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A B S T R A C T

Inside a loaded EHL contact, even for low viscous lubricants, the pressure flow is virtually absent. Based on this
knowledge, this paper explores to what extent EHL contact behaviour can be modeled using a simpler model in
which the flow equation is replaced by an oedometric viscoelastic layer equation. Results for fully flooded- and
mixed-lubricated conditions under pure rolling and squeeze conditions are presented and compared with results
obtained with a standard Reynolds-based EHL-model. Although there are still discrepancies, the proposed
model is shown to be able to predict characteristic behaviour of an EHL contact under fully-flooded and mixed-
lubricated conditions remarkably well. This encourages further investigation.

1. Introduction

Once oil is trapped in a loaded rolling EHL contact it is subjected to
high pressures. This strongly increases the viscosity of the oil, such that
it behaves as a ‘solid’ layer that is transported from the inlet side
towards the outlet of the contact, see also [1,2]. This is clearly visible in
the velocity distribution and -vectors plotted in Fig. 1. In this case the
Reynolds equation was used to describe the lubricant flow in a pure-
rolling situation. There is very little pressure driven flow inside the
contact, it is mainly boundary driven transport. The velocity in the
layer approximately equals the ball- and disc- velocity in almost the
entire contact region. This is also observed by Hartinger et al. [3], who
modeled an EHL line contact with CFD, using the full Navier-Stokes
equations to describe the lubricant flow.

In the highly loaded contact region the oil behaves stiffer than the
ball and disc, which causes a deformation of the ball and disc. In a
point contact the oil film has a horse-shoe shaped zone having side
lobes with minimum film thickness towards the outlet, i.e. it has a
smaller film thickness compared to the central film thickness. With
sufficient lubricant, the amount of oil trapped inside the contact
increases with increasing rolling velocity such that both the minimum
and central film thickness increase.

In EHL literature, studies can be found concerning the prediction of
friction with viscoelastic constitutive relations. Tevaarwerk and
Johnson [5], proposed a constitutive relation to describe the shear
behaviour of lubricating oil films at high pressure. The relation stems
from the behaviour of a linear spring with shear modulus G and a non-

linear damper connected in series, which is referred to as a non-linear
Maxwell model.

Auslender [6], Trifa [7] together with Sidoroff et al. [8], analysed an
oedometric elastic squeeze model for a confined layer between two bodies.
An ‘oedometric’ model describes the behaviour of a thin elastic layer and
follows from the Navier-Cauchy equations by invoking the thin layer
assumption (h L/ ≪ 1). This is analogous to the derivation of the Reynolds
equation by applying the same assumption (h L/ ≪ 1) to the Navier Stokes
equations. Characteristic for the oedometric model is that there are no
displacements in the lateral directions x1 and x2, only in the layer
thickness direction (x3), i.e. there is no flow of material sideways. With
this model, Trifa et al. [9] analysed squeeze of thin films for a sphere-
plane contact under imposed harmonic vertical displacement.

Inspired by the observations concerning the ‘solid’ layer behaviour
of the lubricant inside the contact zone, this paper investigates the
possibility to model the behaviour of a thin oil film in the contact zone
of a rolling ball on a disc by a viscoelastic oedometric squeeze model.
This model is based on the purely elastic oedometric model of
Auslender and coworkers [6–8], but with viscoelastic behaviour
obtained by connecting a pressure- and strain- dependent oedometric
spring in parallel with a pressure-dependent viscous damper. The
resulting model is a dry contact model with a viscoelastic oedometric
layer between the ball and the disc. A bottom-up approach is followed,
starting from the dry contact equations for which the layer thickness is
zero inside the contact, see Venner [10] and Wijnant [11], and adding
the layer to the gap height equation. This model may open many
possibilities for mixed lubrication modeling in pure rolling as it allows
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a ‘natural’ transition to dry contact. It can also be used to study effects
of layers with local characteristics, and the design optimization and
analysis of soft layers, e.g. polymer coatings, see Pujari [12] and
Nagendra [13].

2. Viscoelastic layer model

Consider the situation of a model ball-on-disc contact as used in
experiments sketched in Fig. 2 (top). A ball with radius R is pressed
with a normal force F3 in the x3-direction against a disc. Pure rolling is
assumed in the x1-direction. In between the surfaces a thin layer of oil
is present, its thickness is allowed to vanish. We focus on the region in
which the ball and disc are elastically deformed, i.e. the contact zone.

To model this situation and predict the layer thickness, the elastic
deformation of the ball and disc, and the pressure distribution inside
the contact zone, a new viscoelastic layer model is proposed. This
model consists of three equations: a gap equation for a circular contact,
a layer equation and a force balance equation. The gap equation
together with the force balance equation describe the dry contact
situation, and yields the solution presented by Hertz [14], see also
Wijnant [11] and Venner [10].

