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A B S T R A C T   

Bearing steel on a sufficiently small scale is strongly heterogeneous and anisotropic. To enable evaluation of the 
criticality of particular aspects of the microstructure, in this paper an EHL model is solved by the developed 
multigrid algorithm for a full 3D elastic domain containing varying anisotropic heterogeneous material. Pressure 
fluctuations and local stress concentrations occur mostly near the boundaries of grains that have large orientation 
differences. As a consequence, the crystallographic microstructure may have a significant effect on rolling 
contact fatigue life unless grains are very small relative to the Hertzian contact. However, to the contrary, the 
influence of crystallographic microstructure on the film thickness distribution under the considered steady state 
conditions is very small.   

1. Introduction 

The increasing awareness of the adverse consequences of climate 
change for life and its (bio)diversity on our planet is an increasingly 
strong urge towards greener and more sustainable technology devel-
opment ranging from energy production to product development in in-
dustry. Reduced use of resources, i.e. material usage, reduced emissions 
and optimization of efficiency including minimization of frictional los-
ses in processes and machine elements are key for current and future 
technology. Scientists and engineers face major challenges in every field. 
In engineering applications, these trends show in the development of 
lighter structures with stronger materials (such as new types of steel 
with higher strength, improved formability, achieving mass reduction 
without sacrificing toughness and strength [1–4]), in the development of 
new materials such as composite materials, and in continuous advances 
in additive manufacturing technologies facilitating local property opti-
mization of (meta) materials for specific purposes, e.g. see Refs. [5]. 

As materials become more complex and product design, use and 
maintenance become more critical, there is a great need for accurate 
prediction of the effects of local variations in structure, properties, 
material topology (e.g. grain morphology, composite material fiber 
orientation and distribution) on the stresses and their consequences for 

service life. Numerical simulations have the potential to play a signifi-
cant role, in particular as modern material analysis techniques such as 
electron back-scatter diffraction (EBSD) allow to obtain detailed infor-
mation about the local material microstructure such as anisotropy var-
iations, phase distribution, etc. Numerical simulations can directly use 
such microstructural information for computer diagnostics, or to derive 
macroscopic behavior from the local information using representative 
volume elements (RVE). In should be noted however that to translate the 
acquired 2D information in EBSD to actual 3D representative RVE’s is 
not trivial, see Refs. [6]. In the past years, the number of publications 
dealing with such methods is increasing, e.g. Ref. [2,4,7,8] and many 
others in various fields. 

The above trend also applies to the analysis and performance pre-
diction of tribological contacts such as the elastohydrodynamically 
lubricated (EHL) contacts between rollers and raceways in rolling 
bearings. Increasingly severe operating conditions as a result of down-
sizing and higher speeds lead to higher temperatures, lower viscosity, 
thinner films in starved contacts and mixed lubrication with increased 
effect of roughness. As a result of decades of research aided by efficient 
numerical simulation methods [9] and accurate experimental tech-
niques, e.g. optical interferometry on single ball on disc contacts [10, 
11], many of these (transient) effects have been analyzed and can 
nowadays be predicted quite accurately. Recent work demonstrating 
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this even involves lubrication by droplet supply, e.g. Ref. [12]. 
Most EHL contact studies so far have assumed homogeneous 

isotropic material. However, as mentioned above the bearing materials 
are significantly more complex. Firstly, non-metallic inclusions such as 
sulfides and oxides can be formed during the metallurgical process [13], 
carbides are also common. Studies into the effects of non-homogeneous 
materials on stresses date back to the 1960’s, e.g. single and multiple 
layers [14]. Later, numerical methods were developed for contact 
problems with single or multiple layers in two and three dimensions 
using various numerical methods, and even including surface roughness 
[15–20]. Also since the pioneering work of Eshelby [21,22], many 
studies have considered the effect of single or multiple inclusions on the 
stress field in the dry contact problem, e.g. Leroux et al. [23], Zhou et al. 
[24]. For computational efficiency Leroux et al. [23] applied an FFT 
based method. Zhou et al. [24] used a semi-analytical model for the 
subsurface. Boffy and Venner [25] developed a multigrid based algo-
rithm which allows detailed 3D crystallographic microstructures to be 
analyzed. 

Studying the EHL problem rather than the dry contact problem is 
more complex. Modelling the effect of inclusions requires simultaneous 
calculation of EHL pressure and subsurface stress field. Slack et al. [26] 
solved the coupled EHL problem with subsurface inclusions for line 
contact using the discrete element method. They found that the effect of 
soft and hard inclusions on the pressure and the film thickness distri-
bution is similar to the effect of surface dents and bumps respectively. 
With the increase of the inclusions’ depth, their influence gradually 
decreases. Wang et al. [27], Zhang et al. [28] and Dong et al. [29] 
applied the equivalent inclusion method to study EHL point contact 
problems with inhomogeneous materials. Their results showed that the 
EHL pressure and film thickness are disturbed due to the existence of 
subsurface inclusions. Besides, stress concentration appears around the 
inclusion. Morales-Espejel et al. [30] investigated EHL point contact 
problems considering surface roughness and material inhomogeneity. A 
rapid micro-EHL methodology and multigrid method are used to 
calculate the pressure and the stress distribution respectively. The 
developed method is of high efficiency, which is suitable for the analysis 
of realistic engineering problems. F�elix Qui~nonez and Morales-Espejel 
[31] studied the transient effects of a single subsurface inclusion pass-
ing through the EHL contact region under rolling and rolling/sliding 
conditions for line contact problem. It was found that the two-wave film 
thickness variation mechanism observed in transient solutions for sur-
face features also applies to the effects of inclusions on the film 
thickness. 

