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In computational fluid dynamics zijn de complexiteit van een algorithme en de
eenvoud van het onderliggende wiskundig model evenredig.

Dit proefschrift

De fysische interpretatie van de verdringingsdikte als zijnde de afstand waarmee
de grenslaag de niet-viskeuze stroming van het vleugeloppervlak weg drukt
wekt ten onrechte de suggestie dat viskeuze/niet-viskeuze interactiemodeller-
ing een zonal splitting probleem is.

On Displacement Thickness, M.J. Lighthill, Journal of Fluid Mechanics,
vol.4, 19.58

Dit proefschrift

De vermelding in verschillende wetenschappelijke artikelen en boeken van de
zinsnede it is easy to see that of it simply follows heeft vaak de tegenovergestelde
betekenis.

Daar elke menselijke activiteit feitelijk schade aanricht aan het milieu gaat het
er bij milieubescherming eerder orn het beperken van milieuschade dan het
verrnij den ervan. Het predikaat milieuvriendelijk is dan ook strikt gesproken
onbruikbaar.

No Way Back, S. Adams, New Scientist, vol. 144, no. 1948, oktober 1994

Inzicht in de oplossingen van partiële differentiaalvergelijkingen helpt bi.j het
goed bereiden van Belgische frieten.

Het woord Nederlands is de verkeerde henaming voor de cultuurtaal die wordt
gesproken in Nederland en het Nederlandstalig gedeelte van Belgie.

Inburgering is bij immigratie een normale en een gewenste activiteit. Omdat
zoiets als uitburgering niet bestaat betekent dat remigratie een zeer moeizaam
proces is.



Met het huwelijk legt men datgene wettelijk vast wat zich doorgaans niet door
wetten laat vastleggen.

Het Haarlemse gemeentebeleid inzake de funderingsproblematiek wordt mede
bepaald vanuit de drang tot zeifbescherming van bet gemeentelijk apparaat en
zijn politiek in plaats van de bescherming van de woningvoorraad.

Wonen nadat de paal is verpest, Pieter Verduin, Freek Loos, Bart Wolles,
september 1998; inspraakreactie op de gemeentelijke beleidsnota, Wonen
zolang de voorraad strekt van de gemeente Haarlein.

Politiek is kiezen, maar een stad besturen.. ., Theo van Uden, Link,
PVDA-blad Haarlem, oktober 1998.

Daar de besluitvormingsprocessen in een gemeenteraad sterk worden belnvloed
door de politieke begaafdheid van zijn individuele leden kan er van democratie
geen sprake zijn.
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Chapter 1

Introduction

Viscid flow is essential to flight. The dynamics of viscid flow is governed by the so-
called Navier-Stokes equations. To perform the many aerodynamic and aero-elastic
performance predictions needed during the design process of aircraft one must find
adequate approximations to the solutions of these Navier-Stokes equations. Tri spite
of the development of computational fluid dynamics, and the recent availability of
fast computers, one can compute numerical solutions to the Navier-Stokes equations
but only at high computational costs and for a limited range of geometric complex-
ity and of flow conditions. Although solving a flow problem with a Navier-Stokes
solver may be very innovative it is not always the most practical approach to obtain
predictions of the characteristics of the flow and the aerodynamic and aero-elastic
performance of airfoils. Todays aircraft design still relies upon an older technique,
the so-called viscid-inviscid interaction method. This method is based upon the idea
that the flow field can be subdivided in two or more domains, a viscid-flow domain
and an inviscid-flow domain, each having its own set of equations describing the dom-
inant physics of the fluid flow in the respective domains. The governing equations for
each domain (zone) are simplifications to the original Navier-Stokes equations. The
composition of the solutions found in the different zones results in an approximate
solution of the Navier-Stokes equations.

To find a correct composition of solutions with a numerical technique as the viscid-
inviscid interaction method one must organize the coupling of the viscid-flow and the
inviscid-flow method such that the mathematical interaction between the solutions
in the different zones, i.e. the composition, is correctly established. This coupling
technique is the main theme of this thesis.

In the remaining part of this chapter the historical background of the viscid-inviscid
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2 Introduction

interaction method is discussed.

1.1 Historical Background

Viscosity is necessary to create the lifting force keeping aircraft in the air. It is also
ari important source of the drag force that is experienced by the aircraft. The impor-
tance of viscosity in aircraft aerodynamics seems contradictory with the observation
that the fluid flow around an aircraft is mainly one of small viscosity (fluid flow at
a large Reynolds number). In the flow for the major part of the domain around an
aircraft body viscosity has minor significance and hence the flow can be treated as
inviscid flow. Viscosity affects the dynamics of the flow significantly only because of
a very small region immediately next to the body surface, the so-called boundary
laver.

The existence of a small viscous-flow region in flows with small viscosity was rec-
ognized not before the beginning of our century. Research was initiated with the
publication of Prandtl's paper [30] (see Goldstein [18] ) on boundary layers. Before
that time aircraft aerodynamics was treated in the context of inviscid flow. In his
paper Prandtl stated:

The physical processes in the boundary layer (Crenzschicht) between fluid
and solid body can be calculated in a sufficiently satisfactory way if it is
assumed that the fluid adheres to the walls, so that the total velocity there
is zero or equal to the velocity of the body. If the viscosity is very small
and the path of the fluid along the wall not too long, the velocity will have
again its usual value very near to the wall. In the thin transition layer
(Ubergangsschicht) the sharp changes of velocity, in spite of the small
viscosity coefficient, produce noticeable effects.

The importance of this statement of the boundary-layer concept is that it brought
together two flow theories which where initially not related to each other, namely
that of inviscid flow and of flows fully dominated by viscous effects such as fully
developed pipe flow. The introduction of the transition layer eliminated the confusion
of that time about the boundary conditions to be applied at the dividing surface
between the body and the air. As a result it initiated the possibility to predict
the drag of an airfoil, a quantity which could not be determined with viscous- nor
inviscid-fiow theory of that time.

Before Prandtl's statement it was believed that the flow about the airfoil could be
completely described, including the right amount of resistance, with inviscid-flow
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theory. Considering the fluid further as incompressible the fluid is called perfect.
Perfect-flow theory, and more specifically potential flow theory, was well developed
at that time (e.g. Taylor, Lamb, Rayleigh and Kelvin) and provided some reasonable
solutions for the surface pressure distribution and lift force. On the other hand it
failed in predicting the drag of a body. In 2D perfect-flow theory one has to cope with
the so-called paradox of d'Alembert which states: "A body which moves uniformly
through a perfect fluid which extends to infinity experiences no drag". The absence
of drag in perfect-flow theory can be traced to the fact that in the mathematical
description of the flow no mechanism is present that causes tangential forces between
two contacting fluid layers, i.e. the model allows for slip

For the motion of a viscous fluid one has to apply the no-slip condition as the
boundary condition. Independently from inviscid-flow theory, at the beginning of
the century, also the viscous-flow theory (e.g. Navier, Stokes, Poisson, Saint Venant,
Stokes) was well developed but considered highly viscous flows only and hence could
not describe the flow of a small-viscosity fluid such as air around for instance an
airfoil section. The introduction of Prandtl's boundary-layer concept initiated the
attempt to describe the flow of small viscosity fluids by a combination of inviscid-
flow theory and viscous-flow theory in the form of what was called boundary-layer
theory from then on.

In practice Prandtl's boundary-layer problem was solved by imposing the no-slip
boundary condition at the solid surface and imposing at a location far away from the
solid surface a prescribed pressure distribution, which follows from a known inviscid-
flow solution. In this way the boundary-layer theory developed itself gradually in the
two decades following Prandtl's paper. Important research was being done by people
like Blasius, von Kármán, Pohihausen and Burgers. In 1928 Goldstein published
an article in which an analytic solution for a prescribed pressure distribution was
derived for the flow along a finite flat plate. In this analytic solution a singularity
was detected at the trailing edge of the flat plate. This singularity caused a lot of
controversy and became known as the "Goldstein singularity".

Later on it was attempted to solve the combination of the boundary-layer equations
with an inviscid-flow model also numerically. The iterative calculation process was
generally organised as follows: an inviscid-flow calculation around the body, using
a slip boundary condition, determines the pressure distribution along the surface of
that body. Making use of this distribution together with the no-slip condition at
the wall one is able to find a solution to the boundary-layer equations. An essential
parameter following from the boundary-layer solution is the so-called displacement
thickness. It represents the displacement of the inviscid flow from the body surface
due to the presence of the boundary layer. Hence with this parameter the original
pressure distribution following from the inviscid-flow calculation can be corrected
by carrying out a new inviscid-flow calculation for the flow around the so-called dis-
placement body: the body composed of the superposition of the original body and
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the displacement thickness. The result of this calculation is then used to find a more
accurate solution within the boundary layer along the surface of the original body.
The iteration process can then start all over again and repeated until convergence
in terms of the boundary-layer solution and inviscid-flow solution is reached. Hence
the iteration method must converge to a composed solution of both models which
represents the approximation to the solution of the Navier-Stokes equations. With
this iterative technique, which is called the direct method, however, it was not pos-
sible to find the solution at the trailing edge, i.e. the Goldstein singularity leads to
a failure of the iteration procedure.

A breakthrough in the attempts to resolve the difficulty with the Goldstein singu-
larity, came with the calculations of Catherall and Mangler [lo] in 1966. In their
method they organised the iteration process the other way around. Prescribing to
the boundary-layer equations the displacement thickness instead of the pressure dis-
tribution results in a pressure distribution. Taking this pressure distribution as the
boundary condition to the inviscid-fiow method yields a new displacement thickness,
etc. In this way the iteralive technique was reversed and converted into a technique
which is known as the inverse method.

Simultaneously progress was made in the theory of boundary layers through the
development of the mathematical theory of matched asymptotic expansions. Impor-
tant names associated with this theory are Kaplun, Lagerstrom, Van Dyke et al.
(see Van Dyke [40]). The theory of matched asymptotic expansions was actually a
generalization of the boundary-layer theory and all other nineteen century theories
in physics applying inner and outer expansions, see Van Dyke [40]. In boundary-layer
theory the asymptotic theory has led to the so-called triple-deck theory, developed
simultaneously by Messiter, Stewartson and Nieland (see Stewartson [36] and Meyer
[29]). With this theory the asymptotic structure of the boundary layer was discov-
ered and associated with this structure the mathematical interaction between the
viscous flow and the inviscid flow in different regions of the flow domain. As a result
the solution of the Navier-Stokes equations can be split into two approximations.
One representing the inviscid-flow model, the other one representing the viscous-flow
model. The first model represents the global approximation, the inviscid flow, while
the second one is a local approximation only valid in a thin region next to the body
distinguished as the boundary layer and described by the boundary-layer equations
(see Blasius 1908).

Parallel to this effort on the asymptotic treatment of the interaction the emphasis in
the development of numerical methods was put on the coupling procedure, aiming
to represent the interaction correctly. The most important numerical methods devel-
oped from the seventies on and still used today are: the semi-inverse method of Le
Balleur [2], the quasi-simultaneous method of Veldman [43], and the simultaneous
method of Drela [14].
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Up to the nineties viscid-inviscid interaction modelling was the only practical compu-
tational fluid dynamics technique able to simulate, at reasonable costs, the viscous-
fluid flow about an airfoil. In the last decade however techniques based on the full
(Reynolds-averaged) Navier-Stokes equations became applicable in a practical con-
text of an industrial environment due to the progress made in computer technology.
However, when a large number of evaluations of the flow solution are necessary,
Navier-Stokes methods are still too costly in computing time and viscid-inviscid in-
teraction methods are used thanks to their short turn around times. Large numbers
of flow solutions are required during the (preliminary) design phase of aircraft and
for the unsteady flow application needed for aero-elastic purposes.

In principle Navier-Stokes methods are applicable for a wider range of applications
than viscid-inviscid interaction methods, specifically viscid-inviscid interaction meth-
ods can be used only for high-Reynolds-number flows in addition assuming that the
boundary layer does not separate massively. However this type of flows is still the
major type of flows relevant to aerodynamic studies performed in the aircraft indus-
try as well as for instance in the field of the design and performance assessment of
wind turbines. Furthermore, in hydrodynamic applications, e.g. the flow in indus-
trial pumps, etc. the flow may be considered as a high-Reynolds-number flow with
relatively large regions where the effects of viscosity are small.

When comparing the accuracy of computational fluid dynamics techniques the accu-
racy of the solution obtained with a viscid-inviscid interaction technique is in general
not smaller than the one obtained with a Navier-Stokes method, assuming that the
case of interest is within the range of applicability of a viscid-inviscid interaction
method. The bottleneck for the accuracy of these types of applications is turbulence
modelling which still requires substantial advancement and which is still a weak
point in most computational methods for high-Reynolds-number viscous flows.

Viscid-inviscid interaction methods can be applied on relative simple grids which
is a big advantage in view of the effort that is needed to generate a grid that pro-
vides a consistent numerical solution of the Navier-Stokes equations. Mathematically
the essential physics of the flow problem are encapsulated within the viscid-inviscid
interaction method and so most of the relevant physical scales are already incorpo-
rated within the mathematical model itself and have not to be determined by the
computational method applied on a grid of adequate resolution. In a Navier-Stokes
method the resolution of the grid should be associated to the scales of the relevant
physical flow features.

It is clear that at present viscid-inviscid interaction modelling is a proven technology,
a technology which is of great value in the aircraft industry for those situations where
the application of a Navier-Stokes method is impractical or too costly in terms of
computer resources and effort to generate an adequate grid.
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1.2 Outline of the Present Research

The major aim of the thesis is to study the coupling technique of viscid-inviscid
interaction methods. The high-Reynolds-number flow about an airfoil is the flow
case of practical interest. The Mach number ranges from subsonic up to transonic.

In the thesis a mathematical analysis is performed to gain a better understanding
of the mathematical interaction between the viscid and the inviscid flow. It is the
author's opinion that the interaction problem, or coupling problem, should be con-
sidered to be caused by the mathematical splitting of the viscous-flow problem in
a simplified viscid-flow and an inviscid-fiow problem. When first confronted with
the viscid-inviscid interaction problem the prevailing perception is that of geometric
splitting, suggesting viscid-inviscid interaction to be a physical phenomenon, which
is in principle incorrect. The mathematical analysis gives a better understanding of
the true nature of the splitting.

A numerical implementation has been pursued with the aim to develop a practical
coupling technique and to test this strategy for a number of test cases. The goal of
the development of the viscid-inviscid interaction method is to make this technique
as general as possible, not restricted or limited by the choice of the viscid-flow
method nor the inviscid-flow method. However, the method implemented is based on
Newton's iteration procedure assuming implicit treatment of the viscid-flow and the
inviscid-flow method. The algorithm employs present-day computational techniques
so that the coupling method is not restricted to the techniques used in the older
viscid-inviscid interaction methods.

The present thesis does not focus on the quality of the specific inviscid- or viscous-
flow models. The quality of the mathematical model underlying the viscid- or inviscid-
flow method does not improve the coupling method itself. So the main focus is on
the coupling and more specifically the development of a coupling strategy that can
be used to couple a large range of combinations of boundary-layer methods and
inviscid-fiow methods.
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Chapter 2

Theory of Viscid-Inviscid
Interaction

2.1 Introduction

The raison d'être for most fluid dynamists is the existence of the following mathe-
matical formulas

conservation of momentum (in non-conservative form):

au +pu.Vu= Vp+Va (2.1)

conservation of mass:

+ V . pu = O (2.2)

conservation of energy (in non-conservative form):

PCv(+U.VT)_PVU+V.(kTVT) (2.3)

They are denoted as the Navier-Stokes (NS) equations and represent the flow of a
viscous fluid. The symbol represents the stress tensor, which is in Cartesian tensor
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notation form:

2 au,. (0u 8u

is the dissipation function (also in Cartesian tensor notation form)

2 aUk '2 a a3- +[L8
ax

+
ax

Note that the summation convention is applied. For the meaning of the other symbols
one should consult the list of symbols. As explained in chapter 1, a traditional
method in high Re number aerodynamics to solve this type of equation is the so-
called viscid-inviscid interaction technique. The method combines the solution of a
viscous-flow model with one of an inviscid-flow model. The first model simplifies
the Navier-Stokes equations representing a flow region dominated by viscosity. The
latter one is a simplification of the Navier-Stokes equations valid only in a region, the
outer-flow region, where viscosity and heat conduction is of minor effect. With this
combination of models we are aiming to obtain a composed solution, representing a
genuine approximation of the Navier-Stokes equations.

A typical flow situation which can be solved with a viscid-inviscid interaction method
is depicted in figure 2.1. It illustrates the transonic external flow about an airfoil
section. Adjacent to the wall we distinguish a thin viscous-flow area, the boundary
layer, which continues behind the airfoil as the wake. A relative large inviscid-flow
region fills the remainder of the flow field. To obtain an accurate flow solution,
representing the physics embedded in the Navier-Stokes equations, for such a flow
problem requires the correct modelling of the interaction between the viscous-flow
and the inviscid-flow region, which is at least as essential as finding accurate solutions
of the separate flow models. The treatment of this mutual influence is the main and
the most challenging occupation of the viscid-inviscid interaction methodology. In
most literature the process of the mutual influence is referred to as the viscid-inviscid
interaction. The term coupling is often used to denote the methodology to model
this process.

Traditionally the method of viscid-inviscid interaction was initiated with the def-
inition of the so-called boundary-layer equations by Prandtl [30] in the beginning
of the 20th century. In compressible, unsteady two-dimensional flow they are for a
boundary layer along the y = O plane:

+
apu2

+
at a ay

0=
=

at ax ay

ap a 8u+ --
ax ôy ay
ap
ay

(2.8)

(2.4)

(2.5)

(2.6)

(2.7)
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laminar
boundary layer

shock wave

turbulent
boundary layer

wake

Figure 2.1: Typical transonic flow around an airfoil

With the introduction of these equations a new aerodynamic discipline was born
which led to an extensive investigation of the boundary layer. These boundary-layer
equations were generally studied by solving them in the so-called direct form, i.e. for
a given velocity or pressure distribution resulting from the solution of an inviscid
outer-flow problem. As a logical consequence, the boundary-layer method of a viscid-
inviscid interaction method was treated in the same way. Hence the interaction
between the two models was accomplished by a now classic iteration forni in which
the boundary-layer solution corrects, by means of its displacement thickness, the
inviscid flow (see figure 2.1). The inviscid flow on its turn provides the velocity or
pressure distribution enabling the solution of the boundary-layer equations in the
direct form. Such an iteration procedure implies that the inviscid-flow field dominates
the boundary-layer flow and as a result an interaction form has been forced which
is distinguished as weak interaction.

The weak interaction methodology was recognized to work up to the time when
it was found that a singularity appeared at the point of vanishing skin friction,
which can be either a separation point or the trailing edge point. This singularity
appeared in numerous numerical calculations based on the Prandtl boundary-layer
equations, at the time of Goldstein's famous paper [17]. In that paper Goldstein's
singnlarity received its first thorough analysis. At that time Prandtl's boundary-
layer approximation was believed to be the cause of this singularity. However, we will
illustrate in section 2.2, following the analysis of Curle [13] and Brown & Stewartson
[9], that a regular solution for the Prandtl boundary-layer equations is possible in the
region of vanishing skin friction. Avoidance of the singularity can be achieved through
a correct treatment of the interaction rather than an adaptation of the boundary-
layer model itself. Nevertheless the singularity initiated a lot of controversy which
led to a close investigation of the viscid-inviscid interaction problem. An important
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step towards an analytic solution was initiated by the theory of matched asymptotic
expansions and, more specifically, the triple-deck theory, which will be discussed
briefly in section 2.3 of this chapter. We will see that insight into the asymptotics of
the viscid-inviscid interaction method is very helpful to understand the numerics. A
generalization of the asymptotic analysis of the boundary-layer equations in section
2.3 to curvilinear coordinates will be given in section 2.4.

2.2 Goldstein's Singularity

The character of the singularity can best be explained starting with the next relation,
see Brown & Stewartson [9] and Curle [13]

a (1 (au'\2'\ 8u
ôx 2 ôy) ) 1'a4

where u is the velocity in the x direction along the surface of the body. u is the kine-
matic viscosity. The relation is obtained by differentiating the steady incompressible
form of the Prandtl boundary-layer equations (2.6)-(2.8), assuming a direct formu-
lation, equation (2.9) is valid at the point of vanishing skin friction r,,, x = x2, and
y = 0, where u = O and T = = 0. Integration with respect to x and expansion
in (x - i) of the equation upstream of the point x, leads to:

ôu
Tw = iHyzro =

u - z) +

(2.9)

(2.10)

a result which develops a singularity in the first derivative of the skin friction ôr/ôx
when a4u/ay4 O. A regular solution is expected when a4u/ay4 = 0, which was
also demonstrated in Goldstein's [17] analysis. Such a condition is difficult to satisfy
in a numerical calculation process where a small deviation from zero of the fourth
derivative will lead to a singular solution, as found by most investigators of that
time.

Looking now at the displacement thickness 6 and following Brown & Stewartson
[9] one can consider the next formulation which is valid upstream as well as near the
point of separation:

T(x) +O(xt lnx*)=
Op/ôx

(2.11)

where f is the nondimensional distance to the point of separation and Op/ôx the
prescribed pressure distribution. The expression is the result of an intermediate
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asymptotic expansion as formulated by Goldstein [17] (see also Brown and Stew-
artson [9]). With (2.10) equation (2.11) illustrates that in the singular situation
described above the first derivative of (5* also becomes singular: a8/ax -+ at
x = xi,. As a result of relation (2.11) it is clear that a regular viscous-inviscid in-
teraction solution (we expect on physical grounds such a solution to be regular)
using the Prandtl equations can be ensured by an inverse formulation, where (5* is a
prescribed function and acts as a boundary condition to the boundary-layer problem.

