wave model 

This model focuses on a one-dimensional plane traveling wave, which is propagating 

from one side of the domain to the other. This is done in order to investigate the perfor-

mance of the non-reflecting boundary condition. The boundary conditions of the model 

are summarized in Figure 4.6. The wave enters the domain on one side by imposing the 

pressure at a non-reflecting boundary condition and exits at the other, through another 

non-reflecting boundary condition. The domain is 0.1m high and 5m long, which corre-

sponds to roughly half a wavelength. The boundaries in the wave propagation directions 

are modeled as adiabatic and slip wall, to model one-dimensional adiabatic wave propa-

gation. 

 
Figure 4.6: Boundary conditions for the one-dimensional wave propagation model. 

Helium is chosen as a working gas as it is frequently used in thermoacoustic engines 

because of its low Prandtl number [12] and is modeled as ideal gas according the proper-

ties given in Appendix E. The incoming wave has a frequency of 𝑓 = 100Hz and pres-

sure amplitudes 𝑝1of 100 and 10000Pa. These two amplitudes are chosen to model linear 

wave propagation and nonlinear wave propagation, respectively. The domain is discre-

tized with quadrilateral elements, 200 elements in the wave propagation direction and 

four elements orthogonal to the wave propagation direction. The time step size is chosen 

to be fixed to Δ𝑡 = 2 ∙ 10−5s, leading to 500 elements per period. In total 20 periods are 

simulated. Table 4.5 summarizes the parameters of this test case. 

Fluid domain 

 

Acoustic 

boundary 

condition 

Adiabatic, slip wall 

Acoustic 

boundary 

condition 
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Table 4.5:  Parameters of one-dimensional traveling wave propagation test case and 

their value. 

Parameter Variable and value 

Length of the domain 𝐿 = 5m ≈
λ

2
 

Elements in wave propagation direction 𝑛𝑥 = 200 

Elements orthogonal to wave propagation 𝑛𝑦 = 4 

Frequency 𝑓 = 100Hz 

Time step size Δ𝑡 = 2 ∙ 10−5s 

Total time 𝑡 = 0.2s = 20 ∙ 𝑇 

Pressure amplitude  𝑝1 = 100; 10000Pa 
 

 
 

4.2.2 Results 

In this chapter the results for one-dimensional wave propagation direction are pre-

sented. The influence of the numerical parameters on the wave propagation is investigat-

ed. First, the effect of the interpolation scheme is shown in Chapter 4.2.2.1. Then, the 

spatial discretization schemes are treated together in Chapter 4.2.2.2. For all simulations 

the following parameters are chosen unless otherwise stated: 

Table 4.6:  Initial numerical parameters of the test cases presented in this chapter. 

Option Scheme 

Pressure interpolation scheme Body Force Weighted 

Density interpolation scheme Second order 

Convective terms in momentum equation Second order upwind 

Convective terms in energy equation Second order upwind 
 

 
 

4.2.2.1 Interpolation scheme 

As ANSYS Fluent performs the calculations with a staggered grid, the pressure and 

density have to be interpolated from the cell center to the cell face. The pressure interpo-

lation scheme has a larger effect on the solution, for this reason it will be discussed in 

more details. Five options are available in Fluent [39] and are summarized in Table 4.7. 

To check the influence of this parameter, five simulations of the test case described in 
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Chapter 4.2.1 are performed only varying the pressure discretization scheme. The results 

are compared by means of the reflection coefficient at the non-reflecting outlet boundary 

condition, the drifting of the pressure over time and the damping of the pressure ampli-

tude over the length of the domain. 

Table 4.7:  Pressure interpolation schemes [39]. 

Scheme  Explanation 

Standard 
Interpolates the pressure values at the faces using momen-

tum equation coefficients 

PRESTO! 

Uses the discrete continuity balance for a "staggered'' con-

trol volume about the face to compute the "staggered'' face 

pressure 

Linear 
Computes the face pressure as the average of the pressure 

values in the adjacent cells 

Second order 
Reconstructs the face pressure in the manner used for sec-

ond-order accurate convection terms 

Body Force 

Weighted 

Computes the face pressure by assuming that the normal 

gradient of the difference between pressure and body forc-

es is constant 
 

 
 

First, the one-dimensional wave propagation boundary condition (see Chapter 3.2.1.1) 

is investigated at a pressure amplitude of 𝑝1 = 100Pa. The results are summarized in 

Table 4.8.  

Looking at the absolute value of the reflection coefficient, it can be concluded that the 

non-reflecting boundary condition is performing well. The reflection stays below 3%, 

independently of the chosen pressure interpolation schemes, but the interpolation 

schemes Standard and PRESTO! show a higher drifting of the pressure and also a higher 

damping than the other schemes. This leads to a time averaged flow, which could influ-

ence heat transfer in later simulations by introducing unwanted convection. 

The same simulations are conducted for the general plane wave propagation boundary 

condition and are summarized in Table 4.9. Again, the reflection coefficient stays below 

3%, which is satisfactory, but the interpolation schemes Standard, PRESTO! and espe-

cially Second order show a considerable drifting of the pressure over time. As this un-

wanted convection could alter future results, the Standard, PRESTO! and Second order 

schemes have to be avoided.  
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Table 4.8:  Results of the one-dimensional wave propagation test case with a pressure 

amplitude of 𝑝1 = 100Pa, using the one-dimensional wave propagation 

boundary condition at both extremities. The reflection, pressure drift and 

damping are given for the different pressure interpolation schemes. 

 

Reflection 

(abs) 

Drifting 

(Pa/s) 

Damping 

(Pa/m) 

Standard 2,5% 5,14 -0,0077 

PRESTO! 2,5% 5,12 -0,0079 

Linear 2,5% -0,0002 0,0002 

Second order 1,8% 0,49 -0,0002 

Body Force 

Weighted 
2,5% -0,01 0,0003 

 

 
 

Table 4.9:  Results of the one-dimensional wave propagation test case with a pressure 

amplitude of 𝑝1 = 100Pa, using the general plane wave propagation 

boundary condition at both extremities. The reflection, pressure drift and 

damping are given for the different pressure interpolation schemes. 

 

Reflection 

(abs) 

Drifting 

(Pa/s) 

Damping 

(Pa/m) 

Standard 2,5% 2,67 0,0004 

PRESTO! 2,5% 2,20 0,0002 

Linear 2,5% -0,07 0,0002 

Second order 2,7% -47,41 0,0453 

Body Force 

Weighted 
2,5% -0,03 0,0002 

 

 
 

Comparing both boundary conditions shows that the boundary condition for general 

plane wave propagation is much more sensible for the choice of numerical parameters as 

it leads to a very large amount of drifting for some schemes. This can be explained by the 

fact that this boundary condition accumulates errors with time, which leads to drifting. 

Even though the results obtained using this boundary are not encouraging, a deeper look 

at this boundary is undertaken, as some cases like pipe flow, can only be simulated with 

the general plane wave boundary condition. As it demands the most attention, results in 

the following are only presented for this boundary condition. 

If the pressure amplitude is increased to 𝑝1 = 10000Pa, the difference between the 

pressure interpolation schemes becomes larger. The results are summarized in Table 4.10. 
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Choosing for the Second order scheme leads to a higher reflection at the boundary as 

well as large pressure drifting over time compared to the other schemes . The Body Force 

Weighted scheme performs best with a reflection coefficient of 2.1% and the lowest drift-

ing. The same can be observed for the one-dimensional wave propagation boundary con-

dition (not shown here). For this reason all further simulations will be performed with the 

Body Force Weighted scheme for pressure interpolation.  

Table 4.10:  Results of the one-dimensional wave propagation test case with a pressure 

amplitude of 𝑝1 = 10000Pa, using the general plane wave propagation 

boundary condition at both extremities. The reflection, pressure drift and 

damping are given for the different pressure interpolation schemes. 

 

Reflection 

(abs) 

Drifting 

(Pa/s) 

Damping 

(Pa/m) 

Standard 2,0% -2296,84 8,2 

PRESTO! 1,8% -770,59 15,3 

Linear 2,1% -441,16 3,1 

Second order 6,1% -70783,67 79,5 

Body Force 

Weighted 
2,1% -65,45 2,7 

 

 
 

The influence of the density interpolation scheme on the results is less severe com-

pared to the pressure interpolation scheme. The effect of the density interpolation scheme 

on the reflection coefficient and damping inside the domain is negligible. However, the 

interpolation scheme Second Order Upwind performs best with regard to the drifting. For 

this reason it is chosen for all following simulations. 

To conclude, due to numerical drifting of the pressure in time occurring for some 

schemes, the interpolation scheme has to be selected carefully. It is shown that choosing 

the Body Force Weighted scheme for pressure interpolation and the Second Order Up-

wind scheme for the density interpolation leads to reasonable results. 

4.2.2.2 Spatial discretization schemes 

Next to the interpolation schemes presented in the previous chapter ANSYS Fluent al-

lows the selection of different schemes for the first order derivatives and the discretiza-

tion of the convection terms in the momentum and energy equation. Diffusion terms are 

set to second order accurate centered difference [62]. 

As shown in the previous chapter, the differences between the numerical parameters 

are biggest when the general plane wave boundary condition is selected with a wave of 

pressure amplitude of 𝑝1 = 10000Pa. Therefore, the discussion in the following is re-

stricted to this case, which is most demanding.  
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The results of the different simulations varying the spatial discretization scheme are 

summarized in Table 4.11. The choice does not have any influence on the reflection coef-

ficient and the damping of the wave within the length of the domain stays below 3 Pa/m. 

On the other hand, the drifting is highly dependent on the choice of the scheme. The 

Green-Gauss Node-Based scheme leads to an unacceptable drifting, while the Least 

Squares Cell-based scheme gives the best results. Thus, the scheme for spatial discretiza-

tion is not changed from the standard value of ANSYS Fluent, the Least Squares Cell-

based scheme [62]. 

Table 4.11:  Results of the one-dimensional wave propagation test case with a pressure 

amplitude of 𝑝1 = 10000Pa, using the general plane wave propagation 

boundary condition at both extremities. The reflection, pressure drift and 

damping are given for the different spatial discretization schemes. 

 
Reflection 

(abs) 

Drifting 

(Pa/s) 

Mean damping 

(Pa/m) 

Least Squares Cell-based 2,1% -65,45 2,7 

Green-Gauss Cell-Based 2,1% -660,15 3,4 

Green-Gauss Node-Based 2,1% 2128,40 -0,4 
 

 
 

In the next step the discretization scheme of the convective terms in the momentum 

and the energy equation will be compared. As the available schemes are the same and the 

results are comparable, both results are discussed together. The First Order Upwind 

scheme leads to a high drift in pressure. This is possibly caused by the high amount of 

numerical diffusion introduced with this scheme [72], which cloud lead to errors in the 

evaluation of the boundary condition which add up. The Second Order Upwind scheme 

reduces numerical diffusion, which is believed to be the reason for the smaller numerical 

drifting observed using this scheme. This parameter is chosen for the further simulations, 

as the results with this scheme present the smallest amount of drifting. 

In the previous two sections the best schemes for the simulation of plane wave propa-

gation could be derived by looking at the reflection coefficient, the drifting of the pres-

sure over time and the damping over the length of the domain. The best parameters are 

summarized in Table 4.6. 

4.2.2.3 Influence of the wave propagation 

The drifting of the pressure with time observed in the simulation was investigated in 

the previous section with respect to the numerical parameters. An incorrect wave propa-

gation model used to extrapolate the pressure from the monitor point to the boundary 

could also lead to errors and thus to a pressure drift with time. For this reason five differ-
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ent wave propagation models are compared in this chapter. The underlying assumptions 

and the model equations are summarized in Table 4.12. 

Table 4.12:  Wave propagation models with their underlying idea and model equation. 

Model idea Model equation 

Wave propagates with the unperturbed speed of 

sound 
𝑐 = 𝑐0 = √𝛾𝑅𝑠𝑇0 

Wave propagation speed depends on temperature 𝑐 = 𝑐1 = √𝛾𝑅𝑠𝑇 

Wave propagation speed dependents on convec-

tive effects (sign depending on whether the wave 

is traveling forward or backward) 

𝑐 = 𝑐0 ± 𝑢 

Wave propagation speed depends on temperature 

and convective effects 
𝑐 = 𝑐1 ± 𝑢 

Wave propagation model for nonlinear wave 

propagation from [73], where 𝛽 is the coefficient 

of nonlinearity  

𝑐 = 𝑐0 + 𝛽𝑢 

 

 
 

The results of this investigation are summarized in Table 4.13 for a wave with a high 

pressure amplitude of 𝑝1 = 10000Pa. At this amplitude nonlinear effects can occur [50]. 

It can be seen that the reflection coefficient is slightly reduced when the model accounts 

for convection and the temperature dependency. This shows, that incorporating the non-

linear effects leads to a more accurately predicting of the wave propagation between the 

monitor point and the boundary. However, while the reflection coefficient decreases only 

slightly, the drifting increases in a larger amount. This cannot be easily explained. 

Poinsot and Lele [74] also faced pressure drifting over time with their non-reflecting 

boundary condition. They explain it with the fact that the better the non-reflecting bound-

ary condition works, the less information from the far field can enter the domain. This 

leads to a lack of information for the mean pressure and it drifts away. Indeed, looking at 

all simulations that were performed, those simulations with a smaller reflection coeffi-

cient show a higher pressure drift compared to simulations with higher reflection coeffi-

cient. This means that the drifting could have two causes, first the accumulation of nu-

merical errors and second that no information about the far field can enter the domain to 

restore the mean value. Because of the results described above, the wave propagation 
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speed will be set to the unperturbed speed of sound, which simplifies the non-reflecting 

boundary condition, because the monitor points stay constant location. 

Table 4.13:  Results of one-dimensional wave propagation with general plane wave 

propagation boundary condition using wave propagation models. Pressure 

amplitude 𝑝1 = 10000Pa. 

Wave propagation 

speed 

Reflection 

(abs) 

Drifting 

(Pa/s) 

Mean damping 

(Pa/m) 

c = c0 2,1% -65 2,7 

c = c1 2,0% -453 2,7 

c = c0 + u 2,0% -1381 2,6 

c = c1 + u 1,9% -1787 2,7 

c = c0 + βu 1,9% -1853 2,6 
 

 
 

Next to the wave propagation, the plane wave averaging (see Chapter 3.2.1.3.3) was 

also investigated, but no noticeable effect could be seen. Plane wave averaging can be 

used for meshes with a lot of elements in the direction orthogonal to the wave propaga-

tion direction to reduce the amount of memory used, as only the averaged value of the 

pressure at every time step is stored. Furthermore, averaging has the advantage that no 

numerical oscillations on the boundary itself can occur, which makes the simulations 

more stable, especially when non acoustic flow structures impinge on the boundary, such 

as vortices. 

4.3 One-dimensional impedance boundary condition 
In this chapter the impedance boundary conditions are investigated in the case of one-

dimensional wave propagation. Just as with the non-reflecting boundary condition, two 

boundaries can be differentiated. The first boundary condition, that assumes one-

dimensional wave propagation and the second more general one that assumes general 

plane wave propagation. Both can be applied to the one-dimensional model presented in 

Chapter 4.3.1. The results are given in Chapter 4.3.2. 

4.3.1 One-dimensional standing wave resonator model 

This test case is meant to validate the impedance boundary condition. A wave enters 

the domain, travels through it and gets reflected at the end wall at 𝐿 = 5m. The reflected 

wave travels back to where it entered the domain and exits there without reflection. A 

standing wave builds up. A preliminary simulation with the whole domain is done as 

reference. From this reference case, the impedance at the center of the tube is evaluated. 

This allows a reduction of the computational domain to half of the resonator, by imposing 
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an impedance boundary-condition at the right side of the reduced domain. Comparing 

both simulations allows for a quantification of the performance of the impedance bounda-

ry condition. In the ideal case, both simulations should overlay each other. 

Figure 4.7 summarizes the boundary conditions for the reference case. The physical 

and numerical parameters are chosen to be the same as in the previous chapter (see Ta-

ble 4.5) for the whole resonator. In the case of the half resonator only 100 elements are 

taken in the axial direction to have a comparable element size to the reference case. 

 
Figure 4.7:  Boundary conditions for the one-dimensional wave propagation test case.  

4.3.2 Results 

In this chapter the impedance boundary conditions are tested. The model consists of a 

one-dimensional resonator as was described in Chapter 4.3.1. For both impedance bound-

ary conditions two simulations are performed. The first simulation models the entire 

resonator with the reflecting wall (no-slip) at the end and is referenced as “Reference 

case”. It does not use an impedance boundary condition. The second simulation models 

only the first half of the resonator, the second half is modeled by the impedance boundary 

condition. Both results are compared with the analytical solution. Comparing both results 

with the analytical solution allows the isolation of the additional errors introduced by the 

impedance boundary condition only. The pressure and the velocity are monitored at a 

point one meter from the inlet in all simulations. The deviation of the simulation results 

from the analytical solution are compared and shown in Figure 4.8 and Figure 4.9. 

It can be seen that there is a good agreement of the simulation results with the analyti-

cal solution. In all cases the deviation is smaller than 3%. The deviations from the analyt-

ical model do not increase compared to the "Reference case" when using an impedance 

boundary condition. It can be concluded that the impedance boundary condition does not 

add additional errors. Comparing both impedance boundary conditions shows that the 

deviation for the general plane wave non-reflecting boundary conditions are larger as 

drifting occurs. This is true for both domains, the full one and the reduced one. For this 

reason the one-dimensional plane wave boundary condition should be used were possible. 

Nevertheless, the general plane wave impedance boundary condition performs well, as 

errors stay smaller than 3%. It can thus be concluded that both impedance boundary con-

ditions are correctly implemented and work well.  
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Figure 4.8:  Normalized deviation of the velocity from the analytical solution over time 

at a monitor point one meter from the inlet of the resonator for the two im-

pedance boundary conditions and their reference cases. 

 
Figure 4.9:  Normalized deviation of the pressure from the analytical solution over time 

at monitor point one meter from the inlet of the resonator for the two im-

pedance boundary conditions and their reference cases. 

4.4 Two-dimensional impedance boundary condition 
The general plane wave impedance boundary condition is investigated in this chapter 

in the case of two-dimensional wave propagation. In this case the velocity has a two-

dimensional character, for example due to a nearby boundary layer. But the pressure is 

constant orthogonal to the wave propagation direction. The model is presented in Chapter 

4.4.1 and the results summarized in Chapter 4.4.2. 
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4.4.1 Two-dimensional wave propagation model 

In this chapter the general plane wave impedance boundary condition, as defined in 

Chapter 3.2.1.2, is applied to two-dimensional wave propagation in a small cylindrical 

channel. The working gas is helium (Appendix E). The channel has a length of 𝐿 = 5m 

which is divided into 500 elements and a radius of 𝑅 = 0.01m, discretized with 19 ele-

ments growing from the wall at a growth rate of 𝑞 = 1.2. The shear wave number charac-

terizing the model is 𝑠 = 22.6. The wall is assumed to be isothermal and no-slip. In the 

first test case the purely non-reflecting boundary condition is tested. The wave enters the 

domain at the left and leaves it on the right side. In a second test case, the impedance 

boundary condition is tested by introducing a wave on both sides with different amplitude 

and phasing. The boundary conditions are summarized in Figure 4.10 and the parameters 

for both simulations in Table 4.14. 

Table 4.14:  Parameters of two-dimensional test cases and their values. 

Parameter Variable and value 

Length of the domain 𝐿 = 5m ≈
λ

2
 

Elements in wave propagation direction 𝑛𝑥 = 500 

Elements orthogonal to wave propagation 𝑛𝑦 = 19 

Growth rate in radial direction 𝑞 = 1.2 

Frequency 𝑓 = 100Hz 

Time step size Δ𝑡 = 2 ⋅ 10−5 s 

Total time 𝑡 = 0.2s = 20 ∙ 𝑇 

Pressure amplitude  𝑝1 = 100Pa 
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Figure 4.10:  Boundary conditions for the two-dimensional wave propagation test case.  

4.4.2 Results 

In this chapter two-dimensional wave propagation is investigated, thus only the gen-

eral plane wave, non-reflecting boundary condition can be applied. In the first simulation 

the wave is entering at the left side and exiting at the right through a non-reflecting 

boundary condition. The results are compared with the low reduced frequency model of a 

cylindrical tube presented in Chapter 2.3.2.  

First the time dependent behavior is investigated. The pressure and the axial velocity 

are monitored at the center of the tube (𝑅 = 0) and at one half of the total length (𝑥 =

𝐿/2). The deviation of the simulation results from the low reduced frequency model are 

normalized with the amplitude and shown in Figure 4.11 and Figure 4.12. While the 

pressure deviation is smaller than 3%, the velocity deviation starts with a higher deviation 

of up to 10%, but with time it converges to be within 2%.  

 
Figure 4.11:  Normalized pressure deviation of the simulation from the low reduced 

frequency model at a monitor point at the center of tube (𝑥 = 𝐿/2; 𝑅 = 0) 

over time.  
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Figure 4.12:  Normalized velocity deviation of the simulation from the low reduced 

frequency model at a monitor point at the center of tube (𝑥 = 𝐿/2; 𝑅 = 0) 

over time.  

In the following, the radial distribution of the different flow variables is shown at four 

time instances. The pressure, density and temperature are nearly overlaying the solution 

of the low reduced frequency model. To illustrate the level of agreement, Figure 4.13 

shows the density over the radius at four instances. While the pressure, density and tem-

perature show a very close agreement with the low reduced frequency model, the axial 

(Figure 4.14) and radial velocity (Figure 4.15) deviate slightly. The results of the axial 

velocity are in agreement with the results shown in Figure 4.12. The agreement becomes 

better with increasing simulation time. While the profile of the axial velocity is qualita-

tively correct, the radial profile shows a non-zero velocity value for 𝑅 = 0, which should 

not be the case due to the symmetry axis at this location. This could be numerical inaccu-

racy due to the large aspect ratio of the cells and the fact that the radial velocity is more 

than three orders of magnitude smaller than the axial velocity. However, future investiga-

tions are focusing mainly on momentum and heat transfer at the wall. For these investiga-

tions, the profiles at the wall are determining. As the results are closely matching at the 

wall, we can conclude that the method is appropriate. 

In a second test case a second wave is additionally imposed at the right side of the 

domain. This models an impedance boundary condition. The results show the same be-

havior as compared to the case where a wave is only entering at the left. 

To conclude, in this chapter it is shown that CFD is capable of modeling acoustic 

phenomena by comparing the simulations with analytical solutions. It is shown which 

parameters lead to good results concerning the discretization of a boundary layer and the 

propagation of a wave. Furthermore, it is shown that the implemented boundary condi-

tions are able to reduce the computational domain such that components of thermoacous-

tic devices can be investigated in more detail. The aforementioned validation is used in 

the following chapter to investigate components of different size within a thermoacoustic 

device. 
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Figure 4.13:  Density over the radius at four instances of a period, separated by a quarter 

period each. Black lines gray crosses represent the analytical solution and 

the numerical solution respectively. 

 
Figure 4.14:  Axial velocity over the radius at four instances of a period, separated by a 

quarter period each. Black lines gray crosses represent the analytical solu-

tion and the numerical solution respectively. 

 
Figure 4.15:  Radial velocity over the radius at four instances of a period, separated by a 

quarter period each. Black lines gray crosses represent the analytical solu-

tion and the numerical solution respectively. 
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4.5 Ideal heat exchanger boundary condition  
The ideal heat exchanger boundary condition is investigated in this chapter. An ideal 

heat exchanger is defined by an infinitely large heat transfer coefficient and no viscous 

effects inside the heat exchanger. For this reason the ideal heat exchanger boundary con-

dition only differs compared to the previously presented boundary condition, in the tem-

perature imposed while the flow is entering the domain. The temperature is not calculated 

from the pressure assuming an adiabatic process, but is set constant to the temperature of 

the modeled heat exchanger. With this boundary condition it is possible to investigate, for 

example, a thermal buffer tube on its own without fully modeling the heat exchangers 

(see Chapter 5.1).  

The validation of the boundary condition is done by comparing the mean temperature 

in the vicinity of the heat exchanger with an analytical solution developed for predicting 

the mean temperature in a thermal buffer tube. The analytical solution and the CFD mod-

el are presented in Chapter 4.5.1. The results are given in Chapter 4.5.2.  

4.5.1 Ideal heat exchanger models 

In order to validate the ideal heat exchanger boundary condition two models are com-

pared. First in Chapter 4.5.1.1 an analytical solution for the mean temperature close to an 

ideal heat exchanger is given, while the CFD model is presented in the subsequent chap-

ter.  

4.5.1.1 Analytical solution 

An analytical solution is used to validate the ideal heat exchanger boundary condition. 

The mean temperature is selected as a benchmark quantity as it is the result of a com-

bined interaction of the acoustic flow field with the ideal heat exchanger. This change in 

mean temperature profile was experimentally reported by Storch et al. [75]. The mean 

temperature profile does not follow the linear thermoacoustic theory derived by Rott [1] 

and reviewed by Swift [6]. This is due to the violation of the assumption that the dis-

placement amplitude 𝜉1 is much smaller than all other relevant dimensions in the wave 

propagation direction. However, in common thermoacoustic refrigerators the length of 

the heat exchanger is comparable with the displacement amplitude 𝜉1 [6]. In this case the 

convective effects (𝑢 ∙ ∇) 𝑇 at the entrance of the heat exchangers are not negligible as 

they lead to a change in mean temperature, which can be on the order of the adiabatic 

temperature oscillation. This change in mean temperature is used to validate the boundary 

condition. A simple explanation of this phenomenon can be found in Swift [6]. 

Analytical solutions were derived by Matveev et al. [76] and Gusev et al. [77] for 

simplified cases. The model used here is the model derived by Matveev et al. [76]. The 

main assumptions for the derivation are:  

- No viscous wall effects occur, one-dimensional acoustics. 
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- No heat conduction besides the temperature gradient imposed by the heat ex-

changers. 

- The pressure is spatially constant. 

For the validation of the ideal heat exchanger boundary condition a pure traveling 

wave is investigated. Furthermore, only one heat exchanger is investigated, so there is no 

temperature gradient. In this case the analytical solution for the mean temperature can be 

written as [78]: 

Δ𝑇0(𝑥) = −
2

𝜋
 (1 − (

𝑥

2𝜉1
)

𝜋
2
)
𝛾 − 1

𝛾

𝑝1
𝑝0

 𝑇0  (4.2) 

4.5.1.2 CFD model 

The test case to validate the ideal heat exchanger boundary condition consists of an 

ideal heat exchanger with an adjacent open area. The model and the boundary conditions 

are presented in Figure 4.16. The heat exchanger at the left of the domain is modeled with 

the ideal heat exchanger boundary condition. The boundary condition imposes the pres-

sure such that a traveling wave is introduced at the left of the domain with a pressure 

amplitude of 𝑝1 = 100Pa. The temperature of the incoming fluid is set to the heat ex-

changer temperature 𝑇 = 300K. The wave introduced at the left of the domain travels 

through the computational domain and exits at the right, through a non-reflecting bounda-

ry condition (see Chapter 4.2). The horizontal boundary conditions are set to be periodic. 

The total domain is five displacement amplitudes 𝜉1 long and 0.04 displacement ampli-

tudes 𝜉1 high. The domain is discretized by 100 elements per displacement amplitude in 

both spatial directions.  

 
Figure 4.16:  Boundary conditions of the ideal heat exchanger validation model. 

The working fluid is helium at a mean pressure of 𝑝0 = 1atm and at a temperature of 

𝑇0 = 300K (see Chapter E). The introduced wave has a frequency of 𝑓 = 100Hz. In total 

five periods are simulated and the mean temperature is calculated by averaging the last 

period.  

4.5.2 Results 

The mean temperature profiles versus the dimensionless 𝑥-coordinate for two simula-

tions are plotted in Figure 4.17. The green line shows the mean temperature profile with 

zero heat conductivity. In this case the effect of the ideal heat exchanger only extends two 
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displacement amplitudes 𝜉1 away from the heat exchanger. The blue dotted line shows 

the mean temperature assuming a heat conductivity of k= 0.152W mK⁄  corresponding to 

helium (see Chapter E). When heat conduction is taken into account in the simulation, the 

minimum temperature is smoothed out. A clear minimum in the mean temperature can be 

seen within one displacement amplitude of the ideal heat exchanger. Heat is conducted 

into the rest of the domain and the mean temperature profile is influenced beyond two 

displacements amplitudes 𝜉1 away from the heat exchanger. The figure also indicates that 

additional thermal losses are introduced due to the conduction over the right boundary, 

which was also described by Storch et al. [75]. 

The black dashed line in Figure 4.17 shows the analytical solution given in Equation 

(4.2). The analytical solution overlays the green line as in both cases no heat conduction 

is assumed. It can be concluded that the applied boundary condition is correctly imple-

mented and that the boundary can model an ideal heat exchanger. 

 
Figure 4.17:  Deviation of the mean temperature normalized with the adiabatic tempera-

ture amplitude and plotted over the dimensionless 𝑥-coordinate. 

4.6 Calculation of thermoacoustic functions2F

1 
In this chapter the method for the calculation of the thermoacoustic functions is vali-

dated by investigating a well-known geometry: the circular pore. The model consists of a 

circular pore with an entrance length on both sides of it such that the wave propagation is 

adiabatic at the boundaries of the computational domain. The pressure and the velocity 

are recorded at both extremities of the domain such that the thermoacoustic functions can 

be calculated following the procedure given in Chapter 2.2.4.3.2.  

In Chapter 4.6.1 the cylindrical pore model is defined and the results are discussed in 

Chapter 4.6.2. 

                                                           
1 This chapter is published in Bühler et al.; Calculation of thermoacoustic functions 

with computational fluid dynamics, Proceedings of Meetings on Acoustics, 2013, Vol. 19  
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4.6.1 Cylindrical pore model 

The model consists of a circular pore surrounded by an adiabatic space. The wave en-

ters the domain at the left side through a non-reflecting boundary condition, interacts at 

the center of the domain with the cylindrical pore and exits the domain at the right side 

through another non-reflecting boundary condition. The wall of the pore is set to no-slip 

and isothermal with a wall temperature of 𝑇𝑤𝑎𝑙𝑙 = 300K. The inlet and outlet length are 

modeled as an adiabatic duct, with adiabatic slip radial boundary conditions. The bounda-

ry conditions of the model are summarized in Figure 4.18. 

The pressure and the velocity are recorded two displacement amplitudes away from 

the axial boundary conditions in order to avoid numeric effects of the non-reflecting 

boundary condition on the calculation of the thermoacoustic functions. Using the surface 

averaged values of the pressure and the velocity the thermoacoustic functions can be 

calculated following the procedure given in Chapter 2.2.4.3.2.  

 
Figure 4.18: Definition of the boundary conditions of the cylindrical pore model. 

Four circular pores of radius 𝑅 = 2 ∙ 𝛿𝜈 and different lengths, as defined in Ta-

ble 4.15, are numerically investigated. The distance between the point where the data is 

extracted and the cylindrical pore is 𝐿𝑎 = 10 ∙ 𝛿𝜈. This allows the modeling of the adia-

batic wave propagation outside of the pore and the pore end effects.  

Table 4.15:  Pore length 𝐿 for the different numerical experiments.  
 

 Pore length 

Experiment 1 10 ∙ 𝛿𝜈 

Experiment 2 20 ∙ 𝛿𝜈 

Experiment 3 30 ∙ 𝛿𝜈 

Experiment 4 100 ∙ 𝛿𝜈 

 
 

The acoustic wave entering the domain at the left has a frequency of 𝑓 = 100Hz and 

an amplitude of 𝑝1 = 100Pa. The low pressure amplitude is selected as this is a valida-
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tion case and the assumptions made in order to derive the analytical solution are fulfilled 

for low amplitudes. Furthermore, this allows reduces the computational domain as the 

particle displacement is small. In the present case, the particle displacement amplitude is 

on the order of the magnitude of the penetration depth.  

No turbulence model is applied as according to Olson and Swift [8], the flow field is 

laminar for a dimensionless radius of 𝑅/𝛿𝜈  = 2 and a Reynolds number of 𝑅𝑒 ≈ 12. 

At 𝑡 = 0 the domain is initialized with zero velocity, zero relative pressure and a tem-

perature 𝑇0 = 300K. In total, two periods are simulated leading to a total simulation time 

of 𝑡 = 0.02s. The first period is necessary for the transient effects to build up, while the 

second is only used for post-processing. 

