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1 Introduction

In the reaction of van Breukelen (2019), the claim is made that the sum score is a sufficient statistic for the latent
trait parameter (hij of person i at time point j) in a latent growth model analysis. The argumentation is given that
with the sum score as the sufficient statistic, the estimated between-subject variance cannot be biased and the
estimated within-subject variance is contaminated with a measurement error variance term. We agree that differ-
ences in item response patterns leading to the same sum score become irrelevant when the sum score is the
sufficient statistic. However, we can show that the sum score is not the sufficient statistic for the latent trait
parameter in the longitudinal IRT model (i.e. latent growth model with IRT measured longitudinal latent
variables).

First, we show that additional information in the data about hij is ignored, when considering the sum score
as the sufficient statistic. Thus, the sum score is not sufficient. Second, we show that the estimated variance
components (within-subject and between-subject) are contaminated with unexplained error variance, when
using the sum score as the outcome variable instead of the item response data. This supports the conclusions
of our paper.1

It is a common mistake to assume that the sum score is the sufficient statistic for the latent trait parameter,
when the item responses are conditionally independently distributed given the latent trait (as in the Rasch model).
This is only true when the data do not provide additional information about the latent trait. The longitudinal data
consist of repeated measurements, where on each measurement occasion, a latent trait is measured and a latent
growth model is assumed for the longitudinal latent traits. This latent growth model defines a distribution for the
occasion-specific latent trait parameters. The data from the different measurement occasions for a subject are
relevant for each occasion-specific latent trait measurement due to this distribution. Because data from the other
measurement occasions provide information about each occasion-specific latent trait, the sum score is not the
sufficient statistic.

The influence of the additional information on the latent trait is easily illustrated by considering
the posterior expected value for hij given the data. Consider quantitative item responses Zijk of persons i, mea-
surement j and item k, let the Zijk be normally distributed, and we assume a linear trend for the latent trait
parameter

Zijk ¼ hij � bk þ eijk; eijk �Nð0; 1Þ
hij ¼ b0i þ b1itij þ rij; rij �Nð0; r2Þ (1)
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The error distributions are simplified in comparison to the linear model of van Breukelen (equation (3)), but
our complexity is sufficient to prove our point. The posterior expected value for hij is given by (following the
derivation above equation (10) of Gorter et al.1)

EðhijjZij; b; bi; r
2Þ ¼ K

Kþ r�2

� �
ðZij þ bÞ þ r�2

Kþ r�2

� �
ðb0i þ b1itijÞ

The data information from occasion j is represented by the mean
XK

k¼1
ðZijk þ bkÞ=K ¼ Zij þ b and the remaining

information stems from the linear trend. The posterior mean shrinks towards the mean, Zij þ b, when the number of
items K increases in relation to the precision r�2. When the precision increases in relation to K, the posterior mean
shrinks towards the linear trend prediction. This posterior mean estimator is based on the borrowing-strength prin-
ciple, where data information from other measurement occasions is used to improve the estimator in terms of the
mean squared error. Thus, the latent growth distribution of the latent trait parameters connects the parameters
associated with the different measurement occasions, which makes it possible to apply the borrowing-strength prin-
ciple. In latent growth modeling, the sum score should not be used as a sufficient statistic; it is a suboptimal estimator
for the latent trait parameter, since it ignores data information from other measurement occasions.

This gain is achieved by estimating simultaneously all parameters using MCMC, which facilitates balancing the
data information from the different measurement occasions. The latent growth parameters and difficulty param-
eters are sampled from their posterior distributions using all data and this is combined with the occasion-specific
data information. Thus, when the latent growth parameters are sampled from the conditional distribution (step 3b
in Appendix 1 in Gorter et al.1), and the difficulty parameters are sampled from their conditional distribution (step
1c in Appendix 1 in Gorter et al.1), then the posterior mean is updated using the sampled values for the latent
growth and item difficulty parameters. Subsequently, the latent trait parameters are sampled from their posterior
distribution (step 1b Appendix 1 in Gorter et al.1). After convergence of the MCMC algorithm, the sampled
values for the latent trait parameters are distributed according to the marginal posterior distribution, pðhijjZÞ,
which uses all data information.

