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Abstract

In medical research, repeated questionnaire data is often used to measure and model latent variables across time.

Through a novel imputation method, a direct comparison is made between latent growth analysis under classical test

theory and item response theory, while also including effects of missing item responses. For classical test theory and

item response theory, by means of a simulation study the effects of item missingness on latent growth parameter

estimates are examined given longitudinal item response data. Several missing data mechanisms and conditions are

evaluated in the simulation study. The additional effects of missingness on differences in classical test theory- and item

response theory-based latent growth analysis are directly assessed by rescaling the multiple imputations. The multiple

imputation method is used to generate latent variable and item scores from the posterior predictive distributions to

account for missing item responses in observed multilevel binary response data. It is shown that a multivariate probit

model, as a novel imputation model, improves the latent growth analysis, when dealing with missing at random (MAR) in

classical test theory. The study also shows that the parameter estimates for the latent growth model using item response

theory show less bias and have smaller MSE’s compared to the estimates using classical test theory.
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1 Introduction

Multi-item questionnaires are often used for measuring latent variables, such as depression or quality of life. Item-
level data is collected using questionnaires, scale scores are computed, and they are considered measurements of a
construct. For example, the Beck Depression Inventory (BDI-II) is used to measure symptoms of depression,1 the
NEO Personality Inventory (NEO-PI-3) to measure the Big Five personality traits,2 and the Brief Pain Inventory
(BPI) to measure pain severity and interference.3 The computation of construct scores requires a measurement
model to relate the item responses to the underlying latent trait. Item response theory (IRT) or classical test theory
(CTT) is used to compute latent variable scores given observed item-level data.4
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When analyzing the development over time of the latent variable for instance by applying a latent growth
model, the measurement model, i.e. either IRT or CTT, can highly influence the results.5 For a longitudinal study
on complete data, parameter estimates of a repeated measurements model were directly compared using multiple
imputations for the latent variable from a posterior predictive distribution under an IRT and a CTT model. They
showed that the posterior predictive distribution for the latent variable scores, constructed under an IRT model
performed much better in retrieving the true parameter values than the predictive distribution constructed under a
CTT model. It was shown that IRT utilizes all response pattern information, which leads to more heterogeneous
latent variable scores than the sum scores constructed under CTT, reducing the bias in parameter estimates.5

In this latent growth modeling comparison, the presence of missing item-level data is ignored. However, in
practice missing data on item level can occur when participants refuse to answer sensitive items, inadvertently skip
items, or skip items that do not apply to them. Item-level missing data can bias test results and requires careful
handling to make correct statistical inferences.6 The common approach to deal with this problem, averaging the
available items to compute a scale score, results in bias.7–9 The handling of item-level missing data is necessary to
avoid a loss in power due to missing item scores and to utilize all observed item-level data in the analysis.

In the IRT-based analysis, multiple imputation to handle missing data is operationalized by the posterior
predictive distribution of the item responses and by the posterior predictive distribution of the longitudinal latent
variable. The IRT model is defined at the level of item scores, which facilitates the construction of a posterior
predictive distribution for the missing item responses. As a result of the repeated measurements, the data has a
nested structure, i.e. the measurements on multiple occasions are nested within participants. This multilevel
information is included in the generation of the latent variable scores by including the latent growth model for
the latent variable in the construction of the posterior predictive distribution. This is in line with the multiple
imputation method for binary multilevel data of Quartagno10 and Audigier.11 The multilevel approach can also be
used to deal with an unbalanced design, where participants have been measured on different occasions and the
number of measurements per participant is different. For instance, when missing data appears if the participant
skips a measurement occasion, there is often sufficient information to estimate the average effects.12

Missing item responses cause a problem in CTT modeling, since sum scores computed from the available item
responses result in bias.7,8 Furthermore, the CTT model is defined at an aggregate data level and not at the level of
item responses, which makes the CTT model not useful as an imputation model for item missings. Without a sum
score, it is also not possible to define a random effect in order to define a multilevel imputation model for the
missing item scores. A new CTT-based imputation model (i.e. a multivariate probit model) is proposed for binary
item responses that takes into account latent growth of the latent variable and the nested structure of responses
within participants. This multivariate probit model represents a marginal CTT model, where the true score is
integrated out. From this model, a posterior predictive distribution for the responses can be defined, since it is
defined at the level of observations. The marginal CTT model also preserves the multilevel structure of the data
(i.e. responses nested within subjects), which is represented by the covariance structure, where the mean term can
include the growth modeling part for the latent variable score. Therefore, the corresponding posterior predictive
distribution for the item scores takes into account the uncertainty that is associated with the missingness and the
individual trajectory of the latent variable over time to prevent inconsistency of the trend due to missing values.

The multivariate probit model as an imputation model differs from recently developed approaches based on
the generalized linear mixed effects model,10,11,13,14 since dependencies between item responses, nested in the same
response pattern, are directly modeled in the probit model and not through a random effects structure. The
imputation model differs from the analysis model that is used for calculating the effects. Note that the local
stochastic independence still holds for the imputation model. When a response pattern contains only a few item
responses, the random effects cannot be accurately measured and random effect differences across persons will be
small, leading to homogeneous predictions across persons. The multivariate probit model will allow for more
heterogeneity across persons in possible response values by avoiding conditioning on an unreliable and poorly
discriminating random effect measurement. We developed an MCMC algorithm to facilitate the imputation of
item responses and latent variable scores under IRT and CTT from their posterior predictive distributions.

In the present study, the influence of missing item-level data on the growth model estimates are examined under
different missing data mechanisms. A missing at random (MAR) mechanism is investigated, which has been
extensively studied in scale analysis,15–17 and is the utmost possibility under the presented model. An analysis
based on the MAR assumption can produce consistent estimates under a MAR or missing completely at random
(MCAR) mechanism and can increase power relative to an MCAR-based analysis (e.g. listwise or pairwise
deletion). When assuming MAR in latent growth analysis, it is expected that the probability of missing responses
is explained by the repeatedly assessed longitudinal latent variable, which constitutes the response data as well as
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the covariate information. When conditioning on the longitudinal latent variable, and given an adequate fit of the

IRT model, it is reasonable to assume that the probability of missing a response is independent of the missing

response itself. In the situation where the available item scores only measure a part of the latent variable, the

MAR assumption will not hold. Then, without controlling for the latent variable, the probability of missing a

response depends on the missing response and the missing data mechanism is missing not at random (MNAR).
The developed imputation method is used in the current study in different simulation studies to examine the

effects of missing data on latent growth parameter estimates, given longitudinal latent variables as outcomes

measured using IRT or CTT. It is shown that the CTT model will lead to bias in the latent growth parameter

estimates, which describe the shape of estimated growth trajectories. Furthermore, the use of the CTT model for

measuring the longitudinal outcome variables will also lead to less individual variance in growth trajectories of the

latent variable. In the first study, under CTT, predictive mean matching is used to impute missing item scores,

which ignores the trend in the longitudinal latent variable scores, and will lead to bias in the growth parameter

estimates. Next, to be able to include a trend in the measurements, the multivariate probit model is proposed to

impute missing values to impute CTT scores, when the missing data mechanism is MAR. Subsequently, a more

extreme missing data situation is considered, where the differences between the missing data probabilities for

participants with a lower latent variable level differ more severely from participants with a higher latent variable

score, and up till 50–70% of the responses in a response pattern can be missing. The findings of the simulation

studies are illustrated in an example data set on the longitudinal development of low back pain.18

In the next section, the considered latent growth model is introduced. The posterior predictive distributions are

given of the latent variable scores and item scores, under IRT and CTT, to construct a multiple imputation

method for the missing data. In a simulation study, different MAR-based missing data mechanisms are consid-

ered. They are analyzed using the proposed multiple imputation method to obtain latent growth estimates on a

common scale under the different measurement models. In the presence of missing data, the implications of using

sum-scores as measurements of latent variables in latent growth modeling are shown. Furthermore, a direct

comparison is made with IRT-based multiple imputations. Subsequently, findings of the simulation study are

illustrated in a real data study on coping with low back pain. Finally, conclusions and a discussion of the findings

are given.