 

The full time dependent compressible Navier Stokes equations are solved with the op-

timal numerical options derived in Chapter 4.2 and summarized in Table 4.6. As gradi-

ents are much higher in the radial direction than in the axial direction, a rectangular mesh 

is chosen. This allows for a much finer grid in the radial direction compared to the axial 

direction. The mesh in the axial direction is uniform with three elements per viscous 

penetration depth, corresponding to 49000 elements per wavelength. The mesh in radial 

direction consists of 25 elements growing geometrically by a factor of 𝑞 = 1.2 from the 

wall to the symmetry boundary. The time step size is limited by the non-reflecting 

boundary condition and the discretization in axial direction. According to these limita-

tions the time step size is set to Δ𝑡 = 5 ∙ 10−7s, which corresponds to 20000 time steps 

per period. Pressure and velocity are exported every 40 time steps to obtain 500 meas-

urement points per wave period. 

4.6.2 Results 

In a preliminary study the wall of the cylindrical pore is set to adiabatic slip. The re-

sulting characteristic impedance 𝑍𝑎 and wave number 𝑘𝑎 can be estimated from the simu-

lation using the procedure of Udea et. al. described in Chapter 2.2.4.3.2. as follows:  

𝑍𝑎 = (166.7 + 0.0674 𝑖)
kg

m2s
 (4.3) 

𝑘𝑎 = (0.6145 + 5.64 ∙ 10−5 𝑖)
1

m
 (4.4) 

This corresponds to adiabatic wave propagation and can be compared to the analytical 

values. The deviation between both is less than 1%.  

From the characteristic impedance 𝑍𝑎 and wave number 𝑘𝑎 the corresponding ther-

moacoustic functions can be computed: 

𝑓𝜅 = −1.38 ∙ 10−2 − 4.64 ∙ 10−4 𝑖 (4.5) 

𝑓𝜈 = 2.69 ∙ 10−3 + 4.95 ∙ 10−4 𝑖 (4.6) 

The theoretical thermoacoustic functions for adiabatic wave propagation are zero. 

Knowing that the thermoacoustic functions range between zero and one, it can be con-



   4 Validation for thermoacoustic simulations 69 

 

 

cluded that the simulations have good agreement with the analytical value. The largest 

deviations occur in the real part of the thermal thermoacoustic function. Using the nota-

tion used in Swift [6], this deviation can be interpreted as an underestimation of the com-

pliance 𝑐 in the simulations: 

𝑐 =
𝐴

𝛾𝑝0
(1 + (𝛾 − 1)𝑅𝑒(𝑓𝜅) ) (4.7) 

 

The wave propagation characteristics obtained from the preliminary study are used in 

the following to model the adiabatic wave propagation in the method of Udea et. al. This 

allows an estimation of the thermoacoustic functions of the cylindrical pore to be made. 

The values obtained from the simulations are summarized in Table 4.16 and compared to 

the analytical values calculated from Equation (B.4): 

𝑓𝜈 = 0.537 − 0.369𝑖 (4.8) 

𝑓𝜅 = 0.678 − 0.373𝑖 (4.9) 

The results for the viscous thermoacoustic function match the analytical solution to 

5%, while the results for the thermal thermoacoustic function match to 30%. In both 

cases the results become continuously better with increasing pore length, 𝐿. The differ-

ence between the simulation and the analytical solution can be explained by the pore end 

effects. The method from Udea et al. provides averaged values of the viscous and thermal 

effects over the whole length of the pore. Assuming that the same pore end effects occur 

in all experiments, they will become of larger influence for shorter pores. A very long 

pore should converge to the analytical solution, as the analytical solution holds for an 

infinite pore. 

Table 4.16: Computed values of viscous and thermal thermoacoustic functions, separated in 

real and imaginary part, compared with the analytical solution (Equation (4.8) and 

(4.9)) for the four different lengths. 

 𝒇𝝂 Deviation 𝒇𝜿 Deviation 

Re Im Re Im Re Im Re Im 

Exp. 1 0,5629 -0,3748 4,9% 1,5% 0,6179 -0,4806 -8,9% 28,9% 

Exp. 2 0,5493 -0,3708 2,3% 0,4% 0,6356 -0,4279 -6,3% 14,8% 

Exp. 3 0,5447 -0,3697 1,5% 0,1% 0,6442 -0,4097 -5,0% 9,9% 

Exp. 4 0,5381 -0,3678 0,3% -0,4% 0,6532 -0,3855 -3,7% 3,4% 
 

 
 

The end effects can be eliminated with the end correction method, as long as the pore 

end effects are independent of the pore length. This is now verified. Figure 4.19 a) shows 

the axial velocity normalized with the velocity amplitude at 𝑟 = 0, over the 𝑥 axis, in the 
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vicinity of the left pore end. The axial velocities of all four experiments are plotted at 

four moments in time, separated by a quarter period each. The gray and white area repre-

sent the pore and the open space, respectively. The profiles lay closely over each other 

showing that the same pore end effects occur independent of the total length of the pore. 

The end correction method can thus be applied to obtain the viscous thermoacoustic func-

tion of the inner part.  

The same reasoning can be applied to the temperature profile. Figure 4.19 b) shows 

the temperature changes normalized with the adiabatic temperature amplitude at a radial 

coordinate of 𝑟 = 0, over the 𝑥 axis, in the vicinity of the left pore end. Again, the tem-

perature oscillations of all four experiments are plotted at four moments, separated by a 

quarter period each. As was the case for the axial velocity, the profiles nearly lay over 

each other. The only small deviation occurs in the temperature profile of Experiment 1 

(𝐿 = 10 ∙ 𝛿𝜈) at 𝑥 𝛿𝜈⁄ = 14…15, which is the center of this pore. In this case the pore is 

too short and the end effects fill the entire pore. For the other lengths the profiles are the 

same. It can thus be concluded that the end correction method can be applied to obtain 

the thermoacoustic functions of the inner part of the pore.  

 

 
 a)   b)  

 

Figure 4.19:  a) Axial velocity normalized with the velocity amplitude b) Temperature 

changes normalized with the adiabatic temperature amplitude at the left of 

the domain at 𝑟 = 0, over the 𝑥 axis, in the vicinity of the left pore end at 

four different moments, separated by a quarter period each. The four differ-

ent pore lengths are shown with a lighter line color indicating a longer 

pore. The gray and white area represent the pore and the open space do-

main respectively. 

Furthermore, Figure 4.19 a) and Figure 4.19 b) show that the domain of the pore in 

which the pore end effects occur, is larger for the thermal effects (~5𝛿𝜈) than for the 

viscous effects (~2𝛿𝜈). This is due to the heat pumping effect that occurs at the extremity 

of the pore, which is investigated in more details in Chapter 5.4. This effect can explain 

why in Table 4.16 the differences with the analytical solution are larger for the thermal 

thermoacoustic function compared to the viscous thermoacoustic function. 

5 10 15
-2

-1

0

1

2

x/


u
/u

1

5 10 15

-1

0

1

x/


T
/T

1



   4 Validation for thermoacoustic simulations 71 

 

 

In the next step, the end correction method is applied to two simulations with different 

lengths. This allows subtracting the effects at the extremities of the pore by comparing 

the two simulations. The two shortest pores, Experiment 1 and 2, are chosen as they are 

the most limiting for the end correction method. The thermoacoustic functions of the 

"inner" part of the pore, which are not affected by end effects, are calculated. These two 

values are then compared with the analytical solutions. The results are summarized in 

Table 4.17. With this method the difference with the analytical solution can be reduced to 

less than one percent except for the real part of the thermal thermoacoustic function. The 

end correction can reduce the deviation of the real part of the thermoacoustic function 

with the analytical solution, but the deviation still stays at a higher value of approximate-

ly 4%. Even if the end correction method is applied to different combinations of the four 

experiments, the differences stay the same. It can thus be concluded, that this deviation is 

not caused by the pore length. Further, simulations with pores having a slip boundary 

instead of a no-slip wall boundary condition exclude viscosity driven streaming as a 

cause because the deviation occurs there as well. A reduction of the pressure amplitude to 

𝑝1 = 1Pa reduces the deviation to roughly 1.5%, possibly due to the reduced convection. 

Table 4.17:  Computed values of viscous and thermal thermoacoustic functions, separated in 

real and imaginary part, compared with the analytical solution (Equation (4.8) and 

(4.9)) for the first two experiments and the estimated value of a pore without end 

effects computed from the first two experiments. 

 𝒇𝝂 Deviation 𝒇𝜿 Deviation 

Re Im Re Im Re Im Re Im 

Exp. 1 0,5629 -0,3748 4,9% 1,5% 0,6179 -0,4806 -8,9% 28,9% 

Exp. 2 0,5493 -0,3708 2,3% 0,4% 0,6356 -0,4279 -6,3% 14,8% 

End 

corrected 
0,5355 -0,366 -0,2% -0,9% 0,6530 -0,3754 -3,7% 0,7% 

 

 
 

In this Chapter the experimental method of Udea et al. is validated for the CFD model 

of the cylindrical pore. The deviation between the analytical solution and the experiments 

are due to the end effects as was shown by subtracting them out of the results. After sub-

traction of the end effects, the deviations stay below 5%. It can be concluded that the 

method of Udea et al. predicts correctly the thermoacoustic functions of CFD simula-

tions. 
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5 Numerical experiments and results 

In the previous chapters the implemented boundary conditions were presented and 

validated against the low reduced frequency approximation. The necessary discretization 

and the best numerical parameters for the thermoacoustic simulations were derived. With 

these optimal numerical parameters known, components of a thermoacoustic device are 

studied in this chapter. The goal of the following four studies is to show that investigating 

geometric parameters of components detached from the rest of the thermoacoustic device 

is possible and can lead to a better understanding of the underlying flow phenomena, 

especially the non-linear effects cannot be neglected.  

The first investigated component is the thermal buffer tube. In Chapter 5.1 the stream-

ing patterns inside the thermal buffer tube are revealed and the resulting temperature 

profiles are given. The second investigated component is the U-bend that feeds back the 

acoustic wave in a traveling wave device. In the scope of reducing the size of the thermo-

acoustic devices, the bends gets increasingly sharp, introducing additional losses. In 

Chapter 5.2 the influence of the geometric parameters of the bend on the flow field are 

investigated. In the subsequent Chapter 5.3 an experimental method to calculate the 

thermoacoustic functions is applied to CFD. The method is applied to a reduced model of 

a stacked screen regenerator and the thermoacoustic functions are given for different 

geometries of the regenerator model. Finally, in Chapter 5.4 the non-linear entrance ef-

fects at a stacked screen regenerator are investigated. 

5.1 Thermal buffer tube 
In this chapter heat transfer is investigated using a CFD model in a large component 

of a traveling wave thermoacoustic engine: the thermal buffer tube. The goal of the ther-

mal buffer tube in a thermoacoustic engine is to provide thermal insulation between the 

hot heat exchanger and the secondary ambient heat exchanger while transmitting the 

acoustic power out of the hot zone [14]. Pulse tube refrigerators have a component with 

the same functions, which is called the pulse tube. Similar flow fields are to be expected 

in both, the thermal buffer tube and the pulse tube, as they only differ in sign of the tem-

perature gradient. In the present study a negative temperature gradient in wave propaga-

tion is investigated, corresponding to a thermal buffer tube.  

An important effect in the thermal buffer tube is steady convection that is induced by 

the acoustic oscillations. This phenomenon is called acoustic streaming and is an unwant-

ed effect as it can be an acoustic power loss mechanism and a way of wasteful convecting 

heat between the two heat exchangers [9]. The present study is meant to reveal these 

streaming patterns that are responsible for the thermal losses in a realistic thermal buffer 

tube and to show the effect on the temperature distribution inside the thermal buffer tube.  
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In the past years, models have been developed in order to describe the effects of 

streaming in the thermal buffer tube. The streaming induced by the interaction between 

the acoustic wave and a boundary was first modeled by Lord Rayleigh [79], who gave an 

analytical description in the case of a standing wave in a waveguide with a constant 

cross-section. Later, Rott [80] proposed a model for streaming in waveguides with con-

stant cross-section, subject to an axial temperature gradient. The derivation is done from 

the boundary layer limit assuming a standing wave phasing between pressure and veloci-

ty. In their works, Bailliet [81] and Hamillton [82] proposed analytical solutions that 

could remove the restriction to wide pores.  

Lee et al. [83] suggested that slightly tapering the thermal buffer tube would suppress 

streaming. To demonstrate this, Olson and Swift [84] conducted experiments and devel-

oped a model allowing for any wave phasing in a waveguide subject to a temperature 

gradient and with a variable cross-section. This model is used in this chapter in order to 

validate the simulations. A more general review on streaming can be found in Boluriaan 

et al. [85] and Gu et al. [86] which give a review on streaming in pulse tubes.  

In literature another approach applied to reveal the flow field inside the thermal buffer 

tube is CFD. The approaches can be split into two groups. The first consists of simula-

tions only modeling the thermal buffer tube. In these simulations the thermal buffer tube 

is modeled as a tube in which an acoustic oscillation is introduced on one side, while the 

other side of the tube is closed by a wall. He et al. [87] impose the pressure at the left side 

of the tube and give the streaming field for different taper angles in order to show that an 

optimal taper angle exists. Aktas et al. [88] impose the velocity at the left side of the tube 

and show that for smaller radii stable vortices occur while for larger radii the vortices 

become irregular and complex.  

The second group of simulations models the entire device. Simulations of traveling 

wave engines in a configuration like Backhaus and Swift [14] proposed are rare. Lyck-

lama à Nijeholt et al. [42] conducted CFD simulations of an entire engine, but the numer-

ical mesh used does not fulfill the requirements derived in Chapter 4.1. For this reason 

the general validity of the results are suspect. More simulations have been carried out on 

pulse tube refrigerators. In the system level simulations the influence of the thermal buff-

er tube on the overall efficiency of the refrigerator is investigated. This approach allows 

for example Zhang et al. [89] to reveal the flow field at the intersection of the thermal 

buffer tube and the heat exchanger, which creates a swirl. Gu et al. [90] show the influ-

ence of a cross-sectional jump at one extremity of the thermal buffer tube. The streaming 

vortices introduced by the change in cross-section can seriously deteriorate the overall 

performance of the refrigerator. But streaming does not necessarily reduce the perfor-

mance of thermoacoustic devices, Antao et al. [91] showed, that streaming can also be 

beneficial. They revealed that in the case of well-developed streaming flow patterns a 

thermal buffer zone in the center of the thermal buffer tube occurs and enhances the 

overall performance.  
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Next to streaming the interaction of the heat exchanger with the fluid in the thermal 

buffer tube plays an important role. This effect was described in Chapter 4.5. A simple 

explanation of this effect can be found in Swift [6] and a more detailed one in Matveev et 

al. [76]. The numerical models given in these papers are used in this thesis for validation 

purposes and will be presented in Chapter 5.1.1.  

 

In this thesis the thermal buffer tube of a traveling wave engine detached from the 

other components of the thermoacoustic engine will be investigated using CFD. This is 

possible with the boundary condition that has been implemented in ANSYS Fluent 14 

[39]. This boundary condition is presented in Chapter 3.2 and validated in Chapter 4.3. 

This approach allows extending the analytical solution and the component wise simula-

tions by the effect of the ideal heat exchangers at the extremities of the thermal buffer 

tube. Furthermore, it is the first simulation that models the thermal buffer tube separated 

from the other components of a traveling wave thermoacoustic engine. 

In the following section both the CFD model and a one-dimensional model are pre-

sented. Chapter 5.1.2 gives the results from the CFD simulations while Chapter 5.1.3 

gives a general conclusion and recommendations for future work.  

5.1.1 Thermal buffer tube models 

The thermal buffer tube investigated in this chapter has the dimensions of that found 

in the thermoacoustic engine presented by Backhaus and Swift [9]. The parameters are 

taken from the DeltaEC model TASHE1.out [7]. The thermal buffer tube is modeled as a 

cylindrical tube, having a length of 𝐿 = 0.24m and a radius of 𝑅 = 0.044m. The wave 

enters at the left side of the domain where the hot heat exchanger is situated and leaves 

the domain at the right where the ambient (cold) heat exchanger is situated. The thermal 

buffer tube is further defined by the fluid parameters taken from the DeltaEC model and 

summarized in Table 5.1. 

 
Figure 5.1:  Thermal buffer tube model with ideal heat exchangers at the ends and wall 

with linear temperature gradient.  
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Table 5.1:  Fluid parameters taken from the DeltaEC model TASH1.out [7]. 

Parameter Variable and value 

Mean pressure 𝑝0 = 31 ∙ 105 Pa 

Temperature hot heat exchanger 𝑇𝐻 = 825 K 

Temperature secondary ambient 

heat exchanger 
𝑇𝐶 = 325 K 

Frequency 𝑓 = 84.12 Hz 
 

 
 

5.1.1.1 CFD model 

In this chapter the CFD model used to investigate the thermal buffer tube is described. 

The first part of the chapter gives the physical models, while the second part defines the 

numeric discretization of the domain. 

 

The thermal buffer tube is filled with helium. Since the temperature dependency is an 

important cause of streaming and because neglecting this dependency would lead to sig-

nificant errors [84], helium is modeled as an ideal gas with a temperature dependent vis-

cosity and heat conduction (see Appendix E.1). The mean pressure inside the thermal 

buffer tube is set to 𝑝0 = 31 ∙ 105 Pa. The wall boundary condition is modeled in differ-

ent ways in order to reveal the influence of the thermal and viscous boundaries on 

streaming and energy losses. Therefore, the two thermal and two viscous boundaries are 

combined for a total of four simulations. The thermal boundary condition is either adia-

batic or it is assumed to have a linearly distributed, but time independent wall tempera-

ture. The wall temperature between the two heat exchangers is chosen as the thermal 

effusivity and the heat conduction of the stainless steel wall are three orders of magnitude 

higher than that of helium. The viscous wall boundary condition is assumed to be either 

slip or no-slip. This means that no surface roughness is taken into account, corresponding 

to the assumption that the surface roughness is much smaller than the thermal and viscous 

penetration depth. This is an approximation which can be done as the thermal buffer 

tubes are generally polished in order to minimize the heat transfer due to the surface 

roughness [6].  

The acoustic wave enters at the left of the domain by applying a time dependent mass 

flux with an amplitude such that the drive ratio is 𝐷𝑟 = 1%. The wave has a frequency of 

𝑓 = 84Hz. In this model a mass flux inlet is chosen instead of the non-reflecting bounda-

ry condition presented in Chapter 3.2. This is due to the fact that in the present model the 

non-reflecting boundary conditions on both extremities of the domain would lead to an 

unwanted velocity drift, introducing large convection over the boundaries (see Appendix 
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K for a detailed study). The drifting due to the boundary condition is higher than in the 

boundary condition validation case in Chapter 3.2.3, because of the temperature gradient 

across the thermal buffer tube. These temperature changes introduce small errors in the 

wave propagation that accumulate and lead to drifting. Because of the drifting, the mean 

velocity becomes so high that the convection through the thermal buffer tube would dom-

inate. This is not realistic as in real engines the mean flow through the entire feedback 

loop would be canceled by a jet pump [14]. This is the reason for choosing a fully reflec-

tive mass flux inlet at the left to introduce the wave.  

The wave leaves the domain at the right through a non-reflecting boundary condition. 

The propagation constant Γ, which is needed for the non-reflecting boundary condition 

can be calculated with equation (2.71) using the kind of polytropic constant 𝑛 defined in 

(2.72) and the thermoacoustic function corresponding to the chosen wall boundary condi-

tion (see Appendix B). The temperature of the fluid entering the domain is set to the 

temperature of the heat exchanger modeled. This corresponds to a temperature at the left 

of 𝑇𝐿 = 825K and at the right of 𝑇𝑅 = 325K.  

Turbulence can be another important effect in the thermal buffer tube. According to 

Olson and Swift [84] the regime inside of the present thermal buffer tube can be estimat-

ed from the Reynolds number and the ratio of the radius to the viscous penetration depth. 

For the present model both parameters are calculated in the center of the thermal buffer 

[84]: 

𝑅𝑒 =
2 〈𝑢1〉 𝑅 𝜌0

𝜇0
= 7.3 ⋅ 104 (5.1) 

𝑅

𝛿𝜈
= 210 (5.2) 

According to Olson and Swift [84] the flow field is in a weakly turbulent regime for the 

present simulations. In this regime the turbulence is generated outside of the viscous 

penetration depth, leaving the velocity close to the wall nearly the same as it would be for 

laminar flow [84]. In the present study the most important effects such as streaming are 

induced in the vicinity of the boundary layer. For this reason it can be expected that the 

results are qualitatively right, hence no turbulence model is implemented.  

The fluid domain is initialized by running a preliminary steady state simulation with-

out acoustic perturbation, in order to get the temperature field. The velocity is set to zero 

in the whole domain. The thermal initialization of the domain is important because the 

heat transfer coefficient is temperature dependent and because the time scale of the 

acoustic wave is smaller than that of the heat conduction. These different time scales will 

be discussed in more details in the results Section 5.1.2.1.  

 

In the preceding part the choice and the motivation for the physical models to simu-

late the thermal buffer tube have been given. The resulting equations are discretized and 

the choice of the numerical parameters is given in the subsequent part. 
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The thermal buffer tube is discretized with a quadrilateral mesh. This allows using a 

different mesh resolution in the radial and the axial direction. The mesh in the radial 

direction is chosen such that there are at least 10 elements in the extended boundary layer 

𝜋𝛿𝜈, with a maximal growing factor of 𝑞 = 1.2 (see Chapter 4.1). With this requirement 

and using the penetration depth at the secondary ambient heat exchanger, 𝛿𝜈 = 1.3 ∙

10−4m, as it is the smallest at that location, the size of the first cell ℎ0 can be calculated 

as follows:  

ℎ0 =
𝛿𝜈 𝜋(𝑟 − 1)

𝑞10 − 1
= 1.57 ∙ 10−5m (5.3) 

In the present case a large channel is investigated. In order to avoid elements at the 

axis which are to large, the growing factor is set to 1.1. This increases the number of 

elements in the boundary layer. From this the total number of elements in the radial direc-

tion can be calculated as: 

𝑛 =
ln (

𝑅 (𝑞 − 1)
ℎ0

+ 1)

ln(𝑞)
= 60 (5.4) 

In the axial direction a uniform mesh with 300 elements in the wave propagation di-

rection is chosen. This corresponds to more than 15000 elements per wavelength, which 

is large enough according to the mesh study presented in Appendix L. The time is discre-

tized with a time step of Δ𝑡 = 1.5 ∙ 10−5s. This corresponds to 790 time steps per period. 

The simulation time is chosen such that 300 periods are simulated in order to obtain a 

steady periodic solution. The further discretization options are the same as the ones given 

in Table 4.6. The typical calculation time for a simulation is about 20 days on a single i7-

2600 CPU. The simulations take so long because 300 periods have to be simulated in 

order to reach a steady periodic state. In the present case, parallelization does not have a 

positive effect as the simulations have a low number of spatial mesh points but a large 

number of time steps, which leads to a high additional overhead. 

  

Figure 5.2:  Numerical mesh of the thermal buffer tube model. 

  

𝑛𝑥 = 300 

 𝑛
𝑅
=

6
0

 

𝑥 

𝑦 



   5 Numerical experiments and results 79 

 

 

5.1.1.2 One-dimensional model 

The CFD simulations are compared to a one-dimensional numerical model, where on-

ly the one-dimensional heat equation is solved. This means that two-dimensional effects 

like acoustic streaming are not taken into account in the one-dimensional model. The 

numerical model follows the approach of Matveev et al. [76] and Berson et al. [92], who 

compared their numerical results to experimental results and showed good agreement 

close to the heat exchangers. These numerical models extend the analytical model pre-

sented in Chapter 4.5.1.1, by incorporating the heat conduction in the axial direction. 

While Matveev et al. [76] solved the temperature equation in the Lagrangian point of 

view, Berson et al. [92] used the dimensionless temperature equation in the Eulerian 

coordinates. In this thesis the second point of view is chosen and the following tempera-

ture equation is solved assuming that the changes in fluid properties are small: 

where the factor 𝐾 is the heat transfer coefficient between the heat exchanger and the 

fluid. If a temperature gradient is applied, the heat transfer coefficient inside the thermal 

buffer tube can be calculated from the geometry dependent thermoacoustic functions as 

follows [93]: 

𝐾 = |−𝑖𝜔 (1 −
(1 − 𝑓𝜈)(1 − 𝑃𝑟)

(1 − 𝑓𝜅) − 𝑃𝑟(1 − 𝑓𝜅)
)| (5.6) 

The thermoacoustic functions are calculated assuming the boundary layer approxima-

tion as the radius is large compared to the penetration depths (see also Chapter 2.2.4.1). 

The pressure and the velocity are imposed assuming both a traveling wave and no spatial 

variations inside of the domain: 

The temperatures at the left and right of the domain are set to the constant value of the 

heat exchanger in the case of an inflow and to no-flux 𝜕𝑇 𝜕𝑥⁄ = 0 in the case of the fluid 

leaving the domain. The domain is initialized by solving the steady state temperature 

equation, as the heat conduction is temperature dependent 3F

1. The resulting temperature 

profile is not linear, especially when the boundary is assumed adiabatic. The simulated 

time is the same as for the CFD model and the last two periods of both models are com-

pared.  

The temperature equation is solved with the MATLAB function pdepe(), which 

solves initial-boundary problems for parabolic partial differential equations in one dimen-

sion. More details about the implementation in MATLAB can be found in Appendix H. 

                                                           
1 Note that in Equation (5.5) it is assumed that the changes in heat conductivity are small. 

𝜕𝑇

𝜕𝑡
=

𝛾 − 1

𝛾

𝑇

𝑝

𝜕𝑝

𝜕𝑡
− 𝑢

𝜕𝑇

𝜕𝑥
+
𝛾 − 1

𝛾
𝑘
𝑇

𝑝
 (
𝜕2𝑇

𝜕𝑥2
) + 𝐾(𝑇𝐻𝑋 − 𝑇) (5.5) 

𝑝(𝑡) = 𝑝0 + 𝑝1sin (𝜔𝑡) (5.7) 

𝑢(𝑡) = 𝑢1sin (𝜔𝑡) (5.8) 
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Each of the simulations takes about 30 minutes, which is considerably less than the full 

CFD model.  

5.1.2 Results and discussion 

In this chapter the results of the thermal buffer tube models are presented. In a prelim-

inary step the periodicity of the simulation is investigated in Chapter 5.1.2.1 and some 

remarks about the relevant time scales are given. Chapter 5.1.2.2 investigates the stream-

ing inside the thermal buffer tube for different wall boundary conditions. The influence 

on the mean temperature distribution is revealed in Chapter 5.1.2.3. Finally, in Chapter 

5.1.2.4 the different heat loss mechanisms in the thermal buffer tube are investigated. 

5.1.2.1 Periodicity of the simulations 

The simulations are run for 300 periods, which is equivalent to a total simulation time 

of 𝑡 = 3.57s. This time is selected so that the initial transient behavior due to the acoustic 

field is damped out. However, the obtained flow field is not yet steady periodic, as the 

time scale of the conductive effects is much larger than that of the acoustic effects. To 

demonstrate this, the Fourier number 𝐹𝑜 is calculated at both ends of the thermal buffer 

tube using the total simulation time [94]: 

𝐹𝑜 =
𝑘 𝑡

𝜌 𝑐𝑝𝐿
2
 (5.9) 

𝐹𝑜𝐻 ≈ 2.1 ∙ 10−3 (5.10) 

𝐹𝑜𝐶 ≈ 4.2 ∙ 10−4 (5.11) 

Both values of the Fourier number are clearly lower than one, which shows that the tem-

perature changes due to conduction are small on the scale of the simulation time.  

 
Figure 5.3:  Moving average of the temperature over time at the position 𝑥 = 𝐿 2⁄ , 

𝑅 = 0 for the four different combinations of wall boundary conditions, av-

eraging interval is one period.  

Figure 5.3 shows the moving average of the temperature inside the domain over time. 

The average interval is taken over one period. It can be seen that after 300 periods only 
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small changes over time occur. These small changes are due to the conductive effects 

inside the thermal buffer tube. As the timescale for the conductive effects is considerably 

higher and only small changes in mean temperature occur, it is chosen to investigate the 

thermal buffer tube after 300 periods.  

In addition to the physical effects, there are also some numerical effects that act on 

the periodicity. Due to the boundary conditions chosen (inlet: mass flow inlet; outlet: 

non-reflecting) the mean pressure is not fixed. The non-reflecting boundary condition 

accumulates errors, which leads to pressure drift in the whole domain. This drift is small 

compared to the mean pressure, thus it has less impact on the flow field inside the ther-

mal buffer tube compared to a non-reflecting pressure inlet boundary condition. Fig-

ure 5.4 shows the moving average of the relative pressure at the exit of the domain for 

four different combinations of wall boundary conditions. The moving average is taken 

over one period. For all simulations except the case with adiabatic slip walls, the mean 

pressure drifts to a constant value. In the case of the adiabatic slip wall boundary condi-

tion, no dissipation at the wall occurs and the pressure drifts even further after 300 peri-

ods. This means that no steady periodic state is reached. In the other cases equilibrium is 

reached due to the additional physical damping, which limits the numerical drift. 

5.1.2.2 Acoustic streaming 

The aim of the thermal buffer tube is to transfer acoustic power while insulating the 

hot heat exchanger from the ambient heat exchanger. For this reason convection of heat 

due to acoustic streaming is an unwanted effect as it reduces the efficiency of the engine 

[9]. For this reason mass streaming inside the thermal buffer tube is investigated by look-

ing at the streaming velocity 𝑢2 (or time average mass transport velocity [88]): 

 
Figure 5.4:  Moving average of the relative pressure over time at the position 𝑥 = 𝐿 2⁄ , 

𝑅 = 0 for the four different combinations of wall boundary conditions, av-

eraging interval is one period. 
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𝑢2(𝑥) =
𝑢(�⃗�, 𝑡) 𝜌(�⃗�, 𝑡)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅

𝜌(�⃗�, 𝑡)̅̅ ̅̅ ̅̅ ̅̅
 (5.12) 

In general, boundary layer induced streaming patterns can be differentiated in inner 

and outer streaming, which corresponds to streaming inside and outside of the boundary 

layer respectively [85]. In Figure 5.5 the outer streaming is visualized with a streamline 

plot of the streaming velocity 𝑢2. Streaming inside the boundary layer is not resolved in 

the figure and will be shown later. The results from four different combinations of 

boundary conditions are shown in order to reveal the respective influence of the thermal 

and viscous boundary. 

In Figure 5.5 two effects can be differentiated: the interaction of the acoustic inlet and 

outlet with the wall and the interaction of the acoustic wave with the wall boundary layer. 

Both effects are spatially separated: while the effects due to the acoustic boundary extend 

roughly three displacement amplitudes 𝜉1 from the boundary (red dotted line), the inter-

action of the acoustic wave with the wall can be seen in the middle part. First, the interac-

tion of the acoustic boundary with the wall is described. The resulting streaming is espe-

cially pronounced when the viscous effects at the wall are taken into account, correspond-

ing to the no-slip boundary condition. Figure 5.5 a) and b) show a large recirculation 

zone outside of the boundary layer for small values of 𝑥. This recirculation zone is caused 

by the mass flux boundary condition which imposes a uniform mass flux value over the 

inlet radius. Due to this, an asymmetry occurs close to the boundary when the flow inter-

acts with the wall. When the flow enters the domain, no boundary layer is developed and 

the fluid has the heat exchanger temperature. However, when the fluid exits the domain it 

has built up a viscous and thermal boundary layer. This means that when the fluid enters 

the domain the viscous boundary layer has to develop. This forces the fluid in direction of 

smaller radial coordinates, as the mass flow is uniform. This asymmetry leads to the 

recirculation zones that can be seen for small values of 𝑥, in the case of no-slip wall 

boundary conditions in the numerical simulation. In the physical engine this effect could 

also occur, as the regenerator and heat exchanger act as flow straighteners. But the effect 

would be reduced because streaming inside the regenerator and heat exchanger could be 

induced. That streaming inside of the regenerator is possible was shown by a stability 

analysis carried out by So et al. [95].  

The acoustic boundary condition at the right of the numerical domain allows a mass 

flow over the boundary as only the pressure is imposed. This lead to a considerable recir-

culation zone over the boundary in the case of the isothermal slip wall boundary condi-

tion shown in Figure 5.5 c). As the temperature of the incoming fluid is uniform over the 

radius, the same boundary effects as discussed above induce the large recirculation zone 

over the boundary. An inner and an outer streaming vortex appear. For the other cases no 

clear vortex structure occurs. 
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Figure 5.5:  Streaming velocity streamlines for the four different boundary conditions: 

a) isothermal no-slip; b) adiabatic no-slip; c) isothermal slip; d) adiabatic 

slip; Red lines indicate three displacement amplitudes 𝜉1 from the left and 

right boundaries 

The effect of streaming induced from the acoustic boundary condition extends rough-

ly three displacement amplitudes 𝜉1 inside the domain at both ends. Afterwards, a differ-

ent structure occurs for all wall boundary conditions. This is surprising as one would 

expect that these effects only extend two displacement amplitudes from the boundary as 

gas parcels further away never become in contact with the acoustic boundary. One possi-

ble reason is that the boundary layer needs longer than two displacement amplitudes to 

build up. 

