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Abstract
This paper presents a framework for modeling 
the deformation and stiffness characteristics of 
static 3-D flexure strips (leaf springs), based on 
a discrete beam model that is suited for analyti-
cal calculations. As a case study, a closed-form 
parametric expression is derived for the lateral 
support stiffness of a parallel flexure mechanism.

Continuous model
A spatial Timoshenko beam with Reissner’s finite 
strain measures — capturing shear, bending and 
torsion deformation — and linear elastic material 
behavior serves as a model for flexure strips.

Discrete model
A discretized version of the continuous model has 
been implemented in numeric flexible multibody 
software as a two-node beam element [1]. It is ob-
served that a single such element captures stiff-
ness characteristics of spatially deforming flexure 
strips with reasonable accuracy, owing to the in-
clusion of finite strain measures. As the mathemat-
ics of a single element remain comprehensible, 
the discrete model is well-suited for closed-form 
analysis. The available software implementation 
then serves as a calculation aid that facilitates 
the analytical modeling process.

Case study: 
parallel flexure mechanism
When a parallel flexure mechanism (figure 1) 
moves in the degree of freedom, the stiffness 
characteristics deteriorate: the lateral support stiff-
ness decreases (figure 2). By using four discrete 
beam elements, a case-specific improvement of 
the torsion interpolation, and an approximation 
of the equilibrium configuration, this behavior is 
captured by the simple closed-form expression 
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Conclusion
By incorporating a geometric non-linearity due to 
torsion and an effective torsional stiffness due to 
constrained cross-sectional warping, a compact 
parametric expression is obtained that gives in-
sight into the lateral support stiffness of a parallel 
flexure mechanism. It is validated against FEA 
for parameters of practical interest.
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Figure 1: Parallel flexure mechanism modeled by four 
beam elements (1–4). Forces are applied in the center 
of compliance. The lateral support stiffness 
(in   -direction) is investigated.

Figure 2: The (normalized) lateral support stiffness de-
creases significantly with (normalized) DOF displacement.

where             is the lateral support stiffness,     
the DOF displacement, and the other parame-
ters have conventional definitions.
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