As for dry contact also for EHL, isotropic material was assumed in 
most cases. However, the isotropy is the large scale behavior resulting 
from many grains, and the anisotropic feature exists intrinsically due to 
grain orientation. In reality, bearing steel is far from isotropic on a 
microscopic scale. On the scale of the EHL contact region, the effect of 
the crystallographic microstructure on the stress distribution may be 
important, which has drawn comparatively less attention. Paulson et al. 
[32] and Noyel et al. [33] investigated its influence for a dry contact 
problem. Their results showed that the stress field was quite different 
from that of the isotropic material. Paulson et al. [34] studied aniso-
tropic effect for the EHL line contact problem by finite element method. 
It was found that there are significant pressure and stress variations due 
to the inhomogeneous stiffness with its discontinuous behavior at the 
grain boundaries. 

With the margins between safe and fail becoming more critical, the 
effect of heterogeneity and varying anisotropy of the different grains on 
rolling contact fatigue (RCF) life, and thus the limitations of the validity 
of the common isotropic material assumption for RCF life predictions 
need to be predicted much more accurately in 3D configurations. 
Further development of numerical methods may contribute to increase 
the understanding of the effects of local grain orientation variations on 
stress concentrations, the accumulation of plastic deformation, and the 
processes by which this eventually leads to RCF. A key aspect for the 
contribution of numerical methods in material microstructural simula-
tions is computational efficiency to deal with the dense grids needed to 
describe the small scale of the variations. For example, in Ref. [8], this is 
achieved by using multigrid methods and massive parallelization. 

To the knowledge of the authors, the problem of an EHL point con-
tact accounting for a 3D heterogeneous anisotropic material with many 
grains in varying orientation has not been studied yet. Most of the 
studies concerning heterogeneous materials with grains and an EHL 
lubricant film only consider 2D or line contact configurations, as a full 
3D configuration is too computationally demanding. As a first step to-
wards this capability, the authors have shown that simulations of 3D 
configurations for heterogeneous anisotropic materials using many 
grains are feasible for dry contact in Ref. [35] using multigrid based 
methods [9]. In this paper, we demonstrate that this also applies to the 
problem of EHL by presenting a multigrid based method for the simu-
lation of the effects of heterogeneous anisotropic materials on the sur-
face pressure, the EHL film thickness, and the subsurface stress field in 
3D configurations. 

Nomenclature 

a half width of Hertzian contact for homogeneous isotropic 
material, (m) 

A anisotropy material ratio, (� ) 
c11, c12, c44 elastic constants for cubic material, (Pa) 
Ci,j,k,l elastic stiffness matrix, (Pa) 
Ci;j;k;l dimensionless of elastic stiffness matrix, Ci,j,k,l/ph 
E0 Reduced Young’s modulus, (Pa) 
F applied load, (N) 
h film thickness, (m) 
hx, hy, hz mesh space in X, Y and Z directions, (� ) 
H dimensionless film thickness, h/(a2/Rx) 
h0 mutual separation thickness, (m) 
p pressure, (Pa) 
P dimensionless pressure, p/ph 
Rx, Ry spheres radius, (m) 
ph maximum Hertzian pressure of homogeneous isotropic 

material, (Pa) 

u, v, w displacements in x, y and z directions, (m) 
um entrainment velocity, (m/s) 
U, V, W dimensionless displacements, u/a, v/a, w/a 
x, y, z coordinate system, (m) 
z0 pressure viscosity index, (� ) 
X, Y, Z dimensionless coordinate system, x/a, y/a, z/a 
σxx;  σyy; σzz normal stress, (Pa) 
σxy;  σxz; σyz shear stress, (Pa) 
σxx;  σyy; σzz dimensionless normal stress, σxx=ph, σyy=ph, σzz=ph 

σVMS dimensionless von Mises stress, σVMS=ph 
α; β; γ Euler rotation angle, (rad) 
ρ lubricant density, (Kg/m3) 
ρ0 atmospheric density, (Kg/m3) 
ρ dimensionless lubricant density, ρ=ρ0 
η lubricant viscosity, (Pa⋅s) 
η0 atmospheric viscosity, (Pa⋅s) 
η dimensionless lubricant viscosity, η=η0  
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2. Theoretical models 

Fig. 1 shows the schematic representation of the problem considered 
in this study. The colors represent grains with different crystal orienta-
tion angles. The grains are created by Voronoi tessellation. The contact 
is represented as that between a cubic volume of polycrystalline aniso-
tropic material and a homogeneous rigid sphere, also depicted in Fig. 1. 
In this paper, we restrict ourselves to the steady state problem with 
constant load and the subsurface topology fixed relative to the reference 
coordinate system attached to the lubricated contact location. This is the 
case for a pure sliding contact of a homogeneous body over a hetero-
geneous body, or for a contact under pure rolling of the bodies with the 
same topology. The extension to the case where the topology relative to 
the contact varies in time requires solving the time dependent problem. 
The method presented here can be readily extended in the same way as is 
done in conventional EHL problems [36]. For any points inside the 
polycrystalline solid volume, the stress equilibrium equation is: 
8
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with C the stiffness matrix in the global coordinate system x, y, z. It 
can be obtained from the stiffness matrix in the local grain coordinate 
system by: 
�
Ci;j;k;l

�

global ¼RxðαÞRyðβÞRzðγÞ
�
Ci;j;k;l

�

local

�
RxðαÞRyðβÞRzðγÞ

�T (3) 