The inverse formulation was successfully used by Catherall & Mangler [10] leading
to the first numerical integration of the boundary-layer equations through the sep-
aration point. In order to perform such a calculation a boundary-layer formulation
was derived in which the displacement thickness appeared in explicit form:

5H ô ((w) ( a ((II)
2 12

a1) a a ) a -
ô2 H

where w represents the vorticity and H the viscid modification to the inviscid-stream
function. i and ( represent coordinates following a transformation of the Euler equa-
tions from the physical plane to a plane which is related to the complex stream
function of the inviscid flow. By this transformation the body-surface is located at
1) = IÌB((). This function represents the displacement thickness and so relation (2.12)
and (2.13) enable the explicit prescription of the displacement thickness. The rela-
tions presented are the result of the Prandtl stretching (to be explained later), and
so the equations are equivalent to the classical Prandtl boundary-layerequations. An
interesting feature about the set of equations is that they are of the parabolic type
as are the Prandtl boundary-layer equations in the direct form. Hence the math-
ematical classification of the Prandtl boundary-layer equations is invariant for the
formulation, direct or inverse.

Although Catherall & Mangler's [10] treatment led to a regular solution at the point
of vanishing skin friction, further integration led to instabilities downstream of the
separation point. This suggests that the interaction problem is not fully solved by
the inverse formulation, and so a more rigorous analysis will be necessary to enable
a numerical solution of the viscid-inviscid interaction problem.

It should be noted that we concentrated our discussion of the Goldstein singularity on
the incompressible flow situation only. However, as explained by Brown & Stewartson
[9] the same singularity occurs also in numerical calculations for compressible flow.
As reported by Brown and Stewartson, an analytical study performed by Stewartson
leads to the result of a singularity at the point of vanishing skin-friction only if heat
transfer vanishes at the separation point. Hence it seems reasonable to assume that
the investigation of the singularity in incompressible flow serves as a guide for the

Jw= 2a?)
(2.13)
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more general compressible flow case.

2.3 The Asymptotic Structure

The matter of splitting of the flow field in two regions, viscid and inviscid, is related
to the physical scales present in the fluid flow. For flows at a high Reynolds number
the region of viscous flow is a very thin layer situated next to the surface of the
body, the boundary layer, and behind the airfoil, the wake (see also figure 2.1). In
boundary-layer theory the thickness of the layer is in general assumed to have scale
of O(Re ) relative to the scale in the direction of the boundary-layer flow and the
scale of the inviscid flow.

Asymptotic expansion of the Navier-Stokes equations for the scales just introduced
leads to an asymptotic composition of the Prandtl boundary-layer equations (2.6)-
(2.8) in the viscous-flow region, and the Euler equations, i.e.

(2.14)

¿9pU
+ +

8puv ap
2 15)at ax ayax

Opv
+ + 2 16at ax ay ay

pCv( +u +v) = p( + + -kT-- + -kT
(2.17)

for the inviscid flow. Both sets of equations ((2.6)-(2.8) & (2.14)-(2.17) ) are valid
up to the second order of E = Re.

Composing in an asymptotic way the solutions of the Prandtl boundary-layer equa-
tions (2.6)-(2.8) and the Euler equations (2.14)-(2.17), given the usual boundary
conditions, leads to a result which is uniquely related to the specific asymptotic
scaling introduced. This specific composition is illustratively called the Prandtl Lirn
by Meyer [29]. The details of this asymptotic composition will be explained in the
next section. It will be illustrated that the scaling O(Re ) and so the Prandtl Lim
implies the weak interaction form, an interaction form characterized by dominance
of the outer-flow solution over the solution of the inner flow.

In classical boundary-layer theory, developed at the beginning of the 20th century,
the Prandtl boundary layer equations (see Prandtl [30] and van Dyke [40]) were not
derived in an asymptotic manner as will be pursued here. The equations were first
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derived on an ad hoc basis, and were the result of Prandtl's physical intuition. As
a consequence viscid-inviscid interaction was thus also treated in an intuitive man-
ner. Treating the Prandtl boundary-layer equations as an element of an asymptotic
composition became only possible after the development of asymptotic theory in the
sixties by Kaplun, Lagerstrom and Cole [12]. This theory made possible an extension
to the Prandtl Lim with a combination of various other asymptotic scales leading to
the so-called triple-deck theory, introduced simultaneously by Messiter, Stewartson
and Nieland (for a review see Stewartson [36] and Meyer [29]). In Stewartson's anal-
ysis of the boundary layer the viscous-flow region is subdivided in three regions, each
generated by a different asymptotic scaling. As a consequence a combination of three
different limit equations make their appearance. Matching these equations, a mild
form of interaction can be tackled. This interaction form is characterized by the ab-
sence of dominance of the outer flow over the inner flow resulting in a simultaneous
behaviour of both flows. Physical phenomena such as light separation, separation
bubbles, trailing edge flow, etc. , are associated with this form and hence yet an-
other Navier-Stokes solution is approximately obtained for more severe conditions
than those pertinent to weak interaction.

This section will deal with the asymptotic theory related to the interaction prob-
lem. More specifically the asymptotics related to the interaction will be discussed
for the classical (single-structured) boundary-layer theory and for the triple-deck
(multi-structured) boundary-layer theory. We will see that it is important to treat
interaction by a composition of asymptotically derived equations, rather than the
separate treatment of the viscid-flow and the inviscid-flow model. Only in this way
involvement of the mathematical interdependencies of the separate flow models is
ensured, leading to better understanding the feasibilities of the different numerical
approaches to viscid-inviscid interaction modelling. The asymptotic theory presented
is also important as it is the only tool for the analytic treatment of interaction.

2.3.1 The single-structured boundary layer

Before continuing any further the Navier-Stokes equations (2.1)-(2.3) are first to be
written in a non-dimensional form. This can be done using the next set of transfor-
mations:

1The original Prandtl boundary-layer equations are for steady and incompressible flow which is
in contrast to the unsteady compressible foi rn of the present discussion. However, this difference
does not affect the content of the present argument.

u = Uu' PPooP' ppmUp' (2.18)

y = Xp' X = XX t = X
(2.19)

(2.20)
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As one can notice all parameters with the dimension of length are made dimensionless
with x, which is the characteristic coordinate indicating the horizontal distance
to the beginning of the boundary layer. The non-dimensional velocity vector u is
related to the velocity of the uniform flow U at infinite distance from the body.
Analogously, the kinematic viscosity p and the density p are related to their values
at infinity. For the pressure p, pU has been used for non-dimensionalization. The
temperature T can be eliminated as a parameter through the use of the equation of
state: p/p = RT. We get:

u2' (2.21)

Substituting the transformations into the equations (2.1) to (2.5) we arrive at a di-
mensionless form of the Navier-Stokes equations, where the primes' are now omitted
for the sake of simplicity:

conservation of moiñentum (in non-conservative form):

Su ip+puVu= Vp+Va
Sr Re

conservation of mass:

+ V . pu OSr
conservation of energy (in non-conservative form):

1 (5 ()+u.V())=_
pVu+ lRePrV&)-y-

with the stress tensor a:
2 Suk (Su1 auj= &p-- +p

Xk
\Sxj+

and the dissipation function 4:

2 Suk Sti Suj Su
= + - Ç- + i

3 Sk Sxj Sx Sx

Because the coordinate system we use here is Cartesian, the vector element u should
be interpreted as distinct from a covariant component. The parameter Pr in the
equations above is the Prandtl number, which is defined as:

Pr (2.27)
kT

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)
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to represent the vertical scale of Re for the boundary-layer flow along the wall
y =0.

In the following the overbar " - " will be used to indicate variables related to the
inner expansion, while the circumflex " " will be used to indicate the variables of
the outer expansion. The velocity components (u, u), the density p and the pressure
p are expanded in powers of E:

u(x,y,r) = u0(x,y,T) +eui(x,y,r)+e2u2(x,y,r)+0(e3) (2.31)
v(x,y,r) = v0(x,y,r)+evi(x,y,r) +e2v2(x,y,r) +0(e3) (2.32)
p(x,y,r) p0(x,y,r)+rp1(x,y,r) +e2p2(x,y,r)+ O(E3) (2.33)
p(x,y,r) p0(x,y,r) +Epi(x,y,T) +e2p2(x,y,r) +0(E3) . (2.34)

Substitution of the expansions (2.31) to (2.34) and the stretching (2.30) into the
Navier-Stokes equations (2.22) to (2.24) and subsequently considering the limit Re *
oo (i.e. e * 0) results for the lowest order equations of the inner expansion in:

jo O

ô0u0
+ + - +Or 0± O 0± 82

O =

+
ô,50u0

+
Or 0±

(Duo 2 Oi' 82 1

Or Di =(-1) Po
Dx Oj (2.39)

0

The Reynolds number Re is defined as:

Re
pUX

(2.28)
Ioo

At this point we are ready to start with the asymptotic analysis. Therefore we define
as the perturbation parameter which is related to the Reynolds number as follows:

e = Re . (2.29)

The Prandtl number Pr is from now on considered equal to one.

For the derivation of the Prandtl boundary-layer equations as the inner expansion
of the Navier-Stokes equations, one has to consider only one stretching:

y=E X1 (2.30)

(2.35)

(2.36)

(2.37)

(2.38)
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For the boundary conditions we have the no-slip condition: ü(, O) = O and O) =
O. Furthermore, a condition should be set specifying the energy exchange across
the boundary which can be done by prescribing the temperature along the surface:
T(, O) = or through an adiabatic condition: DT/D(,o) O

Omitting the stretching for the y-axis one obtains the Euler equations for the outer
expansion, valid for the first and the second-order terms of the solution. We arrive
at the next two sets of equations:

1st set:

+ +
D10ûo)o

Dr Dl D Dl

+
D10û0î'0

+ D/O

Dr Dl D

+ + Dki)0 o
Dr Dl

c9Po- + u0 Vpo = 'ypoV u0
DT

2nd set:

D(3oûi + 11ûo) +
D(2/5oûoûl + ,51ug)

+
Dr Dx

D(,oûo1 +ßoûioßiûoío) (2.44)

D(15o1 + iio)
+

D(13oûo'i + 130û10 + ,3iûoío)
+

DT Dx

D(2ßo'oi +,51g) Dj3 (2.45)--
Di3 8(13û1 + 131û0) D(oí + 151û1)

Dx + D1e
- 0 (2.46)

DJ5i Dijo Dî31 D13o Dû0 (Dû1 D)i
+ Ui + Uj- + V1- = YPi - 'YPo t +

Dr Dx Dx Dy Dx \ Dx (2.47)

At this point we have derived two separate flow models, a viscid one and an inviscid
one.

In order to render the two sets of equations consistent with each other relations must
now be derived facilitating the interaction between the boundary layer and the outer

(2.40)

(2.41)

(2.42)

(2.43)
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flow and serving as boundary conditions to the outer-flow equations. Two strategies
are possible to do this : patching and matching. With matching one requires the
solution to be the same in a region belonging to both expansions. This overlap
region is achieved by means of the limit matching principle (Lagerstrom, see van
Dyke [15]):

Lemma i The inner limit of (the outer limit) = the outer limit of (the inner limit).

The inner limit of the outer limit can be written in the following mathematical form:

for * O

- - - .hrn f(x,y,r) = fo(x,y = O,r) + lim E ----y*oc y uy
+

(z,=O,r)

= O, T) + O(E2) . (2.48)

For the outer limit of the inner limit we simply write:

hm J(x, , T) = Jo(x, , T) + ej(x, , T) + 0(62) . (2.49)y 00

f(x, y, T) represents the variable to be matched. The matching principle can be
related to Kaplun's idea (see [15]) that a so-called intermediate limit does exist
between the inner and outer expansion. This limit represents a region in which
the solution can be represented by both the inner and the outer model. A smooth
transition from one asymptotic system to the other is then ensured. The equalization
of (2.48) and (2.49) then turns out to be the requirement for the existence of such
an intermediate limit.

The patching principle implies the patching of all dependent variables f(x, y) at a
common boundary between the viscid-flow and the inviscid-flow region:

f(x, = h, t) = J(x, = h, t) . (2.50)

This condition is actually less stringent than the matching condition. With patch-
ing one only equalizes at a common boundary = h a dependent variable of the
outer solution f(x,-, T) to the variable of the inner solution f(x, , T). It is in no
way related to any intermediate limit and hence it is mathematically less elegant
than the matching procedure. Furthermore, matching enables a smooth transition
of equations, and so of the solution, when changing from the inner to the outer
expansion. Such a smooth transition can not be ensured with patching. A patching
condition only prescribes a common solution at a common boundary. Because of this
the patching method is not to be advocated.
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We will now continue with deriving the different matching conditions. Therefore we
niake use of the limit matching principle through the use of equations (2.48) and
(249). For p, u and p the matching conditions up to the second order are easily
found since the first derivatives in (2.48) become zero. The following trivial looking
relations are obtained;

ûo(x,O,-) = üo(x,00,r) (2.51)

o(x,O,r) o(x,00,i-) (2.52)

o(x,O,r) o(x,00,r) (2.53)

ûi(x,O,r) = (2.54)

1(x,O,) (2.55)

/31(x,O,T) 1(x,00,r) (2.56)

The implementation of the matching condition for y is slightly more complex because
in the inner expansion the dependent variables p, and u are of an order lower than
y. In this context the matching for y is derived in the form of the mass flow pv
rather than as y because the mass-flow form is more suitable for later numerical
implementation.

Again making use of the limit matching principle we obtain for the mass flux pv:

POVOI(x,o,r) = 0 (2.57)

POt)1 I(x,0,r) = a (x,O,r) + a (z,O,r) + 0(r2) (2.58)

with;

,
= / 11 Po

) d (2.59)
Jo P0I(x,0,r)

r(1O p0u0 I(x,0,r))

The integral quantities & and S* are respectively known as the density thickness
and the displacement thickness.

For the patching condition on a boundary = we find with (2.50) a similar relation;

a,30ö0 ap U,3oûo5
P0v1 I(x,ö,r) = ar ar I(x,ô,r) + ax I(x,&r) -

(2.60)

ax I(x,c5,r) + 0(r2) (2.61)



2.3 The Asymptotic Structure 19

with:

ö0(ö) = F ( PO d (2.62)
O \ PO(x,&r)J

= F( (2.63)
O . POtLOI(x,&r))

With the derivation of the matching or the patching condition we finally arrive at
a composed system of which the solution is equivalent to a Navier-Stokes solution.
The outer solution is represented by the Euler equations, the inner solution is a
solution of the Prandtl boundary-layer equations. Hence, without such a coupling
any solution of the Euler and of the Prandtl equations would have been possible in
their respective regions. With the matching (or patching) condition an interaction
is accomplished, which restricts the possible combinations of the Euler and Prandtl
boundary-layer solutions to a class of combinations that represent a Navier-Stokes
solution. The boundary conditions used for the mathematical composition of both
systems are those used for the boundary-layer equations. Because the composition
imitates the Navier-Stokes equations the boundary conditions are the same.

At this point we can finally describe the interaction modelled with the system just
presented. Considering the Euler equations (2.40)-(2.43) in combination with the
boundary condition (2.57) a first-order solution to the outer-flow problem can be
found without considering the inner flow. Having found this solution enough bound-
ary conditions can be specified to solve the inner-flow system ((2.35) to (2.39)) to
the first order. The boundary conditions considered are given by equations (2.51) to
(2.53). Noting that = O and ji0 = j50(x,O) the boundary-layer equation (2.36)
becomes an inhomogeneous parabolic equation driven by the outer-flow solution.
Having found the first-order inner solution the second order outer solution can be
found when considering the matching condition (2.58). Finally with a known second
order outer solution the second-order inner solution is found. The solution process
just illustrated is characterized by a cascade of successive orders as indicated in figure
2.2. From the matching equations (2.57)-(2.58) it is also clear that the appearance
of unsteady terms in the inner- and the outer-flow equations have no changing effect
on the interaction mechanism. To simplify the discussion on the multi-structured
interaction will be limited to steady flow.

Such a cascade of successive orders is characteristic for the asymptotic matching
of an inner and an outer expansion. The outer solution thus dominates the inner
solution. The influence of the inner solution upon the outer-flow solution is one of
a higher order. In fluid dynamics such a situation is called weak interaction. Hence
the composition of the Euler equations and the Prandtl boundary-layer equations
represents a limit system for Re -* of the Navier-Stokes equations linked to a
weak interaction form. Of course this is only true for the scales used.
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outer expansion

1st order

2 order

inner expansion

order

2'order

Figure 2.2: Cascade of successive orders for the asymptotic matching of an inner and
an outer expansion.

In this section only one stretching is used for the inner expansion which leads to a
boundary layer having a single-structure completely determined by the solution of
the Prandtl boundary layer equations. Multiple stretchings are also possible in the
viscous-flow region leading to multiple sets of equations representing the boundary
layer. Such a boundary layer is called multi structured by Stewartson [36] and will
be discussed in the following section.

2.3.2 The multi-structured interaction

In the previous section the asymptotic analysis of a viscid-inviscid interaction based
on a single scaling (i.e. the Prandtl Lim ) was discussed. It was shown that this
scaling led to the asymptotic composition of the Euler with the Prandtl boundary-
layer equations. The interaction between these two flow models was said to be of a
weak form because the outer flow dominates the inner flow. Consequently a strong
form of interaction is obtained for a mathematical construction where the hierarchy
between inner and outer flow disappears. Therefore a different asymptotic theory is
necessary. Such theory is the so-called triple-deck theory developed in the sixties by
Nieland, Messiter and Stewartson (see Stewartson [36] and Meyer [29]). This the-
ory is based on a subdivision of the boundary layer or inner flow in three different
regions namely the upper deck, the main deck and the lower deck (see figure 2.3 ),
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each represented by their own specific asymptotic scales and equations. The mul-
tiple boundary layer as described by Stewartson [36] reveals itself under a uniform
outer flow as a perturbation to the Blasius boundary layer. Hence, in the classic
treatment of the boundary-layer theory the outer flow is prescribed, and thus the
possible interaction between inner and outer flow is not a point of concern. As we
deal here with the treatment of the viscid-inviscid interaction of a complete flow
field the original triple-deck theory will be discussed as the element of an interac-
tion theory describing the interaction in that flow field. The general flow field will
incorporate both weak and strong interaction forms. And thus the weak interaction
form discussed in the previous section must take part in the present theory as well
as the relation of the triple deck with the global outer-flow model. It is the aim to
cover both interaction forms within this theory. This will be done in such a form
that the theory is able to provide the necessary background for the assessment and
interpretation of numerical viscid-inviscid interaction methodologies.

The asymptotic scales

The triple-deck theory, or the multi-structured boundary layer as explained by Stew-
artson [36] is based upon a structure with three regions. The three regions are dis-
tinguished from the surface towards the outer flow as the lower deck, the main deck
and the upper deck (see figure 2.3), respectively. As a combination they are denoted
as the triple deck.

The different decks are distinguished from each other by their own specific asymp-
totic scales. In the vertical direction we note the following scales: O(Re ) for the
upper deck; O(Re) for the main deck ; and O(Re) for the lower deck. The scale
for the horizontal axis is for all decks the same: O(Re). The Reynolds number con-
sidered here is of the form: Re = The length scale x in this Reynolds number
indicates the streamwise location of the beginning of the triple-deck structure.

Adopting the single interaction form of the previous section we note for the Prandtl
boundary layer a vertical scale of O(Re ) and a horizontal scale of O(Re°) . The
Euler outer flow remains represented at a scale of order O(Re°) in both directions,
although a horizontal stretching to scale O(Re) near the upper deck is necessary
for matching the upper deck with the outer flow.

It is important to mention that figure 2.3 tries to illustrate the way the different decks
are interrelated with respect to their asymptotic scales, rather than their relative
geometric position within the flow field. Taking this aspect into consideration one
should notice that the single-structured interaction form remains present in the
region of the triple deck as will be illustrated.
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outer flow

upper deck

Prandtl boundary layer
main deck

lower deck

xp

single structured
boundary layer

O (Re -

multi structured
boundary layer

Figure 2.3: Asymptotic scales for the triple-deck theory

To derive the equations related to the different scales, the following stretching trans-
formations are to be imposed on the Navier-Stokes equations The perturbation
parameter to be used is represented by t9 = Rek

O(Re)

O(Re)

O(Re)

These stretching transformations must be imposed on the dimensionless Navier-
Stokes equations (2.22) to (2.24).

the lower deck:

y=t95 x=i+t93 (2.64)

the main deck:

X = 1. + (2.65)

the upper deck:

y = x=1+93 (2.66)
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Parameter expansion

As already mentioned, the original triple-deck structure is obtained as a perturbation
to the Blasius boundary-layer solution. In this context the multi-structured boundary
layer will be revealed as a perturbation to the single-structured interaction. Therefore
the equations of the single-structured interaction, discussed in a previous section,
should be adopted to the scales relevant in this context. Rewriting the equations of
the previous section:

inner flow

An aspect of importance when dealing with an asymptotic theory like this is the
matching. Matching ensures a smooth transition from one asymptotic structure

l'o = 0
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to the other, and is already briefly explained during the treatment of the single-
structured interaction. Of importance for this section is the matching of the per-
turbed structure to the single interaction structure. It simplifies the parameter ex-
pansion needed for the derivation of the triple-deck equations.

