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ABSTRACT

Stochastic Process Algebras have been introduced to en-
able compositional performance analysis of parallel and
distributed systems. As with other high level modelling
formalisms, state space explosion is a frequently observed
problem, especially if the system consists of many co-
operating components. However, if the components are
identical replicas of each others, the state space can be re-
duced by means of equivalence preserving aggregation.
This paper introduces symmetric parallel composition, an
operator to specify sets of identical replicas cooperating
in parallel. Its operational semantics is consistent with
usual parallel composition whereas the state space explo-
sion problem is drastically reduced. We illustrate this ben-
eficial effect, and provide an interpretation of symmetric
parallel composition in terms of Petri Nets.

INTRODUCTION

Continuous time Markov chains (CTMC), which are
widely used as performance models in many diverse ar-
eas, are usually generated from high level descriptions
such as Generalized Stochastic Petri Nets (GSPN) (Aj-
mone Marsan et al., 1995). Since the beginningof nineties
a variety of Stochastic Process Algebras (SPA) have been
proposed as alternative approaches to performance mod-
elling, see e.g. (Hermanns et al., 1998b; Hillston, 1996;
Buchholz, 1994; Bernardo and Gorrieri, 1998; Brinksma
et al., 1995). With such algebras, CTMCs can be built in a
compositional way: since the inherent structure of nowa-
days and tomorrows systems is becoming more and more
complex, the possibility to specify CTMCs in a composi-
tional way is a significant advantage.
However, the benefits of compositionality are not re-
stricted to a reduced effort needed to specify the model.

As pointed out for instance in (Hillston, 1995), equiva-
lence preserving transformations can be applied to reduce
the analytical effort required by the model, in particular to
reduce the size of the underlying state space and the cor-
responding CTMC.
Equivalence relations that are applied for this purpose are
based on a stochastic adaptation of the notion of bisimu-
lation, the central equivalence for non-stochastic process
algebra (Milner, 1989). Their compositional application
is particularly successful and leads to a significant reduc-
tion of the state space of the model if the system under
consideration contains identical components. First, how-
ever, the symmetries have to be detected by generating the
state space, or by introducingsome kind of syntactic trans-
formation. The latter approach is, for instance, applied
in (Hermanns et al., 1995) using equational laws; a gen-
eral technique for detecting some forms of symmetries at
a syntactic level is discussed in (Gilmore et al., 1998).
In the context of Petri nets, similar observations have lead
to the definition of Stochastic Well Formed Nets (SWN)
(Chiola et al., 1993) which extend GSPNs with colours
as means to express symmetries at the specification level.
Also uncoloured GSPNs allow a certain degree of sym-
metry representation, since a place may contain multiple
tokens when their identity is irrelevant. In this situation
the resulting state space can be much smaller than the state
space of a corresponding 1-safe net.
We develop a similar concept for SPA, introducing sym-
metric parallel composition, an operator that realises n-
ary parallel composition of identical replicas, strongly in-
spired by (RS94). Its semantics directly produces a re-
duced state space. Furthermore, the semantics can be
proven to be correct with respect to the usual semantics of
parallel composition. To explain this operator we provide
an interpretation in terms of Petri nets. The paper is or-
ganised as follows: After a brief sketch of the language we
introduce symmetric composition and its properties. Then
we show the effect of this operator by means of a simple
example. The next section presents a possible Petri net in-
terpretation of symmetric composition. Before conclud-



ing the paper with a short summary we review a few re-
lated approaches to exploit symmetries.

SYMMETRIC COMPOSITION

Before introducing the symmetric parallel composition
operator we make more precise the scenario by briefly in-
troducing the language we will focus on, a variant of the
ISO standardised specification language LOTOS. It is the
calculus of Interactive Markov Chains (Hermanns, 1998).
Due to space constraints, we cannot present in detail the
language and its theory; we invite the reader to see for ex-
ample (Hermanns et al., 1998b) for all the details.
The language L is built from the following opera-
tors, where a is an action, taken from a set of actionsAct [ f�g, and A is a subset of Act . We distinguish the
action � as an internal, invisible activity, while all other
actions are external, describing some activity that is ob-
servable from the environment.stop inactiona ; P action prefix(�) ; P Markovian prefixP []Q choiceP j[A]jQ parallel compositionhide A in P hidingX process instantiation