α, β and γ are the three Euler rotation angles, R the rotation matrix, 
and Ci;j;k;l is the elastic stiffness matrix. For the element Fe, the local grain 
stiffness matrix exhibits cubic symmetry and can be expressed in the 
following form [37]: 

�
Ci;j;k;l

�

local¼

2

6
6
6
6
6
6
4

c11 c12 c12 0 0 0
c12 c11 c12 0 0 0
c12 c12 c11 0 0 0
0 0 0 c44 0 0
0 0 0 0 c44 0
0 0 0 0 0 c44

3

7
7
7
7
7
7
5

(4) 

The ratio 

A¼
2c44

c11 � c12
(5) 

is defined as the anisotropy ratio, also referred to as the Zener ratio 
[37]. For isotropic materials (A ¼ 1), the stiffness matrix keeps its 
original sparsity under rotation. For anisotropic materials, the stiffness 
matrix in the global coordinate system may become a full matrix. Sub-
stitution of Eq. (2) (with Eq. (3) and Eq. (4)) in Eq. (1) gives the 
Navier-Cauchy equations in terms of the displacements u, v and w, see 
Refs. [35]. From the solution of displacements, the associated stresses 
can be computed from Eq. (2). Note that for the case of heterogeneous 
anisotropic material, these equations contain a significant number of 
extra terms compared to the equations for homogeneous isotropic ma-
terial [35]. 

The boundary conditions on the vertical faces of the material cube 
are stress free. At the bottom surface, a zero displacement condition is 
imposed. The boundary condition at the top surface is: 
8
<

:

σzx ¼ 0
σzy ¼ 0
σzz þ p ¼ 0

(6)  

where pðx; yÞ is the pressure distribution at the surface. These may be 
imposed, or may be solved from the dry contact problem, see Ref. [35]. 
In this paper, we consider the lubricated contact where the pressure is 
determined by the Reynolds equation: 

∂
∂x

�
ρh3

12η
∂p
∂x

�

þ
∂
∂y

�
ρh3

12η
∂p
∂y

�

� um
∂ðρhÞ

∂x
¼ 0 (7) 

The boundary and cavitation conditions for the pressure are: 
�

pðxin; yÞ ¼ pðxout; yÞ ¼ pðx; youtÞ ¼ pðx; � youtÞ ¼ 0
pðx; yÞ � 0 ðxin < x < xout ; yin < y < youtÞ

(8)  

where “in” and “out” refer to the inlet and outlet side of the domain. 
The isothermal problem is considered taking as equations of state for 

the viscosity and the density, the empirical relations presented by 
Roelands [38] and Dowson and Higginson [39]: 

Fig. 1. Schematic representation of an Elastohydrodynamically Lubricated contact between a sphere and a polycrystalline anisotropic material under pure rolling conditions. 
The coordinate system is attached to the contact. The colors indicate different grain orientations. 
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ηðpÞ¼ η0exp
�
ðlnη0þ 9:67Þ

�
� 1þ

�
1þ 5:1� 10� 9p

�z0�� (9) 

and 

ρðpÞ¼ ρ0

�

1þ
0:6� 10� 9p

1þ 1:7� 10� 9p

�

(10) 

The “correct” equations of state to be used has been a topic of much 
discussion [40]. However, regarding compressibility the importance is 
not so large as a correction on, e.g. the central film thickness, can always 
be done a posteriori [41]. Regarding the pressure viscosity equation, the 
real importance is for the case of sliding when the aim is to predict 
friction, as otherwise unrealistically high values are obtained. However, 
here we focus on film thickness only, so the shear stress that would result 
from the lubrication solution is not taken as boundary condition in Eq. 
(6). Alternative, supposedly better equations, e.g Ref. [42], can be 
implemented quite easily. 

The film thickness, or gap height, equation can be expressed as 

hðx; yÞ¼ h0þ
x2

2Rx
þ

y2

2Ry
þ wvolumeðx; y; z¼ 0Þ (11)  

where wvolumeðx; y; z¼ 0Þ is the vertical surface displacement of the 
contacting elements at the surface. For the 3D anisotropic heteroge-
neous material, wðx; y; z¼ 0Þ is a part of the solution of the 3D elastic 
body problem with boundary condition Eq. (6) in which p is determined 
by the solution of the Reynolds equation (Eq. (7)). 

Finally, the equation of motion for the contact reduces to the force 
balance condition stating that the integral over the surface pressure 
distribution equals the applied load: 
ZZ

pðx; yÞdxdy¼F (12) 

This global constraint determines the value of the h0 in Eq. (11) 

3. Numerical solution 

By solving the steady state problem, the objective is to obtain the 
contact operating conditions and the subsurface stress distribution. It 
requires solving simultaneously the Navier-Cauchy equations for the 
elastic displacement fields u, v, w in the cubic domain following from Eq. 
(1)-Eq. (4) with the stress-free boundary condition at the sides and with 
Eq. (6) for the top surface. The lubricant pressure p and film thickness h 
are determined by Eq. (7), Eq. (11) and Eq. (12) with Eq. (8) as boundary 
condition and Eq. (9) and Eq. (10) for viscosity and density. The gov-
erning equations were non-dimensionalized using: 

X ¼
x
a
; Y ¼

y
a
;Z ¼

z
a
;U ¼

u
a
;V ¼

v
a
;W ¼

w
a
;P ¼

p
ph
;

σij ¼
σij

ph
;Cijkl ¼

Cijkl

ph
;H ¼

h
a2=Rx

; η ¼ η
η0
; ρ ¼ ρ

ρ0

(13)  

where a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3FRx=ð2E’Þ3

p
, ph ¼ 3F=ð2πa2Þ are the values of the Hertzian 

contact radius and maximum Hertzian pressure for the case of dry 
contact between homogeneous isotropic elastic materials. The following 
results are all made dimensionless using the above two parameters. 

