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ABSTRACT — For evahration of arithmetical expressions using

multiple precision floating-point arithmetic, a method is given to

automatically perform error cumulation control prior to the actual

computations. Individual errors and their effects are identified,
and it is shown how to compute these effects efficiently via

automatic differentiation. In the presented approach these effects
we used to determine which precisiorrs have to be chosen during

the real computations, in order to limit error cumulation to admis-
sible, user chosen error bounds.

1. INTRODUCTION

An important application of computer algebra systems is the gen-

eration of code for numerical purposes via automatic or semi-

automatic program generation. But the code thus obtained may be

numerically unstable. However analyzing or improving such code

manually is impractical, especially for large problems. Conse-

quently, a symbolic-numeric interface ought to include tools for
analyzing, or rather controlling the numerical stability of the gen-

erated code.

Most of the existing automatic error analysis techniques

[1,2,8, 11,12, 13,14,15] are applied after the actual computations
have been carried out with one fixed finite precision. In view of
the existence of multiple precision floating-point arithmetic

(MFA) packages, such as Sesaki’s [20] in REDUCE [5], it would

be more attractive to automatically determine, prior to the actual
computations, which precision have to be chosen during (parts

of) the real computations, in order to avoid unnecessary loss of

significant digits.

We present an algorithmic method to perform a priori error

analysis and error cumulation control. This method allows to pro-

duce a set of instructions for a reliable use of a MFA package, as
the method allows to automatically determine the required preci-
sion for each MFA operation in the computational process of an

arithmetical expression, once accuracy of input data and required
precision for the answer are known. The earlier approach of

Hulshof and van Hulzen [6] was based on interval arithmetic.
Therefore it may result in overestimations, also because the argu-
ments of each MFA operation, and consequently their cumulative

errors, were viewed as mutually independent entities. Our present
method also relies on automatic differentiation facilities - pro-
vided by its computer algebra context – thus allowing to take pos-

sible dependence in the computational process into account. It is
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implemented in REDUCE, as extension of Sasaki’s MFA pack-

age. Experiments with this implementation indicate that good

results are obtained for numerically stable computational

processes. Extensions of our method to be able to handle unatablc

cases too are in elaboration.

The organization of this paper is as follows. In section 2 we
describe how an arithmetical expression that will be evahtated

using MFA can be rewritten as a sequence of input data and basic

operations. Each of these input data and basic operations is con-
sidered as an individual error source in the actual computation of
the value of the arithmetical expression. The effects of individual
errors on the value of the arithmetical expression are discussed in

section 3; this section is also used to show how to compute these

effects efficiently via automatic differentiation. In section 4 we

describe how the required precision for each basic operation in the

sequence, introduced in section 2, is obtained from the effects dis-

cussed in section 3. An interesting aspect, i.e. accuracy of the

precomputations, is discussed in section 5. Finally, section 6 is
used to give some conclusions and to indicate future research.

2. COMPUTATIONAL PROCESS

Our method for error cumulation control can be applied to blocks
of straightline code, but for the sake of simplicity, we restrict our

attention to the evaluation of a single arithmetical expression. We

consider an arithmetical expression that defines a mapping ~ of n
real numbers xi, i=l,2 >. ... n, onto a real number

y=.f(xl, x2,..., x“).

The process of computing the value of the arithmetical expression
is assumed to be representable by a computational scheme, i.e. a

sequence of the following form:

U; : = Xj, i=l,2, . . ..n. (2.1)

Ui := $j(ui,, ‘i,, . . . . ‘i,,,), ~= ~+1, n+2, . . . . m, (2.2)

Y~=%l, (2.3)

where I$j is one of the basic operations (+, —, X, /, ~, sin, COS, exp,
log, etc.) a priori defined, and whose arguments Ui ,

j=l,2, ..., s(i), appear earlier in the sequence, i.e. ij c ‘i,

j=l,2, . . .. s(i).