2 Methods

The considered latent growth model is discussed. Then, a multiple imputation method is introduced for the latent

growth model analysis to deal with the missing latent variable values and missing item responses. The posterior

predictive distribution of the latent variable and the item responses are presented under an IRT-based and a

CTT-based framework as components of the imputation method.

2.1 Latent growth model

The latent growth model describes the changes in the latent variable given predictor variables and occasion-

specific measurement information. Consider the following growth model for repeated measurements of a latent

variable hij for subject i and measurement occasion j

hij ¼ b0i þ b1itij þ eij

b0i ¼ c0 þ u0i

b1i ¼ c1 þ u1i

(1)

where tij is the jth value for the measurement occasion for patient i, and eij �N 0; r2
� �

and ui �N 0; Tð Þ, where T is

a matrix with diagonal elements s20 and s21 and covariance parameter s01. The random effects are assumed to be

multivariate normally distributed with covariance matrix T. Parameter c0 is the population intercept, which

represents the average latent variable score across persons on the measurement occasion where time equals

zero. In most cases, the first measurement occasion corresponds with time point zero such that the random

intercept variance, s20, can be interpreted as the between-subject variation in latent variable scores across subjects.

Parameter c1 is the linear trend in the population, and represents the linear change in the latent variable across

time. Variance parameter s21 on level 2 represents the variation in subject-specific trends across time. The random

intercept and random slope are allowed to correlate, where s01 is the covariance between the two random effects.
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The common error variance at level 1 is denoted by r2 and it represents the deviation between the subject-specific

linear trend and the latent variable measurements.

2.2 Multiple-imputation methods given incomplete response data

Multiple imputation is a common way to deal with missing values and is based on missing data principles.19

The multiple imputations are generated from the posterior predictive distribution of the latent variable to obtain a

complete data set, treating the latent variable as missing data. All available information is used to construct the

posterior of the latent variable. Samples from the posterior predictive distribution are made for patients given

background characteristics in order to obtain (plausible) latent variable scores. Multiple sets of imputations are

drawn to address the uncertainty associated with the latent variable scores.
Without missing item responses, multiple imputations can directly be generated from the posterior

predictive distributions defined under the CTT or IRT model. The multiple imputations, also referred to as

plausible values,20,21 have the advantage over single point estimates that uncertainty associated with the latent

variable scores is included in the estimation of the latent growth parameters. The multiple imputations are used to

obtain unbiased estimates of the latent growth parameter estimates. Standard methods can be used to estimate

growth parameters (e.g. multilevel modeling), when multiple imputations are used for the latent variable. When

the data are collected through a complex sampling design, multiple imputations can be used to obtain correct

standard deviations.
The multiple imputations are not restricted to a specific scale. The multiple imputations generated for the latent

variable can be linearly transformed to any particular scale, for which the mean and variance can be freely

specified. Results of latent growth parameter estimates, given the imputations derived from different posterior

predictive distributions, can be directly compared, when transforming the generated imputations to a common

scale. Therefore, a linear scale transformation can be applied to obtain results of a latent growth analysis on a

common scale, while using posterior predictive distributions defined under different models (e.g. CTT and IRT).22

2.3 IRT-based posterior predictive distributions

The combination of the IRT model with a latent growth model to model the latent variable can be viewed as a

generalized linear multilevel model. For dichotomous items for instance, a normal ogive model can be used to

model the probability of patient i to give a positive response (Yijk¼ 1) to item k on measurement occasion j,

which is given by

P Yijk ¼ 1jhij; ak; bk
� � ¼ U akhij � bkð Þ (2)

where U is the normal cumulative distribution function and ak and bk are the discrimination and the location

parameter of item k, respectively.23,24 Latent variable hij denotes the latent trait for patient i at measurement

occasion j. The item response observations are modeled by the IRT model (level 1), and the patient-specific latent

variables are modeled by the latent growth model (level 2 (time) and level 3 (patients)). The IRT model utilizes all

available response information to measure the latent variable, where the variability in response patterns across

time and persons, is represented in the variability across measured latent variable scores.
In the Bayesian modeling approach, the priors and hyper priors are defined for the item parameters ak and bk.

The log-transformation is used for the discrimination parameters to restrict their values to be positive, then the

multivariate distribution for the item parameters ak and bk is given by

p log akð Þ; bk
� ��N la; lbð Þt; +I

� �

where RI is the covariance matrix of each item’s parameters, and la and lb are the average item discrimination and

item location of the population of test items. Prior distributions are defined for the hyper prior parameters, la,lb
and RI

la; lb �N 0; r2I
� �

+�1

I �W �I;KIð Þ
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where r2I can be specified to be large to represent an uninformative prior. The parameter �I is often small but
greater or equal to two, and KI is an identity matrix to define an uninformative prior.

The IRT model provides a posterior predictive distribution for each item response, when the model parameters
are sampled from their respective posterior distributions. An MCMC algorithm provides sampled values for the

model parameters in iteration m, denoted as hðmÞ
ij ; a

ðmÞ
k ; b

ðmÞ
k . The posterior predictive distribution for the item

responses is a Bernoulli distribution, where the success probability is determined by parameter values sampled
from their posterior distributions

Y
ðmÞ
ijk jhðmÞ

ij ; a
ðmÞ
k ; b

ðmÞ
k �B pðmÞ

ijk

� �
; pðmÞ

ijk ¼ U a
ðmÞ
k hðmÞ

ij � b
ðmÞ
k

� �
¼ U a

ðmÞ
k bðmÞ

0i þ bðmÞ
1i tij þ e

ðmÞ
ij

� �
� b

ðmÞ
k

� �
(3)

When assuming missing item response data to be MAR, multiple imputations can be generated from
the posterior predictive distribution to simulate plausible values for the missing responses. In the last
expression, the growth model for the latent variable (equation (1)) is integrated. This shows that the change
in the latent variable is represented in the success probability, where the term bðmÞ

1i tij represents the change over
time and the time-invariant term bðmÞ

0i represents the person-specific latent variable level at the start of the
study (t¼ 0).

When using an MCMC algorithm for the estimation of the IRT parameters, the latent response formulation is
often used, which facilitates the sampling of the model parameters. However, the latent item response distribution
can also be used to construct a posterior predictive distribution. The latent response data Zijk is introduced as
augmented data, and is assumed to be truncated normally distributed

Z
ðmÞ
ijk jYijk; h

ðmÞ
ij ; a

ðmÞ
k ; b

ðmÞ
k �N akhij � bk; 1ð Þ

I Zijk � 0ð Þ if Yijk ¼ 0

I Zijk > 0ð Þ if Yijk ¼ 1

Yijk missing

8><
>: (4)

If the observation Yijk is missing, then the posterior simulated value Y
ðmÞ
ijk equals one if the sampled value Z

ðmÞ
ijk is

greater than or equal to zero, and equals zero if Z
ðmÞ
ijk is smaller than zero. The simulated latent responses can often

be used as imputations and values for the dichotomous missing responses, Y
ðmÞ
ijk , do not need to be determined. For

instance, the posterior predictive distribution of the latent variable can be determined from the latent responses,
which is described next.