As an example we explain the matching of the main deck with the inner flow of the
single-structured interaction. First consider the inner expansion of the inner flow at
the position where the matching must take place:

hm = o(1,)+t93 hm +
x-+0 5x

t94p4(1,y) +.. (2.77)

This expression is valid for all flow parameters, and thus the pressure p can be
replaced by p, u and y. In a similar way we find for the outer expansion of the main
deck:

1im(i,) = j5() + + 2(0) +
x-+0

With the last equation the undisturbed system (e.g. the single-structured interac-
tion system) depends on the perturbed system when the limit of for 1 * O is
non-zero. This is a situation which is not useful when looking for an independent
perturbation system, and hence this expansion of the variables should be performed
only up to the second order. Taking this aspect into account the matching leads to
the following expansion of the variables for the main deck:

t9p3(0,y)+t9limx-o +.. (2.78)

The matching condition is then fulfilled by just equating both equations:

Slim = 1imj5(,)
x-+0

(2.79)

The result up to the third order is as follows:

0()=jo(1,) j3(O,)=0 (2.80)

(2.81)P2(O,Y)O

main deck:

=
=

=
=

o(°) +9,3(,ü) +922(,)

+O(t93)

+O(9)

(2.82)

(2.83)

(2.84)

(2.85)
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In a similar way we find for the expansions of the upper and lower-deck scales:

lower deck:

Now we have derived the matching of the perturbation structure with the inner flow
of single-structured interaction system. We are now able to focus on the derivation
of the perturbation structure itself.

The flow equations:

When deriving the equations of the triple deck one will recognize that it is difficult to
find a good starting point in whatever derivation methodology. Because the system
is based on the matching of several simplified flow models, the matchings themselves
have a determining effect on the form of the equations. As a consequence there is no
unique starting point for the derivation of the system. One can start with one deck
performing a perturbation analysis, while assuming the matching with another deck,
continuing with the analysis on another deck, reconsidering the matching, adapting
the equations of the different decks and so on. In summary it is a game of trial and
error, which does not become always clear when reading the mentioned references.
For instance Stewartson [36] in his review treats the derivation starting with the
parameter expansions leaving terms which turn out to be zero in the triple-deck
structure. He further assumes p to be zero mentioning that no external influence
on the triple-deck structure is allowed. And then the flow equations for the different
decks can be derived independently without the need to consider any matching. A
completely different methodology is followed by Meyer [29] in his review dealing with
the incompressible flow case. He first considers the constraints to be fulfilled by the
triple deck and then searches for the asymptotic structure fulfilling these constraints.
He ends up with the system of the triple deck.

upper deck:

û

¡3

=

=

t9V1(,) + 922(,) + 933(,) + O(t94)
o(0) + + 922(2,Y) + + O(9)
o(0) +t9pi(,V) +92P2(,') +933(t,) Q(94)

úo(O,0) +9ûi(,) +t92û2(,) +O(t93)
9ii(î,Q) +922(î,1) +93v3(x,y) +O(9)

(0,0) +t92ß2(,) Q(93)

¡3o(0,0) +9pi(î) +2ß2(,) +O(9) .

(2.86)

(2.87)

(2.88)

(2.89)

(2.90)

(2.91)

(2.92)

(2.93)



In the following the equations valid in the different decks of the multi-structured
interaction system will be listed without showing any glimpse of the trial and error
game and the tidy algebraic bookkeeping. Matchings essential for the derivation of
the equations already got through.

lower deck:

V1 = O = O p' = O U2 = 0 (2.94)

Oui Ou1 0P2 02
POU1 + POV3 = --- + ui (2.9o)

a. (2.96)
ay

= o (2.97)
Ox ay
a4- a- a (iO4-\= - I I

(2.98)
Ox Oy OYyoOY)

The equations here represent the standard compressible Prandtl boundary-layer
equations for the disturbance parameters: , y3, P, . To arrive at a well-posed
problem of the lower deck, the following boundary conditions should be added to
the system:

boundary conditions lower deck:

u1(,O) = O üi(î,) -tLi, (2.99)

v3(x,0) = O v3(x, ) = V3 (2.100)

Here i, and 3mi are yet unknown quantities, to which will be described upon
matching with the main deck.

For the main deck the following equations and boundary-layer conditions should be

distinguished.

main deck:

í31 = O i = O òi = 0 (2.101)
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For the lower deck , , and ulmL are yet unknown.

For the upper deck the following equations are valid in combination with their bound-
ary conditions, written in a form identical to the one for the main and lower deck:
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ah:' a;2 = 0
ap2

(2.102)

- au2 au1 au0 au1 = --j-- (2.103)pouo+poUl+pOV3-+pOV2
aJI2

(2.104)

a,30u2 8P2Uo 5p0v3 -- (2.105)
a + a + a

5p23ouo-- - _a2
yp0u0-- (2.106)

ax

main-deck boundary conditions:

u1(2,0) = ulm, ui(,00) =0 (2.107)

v2(x,0) = O v2(x,00) = (2.108)

v3(x,0) = V3m v3(x,00) = V3m (2.109)

upper deck:

=0 ui1=0

- au2
PoUo;--

a2
=

=

=

=

p'=O

ap2

(2.110)

(2.111)

(2.112)

(2.113)

(2.114)

(2.115)

ax
ap2

POUØ

a0u2 ap0v2
oy

+ a
a2

po ax
au3p0u0--
ax

YPo

ap3
ax

- a3 = 53
(2.116)

ax Oy

a0u3 Oß03 (2.117)+

ap3
= (2.118)Po 7Po
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boundary conditions upper deck:

= V2m v3(x,0) = V3 - 1im am
I(,O)

For the outer flow we should consider once again the Euler equations (2.40) to (2.47).
For the sake of completeness all terms up to the fourth order should be considered:

outer flow

8ü 0ú = h-- (2.120)

ôi; a = - (2.121)

aPU + = 0 (2.122)

3Ì5pu+pv--- = (2J23)
a a \8x O

What is left to consider now is the way the different equations do interact. Since
this is the major point of interest we will consider this point in more detail.

The interaction within the structure becomes now apparent by making the asymp-
totic matching complete. Starting with the interaction between upper deck and outer
flow one will find as a result that no extra terms will be introduced in the outer flow
in addition to the single-interaction form. As an extra condition for the outer flow
we find:

--(po,po,uo,vo)I(Q) =0 jpo,pØ,uo,vo)I(o) =0 . (2.124)

This condition is essential for the existence of a matching between outer flow and the
triple-deck structure, and thus for the existence of the triple-deck structure itself.

(2.119)

Final closure of the system is obtained by further matching. This results in the
following simple, trivial looking, relations:

= V2,m

û1I =
= V3

V31 = V31

For the upper deck the matching results in boundary conditions at = oc:

v2(x,00)=0 v3(x,oc)=0 (2.125)

(2.126)

(2.127)
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outer flow

Uo Po POlili
upper deck

UO Po Po

t12 V3

H
Prandtl
boundary layer

vi

O(Re)

O(Re)

O(Re)

Figure 2.4: Interaction mechanism in the single-structured and multi-structured
boundary layer.

The closure is now complete and the result is summarized in figure 2.4.

Looking at the form of the equations we note that the lower-deck equations represent
the ordinary Prandtl boundary-layer equations, and the main deck an inviscid form
of them. The upper deck represents potential-flow theory. Comparing these sets of
equations with the Prandtl limit it is clear that a hierarchy between the different
layers, as was found there, is not present. None of the equations of the decks can
be solved given a solution of one of the other decks and so the decks have to be
treated simultaneously. In this context Lagerstrom [26] introduces the term self-
induced pressure to indicate that the pressure results from the solution within the
asymptotic structure itself, which is in contrast to the direct method in the classical
boundary-layer theory where the pressure is a prescribed function. We can generalize
this notion and say that the interaction is established by the triple-deck structure
itself, which was a constraint for the composition of the triple deck, see Meyer [29]
and Stewartson [36].

Looking more closely at the classification of the partial differential equations of the
two systems, we see that the inner-flow equations of the first system are of parabolic
type and, as indicated in a previous section, they remain of this type either in
the direct form or the inverse form. If is then clear that there is only downstream
influence within the inner-flow model. However through the asymptotic matching

main deck Ui V3

j
lower deck

xp O(ReI)
single-structured multi-structured
boundary layer boundary layer
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upstream influence in the boundary layer is established by the elliptic, M < 1, or
hyperbolic, M > 1, character of the outer-flow model. The inner-flow model of the
second system is composed of several types: parabolic for the lower deck, elliptic for
the main deck, and elliptic or hyperbolic for the upper deck. The elliptic character of
the main deck is an interesting point since the deck is based on the inviscid form of the
Prandtl boundary-layer equations. Classification of the main-deck equations reveals
that the inclusion of the pressure as an unknown (self-induced pressure) renders the
system of equations elliptic, while for a prescribed pressure distribution the system
would have been of the hyperbolic type. As a consequence of the elliptic character
of the main-deck equations, upstream influence, at least in this asymptotic context,
within the Prandtl boundary-layer equations is then possible, as also suggested by
Le Balleur [2]. This idea also confirms the necessity of a downstream condition, as
also mentioned by Brown & Stewartson [9] when discussing the instabilities as found
in the results of Catherall & Mangler [10]. Investigation of the triple-deck structure
reveals that the structure is unique with its scalings. A larger scaling for the x-axis
brings us back to the Prandtl limit and so to the single deck, or weak-interaction
form. As reported by Veldman [42], a scaling smaller than the one used here leads
to a quintuple-deck structure, where another form of hierarchy appears: the inverse
form. Hence, we can conclude that the triple-deck structure is the unique structure
where hierarchy disappears and so forms the transition between a direct and an
inverse hierarchy.

2.4 The Curvilinear Coordinate System

In the previous sections the asymptotic analysis has been worked out in the Cartesian
coordinates x and y. Based on a main flow along the horizontal x axis the asymptotics
of the previous section are not valid when used for a flow over a curved surface,
where the main flow is directed along that surface. That is why we must generalize
and adopt the outcome of the previous discussions to boundary-layer coordinates, a
specific form of orthogonal curvilinear coordinates (see figure 2.5), which can easily
be applied for numerical purposes as well. This generalization of the asymptotic
analysis will be worked out and presented in this section. Special attention will be
given to the matching process in such a way that it can easily be applied in the
numerical method.

The Navier-Stokes equations in surface coordinates

Referring to figure 2.5 the boundary-layer coordinate system is composed of two
curvilinear coordinate axes: and The e axis is along the curved body surface
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conservation of momentum:

8u2
+ pu3u

conservation of mass:

Figure 2.5: The boundary-layer coordinates

and ij is directed normal to the surface. The surface itself coincides with ij = O.
Considering the Navier-Stokes equations first in orthogonal curvilinear coordinates
before turning to boundary-layer coordinates:

(2.128)

(2.129)

Because the coordinate system used is a general one, we apply the tensor notation
form which is slightly different from the conventions used up to now. Indexing of
symbols together with the application of Einstein's summation rule leads to a short-
hand notation form. Velocity vector components u with a lower case index are
covariant components, while vector components u2 with an upper case index are
called contravariant components. Differentiation is indicated with the subscript , i.

T3 represents the stress tensor. Following Ans [1] for orthogonal coordinates this
tensor can be written in the following generalized form:

= (P + Ae)g + 2ie , (2.130)

y

surface

X



32 Theory of Viscid-Inviscid Interaction

with

In z
172 ,z

and

1....
e2 = + u1) . (2.132)

Note that according to Stokes' hypothesis:

2

We skipped here the energy equation because it is assumed that it is irrelevant for
the discussion and does not affect the outcome of the present discussion.

Since the curvilinear coordinate system is orthogonal the metric coefficients are
expressed in the following form:

g" = h

,, i
g j

9120 g22=h

g12=0 922_iL

(2.131)

(2.133)

(2.134)

(2.135)

Before deriving the boundary-layer equations in boundary-layer coordinates, first
the Navier-Stokes equations should be written in these coordinates. Adopting the
boundary-layer coordinate system as sketched in figure 2.5 the metric coefficients h,
and h2 are written as:

h1 = (1 + kij) h2 = 1 . (2.136)

k is the longitudinal curvature of the body surface and depends on . A positive
curvature k is related to a convex surface and a negative curvature to a concave
surface. Applying the mathematical expression for orthogonal coordinates relating
the physical component u(j) to a contravariant vector ui (see appendix A):

ti(i) = g2u, (2.137)

together with the contravariant differentiation rule (A.14) and the metrics (2.134),
(2.135) and (2.136) the following form of the Navier-Stokes equations in boundary-
layer coordinates can be derived starting from (2.128) and (2.129):

+ (1 +k) e + (1 +k) {(i +k)pV} = 0 (2.138)
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ai i 0U
ôtl(1 +kij)J + (1 +kr/)2 +(1 +k)V +Vuk} =

(1 +k)3 {:(1 + k)3T11} + {(i + k)3T12}}

rl 8k
p (1 + ki1) 8

(9V 1 (9v 3V 1
k+ (i+k)Ua 8 (1+k)

(1 +ki1)
{{' + k)T22} + + k)T12}}

(1 + ku) kT"
p

U and V are the physical components of either the contravariant velocity vector u2
or the covariant velocity vector u. In this context the component U is oriented along
the coordinate line, V is the one oriented in the i direction. When also expressing
the stress tensor elements in physical components one gets:

0 h,h2Th1=-{_P+A i ja h1h2
h,h20 h,U}+{

/i2
V}}}

h1

The inner and outer expansion

From this point on we are ready to start the expansion of the variables so that we
can derive a system of equations in boundary-layer coordinates composed by a set
of boundary-layer equations and a set of inviscid equations. Similar to the previous

1 18V V8h1

T'9 12h2h2
I 0U 8V u8h1 - (2.142)- = <h1 - + h2-

0u21. Oiçi

T22 = -f_P+Ah1 {8{hih2 8{hlh2-u}+h2 8 h1 0 h2
V}}}

Iii 1..

1 (8V U0h9+2+--

(2.139)

(2.140)

(2.141)

(2.143)
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section matching conditions will be given to facilitate the interaction and to render
the system well-posed. The velocity components U and V, the pressure P and the
density p are expanded in the same way as in the previous section in the following
form:

U = Uo + EU1 + E2U2 + O(s3), (2.144)

where U can be replaced by V, P and p. As before, s is the perturbation parameter
and is related to the Reynolds number. In this expansion: s Re'2. Analogous to
the derivation of the Prandtl boundary-layer equations a stretching in the direction
perpendicular to the body surface is applied:

To make the expansion complete it is further essential to expand the curvature k:

k=...+k_1s+ko+kis+k2s2+...
However it is reasonable the assume k to be of the order Q(0). Considering the equa-
tions in their nondimensional form (see previous section) and applying the several
expansions, one will find for the boundary-layer equations in generalized coordinates,
of the lowest order:

the first order:

0=o

aU0 - aU0 - aU0 aP0 a2U0
PO + POUO

ae
+ = - + a-9

0= a

For the second order one obtains:

an-0 a1 a+ -- + (p1Uo + 0U1) + (ii + 02 + k07) = 0
(2.151)

aU1 au au0 au0 - au0 -+p1--+poUi--+piUo

- aU1 - aU0 - aU0 - aU1 -
¡50U0 +p1Vi-- +130V2-- +Ò0V1 +0kiV1

a a a
aP1 aí- +
a a

au0
--+
J0+kU

a
aU0\ a2U1

+ a2

(2.146)

(2.147)

(2.148)

(2.149)

(2.150)

(2.152)

1)=E7 (2.145)
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pokU = ap'
mi

(2.153)

Both systems (2.148) to (2.149) and (2.151) to (2.152) can now be combined into
one system which is valid up to the second order O(e2):

(1 +ki1) + ¡U) + -{(i +kTi)} = 0 (2.154)

u au --
p5(1 + ki1) + + ,l7(i + kTi) + kpVU =

ôi7

aP la +O(e2) (2.155)

,50kU2 + O(e2) . (2.156)

Since the continuity equation (2.154) is not restricted to the second order O(e2), it
is uniformly valid.

In a similar way the outer equations are derived and are written in a system valid
up to the second order:

a û i aû
t(1+kTi)Ì (l+ki1)2h1} =

1 1 ra
(1+ki1)3l3

(1+kTi)P} +i1P} +0(62) (2.157)

i ..a'C' ai;' 1
+ U +V kU(1+ki1) ai7 (1+kri)

(i+kq){ÔTi{
(1+kTi)P}+kP} +0(e2) . (2.158)

The matching conditions

Having derived both inner and outer equations we are now able to match both sets
of equations. To do this a strategy will be followed which differs slightly from the
one above. Therefore we define a composition of both solutions:

u=U+ûu (2.159)

P=P+PP (2.160)

pV z1v + - pvpcp . (2.161)
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The solutions for p and V are combined into one solution for pV. The variables
written in bold: U, P and pV express the composite solution, which is formed by
combining the inner-solution variables (U, P and V) and the outer solution param-
eters (U, P and ôV). The common parts of both solutions are indicated through the
subscript cp (U0, P and pVI). The boundary conditions used in combination with
the Navier-Stokes equations should now be fulfilled by the composite solution for
the flow variables. Proper asymptotic matching then leads to boundary conditions
to be imposed upon the inner-flow and outer-flow model separately.

Continuing with the derivation of the matching relations for P and pv we recall the
limit matching principle as introduced in the previous section:

Jim T7 = Jim i51 (2.162)

P(,O) = P(e,O)

pV(e,O) =7(,O)

limP= limP
i-+oo -+0C

As a result the limit matching dictates the coinciding of the composite solution with
the inner solution when approaching the surface and with the outer solution in the
outer limit of the boundary layer:

Jim P(,f)
17-400

Jim pV(,i))
77 -4 00

= Jim P(, )
00

= Jim IT7(,i)
00

(2.163)

(2.164)

(2.165)

These relations can also be converted in conditions for the common parts of the
inner and the outer solution when making use of (2.159) to (2.161):

P0(,O) = P(e,O) Jim P0(,i) = hm .P(,i) (2.166)
77-+00

pV0(,O) = ,3T(e,O) Jim pV0(,) = Jim . (2.167)
77-400 17-400

The above conditions indicate that only matching of the outer and inner flow at
the outer edge of the boundary layer is required to obtain a consistent composite
solution. As a result the outer flow solution may overlay the boundary layer as long
as the matching condition is fulfilled. Hence this requirement can be fulfilled by
just formulating the proper outer flow boundary condition along the body surface.
This condition will now be formulated in terms of pV and is generally designated
the transpiration form of coupling. We further note the general usage of the term
equivalent invis cid flow (ElF) for the flow which is prescribed through the inviscid-
flow parameters in the viscous region. The term real viscous flow (RVF) is used for
the viscous flow prescribed by the composed variables.

To match the flux term pV we must look for the inner expansion of its outer term
,ÔV and the outer expansion of its inner term W. Determining the outer expansion
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of the inner solution the inner solution is first written as

a a
O7l(C,0)+E(pe5O(C,1))+6_(peUeö*(C,1))) Eiat

E(peUe/)+O(E2) , (2.168)

with

E Pe) (Tì

E f(1 oUo)dTi

The equation is the result of integrating (2.148) with respect to i. In the limit
lim the integral functions 5 (/) and ó (i) are known as the density thickness
o and the displacement thickness , respectively:

(5o(C) hm 50(C,Ti) (2.171)
00

hm 8*(e,,)) . (2.172)
1) -+00

The symbols subscripted with an e are the so called edge values which result from
the outer values:

Pe(C) = hm 5 (2.173)

U(e) = hm Û (2.174)

These values represent the outer solution at the surface and the inner solution at
the outer edge of the boundary layer. Note that 8o(e, i) and ô*(C Ti) are first-order
quantities (5o(C,q) = O(E) and 5*(,q) = O(E)), which are composed with the first-
order parameters j5 and Uo. With the aid of (2.168) to (2.174) the outer expansion
of the inner solution is now written as:

hm '(e,i) = o(C) +E,5o(C,0) + + (peUeÖ*(C,Ti))

aE hrn {7)--} E Jim {peUei} +0(E2) , (2.175)-* dt -*00 3

and by setting this equation (2.175) equal to the inner expansion of the outer solu-
tion:

Jim /5(C ) = /5o(C 0) + E Jim (/5o)Ie,o +1)-+00 07)

E/5i1(C,0) +E/5oV(C,0) +O(E2) . (2.176)

(2.169)

(2.170)
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one can rewrite the inner expansion (which is known as the equivalent inviscid flow)
of the outer flow (2.176):

oo(0) +o'(,0) E(e)I(,O)
EeÛe)I(0) + (peôo()) +E(peueot(e)) +0(E2) (2.177)

Combining the expansions (2.177) and (2.175) and using the expressions (2.165)
and(2.167) the common part and the composite solution of the vertical flux are
expressed as:

pV() = oo(,0) +o(,O) + (peo(e)) + (peUe*()) -

E(peUe) + O(E2) (2.178)

pV() = o(,0) EO,0) + (Peo(,11)) +

(peUeô*(,1))) Ei E(peUe)

(peO()) - (peUe)) + 0(e2) . (2.179)

In the absence of ventilation along the airfoil 0) = 0 there will be no flux of
mass perpendicular to the airfoil surface ( pV(,0) = O ). With equation (2.179)
the boundary condition for the outer flow now becomes:

a a
= (peo()) + (peUeS*()) +o(e2)

at
(2.180)

Due to the difference between the boundary-layer velocities and the velocities in the
equivalent inviscid flow also the pressure in both formulations differs. Therefore. in
the following the composite pressure P will be derived in terms of the inner-flow
and outer-flow parameters to evaluate the pressure along the body surface in the
approximate solution of the Navier-Stokes equations.