A set of process definitions (of the form X := P ) consti-
tutes a process environment.
The operators have the following informal meanings:stop represents a process that cannot perform any action.a ; P executes an action a and then behaves like P . The
time instant at which a is executed is not determined, ex-
cept if the action is internal (i.e. a = � ). In the latter case,
the action is performed immediately (in zero time), while
an external action can potentially be the subject of some
external influence affecting its execution time. (�) ; P is
the process that after a certain delay evolves to the behav-
iour of P . This delay is governed by a negative exponen-
tial distributionwith rate �. The expressionP []Q behaves
either as P orQ, but not both. The decision between these
alternatives is taken in favour of the fastest, i.e. the first
alternative that is able to evolve further, either because
some delay has elapsed, or because some action can occur.
This is known as the race condition. If this fastest process
is not uniquely determined, a non-deterministic selection
among the fastest processes is made. In P j[A]j Q the
processes independently execute all actions not belonging
to the set A, and synchronise on those in the set A. Note
that internal actions are not allowed to occur in any syn-
chronisation setA. This is the reason why internal actions

cannot be delayed due to the environment, while exter-
nal actions can be subject to further synchronisation con-
straints influencing the time of their execution. Note also
that, different from other SPAs the synchronisation of de-
lays is ruled out in our language, avoiding some seman-
tical ambiguities. The process hide A in P behaves in
the same way as P , except that the actions in the set A are
internalised, they are turned into internal actions � .
The formal semantics of the language is defined in a struc-
tural operational style (Plotkin, 1981), defining action
transitions,

a����➤, and Markovian transitions, �-----➤, be-
tween expressions of the language. Since parallel compo-
sition plays the role of a yardstick for symmetric compo-
sition,we discuss here the operational semantic rules for
parallel composition.P a����➤ P 0 Q a����➤ Q0P j[A]jQ a����➤ P 0 j[A]jQ0 a 2 AP a����➤ P 0P j[A]jQ a����➤ P 0 j[A]jQ a 62 AQ a����➤ Q0P j[A]jQ a����➤ P j[A]jQ0 a 62 AP �-----➤ P 0P j[A]jQ �-----➤ P 0 j[A]jQQ �-----➤ Q0P j[A]jQ �-----➤ P j[A]jQ0
These rules are read as follows: if the transition above
the line is possible, then we can infer the transition be-
low the line, provided that the side condition holds. The
first rule handles synchronisation, where both processesP and Q have to change state on the occurrence of an
action a contained in the set A. The remaining four
rules handle the asynchronous execution of action tran-
sitions and Markovian transitions. As a consequence of
the memoryless property enjoyed by negative exponen-
tial distributions, Markovian transitions can be simply in-
terleaved (without the need to adjust distributions in the
idling process).
By applying the semantic rules it is possible to obtain a
transition system underlying any expression, i.e. a di-
rected graph describing its behaviour. As an example,
Figure 1 shows the transition system of P j[a]j P j[a]j P ,
where P := (�) ; a ; stop.
One of the most important aspects of (stochastic) process
algebras is the possibility of defining equivalence rela-
tions between processes which can be used to compare



�� ��(�) ; a ; stop j[a]j (�) ; a ; stop j[a]j (�) ; a ; stop�� ��: : : j[a]j a : : : j[a]j : : :�� ��a : : : j[a]j : : : j[a]j a : : :�� ��a : : : j[a]j a : : : j[a]j a : : :�� � ����� ����� ��a : : : j[a]j a : : : j[a]j : : : �� ��: : : j[a]j a : : : j[a]j a : : :�� ��a : : : j[a]j : : : j[a]j : : : �� ��: : : j[a]j : : : j[a]j a : : :��� ��stop j[a]j stop j[a]j stopa
Figure 1: Parallel composition of identical processes

process specifications and to replace one specification by
another one which exhibits an equivalent behaviour, but
possibly has a different representation (such as a smaller
state space). A central notion in this context is the notion
of bisimulation (Milner, 1989) which compares processes
according to the actions they are able to perform. In the
essence, any action a either process is able to execute can
be matched by an execution of the same action a of the
other process such that the processes remain equivalent af-
ter these executions.
On the level of Markov chains, a corresponding defini-
tion is provided by the notion of lumpability (Kemeny and
Snell, 1976; Hillston, 1996). By imposing constraints on
actions and rates, strong Markovian bisimilarity reflects
lumpability and bisimulation on Markovian transitions,
respectively action transitions (Hermanns et al., 1998b).
A corser notion of equivalence, weak Markovian bisimi-
larity, additionally allows abstraction from internal com-
putations, in the spirit of (Milner, 1989). For this purpose,
sequences of internal actions are treated as being irrele-
vant since they do not consume time and are not observ-
able. The details can be found in (Hermanns, 1998).
Let us now introduce the symmetric composition operator
and its semantics. Parallel composition of identical com-
ponents usually causes unnecessary growth of the state
space, if the traditional operator j[A]j is used for this pur-
pose. For instance, in the transition system of Figure 1,
the states in the second (as well as in the third) row are
equivalent, since they are just permutations of each other.
The symmetric composition of n replicas of P is de-
noted by fn ! PgA to indicate that n identical components
evolve independently by spending time or performing ac-
tions not belonging to the synchronisation set A; actions
contained in the set A, instead, have to be performed syn-
chronously by all replicas.
Consider, for example, the transition system of Fig-