The Navier-Cauchy equations for the interior of the 3D domain and 
the stress free boundary equations were discretized with a second order 
finite difference on a uniform grid with equal mesh size in each direc-
tion. The discrete equations are given in Ref. [35]. The Reynolds 
equation on the surface plane was discretized using a central second 
order accurate discretization for the pressure terms, and an upstream 
second order discretization for the wedge term [9]. The discrete equa-
tions for the surface plane are given in appendix A. 

3.1. Multigrid techniques 

To be able to consider large numbers of grains, a dense grid with a 
sufficiently large number of nodes is required which leads to a large 
number of unknowns in 3D. Moreover, as there are three equations with 
associated unknowns, the number of unknowns easily exceeds many 
millions. For this purpose, multigrid techniques were used [9,43]. 
Exploiting the efficiency of standard iterative schemes to reduce high 
frequency error components in a recursive cycle using a series of coarser 
grids, an iterative process (coarse grid correction cycle) can be obtained 
with a grid independent convergence rate in which each error compo-
nent is reduced at a grid at which this is done efficiently by the relax-
ation. Combined with full multigrid, using the coarser grids also 
generates an accurate first approximation on the target grid. A problem 
can be solved to the level of the discretization error in only a few coarse 
grid correction cycles. The amount of work of a cycle is the equivalent of 
the work of only a few iterations and is proportional to the number of 
unknowns. The resulting high efficiency allows using dense grids on 
small scale computers. This has been proven for many problems in sci-
ence and engineering already. For the conventional dry contact and EHL 
problems see Ref. [9]. In those cases, to achieve optimal efficiency, the 
elastic deformation integrals are treated with a separate technique: 
multilevel multi-Integration (MLMI) [44]. In Refs. [25], the application 
to contact mechanics with 3D isotropic heterogeneous material elastic 
problem is explained. The dry contact problem with 3D anisotropic 
heterogeneous elastic material is discussed in Ref. [35]. Below, the 
extension to the lubricated contact is discussed, i.e. replacing the dry 
contact boundary equation by the Reynolds equation (Eq. (7)). 

3.2. Relaxation 

For the discretized equations in the interior volume, Gauss-Seidel 
relaxation in lexicographic order, either sequential (one equation after 
the other) or collective (solving changes for u, v and w simultaneously at 
each grid point), provides good error smoothing when the material pa-
rameters are such that it is sufficiently away from the incompressible 
limit [35]. Compared to the algorithm discussed in Ref. [35], the 
relaxation of the top boundary now involves solving the displacements 
u, v, w and the pressure p simultaneously from the stress boundary 
conditions and the Reynolds equation. Alternatively, one can use the 3D 
elastic equation solver as a “black-box” inside an existing conventional 
EHL solver, i.e. simply replacing the evaluation of the elastic deforma-
tion integrals by the 3D elastic solver [7,8] which is convenient from an 
application point of view. However, each iteration step involves only 
moderate changes and solving the entire 3D elastic problem accurately 
following each relaxation iteration is a waste of effort because the sur-
face pressure itself still has limited accuracy. The most efficient 
approach is to treat all equations simultaneously with the EHL problem 
as a boundary condition in the 3D elastic problem. In that case, one 
relaxation involves one pass over all equations. In the multigrid coarse 
grid correction, all equations (interior and boundary equations) are 
coarsened simultaneously as is done for dry contact in Ref. [35]. For the 
interior and the side boundaries, one point Gauss-Seidel relaxation is 
used in lexicographic order with treating the three equations sequen-
tially. For the top boundary at any point, there are four equations: 
Reynolds, and three discretized stress conditions for four variables (the 
displacements u, v and w and the pressure p) when the pressure is pos-
itive. On this plane, a collective relaxation scheme is used. At each grid 
point, a system of four equations is solved for changes to these four 
variables so as to solve the equations. However, when p < 0 follows, the 
cavitation condition is imposed by setting p¼0, and changes to u, v and w 
are solved from the system formed by the three discretized stress 
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boundary equations. A crucial point is that this approach applied point 
by point in e.g. lexicographic order will be stable but will not give grid 
independent multigrid performance as the Reynolds equation under 
higher loads exhibits a strong coupling in the x direction [9]. High fre-
quency error components in the y direction are not reduced, hence the 
error is not smooth and cannot be well resolved on a coarser grid. The 
remedy is to carry out the line relaxation, simultaneously solving all 
equations for one line. For more details and the application to the 
conventional problem see Ref. [9]. For the problem considered here, the 
system of equations to be solved for each line is given in appendix B. 
Solving can be done in an amount of work proportional to the number of 
points n of the line, so it does not alter the optimum computational 
complexity. Summarizing, the relaxation process for the 3D coupled 
problem consists of: 

1) Gauss-Seidel relaxation of interior u, v and w equations in lexico-
graphic order;  

2) Relax stress free vertical boundary planes; 
3) Collective Gauss-Seidel line relaxation of the stress boundary equa-

tions on the top boundary and the Reynolds equation accounting also 
for the cavitation condition, in order to obtain the surface displace-
ments and the lubricant pressure. 

This relaxation process is embedded in a multigrid coarse grid 
correction cycle. Finally, the treatment of the force balance condition as 
global constraint is done by changing the value of h0 on the coarsest grid 
in the cycle as explained in Refs. [9,25,35]. The resulting cycle provides 
grid independent convergence at the same rate as for the dry contact 
problem shown in Ref. [35], and combined with full multigrid, it solves 
the equations to the level of the discretization error in optimal compu-
tational complexity O(n3) with n the number of nodes in each dimension. 

