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Synthesis of Absorbing Boundary Conditions 
for the FDTD Method: Numerical Results 

E. N. M. Tromp and J.  C. Olivier 

Abstract-The communication presents numerical results in the form 
of a comparison of predictions due to a numerical algorithm using 
a previously published exact nonlocal Absorbing Boundary Condition 
(ABC) and analytical results for the field radiated by an infinitely small 
dipole. The numerical approximations are derived, and application to the 
FDTD method is straightforward. The method is compared to a related 
approach due to De Moerlose et al.,  and it is shown that the method 
yields better accuracy since higher order interpolation and numerical 
integration schemes may be used with this formulation. 

I. INTRODUCTION 
We consider a fundamental problem in the application of the 

Finite Difference Time Domain (FDTD) method [ l ]  namely that of 
constructing suitable Absorbing Boundary Conditions (ABC’s). The 
ABC truncates the volumetric computational domain electrically close 
to the scatterer of interest, but effectively simulates the extension 
of the computational domain to infinity. The accuracy of the ABC 
is a fundamental limitation on the accuracy of the FDTD method 
since any artificial reflections off the boundaries interfere with the 
fields in the computational domain. A number of articles dealing with 
ABC’s have appeared in the literature [2]-[  101. Three types of ABC’s, 
the mode annihilating, one-way wave equation approximations and 
nonlocal types of ABC’s may be identified. Both the former type 
of ABC’s can only absorb waves within a certain range of incident 
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Fig. I. The integration surface. r/ is the vector to the integration element 
dS/ and r is the observation point.. R /  is the Euclidian distance between 
r/ and r. 

angles relative to the ABC plane and require a minimum spacing 
between the radiator/scatterers and the truncation planes. The third 
type of ABC is analytically exact and can be placed very close to the 
radiator/scatterer, but it requires the evaluation of a surface integral 
[ l l ]  for each point where the electromagnetic field is required. 
Potential benefits of the nonlocal ABC is drastic savings in computer 
memory, but at the cost of CPU time. 

This communication presents numerical results for the analytical 
nonlocal ABC proposed in [8], and compares the results with those 
in [9] where a similar (related) nonlocal ABC based on the Kirchhoff 
formula was proposed. We will show that our method may be 
implemented with any higher order interpolation and numerical 
integration method and hence yields better accuracy, while the 
method of [9] is first order accurate with respect to the grid spacing 
and does not allow for higher order accuracy to be realized. 

The communication is organized as follows. Section I1 will intro- 
duce the ABC and derive the numerical implementation. In Section III 
we will give numerical results and compare them to analytical results 
and those presented in [9]. Section IV concludes the communication. 

11. THE EXACT ABSORBING BOUNDARY 
CONDITION AND THE NUMERICAL IMPLEMENTATION 

The nonlocal analytically exact ABC we consider was first derived 
in [8] and is given by 

a H ( r , t )  a 1 
dSl 

1 n x H(+’ ,  t - 5)  - -- 
at at 47r A/ 
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The spacial operators may be placed inside the integral since they 
operate with respect to the unprimed coordinates. The various sym- 
bols are defined in Fig. 1 and the reader is referred to [8] for a full 
discussion of the ABC. 

In order to test the ABC given by (1) we select a problem also 
used in [9] namely that of a small dipole antenna in the origin of 
a Cartesian coordinate system. It has a length h that is very small 
compared with the radiated wavelength. If the current on the dipole 
is given by f / ( t )  and the dipole is directed along the unit vector 
e , ,  the exact magnetic field at a point r in space and time t can be 
expressed as follows: 
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each of the four cases. 

Cross section (z=O) of the Yee lattice and the integration surface in 

Fig. 3. 
surface is one cell width. 

Case 1: smallest distance between observation point and integration 

with 

(3) 

and in which f represents the first derivative of f with respect to t 
and f// the second. We integrate (1) with respect to time to get an 
exact expression for the B-field as in (2) 

--a 

(4) 

We assume that the field components of the E and E fields are to be 
positioned on Yee grid cells. However, the relevant field components 
on the integration surface are not calculated with the FDTD method 
but the exact expressions (2) and (3) are used instead. In this way 
a clear picture of the accuracy of the ABC can be obtained; in a 
real Yee lattice implementation some additional inaccuracy will be 
introduced by the FDTD method. 

Both the surface integrals over the H-field and over the E-field in 
(4) must be done over the same surface. Since in a Yee lattice the 
tangential components of the E-field in a certain plain are always at 
least a half cell width away from the same tangential components of 
the B-field, it is necessary to interpolate at least one of the two field 
components to an accurate indication of both the field components in  
the same plane. This interpolation must be done perpendicular to the 
plane. If a fourth order Lagrange interpolation polynomial is used, the 
expression for the field just between the two nodes becomes simply: 

; )) 
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2 
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It is not necessary to store all four node quantities in time since the 
interpolation can be done after every time step in the FDTD method, 
so only one quantity for every node on the integration surface needs 
to be stored in time. Another problem is that the field needs to be 
retrieved at retarded time instances given by r - R/ /c .  Since the 
fields are only known at certain discrete time instances, interpolation 
is once again used to find these values. The curl operators were 
approximated using central difference formulas. 