A computational scheme can be visualized by a computational
graph, i.e. a directed graph with for each Ui in the computational

scheme a corresponding node, and for each $i in the comprna-
tional scheme a corresponding set ofs (i) arcs: one arc from each
of the nodes corresponding to the arguments Ui,, Ui,, . . ., Ui,0 of

@i to the node corresponding to ui. Obviously, the graph thus ‘con-

structed is acyclic, and given such a graph, the corresponding
Machinery. To copy otherwise, or to republish, requires a fee

and/or specific permission.
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computational scheme is determined up to an unessential reorder-

ing, as shown in

Example 2.1
Given the arithmetical expression: y = xl – x; . A computa-

tional scheme can be u~ :=X1, u~ := X2,,
u~ :=u, +u~, u~ :=u~—u~, us :=u~xu~,
y:=u~. The associated computational graph is:

=X2

•1

In the acturd computation of the value of an arithmetical expres-

sion using MFA, two types of errors generally arise:

1.

2.

Errors in th input data. The input data xi. i = 1, 2, , . . . n,
may not be known or represented exactly, so approxitnati ons

ij, i=l,2, ..., n, have to be used in the actual computation.

Rounding errors. In stead of the (exact) basic operations 0;,
i = n.+~,-n+2,,. ..-. m, the corresponding (ap~roximating)

MFA operations @i, i = n+l, n+2, . . . . m, are actually carried
out.

So, the actual computational process corresponding to (2.1) -
(2.3) is:

iii : = ii, i=l,2, . . ..n. (24)

iii := ~i(fii,, fii,. . . . . fii,,, ), i = n+l, n+2, . . . . m, (2.5)

;:=fim. (2,6)

Letx :=(x1, XZ, . . . . x.), and leti :=(;I,;2, . . . . Xn), We have

y = f (x), and we can ~onsider j as the-result of applying an
approximating function ~of fto ~, i.e. j =$(;). Then

Ay := j-y = ~(;)-f(i) + ~(;) -f(X), (2.7)

i.e. the total error Ay in ~ is a combination of a propagated error

f (~) --f&), dur to the errors in the input data, and a genzrwted
error f(x) - f(x), due to the rounding errors of the MFA opera-
tions. We adopt the point of view that errors in input data are

inevitable, while rounding errors are adjustable, i.e. they can be

reduced by increasing the precision of the MFA operations. Our

aim is to reduce the generated error in j such that it fits into the
gap between the propagated error and some admissible error
bound.

3. AUTOMATIC DIFFERENTIATION

In view of (2.1) – (2.3) and (2.4) – (2.6) the local (absolute) error

Sui in iii is defined by

8Ui:=2i-Xj. i=l,2, . . ..n. (3.1)

and

i = ~+1, n.+z,. ... m, (3.2)

whilst the total (absolute) error Aui in ii is defined as

Aui : = fii _ Ui, i=l,2 ,. ... m. (3.3)

Now the relationship between them is stated. It is easy to see that

Aui = 8ui. i=l,2, ... ,n. (3.4)

Using Taylor expansion, the total error Aui for
i = n+l, n+2 ?. ... m, can be expressed as

&i =

——

——

ii(ii,, ‘i,,..., ‘ii,(,) - Qi(uj, 7 Ui,, . . . . Ui,(,,)

@i(fii,, ‘ii,, . . . . ‘ii,(o) – $i(fii, . ‘i,, . . . . ‘ii,,,))

+ $j(fii,. Ui,. . . . . Ui,,, ) – ~i(Ui, , Ui,, . . . . Ui,,, )