3.3. Computational cost comparison 

For the conventional EHL problem, the complexity achieved was the 
nearly optimal O(Nlog(N)) [9], where N is the total number of unknowns 
using standard multigrid techniques for the solution or the Reynolds 
equation and by applying a separate MLMI algorithm for the fast eval-
uation of the elastic deformation integrals. For this problem N¼O(n2), 
where n is the number of nodes in one spatial dimension. The compu-
tation of the components of the subsurface stresses on a grid in any plane 
below the surface can be carried out a posteriori using (discrete) integral 
transform evaluations using the pressure distribution solved at the sur-
face as input [45]. Using MLMI, this requires an additional 6 � O(Nlog 
(N)) ¼ O(6n2log(n)) operations per plane in the subsurface. For a uni-
form 3D grid with n plane, the total time will be O(n3) where it should be 
noted that the evaluations for each plane can be done in parallel. So-
lution of the coupled 3D problem with N¼O(n3) operations yields the 
same amount of information (pressure at surface, gap height, and 
stresses below the surface), but here three equations with three variables 
are solved, where each of the equations contains quite a large number of 
terms, so the proportionality constant is larger as well as the computa-
tional overhead. Hence, unless the problem really requires a 3D 

approach, it is computationally more efficient to solve the conventional 
problem. In Table 1, computing times used on a single processor (Intel 
X5650 CPU at 2.66 GHz) are presented as a function of the mesh size on 
the grid used for several EHL and dry contact models. In all cases, a full 
multigrid algorithm was used with 2 multigrid W(2,1) cycles per 
refinement, which solves the problem to the level of the discretization 
error. Results are presented for five problems. Firstly, for the conven-
tional EHL point contact problem [9], solving this problem required 22 s 
on a 513 � 513 grid with 33 � 33 points on the coarsest grid. The 
subsequent evaluation of the 6 independent stress components in the 
subsurface on 513 planes requires about 1 min. The second case is the 
dry contact problem with 3D elastic equation solver for isotropic ma-
terial [35]. The third problem is of the same complexity but now for the 
case of anisotropic material [35]. The fourth and the fifth case are for the 
3D elastic coupled EHL problem with the isotropic and anisotropic 
material respectively. Taking the useful data to be the n2 values of sur-
face pressure and gap height, and the n3 values of each of the 6 com-
ponents of the stress tensor, the number of useful data values obtained 
per second CPU time invested can be computed. This value ranges from 
O(105) for the 3D problems to O(107) for the conventional problem 
illustrating the point made above that the 3D coupled model and algo-
rithm should be used only when really needed. Note that the absolute 
values of the numbers and computing times are not so important. It is the 
ratios that matters. Comparing the computing times for different grids 
shows the low complexity of the solver(s). The asymptotic increase of 
CPU time with halving the mesh size in each dimension should be a 
factor 23. This asymptotic behavior is not yet fully seen owing to the use 
of W cycles and the relatively large contribution of coarse grid work. 
However, in many homogeneous material problems, the coarsest grid 
can be chosen coarser. 

4. Verification 

Firstly, the results obtained with the 3D elastic model are compared 

Table 1 
Computing time results of an FMG algorithm with 2 cycles per refinement as a function of the number of grids (levels) used. Results for 5 cases: conventional EHL solving P and H 
[9] (time cost for subsurface stress evaluation is given in the following bracket), dry contact 3D isotropic material [35], dry contact 3D anisotropic material [35], 3D elastic 
coupled EHL for isotropic material and 3D elastic coupled EHL for anisotropic material, single processor (Intel X5650 CPU at 2.66 GHz).  

Grid level Conventional EHL (MG þ
MLMI) 

Dry contact þ Stress field (MG, 
Iso) 

Dry contact þ Stress field(MG, 
Aniso) 

EHL þ Stress field (MG, 
Iso) 

EHL þ Stress field (MG, 
Aniso) 

3 (1292/ 
1293) 

3 þ(3) secs 2 min 5 min 7 min 15 min 

4 (2572/ 
2573) 

8 þ(8) secs⋅ 7 min 16 min 21 min 39 min 

5 (5132/ 
5133) 

22þ(62) secs 43 min 1 h 27 min 1 h 16 min 2 h 22 min  

Table 2 
Material parameters, lubricant parameters, operating 
conditions and values of different sets of dimensionless 
parameters for reference case.  

Parameters Value 

F 73.55 N 
Rx, Ry 0.02 m 

ph 0.76 GPa 
E0 226 GPa 
um 0.46 m/s 
η0  0.08 Pa 
α  22 GPa� 1 

z0  0.6036 
U 8.18 � 10� 12 

W 8.14 � 10� 7 

G 4972 
α  16.91 

λ  2.37 � 10� 2  
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with the results obtained using a conventional EHL model for the case of 
homogeneous isotropic material. The operating conditions, lubricant 
parameters, the Hertzian dry contact parameters, and values of 
commonly used dimensionless parameters are given in Table 2. The 
values of the Moes dimensionless load parameters for this case are 
M¼100 and L¼10. 

In Fig. 2 (a) and (b), the centerline pressure and film thickness pro-
files in the flow direction (X) and in the cross flow direction (Y) are given 
for both models. Also shown is the contour plot of the dimensionless film 
thickness, but only for the EHL model with the 3D elasticity solution. 
The results exhibit all characteristic aspects of a steady EHL solution in 
the piezo-viscous regime: a nearly Hertzian pressure profile with short 
entrainment region leading up to it and a pressure spike at the exit; a 
nearly uniform film thickness in the direction of flow with a small re-
striction at the exit and the side-lobes where the minimum film thickness 
occurs. The results of the two models are virtually identical. 