The layer equation describes the ‘lubricant’ behaviour in the contact
region. Instead of using a fluid-based approach (such as the Reynolds
equation) we take a solid-based approach with a viscoelastic layer. It is
chosen to model the layer with multiple viscoelastic elements acting in
the layer thickness direction (x3), see Fig. 2 (bottom). The idea
originates from a Kelvin-Voigt element, see for example Young and
Lovell [15]. It is assumed that the layer moves with a uniform velocity
through the contact region, where the velocity is equal to that of the
ball and the disc under pure rolling conditions.

An element consists of a spring parallel to a damper. The damper
has a pressure dependent dynamic viscosity. The modulus of elasticity
of the spring is oedometric and depends on the local pressure and
strain of the layer.

The elements are distributed over the x x( , )1 2 -domain, and allow no
instantaneous deformation: the deformation depends on the modulus
of elasticity of the spring, the dynamic viscosity of the damper and the
loading time. After releasing the pressure, the strain recovers similarly
in time to zero.

This model is much simpler and allows local absence of layer.
Therefore it is possible to create conditions that mimic local mixed
lubricated contacts, i.e. partial contact due to lubricant layers with dry
spots present in the contact region.

2.1. Model equations

The three model equations, the gap equation for a circular contact,
the layer equation and the force balance equation, will now be
described in more detail.

The gap height consists of the geometry of the contacting surfaces,
the pressure-dependent deformation of the ball and disc, the viscoe-
lastic layer thickness and the mutual approach. Therefore, the gap
height equation reads:

h x x t h t f x x w x x t l x x t( , , ) = ( ) + ( , ) + ( , , ) − ( , , )1 2 0 1 2 1 2 1 2 (1)
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The term w x x t( , , )1 2 is the elastic deformation of the ball and disc which
is modeled by the elastic half space expression, see Johnson [16]:
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Here, p x x t( ′ , ′ , )1 2 is the time-dependent local pressure and E′ the
reduced modulus of elasticity of the ball and disc.

The term l x x t( , , )1 2 represents the viscoelastic layer thickness,
which can be calculated using the strain ε x x t( , , )1 2 and the initial layer
thickness l x x( , )0 1 2 :

l x x t l x x ε x x t( , , ) = ( , )(1 − ( , , ))1 2 0 1 2 1 2 (4)

The initial layer thickness l x x( , )0 1 2 can be interpreted as the initial
undeformed lubricant layer. For more general information concerning
strain relations see e.g. [15,17].

The element strain ε x x t( , , )1 2 follows from the ordinary differential
equation at each location (x1,x2), see Young and Lovell [15]:

η ε
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∂
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with E E E p ε= ( , , )0 and η η p= ( ) the modulus of elasticity and the
dynamic viscosity of the layer, respectively. When the strain, from Eq.
(4), is substituted in equation (5), the differential equation for the layer
thickness is:
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More details about the layer material behaviour, represented by η and

Nomenclature

F3 loading force in the x direction−3
R radius of ball
E′ reduced modulus of elasticity

ah Hertzian contact radius a = ( )h
FR
E

3
2 ′

1
3

ph Hertzian contact pressure p =h
F

πa
3

2 h
2

u1 rolling velocity in x1-direction
tΔ time step

nf number of spatial intervals
nt number of time steps in a spatial interval
xi the spatial direction vector
p pressure
h gap height
hc central film thickness
h0 mutual approach
f undeformed geometry
w elastic deformation
l layer thickness

l0 initial undeformed lubricant layer thickness
η dynamic viscosity
η0 temperature dependent viscosity at atmospheric pressure
p0 pressure constant
z pressure viscosity index

constant
Elayer modulus of elasticity of the layer (ε = 0)
Eo oedometric modulus of elasticity of the layer
E modulus of elasticity of the layer depending on p and ε
ν Poisson's ratio
b bump, dent geometry

height factor
width factor

L characteristic length in x −1 and x2-direction
σij stress tensor
εij strain tensor
δij Kronecker delta
ui velocity vector
G λ, Lame parameter
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E are given in Section 2.2.
When neglecting system dynamics, e.g. inertia, the integral over the

pressure in the normal direction must equal the applied load F3, and
the force balance equation reads:

∬ p x x t dx dx F x x( , , ) = forwhich , ∈ [ − ∞, ∞]
S

1 2 1 2 3 1 2 (7)

The value of h t( )0 , the mutual approach in Eq. (1), is determined by the
force balance equation.

2.2. Layer material

The oedometric value of the modulus of elasticity of the layer is
determined according to:
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where Elayer is the original modulus of elasticity and ν is Poisson's

ratio of the layer material. A value of ν = 0.3 is chosen. The derivation
of the oedometric modulus of elasticity [6,8,7,9] is described in detail
in Appendix A.