In the previous, the outer streaming due to the interaction of the acoustic boundary 

with the wall was investigated. In the following the remaining part at the center of the 

thermal buffer tube is investigated. This streaming is created by the interaction of the 

acoustic wave with the wall boundary. For the isothermal no-slip boundary condition a 

well-defined flow structure can be seen, which is shown in Figure 5.5 a), representing a 

pair of streaming vortices. One vortex inside the boundary layer not visible in this figure 
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and one outside of the boundary layer. This confirms the approach chosen by Matveev et 

al. [96], to model only the domain outside of the boundary layer and to incorporate the 

boundary layer effects with a wall velocity. Only one large vortex structure occurs in the 

case of the adiabatic slip boundary condition, but the magnitude of the streaming velocity 

is approximately two orders of magnitude smaller than in all other cases. For the other 

two combinations of wall boundary conditions smaller vortex structures occur. However, 

the structures are more irregular.  

Next to the outer streaming discussed previously, the inner streaming can be investi-

gated with CFD simulations. Figure 5.6 shows the streaming velocity 𝑢2 close to the wall 

for the four different wall boundary conditions. The dotted gray line and the dashed gray 

line show the viscous and the thermal boundary layer thickness, respectively. In all cases 

with a boundary layer, the streaming velocity is positive inside the boundary layer and 

negative outside of the boundary layer. This can be explained with the boundary layer 

thickness that varies with the length of the tube (see gray lines in Figure 5.6). If the fluid 

moves in positive 𝑥-direction, the boundary layer thickness decreases and the fluid expe-

riences less viscous drag, the fluid comes closer to the wall. However, when the fluid 

moves in negative 𝑥-direction the penetration depth increases and the fluid is deviated 

away from the wall [84]. This asymmetry leads to the shown streaming patterns close to 

the boundary layer.  

Figure 5.7 shows the streaming velocity 𝑢2 over the radius at the center of the tube 

and for large radial values. The boundary layer induced streaming can be clearly seen by 

the change of sign of the streaming velocity. The largest velocities are reached for the 

isothermal slip wall boundary condition at the wall. The two cases with a no-slip bounda-

ry have a similar order of streaming. In the case of an adiabatic slip wall the effects are 

the smallest. From this it can be conclude that the streaming is indeed induced by the wall 

boundary layers and that the thermal boundary layer induces a larger amount of stream-

ing compared to the viscous boundary. Furthermore, the viscous boundary layer reduces 

the effect of the streaming induced by the thermal boundary condition, as the viscous 

boundary layer insulates the wall from the fluid. 
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Figure 5.6:  Streaming velocity close to the wall of a thermal buffer tube in the case of 

four different wall boundary conditions: a) isothermal no-slip; b) adiabatic 

no-slip; c) isothermal slip; d) adiabatic slip. Black lines: zero streaming ve-

locity; dotted gray line: viscous boundary layer; dashed gray line: thermal 

penetration depth. (figure not to scale). 
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Figure 5.7: Streaming velocity at the center of the thermal buffer tube over the radius, for 

large radial coordinates and four different wall boundary conditions. Red line 

indicates outer edge of the boundary layer as defined by Olson and Swift [84]. 

In order to validate the simulations, the streaming values are compared with the mod-

el derived by Olsen and Swift [84]. They derive a theory that predicts the streaming ve-

locity at the outer edge of the boundary layer (𝑅 − 𝑟 ≫ 𝛿𝜈 and 𝑅 − 𝑟 ≫ 𝛿𝜅, yet 𝑅 − 𝑟 ≪

𝑅). This velocity can be calculated in the case of a cylindrical thermal buffer tube as 

follows [84]: 

𝑢2 = −
3

4 𝜔 
𝑅𝑒 ((1 − 𝑖)〈𝑢1〉 𝜔 
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(5.13) 

For the derivation, the viscosity is assumed to vary as a power law of the temperature, 

with the exponent 𝑏 ≈ 0.7. For the numerical evaluation a pure traveling wave is as-

sumed with a pressure amplitude of 𝑝1 =  31000Pa and a surface averaged velocity 

amplitude of 〈𝑢1〉 = 10m s⁄  . It follows: 

𝑢2 = −0.0784
m

s
 (5.14) 

In the CFD simulation, which has the same no-slip and isothermal boundary condi-

tions as the model of Olson and Swift, the minimal value at the outer edge of the bounda-

ry layer is (see also Figure 5.7 vertical red line): 

𝑢2,min ,𝐶𝐹𝐷 = −0.0890
m

s
 (5.15) 

This shows that the CFD simulation can predict the order of magnitude and the direc-

tion of the streaming velocity induced by the boundary layer correctly. Deviation might 
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be caused by the interaction of the acoustic boundary conditions with the wall boundary 

conditions at the extremities of the thermal buffer tube. 

In the following chapter the influence of the streaming patterns on the mean tempera-

ture profile is shown. 

5.1.2.3 Temperature distribution 

The aforementioned streaming effects have an important influence on the mean tem-

perature profile inside the thermal buffer tube. The temperature profile itself is an im-

portant characteristic of the thermal buffer tube as it defines heat losses and acoustic 

properties. In this chapter the mean temperature profiles inside the thermal buffer tube are 

given and the consequences of the temperature changes on the acoustic properties are 

shown.  

Figure 5.8 shows the cross-sectional and time averaged temperature over the axial di-

rection in the thermal buffer tube. For guidance the thin black horizontal lines indicate 

the imposed temperature of the heat exchangers at the ends of the thermal buffer tube and 

the linear profile between both of them, which is imposed at the wall in the isothermal 

cases. The other lines show the simulation results for the four different wall boundary 

conditions. 

The thermal effects of the wall have a large influence on the mean temperature pro-

files inside the thermal buffer tube. The profiles having an isothermal boundary condition 

can be clearly differentiated from the profiles with an adiabatic boundary condition. 

When an adiabatic wall boundary condition is used, no heat is exchanged with the wall. 

 
Figure 5.8:  Cross sectional and time averaged temperature from CFD over the length 𝑥 

of the thermal buffer tube for four different wall boundary conditions. The 

thin black lines indicate the temperature of the heat exchangers and the lin-

ear profile between them. 
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Instead, the mean temperature profile inside the thermal buffer tube is defined by the 

initialization and the first displacement 4F

1, as will be shown in the following.  

 
 a)  b)  c)  

 

Figure 5.9:  Instantaneous area averaged temperature over the 𝑥-coordinate for the first 

period at three different time steps spaced by a half period each: a) initial 

temperature distribution at 𝑡 = 0 2⁄ 𝑇; b) temperature distribution when 

fluid reaches the rightmost position at 𝑡 = 1 2⁄ 𝑇; c) temperature distribu-

tion when fluid reaches leftmost position at 𝑡 = 2 2⁄ 𝑇. Data from the case 

with adiabatic slip wall boundary conditions. Thin black lines indicate the 

heat exchanger temperatures. 

Figure 5.9 shows the instantaneous temperature profile inside the thermal buffer tube 

at the three time instances of the first period where the velocity is zero. In Figure 5.9 a) 

the initial temperature distribution at 𝑡 = 0 2⁄  𝑇 is given. Due to the adiabatic wall and 

the temperature dependent thermal conductivity the profile is not linear. During the fol-

lowing half period the fluid moves to the right, this means that the fluid close to the right 

heat exchanger is convected into the heat exchanger. The resulting temperature profile at 

𝑡 = 1 2⁄  𝑇, just before the flow reverses, is shown in Figure 5.9 b). In the following half 

period the fluid exits the right heat exchanger with the temperature of the heat exchanger. 

The linear profile is "cut", as can be seen in Figure 5.9 c). At the hot heat exchanger the 

fluid is first displaced to the right such that the fluid with a temperature of the heat ex-

changer enters the domain. In the following half period the fluid with the heat exchanger 

temperature is convected back. At the hot heat exchanger the linear profile is unchanged 

after one period. Averaging the temperature over time at every 𝑥-location leads to a high-

er temperature than the linear profile inside the domain. Due to the "cut" temperature 

profile at the cold heat exchanger, a larger gradient occurs at the cold heat exchanger than 

at the hot heat exchanger. The resulting time averaged temperature profile from the simu-

lations for adiabatic wall boundary condition can be seen in Figure 5.8. During the next 

periods the profile only changes slightly from the profiles shown in Figure 5.9 b) and c) 

                                                           
1 Note that conduction over the whole length takes place in a different time scale; 

Equations (5.10) and (5.11). 
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as heat conduction takes place in another time scale than the acoustic one, as was shown 

with Equations (5.10) and (5.11).  

In the case of an isothermal wall boundary condition, the same convective effects at 

the extremities of the thermal buffer tube occur similar to the cases with adiabatic wall 

boundary conditions. However, in this case the wall of the thermal buffer tube also af-

fects the average temperature. The interaction is especially large as additional mixing 

occurs due to streaming. The small over- and undershoot still occurring at the extremities 

of the thermal buffer tube in Figure 5.8 can be explained with the heat pumping effect 

that takes place due to the interaction of gas parcels with the ideal heat exchanger. This is 

the same effect as the one used for the validation of the ideal heat exchanger boundary 

condition in Chapter 4.5 which extends over two displacement amplitudes 2 ∙ 𝜉1 ≈

0.041m. 

 
 a) b)  

 

Figure 5.10:  a) Mean temperature and b) streaming velocity over the radius (close to bounda-

ry) at the center of the tube (𝑥 = 𝐿 2⁄ ) for four different wall boundary condi-

tions. Red dotted line represents the extended viscous boundary layer and the red 

dashed line represents the extended thermal boundary layer (see Chapter 4.1.2.1) 

In the case of isothermal wall boundary conditions, the temperature profile is linear in 

the center of the thermal buffer tube opposed to the curved profile in the adiabatic case. 

This is due to the linear isothermal wall boundary condition that influences the tempera-

ture profile inside of the thermal buffer tube. Even though the profile is linear in the iso-

thermal no-slip case, the profile is shifted towards smaller 𝑥-values in the CFD simula-

tions. The shift is a consequence of the streaming that occurs in the vicinity of the bound-

ary layer and can be explained with Figure 5.10 where a) shows the mean temperature 

and b) the streaming velocity over the radius. The dotted and dashed red lines represent 

the extended viscous and thermal boundary layer respectively, as defined in Chapter 

4.1.2.1. Fluid parcels inside of the thermal boundary layer (𝑟 > 𝑅 − 𝜋𝛿𝜅) are in close 

contact with the isothermal wall boundary condition. For this reason even a positive 

streaming velocity does not increase the mean temperature. Just outside the boundary 
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layers (𝑟 ≈ 𝑅 − 𝜋𝛿𝜅), convection is the main heat transfer mechanism. Due to the nega-

tive streaming velocity at this radial coordinate, colder fluid is convected to the left and 

the mean temperature is reduced. For even smaller radial coordinates the streaming ve-

locity is smaller and for this reason the mean temperature profile it not affected. 

In the case of the isothermal no-slip boundary condition, the mean temperature profile 

in the center of the tube is nearly linear. This is due to the absence of small vortices, as 

can be seen in the streaming flow field shown in Figure 5.5 a). Only one large vortex 

occurs, which extends over the whole inner part and leads to a homogeneous flow field. 

On the other hand, the slightly wobbly mean temperature profile in the case of the iso-

thermal slip wall boundary condition can be explained with the irregular streaming veloc-

ity field shown in Figure 5.5 c). The small vortices convect heat and create a non-

homogeneous flow field. The inhomogeneous flow field influences the mean temperature 

profile, which leads to the wobbly temperature profile. The large vortex over the right 

boundary condition shown in Figure 5.5 c) also has a large influence on the mean tem-

perature profile. As can be seen in Figure 5.8, the temperature stays nearly constant for 

large values of 𝑥, as the vortex convects fluid into the domain with a constant tempera-

ture of 𝑇𝐻 = 325K .  

In Figure 5.11 the averaged mean temperature is compared with the mean temperature 

profile from the one-dimensional model given in Chapter 5.1.1.2. Only the results for the 

isothermal no-slip and adiabatic slip boundary conditions are presented, as the heat trans-

fer coefficient in the one-dimensional model is not defined in the other boundary condi-

tions and because the two others CFD simulations show similar results. The solid lines 

show the CFD results, while the dotted lines show the results obtained from the one-

dimensional model. In both wall boundary condition cases the difference between the 

one-dimensional model and the CFD simulation is small. Still, deviation due to the two-

dimensional effects like streaming can be seen. In the case of an isothermal no-slip 

boundary condition the profile is shifted towards smaller 𝑥-values in the simulation, 

while the one-dimensional model overlays the linear profile between the heat exchangers. 

In the isothermal slip case (not shown) this effect is even more pronounced due to the 

larger streaming. Another difference between the CFD simulation and the on-dimensional 

model is the change in the mean temperature at the extremities of the thermal buffer tube, 

which are slightly higher in the CFD simulation than in the one-dimensional model. 

The differences between the one-dimensional model and the CFD simulations are 

smaller in the case of the adiabatic slip boundary condition as the streaming is two orders 

of magnitude smaller than in the other isothermal no-slip case.  

It was shown that streaming has an important effect on the mean temperature profiles 

inside of a thermal buffer tube. Deviations from the one-dimensional model increase with 

increasing streaming. If the two-dimensional streaming effects shall be taken into ac-

count, CFD is an appropriated tool, as was shown by comparing with the different simpli-

fied models. 



   5 Numerical experiments and results 91 

 

 

The influence on the acoustic field due to the changes in temperature can be seen 

when looking at the reflection coefficient. Figure 5.12 shows the reflection coefficient 

over the length 𝑥 of the thermal buffer tube for the four different wall boundary condi-

tions. The thin black line shows the reflection coefficient if a linear temperature profile 

and no reflection at the right side are assumed. The deviations of the CFD results from 

this line are partially due to the different mean temperature profiles, as the local tempera-

ture is determining the local mean density and the local speed of sound and thus the char-

acteristic impedance. Another reason for differences is the non-reflecting boundary con-

dition which introduces a small amount of reflection at the right of the domain. 

 
Figure 5.12:  Absolute value of the reflection coefficient over the axial coordinate 𝑥 for 

four different wall boundary conditions. Thin black line shows the theoreti-

cal reflection coefficient if a linear temperature profile is assumed and no 

reflections occur at the right side of the domain.  

0 0.05 0.1 0.15 0.2
0

0.05

0.1

0.15

0.2

0.25

|R
|

x (m)

 

 

Iso-thermal - no-slip

Adiabtic - no-slip

Iso-thermal - slip

Adiabatic - slip

 
Figure 5.11:  Cross sectional and time averaged temperature from CFD (solid lines) and 

one-dimensional (dotted lines) models over the length 𝑥 of the thermal 

buffer tube for two different wall boundary conditions: isothermal no-slip 

boundary condition in black and adiabatic slip boundary in gray. The thin 

black lines indicate the temperature of the heat exchangers and the linear 

profile between them. 
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The reflections at the left and right of the domain can be compared with the theoreti-

cally expected ones. The reflection coefficients are summarized in the Table 5.2. At the 

right side of the domain it is assumed that no reflections occur. In the CFD simulations 

this is realized with the non-reflecting boundary conditions. The correct implementation 

and performance of this boundary condition can be verified by looking at the reflection 

coefficients at the right side of the domain. In the CFD simulations these reflections are 

below 1%, which is assumed to be sufficiently low as this is at least one order of magni-

tude smaller than the reflections that are induced inside the domain due to the tempera-

ture changes. This small amount of reflection is due to numerical errors in the boundary 

treatment. 

 The reflection coefficient at the left side is the result of the changes in the character-

istic impedance 𝑍0 = 𝜌0𝑐0 inside of the domain. The theoretical reflection coefficient can 

be calculated from the characteristic impedance at the hot and cold side as follows [50]: 

𝑅 =
𝑍0,𝐶 − 𝑍0,𝐻

𝑍0,𝐶 + 𝑍0,𝐻
 (5.16) 

For all cases, the values from the simulation match the theoretical values within 

1.5%, even though the profiles within the domain are different due to the different tem-

perature profiles. 

Table 5.2:  Reflection coefficients at both extremities of the thermal buffer tube for 

the four CFD simulations and analytical values. 

 𝑹 (𝒙 = 𝟎) 𝑹 (𝒙 = 𝑳) 

Isothermal no-slip 0.227 0.004 

Adiabatic no-slip 0.230 0.004 

Isothermal slip 0.226 0.005 

Adiabatic slip 0.231 0.010 

Theoretical 0.228 0 
 

 
 

5.1.2.4 Energy losses 

The main goal of the thermal buffer tube is to thermally insulate the hot heat ex-

changer from the ambient heat exchanger, while efficiently transmitting the acoustic 

power out of the hot zone [14]. Due to the wall temperature gradient, acoustic power is 

dissipated inside the thermal buffer tube. The dissipated acoustic power for the different 

wall boundary conditions is shown in Table 5.3. The first column gives the acoustic pow-

er calculated from the time integral [6]: 
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�̇�𝑎𝑐 =
𝜔

2 π
 ∮𝑝(𝑡, 𝑥)𝑈(𝑡, 𝑥)  𝑑𝑡 (5.17) 

and the second column gives the acoustic power calculated from complex amplitudes [6]: 

�̇�𝑎𝑐 =
1

2
𝑅𝑒(𝑝1𝑈1

∗) (5.18) 

The acoustic power dissipated is small compared to the acoustic power transmitted: 

𝐸𝑎𝑐 ≈ 1500W. The highest dissipation occurs in the case of the isothermal slip wall 

boundary conditions. The dissipation in this case is even higher than the dissipation from 

the isothermal no-slip wall boundary condition. This is due to the temperature gradient at 

the wall, which induces the highest losses. In the case of the no-slip wall, the viscous 

boundary layer thermally insulates the wall from the fluid inside of the thermal buffer 

tube, reducing the losses. 

Table 5.3:  Acoustic power dissipation for four different wall boundary conditions and 

calculated from CFD data using two different methods (first two columns). 

The third column gives the theoretic acoustic losses for a cylindrical tube 

with a constant wall temperature of 𝑇 = 575K. The acoustic power at the in-

let is �̇�𝑎𝑐,𝑖𝑛 = 1500W. 

Wall boundary  

condition 

�̇�𝒂𝒄,𝒊𝒏 − �̇�𝒂𝒄,𝒐𝒖𝒕 (W) 

Time integral 
First order 

amplitude 

Cylindrical 

tube 

Isothermal no-slip  5.7 5.8 2.8 

Adiabatic no-slip 0.4 0.6 1.2 

Isothermal slip 10.0 10.3 1.6 

Adiabatic slip 0.03 1.0 0 
 

 
 

Comparing the values of the acoustic power dissipation obtained from the two differ-

ent methods, one can see that the time integral method leads to smaller acoustic power 

dissipation than the method in which the first order amplitude from the Discrete Fourier 

Transform is used. The time integral method incorporates also higher harmonics of the 

pressure and the volume flow rate. The difference between the two methods thus shows 

the influence of the higher harmonics on the acoustic power dissipation. This effect is 

especially pronounced in the case of the adiabatic slip wall boundary condition, which is 

also the case in which the largest second order pressure amplitudes occur. The second 

order pressure amplitudes are at least twice as high for the other cases with different wall 

boundary conditions. The higher orders in the volume flow rate are similar for all wall 

boundary conditions. This means that in the case of the adiabatic slip wall boundary con-

dition, acoustic energy is transferred to higher order pressure amplitudes. In a real engine 
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only the first order quantities take part in the thermoacoustic effect, for this reason the 

higher order effects are considered to be losses. The acoustic power dissipation calculated 

with the first order amplitudes is thus most appropriate for comparison. 

 

The acoustic power losses in the thermal buffer tube can be compared with the theo-

retic acoustic power losses in a cylindrical tube. The acoustic losses in a cylindrical tube 

are calculated using the propagation constant Γ given in Equation (2.71) and assuming a 

pure traveling wave. The required thermoacoustic functions are calculated using a bound-

ary layer approximation (see Appendix B) for a mean temperature of 𝑇 = 575K, which 

corresponds to the center of the thermal buffer tube. The dissipated acoustic power is 

calculated as follows: 

�̇�𝑎𝑐,𝑜𝑢𝑡 − �̇�𝑎𝑐,𝑖𝑛 =
1

2
 |𝑝1| |𝑈1| (1 − exp(−2𝐿 ∙ 𝑅𝑒(k))) (5.19) 

The results are given in the third column of Table 5.3 for the different boundary con-

ditions. The acoustic losses inside a cylindrical tube with a constant temperature and the 

thermal buffer tube are on the same order of magnitude. Apart from the case with adia-

batic no-slip wall boundary conditions the acoustic losses from the cylindrical tube are 

smaller than those found in the thermal buffer tube simulations. The differences between 

both values characterize mainly the effect of the temperature gradient at the wall. The 

difference is especially pronounced for the case with isothermal slip wall boundary con-

ditions. The reason why the acoustic losses are lower in the thermal buffer tube for the 

adiabatic no-slip wall is not clear and needs further investigation.  

The next loss mechanism investigated in this chapter is the heat that is transferred 

over the wall. Figure 5.13 shows the time averaged heat flux from the wall into the fluid 

over the length of the thermal buffer tube for the two cases with an isothermal wall 

boundary condition. In the case of a no-slip boundary condition the heat transfer occurs 

close to the extremities: inside of the thermal buffer tube the heat flux over the wall is 

nearly zero. The high values of heat transfer at the extremities of the thermal buffer tube 

are due to the interaction of the ideal heat exchanger with the acoustic flow and the wall. 

This can be shown with Figure 5.14, where the mean temperature is shown close to the 

left heat exchanger. Each line represents the mean temperature at locations separated by 

Δ𝑥 = 3.2mm. Whether heat is transferred from the wall to the fluid or from the fluid to 

the wall can be seen by looking at the temperature gradient at the wall. This gradient is 

defined by the effects happening inside the boundary layer. For this reason the heat trans-

fer looks different than one would expect when looking at the surface and the time aver-

aged temperature profile in the thermal buffer tube shown in Figure 5.8. Boundary layers 

induced by an acoustic wave experience a phase delay. The interaction of this phase de-

lay with the ideal heat exchanger boundary conditions leads to the mean temperature 

profiles shown in Figure 5.14 and finally to the heat fluxes shown in Figure 5.13. In a real 
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engine this effect would be smaller as the wall temperature is not constant there and the 

heat exchanger is not ideal. 

In the case of the isothermal slip wall boundary condition, the heat flux fluctuates 

more at the inside of the domain compared to the isothermal no-slip boundary case. This 

is due to the smaller scale streaming patterns shown in Figure 5.5 c) and the non-existing 

viscous boundary layer, which would otherwise thermally insulate the wall from the bulk 

of the thermal buffer tube. Furthermore, one can see that the heat flux values inside of the 

thermal buffer tube are larger than zero. This has to do with the surface and time aver-

aged temperature profile which is lower in most of the thermal buffer than the wall tem-

perature. Still the same effects as for the isothermal no-slip wall boundary condition case 

occur at the extremities.  

 
Figure 5.13:  Time averaged heat flux from the wall to the fluid over the length of the 

thermal buffer tube and for the two cases with isothermal wall boundary 

conditions. 

 

 
Figure 5.14:  Mean temperature at different 𝑥-locations over the radius. Each line shows 

the temperature of the fluid over the radius at different axial positions start-

ing from the hot heat exchanger and separated by Δ𝑥 = 3.2mm each. 

Lighter gray lines indicates higher 𝑥-cooordinate. 

By integrating the heat flux over the total thermal buffer tube wall, the total amount of 

heat transferred can be obtained. The results are shown in Table 5.4 for the two isother-

mal wall boundary conditions. The first column gives the integral of the heat flux from 

the wall to the fluid, 

�̇� = ∫𝑞 𝑑𝐴 (5.20) 
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while the second one gives the integral of the absolute value of the heat flux. 

�̇�𝑎𝑏𝑠 = ∫|𝑞| 𝑑𝐴 (5.21) 

As was mentioned earlier, the heat transferred is higher for the slip wall boundary condi-

tion as no viscous boundary layer insulates the wall from the bulk of the thermal buffer 

tube. The values given in the table can be compared with the heat that is conducted 

through the wall of the thermal buffer tube. Assuming a stainless steel wall with thick-

ness of ℎ = 4mm and heat conductivity of 𝑘 = 18.7W (m K)⁄  [7] the heat conduction 

through the thermal buffer tube wall due to the temperature gradient can be estimated: 

�̇� = −𝑘 𝐴𝑤𝑎𝑙𝑙

𝑑𝑇

𝑑𝑥
= 45W (5.22) 

This is on the same order as the heat that is added to the wall due to the acoustic wave or 

even smaller. The assumed thermal wall boundary condition is thus neither ideally adia-

batic nor ideally isothermal, but in between. For this reason it would be interesting in a 

future study to integrate the thermal buffer tube wall into the simulations. But this is a 

demanding simulation as it would involve that the fluid structure interaction is resolved 

and that the simulated time is extended. This is a consequence of the high heat capacity 

of the stainless steel wall compared to helium and hence slower temperatures changes in 

the wall. 

Table 5.4:  The heat transferred �̇� from the wall to the fluid for the two isothermal 

wall boundary conditions is given in the first column, while in the second 

column the integral of the absolute value of the heat flux �̇�𝑎𝑏𝑠 over the 

thermal buffer tube wall is given.  

Wall boundary condition �̇� (W) �̇�𝒂𝒃𝒔 (W) 

no-slip 39.1 96.7 

slip 133.6 262.0 
 

 
 

Furthermore, it has to be noted that the heat transferred over the wall is higher than 

the acoustic power dissipated. This may originate from either the transient effect due to 

the initialization or from the ideal heat exchanger boundary conditions at both ends of the 

domain. For this reason, the heat that is transferred from the ideal heat exchanger bounda-

ry condition into the thermal buffer tube will have to be investigated in more detail. The 

energy convected inside the domain can be calculated as the time averaged inner energy 

convected over the boundaries as follows: 

�̇�𝑖𝑛𝑛𝑒𝑟,𝑖𝑛 =
𝜔

2𝜋
 ∬𝑢 𝜌 𝑐𝑣𝑇 𝑑𝐴 𝑑𝑡

𝑡 𝐴

 (5.23) 
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The values obtained from these calculations are subject to large errors because the 

time averaged values are already three orders of magnitude smaller than the maximum 

time dependent value. The difference between the inlet and the outlet is again one order 

of magnitude smaller than the average value. Furthermore, the mean density and the 

mean temperature are large compared to their oscillating part. For these reasons the val-

ues of the energy convected over the boundary are subject to some doubts. These doubts 

are augmented as no clear mesh independency could be reached in this derived quantity. 

This is especially true in the case of slip boundary conditions in which a clear mesh de-

pendency can be seen. For this reason no values are presented. Additional work has to be 

done to achieve more reliable results in the calculation of the inner energy convected over 

the boundary. This future work would allow closing the energy balance over the whole 

thermal buffer tube.   

5.1.3 Conclusion and recommendations 

In this chapter, the flow field inside a thermal buffer tube is revealed and the influ-

ence of two-dimensional streaming patterns on the temperature field is shown. The 

streaming velocity and the mean temperature profiles are validated with reduced models. 

The acoustic energy losses and the heat transfer over the wall is characterized, but in 

order to evaluate the heat convected over the boundaries, further work is needed.  

Moreover, the simulations illustrate the scale problem of CFD simulations in thermo-

acoustics, as the initial temperature profile has a large influence on the temperature pro-

file after 300 periods. This is due to the different time scales between the acoustics and 

the heat conduction. For this reason future simulation should be initialized with a temper-

ature profile that is closer to the profile that will be reached if the simulations are done 

for a long enough time that the conductive effects also reach a steady periodic case. This 

is done by using the one-dimensional model with higher heat conduction in the axial 

direction and reducing slowly the heat conductivity during the calculation to the physical 

value. Once the steady periodic state is reached, the temperature of the reduced simula-

tion at the time instance when no velocity occurs can be applied to initialize the simula-

tion.  

Furthermore, additional work has to be done on the boundary conditions, such that a 

non-reflecting inlet can be used. A boundary condition that promises better results is the 

time domain impedance boundary condition that was implemented by van der Poel into 

ANSYS CFX [41] within the scope of his maser thesis [97] following the work of Huber 

et al. [98]. An implementation into ANSYS Fluent is difficult, as this boundary condition 

uses the gradients at the boundary and these are not directly available in ANSYS Fluent. 

As the characteristic boundary condition uses the gradients at the boundaries, it is ex-

pected to be less influenced by the temperature gradient inside the thermal buffer tube. 

This means that with this boundary condition it would probably be possible to implement 

a non-reflecting boundary condition at the hot heat exchanger that does not introduce a 
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drift in pressure or velocity. This would allow conducting simulations with a wave phas-

ing that is closer to the phasing that occurs in real engines and the investigation of the 

influence of different phasing on the streaming patterns. The boundary conditions can 

also be extended such that they introduce different wave shapes in order to reveal the 

influence of higher orders on the streaming patters. 

In a further step, the CFD model can be extended to incorporate additional effects that 

were not yet considered. One interesting additional effect is gravity, as it can have both 

positive and negative effects on streaming [96, 99]. Another effect that is not taken into 

account in this work is the heat transfer inside the wall, which could lead to reduced heat 

losses as the wall temperature would get in equilibrium with the bulk flow. In the simula-

tions radiation is neglected even though that due to the high temperature of the heat ex-

changer it has an effect on the heat distribution in the thermal buffer tube and the heat 

losses [9]. At higher amplitude turbulence becomes important and a reliable turbulence 

model is needed. This is especially challenging as transition and relaminarization effects 

due to the oscillatory flow should be taken into account. But it is also of special interest 

as the overall effect of turbulence on the heat leaks in thermal buffer tubes is unclear 

[96]. Experimental investigation is preferred over CFD, as no appropriate turbulence 

models for the purely oscillating flow are available in commercial CFD software packag-

es at the moment and direct numerical simulations are very time consuming. Even though 

more steps have to be done in order to implement the complete physics of the thermal 

buffer tube, a first step was done in revealing the streaming patterns and the consequenc-

es on the mean temperature. 
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5.2 Acoustic flow in a U-bend5F

1 
In a traveling wave device the necessary wave phasing is achieved by feeding back 

the acoustic wave. Several types of feedback exist; the first and most common one uses 

pipes of different cross-section to loop the acoustic wave. The different cross-sections 

lead to a well-defined inertance and compliance, such that the desired traveling wave 

phasing in the resonator is obtained [14]. Another possibility that has been investigated in 

recent years uses an electrical feedback [100, 101]. In these engines the thermoacoustic 

core, consisting of the heat exchangers and the regenerator, are comprised between two 

transducers. The transducers are electrically modulated such that traveling wave phasing 

is achieved in the regenerator, leading to an amplification of the acoustic wave in the 

device. Looping back electrically has the big disadvantage that an additional transducer is 

needed, which increases the number of moving parts and increases the complexity.  

For this reason the acoustical feedback loop with pipes of different cross-section is 

investigated further in this chapter. The present work is done in the scope of reducing the 

size of thermoacoustic devices, which leads to increasingly sharp bends. In the most 

extreme case of a coaxial device the flow is redirected by a flow redirection plate where 

additional losses and flow effects can be expected. Interaction with the nearby heat ex-

changers is presumed to add additional losses [102]. 

  

The most important papers on acoustic flow in a bend were published from the 1970's 

on. Numerous solutions of the flow in a bend have been derived since then and Rostaf-

inski [103] reviewed these solutions that solve the linearized wave equations by three 

different methods: by separation of the variables, with the perturbation principle or nu-

merically. 

Most of the reviewed works solve the linearized equations in the frequency domain 

and do not resolve vortex generation that can occur for sharp bends and high displace-

ment amplitudes. Only few works in which vortex generation in a bend is resolved can be 

found, one is the work of Dequand et al. [104, 105]. They solve the non-linear Euler 

equations for inviscid and compressible flows, to estimate the acoustic response of a 90° 

bend. They differentiated between situations with and without mean flow and observed 

different results depending on the geometry of the bend. In their work, Zink et al. [44] 

used CFD to reveal the influence of a 90° bent resonator on the performance of a standing 

wave engine. They showed that bending the resonator reduces the efficiency of the en-

gine and that the curvature influences the resonance frequency. Lycklama à Nijeholt 

[102] investigated qualitatively a compact coaxial traveling wave engine, which has a 

                                                           
1 The work presented in this chapter has been carried out together with Rob Boumans 

in the scope of his master thesis:  R. Boumans; Quantification of acoustic losses in a 

bended waveguide using CFD; University of Twente; 2014  
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flow redirection plate at the extremity. They show that a strong vortex is created that 

affects the temperature distribution in the engine and which is assumed to affect the effi-

ciency of the engine. But in their study the effect of the vortex is not quantified in more 

detail. 