~(i) dui
&4i + ~ —Aui, + 0(A2U,),

j=, au$

i = n+l, n+2 ,. ... m, (3.5)

where .%ildui, is the so-called local partial derivative of Ui with

respect to u+ in (2.2), i.e. duitau~ = il~i(ui,, Ui,, , . . . uj,<, )/&fG ,

and O (A2U, ) stands for terms of the second and higher orders with
respect to the Au’s. By applying (3.4) and (3.5) to the whole com-

putational process for the arithmetical expression, and by using

the chain rule of differentiation, the following expression for the

totaf error Ay in the computed value j is obtained:

mayi5ui + o (&u.),AY = Xz
jel

(3.6)

where ily/dui is the (total) partial derivative of y with respect to
ui in the sequence (2.1) – (2.3), and O (S2U,) stands for terms of

the second and higher orders with respect to the 6u’s. In the next
section we show that these ay /i3ui’s are used to determine the

required precision for each basic operation in the sequence (2.1) -
(2.3), once absolute bounds for the local errors &Ji,
i=l,2 ,. ... n, in the input data and an admissible absolute

bound for the total error Ay in the answer are known. Therefore,
an automatic and efficient computation of these ~y/aui’s is of
vital importance. The remainder of thk section is dedicated to

such a computation.

Every local partial derivative ~ui/hb in (3.5) is assumed to be

automatically computable. This is clearly a realistic assumption.
For example, if @i= x , i.e. if Ui = ui, x Uiz , then the correspond-

ing Iocaf partial derivatives are hilaui, = ui, and auilaui, = ui, .

Under this assumption all i3y/aui’s in (3.6) can be computed

efficiently by automatically extending the computational scheme

(2.1) - (2.3) according to (3.9) - (3.13). Let Ii be the set of

indices of all arguments of @i in (2.2), i.e.

~i := {il,i~,...,i,~i~), i=n+l, n+2, . . ..m. (3.7)

and let Ji be the set of indices of all basic operations in (2.2) hav-

ing Ui as one of their arguments, i.e.

.I/:={j[i EIj}, i=m-l, m–2, . . ..l. (3.8)

Denoting by vi the (total) partial derivative ay/i)ui , the extended
computational scheme mentioned above is as follows:

Ui :=x. z. i=l,2 ,. ... n, (3.9)

Ui := $i(”i,. ‘ix, . . . . ‘i,(o). i=n+l. n+’L . . . . rn,(s.lo)

Y :=%, (3.11)
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vm:= 1, (3.12)

Vj := j~,~vj i = m–l, m–2 ,. ... 1, (3.13)

where ihijlaui is one of the (automatically computable) local par-

tial derivatives in (3.5). By definition we have j > i for all j c Ji.

Thus vi is computed from vj’s with j > i, whereas ui is computed

from ui,’s with ij < i. Therefore, the extension (3.12) – (3.13) is

called the reverse extension by Griewank [4]. He has demon-
strated that the cost of evaluating the extended computational

scheme (3.9) – (3.13) is no more than five times the cost of

evaluating the computational scheme (3.9) – (3.11). Others like
Kedem [9] and Rail [16] have not mentioned thk efficient

approach for automatic differentiation.

The computation of the (total) partial derivatives, i.e. the vi’s, can

be visudlzed by attaching the local partial derivative hiklui, to

each arc from Ui, to ~i on the computational graph corresponding

to the computational scheme (2.1) – (2.3).

Example 3.1 (continuation of example 2.1)

The local partial derivatives are au31aul= 1,
au31aU2= 1, aubtaul = I, aublauz = –I,

&l& = U~ , &@hd = U3 . According to (3.8) holds:
J~ = .lJ = (5) , J2 = J, = {3,4) . This leads to the fol-

lowing extension of the computational scheme: V5 : = 1,

V4:= U3XV5, V3 :=u~xv~, V2:= v~—v4,

VI := VJ+V4. Accordingly the extended computational graph

is:

•1

4. PRECISION DETERMINATION

Before we describe how the vi ‘S – dkcussed in the previous sec-
tion – are used to determine the required precision for each opera-
tion in the actual computation of the value of an arithmetical
expressio~ i.e. the sequence (2.4) – (2.6), we have to discuss this
computation in more detail. This computation will be done in
multiple precision floating-point arithmetic (MFA). In practice
subsets ~~:a of 1? are used. For b,d G N, b > 1, d =- O, the
floating-point number system ~~,d c R is defined by

F/@ := (x=*m .bcl* ~ {+, -), m=~m[i]b-i,
i=1

m[i]6(0, 1,. ... 11),),

m[l] #O, e e Z). (4.1)