In case of a steady (local) dry contact, the physical limit for the layer
thickness is l=0 and the strain ε = 1 can not be exceeded. Eq. (5)
reduces to:

E plim =ε→1 (9)

To ensure that this asymptotic behaviour is obtained for all
l x x( , ) ≥ 01 2 , a non-linear elastic modulus of elasticity E x x t( , , )1 2 is
defined. As a first step, a generic relation is chosen based on the local
pressure and strain. When the strain value equals 1 (l=0), the modulus
of elasticity equals the local pressure. For pressures below Eo, the local
modulus of elasticity is fixed at the value Eo (independent of the local
strain), and the strain will asymptotically go to:

ε p
E

lim =t
o

→∞

Here the following relations are introduced to obtain this beha-
viour:

Fig. 1. Velocity distributions obtained with a standard Reynolds-based EHL-model, u = 0.01 m/s, F = 20 N3 and T = 25 °C. The equations are solved using a multigrid algorithm, see

Venner and Lubrecht [4], employing 7-level multigrid W-cycles with 1025×1025 grid points on the finest grid level.
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Note that there are more possible relations that also yield the desired
behaviour as discussed above.

Fig. 3 shows the resulting modulus of elasticity for several pressure-
and strain values. For pref the maximum Hertzian pressure is chosen.
Note that it is possible for p x x t( , , )1 2 to exceed pref.

The dynamic viscosity for the damper is taken piezo-viscous and
chosen of the form:

⎛
⎝⎜

⎞
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p( ( )) −1.0+(1.0+ )

z

0 0 (11)

Here, η0 is the temperature dependent viscosity at ambient pressure, z
is the pressure viscosity index and p0 is a constant. For = 1, this
relation is equal to the relation proposed by Roelands, see [18].
However, the dynamic viscosity-pressure relation proposed by
Roelands works in the shear direction. The dynamic viscosity used in
the element is basically different from a shear viscosity; it works in the
normal direction, and in the layer model no lubricant is allowed to flow
in the lateral directions. In the present work a value of

= 5.5 × 10 Pa s5 was empirically determined and found to give
reasonable/good results, see Section 4.1, when compared to the results
obtained with the conventional EHL model.

2.3. Dimensionless element equations

The dimensionless model equations can be obtained by introducing
dimensionless forms of the spatial coordinates, the time variable, the
modulus of elasticity and the dynamic viscosity of the layer as follows:
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with ah and ph the Hertzian contact radius and the maximum Hertzian
pressure for a circular contact, respectively.

The dimensionless Deborah number, e, appears in the dimen-
sionless form of the differential Eq. (5). For the case of constant E and
η, e is defined as:

e τ
t

η
E
a
u

= = 2 h

1 (13)

e relates the relaxation time τ to the residence time of an element in
the contact. However, it is not a constant as E and η vary significantly
inside the contact region. At the inlet side of the contact zone the local
Deborah number is very low, i.e. the layer acts as a fluid. In the center
region of the contact the Deborah number is much higher and the layer
acts as a solid.

3. Numerical solution

The model equations are discretized in space on a rectangular
spatial grid with a uniform mesh size in both the x1- and x2-directions.
Second-order accurate finite-difference approximations are used. The
spatial coordinates are fixed to the contact, e.g. the relative motion
between the computational grid and the center of the ball is zero such
that the surface with the layer moves though the grid in the x1-direction
with velocity u1.

The layer strain Eq. (5) is discretized in time using second-order
accurate explicit time stepping.

At each timestep the deformation integral and the gap equation are
solved iteratively by using two different multilevel methods for
efficiency, see Venner and Lubrecht [4].

3.1. Input parameters

To investigate the capability of the model to mimic conventional
lubricated contact results, the input parameters used in the simulations
are taken from optical interferometry model ball-on-disc conditions [1]
and are given in Table 1. The oil has a low viscosity, this was
deliberately chosen to validate the absence of pressure flow even in

Fig. 3. Modulus of elasticity E as a function of strain (left) and pressure (right) for various pressure- and strain values respectively.

Fig. 2. Generic sketch of a confined viscoelastic layer between a bal and a disc.
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this case. The following cases are considered:

• The formation of a ‘fully flooded’ contact: restarting from a layer
obtained after a sudden stop. The rolling velocity is 0.01 m/s. The
results of the developed steady contact are compared to the
(numerical) results of a conventional EHL contact.

• A contact loaded in squeeze, starting with a sudden stop from steady
pure rolling at u = 0. 01m/s1 .

• Surface and layer features travelling through a contact: a dent in the
ball and a hole in the layer.

For the lubricated case under the conditions given in Table 1 and a
rolling velocity of u = 0.01 m/s1 , a central film thickness of h ≈ 12.5 nmc
is predicted with the conventional Reynolds based EHL model. Based
on the knowledge from starved contact behaviour that an inlet oil layer
of at least h2· c provides a fully flooded contact, see e.g. Popovici [20],
we take an initial layer thickness of l = 25 nm0 as input condition for
the layer under these conditions. As a first step we will restrict
ourselves to one operating condition for each case see Table 1, leaving
more extensive parameter variations to future research.