The posterior predictive distribution of the latent variable hij is constructed from the latent growth model and
the IRT model. Let Xij denote the set of latent growth parameters, Xij ¼ c; bi; r

2; T
� �

for patient i and occasion
j. When conditioning on latent item response data, it can be shown that the posterior (predictive) distribution of
the latent variable is normal. The posterior distribution of the latent variable can be expressed as

g hijjzij;Xij; a; b
� � / p zijjhij; a; b

� �
f hijjXij

� �
(5)

It follows that the posterior distribution gðÞ is normal, since it is constructed from normally distributed latent
responses and a normal prior distribution, where the mean is given by

E hijjzðmÞ
ij ; XðmÞ

ij ; aðmÞ; bðmÞ
� �

¼ at zij þ bð Þ þ b0i þ b1itijð Þ=r2
ataþ r�2

and the variance by ðataþ 1=r2Þ�1. When considering sampled parameter values for the parameters conditioned
on, posterior predictive values (i.e. plausible values) for the latent variable can be sampled from

hPVij � g hijjzðmÞ
ij ; XðmÞ

ij ; aðmÞ; bðmÞ
� �

(6)

and they can be linearly transformed to a particular scale. The density function fðÞ represents the latent growth
model, the pðÞ represents the likelihood function, and the posterior density function gðÞ represents the posterior
predictive distribution from which missing latent variable scores can be drawn.
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2.4 CTT-based posterior predictive distributions

In CTT, the (aggregate) sum-score is used as a measurement of the latent variable score. A true score, #ij, is

assumed, which is never observed. The observed sum-score is assumed to be equal to the true score plus an error
term. When also assuming normally distributed errors, the CTT model is given by

�yij ¼ #ij þ eij (7)

where eij �N 0; r2#
� �

, and �yij ¼
X

k
yijk=K is the average score over K item responses. The measurement error

variance is assumed to be equal across persons. One characteristic of the CTT model is that the model is defined at
the level of latent variable scores, while the observations are defined at the item level. Therefore, differences
between response patterns leading to the same sum score are ignored in measuring the latent variable score.
This loss of information in determining the latent variable scores leads to less variability in scores, when com-

paring it to the variability in observed response patterns. Another characteristic is that missing item responses lead
directly to missing sum scores, since sum scores cannot be determined from an incomplete response pattern.
The handling of missing item responses is further complicated, since the measurement model is defined at the level
of latent variable scores. Therefore, in contrast to the IRT model, a different model is needed to generate

imputations for missing item responses. However, it is important to use an imputation model to preserve the
original relationships between the variables in the data.

2.4.1 CTT-based multiple imputation model

Response patterns with missing observations complicate the computation of sum scores, �yij, which are needed to
generate multiple imputations for the latent variable #ij. The sum score is assumed to be the sum (or average) over

dichotomous responses. Thus, the CTT model is simply not defined at the level of dichotomous observations, and
the posterior predictive distribution of item responses cannot be constructed from the CTT model. Now, consider
the CTT model in equation (7), with a latent growth model for the true score #ij with mean b0i þ b1itij and
variance r2#. An underlying latent variable is defined, in a similar way as the one defined under the IRT model

in equation (4). Let Zijk be normally distributed with mean #ij and variance 1, where Zijk is greater than zero for a
positive response, and less equal zero otherwise. The CTT model for the latent (continuous) responses
ðZij1; . . . ;ZijKÞ is a linear random effects model. A marginal CTT model can be derived, where the true score is
integrated out. Integrate the mean expression for the true score, according to the latent growth model in equation

(1), in the CTT model. Then, merge the error term at the observation level with the error term defined at the
person level. This leads to a multivariate normal distribution for the item responses

Zijk ¼ b0i þ b1itij þ eij þ rijk ¼ b0i þ b1itij þ Eijk (8)

where the rijk are independently normally distributed with mean 0 and variance 1 and the eij are normally
distributed with mean 0 and variance r2#, according to equation (7). The error terms are independently distributed
and the sum of the terms, Eijk, is again normally distributed with mean 0 and variance 1þ r2#. The covariance of
latent responses of item k and l of person i is equal to r2#, which is shown by

Cov Zijk;Zijlð Þ ¼ Cov eij þ rijk; eij þ rijlð Þ ¼ Var eijð Þ ¼ r2#

For dichotomous observed data, a marginal CTT model (i.e. multivariate probit model) can be defined for the

observed responses, where the covariance matrix is equal to R ¼ IK þ Jr2# with J ¼ 1K1
t
K, which is the implied

covariance structure according to the CTT model. Then, the marginal CTT model is given by

P Yij ¼ yij j l#; R
� � ¼ Z

Rij1

. . .

Z
RijK

U zij j l#; R
� �

dzij1 . . . dzijK

where Rijk is the interval 0;1ð Þ if Yijk¼ 1 and the interval �1; 0ð Þ otherwise, and l# ¼ b0i þ b1itij.
The objective is to define the posterior predictive distribution for the item responses under the CTT model to

define a multiple imputation method. For the marginal CTT model, the posterior predictive distribution of the
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latent response Zijk given the remaining K� 1ð Þ responses Zijð�kÞ can be derived from their multivariate normal
distribution. The covariance matrix R ¼ IK þ Jr2# can be partitioned, where R12 defines the covariance between
Zijk and the Zijð�kÞ, and R11 and R22 are the variance and covariance matrix of Zijk and Zijð�kÞ, respectively. Then,
the posterior predictive distribution of the latent response is given by

ZijkjZijð�kÞ; l#; R�N lijk; r
2
ijk

� �
(9)

where

lijk ¼ l# þ+12+
�1

22 Zijð�kÞ � l#
� �

¼ l# þ r2#1
t
K�1 IK�1 � 1K�11

t
K�1

1=r2# þ K� 1

 !
Zijð�kÞ � l#
� �

¼ l# þ
X

l6¼k
r2# Zijl � l#ð Þ

1þ ðK� 1Þr2#

where the inverse of R and a partition of it, R22, can be found in Fox25 (p.152). Note that the mean is represented
by the latent growth component l# ¼ b0i þ b1itij. Thus, the predicted response will take into account a linear trend
in the latent variable measurements. Finally, the variance r2ijk is equal to

r2ijk ¼P11 �+12+
�1

22 +
t

12

¼ 1þ r2# � r2#1
t
K�1 IK�1 � 1K�11

t
K�1

1=r2# þ K� 1

 !
r2#1

t
K�1

¼ 1þ Kr2#
1þ K� 1ð Þr2#

:

The posterior predictive distribution of the latent response depends on the covariance parameter r2#.
This parameter represents the covariance between item responses, when not conditioning on the true score.
The r2# can be sampled from its posterior distribution given the latent responses. To obtain the posterior distri-
bution of the covariance parameter, r2#, consider the multivariate distribution of the latent response data, which is
given by

P Zij ¼ zijjl#; +
� � ¼ 2pð Þ�K

2 j+�1j12exp � 1

2
zij � l#ð Þt+�1

zij � l#ð Þ
� 	

¼ 2pð Þ�K
2 j+�1j12exp � 1

2
Et
ij IK � 1K1

t
K

1=r2# þ K

 !
Eij

 !