In a similar manner as done for the flux pV the pressure P can be matched. Inte-
gration of (2.156) leads to the inner pressure P:

P0(e) +ePi(,0) - kpeUe(9(,i)) +o*(e,)) +
kpeU7 + O(e2) (2.181)



2.4 The Curvilinear Coordinate System 39

with

8() = ÎoÜo (1
U0\

O PeUe
_))diì

The momentum thickness O is like the density thickness So and the displacement
thickness 5* a first-order term defined as the limit of the function O(, i):

O(e) hm O(,q) . (2.183)
1 -*00

For the outer expansion of the inner pressure and the inner expansion of the outer
pressure we write:

hm P(,i) = P0() +rPi(,O) - kpeU(O() +ö*(e)) +
77-+00

hm EkpeUfi + 0(r2) (2.184)
77-400

8PO
him P(e,) = P(e,O) + r hrn i + rP(,0) + 0(r2) . (2.185)

Combining both relations ( (2.184) and (2.185) ) the outer pressure in the inner
region is formulated as:

= Pe(e) + rP(e,0) - kpeU(O(e,rì) + o*(e,)) +
E7/kpeU + 0(r2) . (2.186)

The conditions (2.164) and (2.166) lead to the following expressions for the common
pressure and the composite pressure P:

P(e,) = Pe(e) +rPi(,0) - kpeU(O(e,iì) + s*(el))) +
TlkpeU + 0(r2) (2.187)

P(,i) = .t + rPi (C 0) - kpeU(O(C) + 6*(e)) + r1kpU + 0(r2)
(2.188)

As a result of (2.186) and (2.188) the inner pressure on the surface becomes:

P(,0) Pe(C) _kpeU(O(C)+5*(C)) +0(r2) =P(e,0)
(2.189)

(2.182)

Similarly Pe is defined as the other edge values (2.173) and (2.174):

Pe(C) 1ji f,ij) . (2.190)
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With equations (2.180) and (2.189) we have derived the boundary conditions along
the airfoil surface for the coupled system of the outer flow and the boundary-layer
flow equations, respectively. The requirement of zero normal velocity and the imple-
mentation of the matching (2.163) to (2.162) and (2.164) to (2.165) have led to these
conditions. Along the wake the zero normal velocity condition should be replaced by
constraints requiring the continuity of the flow solution across the wake centreline.
As a result no jumps of the composite flow variables are allowed across the wake:

[[pV(,0)]] = (P6o) + (pUö) + O(E2)

°(e) 9)+9() 8(e) *+()+5*(e)

With the known composite solutions (2.165) and (2.188), valid at the lower and the
upper side of the wake, the jump conditions (2.191) and (2.192) lead to:

+() +(,0) = +} +

{pU* +pUö*+} Q(2) (2.193)

P- - = EkpU (O +5*+)+EkpU[ (9 +ö*)+O(E2)
(2.194)

Note that + marks the part of the wake above the wake centreline and - the part
underneath. The conditions are rewritten as:

[[P(,0)]] = +kpU(9 +S) +O(E2) (2.195)

(2.196)

in which p and U,. are defined as the values along the wake centreline and 9, S,
and as the summed values across the wake centreline:

(2.197)

In the present section we have extended the composition of the outer flow equa-
tions and inner-flow equations valid for a Cartesian system to a system of equations
written in the so-called boundary-layer coordinates. These coordinates led to the in-
troduction of the curvature k which plays an important role for the flow solution in

[[P J] = O (2.19 1)

[[pV]] = O (2.192)

+() (2.198)
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the inner region from the second-order solution on. One can conclude this consider-
ing equations (2.147) to (2.156), (2.177) and (2.186). Special attention was given to
the matching, i.e. the composition of both sets of equations. This matching resulted
in two equations. The first equation prescribes the surface pressure P(e, 0) of the
approximated Navier-Stokes solution as a function of the pressures of the inner-flow
and the outer-flow model, (2.189). The other equation (2.180) prescribes the tran-
spiration velocity at the surface of the outer flow model and should be used as the
so-called transpiring boundary condition for the outer flow model. The combination
of both relations, (2.180) and (2.189), enabled the matching of the inner-flow and
outer-flow model at the edge of the boundary layer. Combining the requirement of
a continuous flow solution across the wake, [[P]] = O and [[pV]] = 0, with the equa-
tions just discussed led to the jump conditions (2.195) and (2.196). These conditions
are to be imposed along the wake as boundary conditions to the outer flow.

2.5 Concluding Remarks

In the first part of the chapter (section 2.2) we have briefly discussed the nature of
the so-called Goldstein singularity, a mathematical problem turning viscid-inviscid
interaction modelling into a non-trivial technique. Further analysis of the mathe-
matical nature of viscid-inviscid interaction modelling by means of an asymptotic
analysis was conducted in section 2.3. In the first part of that section the asymp-
totic analysis of the Navier-Stokes equations was carried out in terms of E = Re"2.
Scaling of the coordinate y = E perpendicular to the body surface in the inner re-
gion led to a composition of the well-known Prandtl boundary-layer equations with
the Euler equations. The hierarchy of the interaction mechanism was found to be
of the weak form. A scaling of the inner region at a more detailed level in terms of

= Re'8, as well as a scaling in the direction tangent to the body surface, brought
us to the so-called triple-deck theory (multi-structured boundary layer) in the sec-
ond part of section 2.3. Strong interaction was found to coincide with the hierarchy
accompanying this asymptotic theory. We have also seen that the equations within
the multi-structured boundary layer are still part of a composition of the Prandtl
boundary-layer equations with the inviscid Euler equations, which is related to the
multi-structured scaling falling inside that of the classical Prandtl boundary-layer
theory (single structured).

In the previous section (section 2.4) the composition was extended from Cartesian
coordinates to the more general boundary-layer coordinates. It was found that the
first-order inner equations do not include the curvature k, assuming an order O(e°)
curvature. Hence, it could be concluded that the introduction of a curvature of this
order does not affect the outcome of the hierarchy discussion of section 2.3. For this
reason further stretching of the surface coordinates to a multi-structured boundary
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layer form will not alter this situation and as a result curvature is not an essential
element of the strong interaction. Therefore, further exploration of the asymptotic
equations was abandoned since it did not add any new aspect to the present discus-
sion. One could conclude, under the assumptions just made, that curvature effects
are of the second order, the hierarchical mechanism is a first-order effect. Inclusion
of higher-order terms did only affect the accuracy of the flow solution, however not
the hierarchical mechanism. Thereupon one could draw the conclusion that strong
interaction can be modelled with the Prandtl boundary layer as a first-order approx-
imation.

So far the mathematical analysis was primarily based upon the theory of matched
asymptotic expansions, see Van Dyke [15] and Cole [12]. In the literature often
another approach can be found indicated as the deficit method. With this method
similar boundary conditions are found resulting from a matching which is performed
in a rather implicit way. This technique is presented in the articles of Le Balleur [2]
[3], Lock and Williams [28] and East [16]. In the deficit formulation the viscous-
flow equations, the Navier-Stokes equations, are subtracted from the inviscid Euler
equations. Following East [16], Lock and Williams [28] and Le Balleur [2] [3] one
can write for the continuity and the momentum equations in a form including the
presence of turbulence:

pU)+ - k1))(pV pV)) = 0 (2.199)

- pU2 - p) + --((i - kr1)(pUVj - pUV - p)) -
81)

k(pUV - pUV - pIEU) = (P - P) - -((i - k1))L) (2.200)

(pUVj - pUV - piEU) + -((1 - k1))(pV2 - pV2 - p)) +

k(pUj2 - pU2 - p) = (1 - ki1)(P - P) (2.201)

In these time-averaged equations u and y represent the time-varying velocities. U,
V, P and p denote the mean parts of the corresponding flow properties. The index
i marks the inviscid variables- Density fluctuations have been neglected as well as
'laminar' viscous stresses other than p0U/ô1).

With the deficit continuity equation (2.199) a generalized form of the transpiring
boundary condition (2.180) can be obtained, not restricted by any parameter ex-
pansion:

= (2.202)
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with a generalized definition for the displacement thickness

E
I

(pU - pU)dpU(,0)

The pressure deficit is mostly approximated by the following expression

52(5*

P(e,O)P(,O) =pU2(,0)(k+ j)(0g +(5)

where we define the generalized form of the momentum thickness as:

pU22(,0) f08{i - pU2 - U(,0)(pU - pU)}dy

(2.203)

(2.204)

(2.205)

Equation (2.204) is the result of neglecting and approximating terms in an ad hoc
fashion, see East [16] and Lock and Williams [28].

Comparing the transpiration boundary condition (2.202) with the one that resulted
from our asymptotic analysis (2.180) we see that there is only a difference in the def-
inition of 5* The general definition (2.203) makes the equation generally applicable,
not restricted by an asymptotic expansion.

From equation (2.204) one may note that the pressure deficit is caused by the curva-
tures of two components: the curvature of the wall k and the curvature caused by a
rapid thickening of the boundary layer expressed as: 52(5*/52, occurring in regions
with a strong at strong adverse pressure gradient. The last type of curvature did
not appear in the analysis performed in the last section. Adopting the scales of the
single-structured boundary layer to this term the contribution to the pressure deficit
becomes O(E2), so not affecting (2.189).

The boundary conditions from the literature also reveal that they are not affected
in a direct way by the turbulent terms appearing in the deficit equations (2.199)-
(2.201). Therefore it is justified that the inclusion of turbulence does not affect the
mathematical mechanism analyzed in this chapter.

Having unravelled the mathematical mechanism of viscid-inviscid interaction and
having clarified the boundary conditions facilitating the coupling we are ready to
construct a numerical method.
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Chapter 3

Computational Modelling
Approaches

In chapter 2 we have discussed viscid-inviscid interaction merely from an analytical
point of view. Asymptotic theory was utilized to explore the hierarchical relationship
between the viscous and the inviscid part of the viscous-flow field. In this chapter
some of the basic numerical algorithms will be described. It will be shown that the
organisation of these algorithms is closely related to the hierarchical concept present
in the flow field.

3.1 Basic Viscid-Inviscid Interaction Algorithms

In the discussion of the Goldstein singularity we already introduced the concept of
the direct and inverse treatment of the boundary-layer equations. Direct treatment of
the boundary-layer equations is enabled by considering the prescription of the veloc-
ity Ue or pressure pe distribution along the boundary layer as the boundary condition
to the boundary-layer equations. As a logical consequence the boundary condition
for the inviscid-flow equations is the prescription of the displacement thickness. The
combination of both equations and boundary conditions is represented through the
following functional relations:

,tJe0p'-J I

{
(9.T(In : 8*(Ik); Oat : 0k+1 Tr frk+1) = o
IF(In . Ir (0k+1\.0 : Jk+1,ö*(Jk+1)) = O. eOF J,

45

(3.1)
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Algorithm 3.1 The algorithm of the direct method.

Initialisation; Determine an initial inner-flow solution 1k; k = i

Calculate the inviscid-flow solution O' given the displace-
ment thickness 5*(Jk)

Calculate the boundary-layer solution 1k+1 given the edge ve-

locity Ue(Ok+l) from the outer-flow solution.

Stop when convergence. If not proceed with next step.

Let k = k + i and continue with step 2.

IF is the functional relation representing the boundary-layer equations with I rep-
resenting the unknowns of the viscid-flow model. The prescribed edge velocity U0
depends on the outer-flow solution O following the solution of the system of outer-
flow equations CT. The displacement thickness 5* depends on the solution I of
the inner-flow equations. Completing the description of the system (3.1) with the
superscripts k and k + 1, denoting the iteration step, fully defines the interaction
algorithm. This algorithm is known as the direct method and is further illustrated
and explained in algorithm 3.1 and figure 3.1.

fr.

inviscid model

viscid model

Figure 3.1: The iteration mechanism of the direct method.

Taking the prescription of the displacement thickness 8* as the boundary condition
for the boundary-layer equations is known as the inverse treatment of the boundary-
layer equations. In a similar way as for the direct method the combination of viscid
and inviscid equations is defined with the functional relations:

I OFinv(Ifl: UJ(Ik);Qj: Ok+1,5*(Ok+1)) = O
IF,(Lzi : S*(Ol); Out: I'1,UeIF(I'1)) = O (3.2)

Note that the prescription of the displacement thickness 5* is determined from the

H
Ue

F-
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Algorithm 3.2 The algorithm of the inverse method.

Initialisation, Determine an initial inner-flow solution 1k; k i

Calculate the inviscid flow given the edge velocity Ue(Ik) dis-
tribution from the boundary-layer solution

Calculate the boundary layer jk+1 for a given displacement
thickness 5*(Ok+1) determined from the outer-flow solution.

Stop when convergence. If not proceed with next step.

Let k = k + i and continue with step 2.

inviscid model

viscid model

Figure 3.2: The iteration mechanism of the inverse method.

outer-flow solution vector O. The boundary condition to the outer-flow system is
defined by prescribing the edge velocity Ue as a function of the inner-flow solution
I. In an algorithmic sense system (3.2) describes the inverse method. Algorithm 3.2
and figure 3.2 further illustrate this technique.

In Lock and Williams [28] the iterative mechanism of the different viscid-inviscid
interaction methods is analysed in a graphical manner. To do this the outer-flow
and the inner-flow model are linearized and transformed into relations consisting of
the gradient of the edge velocity Ue and the source term S:

S (3.3)

For the direct method one writes, considering the functional relation (3.1):

(Ok+1) = E1 + E2S(Ue(Ok),*(Ik))

dU5i.F # S(Ue(O 1)5*(Ik+1)) = F1 +F2
d

(3.4)

(3.5)
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1. attached 2. separating 3. separated

at of
:3

f

(3.7)

s s s

Figure 3.3: Graphical representation of the iteration steps in the direct method.

Figure 3.3, adopted from Lock and Williams [28], illustrates geometrically the iter-
ative behaviour using the direct method. The behaviour is shown for the situations:
attached, separating and separated flow. Every flow situation corresponds with dif-
ferent coefficients E1, E2, F1 and F2. In combination with relation (3.4) and (3.5)
the coefficients result in the curves shown in figure 3.3. Here of represents the func-
tional (3.4), if the functional (3.5). The sequence of the iteration steps when using
the direct method is illustrated with numbers. The figure illustrates convergence for
attached flow. For separating and separated flow the direct method diverges. One
sees that every iteration step of the viscous-flow solver results in an overestimation
of the source terms leading to divergence.

Similarly we can illustrate the iteration mechanism of the inverse method. Here the
linearized equations are written as:

dUe
DT _+ S(Ue(Ik),8*(Ok)) = H1 + H2(Ik) (3.6)

IT e(Jk+1) = G1 + G2S(Ue(Il),ô*(Ok))
d

The iterative mechanism is illustrated in figure 3.4. The figures show divergence for
attached and convergence for separating and separated flow.

Both iteration procedures diverge for at least one of the flow situations when using
no relaxation. As a result a direct or inverse method which assumes dominance of
one flow model over the other fails for the general flow situation.

Of course this way of interpreting, or graphically representing, an algorithm can be
extended to the algorithms yet to come. However we will not elaborate on this matter,
for more details, see Lock and Williams [28]. With these graphical representations
we have given some additional evidence for the mechanism of dominance. We have

8U
atof

QLLL

4

f

2
i

if
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au.
¿k

i

2 if

of

2 if

s s

Figure 3.4: Graphical representation of the iteration steps in the inverse method.

already demonstrated it in our asymptotic analysis.

3.2 General Viscid-Inviscid Interaction Algorithms

Both the asymptotic analysis of chapter 2 and the numerical implementation of the
preceding section have shown why neither a direct method nor an inverse method
without relaxation is able to deal with the so-called strong interaction. The direct
interaction method can only be used in the region upstream of the point of vanishing
skin friction. The inverse method is a valid approach only downstream of this point.
An essential ingredient for a viscid-inviscid interaction model to cope with both
flow regions as well as the point of vanishing skin friction itself is a system that
accommodates the simultaneous character of the viscid-fiow and the inviscid-flow
model. Generally speaking we can distinguish three different approaches able to
solve a general viscid-inviscid interaction problem which include separation, etc.: the
quasi-simultaneous method as formulated by Veldman [43], the semi-inverse method
formulated by Le Balleur [2] and more recently the fully simultaneous-approach as
used by Drela [14]. The first two methods are basically adaptations of the direct and
the inverse technique. In contrast with the first two methods, where the viscid and
the inviscid systems are addressed sequentially, the simultaneous method treats the
two systems simultaneously. In the following the three general known interaction
methods will be briefly discussed.

1. attached

0U

if
s

of

2. separating 3. separated

¿k
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Algorithm 3.3 Algorithm of the quasi-simultaneous method.

Initialisation; Determine an initial outer-flow solution O' and
inner-flow solution Ik;k = i

Calculate the inviscid-flow solution 0k+1 for a given a displace-
ment thickness ?(Ik) distribution following the boundary-layer
solution

Determine a simultaneous solution of the boundary-layer equa-
tions I1and the interaction law for a given CTe(Ok+l) from
the outer-flow solution.

Stop when convergence. If not proceed with next step.

Let k = k + i and continue with step 2.

3.2.1 The quasi-simultaneous method

Expressed in functional relations the quasi-simultaneous method, illustrated in al-
gorithm 3.3 and figure 3.5 can best be characterized as follows:

I OF(In : 5*(Jk).Ot : Ok+1,UeOF(Ok+1)) . O

f I.T(In : Uexp;Out : Ik+1 ö*(Ik+1)) = 0 (3.8)

t i I(UeoF(Ok+l),Ue,F,ö*(Il)) = O

The second relation IF in the system (3.8) represents the boundary layer with again
the vector I representing the unknowns of the viscous-flow model. The boundary-
layer equations are formulated in the direct form through the prescription of the
velocity UeIF at the edge of the boundary layer. Additional to the boundary-layer
model IF a so-called interaction law LC is introduced. Through this law the outer
flow OF is simulated in its interaction with the boundary-layer flow IF. By solv-
ing this law simultaneously with the viscous-flow model UeIF is relaxed so that the
Goldstein singularity is avoided. The edge velocity UeIF and the vector I, leading to
the displacement thickness ö iii the interaction law, are considered as the simulta-
neous unknowns. UeQF (0) is the edge velocity resulting from the outer-flow model
OF of a previous iteration step. The solution of the vector of outer-flow parameters
O with outer-flow model OF is determined by a prescribed displacement thickness
S (I) following the simultaneous result of the viscous model IF and the interaction
law 1L.

The solution procedure just illustrated is, as noted by Veldman [43], "inspired by
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Figure 3.5: The iteration mechanism of the quasi-simultaneous method.

asymptotic theory". Looking for a relation of this coupling strategy with the triple-
deck theory as briefly described earlier one can compare the function of the upper
deck with the interaction law of the quasi-simultaneous methodology. The main
deck together with the lower deck is governed by one set of Prandtl boundary-layer
equations. The interaction law in Veidman's methodology can be based on linearized
potential flow as can be concluded from the linearized inviscid equations of the upper
deck.

3.2.2 The semi-inverse method

Another way to obtain a viscid-inviscid interaction solution is applying relaxation
during the iterative solution method of both the inviscid-flow model and the viscid-
flow model. The relaxation factor used should then anticipate on the simultaneous
character of both flow models. Therefore Le Balleur [2] developed a relaxation for-
mula based on the stability analysis of the local flow solution of both the viscid and
the inviscid flow. Le Balleur's method is illustrated in algorithm 3.4 and figure 3.6
and can be expressed with the following functional relations:

I IT,(In : ô*(I/);Out : Ik+l,UefF(I1)) O

(9F(In: 8*(Jk);Qj. Ok+l,UeoF(O1)) O (3.9)
RC(In: UeoF(0),UeIF(I);OUt : 8*(Jk+1)) = O

Here the boundary-layer model IF is formulated in an inverse manner (i.e. pre-
scribed displacement thickness ö). With the same prescribed 5* a solution is sought
for the inviscid-flow method OF. Because in general the solution of both systems
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Algorithm 3.4 The algorithm of the semi-inverse method.

Initialisation; Determine an initial outer- and inner-flow solu-
tion; k = i

Calculate the inviscid flow for a given displacement thickness
S distribution

Determine a solution of the boundary-layer equations for the
same given displacement thickness (5* distribution.

Stop when convergence. If not proceed with next step.

Use the outcome of the viscid-flow and the inviscid-flow solver
to determine a new displacement thickness (5* by a relaxation
formula.

Let k = k ± i and continue with step 2.

will not match at the edge of the boundary layer the relaxation formula RC is intro-
duced. It determines a new estimate of the displacement thickness (5* guided by the
mismatch between the viscous-edge velocity UeJF (I) and the inviscid one Ue0F (0)
and so a new (5* for both flow solvers can be determined.