4. Results

For the results in this section, the computational domain size is
x ∈ [ − 1.25, 1.25]1 and x ∈ [ − 1.25, 1.25]2 with multiple grid levels in a
V-cycle using 257×257 grid points on the finest grid level. The number
of time steps used per spatial interval (finest grid level) is n = 10t . i.e.

tΔ = 1.337603 × 10 s−5 for u = 0.01 m/s1 . For the squeeze problem a time
step size of tΔ = 5.35041 × 10 s−5 is used.

At each timestep the system is solved to a numerical error far below
the discretization error. In Appendix B grid convergence and timestep
convergence results are shown to demonstrate that the system has a
mathematically consistent grid-independent solution.

4.1. Development of a steady rolling contact

Fig. 4 shows the steady pressure- and film thickness results
obtained with a Reynolds based EHL solver, Venner and Lubrecht
[10,4]. The rolling velocity is u = 0.01 m/s1 and the loading is F=20 N at
a temperature of 25 °C. A total of 6 grid levels in a multigrid W-cycle
are employed to solve the equations. The finest grid level has 257×257
grid points. In Fig. 4 (right) the horse shoe shaped deformation with
the lower film thickness in the side lobes is clearly recognizable. Here
the central film thickness is h = 12.3 nmc .

In general, a contact has been lubricated previously during rolling.
The film formation then starts with a low or zero film thickness in the
contact zone. The present model is used to simulate the formation of a
layer in a steady pure rolling contact. At t=0 the simulation starts from
the solution of a fully squeezed layer with initial (undeformed)
thickness l = 25 nm0 confined between a rolling ball and disc. The
squeezed layer will be discussed later in Section 4.2. The rolling
velocity is u = 0.01 m/s1 . The layer deforms in time until a steady
deformed layer has formed with a central film thickness of
h = 11.6 nmc . The central- and minimal- layer thickness together with
the maximum pressure during steady layer formation is shown in Fig. 5
as a function of time. The layer thickness distribution (l x x( , )1 2 , l x( , 0)1 )
and the pressure distribution (p x( , 0)1 ) for the arbitrary chosen times t1,
t2, t3 and tsteady, marked in this figure, are shown in Fig. 6. After
approximately 0.068 s the layer has reached a steady state. The ball has
travelled a distance of approximately 5 contact radii during that time.
The calculated layer thickness distribution at steady state shows all the
characteristics as encountered in experiments and predicted by a
conventional EHL solver. In Fig. 6 (bottom) the horse shoe shaped

Table 1
Conditions for numerical calculations.

Parameter set up [unit] Condition

Radius of ball (R) m 9.525×10−3

Rolling velocity (u) m/s (0.0)0.01
Loading force (F) N 20

Lubricant Viscoelastic layer, HVI60
Initial layer thickness (l0) nm 25
Temperature °C 25
Dynamic viscosity (η0) [19] 10−3 Pa s 44.7
Pressure constant (p0) [4] 108 Pa 1.96
Viscosity pressure coefficient α 10−8 Pa−1 2.25

105 Pa s 5.5
Modulus of elasticity layer (Elayer) 108 N/m2 1.0
Reduced modulus of elasticity (E′) 1011 N/m2 1.17

Fig. 4. Contact pressure (left) and film thickness (right) results obtained with the Reynolds based EHL solver [10,4]. u = 0.01 m/s1 , F = 20 N.

Fig. 5. The maximum pressure and minimum- and central- layer tickness developing in
time in a steady rolling contact, u = 0.01 m/s1 , F = 20 N, tΔ = 1.337603 × 10 s−5 . Restart

from a squeezed layer l = 25 nm0 .
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deformation with the lower layer thickness in the side lobes is clearly
visable. Note that the same steady state solution can be obtained when
a uniform layer is taken as initial solution.

The results are remarkably similar to the start-up results presented
by Popovici et al. [21] and Holmes et al. [22] using a Reynolds model.

In Fig. 7 the steady layer-thickness and pressure-distribution
results in the plane x = 02 are compared to results found with the
Reynolds-based EHL solver and with dry contact results. It can be seen
that the present model yields approximately the same central layer
thickness as the EHL model, but a larger deformation along the

perimeter of the contact, i.e. larger lobes. Although there are differ-
ences between the present model and the EHL model, the present
model does yield the important features in the layer. This confirms the
fact that the pressure driven flow is very small due to the high shear
viscosity, the basic assumption of the present model.

However, the pressure spike occurring at the outlet side, commonly
seen in EHL contacts at higher velocities, will not be predicted by the
model. This is because at this location, pressure driven flow does have
an effect, but the velocity profile of the proposed model u x x( , )1 1 2 is
constant over the film thickness and u x x( , ) = 02 1 2 . The layer elements

Fig. 6. Layer thickness distribution (left) and pressure and layer distribution for x = 02 (right) in the contact zone developing in time from top, t1 to bottom tsteady (steady rolling).