Next to the numerical and analytical work, experiments with U-bends and coils have 

been conducted using liquids as working fluid. Iguchi et al. [106] investigate a U-bend 

with negligible curvature and reach a good agreement with their model for energy dissi-

pation. Furthermore, they predict the transition from laminar to turbulent in the U-bend. 

Olson and Swift [107] could extend the experimental parameter range for higher ampli-

tudes and high shear wave numbers 𝑠 with their experiments and separated the dissipation 

in the straight section from the one in the bent section. 

  

In this work the flow field in the bend is investigated with CFD simulations which 

solve the full Navier Stokes equations numerically, including the viscous effects. This 

allows resolving the vortex generation not included in the analytical solutions and the 

boundary layer effects not resolved in the work of Dequand et al. [104, 105].  

A first step to reveal the acoustic flow in a sharp bend for application in thermoacous-

tic devices with a flow redirection plate is done, by investigating a U-bend. The study is 

limited to geometric effects on the flow field, which means that the frequency and the 

pressure amplitude of the wave are kept constant at 𝑓 = 100Hz and 𝑝1 = 100Pa respec-

tively, while the bend radius and the cross-sectional area are varied. The frequency corre-

sponds to a low reduced frequency and is on the order of what is used in thermoacoustic 

devices [108]. The pressure amplitude is low for thermoacoustic applications, but allows 

for a first estimation of the geometric effects in a bend. 

In the design of a thermoacoustic device, the acoustic characteristics of sharp bends 

have to be taken into account in order to reach high efficiencies. For this reason the influ-

ence of the bend geometry on the reflection coefficient and the deviations from the low 

reduced frequency model are investigated. Components that are in the vicinity of the 

bend can be influenced by the distortion of the flow field due to the transition from 

straight to bent. Therefore, the transition length from bent to straight is determined in this 

chapter. Finally, the flow field for extremely sharp bends, in which vortices occur, is 

revealed and the limit for vortex generation is given.  

5.2.1 Bend models 

In order to reduce the required computational costs, the bend is reduced to a two-

dimensional curved layer in a first approach. This geometric reduction still allows for a 

first investigation of the geometric effects, like the curvature and the half spacing, on the 

flow in a U-bend, but the computational costs are reduced considerably. The correspond-

ing CFD model is presented in Chapter 5.2.1.1 and in Chapter 5.2.1.2 the low reduced 

frequency model to which the simulation results are compared is summarized. 
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5.2.1.1 Curved layer CFD model 

In this chapter the two-dimensional CFD model of the bent waveguide is presented. 

The model consists of a U-bend. A general representation of the geometry can be found 

in Figure 5.15. The wave enters the domain through the non-reflecting boundary condi-

tion at the inlet, propagates through the first straight section, then the bend and the second 

straight section. Finally, the wave leaves through the outlet, where a non-reflecting 

boundary condition is imposed. The straight sections are one tenth of the wavelength 

long, which is large enough such that the wave propagates as a plane wave close to the 

non-reflecting boundary condition. This allows estimating the wave propagation constant 

needed for the non-reflecting boundary condition from the analytical solution for parallel 

plates given in Appendix B. In order to show the influence of the geometry, the radius of 

the bend 𝑅 and the half spacing ℎ are varied in this study.  

The working fluid is helium and is modeled as an ideal gas with the fluid properties as 

defined in Appendix E. The acoustic wave has a frequency of 𝑓 = 100Hz and a pressure 

amplitude of 𝑝1 = 100Pa. The walls are modeled as isothermal and no-slip. The flow 

regime inside the bent waveguide can be estimated according to Olson and Swift from the 

Reynolds number and the ratio of the radius to the viscous penetration depth [84]. The 

maximum values are calculated using the maximum half spacing ℎ𝑚𝑎𝑥 used in this study: 

𝑅𝑒 =
2 〈𝑢1〉 ℎ𝑚𝑎𝑥 𝜌0

𝜇0
= 256 (5.24) 

ℎ𝑚𝑎𝑥

𝛿𝜈
= 42 (5.25) 

According to Olson and Swift [84] the flow field is laminar for all present simula-

tions. This means that no turbulence model is needed. 

 
Figure 5.15:  Schematic overview of computational domain. 

The mesh used in the CFD simulations has a similar structure to the mesh used in the 

straight pipe validation shown in Chapter 4.4. The domain has a hexahedral mesh as this 

allows decoupling the wave propagation direction from the cross-direction. The discreti-
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zation of the domain is given schematically in Figure 5.16. In the wave propagation di-

rection the cells have a constant length in the straight part and a uniform distribution in 

the 𝜑-direction in the bent part. In the cross-direction the elements grow geometrically 

with a maximum geometric growing factor of 1.2 from the walls towards the center line. 

The element size and the growth factor are chosen such that there are at least 10 elements 

inside the viscous boundary layer and that the maximum elements size is less than 20% 

of the half spacing ℎ.  

 
Figure 5.16:  Schematic of the computational mesh distribution. 

As a consequence of the above defined mesh, a jump in element size occurs close to 

the walls at the transition from the straight to the bent part. This jump in size can result in 

extra reflections in the domain as a result of the small flow field discontinuities between 

the two cells. The magnitude of these reflections depends on the dimensionless curvature 

and the shear wave number, but is negligible compared to the reflection generated by the 

geometry in all simulated cases. 

In total five periods are simulated, which corresponds to a total simulated time of 

𝑡 = 0.05s, and allows the initial transient behavior to damp out. The time is discretized 

with a least 160 time steps per period.  

5.2.1.2 Low reduced frequency model  

The results obtained with the CFD model are compared to the low reduced frequency 

solution. As no analytical solution for the entire domain exists, the simulation results are 

compared to the low reduced frequency solution introduced in Chapter 2.3 for parallel 

plates and curved layers in the respective part. The results for the curved layer are sum-

marized in the following: 

𝑝1 = 𝐴𝑒𝑥𝑝 (𝛤
𝑅𝜔

𝑐0
𝜑) + 𝐵 𝑒𝑥𝑝 (−𝛤 

𝑅𝜔

𝑐0
𝜑) (5.26) 

  

𝑟 

𝑥 

𝑟 

𝜑 

          
     

Uniform 

(𝑥-direction) 
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𝑢1 =
𝑖

𝜔𝜌0
(1 − ℎ𝜈)

1

𝑟

𝜕𝑝1
𝜕𝜑

  (5.27) 

𝑇1 =
1

𝑐𝑝𝜌0
 (1 − ℎ𝜅) 𝑝1 (5.28) 

The results for parallel plates have a similar structure and can be found in Chapter 2.3. In 

order to compare the analytical solution with the CFD results, the simulation results have 

to be taken far enough from the junction between the straight and curved part. The exact 

distance needed will be discussed in more detail in the results section. 

Furthermore, the low reduced frequency solution allows the determination of the two 

dimensionless parameters of interest that define the acoustic flow in the bend: the viscous 

shear wave number 

𝑠 = ℎ√
𝜌0𝜔

𝜇
 (5.29) 

and the dimensionless bend radius 

𝜒 =
𝑅

ℎ
 (5.30) 

In the simulation the shear wave number is varied by changing the height of the do-

main, as the other parameters are kept constant throughout this chapter. The dimension-

less radius 𝜒 is then adapted by varying the radius 𝑅 accordingly. In Figure 5.17 some 

typical geometries with the corresponding dimensionless numbers are given to visualize 

the bends investigated in this study.  

 𝜒 = 1.5 𝜒 = 20 

𝑠 = 20 

  

𝑠 = 60 

  
 

Figure 5.17:  Visualization of some typical bends investigated in this study with their 

corresponding dimensionless numbers. 

 

5.2.2 Results and discussion 

In this chapter the results from the CFD simulations of the acoustic flow in a curved 

layer are presented. First, the results are compared to the respective low reduced frequen-

cy model in a curved layer discussed in Chapter 2.3.4. The comparison is done for a case 
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with a high dimensionless radius of 𝜒 = 10, where the low reduced frequency approxi-

mation is assumed to be valid. Only the results in terms of pressure and velocity ampli-

tudes are compared, as the density and temperature field behave in a similar way.   

 
Figure 5.18:  The pressure amplitude 𝑝1 over the axial coordinate for constant dimen-

sionless bend radius 𝜒 = 10. The black, dark gray and light gray lines cor-

respond to a shear wave number of 𝑠 = 60, 40 and 20, respectively. Re-

sults from simulations are shown with solid lines, while analytical results 

are shown with dashed lines. 

In Figure 5.18 the pressure amplitude 𝑝1 is plotted over the axial coordinate for three 

different shear wave numbers 𝑠 of 60, 40 and 20. The simulation results are compared to 

the analytical solution from the low reduced frequency approximation and differ by less 

than 1%. All pressure amplitudes obtained from simulations have a lower value than in 

the corresponding analytical solution, indicating that additional damping occurs in the 

CFD simulations. Additionally, a mean pressure drift occurs in the domain which in the 

worst case reaches a maximum of 2 Pa within the first five periods. The differences be-

tween the analytical solution and the CFD simulations have the same order of accuracy as 

the validation case in Chapter 4. Thus, the bend does not introduce additional inaccura-

cies. 

The velocity amplitude decay is similar to the pressure amplitude decay. Hence, only 

the axial velocity profile over the height is shown here. The velocity profile half way 

through the bend is shown as solid lines in Figure 5.19 and compared to the analytical 

solutions shown as dashed lines. The axial velocity is scaled according to Equation (5.27) 

as follows: 

𝑢1
𝜔𝜌0
𝑖

 𝑅 (
𝑑𝑝1
𝑑𝜑

)
−1

= (1 − ℎ𝜈)
𝑅

𝑟
 (5.31) 

where ℎ𝜈 is the shape function as defined in Chapter 2.3. The lines from the simulations 

and the analytical solution perfectly overlay each other indicating that the CFD simula-

tions correctly predict the flow field in a curved layer. 
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Figure 5.19:  Scaled velocity profile of the axial velocity in the middle of the bend over 

the dimensionless height, for a dimensionless radius of 𝜒 = 10 and three 

shear wave numbers. The light gray, dark gray and black lines correspond 

to a shear wave number of 𝑠 = 20, 40 and 60 respectively. The solid and 

the dashed lines represent the results from the simulations and the low re-

duced frequency model respectively.  

In the following, the flow field in a curved layer will be investigated in more detail. In 

Chapter 5.2.2.1 the reflection induced by the curvature is discussed and in Chapter 

5.2.2.2 the transition effects from the straight to the curved pipe are revealed. In Chapter 

5.2.2.3 the geometry is changed in such a way that the limits of the analytical solution are 

reached, and finally in Chapter 5.2.2.4 the flow field for extreme curvatures is given. 

5.2.2.1 Curvature induced reflections 

The reflections induced by the bend have consequences for the design of the acoustic 

motor as the phasing of the velocity and pressure is altered in the regenerator and thus has 

to be taken into account by adapting the inertance and compliance of the thermoacoustic 

engine.  

In this chapter the influence of the geometric parameters on the reflections induced by 

a U-bend are investigated. The reflections due to the bend 𝑅𝑏𝑒𝑛𝑑 can be quantified when 

subtracting the reflections at the end of the bend from those in the beginning of the bend. 

The values for constant shear wave number 𝑠 = 60 and different curvatures are shown in 

Table 5.5. The values for dimensionless bend curvatures 𝜒 > 5 have negative values. The 

reason for this is the low value of the reflection coefficient in these cases. Reflections 

mainly occur at the outlet of the domain and due to dissipation, the amplitudes of the 

forward 𝑓 and backwards traveling wave 𝑔 decrease in their respective wave propagation 

direction. This means that the reflection coefficient, which is the ratio of the backwards 

traveling wave to the forward traveling wave, increases with the axial coordinate, which 

leads to the negative reflection coefficient. 

For bend sharpness 𝜒 < 10 the reflections due to the bend are positive. The latter in-

dicates that the backward traveling waves increases in its wave propagation direction. 

This is only possible if the bend introduces reflections that lead to this increase. An ex-

planation for the increase in reflections in the bent part of the domain is not trivial. The 

speed of sound is not constant over the cross-section of the bend, as can be illustrated by 

looking at the distance the wave has traveled on the inside and outside of the bend. The 
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distance on the inside of the bend is much shorter than that on the outside, while the wave 

still propagates as a plane wave with regard to the bend angle 𝜑. These radial changes in 

propagation speed can lead to local reflections in the bend. For sharper bends, the chang-

es in propagation speed in radial direction are larger, thus resulting in higher reflection 

coefficients. 

Table 5.5:  Reflections caused by the bend 𝑅𝑏𝑒𝑛𝑑 as a function of the dimensionless 

bend curvature 𝜒. 

𝝌 Reflection coefficient 

20 −1.4 ∙ 10−3 

10 −2.0 ∙ 10−4 

5 1.0 ∙ 10−3 

3 2.7 ∙ 10−3 

1.5 4.7 ∙ 10−3 
 

 
 

 
Figure 5.20:  Reflections per length caused by the bend as a function of the dimension-

less bend radius for shear wave numbers 𝑠 of 20, 40 and 60, in light gray, 

dark gray and black respectively. The total reflection is corrected for the re-

flections caused by the non-reflecting boundary condition, such that only 

the reflection of the bend is shown and is then divided by the length over 

which it has propagated. 

Figure 5.20 shows the reflections per length caused by the bend for other shear wave 

numbers. The reflections are calculated as the difference of the reflection coefficient at 

the begin and end of the bend, divided by the bend length in the wave propagation direc-

tion, in order to get comparable results. From Figure 5.20 it can be concluded that the 

shear wave number in the range investigated has no influence on the magnitude of the 

reflection per length, while the dimensionless bend radius has a large influence on the 

reflection per length introduced by the bend. For smaller dimensionless radii and thus 

sharper bends, the reflection increases significantly.  
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The influence of the extra reflections on the approximation of the acoustic losses in 

the simulated flow fields is very small. Even with a reflection coefficient of 10% the 

error in the acoustic power would be smaller than 2%. But the reflections induced by the 

bend do have consequences for the design of the acoustic motor as the phasing of the 

velocity and pressure is altered in the regenerator and thus has to be taken into account by 

adapting the inertance and compliance of the thermoacoustic engine. 

Summarizing the above presented results, it can be concluded that sharp bends intro-

duce extra reflections and that the shear wave number in the investigated range has no 

influence on the reflections.  

5.2.2.2 Transitions from straight to bent 

Between the bend and the straight part a transition has to occur as the velocity profiles 

are different in both parts. This can be seen from the different axial velocity profiles ob-

tained from the low reduced frequency approximations of the parallel plate and the 

curved layer given in Chapter 2.3. This means that components nearby such as heat ex-

changers can be influenced by the bend. Because these effects are not incorporated in the 

low reduced frequency approximation, they are investigated with CFD in this work.  

In Chapter 2.3 it is shown that the axial velocity amplitude 𝑢1 in the bend is a func-

tion of the cross-directional coordinate, while in the straight part the axial velocity out-

side the boundary layer is not a function of the cross-directional coordinate. For the de-

sign of the thermoacoustic engine it is important to know how far the asymmetry extends 

into the straight domain and how strong this effect is for different geometries. The transi-

tion between the two profiles is investigated by using the cross-directional derivative of 

the axial velocity 𝜕|𝑢1| 𝜕𝑟⁄  on the center line, as it is zero in the straight part and has a 

negative value in a bend.  

Figure 5.21 shows the normalized radial derivative of the axial velocity for three dif-

ferent shear wave numbers 𝑠 = 20, 40 and 60 and three different dimensionless radii 

𝜒 = 10, 5 and 3 over the axial coordinate normalized with the half spacing ℎ. The cross-

directional derivative of the axial velocity 𝜕𝑢1 𝜕𝑟⁄  on the center line is scaled with the 

bend radius 𝑅 divided by the velocity amplitude |𝑢1| on the center line. 𝑥 = 0 indicates 

the transition point between the straight part, 𝑥 < 0 and the bend part 𝑥 > 0. 

As all the simulated cases overlay each other in the transition region from straight to 

bend, the length of the transition area scales with the half spacing ℎ and is not a function 

of the curvature. The transition is thus driven by the viscous dissipation in the boundary 

layer and not by the displacement amplitude. As the profile is symmetric around the tran-

sition point from straight to bent, the transition effects are the same in both the bent and 

straight part.  

In the bent part of the geometry the magnitude of the scaled velocity derivative stays 

higher than minus one for some cases. An explanation for this can be found in the lengths 

of the transition area. For increasing bend sharpness, the total length of the bend becomes 
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smaller, while the transition length remains the same for equal shear wave numbers. The 

consequence is that the transition regions in sharp, 180° bends overlap and that the veloc-

ity profile does not have the length to complete the transition from the straight profile to 

the bent profile. 

 
Figure 5.21:  Cross-directional gradient in axial velocity scaled with the radius divided 

by the velocity amplitude at the center of the pipe, over the 𝑥-axis scaled 

with the half spacing ℎ. The light gray, dark gray and black lines corre-

spond to a shear wave number of 𝑠 = 20, 40 and 60 respectively. While 

the solid lines, dashed lines and pointed lines correspond to a dimension-

less radius of 𝜒 = 10, 5 and 3 respectively. The vertical dashed line indi-

cates the transition from straight to bend. 

The scaling in Figure 5.21 shows that the transition length can be estimated as a func-

tion of the half spacing ℎ. The transition region is defined as the length until the value of 

the scaled velocity derivative is reached with a tolerance of 0.01. The resulting transition 

length 𝑥𝑡𝑟 is then:  

𝑥𝑡𝑟 = ℎ ∙ 3.1 (5.32) 

This is the distance that the heat exchangers should be away of the bend such that the 

transitions due to the bend have no influences on the heat exchangers. This scaling is 

valid for the investigated shear wave numbers 𝑠 < 20. It is expected that this is no longer 

true when the half spacing is on the order of the viscous penetration depth, as the viscous 

effects becomes dominant then. 

The fact that the cross-directional gradient in the axial velocity profile is not zero in 

the entire length of the straight section suggests that the cross-directional gradient in the 

pressure profile is not zero either. This has also been found to be the case, but the pres-

sure gradient is too small in magnitude for accurate numeric differentiation. It is chosen 

instead to look at the cross-directional velocity, which is proportional to the cross-

directional gradient of the pressure profile.  

Figure 5.22 shows the normalized maximum cross-directional velocity over the nor-

malized axial coordinate, for the same geometries as those given in the earlier figures. 

The maximum cross-directional velocity is scaled with the axial velocity amplitude at the 

center line |𝑢1||𝑟=0: 
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𝑣′ =
max(𝑣1)

|𝑢1||𝑟=0
 (5.33) 

Outside of the transition region the cross-directional velocity is negligible, while in the 

transition region the cross-directional velocity becomes important. The flow in cross-

direction is needed as the volume flow rate stays constant and the axial velocity profile 

changes from the profile in a straight pipe to the one in a bent pipe. With increasing bend 

sharpness the cross-directional velocity in the transition region becomes more significant 

and reaches up to 10% of the axial velocity in the simulated cases. These radial velocities 

have to be taken into consideration when designing a thermoacoustic device, as they can 

affect close by components, like heat exchangers, which would reduce the efficiency of 

the device.  

 
Figure 5.22:  Normalized cross-directional velocity 𝑣′ as a function of the scaled axial 

coordinate. The light gray, dark gray and black lines correspond to a shear 

wave number of 𝑠 = 20, 40 and 60 respectively. While the solid lines, 

dashed lines and pointed lines correspond to a dimensionless radius of 

𝜒 = 10, 5 and 3 respectively. The vertical dashed line indicates the transi-

tion from straight to bend. 

The influence of the bend radius is illustrated in Figure 5.23 by scaling the cross-

directional velocity by the axial velocity amplitude and the dimensionless bend radius 𝜒: 

𝑣′′ =
max(𝑣1)

|𝑢1||𝑟=0
𝜒 (5.34) 

 For all the shown cases the lines lay over each other and the transition length is the same 

as for the axial velocity shown earlier.  
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Figure 5.23:  Normalized cross-directional velocity 𝑣′′ over the axial coordinate normal-

ized with the half spacing ℎ. The light gray, dark gray and black lines cor-

respond to a shear wave number of 𝑠 = 20, 40 and 60 respectively. While 

the solid lines, dashed lines and pointed lines correspond to a dimension-

less radius of 𝜒 = 10, 5 and 3 respectively. The vertical dashed line indi-

cates the transition from straight to bend. 

The transition effects introduce additional losses that can be characterized by compar-

ing with the low reduced frequency solution of a straight pipe. In Figure 5.24 the changes 

in acoustic power due to the bend are normalized with the changes of acoustic power 

obtained from the low reduced frequency solution: 

𝑞′ =

𝜕𝐸𝑎𝑐,𝑠𝑖𝑚

𝜕𝑥
−
𝜕𝐸𝑎𝑐,𝑎𝑛𝑎𝑙

𝜕𝑥
𝜕𝐸𝑎𝑐,𝑎𝑛𝑎𝑙

𝜕𝑥

 (5.35) 

For the cases where the transition region was the largest, which means that they have a 

low dimensionless bend radius and a high shear wave number, the bend introduces up to 

3% additional losses per length compared to a straight pipe. 

 
Figure 5.24:  Additional dissipated acoustic power per length in the simulated cases with 

respect to the dissipated acoustic power per length predicted in the analytic 

model for shear wave numbers of 20, 40 and 60, in light gray, dark gray 

and black respectively. 

The conclusion that can be drawn from this section is that the transition effects play 

an important role in the acoustic flow field when the dimensionless bend radius becomes 

lower. The length over which these transitions take place is defined by the half spacing. 
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Geometric configurations where the transition effects begin to overlap in the round sec-

tions are found for high shear wave numbers and low dimensionless bend radii. In these 

short bends the cross-directional velocity is higher and the axial velocity is reduced. 

Heat exchangers should be placed outside of the transition area and thus further away 

than 3.1 ⋅ ℎ from the bend. Otherwise the heat exchanger will be subject to an asymmet-

ric axial velocity profile and an increased cross-directional velocity, decreasing the heat 

transfer in the heat exchangers. 

5.2.2.3 Limits of the analytical solution 

In the previous sections the reflections induced by the bend and the transition effects 

between the bend and the straight part have been investigated. In this section the validity 

of the low reduced frequency approximations is determined. Knowing the limits of va-

lidity of the low reduced frequency approximations is of interest as the approximation 

allows a quick and easy estimation of the flow field and acoustic power losses in the 

corresponding component, compared with CFD.  

The assumptions made in order to derive the low reduced frequency solution were 

discussed in detail in Chapter 2.3 and will be shortly summarized in this chapter. The 

main assumption is that only small steady harmonic fluctuations occur in a pipe with a 

hydraulic radius much smaller than the wavelength: a low reduced frequency. When this 

assumption is valid the following characteristics used for the derivation of the analytical 

solution have to be true too: 

- axial velocity is considerably larger than the radial velocity 

|𝑢| ≫ |𝑣| (5.36) 

- the pressure is constant over the height 

𝜕𝑝

𝜕𝑟
= 0 (5.37) 

- the gradient of axial velocity in the wave propagation direction is considerably 

smaller than the gradient of the axial velocity in radial direction 

|
𝜕𝑢

𝜕𝑥
| ≪ |

𝜕𝑢

𝜕𝑟
| (5.38) 

- the gradient of temperature in the wave propagation direction is considerably 

smaller than the gradient of the temperature in the radial direction 

|
𝜕𝑇

𝜕𝑥
| ≪ |

𝜕𝑇

𝜕𝑟
| (5.39) 

If the flow field does not fulfil the characteristics summarized in Equation (5.36) to (5.39) 

then the assumptions made are also not valid and the model is no longer a good approxi-

mation. The influence of the bend curvature on these assumptions is investigated here by 

discussing each equation individually in the next paragraphs, starting with the first Equa-

tion (5.36). 
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In the previous section it is shown that a transition between bend and straight part in-

troduces a cross-directional velocity component. The magnitude of this cross-directional 

component increases for decreasing values of the dimensionless bend radius. It is also 

pointed out that when the transition length becomes too large or when the bend length 

becomes too short, the two transition zones coincide and overlay each other. Both effects 

introduce a cross-directional velocity component which can become significant in the 

entire bent domain. This makes the assumption that the cross-directional component of 

the velocity is much smaller than the axial component invalid. 

When both transition zones overlay each other, the cross-directional component be-

comes important. This is the case when the inner circumference is smaller than twice the 

entrance length: 

𝑅 − ℎ

𝜋
< 2 ⋅ 𝑥𝑡𝑟 (5.40) 

which is the same as: 

𝜒 < 3 (5.41) 

This means that for a dimensionless radius 𝜒 smaller than three, the transition zones over-

lay and an important cross-directional velocity can be expected.  

The introduction of a cross-directional component in the axial momentum equation 

causes terms that were discarded in the derivations of the low reduced frequency approx-

imation to become significant. This leads to momentum transport in the cross-directional 

direction, thus reducing the amplitude of the axial velocity. The axial velocity is scaled 

again according to Equation (5.31). The results for shear wave numbers of 20, 40 and 60 

and dimensionless radius of 5 and 3 are shown in Figure 5.25.  

 
Figure 5.25:  Scaled simulated axial velocity for low dimensionless bend radii and three 

shear wave number cases. The light gray, dark gray and black lines corre-

spond to a shear wave number of 𝑠 = 20, 40 and 60 respectively. While 

the dashed lines and dotted lines correspond to a dimensionless radius of 

𝜒 = 5 and 3, respectively.  

The axial velocity of the cases with a dimensionless radius of 𝜒 = 5 overlay each oth-

er outside of the boundary layer. Furthermore, the profiles deviate by less than 1% from 

one in the center of the domain. In the case of a dimensionless radius of 𝜒 = 3 a larger 

deviation occurs, the curves do not overlay with each other anymore outside the boundary 
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layer and the values at the center differ from one. This confirms the condition derived in 

Equation (5.41) from which dimensionless radius on the low reduced frequency approxi-

mation is no longer valid. In this case, the cross-directional velocity is not negligible 

compared to the axial velocity, which leads to a different axial velocity profile. 

In the next step, the validity of Equation (5.37) is investigated, which states that the 

gradient of the pressure in the cross-direction is zero. In all simulations this gradient is 

very small and is much smaller than the axial pressure gradient. The characteristic given 

in Equation (5.37) is derived from the dimensionless radial momentum equation. Com-

paring the respective terms in the radial momentum equation obtained from the simula-

tion it can be concluded that Equation (5.37) is still valid. 

The third assumption given in Equation (5.38) states that the axial gradient of the axi-

al velocity is much smaller than the radial gradient of the axial velocity. This also re-

mains valid, as the largest radial gradients are still found in the boundary layer which is 

unaffected by the transition area. 

The last assumption, that the temperature gradient in the radial direction is much larg-

er than that in the axial direction, also stays valid, as the radial temperature gradients are 

still dictated by the boundary layer which, similar to the axial velocity, remains unaffect-

ed. This can be shown from the simulation results by looking at the thermal profile 

|1 − ℎ𝜅| over the cross-direction, shown in Figure 5.26. In this figure all the lines with 

equal shear wave number overlay each other perfectly and no influence of curvature on 

the thermal profiles can be seen. 

 
Figure 5.26:  Scaled temperature profile in the middle of the bend over the dimensionless 

height. The light gray, dark gray and black lines correspond to a shear wave 

number of 𝑠 = 20, 40 and 60 respectively. While the solid lines, dashed 

lines and pointed lines correspond to a dimensionless radius of 𝜒 =
10, 5 and 3, respectively. 

From the previous investigation it can be concluded, that the assumptions used in the 

low reduced frequency solution hold for bends with a dimensionless radius 𝜒 > 3. For 

sharper bends it is found that the first assumption, which states that the axial velocity is 

much smaller than the radial velocity, does not hold anymore due to the transition effects 

from straight to bent pipe. The failure of this assumption primarily has an effect on the 

axial momentum equation, which leads to different axial velocity amplitudes and profiles. 
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The axial momentum is converted into radial momentum and higher order effects in the 

transition area. This reduces the acoustic power, which was already reported in Fig-

ure 5.24 in the previous section. In this figure the underestimation of the dissipated 

acoustic power was found to be smaller than 1% for dimensionless bend radii of 𝜒 > 3. 

For sharper bends the approximation of the acoustic power deviates more. 

This means that that the acoustic power dissipation can be approximated from the low 

reduced frequency approximation when the dimensionless bend radius is 𝜒 > 3. For 

sharper bends the errors become increasingly important, which makes the low reduced 

frequency solution invalid. 

5.2.2.4 Flow field for extreme curvatures 

In the previous section it was shown that for increasing sharp bends the velocity in the 

cross-directional direction becomes more and more important, leading to a deviation from 

the low reduced frequency solution. In this chapter even higher bend curvatures (𝜒 < 1.1) 

are discussed, as they appear when thermoacoustic devices are made compact. In the 

limit, the curvature is defined by the wall thickness of the pipe. In cases where the inner 

bend radius becomes on the order of the particle displacement amplitude, additional 

physical effects like flow detachment and subsequently vortex shedding occur. 

Three parameters are involved in flow detachment in a bend for oscillatory flow. The 

first two were introduced in the previous sections, the dimensionless bend radius 𝜒 and 

the shear wave number 𝑠. The third dimensionless parameter is chosen to be the ratio of 

the inner radius 𝑅𝑖 = 𝑅 − ℎ and twice the particle displacement amplitude 𝜉1. When this 

is rewritten, one finds that this equals the definition of the Strouhal number [109] multi-

plied by 𝜋. In the following this dimensionless quantity will be referred to as Strouhal 

number 𝑆𝑡: 

𝑆𝑡 =
𝑅𝑖

2𝜉1
=

𝜋𝑅𝑖𝑓

|𝑢1|
 (5.42) 

In general steady state flow fields, high Strouhal numbers are associated with viscosi-

ty dominated flow resulting in collective oscillating movements. For very low Strouhal 

numbers the high speed, quasi steady state portion of the flow is dominant. In intermedi-

ate regimes the oscillations are often characterized by vortex shedding [109]. In the simu-

lations presented in the previous sections, collective oscillatory motion characterizes the 

flow, which is in accordance with the corresponding high Strouhal number. The Strouhal 

number corresponding to these cases is summarized in the Table 5.6. 

In the results discussed up to now, all Strouhal numbers are larger than 1 𝜋⁄ , which 

means that the particle displacement amplitude is smaller than the inner bend circumfer-

ence. In these cases no vortex shedding occurs. For this reason additional simulations are 

presented now with a lower Strouhal number in order to reveal the limit for vortex shed-

ding in a 180° bend subject to an acoustic wave. An overview of the simulated cases with 

a low Strouhal number is given in Figure 5.27. Crosses indicate vortex generation and the 
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circles mark the cases without vortex generation. The limit between vortex generation 

and no vortex generation lays at a Strouhal number 𝑆𝑡 ≈ 1, which means that in order to 

create a vortex, the gas parcel has to displace over a distance that is at least three times 

the inner circumference of the bend.  

Table 5.6:  Strouhal number for the simulated cases in the previous section. 

Shear wave 

number 

Dimensionless curvature 

𝟏. 𝟓 𝟑 𝟓 𝟏𝟎 

𝟐𝟎 4.6 18.4 36.8 82.7 

𝟒𝟎 9.2 36.8 73.5 165 

𝟔𝟎 13.8 55.1 248 524 
 

 
 

 
Figure 5.27: Vortex shedding in the performed simulations presented as a function of 

the shear wave number and the Strouhal number. Circles indicate simula-

tions where no vortex shedding occurs, while crosses indicate simulations 

where vortex shedding occurs. Vertical dashed line indicate Strouhal Num-

ber 𝑆𝑡 = 1.  

Flow detachment is found to be the driving force behind the creation of vortices, 

which is visible in Figure 5.28. In this figure the velocity in the wave propagation direc-

tion for a shear wave number 𝑠 = 40 and a dimensionless bend radius of 𝜒 = 1.01 is 

plotted as a contour. The arrows in the figure show the normalized velocity vector. The 

plot is a detailed view at the location near the bend and shows the velocity field at the 

moment of maximum velocity in wave propagation 𝑡 = 4.25 ⋅  𝑇. The location where the 

flow detaches can be seen, as the velocity in wave propagation direction is zero there, and 

the velocity vector does not follow the curvature of the bend. This creates a recirculation 

zone, shown in blue. This behavior occurs in all the cases where vortex shedding appears. 