3.2.3 The simultaneous method

The simultaneous character of the viscid-flow and the inviscid-flow part of the flow
dictates that "the" way to solve the viscous-flow problem is to treat them simultane-
ous (see also algorithm 3.5 and figure 3.7), which is expressed through the following
functional relations:

J IT(Ik,Ue(Ok,Ik),ô*(Ik,Ok)) 0 3100(ok, Ue(Ok, ik), (5*(Jk Ok)) = O

Such a system is used by Drela [14] to determine the viscid-inviscid interaction so-
lution of the Euler equations together with the integral boundary-layer equations.
Newton's method is used to solve the discretized, implicit set of non-linear equa-
tions. However as noted by Bieterman et al. [6] such a method may have conver-
gence problems when coping with free transition or when the boundary layer is close
to separation or when dealing with shock-movements during the iteration process.
These convergence problems are related to the use of an initial guess solution in
the Newton method which is not close enough to the final solution. These problems
were solved by augmenting the system with additional relations. Subiterations for
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viscid model

-i inviscid model

relaxation

Figure 3.5: The iteration mechanism of the semi-inverse method.

the boundary-layer system were introduced to obtain a better initial guess for the
boundary layer solution. We get the following system:

Lr(jk U 5*(Ikok)) =oelF,

{ Ue,F - UeoF = 0

OJ(O' U o*(Ik,ok)) =0 (3.11)SQF

f L'F(I',U4 0
112 (H1 (11),U5) 0

viscid model
+

inviscid model

5-

Ue

Figure 3.7: The iteration mechanism for the simultaneous method.

The iteration procedure then looks as follows. First a viscous-flow solution is ob-
tained by simultaneously solving the set (3.12). 112 is an arbitrary, possibly heuris-
tic, relation having a similar function as the interaction law formulated by Veldman.
Note that here the shape parameter H is used instead of the displacement thickness
5* When a feasible viscous-flow solution is obtained the viscous-flow system IT in

(3.12)

U

b
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Algorithm 3.5 The algorithm of the simultaneous method.

Initialisation; Determine an initial outer- and inner-flow solu-
tion; k = i

Calculate a simultaneous solution of the viscid-flow and the
inviscid-flow model.

Stop when convergence. If not proceed with next step.

Let k = k + 1 and continue with step 2.

combination with the inviscid-flow model O.F and the augmenting relation is solved
simultaneously ( set (3.11)).

3.3 Discussion and Conclusions

The quasi-simultaneous method and the semi-inverse method are techniques in which
the viscid-flow and the inviscid-flow method can be treated fully or partially inde-
pendent from each other. The simultaneous system uses an implicit formulation of
the two flow models in order to solve the set simultaneously. As a result the two
individual flow models should be merged in the computational method to a very
large extent.

From a programmer's point of view the first two techniques are relatively easy to
implement given existing viscid-flow and inviscid-flow solvers. Rather small adap-
tations of the independent flow solvers are needed. A routine that controls both
systems is necessary. The implicit treatment of the variables renders the implemen-
tation of the simultaneous system in principle a rather laborious task because every
Jacobian element in the Newton method represents a different functional. In chapter
7 we will see that this job is simplified to a large extent when using the so-called
automatic differentiation technique.

Since the interaction mechanism is treated implicitly the simultaneous method is
computationally the most efficient of the interaction methods presented.



Chapter 4

The Inviscid-Flow Method

Because of its economic computational performance a full-potential method is chosen
to represent the inviscid flow in the present viscid-inviscid interaction method. The
full-potential method is a very common computational flow method, therefore only
the most important aspects of the present implementation are treated in the next
sections. The method has been implemented for a H-grid and a C-grid topology (see
figures 4.3 and 4.2).

4.1 The Governing Equations

The flow in the inviscid-fiow region is described by means of the 2D full-potential
equation:

V.(pVç5) = O , (4.1)

where the density p is expressed through the Bernoulli equation for the isentropic
flow of a calorically perfect gas as:

= {i+ ; '(ivi
q2)}:ET

(4.2)

with:

q2 = + (4.3)

The quantities Moe, aoe and p are the undisturbed Mach number, speed of sound
and density, respectively. aoe and p are used to write the governing equations in

55
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a non-dimensional form. To simplify the numerical implementation equation (4.1)
is treated in body-fitted coordinates e(x, y) and i(x, y). Therefore the equation is
rewritten as:

3J a?JJ_
OU 0pV_0

(4.4)

with U and V the contravariant velocity components:

U = g1' + g12,,, (4.5)

y 12 + g22q, (4.6)

The scalar q2 in (4.2) is now written as a combination of covariant ( and ) and
contravariant velocity components (U and V):

q2 = çb,U + qV (4.7)

are the metric coefficients:

= J2(x, + y) (4.8)

g'2 = g" = J' (i.X.rj + Y,Y,j1) (4.9)

= J'(x' +y) (4.10)

The Jacobian J is defined as:

= (4.11)
3(x, y) x,y,,, -

In the implementation a perturbation potential is used instead of the velocity
potential ç:

= ux + vy + (4.12)

with (u,V) the velocity at infinity upstream.

4.2 The Discretization

The flow equations are discretized using the finite volume staggered box scheme of
Jameson [24]. The stencil of this scheme is illustrated in figure 4.1. The solid symbols

correspond with the position of the primary grid points i.e. the locations where the
perturbation potential is to be calculated. The operi circles o represent the stag-
gered grid where the secondary variables U, V and p are calculated. Discretization
of (4.4) following Jameson's scheme gives:

f+-f-
+ = (4.13)

1
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i+1

i

i-1
i-1

Figure 4.1: Stencil of the staggered box finite-volume scheme. The shaded region is
the control volume for the finite-volume scheme.

Substitution of the formulas (4.2) and (4.5)-(4.11) in (4.14)-(4.17) and the successive
substitution of (4.14)-(4.17) in (4.13) leads to an expression in terms of first deriva-
tives /3 and ¿3/Thj of , z and y. These derivatives are evaluated at the staggered
grid points (i+ 1/2,j + 1/2), (i - 1/2,j + 1/2), (i + 1/2,j - 1/2) and (i - 1/2,j - 1/2)

and are discretized with 2nd-order central discretization formulas:

hj+1,+1 + h+i, - h,+1 -
2

h
h+1,+1 + hj+1 - h

- 2iì
+1,j -

with h equal to q, x or y. For the sake of simplicity the grid in the computational
domain is assumed from now on to be equidistant and spaced as: = = 1.

with:

gi,J+

gi,J

i ('pU
=

1 (pU
= 2\J

1 (pV
= l\ j

i (pV
= 2t, J +

,j+

'J -

pU
+j--

-

pU
+7

pV
±-i-

pV
+7

- 'i-

- 'J -

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)
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The principles of the discretization just introduced are also used for the density bias-
ing, the lumping correction and the boundary conditions discussed in the following
sections.

4.3 The Lumping Problem

The above discretization scheme may lead to an odd-even decoupling. This is caused
by the Laplace part of the discretized full-potential equation. This part is discretized
in the following way:

In both definitions the subscripts indicate the direction of averaging or differencing.
Applying now this discretization scheme, (4.20) is expanded as:

1 1 1 1
L: = i+1,j+1 + i.1,j+1 - 2'Pi,j + Pi+1,j-1 + Pi-1,j-1

(4.25)

The odd-even decoupling is evident from the absence in the discretization of £ of
at the grid points (i,j + 1), (i + 1,j) , (i,j - 1) and (i - 1,j). Their values are

lumped.

A correction to this problem is provided with the introduction of higher-order deriva-
tives in the scheme (4.20):

r = pcç + jiöp - (4.26)

with f > O the dissipation parameter. For the discretization of the original Laplace
operator this means that the averaging of the first derivatives of and jic5
are not evaluated by averaging the first derivatives ö, ö at the grid midpoints

r = jic + ji5 (4.20)

ji is the averaging operator which is defined as:

+ 1i4,j
(4.21)

= 2

li.i+ +li,i_
(4.22)

2

ö represents the difference operator:

oli,i = - (4.23)

orìli,i = li,i+ - li,i_ (4.24)
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but at the slightly shifted points: (i + 1/2,j ± (1/2 - e)), (i - 1/2,j ± (1/2 - f)) and
(i ± (1/2 - f),j + 1/2) ,(i ± (1/2 - - 1/2), respectively.

In the present flow model the effective weight of ,« and p, in the different terms
of the full-potential equation should be determined:

ô ô nUA = -" (4.27)
açc,jj a, i

We find:

A {g11 - p'U2} (4.28)

A, {g22 - p1V2} (4.29)

The lumping correction is then added as an extra term to the full-potential equation
to yield:

ôpU DpV ÔQf5570 (4.30)

with Q

Q = {A + A}ô (4.31)
ô2

The correction which is presented here is a form of artificial viscosity. It is used
in an analogue way in the density biasing procedure and the boundary conditions
discussed in the following.

4.4 The Density Biasing

Because the full-potential formulation allows for the existence of non-physical ex-
pansion shocks measures should be taken to avoid this. A solution is provided by
applying the flux biasing technique, see Shankar et al. [33], Hirsch [23]. With flux
biasing the density is biased in the upwind direction in the following way:

(pq
__(pq)d) (4.32)

(pq)d is defined as:

pqd = pq p*q* for q > q*

=0 for q<q* (4.33)
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and q* represent the sonic values for the density and the total velocity respectively.
The biasing is applied only in the direction, assuming V/\/ does not exceeds the
sonic value. In (4.32) the minus sign - is used in the second term when U > 0. When
U <0 the second term is a summation. The descritization for (pq)d is performed in
the upwind direction. In the discretized form the biased density b is writtell as:

pi+,i
i

= - iii (pq p*q*)

J
i

+i'2 (pq_p*q*)

+i'3
i (pq_p*q*)

u1, u2 and u3 are the switching functions quantified in the following way:

U > 0, < q* and qi. > q*

V1 = 1 t'2 = O V = Q (4.35)

U >0, > q* and <q*

= O ii2 = i ii3 = 0 (4.36)

U > 0, > q* and > q*

= i 1'2 = i ii3 = 0 (4.37)

q' <q* and q.i. <q*
= O i'2 = O V3 0 (4.38)

U < 0, > q* and < q*

u1 = i u2 = O u3 = 0 (4.39)

U <0, +i <q* and c+' > q*

u1 = O u2 = O u = i (4.40)

U <0, > q* and > q*

v1=1 u2=O u3=i (4.41)

4.5 The Boundary Conditions

For the far field an absorbing boundary condition has been implemented due to
Schippers [32] and Bayliss & Turkel [5]:

X y_x + +r r 2r

(4.34)

(4.42)
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a

e

Figure 4.2: Treatment of the C-grid topology

f e

c cl

Figure 4.3: Treatment of the H-grid topology

r represents the distance of the far field point to the airfoil centre of gravity (xcg, Ycg)

r = {(x - x)2 + (y (443)

This condition simulates the radiation of energy out of the computational domain, so
that the reflection of waves is avoided. The condition is obtained employing the lin-
earized equation for subsonic flow. The discretization is performed along the bound-
ary f-e-d-c-b for the C-grid (figure 4.2) and a-f-e-d for the H-grid (figure 4.3).

For the boundary condition along the aerofoil surface and one side of the wake
the reader is referred to chapter 6 dealing with the coupling of the viscid- and the
inviscid-flow method. Continuity of the pressure across the wake [[p]] = O is the
second wake boundary condition.

a b



Chapter 5

The Boundary-Layer Method

In the present víscid-inviscid interaction method the integral method of Drela [14]
has been used to solve the boundary-layer equations. The method is a two-equation
method able to calculate laminar and turbulent flows and it can handle separation.

Integral boundary-layer methods have been widely used in viscid-inviscid interaction
methods because of their minimal computational requirements. They have proven
accuracy for attached and separated flows (see Thomas [39]). The straightforward
way of the coupling of an integral boundary-layer method with an inviscid-flow
method is an additional advantage. This is so straightforward because the displace-
ment thickness 5*, a variable in the matching equation, is a variable in the integral
method.

The present description supplements the expose given in Drela's PhD thesis [14].
The present description is based on the boundary-layer method in ISES4.4 and so
differs with the expose given in Drela [14]. Additional descriptions are given by van
Rooij [41], Haase et al. [22] and Kernkamp [25].
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5.1 The Boundar-Layer Model

The boundary layer is described by the following two relations obtained by integrat-
ing the boundary-layer equations in the direction normal to the solid surface:

. =L_ (H+2_M) (5.1)

1DH* l2Cd iC (2H** + 1 H" (59
H* ¿3 9 H 8 2 H* j) Ue 3 k

The first equation (5.1) is the Von Kármán momentum integral equation, while the
second equation (5.2) is known as the shape parameter equation, which is obtained
by adapting the kinetic energy equation. The derivation of both equations can be
found in appendix B. In both equations three different shape parameters appear:
the shape parameter H, the energy thickness shape parameter H and the density
thickness shape parameter H**. They are defined as:

0*
H -b-, H * -è-, .11* *

For the density thickness ö, the kinetic energy thickness 8*, the momentum thick-
ness O and the displacement thickness 8* the following definitions are attained:

pU
)d

JO PeUe
°° U pU

0 I
Jo°°' U\pUI (i_ )__ùd
Jo \

f°°
(i - --") ---dij

O PejUe

where i is the boundary-layer coordinate (see chapter 2) normal to the solid surface.
The dissipation coefficient Cd and the skin-friction coefficient C1 are defined as:

CdE 3fTLd?] (5.8)
PeUe

Cf E U2TW
(5.9)

Pe e

U is the physical value of the covariant velocity vector component in the e direction
of the body-fitted coordinate system (C, ij). Ue is the velocity vector U at the outer
edge of the boundary layer. It is the vector which is identical and coupled to the
U component of the inviscid flow at the inner boundary along the body surface.

(5.3)

(5.4)

(5.5)

(5.6)

(5.7)
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Me is the corresponding Mach number. T and are the shear-stress, and the wall
shear-stress, respectively. Considering Me determined by Ue, equation (5.1) and (5.2)
contain 7 unknown quantities:

Ue(q), H, 9, Cf, Cd, H* and H** (5.10)

where denotes the flow potential. Given the two equations (5.1) and (5.2), 5 ad-
ditional equations are necessary to solve the system. One is given by the boundary
condition related to the coupling technique selected (see also chapter 6). For the
direct and the inverse method this is the prescription of Ue () and 8, respectively.
In the simultaneous approach we refer to the matching equation to be discussed in
the next chapter. The remaining four relations are the so-called closure relations
These relations are algebraic expressions which have the following functional form:

laminar flow:

Cf = Cf(H, Me, Ree) H* = H*(H, Me) (5.11)
Cd = Cd(H*,H,Me,Ree) H** = H**(Me,H) (5.12)

turbulent flow:

Cf =Cf(H,Me,Reo) H* =H* (H Me Reo) (5.13)
Cd = Cd(Cf,Cr,H*,H,Me) H* = H**(Me,H) (5.14)

The shear stress coefficient C, a quantity related to the turbulent stresses, is solved
from an additional equation known as the shear-lag equation.

The closure relations together with the shear-lag equation are discussed in the next
section.

5.2 Closure of the Integral Boundary-Layer Equa-
tions

Closure relations in the form of simple algebraic relations (5.11)-(5.14) are simply
generated by integration of a chosen velocity profile. Falkner-Skan velocity profiles
are used for the laminar flow while in turbulent flow those of Swafford [38] are used.

For the laminar boundary layer the relations for Cf, Cd and H* are based on the
Falkner-Skan one-parameter velocity profile family. The correlation for the density
thickness shape parameter H** is deduced from Whitfield [45], a relation which is



66 The Boundary-Layer Method

used for both laminar and turbulent flow. For turbulent flow the closure relations
for C1 and H* are linked to the Swaffords [38], [37] velocity profile. The turbulent
dissipation coefficient Cd is determined following Clauser's theory. The shear-stress
coefficient in the dissipation-coefficient relation is a solution of the shear-lag equa-
tion formulated by Green [20]. Green's shear-lag equation is used to account for
the upstream history effects in the Reynolds stresses. Transition is predicted using
spatial amplification theory. Although the closure relations are mainly based on the
literature cited, little differences in the formulation do occur. The present closure
relations and the differences with Drela's original description are also reported by
Van Rooij [41], Kernkamp [25] and Haase et al. [22].

Because the closure of the laminar boundary layer is related to the Falkner-Skan and
the Whitfield velocity profiles in a straight-forward manner , the closure relations
are presented without any further discussion in section 5.2.1.. The closure for the
turbulent boundary layer is less trivial and a brief discussion is presented in section
5.2.2..

5.2.1 Laminar flow

To correlate a shape parameter H for compressible flow with a shape parameter
for incompressible flow, Whitfield [45] constructed the so-called kinematic shape
parameter Hk, given by the following empirical relation:

H
H-0.29M

k - 1 + 0.113Mg

This empirical relation is used for both laminar and turbulent flow.

The energy thickness shape parameter correlation is given as (see figure 5.1):

Hk <4.35

(5.15)

(Ilk
4.35)2

H* =0.0111 (Ilk 435)3
+

(5.16)

(5.17)

Hk+1
1.528 - 0.0002(H

Hk 4.35

H* (Hk 4.35)2
=0.015

(Hk+1)
- 4.35Hk)2

+ 1.528
Hk
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1.7

1.6

1.5

Laminar energy thickness shape parameter correlation

The dissipation coefficient correlation is given by the following relations (see

i 2 3 4 5 6
Hk

Figure 5.1: The energy thickness shape parameter correlation, H* - Hk, for laminar
flow.

The skin friction coefficient correlation is given as (see figure 5.2):

Hk <5.5

cf(oo7275 007)
1-

(H+1.0)
Hk 5.5

Cf =(o.ois(i.o_
(Hk_4.5)) - .007)

1

(5.18)

(5.19)
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Lu0.5

-0.1 -

5.2.2 Turbulent flow

Laminar skin-friction correlation

1 2 3 4 5 6
Hk

Figure 5.2: The skin-friction coefficient correlation, Cf Re0 - Hk, for laminar flow.

figure 5.3):

Hk <4.0
2a (0.00205(4 - Hk)55 + 0.207)
H* - Re9

Hk 4.0

( 0.0016(H, 4)2
+ 0 207)

1
(5.21)

\. (i + 0.02(IIk - 4.0)2)

The density thickness shape parameEer correlation is written as:

H** = ((H08 + 0.251) (5.22)

This correlation (5.22) is valid and is used for both laminar and turbulent flow.

(5.20)

In addition to the stresses originating from the molecular viscosity the physics in
turbulent boundary layers is determined by the so-called Reynolds stresses, which
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0.5

0.1
3 4 5 6

Hk

Figure 5.3: The dissipation coefficient correlation, 2CdRe9/H - Hk, for laminar
flow.

are the direct result of the turbulent fluctuations. The presence of two different types
of stresses leads to a further asymptotic division of the turbulent boundary layer in
two regions. The first region is the layer adjacent to the wall and is called the viscous
sublayer. Here molecular viscosity dominates over the "turbulent" viscosity. In the
turbulent core region or wake layer, located between the viscous sublayer and the
inviscid outer layer, turbulent stresses dominate the ones due to the molecular vis-
cosity. Two length scales result which are differently related to Re9. As a result a two
parameter velocity profile is necessary which is in contrast to the single parameter
velocity profile of the single length scale laminar boundary layer.

The velocity profile from which the present turbulent closure relations result, is the
one formulated by Swafford [38] and Whitfield [46]:

Laminar dissipation coefficient correlation

To use equation (5.23) to determine the velocity profile î as a function of the lo-
cal Reynolds number Re and the distance from the wall y, three unknowns have

+ s ftan1(0.09y) S7r\
- o-i-g)

tanh12
r /y\bl
V1() j (5.23)u

=
+ (u

with:

+_Reoy u u+ / 2 \1/2
I EL (5.24)y L + e

Ue O Ue Ue
- =

cf
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to be determined: C1 , a and b. C1 is determined from the so called skin-friction
correlation (see (5.25)-(5.28)). a and b are obtained by combining the C1 correlation
with the velocity profile (5.23) and making fits with experimental data, see Swafford
[38]. Numerical integration provides the energy thickness correlation for turbulent
boundary layers which is used in the present integral boundary-layer method. The
correlations formulated by Drela [14] and used here are adaptations to the correla-
tions of Swafford [38] and Whitfield [46]. For a discussion of these adaptations the
reader should consult Van Rooij [41].

The skin-friction coefficient correlation

The Whitfield [46] and Swafford [38] C1 correlations are generally obtained by a fit
of experimental data to Coles' law of the wall and the law of the wake. For Drela's
form of the skin-friction coefficient we note (see also figure 5.5):

Reg >e3
\/1+O.2M -

1
Cf = O 3e33' (log(

Reg

1+O.2M( 1+O.2M)
+ O.00011(tanh(Harg) - i))

Reg
< e3

/1 + O.2Ai

Cf
= ,/i +O.2M

(0.3e133"k3174 - O.3lH,.

+ 0.00011(tanh(Harg) - i))

with Harg:

Hk 5.25
H,.

FIarg 4
0.875

H,. < 5.25

Harg 104

1.74 - 0.31H,.

(5.25)

(5.26)

(5.27)

(5.28)
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The energy thickness shape parameter correlation

The energy thickness shape parameter correlation results from the velocity profile
(5.23) (figure 5.4). In the Drela form this correlation becomes:

Hk <H0

H
(Ho - Hk)

1.0)
+ 1.5 +H _(05_ ..±_"H2 1.5. 4.0-

Re0) r (Hk + 0.5) Re9

Hk > H0

H =(Hk - H0)2

4
+ 1.5 +

Reg

with H0 determined by:

Re9 > 400

H0 =3.0 +
Reg

Reg <400
H0 =4.0

An important difference with the Whitfield correlation is the dependency of the
present formulation on Reg. Whitfield [46] neglects the dependency on Reg because
the influence is small. Drela reintroduces the influence arguing that neglecting the
dependency is an unnecessary simplificatìon producing erratic behaviour when Reg
is low in transitional regions.