In Table 3, the numerical values of the central film thickness and 
minimum film thickness obtained for both models are given. Also shown 
is the effect of the mesh size. The “level” in the first column indicates the 
finest grid used in the multigrid algorithm. The coarsest grid was set at 
33 � 33( � 33) points. The second column gives the number of nodes in 
each of the dimensions of the problem. Each reduction of the mesh size 
by a factor of 2 yields a change in value that decreases roughly by a 
factor of 4. This trend is more clearly visible in the central film than in 
the minimum film results. Because the minimum film thickness may still 
vary in location by one or a few grid points upon refinement, the 
asymptotic convergence behavior of its value usually settles in on 
somewhat finer grids. However, for sufficiently fine grids the trend is 
also clear in the minimum film thickness results. This behavior is 
consistent with the second order of the discretization used. 

The difference between the converged results of the two models is 

less than 1.5%. This difference is mainly determined by the extent to 
which the 3D domain is sufficiently large for the solution to approximate 
the behavior of the solution for a semi-elastic half-space in width and 
depth. For the present case this is quite accurate. It can be seen from the 
ratio of central to minimum film thickness for example, and the ratio is 
closely the same (1.86) for both models. This indicates that in the 3D 
model the Dirichlet condition at the lower surface is not actually felt in 
the solution. More details on the influence of the domain size are given 
below. 

The small differences between the results of the models and the 
convergence behavior observed generalize to the other load conditions. 
In Table 4, the minimum film values as a function the mesh size is given 
for a lower (M ¼ 50) and higher value (M ¼ 200) of the load number M 
with L ¼ 10, and also for L ¼ 2.5. For all cases, the difference between 
the values of the two models is well below 1%. It should be noted that for 
sufficiently fine grids this difference converges second order with 
decreasing mesh size. This is most clearly seen in central film thickness 
data. In the minimum film thickness it is sometimes obscured and only 
seen on very fine grids as for cases where the side lobes are small, going 
from one grid to a finer grid, not only its value but also its location may 
still change. Nevertheless, for the case M ¼ 50, L ¼ 10, it is already seen 
in the present results. 

Finally, the influence of size of the calculational domain on the 
central and minimum film thickness is shown in Table 5 for the case M ¼
50, L ¼ 10, using 5 levels with 513 grid points in each direction on the 
finest grid. The difference between the conventional solution and the 
present 3D solution decreases with increasing domain size and thus 
decreasing influence of the side and lower boundary condition. 

The influence of size of the calculational domain on the maximum 
von Mises stress (VMS) is shown in Table 6. With an increase in calcu-
lation domain, the difference between the maximum VMS value 

Fig. 2. Centerline dimensionless pressure profile P(X,0) and dimensionless film profile H(X,0) (a), and P(0,Y) H(0, Y) (b), for the conventional EHL solution and for the 3D 
Elastic coupled EHL solution. Film thickness contour plot of the 3D elastic coupled EHL solution (c). Homogeneous isotropic material. Conditions given in Table 2. 
(M¼100, L¼10). 
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decreases which means the effect of side boundaries decreases. The 
differences of the value and depth of the maximum VMS between the 
second case (� 3~3) and the last case (� 20~20) are 4.22% and 2.56% 
respectively which can be considered acceptable. Thus, for all cases 
considered in the following section the calculation domain was [-3~3] 
in X and Y directions and [0~6] in Z direction with 513 � 513 � 513 
points on the target grid. At this point it should be noted that in realistic 
cases investigating the (relative) effect of the variation of the local 
crystallographic topology below and near the contact one can easily be 
done using a smaller volume with a granular structure of the size used 

here, several times the Hertzian region, embedded in a larger volume 
with uniform structure. This can be achieved very naturally with 
multigrid techniques using local grid refinements. 

5. Results 

Following verification of the results against a conventional solver, in 
this section the capability of the developed model and the multigrid 
solution algorithm are demonstrated by problems for which the 
computational efficiency is increasingly important due to the amount of 
detail required in the representation. In section 5.1, results are presented 
for dry contact and EHL contact, comparing homogeneous isotropic and 
homogeneous anisotropic material. In section 5.2, heterogeneous 
anisotropic material is considered. The material parameters of cubic 
anisotropic material used are given in Table 7. Three cases of the Zener 
ratio A (see Eq. (5)) [37] are considered. The other input parameters are 
as listed in Table 2. The actual contact radius and maximum pressure 
depend on the value of A and the orientation. For the case of 

Table 3 
Computed values of the central and minimum film thickness with the conventional model and with the 3D elastic EHL model as a function of the mesh size (in one dimension). 
Homogeneous isotropic material. Conditions as specified in Table 2  

Level Grid points M ¼ 100, L ¼ 10 

Hcentral Hcon, H3D Dev. Hminimum Hcon, H3D Dev. 

3 129 Hcon 0.122943 0.2269% Hcon 0.064935 1.3182% 
H3D 0.123222 H3D 0.065791 

4 257 Hcon 0.132885 0.0632% Hcon 0.071336 0.9757% 
H3D 0.132969 H3D 0.072032 

5 513 Hcon 0.135468 0.0185% Hcon 0.072741 0.3396% 
H3D 0.135443 H3D 0.072988 

6 1025 Hcon 0.136119 0.0096% Hcon 0.073081 0.1013% 
H3D 0.136106 H3D 0.073155  

Table 4 
Computed minimum film thickness values as a function of the grid mesh size in circular contact for 4 load cases. For each case the value obtained using a conventional 
EHL solver (2D) and the developed 3D elastic coupled EHL algorithm are given. Homogeneous isotropic material.  