Present model, restarted from a squeezed layer l = 25 nm0 , u = 0.01 m/s1 , F = 20 N3 , tΔ = 1.337603 × 10 s−5 .

E.v. Emden et al. Tribology International 111 (2017) 197–210

202



do not model mass transport as in a real fluid. The velocity profiles of
the Reynolds equation u1 and u2 are parabolic velocity profiles in the
x3-direction at this location, see e.g. van Emden et al. [1] for more
details about what lubricant particles experience when travelling
though an EHL contact. For the present conditions (low velocity, thin

film), the Reynolds-based model also does not predict a significant
pressure spike.

4.2. Squeeze

When an EHL contact undergoes a pure squeeze motion, a dimple
shaped hole filled with lubricant is formed inside the central region of
the contact zone, caused by the high lubricant viscosity due to the high
pressures at that location. Under normal load, the captured lubricant
flows outwards into the flooded region of lubricant surrounding the
contact zone. This leaking flow causes the depth and diameter of the
dimple to decrease. Squeeze contacts, under constant load- or speed
conditions, have extensively been studied both experimentally, e.g.
Christensen [23], and theoretically, e.g. Yang and Wen [24], Larsson
and Höglund [25], Chu et al. [26] and Kaneta et al. [27]. In the
numerical studies only the initial stage of squeeze is normally
simulated, i.e. the simulation is stopped when peripheral contact of
the sphere with the flat surface occurs.

Squeeze also occurs after a sudden stop of a rolling point contact.
An illustration of a very thin squeezed lubrication film is given in Fig. 8.
The central film thickness at t=0 s is expected to be in the order of
12.5 nm. The figure shows images of a contact in a sudden stop
obtained from SLIM experiments by the authors using optical inter-
ferometry, see also [1]. The initial oil film is formed under fully flooded
conditions at pure rolling with a velocity of u = 11 mm/s1 , with a normal
load applied of F = 20 N3 at room temperature. The images have been
taken after a sudden halt at t=0 s from u = 11 mm/s1 to u = 0 mm/s1 . The
time elapses from the upper left image to the lower right image. It can
be seen that the oil is captured in the center of the contact region,
marked by the red dotted circles. The amount of oil captured inside the
contact decreases in time due to squeeze. A rough estimate was made
that after approximately 7.5 s all oil has been squeezed out of the
contact zone. This is shown in the rightmost bottom image. The
lubricant is squeezed out of the contact via surface irregularities, acting
as channels through which the captured lubricant can flow out of the
contact.

The present model is used to simulate squeeze, starting with a
sudden stop from steady pure rolling at u = 0.01 m/s1 and an initial layer
thickness l = 25 nm0 , (Section 4.1). At t t( = 0)0 the rolling is abruptly
stopped, u = 0 m/s1 , while the normal loading F=20 N is kept constant.
Besides the first stage in which the contact area deforms due to the high
viscous layer, we also study how the layer reaches a thickness of zero
everywhere in the contact, starting from the outer contact circle evolving
in time towards the center of the contact. The calculation continues until
the pressure distribution inside the contact zone has a steady solution

Fig. 7. Layer thickness distribution (top) and pressure distribution (bottom) for x = 02
in the contact zone for the steady state situation. The results of the present model restart
from a squeezed layer are compared to the results of Reynolds-based EHL and dry
contact. u = 0.01 m/s1 , F = 20 N3 , l = 25 nm0 , tΔ = 1.337603 × 10 s−5 .

Fig. 8. Optical interferometry images of a squeezed contact. Captured lubricant: HVI60 at room 24 °C, F = 20 N3 (stopped after a sudden halt when pure rolling at u = 11 mm/s1 ). The

images are extruded from a movy made with a high speed camera (10× lens), 100 fps. In approximately 7.5 s all lubricant has been squeezed out of the contact.
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and the layer in central contact region is zero.
Fig. 9 (top) shows the layer distribution results for x = 02 at

different instances in time. The line t0, represents the initial layer
distribution developed during steady rolling. Fig. 9 (bottom) shows
how the maximum pressure, central- and minimal- layer thickness
develop in time.

At the start of squeeze the initial layer is not rotationally symmetric,
the layer thickness for x = 02 is minimal in the contact region near the
outlet side. Subsequently, the layer thickness especially along the
perimeter of the contact area decreases. For t1 and t2, there is still a
layer present (l > 0) everywhere in the domain. After approximately
0.2 s, at t4 the maximum pressure in the domain is reached. The ball
and the disc have touched over a region at the peripheric surroundings
of the contact zone; the layer thickness at r ≈ 0.13 mm is zero. For t t> 4,
the pressure maximum slightly decreases in time to a value of
0.5083 GPa for the steady state solution. Until the steady state solution
is reached, the contact diameter still grows in time.