�� ��f3 ! (�) ; a ; stopgfag�� ��f2 ! (�) ; a ; stop ; 1 ! a ; stopgfag�� ��f1 ! (�) ; a ; stop ; 2 ! a ; stopgfag�� ��f3 ! a ; stopgfag�� ��f3 ! stopgfag3�2��a
Figure 2: Symmetric composition of processes

ure 2. The process f3 ! (�) ; a ; stopgfag will first
spend some time, since the three entities enable Markov-
ian delays. The time until it changes to another behav-
iour is given by the minimum1 of three exponential dis-
tributions, all with rate �, i.e. the rate until a change
happens is 3�. Then, one of the replicas will change its
behaviour to a ; stop while the other two will stay
in their current state. We denote this situation by the
term f2 ! (�) ; a ; stop ; 1 ! a ; stopgfag. Note that
this term contains two different expressions with their re-
spective multiplicities. What is the subsequent behaviour
of this term? Performing a is not possible, because only
one out of three replicas is ready to perform it. Therefore,
in complete analogy to the above, this process will evolve
to f1 ! (�) ; a ; stop ; 2 ! a ; stopgfag with rate 2�.
This process is still not able to perform a and it will
hence evolve to f3 ! a ; stopgfag with rate �. Now, all
processes are ready to perform a, leading to the final statef3 ! stopgfag.
This simple example illustrates the potential benefits of an
operator to explicitly specify such symmetric behaviours.
In order to formalise the semantics of this operator, we es-
sentially deal with multisets of expressions. The bridge
between the notationM = fn1 ! P1; : : : ; nm ! Pmg and a
standard multiset over L, i.e. a function (also denotedM)
from L to IN is the following definition:M(P ) = k > 0 if and only if (k ! P ) 2 M:
We use a common multiset operation to manipulate mul-
tisets, namely insertion (�) of elements into a multiset. It
is defined as M� P := M0, whereM0(P 0) := if P 0�P thenM(P 0) + 1 else M(P 0)
After these notational preliminaries we are ready to define
the semantics of our new operator. It is given by the fol-
lowing operational rules:1The minimum of a set of exponential distributions is given by an
exponential distribution with a rate equal to the sum of the individual
rates.



;A a����➤ ;A a 2 AMA a����➤ M0A P a����➤ P 0(M� P )A a����➤ (M0 � P 0)A a 2 AP a����➤ P 0(M� P )A a����➤ (M� P 0)A a 62 AP �-----➤ P 0(M� P )A n�-------➤ (M� P 0)A M(P ) = n� 1
The first two rules handle synchronisation, where all

replicas have to change state on the occurrence of an ac-
tion contained in the set A. The necessary preconditions
that all elements in the multiset are able to perform an
action are checked element-wise, until the remaining set
is empty. The latter two rules of symmetric composi-
tion handle asynchronous action transitions, respectively
Markovian transitions, in a straightforward way; notice
that the multiplicity of enabled Markovian delays is taken
into account in the rate n� in the last rule.
A central property of symmetric composition is its con-
sistency with traditional parallel composition. The proof
proceeds by induction on n, but is omitted due to space
constraints.

Theorem For all n > 0, we have that fn ! PgA
is strong Markovian bisimilar to P j[A]j : : : j[A]j P| {z }n times

.

Symmetric composition always produces a smaller, but
bisimilar, transition system compared to the traditional
notation.
In the next section we will show by example that symmet-
ric composition can turn an exponential blow up (in the
number of parallel components) into a quadratic growth,
if the components are identical replicas. Indeed, for that
example, the state space produced by symmetric com-
position is minimal. A transition system is minimal if
it possesses the least possible number of states neces-
sary to represent a certain equivalence class of behav-
iours. This raises the question whether symmetric com-
position always generates the minimal transition system,
if we choose strong Markovian bisimilarity as the relevant
equivalence. The experiences we sketched so far seem
to suggest this desirable property. However, minimality
does not hold in general, but can be formally shown for a
restrictied class of expressions, linear processes, that nei-
ther involve choice nor parallel (or symmetric) composi-
tion. It appears feasible to extend this property beyond

Buffer

Season

Consumer

Producer ...