Level Grid points model M ¼ 50, L ¼ 2.5 M ¼ 50, L ¼ 10 M ¼ 200, L ¼ 2.5 M¼200, L¼10 

Hminimum Dev. Hminimum Dev. Hminimum Dev. Hminimum Dev. 

3 129 2D 0.06968 0.648% 0.12899 0.871% 0.01637 0.312% 0.02987 0.249% 
3D 0.06923 0.13011 0.01642 0.02979 

4 257 2D 0.07238 0.038% 0.13382 0.676% 0.01887 0.012% 0.03663 0.979% 
3D 0.07236 0.13472 0.01886 0.03699 

5 513 2D 0.07313 0.095% 0.13473 0.149% 0.0200 0.413% 0.03835 0.663% 
3D 0.07306 0.13493 0.0201 0.03860  

Table 5 
Effect of domain size on the calculated value of the central and minimum film thickness for the conventional model and for the model with 3D elastic solver. Homogeneous isotropic 
material, M¼50, L¼10. Mesh size used 513�513�513 grid points.  

Calculation domain Central film thickness Minimum film thickness 

X, Y Z Hcon H3D Dev. Hcon H3D Dev. 

� 1.5~1.5 0~3 0.18207 0.18498 1.597% 0.11973 0.11861 0.933% 
� 2~2 0~4 0.21119 0.21075 0.209% 0.12936 0.12843 0.715% 
� 3~3 0~6 0.22248 0.22206 0.189% 0.13361 0.13333 0.213% 
� 4~4 0~8 0.22442 0.22424 0.083% 0.13454 0.13449 0.032% 
� 5~5 0~10 0.22485 0.22477 0.039% 0.13495 0.13496 0.003%  

Table 6 
Effect of domain size on the maximum VMS for the model with 3D elastic solver. 
Homogeneous isotropic material, M¼50, L¼10. Mesh size used 513�513�513 
grid points for the first three cases and 1025�1025�1025 grid points for the last 
three cases.  

Case Calculation domain VMS VMS value difference 

X, Y Z depth value VMScase  i � VMScase  i� 1

VMScase  i� 1  

1 � 1.5~1.5 0~3 0.48633 0.75037 – 
2 � 3~3 0~6 0.45703 0.65893 12.18% 
3 � 5~5 0~10 0.45898 0.64185 2.59% 
4 � 10~10 0~20 0.44922 0.63248 1.46% 
5 � 15~15 0~30 0.46875 0.63154 0.15% 
6 � 20~20 0~40 0.46875 0.63111 0.07%  

Table 7 
Values of the cubic anisotropic material parameters used in the model.  

Parameter 2.4074 [37] 3.36 [37] 3.77 [34] 

c11 231.4 GPa 197.5 GPa 204.6 GPa 
c12 134.7 GPa 125 GPa 137.7 GPa 
c44 116.4 GPa 122 GPa 126.2 GPa  
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homogeneous material aligned with the global coordinate system, the 
contact radius and the maximum pressure relative to the homogeneous 
isotropic values are listed in Table 8. 

5.1. Homogeneous anisotropic material 

Fig. 3 shows the pressure profile at the surface, the gap height, and 
the VMS distribution in the subsurface in the central plane Y ¼ 0 for dry 
contact (a) and EHL contact (b) with isotropic material, for homoge-
neous anisotropic material (A ¼ 2.4074) aligned with the global coor-
dinate system (c) and at a rotation angle 0.1π in each direction relative 
to the global coordinate system (d). In Table 9, the value and the loca-
tion of the (dimensionless) maximum VMS for each case are given. 

For isotropic material in dry contact, the pressure and stress 

distributions are symmetric with respect to the central planes, see Fig. 3 
(a). The analytic value of the dimensionless maximum VMS is 0.620 and 
occurs at a dimensionless distance 0.480 below the contact surface [46, 
47]. The numerical results obtained with the presented model are very 
close to these values and the difference can be attributed to the domain 
size. The EHL solution is not symmetric and displays the characteristic 
features, see Fig. 3 (b), namely a closely semi-ellipsoidal (Hertzian) 
pressure profile with continuous pressure rise and decline in the inlet 
and outlet region; a local maximum, the so-called pressure spike near the 
outlet; a nearly uniform film thickness in the center of the contact; the 
outlet film constriction and side lobes where the minimum film 

Table 8 
Comparison of Hertzian contact parameters as a function of the Zener (anisotropy) 
ratio with orientation aligned with the global coordinate system.  

Cases Pmax aHertz 

A ¼ 1 1.00416 0.99609 
A ¼ 2.4074 0.96951 1.00781 
A ¼ 3.36 0.89229 1.05469 
A ¼ 3.77 0.89316 1.05469  

Fig. 3. Dimensionless pressure, film thickness, and VMS distribution in the plane Y¼0 for homogeneous material (a) Dry contact, isotropic, A¼1 (b) EHL, isotropic, A¼1 (c) 
EHL anisotropic coordinates aligned, A¼2.4074, (d) EHL anisotropic, rotation angle 0.1π material, A¼2.4074. 