where the expression for the inverse of the covariance matrix R is used. The sum of squares in the exponent can be
partitioned in two components, where one component is the sufficient statistic for the covariance parameter.
To see this, the terms in the exponent are rearranged as follows

Et
ij IK � 1K1

t
K

1=r2# þ K

 !
Eij ¼

X
k

E2
ijk �

X
k
Eijk

X
k
Eijk

1=r2# þ K
¼
X
k

Eijk � �Eij

� �2 þ K �E
2
ij �

K2 �E
2
ij

1=r2# þ K

¼
X
k

Eijk � �Eij

� �2 þ K �E
2
ij 1� K

1=r2# þ K

� 	
¼
X
k

Eijk � �Eij

� �2 þ K �E
2
ij

1þ r2#K
:

The second component on the right-hand side, SBij
¼ K �E

2
ij, represents the sum of squares which contains the

information about r2#. The term
X

i;j
�E
2
ij is chi-square distributed, since the average error term

�Eij is independently
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normally distributed across persons and occasions. It follows that posterior distribution of r2# is given by

p r2#jz
� �

/ 1=Kþ r2#
� �NJ

2 �1
exp �

X
i;j
�E
2
ij

2 1=Kþ r2#
� �

0
@

1
A (10)

using an uninformative prior

p r2#
� �

/ 1=Kþ r2#
� ��1

Following Fox et al.,26 the posterior distribution of r2# in equation (10) can be recognized as a shifted-inverse

gamma with shape parameter NJ/2 and rate parameter SB=2 ¼
X

i;j
�E
2
ij=2. Note that the covariance parameter,

q ¼ r2#, is restricted to be greater than �1=K and is allowed to be negative, since the term 1=Kþ r2# is restricted to

be positive.
This marginal CTT model is defined at the level of observations and represents the imputation model for the

missing responses. An algorithm can be defined to simulate scores constructed from observed and imputed
responses under the CTT model. The following steps are defined in iteration m of an MCMC algorithm to

generate sum scores partly based on imputed responses:

1. Simulate r2ðmÞ
# given zðm�1Þ; lðm�1Þ

u from a shifted-inverse gamma distribution in equation (10).
2. Simulate values Z

ðmÞ
ijk for all missing responses k for person i given Z

ðm�1Þ
ijð�kÞ ; l

ðm�1Þ
# , and RðmÞ according to

equation (9). Then, Y
ðmÞ
ijk equals 1 if Z

ðmÞ
ijk > 0 and Y

ðmÞ
ijk ¼ 0 if Z

ðmÞ
ijk � 0. Update the sum score �y

ðmÞ
ij given

observed and simulated responses.

The posterior predictive distribution of the true score is constructed from the latent growth component and the

CTT model. It follows that

g #ijj�yij;Xij

� � / p �yijj#ij

� �
f #ijjXij

� �
(11)

represents a normal distribution with mean

E #ijj�yij; r2#;Xij

� �
¼ �yij=r

2
# þ b0i þ b1itijð Þ=r2
1=r2# þ 1=r2

and variance 1=r2# þ 1=r2
� ��1

, see also Gorter et al.22 Subsequently, the multiple imputations are drawn from

#PV
ij � g #ijj�yij; r2ðmÞ

# ; XðmÞ
ij

� �
(12)

and the drawn values can be transformed to a particular scale using a linear transformation.
Other methods for handling missing item scores in multilevel data are based on multilevel imputation strat-

egies. In Mice, the functions” 2 l.norm” and” 2 l.pan” offer solutions for continuous data. A reasonable way of
handling the missing data in the CTT framework would be to use a multilevel logistic regression imputation or

multilevel predictive mean matching method. The binary multilevel imputation method by Jolani et al.13 is
designed for structural missing data, and therefore not applicable for the current study. The miceadds R-pack-

age27 provides a function for multilevel logistic multiple imputation. In the simulation study, this procedure led to
convergence issues for the considered data, when integrating it in the imputation algorithm for latent growth

modeling. The multilevel logistic multiple imputation method in miceadds is built on the generalized linear mixed
effects routine in lme4. The routine requires sufficient observed data to estimate random effect(s) and other

parameters to simulate values. More research is needed to assess empirical differences between the multivariate
probit imputation model and the generalized multilevel imputation model. However, this is beyond the scope of

the current study.
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3 Bayesian multiple imputation method for latent variables and missing

item responses

The multiple imputation method is aimed at drawing values from the posterior predictive distribution given

observed data and parameters. The parameters are drawn from their posterior distribution given the observed

data and realizations of the missing values.

3.1 Multiple imputation algorithm under IRT

Step (I) Draw parameters of the imputation model: Draw item parameters a, b and latent growth parametersX
from their posterior distribution given the complete data y, where the complete data is constructed

from imputed missing data and observed data.
Step (II) Generate multiple imputations for the missing data and latent variable: Draw values for the missing

data given sampled parameter values according to equation (4) (also possible equation (3)), and draw

latent variable scores from the posterior predictive distribution defined in equation (6).

In Step (I), drawing the parameter values of the imputation model can be achieved by MCMC. The MCMC

scheme for complete data is described in Gorter et al.,22 which is based on the augmentation of latent responses as

described in equation (4). In Step (II), values for the missing data can be generated from the posterior predictive

distribution, from which latent item responses are generated. This is sufficient for the sampling of the model

parameters and latent variable scores. When binary predicted values are needed, positive and negative binary

predicted values are obtained by generated latent responses located in the interval ð0;1Þ and ð�1; 0Þ, respectively.

3.2 Multiple imputation algorithm under CTT

Step (I) Draw parameters of the imputation model: The parameter, #ij, can be sampled from its posterior

distribution represented in equation (11), by sampling k ¼ 1=Kþ r2# and subtracting 1=K to obtain

a sample for r2#. The latent growth parameters X can be sampled from their posterior distribution as

described under IRT, while using the current value for # as the outcome variable given the complete

data y, where the complete data is constructed from sampled missing data and observed data.
Step (II) Generate multiple imputations for the missing data and latent variable: Draw values for the missing

data given sampled parameter values from equation (11) and draw latent variable scores from the

posterior predictive distribution defined in equation (12).

As for IRT, in Step (I), the parameter values of the imputation model can be drawn using MCMC. In Step (II),

the generated latent continuous missing data lead to binary predicted data, where the sign of the generated

imputed values determines whether the binary predicted value is one or zero. Note that these predicted binary

(missing) values are not directly needed.
The algorithm has been implemented in a modified version of the R-Package mlirt.28 The convergence of the

algorithm can be investigated by observing trace plots of the sampled values. At convergence, the sequences of

sampled values should mix well and not show any structural patterns. The convergence diagnostics in the

R-package Coda29 can also be used to investigate whether the chains of sampled values has converged.
A general procedure can be applied to obtain parameter estimates of the LCM model using multiple imputa-

tions for the latent variable under the IRT model (equation (6)) and CTT model (equation (12)), while accounting

for missing item responses using multiple imputations for the missing item scores. The final estimates of the latent

growth model parameters, given the IRT-based and CTT-based multiple imputations for the missing item scores,

are on the same scale due to the scale transformation of the multiple imputations for the latent variable.