...

Figure 3: A simple producer/consumer example

linear processes, but it is not obvious how to syntactically
characterise a larger class such that, for instance, the ex-
ample given in the next section is included.

REDUCTION BY EXAMPLE

In this section we study the benefits of symmetric com-
position by means of an example. In particular, we com-
pare the growth of the state space when the model is
specified using the symmetric and the traditional paral-
lel composition operators. We investigate a simple pro-
ducer/consumer example, parametric in the number of
producers and consumers, whose structure is depicted in
Figure 3. Each producer generates jobs and then delivers
them to a buffer, common for all producers. If we restrict
the buffer size to five places, a possible specification is:Buffer0 := put;Buffer1Bufferi := put;Bufferi+1 [] get;Bufferi�1i = 1; 2; 3; 4Buffer5 := get;Buffer4
The producers individual rate for generation of jobs alter-
nates between two different values. In a high load phase
the rate is smaller, i.e. jobs are generated more often than
in a low load phase. The change of phase is initiated by
an external signal c.Producer := (high); put;Producer [] c;ProdLowProdLow := (low); put;ProdLow [] c;Producer
This external signal c is periodically emitted by a (rather
slow) synchronising process.Season := (slow); c;Season
The consumers simply take jobs out of the buffer and work
on them (with a certain rate).Consumer := get; (work);Consumer
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Figure 4: Size of the transition system

The overall structure is as follows:System := hide c; put; get in(Season j[c]j Producersn) j[put]jBuffer0 j[get]j Consumersm
where the producers and the consumers are parametric.
Using traditional parallel composition they may be sub-
stituted by:Producersn :=Producerj[c]j : : : j[c]jProducer| {z }n timesConsumersm :=Consumerjjj : : : jjjConsumer| {z }m times

In the sequel, we will refer to this specification as the
traditional specification. Note that Consumer repli-
cas are completely independent from each other, whereasProducers have to synchronise on c. On the occurrence
of this signal, all of them synchronously change from one
load phase to another. As a consequence, the production
of jobs is a certain Markov modulated Poisson process.
Using symmetric composition(and the theorem of the pre-
vious section), the whole specification can be equivalently
expressed by the following expression, that we will call
symmetric in the sequel.hide c; put; get in(Season j[c]j fn ! Producergfcg) j[put]jBuffer0 j[get]j fm ! Consumerg;
We have constructed the transitionsystem underlyingboth
specifications with the TIPPtool (Hermanns et al., 1998a).
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Figure 5: Size of the lumped Markov chain

Figure 4 compares the traditional description with the one
where symmetric parallel composition is used. The tra-
ditional description grows truly exponential in both para-
meters, from 72 states (n = 1; m = 1) to 93312 states
(n = 5; m = 5). In contrast, using symmetric paral-
lel composition leads to a quadratic growth of the state
space, from 72 states to only 1512 states. Note that both
transition systems are strongly Markovian bisimilar, as a
consequence of our theorem. In addition, the transition
system generated by symmetric composition is minimal,
since there is no smaller, yet (strongly Markovian) bisim-
ilar transition system. To verify this, we have used the al-
gorithms provided by the TIPPtool. Indeed, with these al-
gorithms, both specifications can be compressed further,
if the notion of weak Markovian bisimilarity is applied in-
stead. As already mentioned, weak Markovian bisimilar-
ity allows abstraction from internal activities. Since we
have used hiding to internalise synchronisation of compo-
nents, the application of weak Markovian bisimilarity is
quite fruitful. In particular, the resulting transition system
does not possess action transitions and therefore directly
corresponds to a lumped Markov chain. The size of this
Markov chain is depicted in Figure 5, it grows quadratic
from 16 to 96 states. Note that both specifications result
in the same lumped Markov chain, as an indirect conse-
quence of the above theorem (using the fact that strong
implies weak Markovian bisimilarity).
Figure 6 again compares the state space requirements of
both specifications, but now compositional aggregation is
applied to both. Some explanations are necessary to as-
sess this plot. Compositional aggregation exploits substi-
tutivity of language operators (in particular parallel com-
position) with respect to an equivalence. (Hillston, 1995)
gives a good insight into the flavour of compositional ag-
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Figure 6: State space size for compositional aggregation