Here x is called a (normalized) floating-point number with sign *,

mantissa m, and exponent e; b is called the base, and d is the

number of digits in the mantissa and is called the precision. If the
index b is suppressed the base b is assumed to be fixed. If the
index d is suppressed too, then the set of floating-point numbers

with an arbitrary and finite number of digits in the mantissa is

denoted, i.e. lF : = u lFd .
O<d<w

In accordance with [10], we assume-that the local error 8ui gen-

erated by the actual MFA operation @i in (2.5) is due to rounding

the “exact” result to, say, d; digits, i.e.

~,(~[,, ;,,,..., tii,,,) = ❑~,( $i(fii,, ;i,, . . . . fii,,o) ),

i =n+l, n+2, . . . . m, (4.2)

where ~i, ~P, j=l,2, ..., s(i), and !34 is a rounding from 1?

into F4. A commonly used rounding from R? into F’d, is the so-

called rounding to the nearest floating-point number. Denoting by

O ~,, this rounding is defined as

[
Vd,(x),x e [ Vd,(x), Md,(x) )

%’x G ~, x20, Od((x) :=

\

(4.3)

Ad,(x)> X c [~~(x), A~,(x) 1>

Vxe n?, x<o, o~(x):=-o~(-x), (4.4)

where

Vxe l/7, V4(x):= max{y=F41y Sx), (4.5)

Vx e E?, A4(x) :=min{y~~d, lx <y}, (4.6)

Vd,(x)+ Ad, (X)
Vx e R, Md,(x) : =

2“
(4.7)

When rounding to the nearest floating-point number is performed,

the following absolute bound for the local error ~ui holds:

\3uil s&i := &’+0’4(”’), i = n+l, rz+2, ..., m, (4,8)

where

ord~(ui) :=max{k eZlb~<luil]. (4.9)

Let absolute bounds for the errors in the input data be given

\8uil S&i, i=l,2,..., n. (4.10)

Then under the assumption that O (fizu,) is neglectable, the fol-

lowing estimate for the absolute bound of the total error Ay in j
can be derived from equation (3 .6):

lAyl ~ l~vi~uil< ~lvj~uil< ~lvilsi, (4.11)
iel icl izl

where – in accordance with (3.12) and (3,13) – vi stands for

aylaui.

Given an admissible absolute bound Ey for th: total error Ay in ~,

and denoting the propagated error bound ~ Ivi \Ei by Ep, we
i=l

m
want the generated error bound ~ Ivi IEi to fit into the (possi-

i-+1

ble) gap between the propagated error bound Ep and the admksi-
ble error bound Ey, i.e.

~ Ivilsi s Ey-Ep. (4.12)
i=n+1

If there is such a gap, i.e. if Ep < Ey, this can be achieved by

choosing (for instance)
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~,< Ey-Ep
1

(77Z-l?)lVil’

i=n+l, n+z, . . ..fn. (4.13)

Combining (4.8) ande (4.13) yields the required precision di for

each MFA operation @iin (2.5):

(l’i > 1-1- ord~(ui) + logb lVi I – bgb
2(Ey - Ep)

m–n ‘

Output – the approximating values Z ~, iz, . . . . ;. of the input

&t%

– the sequence obtained in step 1;

– the corresponding precision computed in step 4. ❑

The output can be presented in the form of a sequence of instruc-

tions to apply Sasaki’s package to accomplish the computation.

i = n+l, n+2 ,. ... m. (4.1.4)

5. ACCURACY OF PRECOMPUTATIONS

Example 4.1

Let us consider the arithmetical expression

y = (XI–X2)/(X2X3FX2X3 with input data xl = 41/37,

X2 = 23/11, md X3 = 67113. We assume that the floating-point
values of the input data are known in 8 significant digits with base