(i) Generate multiple imputations for the latent variables hij and #ij and missing responses, according to Step (II)

of the IRT-based and CTT-based multiple imputation method.
(ii) Transform each vector of multiple imputations for the latent variable to a common scale using a linear scale

transformation.
(iii) For each set of multiple imputations for the latent variable, draws of all LCM parameters are obtained using

an MCMC algorithm.
(iv) Repeat steps (i)–(iii) multiple times (usually five).
(v) Pool the LCM estimation results from the IRT- and the CTT-generated multiple imputations.
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4 Simulation study

In the simulation study, latent growth model parameter estimates using IRT-based and CTT-based measurements

of the outcome variable were compared to address the effects of the measurement model and missing response

data on the estimation results. Three simulation studies are presented to show the advantage of using IRT- over

CTT-based multiple imputations in longitudinal data analysis in the presence of missing item responses. The three

simulation studies investigated the retrieval of the true values of the latent growth parameters under different

missing data situations for different missing data mechanisms.
A general procedure was used to enable a direct comparison between the estimation results, while using

different measurement models and imputation methods. In Figure 1, the general multiple imputation procedure

is illustrated including the simulation of item response data. Data were simulated under specific conditions. Under

CTT, multiple imputations were generated. In Simulation Study I, Predictive Mean Matching (PMM) was used,

which ignored the trend in latent variable measurements. Under IRT, the generation of multiple imputations for

the missing item scores was facilitated via the algorithm described in Section 3.
In Simulation Study II and III, the proposed CTT-based multiple imputation method was used using the

multivariate probit model, where the imputed values for the true scores also addressed a linear trend in measure-

ments. Following the procedure of Gorter et al.,5 the multiple imputations for the latent variable under IRT and

CTT were rescaled to a common scale, and the latent growth model was fitted with the generated latent variable

scores as outcomes. The results of the latent growth model analysis under IRT and CTT were compared in terms

of bias and mean squared error (MSE) of the parameter estimates. The structural model (LCM) parameters can be

compared directly, since the CTT-based multiple imputations were re-scaled to the scale of the IRT-based mul-

tiple imputations, to assess measurement model differences and effects of missing data. Therefore, fixed effect

parameter estimates from the latent growth model were averaged over the five multiple imputations to obtain the

final results. The variance of the parameters was pooled by calculating the sum over the within-imputation

variance (the average of the variance estimates), and the between-imputation variance (the variance of the

point estimates)25 (pp.168–169).
The following procedure was followed to simulate item response data. The person-specific scores at intake ðb0iÞ

and the person-specific trends b1i were generated from a multivariate normal distribution with covariance matrix

T, where the variation across persons at intake equaled s20 ¼ 1, the variation across person-specific trend values

equaled s21 ¼ :50, and the population covariance between the intake score and trend equaled s201 ¼ :20. The latent
variable scores were drawn from a normal distribution given the sampled b0i and b1i, with a population average

intercept of c0 ¼ 0, a population-average linear trend of c1 ¼ 1, and measurement error variance of r2 ¼ :20.
The item difficulty parameters bk were sampled from a normal distribution with mean zero and variance .50. Items

with difficulty parameters above (below) zero were marked as difficult (easy) items. The discrimination parameters

were equal to one. Finally, dichotomous item responses were generated using the IRT model (equation (2)), given

the generated latent variable scores.

4.1 Simulation study I

In the first simulation study, the probability of a missing item response was equal across all subjects and mea-

surement occasions. However, this corresponded to MAR, since a positive linear trend was simulated in the latent

variable measurements. Subsequently, positive responses were more likely to be missing at a later stage, and the

missingness was explained by the trend in latent variable measurements. Conditional on the measurement

Figure 1. Procedure for the simulation studies. The dashed lines represent the route for Simulation Study I, and the solid lines
represent the routes for Simulation Studies II and III. PVs: Plausible values.
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occasion, the values were missing completely at random (MCAR).The percentage of missing data was varied.
Four situations were investigated, the complete data set, and data with 20%, 50%, and 70% missingness. The
missing data percentage represented the percentage of subjects with missing data, as well as the percentage of
missing item responses per measurement occasion. For instance, in a condition with 20% missing item responses,
also 20% of the subjects had missing item responses. Per condition, 50 replications were made with N¼ 100
patients responding to K¼ 20 dichotomous items on J¼ 5 measurement occasions. For CTT, multiple imputa-
tions were generated using Predictive Mean Matching (PMM), which resulted in five complete data sets. The mice
package30 was used to generate imputations using PMM on the wide dataset. After imputing the missing data,
multiple imputations were generated for the latent variable. This resulted in five times five complete data sets. The
latent growth model parameter estimates were pooled first for the five PMM imputed data sets, and pooled second
over the five draws of the latent variable score. For IRT, multiple imputations for the missing item responses and
latent variable scores were generated, according to equations (3) and (6), respectively. Subsequently, latent growth
model parameter estimates were pooled to obtain the final estimates. For estimating the parameters of the latent
growth model, a 20,000 iterations long MCMC chain was run, with 5000 burn-in iterations per replication

4.2 Simulation study II

In the second simulation study, the missing data was generated under MAR, where the missingness depended on
the latent variable, which followed a linear trend. It was assumed that the observed responses contained sufficient
information regarding the latent variable for estimating the latent variable scores.31 Subjects with a lower latent
variable score (below the population average) had a higher probability of missingness on the more difficult items
than subjects with a higher latent variable score (above the population average) who had a lower probability of
missingness on the more difficult items. A normal distribution was assumed for the population model. This
population model combined with the observed (incomplete) data contained sufficient information on the latent
trait to assume MAR. In Table 1, the different probabilities of missing response data are listed, which were used to
generate missing data according to MAR. For example, in the 50% missing data condition, for those with a
below-average latent variable score, the probability of a missing response was 70% for the difficult items, and
30% for the easy items. For those with an above-average latent variable score, the missing response probability
was 60% and 40% for the difficult and easy items, respectively. On average, the probability of a missing response
was 50%. Subjects with a lower latent variable score were more likely to have missing responses on the more
difficult items compared to subjects with a higher score, while accounting for the trend in latent variable scores.
Three different missing data conditions were simulated with three different percentages of missing data, 20%,
50%, and 70%. The simulated data sets consisted of N¼ 100 patients measured on five different occasions on a
questionnaire with 20 dichotomous items. A total of 50 replications were made per condition.

Multiple imputations were generated using the proposed CTT-based multiple imputation method with the
multivariate probit model, which resulted in five complete data sets. After generating the multiple imputations,
the latent growth model parameters were estimated using the five draws of IRT-based and CTT-based multiple
imputations, using a 20,000 iterations long MCMC chain with 5000 burn-in iterations.

4.3 Simulation study III

A more extreme missing data situation was investigated in order to test the robustness of the multiple imputation
methods, and to examine differences between IRT and CTT under more extreme conditions. Missing data was
simulated in such a way that it became less likely that the data contained enough information to estimate the
latent variable accurately. The missingness was dependent on the latent variable and in the extreme situation the

Table 1. Missing data probabilities for subjects with low versus high latent variable scores for a total of 20%, 50%,
and 70% missing item responses used in Simulation Study 2.