The use of the sum score as a sufficient statistic in the latent growth model analysis has an influence on the variance
decomposition. When the sum score is not used as a sufficient statistic, the variance decomposition is different from
the one described by van Breukelen. He considered the covariance components at the level of the latent trait
parameters, mainly because the sum score is defined at this level. However, to understand the variance decomposi-
tion, we partition the total sum of squares in a within-measurement component (SSW), a between-measurement
(SSA, within-subject) component, and a between-subject (SSB) component. It is shown that each sum of squared
errors represents different variance components, and that the item parameters affect the estimated measurement error
variance. It follows that an increase in the estimated measurement error variance leads to a reduction of the within-
and between-subject variance, since the total variance in the data (i.e. the total sum of squared errors) is fixed.

To prove our point, we consider a balanced design with N subjects, J measurement occasions, and K items. For
balanced data, the variance components can be easily estimated by setting the sum of squared errors equal to their
expectations and solving the equations.2 This procedure is followed to examine which variance components are
estimated and how the estimates influence each other. To ease the mathematical burden, we only include the
random intercept of the latent growth model. The following model is considered

Zijk ¼ hij � bk þ eijk; eijk �Nð0; d2jkÞ
hij ¼ b0i þ rij; rij �Nð0; r2Þ; b0i �Nð0; s20Þ

(2)

The expressions for the sum of squared errors can be obtained in closed-form. The expected value of each sum
of squared errors is used to understand the variance decomposition under the model. The total sum of squared
errors is partitioned according to the multilevel structure of the data

XN
i¼1

XJ
j¼1

XK
k¼1

ðZijk � �ZÞ2 ¼
XN
i¼1

XJ
j¼1

XK
k¼1

ðZijk � �Zij:Þ2 þ
XN
i¼1

XJ
j¼1

Kð �Zij: � �Zi:Þ2

þ
XN
i¼1

JKð �Zi: � �ZÞ2 ¼ SSW þ SSAþ SSB
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where �Z ¼
X

i;j;k
Zijk=ðNJKÞ; �Zi:: ¼

X
j;k
Zijk=ðJKÞ, and �Zij: ¼

X
k
Zijk=K. The SSW represents the sum of

squared errors in a response pattern.
The expected value of the SSW is considered to obtain the components that explain the variance at this level of

observations. The expected value is derived by plugging in the linear model (equation (2)) and taking the expected

value of the random components. It follows that

EðSSWÞ ¼
XN
i¼1

XJ
j¼1

XK
k¼1

E
�
ðhij � bk þ eijkÞ � ðhij � �b: � �eij:Þ

�2

¼
XN
i¼1

XJ
j¼1

XK
k¼1

ðbk � �b:Þ2 þ Eðeijk � �eij:Þ2

¼ NJ
XK
k¼1

ðbk � �b:Þ2 þN
XJ
j¼1

XK
k¼1

ðd2jk þ �d
2

j:=KÞ

(3)

We have used that the errors are assumed to be independently distributed from each other, and the inner

product of the binomial products is zero, since the expected value of the random errors is zero. The difficulty

parameters are assumed to be fixed. It follows directly that the unexplained variance in the SSW is reduced due to

the variance explained by the item difficulty parameters. When items differ more in item difficulty, the more

variance is explained by the item difficulty parameters. This reduces the amount of unexplained variance which is

captured by the measurement error variance d2jk. This is not possible under the CTT model, which does not

account for item difficulty differences.
The SSA represents the information about the within-subject variance, r2. The expected value of the SSA is

derived in a similar manner

EðSSAÞ ¼
XN
i¼1

XJ
j¼1

KE
�
ðb0i þ rij � �b: þ �eij:Þ � ðb0i þ �ri: � �b: þ �ei::Þ

�2

¼
XN
i¼1

XJ
j¼1

K
�
Eðrij � ri:Þ2 þ Eð�eij: � �ei::Þ2

�

¼ NKðJ� 1Þr2 þN
X
j

ð�d2j: þ �d
2

::=JÞ

(4)

For the observed SSA, the estimated within-subject variance, r2, is contaminated with the average measure-

ment error variance, when not accounting for it. This bias in the within-subject variance estimate under CTT was

also remarked by van Breukelen. However, this contamination of the within-subject variance estimate contains

more components. The explained within-subject variance, ðrij � ri:Þ2 is lower under CTT than under IRT, since

differences in response patterns leading to the same sum score are ignored. So, the explained within-subject

variance is lower under CTT and a lower reduction in unexplained (measurement error) variance. Differences

in item difficulties are ignored under CTT, which leads to a higher amount of unexplained (measurement error)

variance. In conclusion, the overestimation of the within-subject variance with CTT is caused by the unexplained

measurement error variance, which includes the contamination of the average measurement error variance.
Finally, the SSB represents the information about the between-subject variance, s20. The expected value of the