10, i.e. ;I = 1.1081081, ~z = 2.0909091, ;3 = 5.1538462, lead-

ing to absolute error bounds Ei = 5.10-8, i = 1,2,3. Although
stricter bounds are possible, since we have exact values, we thus

simulate operating with computed or measured input data. Let the

computational scheme for the arithmetical expression be
u~ := xl, u~ := X2, UJ :=X3, u~ := U1–U2, us := U2XU3,
u~ := u4h4~, U7 := U6+U5, y := U7. According to (3.12) and
(3.13), we obtain the extension VT :=1, v~ ;=v~,

V5 ~=v7-u~xv61u~, v~ := V.51U5, V3 := u~xv~,
V’2 := u3xv~—v~, VI :=v~.
For a priori determination of the precision that have to be chosen

during the actual computation of the value of the arithmetical
expressio~ approximating values of the Ui’s and the vi’s are

needed. We simply choose a (low) precisio~ say d =4, for these

precomputations. This yields ill = 1.108, ii2 = 2.091,

ii3 = 5.154, iiq = –9.830”10-I, ii5 = 1.078.101,

ii6 = -9.119.10”2, ii, = 1.069.101, F, = 1.000, i76 = 1.000,

i75 = 1.008, F4 = 9.276 .10_2, fi~ = 2.108, V2=5.10)

;I = 9.276.10-2. From Vi ad &i, i = 1;2,3, art approximation Ep

of the propagated error bound Ep = ~ Ivi IEi can be computed.

Still operating in IP10,4, we get E> ~’~.651 C10-7. Assuming the

admissible error bound Ey = 6.10-7, we find the following
minimal precision, using (4. 14): df = 6, d5 =9, dc = 6, and
d7 = 9. The use of these precision results in

j = 1.06850230.101. Since y = 87119597/8153431, we indeed

obtain lAy I s Ey, i.e. 1.06850224.101< y < 1.O685O236.1OI.

n

The above outlined approach to automatic error cumulation con-
trol is implemented in REDUCE, as extension of Sasaki’s MFA
package, and can be summarized as a

Precomputation Algorithm

Input

Step 1:

Step 2:

Step 3:

Step 4:

an arithmetical expression y = ~ (xl, X2, . . . . XJ;
. . . . .

approxtmatsng values x ~, xz, . . . , x“ of the input

dat~

absolute bounds El, ~, . . . . E. for the errors in the

input datw,

— an admissible absolute bound Ey for the total error in
the answer.

rewrite the arithmetical expression as a sequence of the
form (2.1) - (2.3).

extend thk sequence to the form (3.9) – (3.13).

evaluate tils extended sequence using floating-point

arithmetic with a (low) precision.

compute the minimal precision, according to (4. ‘14),

using the same arithmetic.

During the a priori computation the approximating vahtes of the
Ui ‘s, the vi’s and Ep need not to be accurate, as long as their most

significant digit is a reliable measure for determining, according

to (4.14), the precision that will be used in the actual computa-
tion. In case of example 4.1 floating-point tiithrnetic with a low

precision (d= 4) torned out to be sufficient for the precomputa-

tions. However, that does not suffice in all cases, as we shall see

in the following example.

Example 5.1
Consider the commutation of the value of the arithmetical exmes-
sion y = l/(x~– ~x~– 4x2) for xl = 665857 and X2= 47b832

according to the computational scheme u~ :=X1, u~ :=x~,

U3 := u~T4, U4 := u2~d, U5 :=4XU4, u~ :=u~–u~,
UT := u~f2, us :=4xu7, Ug := U6–UJ3, u~~ := M49, y :=u~~.

Assume the input data are exactly known, i.e. El = E2 = O. Conse-

quently, the propagated error bound is Ep = O. For the determina-
tion of the precision for the actual computation, the extension

v~~ := 1, v9 :=–UIOXV10tU9, vs :=-Vg, VT :=4XV~, V6 :=Vg,
V5 := -vc, V4 := 4XV5, V3 := vG, and a chosen admissible error
bound Ey =5.10-6 are used. The results of the precomputations

in floating-point arithmetic with base b = 10 and precision d = 12,

18 and 24 are listed below. Only the first three digits in the
mantissa of the floating-point vahtes are shown.

d=12

ri K

3 1.96.1(?’