The vortex generation occurs periodically, as the flow detaches twice per period, once 

at the bottom of the bend and once at the top when the flow direction is reversed. This is 

shown in Figure 5.29, where two contour plots of the velocity in wave propagation are 
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shown at the moment of flow reversal a) 𝑡 = 4.0 ⋅ 𝑇 and b) t = 4.5 ⋅ 𝑇. The vectors show 

the normalized velocity vectors. At both times two vortices can be distinguished, one that 

was generated in the half period just finishing and the other one from the half period 

earlier. The vortices do not propagate and get dissipated within the following half period 

by the newly generated vortex. The previous implies that the vortices only occur in close 

proximity to the inner bend. 

 

 

 

Figure 5.28:  Contour of the velocity in wave propagation direction and normalized 

vector plots of the velocity at time 𝑡 = 4.25 ⋅  𝑇. 

A short remark about the spatial discretization is given here, as the mesh was opti-

mized for decoupled axial and cross-directional gradients in the acoustic flow field and 

this is not the case anymore. However, in the current configuration the mesh has the 

highest density in close proximity to the inner bend wall, where the vortex shedding oc-

curs in the considered cases. Due to the fact that the gradients in the vortexes are lower 

than those occurring directly in the boundary layer, and in the current simulations do not 

propagate far inside the domain, it can be assumed that the mesh is fine enough to ap-

proximate the gradients accurately. At higher pressure amplitudes the vortices are ex-

pected to propagate away from the location where they are created. This means that in 

order to simulate higher amplitudes a mesh study has to be conducted which incorporates 

this new physical effect.  

When designing a thermoacoustic device, the acoustic power dissipation is a quantity 

of interest. But in order to accurately quantify the acoustic power losses from simulation 

data, the first order effects need to be steady periodic in time. In the simulations with low 

dimensionless radius 𝜒, only 5 periods could be simulated, because of the high simulation 

time required, which in the most extreme cases corresponds to a simulation time of up to 

a month. Due to the vortex generation at dimensionless radii 𝜒 < 1, the flow field is not 

yet steady periodic, which makes it impossible to determine the first order effects accu-

rately and with this it is impossible the quantify the additional acoustic power dissipation 

due to the flow separation. Generally one can say that extra acoustic power is dissipated 

as a result of energy transfer to higher harmonics and vortexes, in situations with extreme 
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curvatures. This happens on top of the regular viscous dissipation caused by the boundary 

layer.  

 
a) 𝑡 = 4.0 ⋅ 𝑇 b) 𝑡 = 4.5 ⋅ 𝑇 

 
 

Figure 5.29:  Contour plot of the velocity in wave propagation direction, with normalized 

vector plots of the velocity at the two moments where flow reversal occurs. 

At both time steps two vortices can be distinguished. 

5.2.3 Conclusion and recommendation 

In this chapter the flow field in a 180° curved layer was investigated. The problem 

can be parametrized with three dimensionless quantities: the shear wave number 𝑠, the 

dimensionless radius 𝜒 and the Strouhal number 𝑆𝑡. The present study focuses on the 

influence of the geometry, which means that the first two parameters were investigated.  

It is shown that with decreasing dimensionless radius 𝜒, which corresponds to sharper 

bends, the reflection due to the bend increases. The reflections in the investigated param-

eter range do not exceed 10% for all cases and have to be taken into account in the design 

of thermoacoustic engines in order to reach reliable predictions and high efficiencies. The 

second parameter, the shear wave number, has no influence on the reflections in the in-

vestigated parameter range.  

In the next step the limit of the low reduced frequency approximation was determined 

by analyzing the transition effects from the straight to the bent part of the pipe. For large 

dimensionless radii, 𝜒 > 3, the transition effects at both extremities of the bend do not 

interact, the cross-directional velocity is small and the low reduced frequency solution is 

valid. At smaller dimensionless radii (𝜒 < 3) the transition effects from both extremities 

interact and the cross-directional velocity becomes increasingly important for sharper 

bends, making the low reduced frequency approximation invalid. This is also accompa-
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nied by an increase in acoustic power dissipation which has to be taken into account in 

the design of thermoacoustic engines. 

For dimensionless bend radii even smaller, which are on the order of the displacement 

amplitude, vortex generation is observed. It is shown that in the investigated parameter 

range for Strouhal numbers 𝑆𝑡 < 1, vortices occur, that are expected to introduce addi-

tional losses.  

 

In future studies the parameter space spanned by the shear wave number 𝑠 and the 

dimensionless radius 𝜒, has to be extended by the Strouhal number 𝑆𝑡 such that the influ-

ence of the pressure amplitude is also taken into account. Higher pressure amplitudes 

would imply that the vortices would not only dissipate but also propagate outside of the 

bend. This would involve a different mesh to resolve the vortex propagation and longer 

simulation to reach a steady periodic state. Additionally, the inlets at both ends of the 

domain have to be extended such that the vortices do not influence the non-reflecting 

boundary conditions.  

As Dequand et al. [104] showed that the shape of the outer radius has an influence on 

the acoustic field, the bent geometry of the CFD model should be varied in future studies. 

A geometry of interest would be for example the coaxial configuration with a flow redi-

rection plate, as this is applied in compact thermoacoustic devices. In an additional step 

the model could be extended to the third dimension, especially in order to investigate 

pipes with a circular cross-section, which is expected to have influence on the vortex 

generation in the 180° bend.  

In a subsequent step the interaction of the bend with a close by component, like a heat 

exchanger, could be investigated by implementing the component in the CFD model. 

This is especially interesting as reduced models cannot predict this kind of interactions. 
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5.3 Calculation of thermoacoustic functions with CFD 
Thermoacoustic engines are designed using the one-dimensional thermoacoustic 

equations introduced in Chapter 2.2.3. In these equations the thermal and viscous ther-

moacoustic functions, 𝑓𝜅 and 𝑓𝜈 respectively, allow accounting for the three-dimensional 

thermal and viscous effects in the one-dimensional thermoacoustic equations. This means 

that by knowing the thermoacoustic function, the time dependent three-dimensional flow 

field can be reduced to a one-dimensional frequency dependent problem.  

The thermoacoustic functions for uniform pores can be obtained by solving the differ-

ential equation  

ℎ𝑗 −
𝛿𝑗
2 𝑖

2 
 ∇𝑐𝑑

2 ℎ𝑗 = 0 , for 𝑗 = 𝜅 or 𝜈 (5.43) 

and integrating the resulting function ℎ𝑗 over the cross-section 

𝑓𝑗 = ∬ ℎ𝑗  𝑑𝐴
𝐴

 , for 𝑗 = 𝜅 or 𝜈 (5.44) 

For simple geometries analytical solutions can be derived. Rott [5] derived analytical 

solutions of the thermoacoustic functions for parallel plates and cylindrical pores, while 

Arnott et al. [52] extended the analytical solutions for other uniform pores. The thermo-

acoustic functions of the most important pore geometries are summarized in Appendix B 

and visualized in Chapter 2.2.4.  

However, many thermoacoustic devices comprise stacked screens as the regenerator. 

For these regenerators no analytical solution for the thermoacoustic functions is known. 

Swift and Ward [110] used steady flow correlations to approximate the thermoacoustic 

functions for these tortuous regenerators, which do not take into account the flow history. 

Nevertheless, this allows implementing complex geometries in thermoacoustic codes like 

DeltaEC [7]. 

Experimental characterization of the thermoacoustic functions has been done by dif-

ferent researchers. Hayden and Swift [54] calculated the thermal thermoacoustic function 

of a pin array stack using the relation given in Equation (2.46) by measuring the pressure 

and the volume in their experimental setup. Wilen investigated a single pore [111] and 

measured the thermal thermoacoustic function of a single pore [112]. In a later work 

Wilen and Petculescu extended the study to a single pore with a temperature gradient 

[113] and to high pressure amplitudes [114]. They also measured the pressure and the 

volume of the experimental setup in order to estimate the thermal thermoacoustic func-

tion. Only by similitude the viscous thermoacoustic function can be estimated. Udea et al. 

[56] extended the experiments such that the full thermoacoustic transfer matrix can be 

obtained, which allows the calculation of both thermoacoustic functions. The underlying 

idea is to model the regenerator as an array of tubes having a simple geometric cross-

section. Recently, Bannwart et al. [115] proposed a more accurate measurement method 

that uses an acoustic impedance sensor to estimate the thermoacoustic transfer function.  
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The only work known to the author in which the thermoacoustic functions are calcu-

lated from CFD is the work of Jensen and Raspet [55]. They use the Lattice Boltzmann 

method in order to reveal the flow around random fibrous material. From the flow field 

the thermal thermoacoustic function is calculated using the relation given in Equation 

(2.46). Similar to some of the experimental work mentioned earlier, the viscous thermo-

acoustic function has to be estimated by similitude from the thermal thermoacoustic func-

tion.  

CFD simulations which are used to estimate the thermoacoustic functions of a stacked 

screen regenerator are not known to the author. The CFD simulations of stacked screens 

evaluate the characteristics of the regenerator for steady flow (a recent study is for exam-

ple Costa et al. [116]). However, for thermoacoustic applications the phase delay is im-

portant. To incorporate this phase delay the complex heat and momentum transfer have to 

be determined.  

In this chapter a first step is made to reveal the flow field inside a stacked screen re-

generator subject to an oscillating flow. The CFD simulations in this chapter are the first 

CFD simulations that allow the calculation of the thermoacoustic transfer matrix and 

hence both thermoacoustic functions of stacked screen regenerators from the oscillating 

flow field. As the pressure and the velocity are available, the method of Udea et al. [56] 

will be used to calculate the thermoacoustic functions from the CFD simulations. Differ-

ent geometries will be investigated and compared to one-dimensional models of the re-

generator.  

5.3.1 Models 

In this section the models of the stacked screen regenerator are presented. A geomet-

ric reduction is done in order to reduce the computational costs. Assuming that the 

screens are perfectly inline, and neglecting both, the gravity effects as well as the effects 

of the duct where the regenerator is housed, one mesh can be modeled as a periodic repe-

tition of one cell of the meshed screen. Each of these cells is further reduced to inline 

cylinders, where each cylinder represents the wire of a screen. The geometric reduction is 

summarized in Figure 5.30. 

First in Section 5.3.1.1 the CFD model of the stacked screen regenerator is presented, 

then in Section 5.3.1.2 a one-dimensional model of the regenerator is presented, which 

allows explaining the behavior seen from the CFD simulations.  
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a) b) 
 

Figure 5.30:  Visualization of geometric reduction. a) full screen b) reduced CFD model. 

Red arrow indicates the wave propagation direction. 

5.3.1.1 CFD Model 

In this section the CFD model of the stacked screens is presented. Helium is used as a 

working gas, as it is frequently used in thermoacoustic engines for its favorable thermo-

acoustic properties [5]. Helium is modeled as an ideal gas with the fluid parameters given 

in Appendix E. The simulations are conducted at atmospheric pressure and a mean tem-

perature of 𝑇0 = 300K. The wave is introduced at the left boundary through a non-

reflecting boundary condition. It travels through the domain where it interacts with the 

cylinders representing the screen of the regenerator. Depending on the investigated case 

1, 2, 5 or 10 screens are modeled. The boundary conditions at the cylinders modeling the 

screens are set to isothermal and no-slip. The wave leaves the domain at the right through 

another non-reflecting boundary condition. All boundary conditions are summarized in 

Figure 5.31. 

 
Figure 5.31:  Summary of the boundary conditions applied in the stacked screen regener-

ator model. 

The frequency of the wave is varied from 𝑓 = 50. .1300Hz. This corresponds to a 

Lautrec number of 𝐿𝑐 = 𝑟ℎ 𝛿𝜅⁄ ≈ 0.3. .2, which is the range used for stacks and regenera-

tors in thermoacoustic devices. The pressure amplitude is set to 𝑝1 = 1Pa, which is con-

sidered to be a very low value for thermoacoustic applications, but allows a first estima-

tion of the thermoacoustic functions of the stacked screen regenerator model.  

The diameter of the cylinders corresponds roughly to the thermal penetration depth at 

𝑓 = 100Hz. In the reference geometry the opening of the screens is set to 2 ∙ ℎ = 𝛿𝜅. The 
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inlet and outlet length 𝐿1 is twelve thermal penetration depths long, such that the distance 

between the screen and the boundary condition is always larger than two displacement 

amplitudes. The distance between the screens 𝐿1 is one thermal penetration depth. The 

dimensions of the stacked screen regenerator model are summarized in Figure 5.32. 

 

Figure 5.32:  Definition of the dimensions of the thermoacoustic function CFD model. 

The ratio of the cylinder diameter and the viscos penetration depth 𝐷 𝛿𝜈⁄  is smaller 

than four for all simulations and the acoustic Reynolds numbers 𝑅𝑒𝑎𝑐 ≈ 49 for all simu-

lations, such that the flow can be assumed laminar [84].  

 The fluid domain is discretized with an O-grid around the cylinders and a rectangular 

mesh at the inlet and outlet of the domain. The discretization in the radial direction con-

sists of 30 elements growing with a geometric factor of 𝑞 = 1.2 away from the cylinders. 

This is more than the minimum number of elements per extended viscous penetration 

depth derived in Chapter 4.1.2.1. The circumference of the cylinders is discretized with 

120 elements. The inlet and the outlet lengths are discretized with five elements per 

thermal penetration depth 𝛿𝜅 in the wave propagation direction, which corresponds to at 

least 5700 elements per wave length. The cross-direction is discretized with twenty ele-

ments per thermal penetration depth 𝛿𝜅. The mesh of the five screens model is shown in 

Figure 5.33 as an illustration.  

 

Figure 5.33:  Discretization of the 5 screen mesh model.  

The domain is initialized with zero velocity and a temperature of 𝑇0 = 300K. All 

simulations are carried out for two wave periods. The time step size is limited by the non-

reflecting boundary condition and is set to Δ𝑡 = 5 ∙ 10−7s, which corresponds to at least 

1500 time steps per period. 

5.3.1.2 One-dimensional model 

The CFD simulations are compared to a one-dimensional model based on the wave 

propagation equations derived in Chapter 2.2.4.3.2. By adapting the one-dimensional 

model the different characteristics of the CFD results can be easily interpreted. In the 

one-dimensional model the cylinders that represent the wires of the regenerator are mod-
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eled as parallel plates, with comparable properties. The half spacing needed for the paral-

lel plates is evaluated as the averaged half spacing of a cylinder: 

ℎ𝑝𝑝 =
𝐻

2
−
π R

4
 (5.45) 

where the geometric parameters are defined in Figure 5.34. 

  
 a)   b)  

 

Figure 5.34:  a) cylinder modeling the stacked screens and b) the corresponding simpli-

fied parallel plate geometry with the definition of the corresponding dimen-

sion. 

The resulting geometric reduction from a) the cylinder to b) the parallel plate models 

is shown in Figure 5.35. 

 
Figure 5.35:  a) Simulation model: cylinders where the flow goes around b) acoustic 

model of the simulation. 

The regenerator model is then split into different segments of length Δ𝑥 for which the 

pressure 𝑝𝑖+1 and the velocity 𝑢𝑖+1 on one side of the segment can be calculated from the 

pressure 𝑝𝑖 and velocity 𝑢𝑖 on the other side as follows: 

𝑝𝑖+1 = 𝑝𝑖 cos(𝑘 ∙ Δ𝑥) − 𝑖 𝑍 𝑢𝑖 sin (𝑘 ∙ Δ𝑥) (5.46) 

𝑢𝑖+1 = 𝑢𝑖 cos(𝑘 ∙ Δ𝑥) − 𝑖
𝑝𝑖
𝑍
 sin (𝑘 ∙ Δ𝑥) (5.47) 

Each segment is characterized by its acoustic impedance 𝑍 and its wave propagation 

constant 𝑘. Three different types of segments can be differentiated. These segments are 

visualized in Figure 5.36. In the first type of segment (a) the wave propagates adiabatical-

ly, the acoustic properties are set as follows: 

𝑘 = 𝑘0 =
𝜔

𝑐0
 (5.48) 

𝑍 = 𝑍0 = 𝑐0𝜌0 (5.49) 
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in the second type of segment (b) the wave interacts with the screen. According to the 

geometric reduction given above, the acoustic properties can be estimated from the ther-

moacoustic functions as follows: 

𝑘 =
𝜔

𝑐0
 √

1 + (𝛾 − 1)𝑓𝜅
1 − 𝑓𝜈

 (5.50) 

𝑍 =
𝜔 𝜌0

𝑘 (1 − 𝑓𝜈)
 (5.51) 

The thermoacoustic functions are calculated from the analytical solutions for parallel 

plates using the half spacing ℎ defined in Equation (5.45) 

The last type of segments (c) models the wave propagation in between the screens. 

The wave propagation is modeled as adiabatic even though that the gas interacts also with 

the screen in this volume. These axial effects of the screens are taken into account in the 

model by implementing the thermal hysteresis losses at the vertical surfaces. The velocity 

at this point is corrected as follows: 

𝑢𝑖+1,𝑐𝑜𝑟 = 𝑢𝑖+1 −
1

2
 𝜔 𝑙1

𝛾 − 1

𝜌0 𝑐0
2  (1 − 𝜖)𝑝𝑖 (5.52) 

where 𝑙1 is a geometric length which is generally the thermal penetration depth 𝛿𝜅. Due 

to the close packaging of the screens, the distance between two screens in the wave prop-

agation direction can be smaller than two thermal penetration depth 𝛿𝜅. For this reason 

the length 𝑙1 is limited to the distance between the cylinders for low frequencies.  

The pressure and the velocity at the two ends of the domain are then used to calculate 

the thermoacoustic function of the whole assembly as is done for the simulations. 

 
Figure 5.36:  Different parts of the acoustic model: a adiabatic part; b part with flow 

between parallel plates; c part between the parallel plates. 

5.3.2 Results and discussion 

In this chapter the thermoacoustic functions calculated from the reduced CFD model 

are presented. The results from the CFD models are compared to the results of the one-

dimensional model and the results for parallel plates, to allow for a better interpretation 

of the results.  

Figure 5.38 shows the typical results that can be obtained from the calculation of the 

thermoacoustic functions. The viscous and thermal thermoacoustic functions are shown 

in a) and b), respectively, and are split into their real part (top) and imaginary part (bot-

a c b c c c b b b b a 

1 2 3 4 5 6 7 8 9 12 10 11 
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tom). The thermoacoustic functions are shown as a function of the Lautrec number 𝐿𝑐, 

which is in fact, the dimensionless square root of the frequency, as the fluid parameters 

and the geometry are not changed for a range of simulation. The Lautrec number is the 

ratio of a characteristic length and the respective penetration depth. The typical length 

scale is the hydraulic radius [6] and it will be used in this work for thermal thermoacous-

tic functions. The hydraulic radius is calculated as follows: 

𝑟ℎ =
𝐻

𝜋
−
1

2
𝑅 (5.53) 

In the case of the viscous thermoacoustic function, the frequency is scaled with the 

minimum half spacing ℎ  (see Figure 5.37), as this shows a better agreement with existing 

analytical solutions. 

 
Figure 5.37:  Definition of the lengths for the calculation of the Lautrec number. 

 A motivation for this different scaling is given in Figure 5.39. The contour plots of 

the velocity a) and the temperature b) for the case with a frequency 𝑓 = 1300Hz are 

shown at the moment of their maximum. While the temperature changes take place in a 

radial direction around the cylinders, the velocity shows a more "pore-like" structure in 

the wave propagation direction. This means that the temperature changes take place in the 

whole fluid volume and that the hydraulic radius is an appropriate scaling length. In the 

case of the velocity only a small channel, with a height of roughly the opening of the 

mesh incorporates the flow, the corresponding scaling length is thus the half spacing. 

Qualitatively similar results are also obtained for the other simulated frequencies.  

This difference in scaling is remarkable as a number of publications only estimate the 

thermal thermoacoustic function and scale these results in order to obtain the viscous one 

[55, 111, 112, 113, 114]. According to the results shown in Figure 5.38, this does not 

seem to be true for non-uniform pores modeling a regenerator. A method like the one of 

Udea et al. [56] that is applied in this thesis should be used to calculate both thermo-

acoustic functions at the same time.  

In Figure 5.38 the thermoacoustic functions are shown for different scaling of the 

domain, the corresponding cylinder diameter is given in the legend. All results lie on a 

continuous line and overlay each other in case of equal Lautrec numbers. From this it can 

be concluded that the numerical domain can be scaled without loss of generality when no 

vortexes or turbulence occurs. 

ℎ  

𝐻

2
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 a)   b)  

  
 

Figure 5.38: Viscous a) and thermal b) thermoacoustic functions over the viscous Lautrec 

number ℎ/𝛿𝜈 and the Lautrec number 𝑟ℎ 𝛿𝜅⁄  respectively for the ten cylin-

ders CFD model. The geometry of the CFD model is scaled, such that four 

different diameters can be simulated. The red line shows the thermoacoustic 

function for parallel plate geometry as a function of the Lautrec numbers 

based on the hydraulic radius. 

 

a) 

 

b) 

 
 

Figure 5.39:  a) contour of the velocity and b) contour of the temperature at the moment 

of highest pressure and velocity, in the case of the simulation of 𝑓 =
1300Hz. Not the whole length of the computational domain is shown and 

the domain is repeated once along the periodic boundary condition. 
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The thermoacoustic functions obtained from CFD are first compared to the thermo-

acoustic functions of the parallel plate geometry, which are plotted as red lines in Fig-

ure 5.38. Parallel plates are chosen as all uniform pores have a similar behavior and both 

the parallel plate geometry and the CFD model are two-dimensional. Deviation between 

the behavior of the parallel plate and the CFD model can be seen and will be explained 

using the one-dimensional model. 

In Figure 5.40 the CFD results of Figure 5.38 are condensed to the thin blue line by 

connecting the respective points. The resulting curve that represents the results from the 

different scaling's is then compared to results of the one-dimensional model, which are 

represented by the thicker lines. In the one-dimensional model the thermal behavior of 

the regenerator model is adapted to distinguish different thermal effects. As expected 

these changes do not have any effect on the viscous thermoacoustic function shown in 

Figure 5.40 a), but only on the thermal thermoacoustic function shown in b), especially 

on its imaginary part. Hysteresis losses are implemented in the one-dimensional model in 

order to take into account the losses due to the heat transfer in the wave propagation di-

rection. If no hysteresis losses are included in the one-dimensional model, the imaginary 

part of the thermal thermoacoustic function goes to zero for low Lautrec numbers, but if 

they are included, the thermal thermoacoustic function goes to a large negative value. 

The hysteresis losses thus introduce an additional phase delay. This is the same behavior 

that can be seen from the CFD results, but the effect is less pronounced for low Lautrec 

numbers and hence low frequencies. This can be explained by the fact that for low fre-

quencies the distance between the cylinders is smaller than the thermal boundary layer, 

limiting the hysteresis losses. This is taken into account in the one-dimensional model by 

limiting the thermal penetration depth to a maximum value of half the distance between 

the cylinders. This means that for low frequencies the length 𝑙1 in Equation (5.52) is set 

to half the distance between the cylinders 𝐿2 2⁄ . The results are given in Figure 5.40 with 

the gray dash dotted line and show a behavior close to the results from CFD. This means 

that it can be concluded from the one-dimensional model that the deviation in the imagi-

nary part of the thermal thermoacoustic function is due to heat transfer in wave propaga-

tion direction. 

Another remarkable qualitative difference occurs in the real part of the thermal ther-

moacoustic function, as it gets higher than one for low Lautrec numbers in case of the 

CFD data shown in Figure 5.38 b). This is unexpected as for all uniform pores the value 

is bounded between zero and one. One possible reason can be the inaccuracy in the calcu-

lation of the velocity phasing that leads to an erroneous calculation of the real part of the 

thermal thermoacoustic function. This effect is discussed in more details in Appendix I. 

In Figure 5.40 b) a difference in the real part of the thermal thermoacoustic function 

can be seen between the one-dimensional model and the CFD results. For low frequen-

cies or low Lautrec numbers respectively the values of the one-dimensional model con-

verge to a constant value, which is clearly smaller than in the CFD simulations. In Ap-
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pendix J it is shown that this effect can be explained by the fact that the space between 

two screens does not interact with the fluid in the one-dimensional model and a scaling is 

proposed there to demonstrate this. The values from CFD are clearly higher than those 

from the one-dimensional model, which indicates that the distance in the wave propaga-

tion direction in between the cylinders also takes part in the heat transfer. This effect is 

introduced in the one-dimensional model by assuming that in between the cylinders the 

thermal contact that occurs is similar to that of parallel plates with half spacing ℎ = 𝐻 2⁄ . 

The results are shown with the light gray dashed line. With this the behavior of the ther-

mal thermoacoustic function obtained from CFD can be explained.  

The behavior of the viscous thermoacoustic functions in Figure 5.38 a) shows less de-

viation from the parallel plate geometry than the thermal thermoacoustic function in b). 

In Figure 5.40 the results are compared to the one-dimensional model. For low frequen-

cies or Lautrec numbers respectively a good agreement between the one-dimensional 

model and the CFD simulations are obtained. For higher Lautrec numbers the two-

dimensional geometry becomes increasingly important as the boundary layer becomes 

thinner and the displacement amplitude smaller. Thus, the deviations increase for higher 

Lautrec numbers.  

  
 a)   b)  

  
 

Figure 5.40: Viscous a) and thermal b) thermoacoustic functions over the viscous Lautrec 

number ℎ 𝛿𝜈⁄  and the Lautrec number 𝑟ℎ 𝛿𝜅⁄ . The thin blue line represents 

the condensed CFD results from Figure 5.38. The different thick lines repre-

sent results from the one-dimensional model, with changing thermal proper-

ties. 

In the previous the general behavior of thermoacoustic functions was described. In the 

following the geometry and the pressure amplitude are changed. In Section 5.3.2.1 the 
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number of screens is varied, then in Section 5.3.2.2 the arrangement of the cylinders is 

changed and in Section 5.3.2.3 the influence of higher amplitudes is investigated. 

5.3.2.1 Influence of the number of screens 

In this section the influence of the number of screens on the estimated thermoacoustic 

functions is investigated. This means that regenerators with different lengths are com-

pared such that the length over which the entrance effects at each side of the regenerator 

occur, can be estimated. Entrance effects occur at the extremities of the regenerator, as 

the gas parcels at the extremities interact with both the regenerator as well as with the 

open space. The entrance effects were already described in Chapter 4.6 and will be inves-

tigated in more details for stacked screen regenerators in Chapter 5.4. 

  
 a)   b)  

  
 

Figure 5.41: Viscous a) and thermal b) thermoacoustic functions over the viscous Lautrec 

number ℎ 𝛿𝜈⁄  and the Lautrec number 𝑟ℎ 𝛿𝜅⁄ . The black and gray lines show 

the thermoacoustic functions for one, two, five and ten cylinders and the red 

line shows the thermoacoustic function for parallel plates.  

The length of the stacked screen regenerator is adapted in the CFD simulations by 

varying the number of cylinders. The thermoacoustic functions for one, two, five and ten 

cylinders are shown in Figure 5.41. The behavior of the viscous thermoacoustic function 

is not affected by the number of cylinders, which means that viscous effects at the ex-

tremities of the regenerator do not play a role for this pressure amplitude. On the other 

hand, the behavior of the thermal thermoacoustic function is notably affected by the en-

trance effects. With an increasing number of cylinders the real and the imaginary part get 

closer to the corresponding ones of parallel plates. The entrance effects are averaged out 

for a larger number of cylinders, leading to a more pore like behavior. This can be seen 

especially at low frequencies, where the entrance effects have more influence due the 
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larger displacement amplitude and boundary layer. Indeed, the hysteresis losses that af-

fect the imaginary part of the thermal thermoacoustic function become less important and 

the value for low Lautrec numbers goes closer to zero. Also the overshoot of the real part 

of the thermal thermoacoustic function for low frequencies gets smaller with an increas-

ing number of cylinders. This indicates that the values higher than one do not necessarily 

originate from numerical errors but could originate from the entrance effects. To show 

this the thermoacoustic functions of each cylinder are calculated in the following. 

In order to calculate the thermoacoustic functions of each of the cylinders of the re-

generator separately, the flow data is exported from the line between two cylinders and 

averaged over this cross-section. From the time dependent pressure and velocity, the 

thermoacoustic functions of each cylinder can be estimated with the method from Udea et 

al. described in Chapter 2.2.4.3. As can be expected from Figure 5.41 the values of the 

viscous thermoacoustic function per cylinder are the same for all cylinders, as the number 

of cylinders does not have any influence. As opposed to this, the values of the thermal 

thermoacoustic function per cylinder show a clear dependence on the entrance effects. 

The thermal thermoacoustic function of the first two cylinders at each end of the regener-

ator differs largely from the values of the cylinders further inside of the regenerator. The 

thermal thermoacoustic functions of cylinders more than two cylinders inside the regen-

erator overlay each other. This is illustrated in Figure 5.42, which shows the thermal 

thermoacoustic function for the cylinders at the center of the regenerator for the CFD 

simulations with five and ten cylinders. Both overlay each other, which means that the 

curves presented in Figure 5.42 are those of a stacked screen regenerator modeled as 

inline cylinders without entrance effects.  

  
 a)   b)  

 

Figure 5.42: a) real part and b) imaginary part of the thermal thermoacoustic functions of 

the cylinders in the center of the regenerator over the Lautrec number 𝑟ℎ 𝛿𝜅⁄ . 

The black and gray lines show the thermoacoustic functions of the cylinders 

in the five and ten cylinders case, colors are the same as in Figure 5.41. The 

red line shows the thermoacoustic function for parallel plates as an indica-

tion.  

The behavior at low frequencies or low Lautrec number respectively is closer to that 

of parallel plates. For low frequencies the imaginary part of the thermal thermoacoustic 

functions goes to zero and the real part stays between zero and one. This is a further indi-
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cation that the values higher than one of the real part of the thermoacoustic function are 

due to the entrance effects.  

Still the real part of the thermal thermoacoustic function shows a remarkable feature 

as it seems to converge to a value smaller than one for low frequencies. This indicates 

that the volume in between the cylinders does not take part at the thermal contact. For 

this reason the screens arrangement is changed in the next chapter in order to reveal the 

influence of the two-dimensional flow field on the thermal thermoacoustic function. 

5.3.2.2 Influence of the cylinder arrangements 

In the previous chapter it is shown, that the real part of the thermal thermoacoustic 

function does not go to one for low frequencies or Lautrec numbers respectively. This 

suggests that the entire fluid volume in between the cylinders takes part in the heat ex-

change. For this reason, the arrangement of the screens is adapted. Instead of an inline 

arrangement the screens are positioned in an alternating configuration. The new arrange-

ment can be seen in Figure 5.45. The thermoacoustic functions are calculated cylinder 

wise, like in the previous chapter, and the values for the fifth cylinders are compared. 

While the viscous thermoacoustic function is not affected by the different arrangement, 

this is the case for the thermal one.  

 

 
 

Figure 5.43:  Alternating screen arrangement. Not the whole length of the computational 

domain is shown and the domain is repeated once along the periodic 

boundary condition. 

Figure 5.44 shows the real part a) and the imaginary part b) of the thermal thermo-

acoustic function for the two different arrangements. The black and gray lines correspond 

to the inline and alternating arrangement respectively. The rearrangement leads to better 

thermal contact between the cylinders and the gas volume, as can be seen from the higher 

values of the real part of the thermoacoustic function for all frequencies. This different 

behavior is due to the fact that the maximum distance of the gas parcels to a cylinder is 

smaller in the alternating arrangement. Figure 5.45 shows the velocity in the wave propa-

gation direction and the temperature at the moment of highest amplitude for the alternat-

ing arrangement and can be compared to the inline arrangement in Figure 5.39. Indeed 

the temperature profile in the alternating case is more homogeneous, which indicates that 

the temperature changes are smaller, the thermal contact is thus closer.  

Finally, it can be concluded that rearranging the cylinders does not affect the viscous 

behavior of a stacked screen but can be advantageous from a thermal point of view. The 

best arrangement is reached when the screens are positioned such that they have the clos-

est contact with the fluid.  
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 a)   b)  
 

Figure 5.44: a) real part and b) imaginary part of the thermal thermoacoustic functions of 

the fifth cylinder of the regenerator over the Lautrec number 𝑟ℎ 𝛿𝜅⁄ . The 

black line corresponds to the inline arrangement and the gray line to the al-

ternating arrangement. The red line represents the thermoacoustic function 

for parallel plates as an indication.  

 

a) 

 

b) 

 
 

Figure 5.45:  a) contour of the velocity and b) contour of the temperature at the moment 

of highest pressure and velocity, in the case of the simulation of 𝑓 =
1300Hz and an alternating cylinder arrangement. Not the whole length of 

the computational domain is shown and the domain is repeated once along 

the periodic boundary condition. 

5.3.2.3 Influence of the drive ratio 

Up to now, the simulations were conducted with a pressure amplitude of 𝑝1 = 1Pa 

which is very low. For this reason the pressure amplitude is increased here to 𝑝1 =

100Pa, which is still a small amplitude for thermoacoustic applications but allows for a 

first estimation of the influence of the pressure amplitude. 