Treatment of compressibility

Similar to equation (5.15) a compressibility correction to H is provided by:

H + 0.028M)H*_ k

- (1.0 + 0.014Mg)

400

0.007 log Reg

(Hk H0+ loeo)

(5.34)

0.015
2 +

Hk
(5.31)

(5.29)

(5.30)

(5.32)

(5.33)
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Turbulent energy thickness shape parameter correlation

Re= 100
Re=500

Re= 1000
Re=5000

Re= 10000

Hk

Figure 5.4: The energy thickness shape parameter correlation, H* - Hk, for tur-
bulent flow at different Reynolds numbers Ree; Me = 0.7.

The dissipation coefficient correlation

Following Drela [14] the dissipation coefficient for turbulent flow follows from the
following relation:

Cd = + C(1 - Us) (5.35)

This relation expresses the dissipation coefficient as a summation of a wall-layer con-
tribution and an outer-, or wake-layer contribution. As already discussed before, the
physics in the wall-layer is mainly governed by molecular viscosity and its influence
on the dissipation coefficient Cd is represented through C1 in equation (5.35). The
equilibrium shear-stress coefficient Crq in the outer, so-called wake, layer is mainly
influenced by the Reynolds-stresses:

Crq =

and is determined employing the correlation:

H* 0.003 IHk_113
2 (1UL H (5.37)

3 4 5 6

CT = (5.36)



5.2 Closure of the Integral Boundary-Layer Equations 73

with

0.002

L)

0.001

-0.0002

Turbulent skin-friction correlation

1 2 3 4 5 6
Hk

Figure 5.5: The skin-friction coefficient correlation, Cf - Hk , for turbulent flow;
M = 0.7.

The slip velocity U is given by the relation:
H* 4

Us = -d- - 1]

The relations (5.35)-(5.38) that determine the dissipation coefficient Cd are based
on the concept of the equilibrium turbulent boundary-layer flows of Clauser [11],
which is analogous to the self-similar laminar boundary-layer concept of Faikner-
Skan. Following Clauser the equilibrium property of a turbulent boundary layer is
expressed through a constant pressure gradient parameter fi:

(539)

The gradient parameter /3 is related to the modified shape parameter G through by
an empirical expression:

G = 6.7\/1 + 0.753 (5.40)

G_H i
- Hk /C1/2

Re= 100
Re=500

Re=l000
Re=5000

Re=10000

(5.38)

(5.41)
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The algebraic equation (5.40), known as the C - 3 locus, controls the equilibrium
level of the shear stress of the turbulent boundary layer. The coefficients in (5.40)
are determined empirically and differ from author to author.

By considering the Cf correlation (5.25)-(5.26), the slip-velocity U (5.38), the equi-
librium shear-stress coefficient C1- (5.37) and the relation for the dissipation coef-
ficient Cd (5.35), one observes that the dissipation coefficient depends only on the
local boundary-layer parameters. As a result no upstream history effects are taken
into account in the Reynolds-stresses.

Drela improves on this situation by replacing Crq in equation (5.35) by a shear-stress
coefficient Cr, also valid for non-equilibrium turbulent boundary layers.

Cd Us + Cr(1 - Us) (5.42)

This shear-stress coefficient is then given as the solution of the shear-lag equation
by Green [20]:

K (C1/2_Ch/2\+ -
C 9

- '
/ ' d .1eq Ue d

This equation results from the Reynolds stress transport equation derived by Brad-
shaw [7] and expresses the spatially lag of the shear-stress coefficient from its equilib-
rium value. The boundary-layer thickness ô in equation (5.43) is empirically related
to the displacement and the momentum thickness by Green [20]:

ô = o[3.i5 + Rl1 + (5.44)

As a result of Clauser's theory the equilibrium pressure gradìent in (5.43), in terms
of the shape parameter H and the skin-friction coefficient, is simply given by:

ô' dUe

Ue dC
....±.....IC'f rHk _112

eq - O.75L 2 L67Hk

(5.43)

(5.45)

In the present flow model equation (5.43) is treated as an additional equation, solved
simultaneous with the other flow equations. Substitution of its solution C,. in com-
bination with the correlation for C1 (5.25)-(5.26) and U5 (5.38) in (5.42) determines
the value for the dissipation coefficient Cd.

5.2.3 The wake

The physics in the free wake, which considered turbulent, is mainly dominated by
the wake-layer of the turbulent boundary layer because of the disappearance of the
skin friction, i.e. C1 = 0.
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In principle the wake modelling can be done with the turbulent boundary-layer model
without wall layer. As a result of putting C1 = 0 the dissipation coefficient relation
(5.35) is valid in the wake as well. Using the unchanged shear-lag equation (5.43)
which is justified by Drela [14], the dissipation coefficient correlation can equally be
used in the wake. Similarly the energy thickness shape parameter correlation, the
density thickness shape parameter correlation and the compressibility corrections
can be used, noting that the wall layer in the turbulent wake has a minor effect in
the correlations.

In the present model the wake is treated as the average of two half wakes. No separate
calculation is made of the wake layer above and below the wake centreline

For the far wake -+ some of the boundary-layer quantities have a constant
predefined value which is easily derived from an asymptotic expansion of p and u in
the far wake.

Hk=1 H*=2 H=2 (5.46)

The combination of these values is also consistent with the closure relation for the
energy thickness shape parameter H (5.30)-(5.33). H = 2 results by substituting
Hk = 1 in equations (5.30)-(5.33). The compressibility correction formula for H*
(5.34) also indicates that in the far wake compressibility does not influence the
value of H*.

5.3 Transition Prediction

Transition is predicted using the so-called e9 method. In this method transition is
assumed to occur when the magnitude of a spatial disturbance, expressed as:

has grown by a factor more than e9. The disturbance starts to grow when the
Reynolds number Reo exceeds the critical Reynolds number Reit given by:

1 0.43 ( 14.0
log Rejt = 2.492( ) + 0.7 1.0 + tanh( 9.24))

Hk-1.0 (5.48)

= e(i (5.47)
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j2

i=1

Figure 5.6: Stencil at the surface of the body (ij = O at j =

The amplification of the disturbance is determined with the equation:

2.7 5.5 3.0 \
= (-o.o+ Hk 1 (Ilk - 1.0)2 +

(Hk - 1.0)3)
3.87

2.52) 1
(0.028 * (Hk - 1.0) - 0.0345eHk - 1

) Tfac

where ñ is the amplification factor defined as:

n = in

L4 is the disturbance at the critical Reynolds number r ac is the recovery
factor facilitating the smooth transition of the derivative of the amplification from
a Reynolds number below the critical value to a value above.

Both formulas (5.48) and (5.49) are correlations which are the result of the paramet-
ric estimations of amplification curves calculated from the Orr-Sommerfeld equation
(see Drela [14]). In the global flow model equation (5.49) is treated as an extra
equation and hence solved simultaneous with the outer-flow equations.

5.4 The Discretization

The boundary-layer equations (5.1)-(5.2) apply along the boundaries h-a and h-
g in the C-grid topology (figure 4.2) and along the boundary b-c for the H-grid
topology (figure 4.3). The wake is located along a-b/g-f and c-d in the C- and H-grid,
respectively. The discretization of the boundary-layer equations and the coupling to

i-1 i+1

(5.49)

(5.50)
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the full-potential flow method is illustrated in figure 5.6. At (i, 3/2) the boundary-
layer equations are discretized employing central differences. Hence the boundary-
layer unknowns c5 and 9 are located at the midpoints (i - 1/2,3/2). (i+ 1/2, 3/2) etc.
At these locations also the velocity components of the full-potential flow method are
evaluated. The discretization is a combination of central differencing and averaging.

5.5 Goldstein's Singularity in the
Integral Boundary-Layer Equations

In the first two chapters we discussed the Goldstein singularity occurring in the di-
rect formulation of the boundary-layer equations. The reasons were indicated for the
occurrence of this singularity. The relevance of the hierarchy in the interaction of
the boundary-layer equations and the inviscid equations was demonstrated through
asymptotic expansions. However the presence of a singularity at the point of separa-
tion in a direct formulation of the integral boundary-layer equations is demonstrated
in a rather easy way employing the present integral equations.

Considering equations (5.1) and (5.2) and rewriting the terms 09/OC and 0H*/3
we get:

C i 9ô 0H OHk YL - (H +2 M C OUe +i - H OHk OC 9 2 DC

0H 0M
H0M 0

C OH*OHk C2Cd CC1
H*OHk '9C 9H 0 2

(2H**
+ i

H)
C DUe-;--

Summing equations (5.51) and (5.52) after multiplication by Hb0H*/0Hk and
H'OH/OHk, respectively, gives:

0c5 8OUe DHOMfl
OC

0H ( 8äUe) 0JJ

OHk
2Cd - LH* H* (2H"

+ 1H)
3Hk

(5.53)

Equation (5.53) is written in the direct form with Ue being prescribed and 5 un-
known. The singularity occurs when OH*/OHk becomes zero. The occurrence of the
derivative OHS/OH,, = O also illustrates the importance of the H5 - Hk correlation.
This correlation fixes the Hk value at which the separation, or zero C1, occurs.

(5.51)

(5.52)
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The presence of the singularity in the integral formulation illustrates the switch in
hierarchy between the viscid and inviscid equations and hence proves the presence
of an essential ingredient of strong interaction modelling in the integral formulation.



Chapter 6

The Coupling of the Viscid-
and the Inviscid-Flow Model

In the previous two chapters we have discussed the viscid and the inviscid-flow model
separately. The present chapter discusses the coupling of both models, the key issue
in viscid-inviscid interaction modelling. The coupling is facilitated by two relations:
First the boundary-layer parameter Ue, i.e. the velocity at the edge of the boundary
layer, must be related to the unknown velocity potential of the inviscid-flow model.
The boundary condition of the inviscid-flow model at the interface with the boundary
layer forms the second relation. As discussed in chapter 2 the coupling through these
relations can be approached in two ways: patching or matching. With patching one
equalizes one or more variables at the common boundary of both flow models, while
the matching technique enables the overlapping of the viscid- and the inviscid-flow
region and lets both models merge in an asymptotic way. As advocated in chapter
2 we advocate the latter one from a mathematical point of view. Ftom a practical
point of view the matching technique is also preferable. The patching method is less
practical because the displacement body bounding the viscid-flow region is described
by ö* and hence is not rigid but depends on the flow solution. The basic form of
these two techniques was already discussed by Lighthill [271 and forms the basis for
the present-day viscid-inviscid interaction methods.
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6.1 Determining the Edge Velocity

The coupling with the boundary-layer method is achieved through the edge velocity
in equations (5.1) and (5.2) which is related to the physical value of the covariant
velocity component ç5,:

(Je(e) = hm Û(C,iì) (6.1)

Ue - (6.2)
g2

In the discretization the boundary-layer equations are coupled to the full-potential
equations by relation (6.2) which relates of the full-potential flow equation to Lie in
the boundary-layer equations (5.1) and (5.2) as well as with the matching equation
(2.180) relating the boundary-layer unknown * to the inviscid-flow variable .

6.2 Matching with the Boundary-Layer Solver

The coupling of the full-potential inviscid-flow solution with the boundary layer
is facilitated through a transpiration velocity which follows from the asymptotic
matching as treated in chapter 2 (see equation (2.180)). For steady flow up to the
second-order equation (2.180) can be rewritten:

= peUeö*(C) (6.3)

Equation (6.3) is the result of matching asymptotically the Prandtl boundary-layer
equations with the Euler equations. The matching of these two flow models is carried
out at the outer edge of the boundary layer. Equation (6.3) is valid at the surface of
the body, and is the boundary condition for the full-potential flow. In this manner
an inviscid-flow region is generated between the surface and the outer edge of the
boundary layer which is called the equivalent inviscid flow (ElF), see Lock arid
Williams [28], facilitating the matching of both flow models at the outer boundary.
The matching equation (6.3) as derived in chapter 2 is expressed in terms of the
boundary-layer coordinates for which the metrics of the coordinate system simplifies
to:

911=1 911=1 g22=1 922=1 g120 g12=0 (6.4)
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Consequently the velocity components l and (Je = limo U(, i) and the arc length
ô have physical meaning.

For application in the numerical method equation (6.3) should be transformed to
the general coordinates of the inviscid-flow method (see also appendix A). V is the
velocity component directed normal to the body surface. In general coordinates this
direction is associated with the direction of the contravariant basis vector Hence
the velocity V is related to the physical component of the contravariant velocity U2:

u(2)
V = g22h/2 (6.5)

The metric coefficients refer to the metrics of the present coordinate system.
Similarly Ue is the velocity component along the surface and is directed along the
covariant basis vector and so corresponds to the physical component of the
covariant velocity 17(1):

U
e 1/2

9ii

For the transformation of the partial derivative one writes:

Substitution of (6.5)-(6.7) in (6.3) turns the matching equations in a form which
can easily be applied as a boundary condition for the present inviscid-flow method,
which is expressed in non-orthogonal body-fitted coordinates.

p(J(2) i OSPU(l)8*}
g22h/2 - 1/2 O 1/2

g11

Note that the notation u2 has the same meaning as V defined in chapter 4 and
the covariant velocity U(l)is identical to the derivative of the flow potential. u2
is the contravariant velocity component V and U(j) denotes a covariant velocity
component which is equal to .

Discretization

The equation is implemented along the wake and along the surface of the body (f-
g-h-a-b for the C-grid topology and b-c-d for the H-grid topology, see figure 4.2 and
4.3, respectively).

(6.6)

(6.8)

O 10
(6.7)
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Hermite polynomials were used for the discretization formulas for the right-hand
side of equation (6.8), i.e. with ¡3 = ( _)/(.

F(ß) = l_1P1(ß) + 11P2(/3) + 1_1Qi(ß) + 11Q2(/3) (6.9)

With the following cubic polynomials for the functions P1 (ß), P2 (ß) Qi (/3) and
Q2(i3):

P1(/i) = (1_13)2(1+2ß) (6.10)

P2(ß) = 1 P1(ß) (6.11)

Qi(ß) = /3(1 ¡3)2 (6.12)

Q2CB) =
_ß2(1

/3) (6.13)

Interpolant (6.9) ensures for given l.i, l_j, l continuity of function value
2 2 - 2

and first derivative of F across the nodal points. The interpolant (6.9) is used to
generate a discretization scheme for the stencil shown in figure 6.1. The open squares
are the grid points of the boundary layer and represent the locations of ö. The outer-
flow grid points are depicted as solid symbols. At these locations the value of the
potential is calculated. As stated above this leads to a midpoint location (open
squares) of the co- and contravariant velocity components U() and U(z). Equation

(6.9) should now be applied between these midpoints e.g. node (i ) and (i +
Requiring continuity up to the second derivative of the function F(e), across grid
points, the following expressions for I and I' are used:

l_j=F.
z 2 z-2

pl
L- 1-F- i

2 z 2

1 4 1

= + +
i i

= .fi+&

3
2

(6.14)

(6.15)

Where f+ is the function value at i + etc. Note that the interpolant, continuous
in function value, first and second derivative does not pass through the function
values at the grid points, i.e. it includes smoothing. The discretization formula for
the first derivative along the contour is now:

1 5 5
F = + -

At the edges of the computational domain this scheme passes into the following form

valid for the left-hand boundary:

= f+ f- (6.17)

= + - (6.18)

For the right-hand boundary similar relations can be found.

(6.16)
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Figure 6.1: Stencil at the surface of the body. The shaded region is a control volume
for the finite-volume scheme. Note that the aerofoil surface and the wake centerline
are located at j = 3/2.

It was found that application of the present discretization scheme avoids the oc-
currence of numerical instabilities in the solution of LÏe and 5 when solving the
simultaneous coupled set of viscid and inviscid equations. This approach differs
from the one followed by Drela, see Bieterman et al. [6], where the simultane-
ous set of equations is augmented by an extra equation with the velocity defect

= U(1)Sd - as an extra degree of freedom. This velocity defect
is driven to zero by a combination of independent viscid and inviscid subiteration
steps and coupled iteration steps, i.e. also some implicit smoothing.
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Chapter 7

The Solution Algorithm

In the previous two chapters the discretization of the viscid and inviscid equations
was discussed. The present chapter will deal with the solution technique for the set
of discretized equations. For the present implementation the Newton algorithm has
been chosen. The choice for this implicit technique is a logical consequence when
using a simultaneous method (see chapter 3).

An implicit technique requires, usually, a rather small number of iteration steps for
the solution procedure to converge. However, for this technique a large matrix is
to be generated which must be inverted. Much computer memory is required while
inverting the matrix requires much CPU time. This situation is in contrast with
an explicit method where many iteration steps are necessary which are obtained at
relative low CPU time costs and without the use of much memory.

Consequently it is clear that for an efficient implicit method has to meet two related
requirements. Firstly the method should incorporate an efficient matrix solution
technique and secondly a data structure must be adopted dealing with the sparsity
of the matrix in an economic manner.

7.1 The Newton Algorithm

The Newton algorithm can be exposed as follows:

= _Res(Xk) (7.1)
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3Res(X)
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X'' = Xk + (7.2)

Res is the vector with the residuals of the discretized full-potential equations (4.1)
fp, the matching equation (6.8) mei, the amplification equation (5.49) ampj, the
Von Kármán momentum equation (5.1) kme and the shape parameter equation
(5.2) spej:

Res=(fpi,fp2,... ,fp,me1,me2,... ,mei,amp1,kme1,spe1,
amp2, kme2, spe2,... , amp, kmem, spe) . (7.3)

In the turbulent boundary layer the amplification equation (5.49) ampi is replaced
by the shear-lag equation (5.43) sIe.

X is the vector containing the discrete viscid- and the inviscid-flow variables at
iteration level k:

Xk =( kßkgko*ßkko*
(7.4)

can be either the amplification factor ñ to predict transition or the shear-stress
coefficient C9 when the boundary layer is turbulent and transition took place.

aRes/aXk denotes the Jacobian matrix. The matrix elements are constructed with:

8Res
jij

=
(7.5)

7.1.1 The matrix

Expanding equation (7.1) using the different discretized equations from chapter 4,
5 and 6 leads to a global structure of the Jacobian shown in figure 7.1. The form
of this structure depends on the discretization stencil and upon the numbering of
the grid points. In the present implementation a numbering along the coordinates
is attained starting at maximUm i. In this way the non-zero Jacobian elements
are positioned as close as possible to the main diagonal, which is beneficial for the
sparsity of the matrix.

In the global matrix structure (figure 7.1) the blocks AOF and AIF represent the
outer- and inner-flow methods, respectively. The coupling of the outer flow to the
inner flow is effectuated through the matching equation (6.8) and COF is the block
with the coupling elements of the Jacobian. The coupling elements of the Jacobian
are the derivatives aROM/88, where ROM is the residue of the discrete match-
ing equations. The CIF block couples through (6.2) the boundary-layer equations

86 The Solution Algorithm
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AOF

COF

CIF AF

Figure 7.1: Structure of the Jacobian of Newton's method.

(5.1)-(5.2) to the outer-flow system. The elements of the block are formed with
the derivatives of the residuals of the inner-flow equations RI to the flow potential

The matrix structure that appears, when assuming the present numbering system
is typical for the viscid-inviscid interaction methodology. The structure of the ma-
trix is formed by the combination of the numbering system and the stencils of the
descretized equations. Focussing now on the specific structure of the different Jaco-
bian blocks the outer-flow block AOF is a tridiagonal block matrix with three block
diagonals 01, 02, 03:

AOF =

(02O1
032 022

0 033
O 0

O O

\ O O

O

012
023
034

O

O

O

0

013
024

O

O

O

0

0
014

O3_
O

02_
03

O

0

0

0

o

01_
02

\

J

(7.6)
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with pentadiagonal matrices for the individual blocks 01,, 02, and 03,:

The tridiagonal block structure of matrix AOF (7.6) reflects the elliptic hyperbolic
character of the outer-flow equations.

The Prandtl boundary-layer equations are parabolic of type and as a result the AIF
matrix has a bidiagonal block matrix structure:

Ru, and Rl2, are 3 x 3 matrices which are constructed as follows:

\ O/3_ , J

RIB is the residual of the discretized amplification or in the turbulent case the shear
lag equation. RIM is the residual of the momentum equation and, RIS the residual

/ 01,1 01,2 01,3 O O O

02,1 02,2 02,3 02,4 0 0 0

03,1 03,2 03,3 03,4 03,5 0 0
0 04,2 04,3 04,5 04,6 04,7 o (7.7)

\O O O O O °n,n-2 °n,n-1 °n,n J

with O,

3R0F,
(7.8)ai+i

AIF =

fR121
Rh2

O

O

O

O

R122

RU3

O

O

O

O

RI23

Rh4

O

O

O

O

RI24

O RI1

O

O

O

O

O

RI2j

(7.9)

/ 0RIB ÔRIB1 0RIB

8RIM 0RIM 3Ruf1
RI2 = (7.10)a1 as1

0RIS 0RIS DRIS

\. aß+

/ öRIB

i-,-

5RIB

j

aRIB1 \

3RIM 3RI
5,...

aRurví1
Ru, (7.11)

aa_.
RIS

a_
0R1S

as
ÜRIS
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of the shape parameter equation. The block COF effectuating the coupling of the
outer-flow equations to the inner-flow equations has the following structure:

o o ¿ o Coj
with COFi:

(7.12)

CO
(3ROMz0 8R0M100 aRoM00 aRoMi)

(7.13)
z-9 i_9 i+9

Finally for the coupling of the boundary-layer equations to the inviscid equations
we note for the Jacobian:

with depending on the (Je scheme:

CI1 = Cl2 =

...
(7.14)

Clin J

¿3RiB RIB 5RIB URIB2 \
a+1 0j+2 +3

ORlM aR1M aRIM OR1M

j Pj+i 3Pj+2 3j+3
OR1S1 aRIS. ¿?RIS ¿3R1S1

\ 9j OJ+l Pj+2 j+3 J

(7.15)

The structure of the matrices COF and CIF just illustrated, (7.12)-(7.13) and (7.14)-
(7.15), assume the application of the Hermitian scheme. Applying a traditional cen-
trai scheme simplifies the matrices (7.13) and (7.15) from i x 10 and 3 x 4 matrices
to i x 4 and 3 x 2 matrices respectively.