.... . Approximation 

60 60h 

The surface integrations are done separately for each of the six 
boundary planes and then added. These are calculated using a second 
order Newton-Cotes formula. 

111. NUMERICAL RESULTS 
The above described test case was implemented using a 14x14~14 

cell grid centered around the origin. The dipole was placed along 
the z-axis in the origin. The observation point was placed on the 
y-axis, one Yee cell width from the outside boundary. The E-field 
on that point was evaluated numerically and compared to the exact 
value. This was done for four surfaces as indicated in Fig. 2. The 
cell dimensions were chosen as one tenth of the wavelength of the 
radiated field, and the time step was chosen according to the Courant 
condition as given in [12]. For a 10 MHz source this implies a cell 
width of 3 m and a time step of 4.08 ns. The results for case 1 and 
case 2 are shown in Figs. 3 and 4, respectively. For cases 2, 3, 4 the 
error is plotted in Fig. 5. 

In order to form some form of comparison with other methods, 
we compare our case 2 to the results of [9] where a similar problem 
was tackled. The error reported in [9] was 2.3% and in our case it is 
1.3%. We can therefore conclude that our approach offers increased 
accuracy. 

In [9] the nonlocal ABC was compared to the local Mur type ABC 
[4]. For the problem of case 2 above, the error of the nonlocal ABC 
was significantly less than the error of the Mur ABC, but the latter 
ABC required orders of magnitude less CPU time. However, when the 
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Mur ABC is placed far away from the source so that it yields the same 
accuracy as does the nonlocal ABC, it required approximately a third 
of the CPU time. In this latter case, however, the computer memory 
requirement of the Mur ABC was orders of magnitude more than 
the requirements of the nonlocal ABC. Hence, it is difficult to make 
general statements regarding which type of ABC is computationally 
more effective. In any event it is clear that research should be directed 
at finding ways of improving the CPU time required by the nonlocal 
ABC’s if they are to be used instead of the usual local ABC’s. 

IV. CONCLUSIONS 

The exact nonlocal ABC derived in [SI appears to be a useful 
and accurate tool to implement a nonreflecting ABC for the FDTD 
method. The accuracy is better than the nonlocal ABC of [9] since this 
formulation allows higher order interpolation and integration which 
is not possible with the approach of [9]. When the accuracy of the 
current method and the local type of ABC’s such as those due to Mur 
are required to be the same, the nonlocal ABC requires significantly 
less computer memory than does the Mur type ABC, but more CPU 
time than the Mur ABC. 

Our method may be implemented with any order interpolation and 
integration schemes, so that we may increase the accuracy further if 
so desired with little computational overhead. This is in contrast to 
the method of [9] which is first order accurate. Research at reducing 
the CPU time requirements is continuing. 
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Superspheroids: A New Family of Radome Shapes 

P. L. Overfelt 

Abstract-In the following we use the arc described by the two- 
dimensional superquadric equation (taking its exponent v to be any 
positive real number) in the first quadrant only and revolve it about its 
major axis to obtain a body of revolution family of geometric shapes called 
superspheroids. For certain values of length and radius and assuming 
that 1 < v < 2, we have determined new shapes that are appropriate 
for high speed missile radomes. We have found that the superspheroid 
with optimized exponent value v = 1.381 can almost exactly reproduce 
the traditional Von Karman radome geometry. Incidence angle maps 
and geometric properties have been determined for this superspheroidal 
family. We have used a ray tracing analysis to obtain boresight error 
induced by this family of shapes as a function of gimbal angle. The 
superspheroids are mathematically simple, can approximate most of the 
traditional radome geometries quite well, and are exceptionally easy to 
either program or use analytically. 

I. INTRODUCTION 
The two-dimensional superquadric equation [ 11 

has been applied recently to electromagnetic problems in the context 
of scattering from perfectly conducting superquadric cylinders [2] and 
also in the analysis of reflector antennas with superquadric aperture 
boundaries [3]. Generally .I’ and y in (1) are assumed to run over 
the intervals - ( I  5 .r 5 ( I .  -0 5 y 5 b. In the following we write 
(1) in the form 

(2) y = ( b / r c ) ( r r ’  - . r v ) l / v ,  

b 5 a, v any positive real number, and we keep in mind that in taking 
the vth root, we are interested in real roots only. In (2) we allow z to 
take on positive values only, i.e., 0 5 s 5 a. In this case (2) is an arc 
in the .ry plane which is completely above the x-axis except at the 
end point, .r = a. By taking this arc, y = f ( . r )  2 0, and revolving 
it about the z-axis, we obtain a body of revolution (BOR) given by 

(3) y2 + j2 = ( b / a ) 2 ( a V  - d . V ) 2 / U ,  
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