The increase of the pressure amplitude does not have any effect on the viscous ther-

moacoustic function, as for both pressure amplitudes the viscous thermoacoustic func-

tions overlay each other (not shown). The higher amplitude also does not have any effect 

on the thermal thermoacoustic function inside the regenerator (not shown), which means 

that the flow field does not affect the heat transfer inside the regenerator. This is an indi-
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cation that the differences in the thermal thermoacoustic functions for the two arrange-

ments presented in the previous chapter are a result of the smaller distance between the 

gas and the solid and not to different flow fields.  

The only deviation due to the pressure amplitude can be seen when the thermal ther-

moacoustic function is taken over the whole generator length. This is shown in Fig-

ure 5.46, where the thermal thermoacoustic function is taken over the whole generator for 

the two different amplitudes. In Figure 5.46 b) the imaginary part of the thermal thermo-

acoustic function is given. The gray line represents the high amplitude while the black 

line represents the low amplitude. It can be seen that for a higher amplitude the deviation 

from the parallel plate behavior increases, which indicates that the entrance effects be-

comes more pronounced. This is especially true at low frequencies where the displace-

ment amplitude is largest. 

  
 a)   b)  

 

Figure 5.46: a) real part and b) imaginary part of the thermal thermoacoustic functions of 

the fifth cylinder of the regenerator over the Lautrec number 𝑟ℎ 𝛿𝜅⁄ . The 

black line corresponds to a pressure amplitude of 𝑝1 = 1Pa and the gray line 

to a pressure amplitude of 𝑝1 = 100Pa. The red line represents the thermo-

acoustic function for parallel plates as an indication.  

5.3.3 Conclusion and recommendations 

In this study the method of Udea et al. is successfully implemented for CFD and is 

applied to estimate the thermoacoustic functions of a simplified model of a stacked 

screen regenerator, which is modeled as inline cylinders. Using this method, it is demon-

strated that the thermal and the viscous thermoacoustic function scale with a different 

length scale. The behavior of the thermoacoustic functions is explained by comparing 

with the thermoacoustic functions from the parallel plate geometry and a simplified mod-

el of the stacked screen regenerator. It is shown that the behavior of the thermoacoustic 

functions does not change when the whole numerical domain is scaled, indicating that the 

numerical domain can be scaled without loss of generality when no vortices or turbulence 

occur. 

In a first step the number of cylinders, corresponding to the number of screens of the 

regenerator, is varied. Due to the entrance effects different thermal thermoacoustic func-

tions are obtained, while the viscous ones are not affected by the entrance effects. In the 

simulated cases the entrance effects extend over two cylinders at both extremities of the 
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regenerator. The thermoacoustic functions calculated over each cylinder located further 

inside the regenerator are the same independently of the length of the regenerator. This 

means that thermoacoustic functions calculated over one cylinder characterize a stacked 

screen regenerator without entrance effects.  

By changing the arrangement of the screens it can be shown why porous materials 

and stacked screens are so widely used in thermoacoustic applications. Due to the differ-

ent arrangement the largest distance between the gas and the solid is reduced, increasing 

the thermal contact while the viscous effects are not affected.  

In the present study two different amplitudes are simulated, which can both be charac-

terized as low for thermoacoustic applications. In this range the changes in pressure am-

plitude do not affect the thermoacoustic functions calculated over each cylinder inside the 

regenerator. Instead they only affect the entrance effects and thus the thermoacoustic 

functions calculated over the whole regenerator. As the entrance effects at the end of the 

regenerator play such an important role, they are investigated in more details in the fol-

lowing chapter. 

 

In future studies different geometric influence factors might be investigated. For ex-

ample the opening could be varied, as this would allow obtaining the optimal opening, 

which is expected to be larger than the one of the present numerical model. In addition to 

this, the model can be extended to the third dimension, allowing for more realistic models 

of the stacked screen regenerator. With this model it would be possible to investigate 

different packing of the screens. 

The present model can be extended in future work for even higher amplitudes where 

vortices at the extremities of the regenerator could possibly occur. These vortices play an 

important role in the accurate estimation of the thermoacoustic functions at high ampli-

tude. In order to accurately predict the thermoacoustic functions for higher amplitudes, 

the length of the regenerator model has to be increased, such that the entrance effects do 

not influence the thermoacoustic functions calculated over a cylinder inside the regenera-

tor. Besides this the model presented here would allow investigating the influence of 

vortex generation on heat transfer at the ends of the regenerator in the future. 
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5.4 Entrance effects in stacked screen regenerator6F

1 
The regenerator is the key component of a traveling wave thermoacoustic device in 

which the thermoacoustic effect occurs. In traveling wave devices the thermoacoustic 

effect occurs within one penetration depth, as in an ideal case the local gas temperature 

has to follow the solid temperature of the regenerator (see Chapter 2.1.2.2). Gas parcels 

further away than one penetration depth do not interact with the solid and therefore do 

not undergo the thermoacoustic cycle. For high power densities the volume not contrib-

uting to the energy conversion has to be minimized. However, if the pores are too small, 

viscous losses become dominant and can lead to low efficiencies. Hence, both the ther-

mal and viscous effects have to be balanced in the thermoacoustic regenerator. 

Furthermore, heat conduction in the wave propagation direction is an unwanted effect 

and can be considered as a loss. One way of minimizing this effect, is to use stacked 

screens as they have only tiny contact points in the wave propagation direction. The vast 

mesh sizes readily available allow easy adjustment of the open area in the wave propaga-

tion direction for optimal balancing of the thermal and viscous effects [117]. 

In this chapter the entrance effects at both ends of stacked screen regenerators are in-

vestigated. These effects are not accurately predicted by the one-dimensional thermo-

acoustic equations as the assumption that the displacement amplitude 𝜉1is much smaller 

than all other dimensions in the 𝑥-direction is violated. At the interface between the re-

generator and the thermal buffer tube the convective effects (𝑢 ⋅ ∇) 𝑇 become important 

and lead to a change in mean temperature which can be on the order of the adiabatic 

temperature oscillation [78]. This nonlinear effect can lead to an increase in thermal loss-

es, as a steeper temperature gradient occurs in the thermal buffer tube [92]. 

The change in mean temperature was qualitatively explained by Swift [6] and Kittel et 

al. [118] by following gas parcels which start within two displacements amplitudes of the 

entrance of a heat exchanger. Summing at one fixed position the temperature of the gas 

parcels passing this point, the mean temperature profile close to the entrance of the heat 

exchanger can be obtained. This leads to a joining condition in the mean temperature 

which is widely accepted and implemented in one-dimensional codes like DeltaEC [7] 

and Sage [48]. 

Analytical solutions were derived by Matveev et al. [78] and Gusev et al. [77] for the 

simplified case in which both the heat conduction in the wave propagation direction as 

well as the viscous effects are neglected.  

Next to the analytical solution, also numerical models that include heat conduction in 

the wave propagation direction were presented by Matveev et al. [76] and Berson et 

                                                           
1 Parts of this chapter are published in proceedings of the IHTC-15 and PAMIR con-

ference. 
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al. [92]. These results are compared to experimental results in the respective papers and 

showed good agreement for traveling wave phasing. 

 

In this work the interaction of the working fluid with a regenerator is investigated 

with CFD simulations. Simulating the whole three-dimensional flow field would be com-

putationally too expensive, for this reason a reduced CFD model is presented. As the 

entrance effects shall be investigated, the regenerator is reduced to two meshed screens. 

Assuming that the screens are perfectly inline, and neglecting gravity effects and the 

effects of the duct where the regenerator is housed, the whole mesh can be modeled as a 

periodic repetition of one cell of the meshed screen. In a first approach this cell is further 

reduced to two inline cylinders, where each cylinder represents the wire of a screen. The 

geometric reduction is summarized in Figure 5.47. 

  

a) b) 
 

Figure 5.47:  Visualization of geometric reduction. a) full screen; b) reduced CFD mod-

el. Red arrow indicates the wave propagation direction. 

Most of the published work on flow around cylinders focuses on the hydrodynamic 

forces and vortex generation in a steady flow, for application to offshore platforms. Ex-

tensive experimental work on steady flow around a cylinder and pairs of cylinders has 

been carried out, for example by Williamson [119]. Next to experiments also numerical 

simulations were conducted in order to reveal the flow field. An et al. [120] used a finite 

element code to determine the force acting on two cylinders in tandem. Anagnostopoulos 

et al. did the same for four cylinders in a square arrangement [121] as well as a pair of 

cylinders in different configurations [122, 123]. 

Heat transfer on one cylinder in pure oscillating flow was also investigated with simu-

lations and experiments. Mozurkewich [124] investigated the heat transfer around a sin-

gle cylinder in a standing wave experimentally. Gopinath et al. [125] carried out experi-

ments for low amplitude oscillatory flow, for which the displacement amplitude is small 

compared to the cylinder diameter. Iwai et al. [126] used numerical simulations and ex-

periments to investigate the heat transfer from one cylinder for displacement amplitudes 

much higher than the cylinder diameter.  

In this study two inline cylinders in the oscillating flow direction and repeated in the 

direction orthogonal to the flow are simulated to estimate the heat transfer and the en-
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trance effects of a stacked screen. The displacement amplitude is about eleven times the 

cylinder diameter. This corresponds to a Keulegan-Carpenter number of 𝐾𝐶 =

𝑢1 (𝑓 𝐷)⁄ ≈ 69. 

5.4.1 Entrance effect models 

In this chapter the models of the stacked screen regenerator are presented in order to 

characterize the entrance effects. The reduced model consists of two cylinders in an inline 

arrangement in the wave propagation direction and repeated in the direction orthogonal to 

the wave propagation direction.  

In chapter 5.4.1.1 the CFD model with boundary conditions is presented and the one-

dimensional model to which the CFD simulations are compared in chapter 5.4.1.2. 

5.4.1.1 CFD model 

The regenerator is reduced to two inline cylinders as described above. These cylinders 

model the wires of the stacked screen regenerator. In this chapter only the characteristics 

of the reference case are presented, from which the other end effect CFD models are 

derived. The reference model with its boundary conditions is shown schematically in 

Figure 5.48. 

 
Figure 5.48:  Boundary conditions of the stacked screen heat exchanger these case. 

The boundary conditions at the left and right side of the domain are non-reflecting 

boundary conditions as they were presented in Chapter 3.2.1.2. Using these it is possible 

to impose a traveling wave that enters the domain at the left and exits the domain at the 

right without reflections. The temperature of the fluid entering the domain is calculated 

by assuming an adiabatic process. Due to this assumption the distance between the screen 

and the acoustic boundaries has to be large enough such that the wave is close to adia-

batic at the boundary. The entrance length 𝐿1 is estimated as: 

𝐿1 = (𝛿𝜅 + 2 ξ1 ) 𝑆 (5.54) 

where 𝑆 is a safety factor. The safety factor is introduced as the interaction of the wave 

with the cylinders introduces a mean temperature difference as was shown for the ideal 

heat exchanger in Chapter 4.5. Due to the temperature differences, heat is conducted 

towards the boundaries. After some periods a heat flux over the boundary will take place. 

This can be seen by a small temperature jump at the moment when the flow direction 

reverses. It could be shown that this does not have an effect on the heat transfer on the 

Acoustic BC Acoustic BC 

  

isothermal, no-slip  wall 

  

periodic 



 138 5 Numerical experiments and results  

  

 

cylinders when the boundary conditions are far enough from the cylinders, that is for 

𝑆 = 1.5. 

The frequency of the incoming wave is set to 𝑓 = 100 𝐻𝑧. The mean pressure and tem-

perature are chosen to be  𝑝0 = 1 𝑎𝑡𝑚 and 𝑇0 = 300𝐾. The working gas used in the simula-

tions is helium (see Appendix E), as it is frequently used in thermoacoustic cryocoolers be-

cause of its low condensation temperature and its favorable heat transfer characteristics [6]. 

 The dimensions of the model are shown in Figure 5.49. The half spacing ℎ correspond-

ing to half of the opening of the screen is chosen such that it is one thermal penetration 

depths 𝛿𝜅 large. Due to the high heat capacity of the metal wire compared to the working gas 

at ambient mean pressure and low pressure amplitude, the wire diameter is not defined from 

a thermal point of view, but rather a production point of view. For this reason the mesh was 

chosen from available screens with the required opening and the smallest wire diameter 

𝐷 = 0.00022𝑚. The distance in wave propagation direction between the two wires 𝐿2 is 

two diameters 𝐷. 

 

Figure 5.49:  Definition of the dimensions of the entrance effect CFD model. 

The pressure amplitude of the incoming wave is set to 𝑝1 = 250 Pa. This corresponds 

to a drive ratio of 𝐷𝑟 = 0.25% which is low for a thermoacoustic application, but still 

allows the estimation of deviations from the thermoacoustic equations. All simulations 

are carried out for five wave periods, which represents a total simulation time of 𝑡 =

0.05 s. Figure 5.50 shows the heat flux averaged over one period from the left cylinder to 

the fluid for the four last periods. As the changes in time are very small, it can be con-

cluded that five periods are enough to reach a steady periodic state.  

 
Figure 5.50:  Heat flux over one period from the left cylinder to the fluid for the last four 

periods. Increasing number of the period corresponds to darker line.  
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In order to resolve the flow field inside the model defined above, the domain has to be 

discretized. Figure 5.51 shows the computational mesh of the reference model. While the 

total domain height is shown, the domain extends further in the 𝑥-direction. An O-grid 

mesh is placed around each cylinder, with 120 grid points over the perimeter and 32 grid 

points in the radial direction, geometrically growing with a factor of 1.2 away from the 

cylinder. The rest of the mesh consists of rectangular elements with a constant height. At 

the left and right of the O-mesh, the cells grow geometrically with a factor of 1.2 towards 

the acoustic boundaries. This is possible as the gradients in the 𝑥-direction decrease with 

increasing distance to the cylinders. This is a consequence of the nearly adiabatic wave 

propagation occurring away from the cylinders and of the small domain size compared to 

the wave length. This has two positive effects: fewer elements are needed in the 𝑥-

direction and due to the large element size Δ𝑥 at the boundary, the time step size can be 

increased. In the reference case this leads to a time step size of Δ𝑡 = 1.5 ∙ 10−6 s which 

corresponds to more than 6600 time steps per period. The total domain is discretized with 

23673 nodes. 

 
Figure 5.51:  Detail of the mesh of the reference model. While the total domain height is 

shown, the domain extends further in the 𝑥-direction. 

The mesh has been validated in two steps (not shown here). In a first step a mesh de-

pendency study was carried out. The number of elements in each direction was doubled 

and the geometric growing factors set to 1.1. The results were compared with the refer-

ence mesh in terms of the heat transfer parameters presented in the next chapter. In a 

second step the entrance length was increased. In both cases the changes on the heat 

transfer parameters stayed below 1%. It can thus be concluded that the mesh is sufficient-

ly fine to investigate the heat transfer characteristics of staggered screens with this model. 

5.4.1.2 One-dimensional model 

The CFD model is compared to a one-dimensional model which is similar to the one 

used for the validation of the thermal buffer tube simulations given in Chapter 5.1.1.2. 

The one-dimensional heat equation (Equation (5.5)) is solved, assuming that the pressure 

and velocity are known. As the domain length is small compared to the wave length, the 

pressure and the volume flow rate are assumed uniform in the whole domain. The chang-

𝑥 

𝑦 
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es in velocity due to the narrowing of the fluid domain at the cylinders are taken into 

account in the simulations. 

 The model has the same axial lengths as the CFD model (shown in Figure 5.49) and 

the cylinders are modeled by setting the heat transfer coefficient 𝐾 ≠ 0 over the length of 

the two cylinders and zero everywhere else. The heat transfer coefficient 𝐾 is calculated 

by approximating the cylinder as two parallel plates with a half spacing corresponding to 

the hydraulic radius 𝑟ℎ of the cylinders. The geometrical reduction for the estimation of 

the hydraulic radius is visualized in Figure 5.52. Figure 5.52 a) shows the geometry of the 

CFD simulation and Figure 5.52 b) shows the corresponding parallel plate reduced ge-

ometry. The necessary hydraulic radius for the parallel plate model can be calculated as 

follows: 

𝑟ℎ =
𝐷 ⋅ (2ℎ + 𝐷) − 𝜋  

𝐷
2
 
2

𝜋 𝐷
 

(5.55) 

The thermal thermoacoustic function of parallel plates can be calculated from the hydrau-

lic radius and the corresponding thermal penetration depth according to Equation (B.2). 

This allows the estimation of the heat transfer coefficient in the case in which no wall 

temperature gradient occurs [93]: 

𝐾 = |𝑖𝜔 
𝑓𝜅

1 − 𝑓𝜅
| = 2100

1

s
 (5.56) 

The domain is initialized with a constant temperature of 𝑇0 = 300K. The temperature 

boundary conditions at both ends are calculated from the pressure assuming an adiabatic 

process at the boundary, similar to what is done in the CFD model. 

  
 a)   b)  

 

Figure 5.52:  a) cylinder modeling the stacked screens and b) the corresponding simpli-

fied parallel plate geometry with the definition of the corresponding dimen-

sion. 

5.4.2 Results and discussion 

The results of the CFD model are discussed in this chapter. In a first step the results of 

the reference case are given. In a second step the results for different numbers of cylin-

ders, different openings of the screen and a different wave phasing are addressed in 

Chapter 5.4.2.1, 5.4.2.2 and 5.4.2.3 respectively.  
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The time dependent flow field of the reference case is first presented in this section. 

The incoming wave travels through the domain and interacts with the two cylinders. 

Figure 5.53 (a) shows the velocity in the wave propagation direction over the 𝑥-

coordinate. The velocity is normalized by the velocity amplitude at the left boundary and 

is plotted at four different instances in time and at two different 𝑦-locations. The first 𝑦-

location is on the periodic boundary condition (𝑦 = 0, black line), the second goes 

through the center of the cylinder (𝑦 = ℎ + 𝐷/2 , gray line). The 𝑥-coordinate is normal-

ized with the displacement amplitude 𝜉1. At the boundaries there is no difference between 

the 𝑥-velocity at the two different heights. It can be concluded that the flow field is one-

dimensional close to the acoustic boundaries. 

  
a) velocity b) temperature 

 

Figure 5.53:  a) Velocity in the wave propagation direction and b) temperature, normal-

ized with the respective amplitude at the left extremity, at four different in-

stances in time separated by a quarter period each and at two different 

heights (black line 𝑦 = 0 and gray line 𝑦 = ℎ + 𝐷 2⁄ ) over the 𝑥-coordinate 

normalized with the displacement amplitude 𝜉1. The vertical dashed lines 

indicate the extremities of the stacked screens.  

In the vicinity of the cylinders the flow field is two-dimensional. Due to convection, a 

compression area develops in front of the cylinder and a wake area develops behind the 

cylinder. This is visible in the velocity profile at the instance in time 𝑡 = 1/4 ∙ 𝑇. The 

maximum velocity is not at 𝑥 𝜉1⁄  = 0, but convected to higher 𝑥 𝜉1⁄ -values. Further-
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more, the velocity profiles are not symmetric around the cylinders. In an acoustic code 

this would not be taken into account and the maximum velocity would occur between the 

two cylinders at 𝑥 𝜉1⁄  = 0. In Figure 5.53 b) the normalized temperature oscillation over 

the 𝑥-coordinate is shown at four different time instances of a period. It can be seen that 

heat is supplied to the left cylinder, as at the instance in time 𝑡 = 0 ∙ 𝑇 the temperature for 

negative 𝑥 𝜉1⁄ -values is higher than the adiabatic temperature and will increase even 

further during the following quarter cycle due to compression. At the same time, the fluid 

is convected to the regenerator material and the left screen heats up. During the half cycle 

with a negative velocity, the fluid temperature for positive 𝑥 𝜉1⁄ -values is lower than the 

cylinder temperature: due to the convection the right cylinder is cooled. Over a complete 

cycle the left cylinder will heat up and in the same manner the right cylinder is cooled.  

The underlying heat pumping cycle can be revealed by following a gas parcel which 

starts at 𝑥 = 0 and 𝑦 = ℎ 2⁄  over several periods. The numerical approach using the 

Runge-Kutta method to track the position of the gas parcel from the CFD simulation data 

is presented in Appendix D. The obtained trajectory of the gas parcel is shown in Fig-

ure 5.54 a) in black. The cross indicates the starting position. The trajectory of the gas 

parcel forms a small hysteresis, indicating that the flow is not symmetric. The asymmetry 

is due to the compression and wake areas around the cylinders which lead to a different 

trajectory depending on the flow direction. 

Knowing the state of the gas parcel at the different positions, the 𝑝-𝑣-diagram shown 

in black in Figure 5.54 b) can be obtained. An area is enclosed and the resulting cycle is 

in counterclockwise direction, indicating heat pumping. The cycle that the gas parcel 

undergoes is shown schematically in Figure 5.54 c) and can be summarized by the fol-

lowing four steps: 

(A-B) adiabatic compression 

(B-C) isobaric cooling 

(C-D) adiabatic expansion 

(D-A) isobaric heating. 

These four steps correspond to the ideal Brayton cycle [127]. Due to the heat pumped an 

additional thermal load is added to the regenerator. 

In typical cryocoolers operating at high amplitudes, the displacement amplitude is on 

the order of one tenth of the regenerator length [6], thus the cycle described above cannot 

be performed entirely. One adiabatic stage cannot be performed, for example stage (A-B) 

for a parcel entering the regenerator at the right. This stage will be an isothermal com-

pression instead. However, heat pumping still occurs. To demonstrate this, a gas parcel is 

chosen that does not entirely pass the two cylinders. The starting position of this parcel is 

𝑥 = 𝜉1 and 𝑦 = ℎ 2⁄ . The position of this gas parcel and the corresponding 𝑝-𝑣 diagram 

are shown as gray lines in Figure 5.54 a) and b) respectively. There are no isobaric stages 

(B-C, D-A), which means that the cooling and heating processes are no longer isobaric. 
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Due to this, the enclosed area is smaller, but still heat is pumped at the extremity of the 

regenerator due to convective effects.  

 
a) 

 

 

b) c) 
 

Figure 5.54:  a) Position during the last 4 periods of the gas parcels starting at the fol-

lowing positions (crosses): black 𝑥 = 0, 𝑦 = ℎ 2⁄  and gray 𝑥 = 𝜉1, 

𝑦 = ℎ 2⁄ . b) 𝑝-𝑣 diagram of corresponding fluid parcels. c) Schematic of 

the thermodynamic cycle of the gas parcel: (A-B) adiabatic compression 

(B-C) isobaric cooling (C-D) adiabatic expansion (D-A) isobaric heating.  

Another effect which is not resolved by the one-dimensional codes is the buildup of 

mean temperature around the cylinder, which is also due to the convective effects at the 

interface between the regenerator and the open space. The change in mean temperature 

can be seen in Figure 5.53 b). At every time instance the gas at the left proximity of the 

cylinders has a higher temperature than further away, where the gas is subject to adiabatic 

temperature changes.  

Figure 5.55 shows the changes in mean temperature normalized with the temperature 

amplitude based on adiabatic wave propagation. The mean temperature is calculated by 

averaging the temperature over the last period. At the left of the cylinders, the mean tem-

perature increases, while at the right the mean temperature decreases. The maximum and 

the minimum mean temperature can be found at the height 𝑦 = ℎ + 𝐷/2 within one dis-

placement amplitude of the cylinders. In the reference case the change in mean tempera-

ture corresponds to 20% of the temperature oscillation. Especially within one displace-

ment amplitude from the cylinder, the flow field shows a two-dimensional character. The 
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changes in mean temperature are largest in this area and introduce a thermal load on the 

regenerator. 

 
Figure 5.55:  Changes in mean temperature averaged over the last period and normalized 

with the adiabatic temperature amplitude. The mean temperature is taken 

over the fifth period.  

The CFD simulations can be compared with the one-dimensional model presented in 

Chapter 5.4.1.2. The gray solid line in Figure 5.56 shows the changes in mean tempera-

ture of the CFD simulation. As the temperature field is two-dimensional, the changes in 

mean temperature from the simulations are area averaged over the height in all figures in 

this chapter. The dotted black line shows the changes in mean temperature obtained from 

the one-dimensional model. The changes in mean temperature are underestimated in the 

one-dimensional model, in the region where the maximum occurs. The reason for this 

deviation will be investigated in the following chapters and the influence on the entrance 

effects of the regenerator length, the mesh opening and the wave phasing are presented. 

 
Figure 5.56:  Changes in mean temperature normalized by the adiabatic temperature 

amplitude, plotted over the dimensionless axial-coordinate 𝑥 𝜉1⁄ . The mean 

of the temperature is taken over the fifth period. The dotted black lines 

show the results from the one-dimensional model, while the gray solid line 

shows the results of the CFD simulation. The temperature data from the 

simulation is surface average over the height of the domain. The vertical 

dashed lines indicate the extremities of the stacked screens.  
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5.4.2.1 Influence of the regenerator length 

In this chapter the influence of the regenerator length is investigated. Four simulations 

modeling the regenerator with one, two, three and five cylinders are compared. A further 

increase in the number of cylinders is investigated with the one-dimensional model only. 

Figure 5.57 shows the changes in mean temperature over the dimensionless axial-

coordinate 𝑥 𝜉1⁄  for one two, three and five cylinders. The solid lines show the results 

from the simulations, while the dashed lines show the results from the one-dimensional 

model. With an increasing number of cylinders the changes in mean temperature increase 

in both models. This is due to the entrance effects at the extremities of the regenerator 

model. With an increasing number of cylinders, the gas parcel is in thermal contact with 

the regenerator over a larger part of its displacement amplitude. Because of this, the gas 

parcels leaving the regenerator have a temperature closer to the temperature of the regen-

erator material. The following adiabatic compression that the gas parcel undergoes out-

side of the regenerator, leads to a larger change of the mean temperature. This is the same 

effect as was described for an ideal heat exchanger in Chapter 4.5. 

 
Figure 5.57:  Changes in mean temperature normalized by the adiabatic temperature 

amplitude, plotted over the dimensionless axial-coordinate 𝑥 𝜉1⁄ . The mean 

of the temperature is taken over the fifth period. Results from the CFD 

simulation for one, two, three and five cylinders are shown with solid lines. 

The corresponding one-dimensional model results are shown with the dot-

ted lines. Lines become lighter with an increasing number of cylinders. The 

temperature data from the simulation is area averaged over the height of the 

domain. 

Comparing the CFD simulations with the one-dimensional models, it can be seen that 

they agree qualitatively, as they show the same profile with an increase in mean tempera-

ture at the left of the cylinder and a decrease at the right of the cylinder. Still small quan-

titative differences occur. For a low number of cylinders the changes in mean temperature 

are under predicted by the model, while the model over predicts the changes in mean 

temperature for a higher number of cylinders. The reason for this is that the one-

dimensional model overestimates the heat transfer at the cylinders, resulting in a larger 

change in mean temperature over the length of the cylinder. On the other side, the one-

dimensional model underestimates the heat transfer just outside of the cylinders, as the 
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heat transfer at this location is due to two-dimensional effects: the one-dimensional mod-

el only takes into account the heat transfer orthogonal to the wave propagation and not 

the heat transferred from the cylinder in horizontal direction. These two effects can ex-

plain why the changes in mean temperature are under- or overestimated by the one-

dimensional model. For a low number of cylinders the changes in mean temperature are 

underestimated, as the heat transfer just outside of the cylinders has a larger relative in-

fluence. With an increasing number of cylinders, the overestimated heat transfer at the 

cylinders becomes more and more important, the one-dimensional model overestimates 

the changes in mean temperature. In engine applications the number of cylinders would 

be considerably higher, meaning that the one-dimensional model would overestimate the 

changes in mean temperature when a real regenerator is modeled like it is proposed in 

this thesis.  

But for an even higher number of cylinders, when the length of the regenerator ex-

ceeds two displacement amplitudes, additional cylinders do not have an influence on the 

changes in mean temperature, as the additional cylinder at the inside of the regenerator 

will only be seen by gas parcels that are not leaving the regenerator. Figure 5.58 shows 

the changes in mean temperature obtained from the one-dimensional model for an in-

creasing number of cylinders. The profile is qualitatively the same for all numbers of 

cylinders, meaning that for a traveling wave propagating from left to right the mean tem-

perature increases at the left of the regenerator and decreases at the right of the regenera-

tor. The maximum changes of the mean temperature are indicated by the red line in Fig-

ure 5.58 and converge to a constant value for a larger numbers of cylinders. The reason 

for this is that the entrance effects are due to the interaction of gas parcels with both the 

regenerator and the open space. For short regenerators, the thermal contact between the 

fluid and the regenerator is loose as the gas parcels pass the entire regenerator. The 

changes in mean temperature are small. When the regenerator becomes longer, the ther-

mal contact becomes closer and the changes in mean temperature increase due to the 

earlier mentioned thermodynamic cycle. When the regenerator becomes longer than the 

total displacement of the gas parcels, a further increase in length no longer changes the 

entrance effects. This means that the maximum changes of the mean temperature con-

verge to a constant value. 

The displacement amplitude calculated from the velocity outside of the regenerator 

corresponds to roughly seven cylinders. This is in accordance with the results from the 

one-dimensional model, for which the maximum change in mean temperature converges 

from roughly nine cylinders on. The slightly higher number could be due to the higher 

velocity at the cylinders, due to the smaller opening. A higher velocity leads to an in-

creased displacement amplitude.  

From the one-dimensional model, it can be concluded, that for an increasing number 

of cylinders the differences between CFD results and the one-dimensional model should 

become constant. The reason is that from a regenerator length of two displacement ampli-
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tudes on, additional cylinders do not have any further effect on the changes in mean tem-

perature. It can be concluded that the one-dimensional model predicts the changes in 

mean temperature qualitatively correctly, but overestimates them slightly for long regen-

erators.  

 
Figure 5.58:  Changes in mean temperature obtained from the one-dimensional model for 

different numbers of cylinders, normalized by the adiabatic temperature 

amplitude and plotted over the dimensionless axial-coordinate 𝑥 𝜉1⁄ . The 

mean of the temperature is taken over the fifth period. Red line indicates 

the location of the maximum and minimum values of the temperature 

changes.  

For regenerators larger than two displacement amplitudes the maximum change in 

mean temperature is only dependent on the heat transfer coefficient 𝐾 and thus the open-

ing of the regenerator. For this reason the next parameter investigated is the opening of 

the screens.  

5.4.2.2 Influence of different openings of the meshed screen 

In this chapter the influence of the opening (the mesh size) on the entrance effects is 

investigated. Figure 5.59 shows the changes in mean temperature for three different open-

ings. The changes in mean temperature are normalized with the adiabatic temperature 

amplitude and plotted over the dimensionless axial-coordinate 𝑥 𝜉1⁄ . The black lines, the 

dark gray lines and the light gray lines show the results for the different openings ℎ, cor-

responding to approximately one third, one and two times the thermal penetration depth 

respectively. The dark gray line corresponds to the reference case defined in Chapter 

5.4.1.1. With an increasing opening, parts of the fluid passing the stacked screens do not 

thermally interact with the screens. For the largest opening, the fluid at a height of 𝑦 = 0 

is outside the thermal boundary layer and does not interact with the stacked screens. This 

can be shown by following a gas parcel that starts at 𝑥 = 0 and 𝑦 = 0. The corresponding 

𝑝-𝑣-diagram for the three different openings is shown in Figure 5.60. It can clearly be 

seen that for the largest opening (light gray line) no heat is pumped, as no surface is en-

closed in the 𝑝-𝑣-diagram. For the smaller openings (black line) the gas-solid thermal 
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contact increases and more heat is exchanged between the fluid and the cylinder. The 

surface enclosed in the 𝑝-𝑣-diagram becomes larger. Due to this, the changes in mean 

temperature increase with decreasing opening and will converge in the limit of a perfect 

heat exchanger. The maximum dimensionless temperature change can be estimated from 

the ideal heat exchange model of Matveev et al. [76] presented in Chapter 4.5.1.1, result-

ing in a dimensionless temperature change of Δ𝑇0 = 2 𝜋⁄ ≈ 0.64.  

 
Figure 5.59:  Changes in mean temperature obtained from CFD, normalized by the adia-

batic temperature amplitude and plotted over the dimensionless axial-

coordinate 𝑥 𝜉1⁄  in the case of the stacked screen model. The mean of the 

temperature is taken over the fifth period and area averaged over the height 

of the domain. The black lines, the dark gray lines and the light gray lines 

show the results for the mesh openings ℎ =  𝐷, ℎ =  3.5 ⋅ 𝑅 and ℎ =
 7.5 ⋅ 𝑅 respectively. The three heights correspond roughly to an opening of 

one third, one and two thermal penetration depths respectively. Vertical 

dashed lines indicate the extremities of the stacked screens. 