20% Missing 50% Missing 70% Missing

Easy Difficult Easy Difficult Easy Difficult

Low h .12 .28 .30 .70 .42 .98

High h .16 .24 .40 .60 .56 .84
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observed data only contained partial information about the latent variable, and consequently MNAR could occur
in such a situation. In Table 2, the probabilities of missing responses are given for the high versus low scoring
subjects. The probabilities in Table 2 were chosen in such a way that subjects with a lower latent variable score
had a higher probability of missingness for the difficult items, whereas for patients with a higher latent variable
score, the missingness was not dependent on the difficulty of the items. When the population distribution is
assumed to be normally distributed and the observed (incomplete) data is sufficient we can assume MAR.
However, with the increasing relative amount of missingness in the difficult items for patients with a lower
theta, we approach the situation in which the observed data combined with the population distribution no
longer contain sufficient information (MNAR). The missing data conditions entailed data sets with 20%, 30%,
40%, and 50% missing observations. For instance, a subject scoring below the population average had a 90%
probability of missing a response to a difficult item in the 50% missing data condition. Observed data for this
subject mainly contained information about the performance on the easy items, which usually leads to inaccurate
measurements of the latent variable scores. In this study, the same estimation procedures and parameter settings
were used as in Simulation Study II.

5 Results

5.1 Results simulation study I

In Tables 3 and 4, the results of Simulation Study I are given. The latent growth parameter estimates along with
the bias and MSE using IRT-based and CTT-based multiple imputations are given.

In the condition without any missing data, a similar pattern was found as shown by Gorter et al.5,32 When
looking at the results in Table 3, it can be seen that the linear trend was underestimated under CTT, where the
trend was correctly estimated under IRT. Furthermore, the measurement error variance at level 1 was over-
estimated under CTT, and also correctly estimated under IRT. The IRT-based multiple imputations provided
more information about the linear trend in the measurements than the CTT-based imputations. This showed that
the IRT-based trajectories more accurately described the change in measurements than the CTT-based trajecto-
ries. There was also more variability detected in the baseline measurements and less variability in the individual
trends under CTT than under IRT. Under IRT, the variation in trends was slightly overestimated.

For the 20% missing data condition, under IRT the parameter estimates are close to the true values, and MSE
values are even smaller than in the condition of no missing data. When the missing data are MAR, the IRT-based
multiple imputations for the missing data provided accurate information leading to accurate multiple imputations
for the latent variable. Under CTT, the PMM imputation model on the wide data set was time-invariant and did
not take a trend effect in the repeated measurements into account. The corresponding CTT-based multiple
imputations for the latent variable scores led to bias in the latent growth model parameter estimates. It can be
seen that the linear trend was really underestimated, and only a third of the true trend value was identified, where
the measurement error variance was estimated to be more than three times larger than the true variance.
The underestimation of the trend also led to an overestimation of the average baseline score.

In Table 4, the results of the missing data conditions of 50% and 70%missing data are presented. It can be seen
that the estimates under IRT are still close to the true values, and the multiple imputations correctly represent the
trend in the latent variable scores. The multiple imputation model describes accurately the missing data and
missing latent variable scores, while addressing the linear trend in the latent variable scores.

The CTT-based imputation method (PMM on the wide data set) ignored the trend in the latent variable scores.
The estimated linear trend effect was no longer significantly different from zero, which can be seen from the 95%
highest posterior density (HPD) interval ½�:27; :36� (50% missing data condition) and ½�:13; :52� (70% missing
data condition). The intercept estimates c0 were overestimated in both conditions, and showed that the multiple

Table 2. Probabilities of a missing response for subjects with low versus high latent variable scores with a total of
20%, 30%, 40% and 50% missing responses used in Simulation Study III.

20% Missing 30% Missing 40% Missing 50% Missing

Easy Difficult Easy Difficult Easy Difficult Easy Difficult

Low h .04 .36 .06 .54 .08 .72 .10 .90

High h .20 .20 .30 .30 .40 .40 .50 .50
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Table 3. Simulation Study 1: Latent growth parameter estimates across 50 replications under varying proportions of missing data (0%
and 20%), using IRT-based multiple imputations and CTT-based multiple imputations for the latent variable scores.

IRT CTT

Par. True EAP SD BIAS MSE EAP SD BIAS MSE

0% Missing

Fixed

c 0 0 �.02 .12 �.02 .01 .08 .14 .08 .02

c 1 1 1.00 .12 .00 .02 .83 .16 �.17 .05

Random

r2 .20 .20 .03 .00 .00 .35 .04 .15 .03

s20 1.00 1.06 .19 .06 .03 1.18 .20 .18 .07

s21 .50 .63 .21 .13 .07 .31 .15 �.19 .05

s201 .20 .08 .11 �.12 .02 �.01 .09 �.21 .05

20% Missing

Fixed

c0 0 .00 .12 .00 .02 .70 .23 .70 .79

c1 1 1.01 .12 .01 .02 �.15 .32 �1.15 2.08

Random

r2 .20 .21 .03 .01 .00 .69 .09 .49 .27

s20 1.00 .99 .21 �.01 .04 1.08 .34 .08 .07

s21 .50 .55 .19 .05 .03 .40 .23 �.10 .02

s01 .20 .22 .14 .02 .02 �.19 .27 �.39 .19

Note: For CTT, missing data were generated according to PMM on the wide data set, and for IRT, they were generated from the posterior predictive

distribution (Equation (3)).

par.: Parameter estimate; True: simulated parameter values, EAP: expected a posteriori, MSE: mean squared error.

Table 4. Simulation Study I: Latent growth parameter estimates across 50 replications under varying proportions of missing data
(50% and 70%), using IRT-based multiple imputations and CTT-based multiple imputations for the latent variable scores.

IRT CTT

Par. True EAP SD BIAS MSE EAP SD BIAS MSE

50% Missing

Fixed

c 0 0 .02 .12 .02 .01 .59 .25 .59 .50

c 1 1 1.01 .13 .01 .02 .05 .37 �.95 1.26

Random

r2 .20 .20 .03 .00 .00 .85 .10 .65 .47

s20 1.00 1.00 .22 .00 .05 .85 .33 �.15 .08

s21 .50 .56 .20 .06 .03 .44 .27 �.06 .01

s201 .20 .17 .15 �.03 .03 �.18 .27 �.38 .16

70% Missing

Fixed

c0 0 .01 .12 .01 .02 .50 .20 .50 .43

c1 1 1.01 .13 .01 .02 .20 .29 �.80 1.06

Random

r2 .20 .20 .03 .00 .00 .91 .11 .71 .54

s20 1.00 1.05 .24 .05 .04 .86 .32 �.14 .07

s21 .50 .54 .20 .04 .03 .45 .29 �.05 .01

s201 .20 .18 .16 �.02 .03 �.19 .28 �.39 .17

Note: For CTT, missing data were generated according to PMM on the wide data set, and for IRT, they were generated from the posterior predictive

distribution (equation (3)).

par.: Parameter estimate, True: simulated parameter values, EAP: expected a posteriori, MSE: mean squared error.
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imputed scores did not contain information about a trend in the latent variable measurements. The measurement
error variance was severely overestimated in both conditions (.85 and .91), since the intercept did not explain
much variance in the outcomes.

5.2 Results simulation study II

In Simulation Study II, the proposed multiple imputation (multivariate probit) model for the missing responses
under CTT was used to address the linear trend in the latent variable measurements. This was ignored in
Simulation Study I, which led to severe bias in the latent growth estimates. Under CTT and IRT, the missing
responses were generated from the posterior predictive distribution according to equations (9) and (3),
respectively.

Under CTT, the trend in latent variable scores was taken into account in the generation of the imputations for
the missing responses, which led to a substantial reduction in the bias of the latent growth parameter estimates.
In Table 5, it can be seen that in the condition with 20% missing data, the CTT-based estimates are comparable to
the estimates of Simulation Study I with no missing data. Under CTT, the linear trend is underestimated, the
measurement error variance overestimated and the individual variation in trend effects was underestimated.
However, this resembled the results under CTT without missing data, and this bias occurred due to the use
of sum scores as measurements of the outcome variable. Under IRT, the latent growth parameters estimates
were correctly estimated. The covariance of the random intercept and linear trend was underestimated,
but the 95% highest posterior density (HPD) interval (½�:12; :27�) still contained the true value of 20.
The IRT-based multiple imputations provided more information about the linear trend in the measurements
than the CTT-based imputations.