SSB is given by

EðSSBÞ ¼ JK
XN
i¼1

E
�
ðb0i þ �ri: � �b: þ �ei::Þ � ð�b0: þ �r:: � �b: þ �e...Þ

�2

¼ JK
XN
i¼1

XJ
j¼1

Eðb0i � �b0:Þ2 þ Eð�ri: � r::Þ2 þ Eð�ei:: � �e...Þ2

¼ JKðN� 1Þs20 þ KðN� 1Þr2 þ ðN� 1Þ�d2::

(5)
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This shows that the between-subject variance estimate is also contaminated by the measurement error variance

under CTT. Furthermore, under CTT, the component ðb0i � �b0:Þ2 explains less variance than under IRT, since

again different response patterns leading to the same sum score are ignored. This leads to an increase of the

unexplained error variance. When overestimating the within-subject variance (according to the SSA in equation

(4)), the between-subject variance is underestimated, since the SSB represents the total variance between subjects.

The estimated s20 is contaminated, when not accounting for the average measurement error variance, but not as

large as the contamination in the estimated r2. Note that the repeated measurements, hij, are nested within the

subject, b0i. This nested random-effect structure introduces a dependence where the higher-level variance estimate

is influenced by the lower-level variance estimate. Proust-Lima et al.3 did not detect biased Type-I errors of

regression effects, but they also did not have this nested random effect structure in their multivariate latent

variable model.
For binary data, the latent response formulation is used, which also introduces an error term. This error term

represents the measurement error. Consider the probability of a positive response under the IRT model

PðYijk ¼ 1jhij; bkjÞ ¼ Fðhij � bkÞ
¼ PðZijk < hij � bkÞ
¼ Pðhij � bk þ eijk > 0Þ

(6)

where F is a cumulative distribution function, and Zijk is normally distributed with mean zero and variance one

(probit model) or logistically distributed with location zero and scale parameter one (logistic model). As a

result, the error term eijk is normally (probit model) or logistically (logit model) distributed. It can be seen that

the model in equation (6) corresponds to the model in equation (1), only that a link function is used to map the

linear term to the binary observations. The (latent) error term, eijk, represents the measurement error, which can

be computed, and the measurement error variance is restricted to one to identify the model. This error variance

represents the d2 and shows that IRT also accounts for the measurement error. This is necessary; otherwise, the

within-subject and between-subject variance would be incorrectly estimated and contaminated with unexplained

error variance.
The re-scaling of the plausible values cannot introduce additional bias, since it only translates the plausible

values to a scale on which the latent growth parameters are estimated. The plausible values can be contaminated

with measurement errors (unexplained errors) and they are together translated to another scale. However, the

chosen location and variance of the (latent) scale cannot lead to a further discrimination in potential bias, since

the scale parameters determine the general location and total variance of the scale.
In conclusion, when using all data information, the sum score is not the sufficient statistic, and differences in

response patterns remain relevant for estimating the within-subject as well as the between-subject variance. The

total amount of variance is restricted at each level, which is represented by the sums of squared errors. When

overestimating the within-subject variance, the between-subject variance will be underestimated (see equation (5)).

The within-subject variance will be overestimated, when not accounting for unexplained error variance(s). The

IRT latent variables, hij and b0i, explain more variability, since they are based on differences in item response

patterns in comparison to differences based on sum scores. In the two-level CTT-based approach, the within-

subject variance is contaminated with (increased) unexplained error variance. When considering binary data, the

same conclusions can be drawn. In the IRT-based approach, there is still a measurement error term except that the

error variance is restricted to identify the model.
In reaction to the strong assumptions that are made under the IRT-based latent growth model (e.g. item

clustering, longitudinal covariance patterns). There can be other types of dependences that need to be taken

into account. Recently, Fox et al.4 and Klotzke and Fox5,6 developed Bayesian covariance structure models that

are very flexible in dealing simultaneously with multiple types of clusters. In their Bayesian approach, the IRT-

based latent growth model can be extended through a multivariate extension in which additional dependences are

directly modeled through a structured covariance matrix. Thus, further generalizations are possible within the

IRT-modeling framework, while keeping the desirable psychometric properties of the IRT model.
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