 

 
Figure 5.60:  𝑝-𝑣-diagram for the fluid parcels starting at position 𝑥 =  0, 𝑦 =  0 in the 

stacked screen model. The black lines, the dark gray line and the light gray 

line show the results for the mesh openings ℎ =  𝐷, ℎ =  3.5 ⋅ 𝑅 and 

ℎ =  7.5 ⋅ 𝑅 respectively. The three heights correspond roughly to an open-

ing of one third, one and two thermal penetration depths respectively. 
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Not only the mean temperature changes when the thermal contact is varied, but also 

the heat pumped from one cylinder to the other. To estimate the total heat transferred, 

each screen is assumed to be square in shape with side lengths of 𝐿𝑦 = 𝐿𝑧 = 5cm, which 

would be a realistic size for thermoacoustic applications. This means that the cylinders in 

the simulation represent wires with a length of 𝐿𝑧. The heat transfer from one of these 

wires is investigated in the following. Figure 5.61 shows the heat transferred from the 

right cylinder to the fluid over the dimensionless half spacing ℎ 𝛿𝜅⁄ . With larger openings 

the heat transferred decreases. This is due to the earlier described heat pumping cycle 

which needs close thermal contact in order to exchange heat in the isobaric stage. This is 

especially true for short stacked screen regenerators like in the CFD simulations, where 

the total regenerator length is only a fraction of the displacement amplitude. For increas-

ing openings, especially ℎ > 𝛿𝜅 the heat transferred from the cylinder converges to a 

constant value. The reason for this is that the fluid further away than one thermal penetra-

tion depth, does not thermally interact with the cylinder.  

But the interaction of the acoustic wave with the regenerator also introduces acoustic 

power losses. Next to the viscous and thermal effect the heat pumping cycle dissipates 

acoustic power. The total acoustic power dissipated is shown in Figure 5.61 b) as a func-

tion of the opening. The acoustic power dissipation has a similar behavior as the heat 

transferred. With increasing opening, the acoustic power dissipation converges to a con-

stant value, as the fluid outside of the penetration depth does not interact with the solid 

and propagates without losses. For smaller openings the acoustic power dissipation in-

creases due to the increased viscous and thermal losses.  

  
a) b) 

 

Figure 5.61:  a) Heat transferred from the right cylinder to the fluid and b) dissipated 

acoustic power over the dimensionless half spacing ℎ 𝛿𝜅⁄ .  

In the previous chapter it was shown that the length of the regenerator plays an im-

portant role, especially for short regenerators. The qualitative behavior for a larger num-

ber of cylinders (not shown) is the same as the one shown in Figure 5.61. The heat trans-

ferred and the acoustic power dissipated decrease with increasing opening and converge 

to a constant value. These values are larger for a higher number of cylinders.  
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5.4.2.3 Influence of the wave phasing 

In the previous sections the geometrical influence was investigated, but the phasing of 

the wave also plays an important role on the entrance effects. In this section the entrance 

effects for traveling wave phasing are compared with the entrance effects for standing 

wave phasing. Matveev et al. [76] reported that the one-dimensional model shows devia-

tions from experiments for standing waves phasing, this will be investigated using CFD. 

In the CFD simulation the standing wave phasing is achieved by superposition of two 

waves with the same amplitude. This means that an additional wave is introduced at the 

right acoustic boundary. In order to make the simulations comparable with the traveling 

wave simulations, the position within the standing wave is chosen such that the pressure 

and the velocity amplitude are the same as in the traveling wave case. As the domain is 

short compared to the wave length, the phase difference between the two introduced 

waves can be chosen with a delay of 𝜑 = 𝜋 2⁄ . Furthermore, due to the superposition of 

the two waves, the amplitude of each wave has to be divided by √2. This leads to a stand-

ing wave where the velocity and pressure amplitudes are the same as for the traveling 

wave case, but the velocity and pressure are 𝜋 2⁄  out of phase.  

 
Figure 5.62:  Changes in mean temperature normalized by the adiabatic temperature 

amplitude and plotted over the dimensionless axial-coordinate 𝑥 𝜉1⁄  for the 

two different wave phases. The mean of the temperature is taken over the 

fifth period and area averaged over the height of the domain in the case of 

the CFD simulations. Results for standing wave and traveling wave are 

shown with black and gray lines, respectively. Solid lines show results 

from CFD, while dashed lines show the results from the one-dimensional 

model. The dotted black line shows the results from the one-dimensional 

model when streaming is incorporated. The vertical dashed lines indicate 

the extremities of the stacked screens.  

Figure 5.62 shows the changes in mean temperature normalized by the adiabatic tem-

perature amplitude, plotted over the dimensionless axial-coordinate 𝑥 𝜉1⁄  for the two 

different phases. The gray lines show the traveling wave phasing results, while the black 

lines show the standing wave results. The solid lines represent the results from CFD and 
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are first compared with each other. The profiles are clearly different for both phases, as 

the increase in mean temperature is situated at the right of the regenerator for the standing 

wave case and at the left for the traveling wave case. Another difference is that the ampli-

tude of the temperature overshoot in the case of a standing wave is higher than for the 

traveling wave. This is not generally the case, as can be shown with the one-dimensional 

model. The maximum changes in mean temperature are plotted over the normalized hy-

draulic radius in Figure 5.63 for standing waves (black line) and traveling waves (gray 

line). The solid lines represent the results for two cylinders as used in the reference ge-

ometry. The red vertical line indicates the hydraulic radius 𝑟ℎ 𝛿𝜅⁄ = 0.67 corresponding 

to the reference geometry. As was shown from the simulations and the one-dimensional 

model in Figure 5.62, the changes in mean temperature are larger for the standing wave 

case.  

The dashed lines show the results from the one-dimensional model with ten cylinders, 

which is long enough that additional cylinders no longer affect the entrance effects. For 

the standing wave phasing the maximum value in Figure 5.63 is shifted towards 𝑟ℎ/ 𝛿𝜅 ≈

0.7. The maximum occurs due to the thermoacoustic effect that occurs inside of the re-

generator and which induces a temperature gradient and due to the phase delay between 

the temperature and the pressure introduced by the interaction of the fluid with the regen-

erator. In the traveling wave case, the maximum in Figure 5.63 occurs for small hydraulic 

radii and lays at values that are close to the theoretic one of Δ𝑇0 = 2 𝜋⁄ ≈ 0.64 for the 

two difference regenerator lengths. 

 
Figure 5.63:  Maximum changes in mean temperature as a function of the ratio of the 

hydraulic radius and the thermal penetration depth for standing wave phas-

ing (black lines) and traveling wave (gray line). Solid line represents results 

from the one-dimensional model with two cylinders and the dashed line 

represents results for ten cylinders. Red line indicates 𝑟ℎ 𝛿𝜅⁄ = 0.67 corre-

sponding to the reference geometry. 

Another remarkable characteristic of the changes in mean temperature in Figure 5.62 

is that the mean temperature profile in the case of the standing wave is not point symmet-

ric around the origin. The maximum change of the mean temperature is higher than the 

minimum change in mean temperature. The one-dimensional model (dashed line) does 
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not show this characteristic. One possible reason is streaming due to the boundary condi-

tions, which only occurs for standing wave phasing. Streaming is not incorporated in the 

one-dimensional model, but the simulation show a large mean velocity. The streaming 

velocity increases linearly in time and becomes up to 10% of the velocity amplitude in 

these simulations. In order to reveal the effect of streaming, the one-dimensional model 

was recalculated including streaming. The necessary coefficients for the linear increasing 

mean velocity are obtained by fitting from the CFD simulation. The results are shown in 

Figure 5.62 with the dotted line. The profile of the one-dimensional model including 

streaming is closer to the CFD results. As opposed to Matveev [76], who reported large 

deviation between the one-dimensional model and experiments, only small deviations 

between the one-dimensional model and the simulation are found. Larger amplitude sim-

ulations would be needed in order to investigate the effect of vortices on the entrance 

effects, but cannot be conducted here due to the large amount of drift in pressure or ve-

locity at high amplitude. In order to perform this study, more accurate boundary condi-

tions would be needed that introduce less drift.  

 

Another difference between the standing wave phasing and the traveling wave phas-

ing is the heat that is transferred to the regenerator by the entrance effects. In an ideal 

case no heat would be transferred for a standing wave phasing as the pressure changes 

and the displacement are in phase. Whereas for a traveling wave heat would be trans-

ferred as the pressure changes and the displacement are out of phase.  

The heat transferred to the two cylinders of the reference CFD geometry is given in 

Table 5.7 for both phases. As expected the heat pumped by the traveling wave is higher 

than the heat transferred by the standing wave. The thermodynamic cycle of the gas par-

cels starting at the position 𝑥 = 0 and 𝑦 = 0 are shown in Figure 5.64. The gray line 

corresponds to the thermodynamic cycle in the case of a traveling wave. As expected an 

area is enclosed and the same cycle occurs over the four periods shown in the figure. The 

black line shows the cycle that the corresponding gas parcel undergoes in the case of a 

standing wave. Due to streaming, the trajectory of the gas parcel is not closed and with 

this the thermodynamic cycle in the 𝑝-𝑣-diagram is also not closed. The area enclosed in 

the 𝑝-𝑣-diagram is small but non zero. Less heat is exchanged with the cylinders, as can 

be seen in Table 5.7. Furthermore, the heat transferred is not symmetric, which indicates 

that streaming is an important effect of the heat transfer in the case of the standing wave 

simulation.  

Concluding, one can say that the thermal entrance effects on the regenerator are larger 

for traveling wave phasing than for standing wave phasing. Still, heat transfer also occurs 

for standing waves. For this phasing the heat transferred is increased by the streaming 

that occurs in these simulations. In the case of a traveling wave no streaming occurs, but 

due to phasing the entrance effects add a thermal load at the extremities off the regenera-

tor. 
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Figure 5.64:  𝑝-𝑣-diagram for the fluid parcels starting at position 𝑥 =  0, 𝑦 =  0 for the 

standing wave (black line) and traveling wave (gray line) phasing. 

  

Table 5.7:  Heat transferred to the fluid from both cylinders for the two different 

wave phasing. Values for the reference CFD geometry. 

Phasing 
𝑸𝑳,𝒄𝒚𝒍 

(mW) 

𝑸𝑹,𝒄𝒚𝒍 

(mW) 

Standing wave 0,84 −0,14 

Traveling wave −1,20 1,24 
 

 
 

5.4.3 Conclusion and recommendations 

In this section the entrance effects in stacked screen regenerators were investigated 

using CFD and compared to a one-dimensional model. The influence of the regenerator 

length and opening were studied. It is shown that the changes in mean temperature in-

crease with an increasing number of cylinders and a smaller opening. In the limit of an 

ideal heat exchanger, the normalized temperature changes converge to Δ𝑇0 = 2 𝜋⁄ ≈

0.64. The one-dimensional model slightly under predicts the changes in mean tempera-

ture for realistic regenerator dimensions. 

For traveling wave phasing, heat is transferred from the fluid to the regenerator, add-

ing an additional thermal load. In the standing wave case less heat is transferred by the 

entrance effects, as the entrance effects are mostly adiabatic. The heat transfer in the here 

proposed CFD standing wave model is due to numerical drifting that introduces stream-

ing and with this convective heat transfer. 

The simulations revealed the two-dimensional flow field around the cylinders, with a 

compression and wake area. At the simulated pressure amplitude, the two-dimensional 
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effects are still small and the one-dimensional model predicts the temperature field quali-

tatively correctly. In future studies, the CFD model should be extended such that higher 

pressure amplitudes can be simulated, where for example vortex generation occurs. These 

two-dimensional effects can influence the entrance effects as they affect the heat transfer 

at the extremities of the regenerator, but cannot be predicted by the one-dimensional 

model. This indicates the need for further CFD simulation in order to get an in-depth 

understanding of the entrance effects at stacked screens experiencing higher amplitudes. 

To reach this goal, the acoustic boundary conditions have to be adapted such that less 

drift in pressure (traveling wave) or velocity (standing wave) occurs at high amplitudes.  

 The one-dimensional model can also be extended for a better prediction of the en-

trance effects. For example, in a heat exchanger regenerator assembly the phasing chang-

es due to the different opening of the heat exchanger and regenerator. These effects can 

be implemented by also solving the one-dimensional momentum and continuity equa-

tions. This would allow quick performance checks of the thermoacoustic core, consisting 

of a regenerator and heat exchanger.  

As the one-dimensional equation shows qualitative good agreement with the CFD 

simulation, this equation is a good tool for the design of thermoacoustic engines.  
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6 Concluding remarks 

In this work a step towards the numerical simulation of components of thermoacous-

tic devices with commercial CFD software is made. The conclusions and recommenda-

tions of the different chapters are shortly summarized in this chapter and some remarks 

on the improvements for broader future simulations of thermoacoustic components are 

given. Afterwards, an outlook on possible future paths in the simulation of thermoacous-

tic components with CFD is given. 

In this work an impedance boundary condition is implemented into the commercially 

available code ANSYS Fluent [39], such that isolated components can be investigated. 

The boundary condition is validated successfully in one- and two-dimensional cases 

against analytical solutions from the low-reduced frequency approximation. Furthermore, 

the low reduced frequency solution is used in order to derive the optimal numerical pa-

rameters for thermoacoustic simulations and to give general rules of thumb for the spatial 

and time discretization. 

In a second step these parameters are applied to the simulations of four different 

thermoacoustic cases in order to show that CFD can lead to a better understanding of 

phenomena that are not incorporated in the one-dimensional thermoacoustic equations.  

Using the implemented ideal heat exchanger boundary condition, the two-dimensional 

streaming field inside the thermal buffer tube is revealed and the influence of the wall 

properties on the streaming pattern is estimated. The temperature field resulting from the 

different streaming patterns as well as the repercussions on the acoustic properties is 

shown. However, this case has also shown the limits of the implemented boundary condi-

tion, as the convected heat from the ideal heat exchanger into the thermal buffer tube 

could not be estimated. Furthermore, the ideal heat exchanger boundary condition at the 

hot heat exchanger had to be chosen fully reflective, otherwise an unwanted streaming 

over the boundary condition would occur. This means that for simulations of components 

with a temperature gradient, the boundary conditions have to be improved. A boundary 

condition that promises better results is the time domain impedance boundary condition 

that was implemented by van der Poel into ANSYS CFX [41] within the scope of his 

maser thesis [97] following the work of Huber et al. [98]. With this boundary condition it 

would be possible to investigate the influence of different wave phasing, which differs 

from a purely traveling wave in most thermoacoustic devices and is an important charac-

teristic for the streaming inside of the thermal buffer tube. 

The second study is conducted in the context of the miniaturization of thermoacoustic 

devices and investigates the geometric effects of increasingly sharp bends. With increas-

ing sharpness additional reflections and dissipations are introduced, as well as a velocity 

component in the cross-direction, which is expected to influence nearby components such 
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as heat exchangers. Nearby components are especially influenced when the Strouhal 

number 𝑆𝑡 < 1, which means that vortex generation occurs. In general this study shows 

the strength of numerical CFD simulations in thermoacoustics. Only the implementation 

of an automatized process for meshing and simulating is time-consuming, but once this is 

done, the geometric parameters can be changed easily over a large parameter space, in 

order to get an in-depth understanding of the underlying flow phenomena.  

The subsequent study in this thesis makes the link between the one-dimensional fre-

quency domain thermoacoustic equations and the full time domain CFD, as it shows how 

the one-dimensional equations can be made more accurate when data from CFD is used. 

In the one-dimensional thermoacoustic equations the thermoacoustic functions are used 

in order to incorporate the three-dimensional effects. But often only the solution for sim-

ple pore geometries is used. In this work the thermoacoustic functions are calculated from 

CFD for a reduced model of a stacked screen regenerator, leading to more realistic values 

of the thermoacoustic functions. The thermal and the viscous thermoacoustic functions 

are estimated at the same time, as the pressure and the velocity are known at any point of 

the domain. Furthermore, the entrance effects are subtracted, as the flow field is known at 

every point inside of the domain. It is shown that the arrangement of the screens has a 

positive effect on the heat transfer inside the regenerator, while the viscous effects stay 

the same. With this study it is shown that not only large components like bends and the 

thermal buffer tube can be successfully simulated with CFD, but also small scale geome-

tries like the ones inside the regenerator. A drawback of these simulations is that the non-

reflecting boundary condition has to be placed sufficiently far from the object of consid-

eration, otherwise the boundary interacts with the object under consideration. This in-

creases the needed computational resources. Furthermore, a large drawback of the present 

acoustic boundary condition comes forth when small geometries are simulated, due to the 

boundary treatment, the spatial and the time discretization are linked. This leads to a very 

small time step and thus long simulation times, when small geometries are investigated. 

In the aforementioned characteristic boundary condition both discretizations are not 

linked, which allows for reduced simulation times.  

In the last thermoacoustic study within this work, the entrance effects in a stacked 

screen regenerator are investigated. The mean temperature profile due to the entrance 

effects and the heat pumped at the end of the stacked screen regenerator are calculated for 

different phasing and amplitudes with CFD. Furthermore, a one-dimensional time de-

pendent heat equation is used in order to predict the changes in mean temperature. In this 

one-dimensional time dependent heat transfer equation the thermal thermoacoustic func-

tion is used in order to estimate the heat transfer coefficient between the regenerator and 

the fluid. The results compare well with the CFD results, which is encouraging as the 

same approach might be extended to the momentum equation, such that a set of equations 

can be derived in the time domain. This allows the prediction of the startup process in a 
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full thermoacoustic device with a dramatically reduced computational power require-

ment. This has been applied recently by Wang et al. [128].  

 

From these studies one can deduce some important points for future thermoacoustic 

CFD simulations. First, thermoacoustic CFD simulations are relatively computationally 

demanding, as different spatial and time scales have to be resolved. This was the case for 

example for the thermal buffer tube which in some cases needed more than 300 periods 

to reach a steady periodic state. Another point that has to be taken into account is that the 

currently implemented acoustic boundary condition introduces drifting in some cases. In 

order to obtain high fidelity CFD results in these cases, a more accurate boundary condi-

tion has to be used, like the one implemented in ANSYS CFX by van der Poel [97]. 

However, the largest restriction from accurate CFD modeling in thermoacoustics comes 

from the turbulence that can occur at high amplitudes and for which no reliable model 

exists in the case of purely oscillating flow.  

On the other side, when these points are taken into consideration and a parameter 

study is set up, the physical properties of the model can be varied easily, which makes it 

possible to investigate different influence factors and isolate them. Especially, the availa-

bility of the entire flow field makes the understanding of the underlying flow phenomena 

possible and is the strength of this method. 

Finally, it can be concluded that simulations of components of thermoacoustic devices 

with commercial CFD are possible and that they will contribute to a better understanding 

of the flow phenomena inside of the respective components. This work paves the way 

towards the in-depth investigation of other components within the field of thermoacous-

tics. For example, based on this work different flow regimes inside of a jet pump could be 

distinguished and related to the jet pump performance [129]. With these in-depth investi-

gations of components, the development of more efficient thermoacoustic devices will be 

possible and may lead to a broad commercial application of the thermoacoustic technolo-

gy: the technology that puzzled me so much four years ago. 
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A Dimensionless numbers 

CFL number: is a measure for the number of cells a acoustic wave propagates within 

one time step. 

CFL = c0
Δt

Δx
 (A.1) 

Drive ratio: ratio of the pressure amplitude to the mean pressure. Is a measure for the 

non-linearity of acoustic waves. 

𝐷𝑟 =
𝑝1
𝑝0

 (A.2) 

Fourier number: ratio of conductive transport rate to the quantity storage rate. 

Fo =
kt

ρcpL
2
 (A.3) 

Reduced frequency: ratio of tube radius to wavelength.  

𝑘 =
𝜔𝑅

𝑐0
 (A.4) 

Keulegan-Carpenter number: ratio of the drag forces to the inertial forces. 

KC =
u1
f D

 (A.5) 

Lautrec number: ratio of hydraulic radius 𝑟ℎand thermal penetration depth. 

𝐿𝑐 =
𝑟ℎ
𝛿𝜅

 (A.6) 

Viscous Lautrec number: ratio of hydraulic radius 𝑟ℎ and viscous penetration depth. 

𝐿𝑐𝜈 =
𝑟ℎ
𝛿𝜈

 (A.7) 

Mach number: ratio of the fluids to the unperturbed speed of sound. 

𝑀 =
𝑣

𝑐0
 (A.8) 

Prandtl number: the ratio of momentum diffusivity to thermal diffusivity. 

𝑃𝑟 =
𝜈

𝛼
=

𝑐𝑝 𝜇

𝑘
 (A.9) 

Reynolds number: gives a measure of the ratio of inertial forces to viscous forces. 

𝑅𝑒 =
𝜌𝑢1𝐿

𝜇
=

𝑢1𝐿

𝜈
 (A.10) 

Shear wave number: ratio between the length scale (tube radius) and the viscous 

boundary layer thickness. Is a measure for the ratio between the inertial effects and the 

viscous effects in the gas. 

𝑠 = 𝑅√
𝜌0𝜔

𝜇
 (A.11) 
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Thermal shear wave number: ratio between the length scale (tube radius) and the 

thermal boundary layer thickness. 

𝑠𝑡 = 𝑅√
𝜌0𝜔 𝑐𝑝

𝜆
 (A.12) 

Strouhal number: is a measure for vortex generation. 

St =
Rf

u
 (A.13) 

Ratio of specific heats: ratio of the heat capacity at constant pressure to heat capacity 

at constant volume. 

𝛾 =
𝐶𝑝
𝐶𝑣

 (A.14) 

Dimensionless radius: ratio of the radius to the half spacing. 

χ =
R

h
 (A.15) 

 

 



   B Thermoacoustic functions 173 

 

 

B Thermoacoustic functions 

For some geometries the thermoacoustic functions can be calculated analytically. The 

differential equation (2.43) can be solved assuming no-slip or isothermal boundaries at 

the walls for the viscous and the thermal part, respectively. A summary of these cases is 

given here [7]: 

- Boundary layer approximation with the hydraulic radius 𝑟ℎ: 

𝑓𝑗 =
(1 − 𝑖)𝛿𝑗

2𝑟ℎ
, for 𝑗 = 𝜅 or 𝜈 (B.1) 

- Parallel plates of the half spacing 𝑦0: 

𝑓𝑗 =

tanh((1 + 𝑖)
𝑦0
𝛿𝑗
)

(1 + 𝑖)
 𝑦0
𝛿𝑗

 , for 𝑗 = 𝜅 or 𝜈 (B.2) 

- Rectangular pores of dimension 2𝑎 × 2𝑏: 

𝑓𝑗 = 1 −
64

𝜋4
 ∑  

1

𝑚2𝑛2 (1 − 𝑖
𝜋2𝛿𝑗

2

8 𝑎2𝑏2 (𝑏
2𝑚2 + 𝑎2𝑛2))

 

𝑚,𝑛 𝑜𝑑𝑑

 , 

for 𝑗 = 𝜅 or 𝜈 

(B.3) 

- Circular pores of radius 𝑅: 

𝑓𝑗 =

2 𝐽1 [(𝑖 − 1)
𝑅
𝛿𝑗
]

(𝑖 − 1)
𝑅
𝛿𝑗
 𝐽0 [(𝑖 − 1)

𝑅
𝛿𝑗
]
 , for 𝑗 = 𝜅 or 𝜈 (B.4) 

with 𝐽𝑛the Bessel function of the first kind of the order n. 

- Pin array stack: 

𝑓𝑗 = −
2 𝛼𝑖

𝛼0
2 − 𝛼𝑖

2  
𝑌1[𝛼𝑜] 𝐽1[𝛼𝑖] − 𝐽1[𝛼𝑜] 𝑌1[𝛼𝑖]

𝑌1[𝛼𝑜] 𝐽0[𝛼𝑖] − 𝐽1[𝛼𝑜] 𝑌0[𝛼𝑖]
, for 𝑗 = 𝜅 or 𝜈 (B.5) 

where 𝛼𝑖 = (𝑖 − 1) 𝑟𝑖 𝛿𝑗⁄  and 𝛼𝑜 = (𝑖 − 1) 𝑟𝑜 𝛿𝑗⁄ . Furthermore, 𝑌𝑛 is the 

Bessel function of the second kind of order n, 𝑟𝑖 is the pin radius and 𝑟0
2 =

√3 (2 𝜋)⁄ ∙ (2 𝑦0)
2 with 2𝑦0the center to center distance of two pins in a hexag-

onal arrangement. 
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C Mathematical operators 

Table C.1:  Table with operators in Cartesian and cylindrical coordinates for scalar field 𝑓 and 

vector field A=𝐴𝑥�⃗� + 𝐴𝑦�⃗� + 𝐴𝑧𝑧 and 𝐴 = 𝐴𝑟𝑟 + 𝐴𝜑�⃗⃗� + 𝐴𝑧𝑧 respectively  

 
Cartesian coordinates Cylindrical coordinates 

Gradient ∇𝑓 
𝜕𝑓

𝜕𝑥
�⃗� +

𝜕𝑓

𝜕𝑦
�⃗� +

𝜕𝑓

𝜕𝑧
𝑧 

𝜕𝑓

𝜕𝑟
𝑟 +

𝜕𝑓

𝜕𝜑
�⃗⃗� +

𝜕𝑓

𝜕𝑧
𝑧 

Divergence ∇ ∙ 𝐴 
𝜕𝐴𝑥

𝜕𝑥
+
𝜕𝐴𝑦

𝜕𝑦
+
𝜕𝐴𝑧

𝜕𝑧
 

1

𝑟

𝜕𝑟𝐴𝑟

𝜕𝑟
+
1

𝑟

𝜕𝐴𝜑

𝜕𝜑
+
𝜕𝐴𝑧

𝜕𝑧
 

Curl ∇ × 𝐴 

(
𝜕𝐴𝑧

𝜕𝑦
−
𝜕𝐴𝑦

𝜕𝑧
) �⃗�

+ (
𝜕𝐴𝑥

𝜕𝑧
−
𝜕𝐴𝑧

𝜕𝑥
) �⃗�

+ (
𝜕𝐴𝑦

𝜕𝑥
−
𝜕𝐴𝑥

𝜕𝑦
) 𝑧 

(
1

𝑟

𝜕𝐴𝑧

𝜕𝜑
−
𝜕𝐴𝜑

𝜕𝑧
) 𝑟

+ (
𝜕𝐴𝑟

𝜕𝑧
−
𝜕𝐴𝑧

𝜕𝑟
) �⃗⃗�

+
1

𝑟
(
𝜕𝑟𝐴𝜑

𝜕𝑟
−
𝜕𝐴𝑟

𝜕𝜑
)𝑧 

Laplace operator 

Δ𝐴 = ∇2𝐴 

𝜕2𝑓

𝜕𝑥2
+
𝜕2𝑓

𝜕𝑦2
+
𝜕2𝑓

𝜕𝑧2
 

1

𝑟

𝜕

𝜕𝑟
(𝑟

𝜕𝑓

𝜕𝑟
) +

1

𝑟2
𝜕2𝑓

𝜕𝜑2
+
𝜕2𝑓

𝜕𝑧2
 

Vector Laplacian  

Δ𝐴 = ∇2𝐴 
Δ𝐴𝑥�⃗� + Δ𝐴𝑦�⃗� + Δ𝐴𝑧𝑧 

(Δ𝐴𝑟 −
𝐴𝑟

𝑟2
−

2

𝑟2
𝜕𝐴𝜑

𝜕𝜑
) 𝑟

+ (Δ𝐴𝜑 −
𝐴𝜑

𝑟2
+

2

𝑟2
𝜕𝐴𝑟

𝜕𝜑
)�⃗⃗�

+ Δ𝐴𝑧𝑧 

Material deriva-

tive (𝐴 ∙ ∇)𝐵 

(𝐴𝑥

𝜕𝐵𝑥

𝜕𝑥
+ 𝐴𝑦

𝜕𝐵𝑥

𝜕𝑦
+ 𝐴𝑧

𝜕𝐵𝑥

𝜕𝑧
) �⃗�

+ (𝐴𝑥

𝜕𝐵𝑦

𝜕𝑥
+ 𝐴𝑦

𝜕𝐵𝑦

𝜕𝑦
+ 𝐴𝑧

𝜕𝐵𝑦

𝜕𝑧
) �⃗�

+ (𝐴𝑥

𝜕𝐵𝑧

𝜕𝑥
+ 𝐴𝑦

𝜕𝐵𝑧

𝜕𝑦
+ 𝐴𝑧

𝜕𝐵𝑧

𝜕𝑧
) 𝑧 

(𝐴𝑟

𝜕𝐵𝑟

𝜕𝑟
+
𝐴𝜑

𝑟

𝜕𝐵𝑟

𝜕𝜑
+ 𝐴𝑧

𝜕𝐵𝑟

𝜕𝑧
−
𝐴𝜑𝐵𝜑

𝑟
) 𝑟

+ (𝐴𝑟

𝜕𝐵𝜑

𝜕𝑟
+
𝐴𝜑

𝑟

𝜕𝐵𝜑

𝜕𝜑
+ 𝐴𝑧

𝜕𝐵𝜑

𝜕𝑧
+
𝐴𝜑𝐵𝜑

𝑟
) �⃗⃗�

+ (𝐴𝑟

𝜕𝐵𝑧

𝜕𝑟
+
𝐴𝜑

𝑟

𝜕𝐵𝑧

𝜕𝜑
+ 𝐴𝑧

𝜕𝐵𝑧

𝜕𝑧
) 𝑧 
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D Particle tracing method 

D.1 Introduction 
With the particle tracking method a gas parcel is tracked over a whole cycle in order 

to get a better inside of the thermodynamic processes occurring close to the cylinder. The 

path of the parcel is calculated by integrating the velocity in 𝑥- and 𝑦-direction.  

D.2 The method 
The simulation provides the whole flow field at 40 instances of each period in the Eu-

lerian description of continuum. To visualize the thermodynamic process, a gas parcel 

has to be followed. For this reason the description of continuum has to be adapted into 

the Lagrangian description. In the Lagrangian point of view the path of the gas parcel is 

chosen such that the velocity is equal to the fluid velocity. The position of the gas parcel 

one time step later can be estimated as: 

𝑥 = 𝑥𝑠𝑡𝑎𝑟𝑡 +∫ 𝑢(𝑡, 𝑥) 𝑑𝑡
Δ𝑡

0

 (D.1) 

Or in a differential form: 

𝑑𝑥

𝑑𝑡
= 𝑢(𝑡, 𝑥) (D.2) 

In a first approach this can be approximated by an explicit Euler scheme as follows: 

𝑥𝑛 = 𝑥𝑠 + Δ𝑡 ∙ 𝑢(𝑡, 𝑥) (D.3) 

But this does not lead to good results as especially for low frequencies the time steps 

are too big. Using this method the gas parcels enter the solid and due to interpolation do 

not exit it anymore.  

Two solutions are possible, the first is to export more time steps per period, especially 

for low frequencies. The second is to use a better approximation, like for example the 

Runge-Kutta method.  

In this paper the forth order Runge-Kutta method is applied. The new position 𝑥𝑛 is 

calculated from the start position 𝑥𝑠 using a weighted average of four increments as fol-

lows [wikipedia]: 

𝑥𝑛 = 𝑥𝑠 +
1

6
Δ𝑡 (𝑘1 + 2𝑘2 + 2𝑘3 + 𝑘4) (D.4) 

Where the values 𝑘𝑖 represent the velocity for the time increment 𝑖. The 𝑘𝑖 are given 

by: 

𝑘1 = 𝑢(𝑡𝑛, 𝑥𝑠) (D.5) 
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𝑘2 = 𝑢 (𝑡𝑛 +
1

2
Δ𝑡 ,  𝑥𝑠 +

1

2
Δ𝑡 𝑘1) (D.6) 

𝑘3 = 𝑢 (𝑡𝑛 +
1

2
Δ𝑡 ,  𝑥𝑠 +

1

2
Δ𝑡 𝑘2) (D.7) 

𝑘4 = 𝑢(𝑡𝑛 + Δ𝑡 ,  𝑥𝑠 + Δ𝑡 𝑘3) (D.8) 

At the new location the fluid data is exported for post processing. Because the self-

implemented Runge Kutta method was not accurate enough and a 6th order Runge-Kutta 

was neither, the ode45 solver of MATLAB is used to solve the differential equation (5.5). 

This gives considerably more accurate results, as the particle then nearly follows one path 

over different periods.  

a)  

 

b) 

 

c) 

 

d) 

 
 

Figure D.1:  Particle displacement for different integration methods: a) explicit Euler; b) 

Runge Kutta Order 4; c) Runge-Kutta Order 6; d) MATLAB ode45 solver 

(order between 4 and 5 with adaptive time marching) (Sim912) 

The difference between the methods is particularly big for simulation with large parti-

cle displacement amplitudes. This comes from the high velocities in the narrowing region 

and the few time steps per period exported. To show the differences between the methods 

a simulation with a pressure amplitude 𝑝1 = 100Pa and a frequency 𝑓 = 10Hz is chosen. 