Steady state, i.e. when the local pressure- and layer thickness
results remain constant in time, is attained after approximately 5 s. A
rotationally symmetric solution for layer thickness and pressure
distribution has been formed. The time needed to reach steady state
is less than the rough estimate for the experiment shown in Fig. 8.
However, this is not an unacceptable situation considering that in
reality the draining of the captured lubricant out of the contact center is
highly dependent on the roughness of the surfaces. This is not a
parameter in the model.

The overall impression of the film thickness decay in time shown in
Fig. 9 (top) shows good agreement with results presented by Holmes

et al. [28] who used the standard EHL model with finite deceleration
instead of a sudden stop. However, the simulations of Holmes et al. end
at peripheral contact.

The final contact diameter belonging to the steady state solution is
approximately 0.286 mm (of which 0.257 mm the layer thickness
equals l x t( , 0, ) = 0steady1 ). In contrast, the contact diameter in case of

Fig. 9. Contact layer development of a squeeze simulation type 1 obtained with the present model. Contact layer deformation, minimal- and central- layer thickness and maximum
pressure results evolving in time. Sudden stop from u = 0.01 m/s1 and l = 25 nm0 , F=20 N, tΔ = 5.35041 × 10 s−5 .

Fig. 10. Pressure- and layer thickness results of a squeeze simulation after a sudden stop
obtained with the present model compared to dry contact results. F=20 N, u = 0.01 m/s1
and l = 25 nm0 , tΔ = 5.35041 × 10 s−5 .
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Fig. 11. Development of pressure and film thickness in time for a dent in the ball passing a pure rolling contact. Layer thickness distribution (left) pressure distribution (center) and
pressure and layer distribution for x = 02 (right) in the contact zone developing in time from top to bottom. Present model, u = 0.01 m/s1 , F = 20 N3 , l = 25 nm0 , tΔ = 1.337603 × 10 s−5 ,

= 1000, = 0.1.
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no layer, i.e. dry contact (l = 0 nm0 ), is approximately 0.274 mm, see
Fig. 10. Characteristic for the dry contact solution is the circular shaped
contact area, having a contact radius r a= h, and a rotationally
symmetric, parabolic pressure distribution with a maximum pressure
ph in the center of the contact, see Hertz [14]. In the contact zone the
gap between the ball and the disc is zero. In the presence of a layer the
contact area is defined by the region for which the layer is deformed. In
presence of a layer, a slightly lower maximum pressure for the steady
state is obtained since the loading is distributed over a larger area. At
the perimeter of the contact zone the layer has a finite thickness

l l(0 < < )0 that carries part of the load. This is due to the model not
allowing lateral displacements. This is different from fluid behaviour
for which the lubricant can escape sideways. The model behaves more
solid-like, which explaines the differences in contact radii.

4.3. Irregularities on the ball

We also investigate the potential of the model to simulate surface
irregularities e.g. bumps and dents on the rolling surfaces. In this
section, results are presented for a deep dent in the ball entering a
steady rolling contact as presented in Section 4.1. The dent enters the
contact of a layer at steady rolling with u = 0.01 m/s1 , for which the
initial layer thickness is l = 25 nm0 . The conditions in Table 1 are
employed.

The dimensionless geometry of the dent is given in Eq. (14):

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

b l= · ·10

x t x x x

0

( ( )− ) +( − )b b1 1
2

2 2
2

2
(14)

with an amplitude for the height and a factor for the width. The
geometry b is added to dimensionless form of equation (1). The initial
location of the center of the dent is x x( = − 1.25, = 0)1 2b b

. The present
model is tested for a dent with a height factor = 1000 and a width
factor = 0.1.

Fig. 11 shows the layer thickness distribution (l x x( , )1 2 ) on the left,
the pressure distribution (p x x( , )1 2 ) in the center and both the layer-
and pressure distribution for x = 02 , on the right for five successive
time instances during the passage of the dent through the contact.

For the simulated case there is no contact between the ball and the
layer at the location of the dent, and the contact pressures are locally
zero. As expected for the present model, the local layer thickness will
increase inside the dent to a maximum of l0. This is because the layer is
modeled as a viscoelastic ‘oedometric’ layer for which the thickness
varies between zero and l0. Unlike a fluid, the layer elements do not
exchange material with their neighbours. Therefore the initial layer
thickness l0 for the unloaded condition can not be exceeded.

Kaneta et al. [29] and Félix [30] studied the passage of a dent in an
EHL contact experimentally and theoretically, respectively. They
showed that under pure rolling conditions the film thickness fluctua-
tions introduced by the dent remain confined near by the dent when
crossing the high pressure region of the contact. In experiments Kaneta

et al. [29] found a micro-constriction in the film almost symmetrically
around the dent, while Félix [30] predicted with a conventional
Reynolds-based EHL solver a moon shaped constriction in the film in
front of the dent. Neither of these contractions are predicted with the
present model. Furthermore, inside the high pressure region the dent is
more or less elliptical shaped having the largest diameter oriented in
the rolling direction. This is due to the time delay of strain relaxation
after pressure release, introduced by the viscosity η in the model. As
shown in Fig. 11 the pressure maximum values are located near by the
edges of the dent, causing high viscosity values preventing the layer
thickness to decrease.