gregation in the framework of SPA. The general idea is
to generate the state space in a stepwise fashion along the
parallel structure of the specification and to minimise the
state space in every step. Compositional aggregation with
respect to weak bisimilarities particularly allows one to
exploit abstraction from internal details. This can drasti-
cally reduce the size of the state space, as reported e.g. in
(Chehaivbar et al., 1996).
The interplay of hiding and parallel composition in each
step allows a simple rule of thumb to achieve optimal ag-
gregation. In order to reduce as much and as early as pos-
sible, it is wise to internalise actions that are local for cer-
tain components. After incorporating this rule of thumb
into our specification, we have performed compositional
aggregation with respect to weak Markovian bisimilarity
for both types of our system specification, again varyingn and m between 1 and 5. With compositional aggrega-
tion, it makes no sense to compare the result of the whole
aggregation procedure, since the result of the very last ag-
gregation step is always minimal. In other words, compo-
sitional aggregation for the traditional as well as the sym-
metric specification produces the results depicted in Fig-
ure 5. A proper comparison is based on the maximum
number of (intermediate) states that have to be stored dur-
ing compositional aggregation. This is what is depicted
in Figure 6. In this comparison, symmetric composition
(28 to 216) is still, though only slightly, better than tradi-
tional composition (28 to 275). Note that an increasingm
does not always affect the maximum usage of state space.
This is particularly true for the symmetry exploiting spec-
ification, but also for the traditional description (for smallm). It is caused by the fact that m comes into play in
the very last composition step(s), but former composition
steps have already led to larger intermediate state spaces.

PETRI NET INTERPRETATION

In this section we give an intuitive interpretation of sym-
metric composition in terms of Petri nets2. In (Bernardo
et al., 1995b; Ribaudo, 1995) net semantics for SPAs have
been proposed: in both cases the nets which are obtained
are 1-safe, i.e. each place can contain at most one token.
(Bernardo et al., 1995a) proposes a label-oriented net se-
mantics in which the restriction to 1-safeness is relaxed in
order to obtain more compact models in which places can
hold many tokens.
Symmetric compositionfn ! PgA specifies thatn replicas
of P cooperate on the actions appearing in the set A and
otherwise proceed independently. The question is: what
is the Petri net counterpart for this operator?
Let us first consider the term fn ! Pg;: starting from a net
representation of P , we can easily interpret the number n
as the number of tokens forming the initial marking of this
net structure. In this sense, symmetric composition ap-
proaches the notion of places with multiple tokens at the
level of the process algebra specification.
Let us now turn our attention to symmetric composition
with synchronisation of all replicas, as in fn ! PgA. Usu-
ally the synchronisation between activities is translated
considering the superposition of transitions with the same
label occurring in the synchronisation set. Since we know
the number of identical replicas and that they all synchro-
nise on the same actions belonging to A, we can build the
net of a single component and then model the synchroni-
sations by associating proper multiplicities with the input
and output arcs of the transitions modelling the synchro-
nising activities. These multiplicities are given again by
the number n appearing in fn ! PgA.
Returning to the first example discussed when intro-
ducing symmetric composition, the two nets shown in
Figure 7 corresponds to the translations of the termsP j[a]j P j[a]j P and f3 ! Pgfag (assuming that timed
transitions with infinite server semantics model Markov-
ian delays and immediate transitions model immediate ac-
tions). The GSPN in Figure 7(a) is obtained by applying
a variant of the net semantics defined in (Ribaudo, 1995)
for the traditional composition of identical processes. The
GSPN in Figure 7(b) instead translates symmetric compo-
sition by applying the recipe discussed above. The reach-
ability graphs underlying these two nets are isomorphic to
the transition systems shown in Figures 1 and 2.
The mapping of the symmetric composition operator onto
GSPN models becomes more complicated if the algebraic
specification of the single components involves more than2We are indeed considering GSPNs since our language has both
Markovian delays and immediate actions.
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a single action labelled with a name in the set A. This
is the case, for instance, in the expression f2 ! Qgfag
whereQ := (�) ; (a [] b) [] (�) ; (a [] c), whose resulting
GSPN model is shown in Figure 8.
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Figure 8: GSPN model of f2 !Qgfag