The computed particle displacements are shown in Figure D.1 for the different methods. 

a) Shows the particle displacement using the explicit Euler method, it can be seen that 
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due to the bad approximation the particles enter the cylinder which is unphysical. The 

method is not accurate enough. b) Shows the results for the fourth order Runge-Kutta 

method, the particles do not enter anymore the cylinder, but they still don’t follow one 

path and pass through the periodic boundary, which is also not physical as a symmetric 

flow is expected. c) Shows the results for the 6th order Runge-Kutta method, the results 

are slightly improved compared to the 4th order, but they are still crossing the symmetry 

boundary. d) Shows the results for the MATLAB method ode45 which is a 4th to 5th order 

method and which uses adaptive time stepping. With this method the results do not enter 

the cylinder or cross the symmetry boundary conditions, further the particle follows one 

path over the 4 periods. Thus for post processing of simulation with a large displacement 

amplitude the MATLAB ode45 function is used. 

D.3 Interpolation 
The velocity is only given at discrete places, these are the grid points. Thus an inter-

polation has to be done to get values inside a mesh cell. The implemented interpolation 

method works in the following way: 

- A Delaunay triangularization of the whole mesh is done (Figure D.2 b)) 

- The indexes of the triangle containing the point is determined (Figure D.2 c)) 

- A linear interpolation inside this triangle is done using the MATLAB function 

scatteredInterpolant() to obtain the flow variables at the desired place 

(Figure D.2 d)) 
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a) b) 

  
c) d) 

  
 

Figure D.2:  Visualization of the interpolation method. a) Initial problem, black points 

represent the mesh points, while the red point represents the point at which 

the flow data has to be interpolated. b) Delaunay triangularization of the 

mesh points. c) determination of the indexes of the triangle containing the 

point for interpolation. d) Interpolation of the flow variables inside of the 

triangle. 

Using the Delaunay triangularization and interpolating only in one triangle reduced 

the computational time by a factor 100, compared to directly interpolating on the whole 

mesh using the MATLAB function scatteredInterpolant(). (This is only valid in our spe-

cific case where only a very small number of interpolation have to be done.) 

D.4 Correction 
A further correction is implemented, to avoid the gas parcels to leave the domain and 

leading to an error because the flow variables cannot be interpolated. For this the perio-

dicity in y-direction is used. If a parcel leaves the computational domain on one side, it’s 

y-position is corrected by the domain height 𝐻 such that it reappears on the other side. 
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E Properties of helium  

The properties of helium as they are given in ANSYS Fluent are summarized Ta-

ble E.1: 

Table E.1:  Parameters of helium from ANSYS Fluent 

Property Variable and value 

Specific heat 𝑐𝑝 = 5193
J

kg K
 

Thermal conductivity 𝑘 = 0.152 
W

m K
 

Dynamic viscosity  𝜇 = 1.99 ∙ 10−5
kg

m s
  

Molecular Weight 𝑀 = 4.0026
kg

kmol
 

 

 
 

Furthermore for the analytical solutions some mean quantities are needed, they are 

presented in Table E.2 for a mean pressure of 𝑝0 = 101325Pa and a mean temperature of 

𝑇0 = 300K as well as the formula to calculate them: 

Table E.2:  Derived mean values at 𝑇0 = 300K and a mean pressure of 𝑝0 =
101325 Pa 

Property Formula Mean value 

Density 𝜌0 =
𝑝0

𝛾𝑅𝑠𝑇0
 𝜌0 = 0.1626

kg

m3
 

Speed of sound 𝑐0 = √𝛾𝑅𝑠𝑇0 𝑐0 = 1019.14
m

s
 

Specific heat ratio 
𝛾 =

𝑐𝑝
𝑐𝑣

=
1

1 −
𝑅𝑠

𝑀𝑐𝑝

 
𝛾 = 1.6667 
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E.1 Temperature dependent properties 
Temperature dependent heat conduction and dynamic viscosity are taken as a third 

order polynomial fit of the properties given in the DeltaEC Manual [7] in the range 𝑇 =

300. .850K: 

𝑘 =  6 ∙ 10−11
W 

m K4 
𝑇3  −  2 ∙ 10−7

W

m K3
∙ 𝑇2  +  0.0005

W

m K2
∙ 𝑇 

+  0.0313
W

mK
 

(E.1) 

𝜇 =  9 ∙ 10−15  
Pa s

K3
∙  𝑇3  −  3 ∙ 10−11  

Pa s

K2
∙ 𝑇2  +  6 ∙ 10−8

Pa s

K
∙  𝑇 

+  5 ∙ 10−6 Pa s 
(E.2) 
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F Shaking resonator – change in coordi-

nate system 

In order to reduce the calculation costs and to avoid a moving mesh, a change in co-

ordinate system is done. Instead of carrying out the simulation in the global system G, a 

local coordinate system on the resonator L is defined: 

 
Figure F.1:  Definition of the global (G) and local (L) coordinate systems 

The variables related to the local and the global coordinate system are indexed with 

an l and a g respectively. In the global coordinate system the position, the velocity and 

the acceleration of the fluid related to a point A can be written as: 

𝑟𝑔 = 𝑟𝐺𝐿 + 𝑟𝑙  

�⃗�𝑔 = �⃗�𝐺𝐿 + �⃗�𝑙 

�⃗�𝑔 = �⃗�𝐺𝐿 + �⃗�𝑙  

(F.1) 

The velocity of the local coordinate system in the global one is denominated �⃗⃗�𝑤 and 

can be expressed as: 

�⃗⃗�𝑤 =  
𝑢𝑤

0
 = �⃗�𝐺𝐿 (F.2) 

F.1 Continuity equation 
To derive the equations in the local coordinate system the Lagrangian point of view 

with respect to the resonator is adopted. For a general vector function 𝐹 the material 

derivative can be written as: 

D𝐹

D𝑡
=

𝛿𝐹

𝛿𝑡
+ (�⃗⃗�𝑤 ∙ ∇) 𝐹 

(F.3) 

With �⃗⃗�𝑤 the velocity of the vibrating tube. This can be applied on the flow variables. 

The change in density in the Lagrangian point of view can be written as: 

D𝜌

D𝑡
=

𝛿𝜌

𝛿𝑡
+ (�⃗⃗�𝑤 ∙ ∇) 𝜌 =

𝛿𝜌

𝛿𝑡
+ 𝑢𝑤

𝛿𝜌

𝛿𝑥
  

(F.4) 

𝑥𝑔 

𝑟𝑔 
𝑥𝑙 

𝑟𝑙 
A 

L 

G 
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The local time derivative of the density can be replaced due to the continuity equa-

tion: 

D𝜌

D𝑡
= −

𝛿(𝜌 𝑢𝑔)

𝛿𝑥
−
𝛿(𝜌 𝑣𝑔)

𝛿𝑦
+ 𝑢𝑤

𝛿𝜌

𝛿𝑥
 

(F.5) 

And according to (F.1) the velocity can be replaced: 

D𝜌

D𝑡
= −

𝛿(𝜌 𝑢𝑙)

𝛿𝑥
−
𝛿(𝜌 𝑢𝑤)

𝛿𝑥
−
𝛿(𝜌 𝑣𝑔)

𝛿𝑦
+ 𝑢𝑤

𝛿𝜌

𝛿𝑥
 (F.6) 

Applying the product rule leads to: 

D𝜌

D𝑡
= −

𝛿(𝜌 𝑢𝑙)

𝛿𝑥
− 𝜌

𝛿𝑢𝑤

𝛿𝑥
− 𝑢𝑤

𝛿𝜌

𝛿𝑥
−
𝛿(𝜌 𝑣𝑔)

𝛿𝑦
+ 𝑢𝑤

𝛿𝜌

𝛿𝑥
 (F.7) 

As the velocity of the resonator 𝑢𝑤 does not depend on 𝑥, the continuity equation can 

finally be written as: 

D𝜌

D𝑡
= −

𝛿(𝜌 𝑢𝑙)

𝛿𝑥
−
𝛿(𝜌 𝑣𝑙)

𝛿𝑦
 (F.8) 

F.2 Momentum equation 
The substantial derivative of the momentum can be written as: 

D

D𝑡
(𝜌�⃗�𝑔) =

𝛿

𝛿𝑡
(𝜌�⃗�𝑔) + (�⃗⃗�𝑤 ∙ ∇) (𝜌�⃗�𝑔) 

(F.9) 

Or for the momentum in x-direction: 

D

D𝑡
(𝜌𝑢𝑔) =

𝛿

𝛿𝑡
(𝜌𝑢𝑔) + (𝑢𝑤 ∙ ∇) (𝜌�⃗�𝑔) 

(F.10) 

The left side can be rewritten as: 

D

D𝑡
(𝜌𝑢𝑔) =

D

D𝑡
(𝜌(𝑢𝑙 + 𝑢𝑤)) =

D

D𝑡
(𝜌𝑢𝑙) +

D

D𝑡
(𝜌𝑢𝑤)

=
D

D𝑡
(𝜌𝑢𝑙) + 𝜌

D𝑢𝑤

D𝑡
+ 𝑢𝑤

D𝜌

D𝑡
 

(F.11) 

While the momentum equation can be rewritten according to (F.1) in the following 

way: 

𝛿

𝛿𝑡
(𝜌𝑢𝑔) = − [

𝛿

𝛿𝑥
(𝜌𝑢𝑔

2 + 𝑝 − 𝜏𝑥𝑥) +
𝛿

𝛿𝑦
(𝜌𝑢𝑔𝑣𝑔 − 𝜏𝑥𝑦)]

= − [
𝛿

𝛿𝑥
(𝜌𝑢𝑙

2 + 𝑝 − 𝜏𝑥𝑥) +
𝛿

𝛿𝑦
(𝜌𝑢𝑙𝑣𝑙 − 𝜏𝑥𝑦) + 𝑢𝑤

𝛿(𝜌𝑢𝑙)

𝛿𝑥

+ 𝑢𝑤

𝛿(𝜌𝑣)

𝛿𝑥
+ 𝑢𝑤

𝛿(𝜌𝑢𝑙)

𝛿𝑥
+
𝑢𝑤
2 𝛿𝜌

𝛿𝑥
] 

(F.12) 

The third and the forth term on the right hand side can be replaced with the continuity 

equation (F.8) and the last two terms are rewritten according to the product rule: 
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𝛿

𝛿𝑡
(𝜌𝑢𝑔) = − [

𝛿

𝛿𝑥
(𝜌𝑢𝑙

2 + 𝑝 − 𝜏𝑥𝑥) +
𝛿

𝛿𝑦
(𝜌𝑢𝑙𝑣𝑙 − 𝜏𝑥𝑦) + 𝑢𝑤

D𝜌

D𝑡

+ 𝑢𝑤

𝛿(𝜌(𝑢𝑙 + 𝑢𝑤)

𝛿𝑥
] 

(F.13) 

Filling in (F.13) and (F.11) in (F.10) leads to: 

D

D𝑡
(𝜌𝑢𝑙) = − [

𝛿

𝛿𝑥
(𝜌𝑢𝑙

2 + 𝑝 − 𝜏𝑥𝑥) +
𝛿

𝛿𝑦
(𝜌𝑢𝑙𝑣𝑙 − 𝜏𝑥𝑦)] − 𝜌

D𝑢𝑤

D𝑡
 (F.14) 

The same can be done with the momentum equation in y-direction: 

D

D𝑡
(𝜌𝑣𝑙) = − [

𝛿

𝛿𝑥
(𝜌𝑣𝑙𝑢𝑙 + 𝑝 − 𝜏𝑥𝑦) +

𝛿

𝛿𝑦
(𝜌𝑣𝑙

2 − 𝜏𝑦𝑦)] 
(F.15) 

The right hand sides of the equations (F.8), (F.14) and (F.15) are the Navier-Stokes 

equation for a fluid in the local coordinate system, with an additional volume force repre-

senting the acceleration of the resonator.  

F.3 Energy Equation 
In the same way the energy equation in the local coordinate system is derived. The 

following source term has to be added: 

𝑆ℎ = −𝜌 𝑢𝑙

D𝑢𝑤

D𝑡
 

(F.16) 

By implementing these terms in Fluent, the experiment can be carried out without any 

moving mesh. The variables solved for are given in the local coordinate system, to get the 

variables according to the global system a transformation back according to equation 

(F.1) has to be done. 
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G Point definition for shaking resonator 

The results are monitored at the following points. The lines BB and DD are the lines 

over the radius at the points D and B. 

 
Figure G.1:  Definition of the geometrical location in the vibrating resonator 
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H Solving the heat equation with MATLAB 

The heat equation can be solved for the temperature if the pressure and the velocity 

are known. The procedure is similar to the one of Matveev et al. [76] and Berson et al. 

[92]. The heat equation as is solved numerically with the pdepe-function of MATLAB. 

The pdepe-function solves initial-boundary problems for parabolic PDEs in one dimen-

sion.  

The pdepe-function can solve a differential equation, which can be written in the fol-

lowing form:  

𝑐
𝜕𝑢

𝜕𝑡
=

𝜕

𝜕𝑥 
(𝑓) + 𝑠 (H.1) 

For this reason the heat equation is rewritten to fit the input of the pdepe-function: 

𝛾

𝛾 − 1

𝑝

 𝑇

1

𝑘
 
𝜕𝑇

𝜕𝑡
=

𝜕

𝜕𝑥
(
𝜕𝑇

𝜕𝑥
) +

1

𝑘

𝑑𝑝

𝑑𝑡
+

𝛾

𝛾 − 1

1

𝑘

𝑝

𝑇
 𝐾 (𝑇𝐻𝑋 − 𝑇)

−
𝛾

𝛾 − 1

𝑝

𝑇

1

𝑘
𝑢
𝜕𝑇

𝜕𝑥
  

(H.2) 

with: 

𝑐 =
𝛾

𝛾 − 1

𝑝

 𝑇

1

𝑘
 (H.3) 

𝑓 =
𝜕𝑇

𝜕𝑥
 (H.4) 

𝑠 =
1

𝑘

𝑑𝑝

𝑑𝑡
+

𝛾

𝛾 − 1

1

𝑘

𝑝

𝑇
 𝐾 (𝑇𝐻𝑋 − 𝑇) −

𝛾

𝛾 − 1

𝑝

𝑇

1

𝑘
𝑢
𝜕𝑇

𝜕𝑥
 (H.5) 

The total domain length 𝐿 is chosen the same as in the simulations. Within the heat 

exchanger the heat transfer coefficient is set to 𝐾 ≠ 0, while outisde the heat exchanger 

𝐾 = 0. The pressure and the velocity are uniform in the domain and change in time ac-

cording to: 

𝑝(𝑡) = 𝑝0 + 𝑝1 sin(𝜔𝑡) (H.6) 

𝑢(𝑡) =
𝑝1
𝜌0𝑐0

sin(𝜔𝑡 + 𝜑) (H.7) 

The temperature boundary conditions at the left and the right of the domain are calcu-

lated from the pressure assuming an adiabatic process. When applicable the simulations 

are initialized with a constant temperature. In the thermal buffer tube simulations the 

initialization of the temperature field needs more attention as a large temperature gradient 

is imposed in the thermal buffer tube that changes the fluid properties. The initial temper-

ature field is obtained by solving the steady state heat equation: 

𝜕

𝜕𝑥
(𝑘

𝜕𝑇

𝜕𝑥
) = −𝐾 

𝛾

𝛾 − 1

𝑝

𝑇
(𝑇𝐻𝑋 − 𝑇) (H.8) 
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with the bvp5c-function that solves boundary value problems. The initial temperature 

profile in the case of an adiabatic wall boundary condition is shown in Figure H.1. The 

fluid parameters are taken the same as in the corresponding simulation and the K value is 

adapted to fit the simulations.  

 
Figure H.1:  Initial temperature profile in the thermal buffer tube assuming an adiabatic 

wall boundary condition. Dashed line indicates a linear profile. 
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I Influence of errors on calculation of 

thermoacoustic functions 

In this chapter the influence of errors on the estimation of the thermoacoustic function 

is investigated. The errors can come from the phase and amplitude calculation, which are 

necessary to transform the experimental data from the time domain to the frequency do-

main, used for post processing. To check the influence of errors, the theoretical model is 

run, but before applying the post processing to calculate the thermoacoustic functions, the 

pressure or the velocity and the right end of the domain (see Figure 5.36: Position 12) are 

modified in order to model errors. The amplitude and the phase are changed independent-

ly to determine the influence of each. 

  
a) b) 

 

 

 

Figure I.1:  Influence of small deviation of the phase and the amplitude of the pressure 

and the velocity on the calculation of the thermal a) and viscous b) thermo-

acoustic function. (reference case in red) 

First the influence of the phasing on the calculation of the thermoacoustic function is 

discussed. From Figure I.1 a) it can be seen, that even very small errors in the phasing of 

the velocity can have a large influence on the real part of the thermal thermoacoustic 

function. This is the trend which can also be seen in the numerical experiments, which 

indicates that the calculation of the velocity phasing has to be very accurate. The phasing 

of the velocity has no further influence on other parts of the thermoacoustic functions. 
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The phasing of the pressure has a much less important effect, the error has to be three 

orders of magnitudes higher than for the velocity before a deviation can be seen. With 

this high deviation all values of the thermoacoustic functions are affected. As the effect 

of velocity phasing errors occurs for much smaller values, the velocity errors define the 

necessary accuracy of the phase calculations. 

Next to the influence of errors in the phasing, the influence of amplitude errors have 

to be investigated. A 0.01% deviation of the amplitude of the velocity has a large influ-

ence on the imaginary part of the thermoacoustic function, thus the thermal resistance is 

estimated inaccurately. The other parts of the thermoacoustic function are not affected. A 

1% deviation of the pressure amplitude has a small influence on the real part of the ther-

moacoustic function and a larger influence on the viscous thermoacoustic function. This 

means that if the pressure amplitude is estimated to high, the viscous contact between the 

gas and the plates are overestimated. But again the errors on the pressure amplitude have 

to be two orders of magnitude higher than the velocity amplitude errors.  

With this we can conclude that the correct measurement of the velocity is crucial for 

accurate estimation of the thermoacoustic functions.  

 

The reason why errors are most important for the thermal thermoacoustic functions 

can be seen from equation (I.1) and (I.2): 

𝑑𝑝1 = −𝐼
𝜔𝜌0
1−𝑓𝜈

𝑈1

𝐴
𝑑𝑥 (I.1) 

𝑑𝑈1 = −
𝐼𝜔𝐴

𝛾𝑝𝑚
(1 + (𝛾 − 1)𝑓𝜅) 𝑝1 𝑑𝑥 (I.2) 

With decreasing frequency the changes in pressure and velocity over the investigated 

regenerator length decrease due the angular frequency 𝜔. For the pressure changes this 

effect is attenuated by the 1 (1 − 𝑓𝜈)⁄  term, which goes to infinity towards low frequen-

cies. In general this means this means that the thermoacoustic functions are calculate 

from smaller and smaller changes over the pore, which leads to errors. Especially on the 

thermal thermoacoustic function as the changes over the regenerator length are especially 

small for the volume flow rate.  

One way of solving this problem would be to increase the investigated regenerator 

length such that the changes over the regenerator length get larger, but this results in an 

increase of the calculation time. Another way would be to vary the fluid properties, for 

example the mean pressure or density. Finally a more accurate method for the calculation 

of the phase and the amplitude of the pressure and velocity could be implemented in 

order to reduce the error.   

I.1 Rounding errors 
To check the influence of rounding errors, the theoretical model is run, but before 

launching the post processing to calculate the thermoacoustic functions, the pressure or 
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the velocity and the right end of the domain (see Figure 5.36: Position 12) are rounded at 

three different precisions, to get an idea of the number of necessary significant digits. 

Because the deviations were biggest for the thermal thermoacoustic function, only this 

one is presented in the following. From the results in Figure I.2 one can conclude that in 

order to have accurate results at low frequencies the variables have to be accurate be at 

least six significant digits. 

 

 

 

Figure I.2:  Influence of rounding errors in the pressure and the velocity on the calcula-

tion of the thermal thermoacoustic function. 

I.2 Errors on acoustic constants 
Due to the discreet grid the wave propagation constant and the impedance are not 

equal to their theoretical value. For this reason the error sensibility is tested here. Only 

for large errors, as shown here, a deviation can be seen. Again errors have a smaller in-

fluence on the viscous thermoacoustic function than on the thermal thermoacoustic func-

tion, but in general the behavior of both is the same. The real part of the thermoacoustic 

function is influenced by the amplitude of the wave propagation constant and the acoustic 

impedance, while phase errors influence the imaginary part. But none of these deviations 

can explain the difference between the model and the simulations. 
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a) b) 

 

 

 

Figure I.3:  Influence of small deviations of the phase and the amplitude of the wave 

propagation constant and the acoustic impedance on the calculation of the 

thermal a) and viscous b) thermoacoustic function. (reference case in red) 
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J Scaling of thermal thermoacoustic func-

tions 

In Chapter 5.3 it is noted that for low frequencies or low Lautrec numbers respective-

ly the values of the one-dimensional model converges to a constant value, which is clear-

ly smaller than one. In this chapter it is shown, why the thermal thermoacoustic function 

does not go to one for low frequencies. The model introduced in Chapter 5.3.1.2 is used 

in order to simulate the reduced geometry given in Figure J.1. The thermoacoustic func-

tions of the whole geometry are calculated for three different distances 𝑥𝑐 between the 

parallel plates that model the cylinders.  

The results are shown in Figure J.2 a) and indeed the real part of the thermoacoustic 

function does not go to one for low frequencies. The reason is that in the reduced model 

the heat transfer does not occur over the whole axial length of the regenerator, but only 

over the length of the cylinders. Therefore a scaling factor 𝑟𝑠𝑐𝑎𝑙𝑒 is introduced that takes 

this into account. The scaling factor is defined as the length of the regenerator, consisting 

of 𝑛 screens divided by the length over which heat transfer occurs: 

𝑟𝑠𝑐𝑎𝑙𝑒 =
𝑛 𝑥𝑏 + 𝑛 𝑥𝑐

𝑛 𝑥𝑏
= 1 +

𝑥𝑐
𝑥𝑏

 (J.1) 

Figure J.2 b) shows the scaled thermal thermoacoustic function and indeed the real part 

goes to one for low frequencies. It has to be remarked that in real regenerators at low 

frequencies the heat conduction in axial direction gets increasingly important, such that 

this scaling is not applicable there, as conduction in the axial direction was neglected in 

this derivation. 

 
Figure J.1: Different parts of the acoustic model: a adiabatic part; b part with flow 

between parallel plates; c part between the parallel plates. 

 

 

a c b c c c b b b b a 
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a) b) 

 

Figure J.2: a) unscaled und b) scaled thermal thermoacoustic function from reduced 

model for three different distances between the cylinders: 𝑥𝑐 = 0.5 ⋅ 𝑥𝑏 , 1 ⋅
𝑥𝑏 and 2 ⋅ 𝑥𝑏, in light gray, dark gray and black respectively.  
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K Thermal buffer tube boundary condi-

tions 

In this chapter a motivation for the choice of the acoustic boundary conditions of the 

thermal buffer tube study in Chapter 5.1 is given. In all cases the right boundary condi-

tion is set to a non-reflecting pressure boundary condition and the left boundary condition 

is varied. 

From all different wall boundary conditions simulated, the case with adiabatic slip 

wall boundary conditions is the most demanding as in this case the least physical dissipa-

tion occurs and numerical errors are most visible. For this reason the investigation of the 

acoustic boundary condition will only be done for a case with adiabatic slip wall bounda-

ry conditions. This wall boundary condition has also the advantage that the domain can 

be reduced to a one-dimensional problem, reducing the needed computational resources. 

This is confirmed with a preliminary study that compares a one-dimensional case with a 

two-dimensional case. Both overlay each other. A motivation for the choice of the left 

boundary condition is given in the following.  

K.1 Non-reflecting boundary conditions 
 

First, the results are presented when a non-reflecting boundary condition as intro-

duced in Chapter 4.5.1 is imposed at the left of the thermal buffer tube. The pressure the 

velocity and the temperature at the center of the thermal buffer tube are given in Fig-

ure K.1, Figure K.2 and Figure K.3, respectively. The figures show that the pressure and 

the velocity drift towards a lower value and that the amplitude is reduced during the sim-

ulations. The negative mean velocity introduces convection, such that gas with the tem-

perature of the ambient heat exchanger is convected inside of the domain. As can be seen 

in Figure K.3 this leads to a reduced temperature inside of the thermal buffer tube. This 

streaming is not physical, but introduced by the acoustic boundary conditions. For this 

reason this boundary condition cannot be used to investigate the thermal buffer tube. An 

attempt was done to implement a non-reflecting boundary condition at the left by impos-

ing the velocity or the mass-flux such that the streaming can be reduced, but both were 

not successful and the corresponding test cases crashed after several time steps. For this 

reason it was chosen to impose a fully reflective boundary condition at the left of the 

domain. The choice of the boundary condition will be shown in the following chapter. 
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Figure K.1: Pressure at the center of the thermal buffer tube for a non-reflecting bound-

ary condition at the left of the domain over time. 

  

 
Figure K.2:  Velocity at the center of the thermal buffer tube for a non-reflecting bound-

ary condition at the left of the domain over time. 
 

 
Figure K.3:  Temperature at the center of the thermal buffer tube for a non-reflecting 

boundary condition at the left of the domain over time. 

K.2 Reflecting boundary condition 
 In this chapter the non-reflecting character of the left boundary condition is switched 

off. This means that a defined time dependent harmonic value is imposed at the left 

boundary, while the right boundary is set to a non-reflecting pressure boundary condition. 

The wave at the left is introduced by using three types of boundary conditions: a pressure 

inlet, velocity inlet and a mass flux inlet.  

Figure K.4 shows that using the mass flux inlet and the velocity inlet introduce a large 

drifting in pressure, while no drift occurs for the pressure inlet. Figure K.5 shows the 

velocity over time at the center of the thermal buffer tube for the three different boundary 
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conditions. It can be seen, that for the mass flux and velocity boundary condition no drift 

occurs and the values oscillate as expected around zero. But using a pressure boundary 

condition introduces a non-zero mean flow. This can also be seen in Figure K.6, where 

the temperature in the thermal buffer tube falls. Heat is thus convected from the cold heat 

exchanger to the hot heat exchanger. Using a velocity inlet the temperature also increases 

slightly over time, which indicates a mass flux from the hot heat exchanger to the ambi-

ent heat exchanger. 

The same experiment is also performed without applying a temperature gradient over 

the domain, but setting the domain temperature constant to either of the heat exchanger 

temperatures. For both cases and all boundary condition no drift occurs and the pressure 

and velocity values oscillate around zero. From this it can be concluded that the drifting 

originates from the temperature gradient inside of the thermal buffer tube. One possible 

reason could be that the speed of sound is not estimated correctly. For this reason the 

boundary treatment is adapted in the following chapter, such that the position of the mon-

itor point is recalculated every time step. 

 
Figure K.4:  Pressure at the center of the thermal buffer tube over time. Results for the 

three different reflecting boundary condition at the left of the domain: pres-

sure inlet, mass flux inlet and velocity inlet, in light gray, dark gray and 

black respectively. 

 
Figure K.5:  Velocity at the center of the thermal buffer tube over time. Results for the 

three different reflecting boundary condition at the left of the domain: pres-

sure inlet, mass flux inlet and velocity inlet, in light gray, dark gray and 

black respectively. 
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Figure K.6:  Temperature at the center of the thermal buffer tube over time. Results for 

the three different reflecting boundary condition at the left of the domain: 

pressure inlet, mass flux inlet and velocity inlet, in light gray, dark gray and 

black respectively. 

 

K.3 Variable monitor point 
As was shown in the previous chapter, the drifting of the physical quantities is proba-

bly due to an incorrect estimation of the speed of sound and thus of the location of the 

monitor point for the acoustic boundary condition at the right. For this reason the bounda-

ry treatment for the right boundary condition is adapted in this chapter, such that the 

position of the monitor point is recalculated every time step from the speed of sound at 

that moment. This additional calculation is computationally expensive and did not show 

any improvement in case of a constant mean temperature (see Chapter 4.2.2.3). For this 

reason it is not used for the cases with constant temperature, unlike the case here. 

The three different inlet types at the left are differentiated in the following. Figure K.7 

shows the pressure over time for the three boundary conditions. It can be seen that for the 

pressure boundary condition no drifting or shifting occurs. For the velocity boundary 

condition the pressure drifts away, over the whole simulation time. This is not the case 

for the mass flux boundary condition where the mean value of the pressure drifts during 

the first periods but then converges to a constant value. For all boundary conditions the 

axial velocity does not drift, as is shown in Figure K.8. But for the pressure boundary 

condition a small lower order oscillation occurs. This oscillation influences the tempera-

ture, as heat is convected. This can be seen in Figure K.9 as the mean value of the tem-

perature oscillates for the pressure boundary condition. The mass flux boundary condition 

performs the best, as it only drifts in a really small amount and the reflection coefficient 

at the right side stays below 0.5%. 

Concluding it can be said that adapting the position of the monitor point at each time 

step improves the simulation results. The drifting might be caused by the temperature 

dependency of the speed of sound. In general when a mass flux boundary condition is 

imposed at the left the best results are achieved. For this reason this boundary condition is 

applied in the results given in Chapter 5.1. 
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Figure K.7:  Pressure at the center of the thermal buffer tube over time. Results for the 

three different reflecting boundary condition at the left of the domain: pres-

sure inlet, mass flux inlet and velocity inlet, in light gray, dark gray and 

black respectively.  

 

 
Figure K.8:  Velocity at the center of the thermal buffer tube over time. Results for the 

three different reflecting boundary condition at the left of the domain: pres-

sure inlet, mass flux inlet and velocity inlet, in light gray, dark gray and 

black respectively.  

 

 
Figure K.9:  Temperature at the center of the thermal buffer tube over time. Results for 

the three different reflecting boundary condition at the left of the domain: 

pressure inlet, mass flux inlet and velocity inlet, in light gray, dark gray and 

black respectively.  

0 0.05 0.1 0.15
-1

0

1
x 10

5

p
 (

P
a)

t (s)

 

 

0 0.05 0.1 0.15
-20

0

20

u
 (

m
/s

)

t (s)

 

 

0 0.05 0.1 0.15
600

650

700

750

T
 (

K
)

t (s)

 

 



 198 L Thermal buffer tube mesh refinement  

  

 

L Thermal buffer tube mesh refinement 

In this chapter the mesh refinement study done for the thermal buffer tube investigat-

ed in Chapter 5.1 is shortly summarized. First in Table L.1 the properties of the different 

meshes are given. These meshes are then compared in order to show that the selected 

mesh is converged. In Figure L.1 the mean temperature profile is given for the case with 

an adiabatic slip wall boundary condition. This is the only case shown here, as this is the 

most demanding case, as the least physical dissipation occurs and numerical errors are 

most visible. The results from the "Fine" mesh deviates from the other meshes. The rea-

son is probably the refinement in the axial direction and the reduced number of elements 

in the center of the thermal buffer tube. For all other meshes, the mean temperature pro-

files converge with increasing number of elements towards the finest mesh. The differ-

ences between the two finest meshes are hardly visible, it can thus be concluded that the 

mesh is converged. These parameters are thus used in Chapter 5.1. 

Table L.1:  Definition of the different meshes investigated. 

Mesh type 
Elements in 

𝑦-direction 

Elements in 

𝑥-direction 
Name 

Refinement in radial direction 

Uniform in axial direction 
30 101 "Rough" 

Refinement in radial direction 

Uniform in axial direction 
45 151 

"Medium 

rough" 

Refinement in radial direction 

Refinement in towards the 

boundaries 

60 177 "Fine" 

Refinement in radial direction 

Uniform in axial direction 
60 201 

"Fine 

constant" 

Refinement in radial direction 

Uniform in axial direction 
60 301 

"Finer 

axial" 
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Figure L.1:  Mean temperature profile inside of the thermal buffer tube for different 

spatial discretizations and for adiabatic slip wall boundary condition. 
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1. Developing an accurate turbulence model for CFD simulation of purely 
oscillating acoustic flow is one of the most important steps for accurate 
modelling of practical thermoacoustic devices. 

2. Designing thermoacoustic devices only with full time domain CFD is out of 
reach in the near future. 

3. CFD is all about the right boundary conditions. 

4. The quicker the feedback loops from experiments, the steeper the learning 
curve can be.  

5. Having a second PhD on the same topic increases the scientific output 
considerably over proportionally.  

6. Too much importance is attributed to the number of publications in the 
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