Although not shown here in detail, a simulation for a more shallow
dent in the ball has also been performed. For a shallow dent filled
completely with lubricant layer the model predicts a finite but low
pressure rise inside the dent, which causes the layer thickness inside
the dent to decrease more than in the surrounding region, see Fig. 12.
This means that at the location of the dent, the elastic deformation of
the ball is lower, causing the dent to become a bump. This is not
expected, both physically and based on simulations with a conventional
Reynolds-based EHL solver. The model reaction causes the layer to
become too ‘soft’ at the location of the shallow dent in the ball. This is
due to the oedometric assumption preventing lateral displacements of
the layer.

This behaviour is related to the local time response of the
viscoelastic layer behaviour. To make the model suitable for simula-
tions with surface features, the relations for η p( ) and E p ε( , ) should be
tuned to these situations, and/or a kind of mass principle could be
included for these conditions.

4.4. A hole in the layer

Finally, the present model is used to simulate a local mixed
lubrication case by supplying a steady rolling contact with a layer that
contains a circular hole with zero layer thickness, representing a dry
spot in the lubricant supply to the inlet of the contact. The results are
presented in this section. The conditions in Table 1 are employed,
together with a dimensionless radius of the hole R = 0.2.

In Fig. 13 the layer thickness- and pressure distribution is shown at
the instance in time when the hole is located at the center of the
contact, see also the layer- and pressure- distributions at x = 02 .

For this case, the central pressure decreases approximately 2.3%
compared with the steady situation. Towards the edges in the hole the
pressure first decreases to a local minimum and then at the edges
strongly increases to higher values than for the case without a hole, see
Fig. 13. So, the peak pressures are on the edge of the layer and the local
minima are just inside the hole where the ball does not touch the disc
yet. Further away from the center the pressures decrease again towards
the solution without a hole.

The minimum and maximum values near by the edges of the hole
vary. This is also shown in Fig. 13 (bottom) which represents the
central pressure and layer thickness as a function of time. At the time

Fig. 12. Pressure and film thickness for a shallow dent in the ball passing a pure rolling contact. Layer thickness distribution (left) pressure distribution (center) and pressure and layer
distribution for x = 02 (right) in the contact zone. Present model, u = 0.01 m/s1 , F = 20 N3 , l = 25 nm0 , tΔ = 1.337603 × 10 s−5 , = 1.25, = 0.1.
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instant t1 the first edge of the hole reaches the center and at time
instant t2 the second edge reaches the center.

5. Conclusion

This paper explores the possibility to simulate characteristic
behaviour of a circular EHL contact with a viscoelastic solid oedometric
layer model. A layer is modeled with multiple one-dimensional
viscoelastic elements, which only allow displacements in the direction
of the layer thickness. Each viscoelastic element consists of a pressure-
and strain-dependent spring connected in parallel to a pressure-
dependent viscous damper. The proposed model is based on a standard
dry contact model and the layer is included in the gap equation.

In spite of challenges faced, the proposed model is able to show
characteristic features of an EHL contact. Furthermore, the model
allows the layer thickness to vanish locally, which opens new possibi-
lities for mixed lubrication modeling. Results for several different cases
have been presented, including steady rolling, squeeze simulations,

features entering the contact and mixed lubrication.
The results of the layer thickness- and pressure distribution for

steady rolling obtained with the present model have been compared to
results obtained with a conventional Reynolds-based EHL solver. It can
be seen that the present model yields approximately the same central
layer thickness as the EHL model, but has a larger deformation along
the perimeter of the contact, i.e. larger lobes.

In the squeeze simulations, the model is able to simulate how the
layer reaches a thickness of zero everywhere in the contact, starting
from the outer contact circle towards the center.

The model predictions for features fixed on the geometry of the ball
show local differences with physical expectations, this leads to inter-
esting insights in the viscoelastic behaviour of contact features which
merit further investigation. The relations for the viscosity and modulus
of elasticity should be further developed to drive the model towards
more accurate physical behaviour. Furthermore, further development
including parametrical studies including e.g. higher velocities and
different load conditions is recommended.

Fig. 13. Top and center: layer- (left) and pressure distribution (right) in the contact zone, hole at (0,0). Bottom: central pressure and central layer thickness as a function of time when a
hole in the layer enters the rolling contact. Present model, u = 0.01 m/s1 , F = 20 N3 , l = 25nm0 , tΔ = 1.337603 × 10 s−5 .
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Appendix A. Derivation of the oedometric modulus of elasticity

This appendix gives the derivation of the oedometric modulus of elasticity for a thin layer confined between two bodies, based on the works of
Auslender, Trifa, Sidoroff and Georges [6–9], Tijdeman [31], Timoshenko [17], Johnson [16] and Love [32].