4 4.91.1(F

5 1.96.ltY’

6 1.00.10’2
7 221.l&’

8 8.86.10”

9 1.13.l@’
10 8.82.l&”

Iz I

7.79.10-=’

3,11.10-=

7.79.10-=

7.7910-”

3.l!.10-*

7,79.1 o-~

7,7910-”

1.00.10’

i

-i
8

8

1

1

1

1

1
—

—
i

3

4

5

6

7

8

9

10
—

d=18

E,

1.96. l&’

4.91.10=

1.961&’

8.86.10”

2.21~lo”

8.86.10”

-8.88.10’

–1.12.10-$

d=24

i K III 4

3 1.96.1(P’ 1.00.10” 30

4 4.9110= 4.00.10” 30

5 1.96.lIP 1.00.10” 30

6 8.86.10” 1.00.10” 18

7 221.10” 4.0010” 19

8 S.S6,1O” 1.00.10” 18

9 1.00.10” 1.00.10” 7

10 1.00.10” 1.0010” 7

Izl

1.26’10-’”
S.Ml&’”

1.26.l(r’”

1.M1O-’”

5.CW1O-’”

1.26.10-’0

1.261W”
l.oo.l@ 1

4

21

20

21

9

9

9

2

2

If the actual commutation is carried out with the tabulated rmci-

sions di, i =3,4;..., 10, we get j = –1.10-12, 5.0.10~- and

1.OOOOOO.1OOin case of a priori precision d = 12, 18 and 24
respectively. The exact value of the arithmetical expression is

y = 1. So, of the three a priori precision, only the use of the

highes~ i.e. d = 24, leads to an correct answer. Explanatorily, for

d =24 the vahses of the ui’s and the Ivi I ‘S are exactj i.e. Ei = Ui

~d lVil=\vi l,i =3.4,..., 10, while some of the Zi ‘S and the
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1: I‘s are completely incorrect for the two lower a priori preci-
Slons. ❑

As shown in example 5.1, the use of floating-point arithmetic with

a (low) precision in the precomputations may lead to wrong preci-

sion for the actual computation. This possible problem can

(probably) be avoided by using during the a priori computations a

so-called verified inclusion algorithm. In such an algorithm inter-
val arithmetic is used, and by means of iteration the diameters of

the resulting intervals are mostly reduced to the magnitude of the
relative rounding error unit. Consequently, even a low precision
for the floating-point bounds of these intervals is generally
sufficient for the precomputations. We are working on such a
modification of our method. For more details of verified inclu-

sions see [17,18,19].

6. CONCLUDING REMARKS

A method has been presented for automatic error analysis and
error cumulation control prior to the actual computation of the
vahre of an arithmetical expression. We believe that such an a

priori analysis c.q. control is an interesting tool, especially as part
of a symbolic-numeric interface. We intend to combine it with

our program generation [3] and code optimization facilities [7], in

order to aim at a symbolic-numeric interface that provides user
friendly facilities to allow to produce efficient and reliable numer-
ical programs in a natural way. Therefore, the present implemen-

tation is a prototype.

Basic to the presented method are the concepts of local and total

absolute errors and an equation which relate them. If in this equa-

tion the terms of the second and higher orders with respect to the
local errors are neglectable, and in many cases they are, then good
results are obtained by applying our method (with verified inclu-

sions).

Throughout thk paper we have restricted our attention to a single

arithmetical expression. However, all techniques incorporated in
the method can be applied to a set of arithmetical expressions, and
such a set may be given in the form of a straightline algorithm.

Besides, the absolute error point of view has been adopted in this
paper, whereas a similar method can be obtained from the relative

error point of view.

Finally, we remark that the presented method may be refined by

considering local errors as stochastic ally independent random
variables and consequently using probabilistic error bounds in

stead of absolute bounds, Furthermore, modifications of the
admissible 10CSI error bounds, see (4.13), might lead to another

refinement of the method.
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