When increasing the percentage of missing data, the parameter estimates under both measurement models were
comparable to the results of the 20% missing data condition. The proposed posterior predictive distribution to
generate missing responses takes into account the trend in latent variable scores. Under both measurement
models, in the condition of 70% missing data, the bias in the latent growth parameter estimates was comparable
to the bias of the parameter estimates in the condition of 50% and 20% missing data. When the missingness can

Table 5. Simulation Study II: Latent growth parameter estimates across 50 replications under varying proportions of missing data
(20%, 50% and 70%), using IRT-based multiple imputations and CTT-based multiple imputations for the latent variable scores.

IRT CTT

Par. True EAP SD BIAS MSE EAP SD BIAS MSE

20% Missing

Fixed c0 0 �.01 .12 �.01 .01 .09 .15 .09 .02

c1 1 1.00 .12 .00 .02 .84 .17 �.16 .05

Random r2 .2 .20 .03 .00 .00 .36 .04 .16 .03

s20 1 1.14 .21 .14 .07 1.25 .21 .25 .10

s21 .5 .60 .21 .10 .08 .28 .14 �.22 .06

s201 .2 .08 .11 �.12 .02 �.02 .09 �.22 .05

50% Missing

Fixed c0 0 .04 .13 .04 .02 .14 .15 .14 .04

c1 1 .99 .14 �.01 .02 .81 .18 �.19 .05

Random r2 .2 .20 .04 .00 .00 .37 .05 .17 .03

s20 1 1.16 .22 .16 .08 1.27 .22 .27 .12

s21 .5 .59 .22 .09 .06 .27 .15 �.23 .07

s201 .2 .08 .12 �.12 .02 �.02 .09 �.22 .05

70% Missing

Fixed c0 0 .02 .13 .02 .01 .14 .15 .14 .03

c1 1 1.01 .15 .01 .03 .79 .18 �.21 .06

Random r2 .2 .21 .05 .01 .00 .40 .06 .20 .04

s20 1 1.12 .23 .12 .07 1.20 .21 .20 .08

s21 .5 .60 .27 .10 .08 .25 .14 �.25 .07

s201 .2 .07 .12 �.13 .02 �.01 .08 �.21 .04

Note: For CTT and IRT, missing data were generated from the posterior predictive distribution, equations (9) and (3), respectively.

par.: Parameter estimate, True: simulated parameter values, EAP: expected a posteriori, MSE: mean squared error.
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be explained by the latent variable scores, under both measurement models stable results were obtained by

imputing missing data from the posterior predictive distributions. Differences in latent growth estimates between

IRT and CTT-generated latent variable scores were caused by using sum scores, which do not utilize all response

information.

5.3 Results simulation study III

The probabilities of missing responses are displayed in Table 1. For the different missing data conditions, the

latent growth estimates across 50 data replications are given in Table 6. Although part of the observed response

patterns did not have sufficient information about the latent variable, the parameter estimates were quite close to

the true values given IRT-based multiple imputations and assuming MAR. The missing response data were

generated using the latent variable scores. When the latent scores contain bias, the imputed response data will

also contain bias. The results based on the IRT scores were quite robust against violations of MAR, and the

parameter estimates and posterior standard deviations are comparable across the different missing data condi-

tions. The results are also comparable to the results presented in Table 5.
Under CTT, the bias is also stable across missing data conditions. The CTT-based estimates show more bias

compared to the IRT-based estimates, but the difference is comparable across conditions. This difference was

identified in the complete data situation, where it was shown that the sum scores ignore response information,

which led to an underestimation of the linear trend and an overestimation of the measurement error variance.

Table 6. Simulation Study III: Latent growth parameter estimates across 50 replications under varying proportions of missing data.

IRT CTT

Par. True EAP SD BIAS MSE EAP SD BIAS MSE

20% Missing

Fixed c0 0 .01 .12 .01 .01 .10 .14 .10 .03

c1 1 1.00 .13 .00 .02 .84 .14 �.16 .04

Random r2 .2 .21 .03 .01 .00 .37 .04 .17 .03

s20 1 1.11 .19 .11 .05 1.21 .18 .21 .08

s21 .5 .58 .18 .08 .04 .27 .10 �.23 .06

s201 .2 .07 .06 �.13 .02 �.02 .03 �.22 .05

30% Missing

Fixed c0 0 .01 .12 .01 .02 .09 .14 .09 .03

c1 1 .97 .12 �.03 .01 .83 .12 �.17 .04

Random

r2 .2 .20 .04 .00 .00 .36 .04 .16 .03

s20 1 1.16 .22 .16 .08 1.25 .20 .25 .10

s21 .5 .56 .21 .06 .05 .27 .10 �.23 .06

s201 .2 .08 .09 �.12 .02 �.01 .03 �.21 .04

40% Missing

Fixed c0 0 .01 .12 .01 .02 .09 .13 .09 .03

c1 1 .99 .14 �.01 .02 .85 .15 �.15 .04

Random r2 .2 .21 .04 .01 .00 .37 .05 .17 .03

s20 1 1.14 .19 .14 .06 1.22 .21 .22 .09

s21 .5 .56 .22 .06 .05 .26 .11 �.24 .07

s201 .2 .06 .08 �.14 .03 �.02 .03 �.22 .05

50% Missing

Fixed c0 0 .00 .13 .00 .02 .11 .12 .11 .03

c1 1 .99 .15 �.01 .02 .81 .14 �.19 .05

Random

r2 .2 .2 .04 .00 .00 .36 .05 .16 .03

s20 1 1.16 .18 .16 .06 1.25 .19 .25 .10

s21 .5 .55 .16 .05 .03 .27 .09 �.23 .06

s201 .2 .07 .07 �.13 .02 �.02 .03 �.22 .05

par.: Parameter estimate; True: simulated parameter values; EAP: expected a posteriori; MSE: mean squared error.
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The estimated MSE did not show an increase, which also shows that the proposed missing data imputation

method is robust against violations of MAR.

6 Application: Coping with low back pain

To illustrate the differences in results between using IRT and CTT-generated latent variable scores as outcomes in

the latent growth model for different missing data situations, a real data set was analyzed. The aim is to show that

results obtained in the simulation studies also apply in real life data situations, where a longitudinal latent variable

was measured on multiple occasions.
Data were obtained from a repeated measurement study on coping strategies in patients with low back

pain.18,33 The development of the latent variable low back pain was measured using the Dutch version of the

Pain Coping Inventory (PCI).34 The PCI sub-scale on passive coping was used. The questionnaire was adminis-

tered during the four time-points of the original study, at baseline, after six months, and one and two years after

baseline. Time was measured in months and divided by 24, which was the maximum number of study months. So,

time equaled one for the final measurement occasion, and time equaled zero for the baseline measurement occa-

sion. For the current illustration, responses of patients with at least two measurement occasions without missing

item scores were taken into account. This resulted in a sample of 254 patients. The answering categories were

collapsed for the analysis, resulting in dichotomous responses.
First, the complete data set was analyzed. The scores for the latent variable PCI-passive were constructed using

the IRT and CTT measurement model, where the latent growth model from equation (1) was considered, where hij

Table 7. Coping with low back pain: 254 patients were measured four times on Pain Coping using the PCI-Passive scale.