7.1.2 Automatic differentiation

The computation of the Jacobian elements is very laborious considering the number
of different Jacobian elements. In principle the differentiation to obtain the Jacobian
elements can be done in either a numerical or analytic way. The numerical technique
is the so called method of divided differences. The Jacobian element is obtained using

/02i C1 ... O O

O C122 .. Cil2 O
CIF =

\ O O .. C12,, ...

COF =

(CO1
O

O

O

CO2
O

o

O

CO3

...

..

...

O

O

O

\
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the next discretization formula:

ORes(x1.... ,x, ,x) (Res(xi,... ,x + r, ,x)
E

Res(xi,... ,xj,. ,x,)) (7.16)

In the analytic method the Jacobian element is obtained through the functional
which is generated by differentiating the discrete formulation of the residue to the
unknown.

Given the large number of different Jacobian elements, and the fact that every
Jacobian element need an extra evaluation of the residual, the numerical technique
is computational very costly. Due to the discrete evaluation of the derivative the
method is also less accurate. The treatment of the derivatives in the analytic method
lacks this inaccuracy. Because for every Jacobian element a different functional is
evaluated the technique is also computational very costly. The implementation of
all those functionals makes the technique very laborious for the programmer, and
hence very sensitive to implementation errors.

When making use of the automatic differentiation tool these last two disadvantages
disappear. Automatic differentiation is a source translator which generates a subrou-
tine evaluating a functional and its derivatives given a seed-subroutine calculating
only the functional. The subroutine generated is constructed such that it leads to a
minimum of operations.

Forward differencing is the technique used by the present automatic differentiation
tool JAKEF. In this technique the number of operations is minimized by sequentially
calculating derivatives as a function of previous calculated derivatives. At the end
the functional is calculated with all known derivatives. The computational path is
as follows:
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0F ,x) (7.17)

0F 0F=r(x1,x2,... (7.18)

'j,

0F OFOF=(xi,x2,...
Ox1 Ox2

OF OFOF OF=L(xi,x2,..- ,x,-
Ox1 ' Ox2' 'Ox_)

.1.

OFOF OFF=C(xi,x2,... ,xn,,---,
Ox1 Ox2 Ox

By controlling the sequence of the computations the number of operations can be
minimized and so the computational costs. The choice of this computational path
is completely controlled and optimized by the automatic differentiation tool. The
application of this technique minimizes the implementation work substantially. Au-
tomatic differentiation is very suitable to calculate sensitivities, and so is presently
successfully applied in the world of multi-disciplinary design optimization, see Green
et al. [21].

7.2 The Matrix Solver

The combination of the different matrix blocks, which has been discussed above, all
having a different structure complicates the efficient use of a generic matrix solver
to solve the sparse matrix system, illustrated in figure (7.1). Therefore rather than
using a standard solution subroutine a customized solver has been constructed. The
solver implemented is based on a LU-decomposition and takes full advantage of the
sparse structure of the matrix.

Ox3

Oxn

(7.19)

(7.20)

(7.21)
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7.3 Global Organisation of the Computer Program

Given the discussion of the Newton algorithm and the matrixstructure it is clear
that the determining of the Jacobian elements and the fill in of the matrix are the
major activities of the computer program. The organisation of these activities in the
present algorithm are illustrated in figure 7.2.

The calculation of the Jacobian is done after initialisation and consists of two parts.
In one part the Jacobian elements AOF of the full-potential equation are calculated
together with the derivatives of the matching equation coupling the inner and the
outer flow with block COF, while in the other part the Jacobian elements AIF of the
boundary-layer equations are determined in combination with the Jacobian block
CtE of the coupling with equation (6.2) of the boundary layer to the outer flow. The
next step in the algorithm is of course the inverting of the matrix using the matrix
solver, and is followed by the updating of the inner- and the outer-flow solution.
Decisions over the next iteration steps to take are made. The program is terminated
with the postprocessing.

The modularity of the algorithm and the composition of the matrix with different
blocks makes it fairly easy to use the algorithm to solve the outer flow or the inner
flow independently without coupling. Only the relevant matrix blocks are calculated
and a selection of the algorithm is addressed. In this way the iterative sequence
can be composed in every preferred form. The algorithm is addressed such that
a weak interaction approach is used to generate an initial solution for our viscid-
inviscid interaction procedure. A good initial solution is necessary to guarantee a
successful Newton iteration. A typical iterative organisation to come to a viscid-
inviscid interaction solution is illustrated in figure 7.3.
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Initialisation

Update outer solution

Update inner solution

Decide about a new iteration

Generate output

Figure 7.2: Global organization of the algorithm.

Calculate Jacobian

Inner flow

Outer flow and
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Solve system
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Input flow parameters

Solve system of

Outer flow

Solve system of

inner flow

Solve simultaneous system

of inner and outer flow

Output flow parameters

Figure 7.3: Iterative organization of the flow solver.



Chapter 8

Results

In the following the capabilities of the present viscid-inviscid interaction method
is demonstrated. The test cases have been chosen such that all essential physical
and mathematical ingredients to be covered with the method are introduced step-
wise. The first case discussed is the inviscid subcritical flow about an aerofoil section
demonstrating the capabilities of the full-potential method and specifically the New-
ton algorithm. The viscous-subsonic flow about a finite flat plate is the next case
discussed. Special attention is given to the flow in the region of the trailing edge. This
case is a god test for the viscid-inviscid interaction method because the interaction
at the trailing edge can be studied without the masking effects of flow curvature
due to the finite trailing edge angle of an aerofoil section. Hence the finite flat plate
trailing-edge problem is a true test case for the coupling technique to prove that
the viscid-inviscid interaction method deals correctly with the Goldstein singularity
occurring at the trailing edge, as well as at the point of separation onset usually on
the upper surface of the section. The next test cases concern the viscous flow about
an aerofoil section. First the results for subsonic flow about a NACAOO12 aerofoil
with free transition are discussed. The final test cases concern the flow about the
supercritical RAE2822 aerofoil and cover critical flow, supercritical attached flow,
and supercritical flow with a separated flow region.

8.1 Inviscid Flow

For the computations of the inviscid flow about a NACAOO12 aerofoil at an angle
of attack c = 2° and a free stream Mach number of Moe = 0.63 a C-grid was used
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of 139 x 20 points, with 99 points on the aerofoil surface, see figure 8.1. Figure
8.2 shows the surface pressure distribution. A comparison has been made with the

C-grid with NACAOO12 aerofoil

L)
>-

0.5

o

-0.5

XJC

Figure 8.1: Near field of a 139 x 20 points C-grid around a NACA0O12 aerofoil.

results collected in a GAMM workshop held in Stockholm 1979, see Rizzi & Viviand
[31]. The error bars indicate the bandwidth of the workshop results using different
inviscid-flow methods. The correspondence of the present results with the workshop
results is excellent. Note that the plotting program connects the trailing-edge point
of the airfoil with the first point on the wake, which is an artifact since the pressure
tends to the stagnation pressure. With the present method single precision machine
accuracy is obtained after five iteration steps starting from undisturbed flow. The
convergence history for this test case is shown in figure 8.3. Quadratic convergence is
illustrated for the maximum residual of the discretized full-potential equation. The
rapid convergence proves the expected efficiency of the Newton iteration method
and therewith implicitly the reliability of the automatic-differentiation procedure.

-1 O i 2
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Figure 8.3: Convergence history for the maximum residual; NACAOO12, M = 0.63,
a = 2°.
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Figure 8.2: Pressure distribution for the inviscid flow about a NACAOO12 aerofoil;
= 0.63, a = 20.
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8.2 Viscous Flow

8.2.1 The finite flat plate

The present flow case is the subsonic flow, ReL = iü, M = 0.1, along a finite
flat plate at zero incidence. For this case a H-type grid was used consisting of 120 x
20 points with 39 points on the plate surface. For a similar grid see figure 8.4.
Figure 8.5 shows the computed distribution of the displacement thickness c* in the
neighbourhood of the trailing edge. Three results are shown, one following from
a viscid-inviscid interaction computation, one is the result of a direct boundary-
layer calculation using the first inviscid flow pressure distribution as input, which
lacks any form of interaction, and one is the result obtained by Brown [8] using a
parabolized Navier-Stokes solver. The viscid-inviscid interaction solution is obtained
using the simultaneous coupling. First the boundary layer is initialised with the
direct method followed by some iterations of the fully simultaneous coupled system
of boundary-layer equations and full-potential equations. No relaxation has been
used and subiterations of the boundary-layer method in between the Newton steps
were not necessary. As a consequence the presented result proves the mathematical
consistency of the coupling method to obtain a viscid-inviscid interaction solution. A
typical convergence history of the maxìmal residual of the matching equation for this
case is presented in figure 8.7. It should be noted that the present computations have
been performed with a turbulent wake (a laminar wake can not be modelled with
the present method) while Brown's computations assume the wake to be laminar.
Taking into account that the turbulence has an upstream effect the author believes
that the correspondence between the present viscid-inviscid interaction solution and
Brown's solution illustrates the quality of the results that can be obtained with the
present method. The skin-friction coefficient C1 is plotted in figure 8.6. Also here
the effect of the interaction is significant. The plot also shows that the sharp rise of
the skin-friction coefficient close to the trailing edge is not fully predicted with the
present method. This is due to the limited grid resolution. However, the distributions
show a similar trend.
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Figure 8.4: Typical H-grid used for the flat plate calculations.
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Figure 8.5: Distribution of the displacement thickness ó for the trailing-edge region
of a finite flat plate, ReL = iO, M = 0.1.
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Figure 8.7: Convergence history of the maximum residual of the matching equation
for the viscous flow about a finite fiat plate; ReL = i0, M = 0.1.
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8.2.2 Subcritical flow
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Figure 8.8: Pressure distribution for the viscid flow about a NACAOO12 aerofoil;
= 0.50, c 0°, Re = 2.89 X 10e.

In the second viscid-flow case attention is given to the prediction of transition and
the effect of the interaction on the boundary-layer parameters. The flow about a
NACAOO12 aerofoil at M = 0.5, at zero angle of attack and a Reynolds number of
Re = 2.89 x 106 is considered. The grid used is the one showii in figure 8.1. Figure
8.8 gives the surface pressure distribution, obtained with the present computational
methods compared with experimental data reported in Barche [4]. The comparison
with the experimental data is almost perfect. A little kink in the computed pressure
distribution betrays the position of the transition which is located at approximately
x/c = 0.47. In the experiment the transition appears to occur at about x/c = 0.43.
The location of the laminar-turbulent transition is also recognized in the plots of
the boundary-layer parameters like the displacement thickness 6*, the momentum
thickness 9, the skin-friction C1 and the shape parameter H, as shown in figures
8.9-8.12. Comparisons were made with a direct boundary-layer calculation for the
prescribed pressure distribution resulting from the inviscid-flow computation. The
differences clearly occur at the trailing edge and in the transition region, regions
where the viscid-inviscid interaction is strongest.

At the transition point, the 6* first drops and then starts to increase more rapidly
than upstream of transition, reaching a maximum at the trailing edge. The full viscid-
inviscid interaction transition is predicted somewhat further downstream than in the
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boundary layer that is computed using the first inviscid-fiow pressure distribution.
At the trailing edge the viscid-inviscid interaction results in the removal of the
singular behaviour in 8 and the other boundary-layer parameters. Also note that
as expected the 9 increases more rapid downstream of transition, while the shape
factor H /8 drops sharply at transition and the skin-friction coefficient C1 first
increases rapidly, decreasing again slowly further downstream.

The convergence history of the iteration procedure is similar as shown for the finite
flat plate case. Typically five inviscid-iteration steps followed by one boundary-layer
initialisation step and five coupled iteration steps are necessary to achieve conver-
gence of the Newton method. Also here no relaxation or subiteration steps are used.

Displacement thickness

0.2 0.4 0.6 0.8 1 1.2 14
xJc

Figure 8.9: Distribution of the displacement thickness for the viscid flow about a
NACAOO12 aerofoil; M = 0.50, a = 0°, Re = 2.89 x 106.
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Figure 8.10: Distribution of the momentum thickness for the viscid flow about a
NACAOO12 aerofoil; Moe = 0.50, c = 0, Re = 2.89 x 106.
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Figure 8.11: Distribution of the shape parameter for the viscid flow about a
NACAOO12 aerofoil; Moe = 0.50, c = 00, Re = 2.89 x 106.
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Figure 8.12: Distribution of the skin-friction coefficient for the viscid flow about a
NACAOO12 aerofoil; M = 0.50, a = 0°, Re = 2.89 x 106.
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8.2.3 Transonic attached flow without shock

In the following case the transonic flow about the RAE2822 aerofoil section is consid-
ered (case 1, A6 AGARD AR138, Barche [4]). The flow conditions are = 0.676,
Re = 5.7 x 106 at an incidence of c = 2.12°. The calculation is carried out at a
prescribed lift coefficient of CL = 0.566. For this aerofoil a 141 x 21 C-grid, with
101 points on the aerofoil surface, is used as depicted in figure 8.13. Transition
is forced at x/c = 0.11, both on the upper and lower surface. Looking at figure
8.14 for the surface pressure distribution we observe that the pressure on the up-
per side, and that on the lower side are overpredicted compared to that from the
experiment. Also the suction peak at the leading edge, which is very pronounced
present in the measured data, is not as evident in the computed distribution. This
is reflected in the comparisons of the boundary-layer parameters of the computation
with corresponding results from the experiment (see figures 8.15-8.18). Note that in
the plots of the boundary-layer parameters the upper side and the lower side of the
aerofoil are distinguished with u.s. and l.s. respectively. In general the correspon-
dence of the computed result with the measured data is reasonably good for this
test case. To obtain a result like this first an inviscid-flow solution is sought for the
flow condition to be computed. To proceed the computation to obtain a viscid-flow
solution the boundary layer is initialized carrying out a number of iterations of the
boundary-layer method. Finally the simultaneous method is initiated which leads in
a few iterations of the Newton method to the present solution. Subiterations of the
boundary-layer equations between the Newton iteration steps in combination with
relaxation is necessary to obtain convergence. Typically ten iteration steps starting
from a reasonable initial solution are necessary to obtain convergence of the Newton
method. This weaker convergence performance for the transonic flow cases com-
pared with the subcritical cases is most likely due to the very non-linear behaviour
in the transonic flow regime. It is more directly rather related to the convergence
behaviour of the full-potential method rather then that it is related to the coupling
in the viscid-inviscid interaction procedure.
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Figure 8.13: Near field of a 141 x 21 C-grid around the RAE2822 aerofoil
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Figure 8.14: Pressure distribution of the viscid flow about the RAE2822 aerofoil;
M = 0.676, a = 2.12°, Re = 5.7 x 106.
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Figure 8.16: Momentum thickness of the viscid flow about the RAE2822 aerofoil;
= 0.676, = 2.12°, Re = 5.7 x 106.
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Figure 8.15: Displacement thickness of the viscid flow about the RAE2822 aerofoil;
M = 0.676, c = 2.12°, Re = 5.7 x 106.
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Figure 8.17: Skin-friction coefficient of the viscid flow about the RAE2822 aerofoil;
= 0.676, c = 2.12°, Re = 5.7 x 10e.
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Figure 8.19: Pressure distribution of the viscid flow about the RAE2822 aerofoil;
M = 0.726, c = 2.75°, Re = 6.5 x 106.

8.2.4 Transonic flow with shock and fully attached turbulent
boundary layer

In this case the transonic flow with a shock wave about the RAE2822 aerofoil section
is computed. The case corresponds to (case 6, AG AGARD AR 138, Barche [4]).
The flow conditions are = 0.726, Re = 6.5 x 106 and an angle of attack of

= 2.75°. Also here a prescribed lift coefficient, C. = 0.744, was attained, leading
to a thinner boundary layer than is the case for the angle of attack in the experiment.
Transition is forced at x/c = 0.03 both on the upper and lower side of the surface.
The overall result of the boundary-layer characteristics and pressure distributions,
see figures 8.19-8.23, compares fairly well with the experimental results and is within
the accuracy to be expected for this type of flow condition (compare with the typical
computational results for transonic flow in Drela [14] and in Stanewsky [35]). Special
for this case is the occurrence of a shock wave and its interaction with the boundary
layer. The result of this interaction is evident in the distribution of the 8, H and
C1 as a bump just downstream of the shock position.
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Figure 8.21: Momentum thickness of the viscid flow about the RAE2822 aerofoil;
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Moo = 0.726, = 2.750, Re = 6.5 x 106.
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Figure 8.22: Skin-friction coefficient of the viscid flow about the RAE2822 aerofoil;
M = 0.726, c = 2.75°, Re = 6.5 x 106.
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Figure 8.23: Shape parameter of the viscid flow about the RAE2822 aerofoil; M =
0.726, a = 2.75°, Re = 6.5 x 106.
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Figure 8.24: Pressure distribution of the viscid flow about the RAE2822 aerofoil;
= 0.749, a = 2.93°, Re = 6.2 x 106.

8.2.5 Transonic flow, with a separated flow region.

In this case (case 10, A6 AGARD AR138, Barche [4]) the ability of the method to
cope with separation induced by a shock is demonstrated. Here the flow condition
is M = 0.749, Re = 6.2 x 106, incidence of a = 2.93° Instead of carrying out
the calculation for the prescribed experimental lift coefficient, CL = 0.743, it was
aimed to obtain a boundary layer comparable with that of the reference case, which
let to the lift coefficient of CL = 0.786. The pressure distribution is shown in figure
8.24, the boundary-layer characteristics in figures 8.25-8.28. The negative value of
the skin-friction coefficient illustrates the occurrence of boundary-layer separation
just behind the shock wave. Further downstream the boundary layer reattaches and
C1 becomes again positive, see figure 8.27. The possibility to simulate separation
and reattachment is very essential in viscid-inviscid interaction. Under these circum-
stances the necessity of simultaneous coupling is fully addressed. In the calculation
the point where t9H*/8H = O is passed, see figure 5.4. Referring to chapter 5, the
point of separation is a point where the direct boundary-layer formulation becomes
singular. Hence with this case the feasibility of the coupling technique to deal well
with separation is clearly demonstrated.
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Figure 8.26: Momentum thickness of the viscid flow about the RAE2822 aerofoil;
M = 0.749, a = 2.93°, Re = 6.2 x 106.
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Figure 8.25: Displacement thickness of the viscid flow about the RAE2822 aerofoil;
= 0.749, a = 2.93°, Rc = 6.2 x 10e.
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Figure 8.27: Skin-friction coefficient of the viscid flow about the RAE2822 aerofoil;
M = 0.749, a 2.93°, Re = 6.2 x 106.
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Figure 8.28: Shape parameter of the viscid flow about the RAE2822 aerofoil; M =
0.749, a = 2.930, Re = 6.2 x 106.
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Chapter 9

Summary, Concluding
Remarks and
Recommendations

The present study on viscid-inviscid interaction modelling concentrates on two ma-
jor subjects: the mathematical nature together with the more fundamental analysis
of the viscid-inviscid interaction problem, and secondly the formulation and devel-
opment of a successful viscid-inviscid interaction method. Both themes are reviewed
and brought to conclusions in the following.

Interaction theory

The fundamental analysis started with the asymptotic analysis described in chap-
ter 2. In this chapter the expansion for Re - of the Navier-Stokes equations
was given at the point of vanishing skin-friction. This point corresponds to the
trailing edge point as well as to the starting point of separation on a smooth part
of the surface. The analysis performed illustrates that the basic asymptotic scale

= O(Re'2) of the Prandtl boundary-layer equations in combination with an
inviscid-flow model does only initiate weak interaction. A scaling of the boundary-
layer region at a more detailed level (in terms of O(Re1"8)) leads to the so-called
triple-deck theory. This theory falls within the scope of the Prandtl boundary-layer
equations and strong interaction was found to be the corresponding hierarchy. The
essential mathematical ingredients of viscid-inviscid strong interaction, at least the
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lowest order, were found to be part of an interacting composition of the Prandtl
boundary-layer equations and a set of inviscid equations (either full-potential or
Euler). The widespread idea of the impossibility to model strong viscid-inviscid
interaction using the Prandtl boundary-layer equations is not justified. The asymp-
totic analysis performed provides the ingredients and understanding necessary for
developing a successful viscid-inviscid interaction method.

Numerical method

With the development of a numerical viscid-inviscid interaction method, the second
and most important theme of the study, it was aimed to gain a better understanding
of the requirements for a successful method. Two important conditions have been
identified which are required to reach this goal:

The viscid-inviscicí interaction method should be as general as possible.

The use of relaxation and smoothing techniques should be minimized.

Generality Generality in this context means that the coupling technique is not
restricted by the choice of a discretization technique, the matrix inverting method.
or what so ever. On the contrary, due to the choice for an implicit Newton method,
a large range of discretization schemes for the matching equation, the inviscid-
flow method and the boundary-layer method are possible. This generality is even
more emphasized with the utilisation of an automatic-differentiation package. Tra-
ditionally, implementing a Newton method using self-programmed Jacobian ele-
ments based on the analytic derivatives of the discretized equations is a very time-
consuming job and very prone to errors. Using automatic differentiation in the
present method these disadvantages are avoided, making the formulation of the
Jacobian elements an easy, trivial, and reliable task. The Jacobian elements are the
exact derivatives of the discretized equations, which makes the Jacobian elements
free of any approximation and improves the performance of the Newton method
(see case i in chapter 8). The freedom in the use of discretization techniques in the
present method is in contrast with methods based ori an implicit alternative direc-
tion (ADT) or an approximate factorisation (AF) technique. For these techniques the
discretization and the problem of inverting the matrix are generally not uncoupled.
The formulation of a coupling strategy is then restricted to a discretization stencil
which can be applied to the chosen method.