The equilibrium equations (15) must be satisfied.

σ
x

i j
∂
∂

= 0 , = 1, 2, 3ij

j (15)

The relations between the displacement field ui and the strains εij are given in (16).

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟ε

u
x

u
x

i j= 1
2

∂
∂

+
∂
∂

, = 1, 2, 3ij
i

j

j

i (16)

The layer material in Fig. 14 is considered isotropic and homogeneous, therefore the stress tensor σ σ=ij ji is symetrical. The material is assumed
linear elastic, so the contributions of each normal stress component individually can be superimposed and calculated:

ε
E

σ νσ νσ ε
E

σ νσ νσ ε
E

σ νσ νσ= 1 ( − − ) = 1 ( − − ) = 1 ( − − )11 11 22 33 22 22 11 33 33 33 11 22 (17)

with ν Poisson's ratio.
For small deformations the angular strains are proportional to the shear stress:

ε ε
σ
G

i j i j= =
2

for ≠ and , = 1, 2, 3ij ji
ij

(18)

The constitutive relation between stress and strain can be written in the following form of Hooke's law:

σ λε δ Gε i j k= + 2 , , = 1, 2, 3ij kk ij ij (19)

with the Lame parameters G and λ, which are related to E and ν according to:

G E
ν

λ νE
ν ν

=
2(1 + )

=
(1 + )(1 − 2 ) (20)

The layer shown in Fig. 14 is assumed to adhere perfectly to both surfaces: zero slip. The boundary conditions therefore are:

x u u u
x l x x u u u l x x

for = 0 = = = 0
for = ( , ) = = 0 = Δ ( , )

3 1 2 3

3 1 2 1 2 3 1 2 (21)

The characteristic lengths of the contact in the x1- and x2-directions are considerably larger than the layer thickness l x x( , )1 2 in the x3-direction:

x
x
L

x
x
L

x
x
l

L l σ
σ
σ

= = = ≫ =ij
ij

1
1

2
2

3
3

(22)

with L the characteristic length scale in x1 and x2 direction and l the layer tickness in x3 direction.
When the equilibrium equations (15) are rewritten in dimensionless equations by substitution of the definitions given in equations (22) and the

application of L l≫ , it can be concluded that all stresses in the x3 direction only depend on x1 and x2 and are independent of the x3-direction
( = 0σ

x
∂
∂

31
3

, = 0σ
x

∂
∂

32
3

and = 0σ
x

∂
∂

33
3

(σ σ=ij ji so = 0σ
x

∂
∂

13
3

and = 0σ
x

∂
∂

23
3

)). So, the thin layer approximation results in the complementary assumptions:

σ σ x x i= ( , ) = 1, 2, 3i i3 3 1 2 (23)

Fig. 14. A confined layer between two bodies.
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For an isotropic and homogeneous material σ σ=i i3 3 . In Fig. 14 the upper body (body 2) is loaded with a force in x3-direction, leading to:

σ σ x x p x x= ( , ) = ( , )33 33 1 2 1 2 (24)

When the definitions of (22) are substituted into the strain-displacement relations of (16) it can be concluded that the terms u
x

∂
∂

1
3
and u

x
∂
∂

2
3
are

dominant in ε13 and ε23, and that the strains ε12, ε11 and ε22 are small compared to ε33.
From incorporation of the thin layer approximations in the stress components of Hooke's law (19) follows:

σ σ ν
ν

σ= =
(1 − )11 22 33 (25)

Substitution of the relations (25) in the stress-strain relations in (17) leads to the strain tensor describing oedometric squeeze:

⎛
⎝⎜

⎞
⎠⎟ε ε ε

E
ν

ν
σ= 0 = 0 = 1 1 − 2

1 −11 22 33

2

33
(26)

The relation for oedometric modulus of elasticity is:

⎛
⎝⎜

⎞
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E E=
1 − ν

ν

0
2

(1 − )

2

(27)

Appendix B. Grid convergence

Spatial grid and time step convergence tests are done with the proposed model. The input parameters given in Table 1 are applied and the
domain size is x a a∈ [ − 1.25 , 1.25 ]1 and x a a∈ [ − 1.25 , 1.25 ]2 . The initial layer thickness is 25 nm. The results for the central layer thickness and the
minimal layer thickness are given in Fig. 15 and the size of the marked mesh is used for the calculations throughout this study.

For the spatial grid convergence tests, the applied finest grid levels have 65×65, 129×129, 257×257 and 513×513 grid points. The results are
shown in Fig. 15 (top) with nf the total number of grid points on the finest grid level. Here, the applied number of time steps in a spatial interval is
nt=10.

For the time step convergence tests, the applied number of time steps in a spatial interval are n = 1t up to n = 50t , for a spatial grid with 257×257
grid points on the finest grid level, see Fig. 15 (bottom). The results indicate that n = 10t and 257×257 grid points are sufficient.
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