IRT CTT

par. EAP SD 95%HPD EAP SD 95%HPD

0% Missing

Fixed c0 .44 .05 [.34;.53] .35 .06 [.24;.45]

c1 �.94 .08 [�1.07; �.81] �.74 .07 [�.86; �.63]

Random r2 .21 .02 [.18;.24] .46 .05 [.41;.51]

s20 .39 .06 [.30;.48] .47 .07 [.36;.58]

s21 .68 .14 [.50;.89] .02 .04 [.00;.09]

20% Missing

Fixed c0 .45 .05 [.36;.53] .35 .06 [.25;.46]

c1 �.97 .08 [�1.11; �.84] �.77 .08 [�.9; �.66]

Random r2 .19 .04 [.16;.21] .45 .05 [.40;.50]

s20 .38 .05 [.29;.46] .47 .08 [.37;.59]

s21 .78 .19 [.58;.99] .03 .04 [.00;.11]

30% Missing

Fixed c0 .43 .05 [.34;.52] .34 .06 [.23;.45]

c1 �.93 .08 [�1.06; �.80] �.74 .10 [�.87; �.63]

Random r2 .21 .02 [.18;.24] .44 .05 [.39;.49]

s20 .41 .06 [.32;.51] .49 .08 [.38;.61]

s21 .70 .15 [.51;.90] .02 .03 [.00;.06]

40% Missing

Fixed c0 .43 .05 [.34;.52] .33 .06 [.22;.44]

c1 �.94 .07 [�1.07; �.81] �.72 .08 [�.84; �.60]

Random r2 .20 .03 [.17;.23] .46 .04 [.41;.51]

s20 .41 .08 [.32;.50] .47 .06 [.36;.58]

s21 .64 .17 [.47;.83] .02 .04 [.00;.09]

50% Missing

Fixed c0 .38 .06 [.28;.47] .31 .07 [.20;.42]

c1 �.82 .09 [�.95; �.69] �.68 .12 [�.81; �.56]

Random r2 .23 .04 [.20;.26] .46 .04 [.41;.52]

s20 .45 .07 [.35;.55] .47 .06 [.37;.58]

s21 .61 .15 [.43;.80] .02 .03 [.00;.07]

par.: Parameter estimate; EAP: expected a posteriori.
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is the latent variable PCI-passive. MCMC was run using 50,000 iterations with a burn-in of 10,000 to estimate all
model parameters. A population intercept (c0) and a population effect for time (c1) were used for predicting the
trend in the latent variable PCI-passive. The covariance between the random intercept and random slope (s01) was
fixed to zero. Inspection of the plots of the MCMC chains for the parameters of the latent growth model showed
adequate convergence.

Missing responses were generated using the conditions described in Table 2, which were also used in Simulation
Study III. The missing data mechanism becomes MNAR, when more item responses were missing. In Table 2, the
proportions of missing data are listed, where patients with a below-average PCI score were more likely to miss the
above-average difficult items. After generating the missing data patterns, multiple imputations were generated
using either the IRT-based posterior predictive distributions (equations (6) and (3)) or the CTT-based posterior
predictive distributions (equations (12) and (9)).

In Table 7, the results for pain coping in low back pain patients with different percentages of missing data are
listed under IRT and CTT-based multiple imputations. In general, the results from Table 7 are in concordance
with the results from the presented simulation studies. The linear trend effect, c10, was estimated less strong, when
CTT-generated latent variable scores were used. Also, the variance in trend effects, s211, was not even detected, and
the measurement error variance was higher, when CTT scores were used. These findings are in line with the results
from the presented simulation studies. The results confirm that the IRT-based imputations for missing items are
preferable over the CTT-based imputations for missing items, when the missing data are MAR. Furthermore,
when the missings become MNAR, reasonable estimates were found using the IRT-based imputations.

When it comes to handling missing data, the IRT model and CTT model showed to be robust against violations
of the MAR assumption. The proposed posterior predictive distribution of missing responses under CTT enabled
imputing missing responses, while accounting for a linear trend in the latent variable scores. With an increase in
the percentage of missing data, the CTT-based results were stable and did not show an increase in bias. However,
the difference in results between IRT and CTT-based multiple imputations also remained stable. When using
IRT, it was shown that much more heterogeneity was detected across measurements and subjects, leading to a
more steep decline of the PCI-passive measurements and more variation in individual trends, in comparison to
using CTT.

7 Discussion

It was shown through a novel imputation method that the use of sum scores for measuring a latent variable, when
item scores are missing, leads to severely biased results of a latent growth analysis. These differences are to be
expected based on what we learned in previous studies on the differences in results of IRT- and CTT-based
longitudinal modeling.5,32 In all three simulation studies, it was found that trend effects were underestimated
under CTT-based imputations and that the measurement error variance was overestimated as well as the indi-
vidual variation in baseline measurements. This indicates that the CTT model attributes more variance to the
residual variance and differences between participants are more difficult to identify, resulting in an underestima-
tion of the overall trend effect. When using predictive mean matching to impute values in the wide data set, the
linear trend was not detected. This followed directly from the used imputation method, i.e. predictive mean
matching, which ignored the trend in the latent variable. The CTT imputation method in the second and third
simulation study performs comparable to the IRT imputation method. The differences between the parameter
estimates of the LGM are stable with the increasing amounts of missing data.

Despite the fact that the CTT-based imputation method provided accurate results in comparison to the
complete-data analysis, the IRT-based latent growth analysis is more accurate than the CTT-based analysis.
The IRT-based analysis provided better results in all simulated missing data conditions in terms of bias and
MSE. It also showed robust results in more extreme missing data conditions. The consequent underestimation of
the individual variation in growth parameters indicates that the CTT model is less capable of detecting differences
between individuals. The CTT model neglects information in response patterns that lead to the same score. This
loss of information becomes visible in the estimated variances in individual differences in baseline measurements
and trend effects. The differences are also directly comparable across models through the rescaling of the multiple
imputations. This underestimation in individual variation is problematic when the focus of the study is to deter-
mine how patients are developing over time. Bias is introduced when sum-scores are used and conclusions on the
patient’s trajectories are to be interpreted bearing in mind this bias. The consequences for interpretation of CTT-
based effect estimates should be taken into consideration and preferably IRT-based scores are used when ana-
lyzing repeatedly measured questionnaires with missing items.
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The analysis of a longitudinal trial study on coping with low back pain showed that using CTT-based scores for

the latent variable leads to inferior parameter estimates compared to using IRT-based scores. When using IRT-

based scores, the results show more pronounced negative slope effects and more variation over intercepts and

trends between patients. In the IRT-based analysis, more of the variance can be attributed to the differences

between patients, which is preferable in medical and epidemiological research. Now, more variance can be

explained and more precise solutions can be found when testing hypotheses on differences between patients.

When missing data is present, more advanced methods are necessary to make comprehensive inferences in

latent variable research with a repeated measures design. We showed that the IRT-based imputation method

performs better than the CTT-based method for retrieving trend and variance estimates in repeated measurement

data for different missing data conditions. These findings are in concordance with earlier studies where compa-

rable results were obtained, when analyzing complete-data sets.5,32 The IRT-based imputation method proved to

be an excellent procedure for handling missing data.
Based on the results from this study, we recommend the use of IRT-based multiple imputations over CTT-

based multiple imputations when analyzing longitudinal questionnaire data with missing item scores.
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