Because of the Newton method the performance of the viscid-inviscid interaction
method depends strongly on the matrix inverting process. In the present method
a simple customized band LU factorisation technique is used. Performance can yet
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be further improved with the use of modern, state of the art, solvers based on the
conjugate gradient method or a more advanced block-matrix solver, see e.g. Golub
& van Loan [19]. However, though an interesting mathematical subproblem, it is
not addressed in the present study because it does not affect the viscid-inviscid
interaction method.

The path followed during the design of the computer program is characteristic for
a modern implementation of a viscid-inviscid interaction method, which should be
strongly subdivided in a methodical problem and even more important an algorith-
mic problem. This is a general trend observed in the whole field of computational
fluid dynamics. The generality pursued makes the present method flexible and so
very suited for extension to an unsteady and/or an aero-elastic method.

Minimization of relaxation and smoothing In viscid-inviscid interaction spe-
cial care must be given to the stability of the scheme used in the coupling, the
matching of the viscid and the inviscid solution. Any not-damped disturbance in the
boundary-layer region will interfere with the interaction process and so lead to diver-
gence of the iteration process. Therefore much effort was put in the development of
the Hermitian scheme, to minimize the influence of disturbances on the interaction
process.

In computational fluid dynamics often relaxation and smoothing techniques are used
to guide the iteration process to convergence. These techniques damp the distur-
bances and instabilities appearing during the iteration steps. A thorough test of the
implemented coupling technique is only possible minimizing the use of these tech-
niques. However the omission of relaxation was only possible for subcritical flow.
For viscous transonic flow the solution behaves highly non-linear, certainly when
shocks and separation are involved. Under these flow conditions underrelaxation is
necessary to obtain convergence of the iteration process. Furthermore the success of
Newton's method is much dependent on the availability of an initial guess for the
solution which is relatively close to the final solution. Therefore for transonic flow
conditions a continuation procedure must be applied which involves a gradual change
of the flow conditions from ones for which a solution has been obtained towards the
desired flow conditions.

Results

The results shown demonstrate the capability of the present viscid-inviscid inter-
action method to model flows involving the essential aspects of viscid-inviscid in-
teraction. These flows include the trailing-edge flow and boundary-layer separation
involving both the same type of singularity. In these test cases, in which the flow so-
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lution behaves less non-linear than in the transonic test cases, the fully simultaneous
method demonstrated quadratic convergence. The results for these test cases were
obtained applying Newton's method in a direct fashion without the use of relaxation
and subiterations. These cases demonstrate the consistency of the computational
method including the mathematical interaction mechanism. The decreased level of
convergence performance for the transonic test cases is not related to the coupling
technique applied but was observed to be related to the numerical stability of the
inviscid-flow method. The correspondence of the computed results with experimental
results is good.
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Appendix A

Some Tensor-Analytic
Expressions

In the following some of the basics of tensor analysis will be briefly treated. A
majority of the formulations given is used for the derivations in the different chapters.
More details on this mathematical subject can be found in Sokolnikov [34], Ans [1],
Wesseling [44].

Consider the transformation from a 2D cartesian system x(x('),x(2)) = x(x,y) of
coordinates to a general 2D coordinate system ¿((1), e2) = ¿(e, ij) (see figure Al).

In this generalised system we define a set of covariant base vectors:

ôx
a(e) =

and a set of contravariant base vectors:

ax

With a covariant basis a covariant vector Ufi is constructed:

U(s) = a(ß) . U

and the contravariant basis leads to a contravariant vector:

u
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y

X

Figure Al: The transformation from a cartesian to a general system of coordinates

u is a vector defined in the cartesian system. Both type of vectors are related to each
other through:

U(ß) = a(8) . a()U

Note the use of the summation conventions. Covariant vectors and base vectors
are directed tangential to the coordinate axes while contravariant vectors and base
vectors are directed perpendicular to the coordinate axes (see figure A.2). The vector
u is related to the covariant and the contravariant vectors by:

= . a U(a) (A.6)

Metric coefficients are defined as follows:

gjj = a a = a a (A.7)

In an orthogonal system co- and contravariant vectors coincide, the cross elements
become zero:

912 = g'2 = O (A.8)

and as a result the metric coefficients are written as:

gii =
i
2

C

U = a aU() (A.5)

(A.9)



When transforming differential equations from a cartesian system to a general sys-
tem usual the Jacobian appears in the partial differential equation. It quantifies
the change of a volume element as a result of the coordinate transformation. The
Jacobian J is uniformly defined as:

i
(A 10)

9(x, ') ',eY,ij -

Physical components are obtained by projection of the vector u on the normalised
base vectors. The result is shown in figure A.2.

*

U(a) =g,2U() (All)
Ia()I

(c) a)u = = g1/2U(a) (A.12)
ja(
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Figure A.2: The physical components of a covariant and a contravariant vector.

Applying these mathematical expressions for orthogonal coordinates:

(i) 1
U = U() = = (A.13)

Of course in an orthogonal system the physical components of the co and contravari-
ant vectors are identical.
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In the expressions (All) and (A.12) it is assumed that the physical components
are the projection of the vector u on the corresponding base vector. The vector u is

* (2) (1)

then reconstructed with the components U(l) and U or U and U(2). In most
literature, Ans [1] and Sokolnikov [34], the physical components are defined in a
different way such that u is reconstructed by either the physical covariant components
* (1) (2)

U(l) and U(2) or the physical contravariant components U and U

In contrast with a cartesian system, in a general system there are two types of differ-
entiation to be considered, a covariant and a contravariant one. The differentiation
used in chapter 2 is of the covariant type and is defined with the generic equation,
for contravariant vectors:

= +FjkU0xi

is the Christoffel symbol of the second kind which is written as:

1-1] 9km[j/]

with [ii, k] as the Christoffel symbol of the first kind related to the metric coefficients
gjj in the following way:

l Dg ôgjk 39ij[ij, k] = + - (A.16)



Appendix B

Integral Boundary-Layer
Equations

The integral boundary-layer equations are derived starting from the Prandtl equa-
tions (2.6)-(2.8). These equations can be written in the following form:

OpU2 +
aPUV - + 1B i

O = - (B.2)

= o (B.3)

The (, i) coordinate system represents the boundary-layer coordinate system intro-
duced in chapter 2. U and V are the physical components of the velocity vector along
the coordinate axes. The contribution of the shear-stress to the momentum equa-
tion is expressed with, the symbol This term makes allowances for the stresses
which are due to molecular viscosity as well as the turbulent Reynolds stresses. This
system of equations (B.1)-(B.3) corresponds to the first-order inner expansion of the
Navier-Stokes equations from chapter 2. The validity depends on the curvature of
the aerofoil surface (see chapter 2).

In the following sections the Prandtl boundary-layer equations are to be transformed
to integral boundary-layer equations. These equations are ordinary differential equa-
tions representing the physics of the boundary layer in terms of integral boundary-
layer parameters (ö*, 0, O 6**) 1

'For the definitions of the integral quantities, see chapter 5.
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B.1 The Integral Mass Equation

The integral mass equation is obtained by integrating the law of continuity in the i
direction across the boundary layer with thickness (5:

äpU r5

jd7i+j di=0
o

Adopting the definition for the displacement thickness 6' of chapter 5 the following
integral mass equation is derived:

Ve i apeUeo* ô OüeUe

- Perle a PeUe e

This expression should not be confused with the expression (2.180) from chapter
2 and the matching equation equation (6.8) in chapter 6. The present relation is
expressed in boundary-layer parameters and is not matched with the inviscid-fiow
solution. Hence Ve/Ve depends on the precise definition of the boundary-layer thick-
ness 6 and has a mathematical meaning that is different from the one in the asymp-
totically matched situation used in the chapters mentioned. The thickness ô is not
represented in any of the terms of the expressions to be derived in the following and
so the definition of 6 is of no concern.

B.2 The Von Kármán Momentum Equation

To obtain the Von Kármán momentum integral equation we start integrating, in the
1?-direction, the momentum equation (Bi):

(pU2 +p)di7 + I (DPUV)d
= f iLd

5

Jo

With the definition of the integral boundary-layer parameters of chapter 5 and after
division by Pe Ve2, one gets:

(6_6*_9)8peU ô& as
PeUe2 3 ¿3 t9 Ve - PeU 3 PeU

is the wall shear-stress, r = r7 (, i 0). Substitution of the integral mass
equation then leads to:

3PeUe ((56*9)8TJC (5

¿3 PeUe 3 Ve - 2 PeU
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Taking the momentum equation at the edge of the boundary layer:

- ôpU äPeUeVe

¿k ¿37)

and usìng the law of continuity one gets the integral momentum equation:

+
+ 28) t9U

+
8 Pe Cf

¿k Ue ¿k Pe8' 2

Making use of the Bernoulli equation along the streamline at the edge of the bound-
ary layer:

Uee i 8Pe
¿k Pe8

and adopting the isentropic relation:

2=a
ap

the so-called Von Kármmn momentum equation is obtained:

1 ¿38 i Cf
H + 2 M2

i ¿3Ue
&ae 2 - Ue ¿k

B.3 The Shape Parameter Equation

To derive the shape parameter equation we start with eliminating the continuity
equation from the momentum equation:

au au ap 5rpU- + pV-è = - + -j-- (B.14)

Multiplying by u and again using the continuity law yields:

i. 1apu3
+

8pvn1 - + B 15
51) ¿k

After integration across the boundary layer and using the Bernoulli equation (Bu)
we obtain:

8peUe8* u2S0(5*
¿k

e
¿k

(B.9)

(Bio)

(B.11)

2peue2o** PeVeUe = 2PeUCd (B.16)
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Using the integral mass equation (B.5) leads to the so-called kinetic energy equation:

99 9* ôUe
+ +2 - -- = 2C (B. 17)

When again making use of the Bernoulli equation (B. 11) and the isentropic relation
(B.12) the kinetic energy equation becomes:

_H*M aUe 3H* aUe 0H* G ¿)9 2H** 5Ue 2Cd

+ + + + = (B.18)

Elimination of the ¿99/8e term by making use of the Von Kárrnán momentum equa-
tion (B.13) finally leads to the shape parameter equation:

i ') U* )í i f O LJ** i 1Ta +1 H' B19- 9H 8 2 k I
Ue



List of Symbols

free stream speed of sound
a covariant base vector
a contravariant base vector

effective weights
AUF Jacobian matrix block of the outer-flow method
AIF Jacobian matrix block of the inner-flow method
Cd dissipation coefficient
C skin-friction coefficient
CIF Jacobian matrix block with the coupling elements of the

inner-flow method to the outer-flow method
CL lift coefficient
CUE Jacobian matrix block with the coupling elements of the

outer-flow method to the inner-flow method
c specific heat coefficient at constant pressure

pressure coefficient
c,, specific heat coefficient at constant volume
C7 shear-stress coefficient
g23 contravariant metric tensor element
Yij covariant metric tensor element
h, h3 metric coefficients
H shape parameter
H* energy thickness shape parameter
H* density thickness shape parameter
Hk kinematic shape parameter
H, kinematic energy thickness shape parameter
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134 List of Symbols

I inner-flow variable
IF functional relation of the inner-flow method
IF functional relation of the inverse formulation of the inner-

flow method
Ir functional relation of the interaction law
J Jacobian
k kurvature
kT thermal conductivity
M free stream Mach number
Me edge Mach number
O outer-flow variable
OF functional relation for the outer-flow method

functional relation for the inverse formulation of the outer-
flow method

p, P pressure
P composite solution of P
Pr Prandtl number
q total velocity
R gas constant
Re Reynolds number
Re0 Reynolds number related to the momentum thickness
Re Reynolds number related to chord length
ReL Reynolds number related to length scale L
Res residual
1L functional relation of the Le Balleur relaxation formula
T temperature
T2 stress tensor elements
T wall temperature
u cartesian velocity vector ; u = u(u,v)
u, y cartesian velocity vector components; in the x and y direc-

tion respectively
u cartesian velocity vector component / covariant velocity

vector component
u3 contravariant velocity vector component

covariant velocity vector component
contravariant velocity vector component

U, V contravariant velocity vector components; U = U , V =
U ( note that brackets are used to distinguish a super-
script from a power notation) / physical components of the
contravariant velocity components



U, V composite solution of U and V respectively
Ue edge velocity
Ueip edge velocity following the inner-flow computation
UeOF edge velocity following the outer-flow computation

&, (Y physical components of the co- and contravariant velocity
components

U8 slip velocity
x(x, y) cartesian coordinate system

x distance to the center of gravity
Ycy y distance to the center of gravity

Greek symbols

gas constant
6 boundary-layer thickness
6* displacement thickness

generalized form of the displacement thickness
density thickness
density thickness (different from 5**)

E perturbation parameter
Christoffel symbol of the first kind

5j Kronecker delta
difference operator in and ij direction respectively
mesh width

9 momentum thickness
09 generalized form of the momentum thickness
9* kinetic energy thickness
t9 perturbation parameter

kinematic viscosity
/L averaging operator in and i direction

"i, y2, u3 switching functions
(, z) curvilinear coordinate system

p density
p composite solution of the density density

free stream density
stress tensor
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136 List of Symbols

cr stress tensor elements
skin friction

r dimensionless time
flow potential of the disturbed flow
flow potential
dissipation function

Miscellaneous

[ii, k] Christoffel symbol of the second kind

V nabla operator ' = (, )
[] jump of the variable placed between the double square

brackets

Subscripts

cp common part subscript
e edge value of the subscripted symbol
oc free stream value of the subscripted symbol
i differentiates in the direction of index i

i makes the subscripted symbol covariant / makes the sub-
scripted symbol an inviscid variable / index

Superscripts

refers to the main deck
refers to the lower deck / refers to the inner flow
refers to the upper deck / refers to the outer flow
refers to the outer flow
refers to the inner flow
makes the superscripted symbol contravariant
refers to a non-dimensional quantity



Summary

In todays aircraft industry the viscid-inviscid interaction method is often used in
the design process of aircraft. Its success is due to its computational efficiency com-
pared to the efficiency of Navier-Stokes methods. In a viscid-inviscid interaction
method the solution of the Navier-Stokes equations for high-Reynolds number flows
is approximated by a composite solution of a boundary-layer method and an inviscid-
flow method following a subdivision of the flow field in a viscid-fiow domain and an
inviscid-flow domain. The coupling of both methods is the utmost important issue in
viscid-inviscid interaction modelling. It is discussed in the present thesis from both
an analytical and a numerical point of view.

In the first part of the thesis an asymptotic analysis is given discussing the mathemat-
ics of the interaction between the viscid-flow method and the inviscid-flow method.
The discussion illustrates the hierarchical mechanism between the viscid-fiow and
the inviscid-flow model in the region of the point of vanishing skin-friction. At this
point the viscid-flow and the inviscid-flow model start to behave simultaneous. If this
simultaneous character is rejected, as is the case in a weak interaction method which
considers the solution of the one model dominating the other one, divergence of the
solution procedure will result. This situation is often referred to in the literature
as Goldstein's singularity occurring at the trailing edge and at the starting point of
separation. The analysis demonstrates the possibility to cover mild separation with a
simultaneous coupling of the Praridtl boundary-layer equations with an inviscid-flow
model like the one based on the Euler equations or the full-potential flow method.

A numerical implementation of a viscid-inviscid interaction method for the 2D steady
flow about aerofoils has been pursued with the aim to develop a practical coupling
technique and to gain a better understanding of the requirements for a success-
ful viscid-inviscid interaction method. The method developed and described in the
present thesis is composed of a finite-volume full-potential flow method and an in-
tegral boundary-layer method. The discretization of the matching equation, cou-
pling both methods, is designed such that it minimizes instabilities. Both non-linear
mathematical models are treated simultaneously and the discretized set of algebraic
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equations is solved with Newton's method. Automatic differentiation is utilized to
determine the Jacobian matrix. The method has been implemented for both a H-grid
and a C-grid topology. Calculated results are presented to demonstrate the capa-
bilities of the present viscid-inviscid interaction method to model flows involving
trailing-edge flow and boundary-layer separation. The calculated results have been
compared with experimental results or other calculated results from the literature.
The agreement of the present results with the numerical results of the literature and
with experimental data is good. The computations demonstrate the consistency of
the method including the mathematical interaction mechanism and the economical
efficiency of the computational technique.



Samenvatt ing

In de huidige vliegtuigindustrie worden bij het aerodynamisch ontwerp van vlieg-
tuigvleugels vaak aêrodynamische rekenmethoden gebruikt die zijn gebaseerd op een
viskeuze/niet-viskeuze interactietechniek. Het succes van deze methoden is vooral te
danken aan hun geringe rekentijd en hun betrekkelijke eenvoud in het gebruik verge-
leken met de methoden gebaseerd op de Navier-Stokes vergelijkingen. Bij methoden
gebaseerd op een viskeuze/niet-viskeuze interactietechniek wordt de oplossing van de
Navier-Stokes vergelijkingen bij hoge Reynolds getallen benaderd door een samen-
stelling van de oplossing bepaald met een rekenmethode voor viskeuze stromingen
(grenslaagmethode) en die bepaald met een rekenmethode voor niet-viskeuze stro-
mingen. Deze combinatie van rekenmethoden is mogelijk doordat bij hoge Reynolds
getallen het stromingsveld kan worden onderverdeeld in een dun viskeus stromings-
gebied langs het oppervlak van het vleugelprofiel en stroomafwaarts daarvan (de
grenslaag en het zog) en in een niet-viskeus stromingsgebied (de rest van het stro-
mingsveld). De koppeling van beide rekenmethoden vormt het kernprobleem in de
viskeuze/niet-viskeuze interactiemodellering en is bet hoofdonderwerp dat in dit
proefschrift wordt behandeld. vanuit zowel analytisch als numeriek oogpunt.

In bet eerste deel van het proefschrift wordt een asymptotische analyse gegeven van
de wiskundige interactie tussen de rekenmethode voor de viskeuze stroming en die
voor de niet-viskeuze stroming. De analyse illustreert bet hierarchische mechanisme
van deze iriteractie in een gebied waar de wandschuifspanning verwaarloosbaar klein
is zoals bij de achterrand van een vleugelprofiel en bij het startpunt van grenslaag-
loslating. 0m de stroming in zo'n gebied te kunnen simuleren dienen het viskeuze
en het niet-viskeuze stromingsmodel op de een of andere wijze simultaan te wor-
den opgelost. Indien in bet genoemde stromingsgebied de twee stromingsmodellen
niet voldoende simultaan worden behandeld dan zal het iteratieproces niet conver-
geren. Dit is bet geval bij de zogenaamde zwakke interactie modellering waarbij er
vanuit wordt gegaan dat de oplossing van bet ene model de oplossing volgend uit het
bet andere model domineert. In de literatuur wordt deze situatie vaak geassocieerd
met de zogenaamde Goldstein singulariteit die optreedt aan de achterrand van bet
vleugelprofiel en bij het startpunt van grenslaagloslating. De asymptotische analyse
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laat zien dat een simultane koppeling van de Prandtl grenslaagvergeiijkingen met
een niet-viskeus stroiningsmodel zoals dat gebaseerd op de Euler vergelijkìngen of
de volledige-potentiaal vergelijking voldoende is een orn milde losiating te simuleren.

Een nurnerieke viskeuze/niet-viskeuze interactiemethode voor de 2D stationaìre trans-
sone strorning orn vliegtuigvleugels is geimplementeerd met als doel een beter inzicht
te verkrijgen in de werking van een succesvol algorithme in de praktijk. De ontwik-
kelde rekenrnethode in dit proefschrift beschreven is sarnengesteld uit een eindige-
volume voiledige-potentiaalmethode en een integraal grenslaagmethode. De discreti-
satie van de interactievergelijking, de vergelijking die het viskeuze en bet niet-
viskeuze stromingsmodel koppelt, is ontworpen op een dusdanige manier dat het
numeriek stabiel is en zoveel mogelijk perturbaties dernpt. Beide niet-lineaire me-
thoden worden als één systeern behandeld. Voor bet opiossen van bet systeem van al-
gebraische vergelijkingen dat voigt uit de discretisatie wordt de methode van Newton
gebruikt. Bij de bepaling van de Jacobiaanmatrix wordt gebruik gemaakt van een
softwarepakket voor automatische differentiatie. De methode is geimplementeerd en
is toepasbaar voor zowel een H-grid topologie als een C-grid topologie. Verschul-
lende rekenresultaten worden getoond die de mogelijkheden van deze viskeuze/niet-
viskeuze interactiernethode demonstreren, zoals de stroming nabij de vleugelachter-
rand en profielstrorningen met grenslaagioslating. De berekende resultaten zijn verge-
leken met experimenteel verkregen resultaten of met resultaten van andere berekenin-
gen, beide uit de literatuur. De overeenkomst van de getoonde resultaten met de nu-
merieke en experirnentele resultaten uit de literatuur is goed. De berekeningen tonen
de economische efficiëntie aan aismede de consistentie van de huidige rekenmethode
met de theorie van de interactie tussen de oplossing in bet viskeuze en die in bet
niet-viskeuze stromingsgebied.
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