With the introduction of symmetric composition, we ab-
stract from some information about the modelled system.
The operator relies on the fact that it is not possible to dis-
tinguish which replica is actually performing some action
just by observing the behaviour. This behaviour oriented
view is essential for process algebras and indeed the basic
justificationfor the theorem introduced earlier. In the Petri
net formalism a similar view is taken implicitly whenever
identical subnets are folded together in order to obtain a
more compact model. However, the effect of symmetric
composition is different from the one introduced in the
context of SWNs where a more compact representation is
obtained by adding a colour structure at the net level. In
fact, our symmetric composition operator can be mapped
onto an uncoloured net since the behaviour oriented view
only considers situations in which the identity of the com-
ponents is not significant.
It is worth noticing that symmetric composition breaks a
limitation of SPAs compared to GSPNs: A single Petri net
structure can be used to represent several instances of the
same system by changing its initial marking. So far, this

possibility was provided by the SPA formalism only by
explicitlyenumerating the components at the specification
level. Symmetric composition instead is parametric in n
and a change of n matches a change in the initial mark-
ing of the corresponding net. The Petri net interpretation
of symmetric composition mainly highlights that this op-
erator incorporates a notion of token multiplicities into the
context of SPA.

RELATED WORK

Some other techniques have been proposed to generate
a reduced state space in the context of SPA. (Hermanns
et al., 1995) uses equational laws to perform syntactic
rewriting of expressions that are symmetric. Although
that paper only exploits strong bisimilarity on a purely
Markovian calculus, i.e. where actions are linked to de-
lays, this technique is equally possible for the calculus
presented here, using the equational characterisation of
(Hermanns, 1998). A comparison of such a technique
with the ones discussed here is difficult. First, syntac-
tic rewriting does not produce a state space. Instead, it
shrinks and expands the syntactic specification by apply-
ing rewrite rules. In addition, different ordering of rewrite
rule applications may lead to drastically different stor-
age requirements. However, for the special case we con-
sidered here, where identical replicas of components are
tackled, it seems to be not too difficult to develop a high
level transformation law that produces the same result on
the syntactic level that our operator does on the level of
transition systems.
An approach in a similar direction has recently been de-
veloped in (Gilmore et al., 1998), yet restricted to a purely
Markovian calculus. In that paper a reduced state space
for symmetric systems is generated by storing only one
among a set of equivalent processes. The proposed tech-
nique also works at the level of syntactic descriptions:
processes are considered to be equivalent if they can be
obtained by permutation of symmetric components within
parallel composition and hiding operators. For each set
of equivalent processes the one which is minimal with re-
spect to the lexicographic ordering is considered as the
representative of the set and hence explicitly stored in the
reduced state space. Before the generation of the reduced
state space, a pre-processing phase is necessary for syn-
tactic rearrangements of the model. These transforma-
tions, however, are able to handle symmetries beyond the
power of symmetric composition. For instance, they ex-
ploit symmetries also if replicas are synchronised via dif-
ferent synchronisation sets, as in (P j[a]j P ) j[b]j P . This
is not possible with symmetric composition via fn !PgA,



because the synchronisation set is fixed for all replicas.

CONCLUSION

In this paper we have introduced symmetric composition
for SPA; its operational semantics is compact and intu-
itive, and consistent with the traditional operator. We have
also provided an informal Petri net description of this op-
erator. It highlights that symmetric composition incorpo-
rates a notion of token multiplicities into SPA.
By means of an example we have shown that the tradition-
ally observed exponential growth of the state space can be
turned into an at most quadratic growth, and we have also
illustrated the beneficial effect of compositional aggrega-
tion on this example.
The transition system generated by symmetric composi-
tion is minimal (with respect to strong Markovian bisimi-
larity) in many cases, even though we have only been able
to prove this property for the class of linear processes. Fu-
ture work will study how this result can be extended to
more general classes of processes. In order to achieve this,
it seems helpful to provide a formal definition of the Petri
net semantics of symmetric composition.
Another point for future work is the relation to other ap-
proaches for the generation of reduced state spaces for
SPA models; for instance, it is worth to be investigated
how the operator can be extended into the direction of
(Gilmore et al., 1998) where only a part of the replicas can
synchronise on certain actions.
The language used in this paper deviates from other SPAs
since it does not rely on synchronisation of Markovian
transitions. In this way, we have avoided the need to pro-
vide an intuitive stochastic interpretation of the rate to be
associated with a synchronisingMarkovian transition. All
other approaches have to address this point, but they pro-
vide rather different interpretations. However, this deci-
sion is orthogonal to the definition of symmetric parallel
composition and we claim that any kind of substitutive
parallel composition of Markovian transitions can be eas-
ily adopted to our symmetric composition.
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