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Abstract
The stiffness characteristics of fl exure strips are 
important in the design and analysis of mecha-
nisms that they constitute. This paper presents a 
closed-form parametric nonlinear model that de-
scribes the spatial error motions of a fi xed–free 
fl exure strip as a function of an arbitrary 3-D end-
load.

Method
Euler-Bernoulli beam theory with quadratic strain 
and curvature measures, and linear material be-
havior serve as a basis.
We have observed that many fl exure mechanisms 
in practice contain fl exure strips that experience 
only limited torsion deformation. Leveraging this, 
the general deformation is distinguished into
1. low-stiffness large-defl ection motion, occur-

ring in the principal deformation plane (PDP) 
of Fig. 1.

2. high-stiffness small-defl ection motion, perpen-
dicular to the PDP.

By assuming that only the motion in the PDP con-
tributes to load-equilibrium, the deformed confi g-
uration admits an explicit solution as a function 
of the degrees of freedom and the applied loads. 
Closed-form expressions for the spatial error mo-
tions are then obtained as small disturbances with 
respect to the main deformed shape in the PDP. 
For a practical formulation, the equations are for-
matted in terms of
• degrees of freedom (DOF)
• applied loads              and
• error motions

Results
The expressions for the three error motions have 
the same structure, consisting of 
• common linear elastic terms, 
• nonlinear “kinematic” terms, quadratic in the 

DOF, and
• nonlinear “elastokinematic” terms, linear in the 

applied loads and quadratic in the DOF.

These parametric closed-form expressions cap-
ture the effects of distributed compliance in fl ex-
ure strips.

Validation
The error motion expressions have been numeri-
cally validated for width–thickness ratios as small 
as 2, and length–width ratios up to 10, at various 
load levels, with 95% accuracy.

Conclusion
By considering small spatial deformation with re-
spect to a nominally 2-D deformed shape, accu-
rate expressions are obtained for the geometri-
cally nonlinear aspect of the 3-D behavior of a 
fl exure strip. In practice, this models the perfor-
mance-limiting reduction of support stiffness that 
accompanies movement in the intended degrees 
of freedom of a fl exure strip. 
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Figure 1: A fi xed–free fl exure strip with error motions (green), 
degrees of freedom (blue) and applied loads (black).
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