Table 9 
Location and value of the (dimensionless) maximum VMS for the computed solutions 
displayed in Fig. 3  

Cases VMS X Y Z 

(a) Dry contact, isotropic material 0.6280 0 0 0.4883 
(b) EHL, 

isotropic material 
0.6366 0.0391 0 0.4688 

(c) EHL, homogeneous 
aligned anisotropic material 

0.5277 0.2929 0.5078 0.4297 

(d) EHL, homogeneous 
rotated anisotropic material 

0.6609 0.2539 � 0.1953 0.4492  
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thickness occurs. The computed value of the dimensionless central and 
minimum film thickness are given in Table 3. The pressure spike causes a 
near surface local maximum in the VMS. The overall maximum VMS is 
2% larger than for the dry contact case and occurs slightly off center on 
the outlet side closer to the surface. 

Fig. 3(c) shows the results for homogeneous anisotropic material 
aligned with the global coordinate with A ¼ 2.4074. The maximum dry 
contact pressure for this case is about 5% lower than the value for the 
isotropic case, and the contact radius becomes slightly larger, see 
Table 8. The EHL film thickness profile is nearly identical as can be seen 
from comparing the contour plot in Fig. 2 (c) with Fig. 4 (a). The 
computed value of the dimensionless central film thickness of 0.136131 
and the dimensionless minimum film of 0.072595 are only marginally 
different from the isotropic case. In the steady state considered here, the 
flow in the central region is dominated by shear flow which dictates the 
central film thickness in the X direction to be nearly constant. The 
central film thickness level is determined by the decrease of Poisseulle 
flow in the inlet region, i.e. the film thickness decreasing and the vis-
cosity increasing due to the rising pressure. Because the difference in 
deformation between isotropic and anisotropic is small in the inlet re-
gion, shear flow dominance with constant film starts at roughly the same 
location and at the same film thickness level. However, the stress field is 
quite different. The value of the maximum VMS is 20% lower, and quite 
strikingly its location is no longer in the central X-Z plane but occurs at X 
¼ 0.3, Y ¼ 0.5, see Table 9. These changes are a result of the change of 
the elastic stiffness of the material in the direction of the load. This 
stiffness depends on the orientation as is shown in the last case Fig. 3(d) 
where the material is rotated over an angle of 0.1π in each direction. For 
the same reason as given above, the pressure and film thickness do not 
change significantly. The computed dimensionless central film and 
minimum film are 0.136226 and 0.071955 respectively and the film 
thickness contour plot is nearly identical, see Fig. 4 (b). However, the 
maximum VMS is 6% higher than the dry contact case and again occurs 
at a location not central to the contact, see Table 9. These results show 
that material anisotropy may result in significant changes in the 
magnitude and the location of the maximum VMS, which might in turn 
affect the fatigue life of the contact, even though the EHL pressure and 
film thickness distribution are virtually identical. 

5.2. Polycrystalline anisotropic material 

In this section, results are presented for an EHL contact with load 
conditions as considered before with polycrystalline anisotropic mate-
rial. We consider the case of a distribution of grains with random varying 

rotation angles. For the present case, translated to real data, the average 
grain diameter is 25 μm. As the Hertzian contact radius for isotropic 
material is 0.21 mm, there are about 17 grains in X and Y directions of 
Hertzian contact region. 

Firstly, for a fixed value of A ¼ 2.4074, the effect of polycrystalline 
anisotropic topology on the pressure, film thickness and VMS distribu-
tion is investigated. Fig. 5 (a) and (b) show the dimensionless pressure 
and film thickness at the centerlines of the contact for the homogeneous 
anisotropic case (without rotation) and for the heterogeneous aniso-
tropic case. Fig. 5 (c) and (d) show the pressure distribution at the 
surface and the contour plot of the dimensionless film thickness for 
polycrystalline anisotropic case. 

The variation of the orientation of the grains leads to a locally 
increased or decreased stiffness of the material relative to the isotropic 
material. Depending on the orientation, the grain acts as a hard or soft 
inclusion which causes pressure fluctuations, as was also seen in the dry 
contact [35]. However, the film thickness profile is not significantly 
affected, for the same reason as explained in the previous section. This 
behavior is also reported in Refs. [34] for an EHL line contact. The film 
thickness contour plot is shown in Fig. 5 (d). Only small local film var-
iations can be seen which result from the variation of the deformation of 
the rotated grains. 

Fig. 6 shows the VMS in the part of the elastic volume X > 0, Y >
0 and Z > 0. Each grain can be clearly identified. The main variations in 
the VMS occur quite close to the surface which indicates that material 
anisotropy may lead to a reduction of RCF life relative to the isotropic 
material case. The biggest difference is expected to occur when neigh-
boring grains have large variation in orientation on the scale of the 
Hertzian contact radius. In such cases, predictions of RCF based on 
standard models may be unrealistically optimistic. 

The distributions of different stresses along the centreline (X ¼ Y ¼ 0) 
as a function of Z for the isotropic and the heterogeneous anisotropic 
material are shown in Fig. 7. The largest deviations from the isotropic 
results appear around the location of the maximum VMS, which depends 
on the variation of the rotation difference and the strain in that region. 
For isotropic material, the maximum VMS and the largest strain occur at 
a depth of Z ¼ 0.4688 for the coupled EHL solution (Table 9, Case b), 
whereas for the present case the depth of the maximum VMS is close to 
but not equal to the depth of Z ¼ 0.4688 (for this case, Z ¼ 0.5163). Note 
that the specific details will depend on the local grain orientation. Away 
from the region of maximum stresses (0.25< Z < 1.0), the differences 
due to the variation of the orientation decrease. 

Next, for exactly the same topology and orientation distribution, the 
effect of the anisotropy ratio on pressure, film thickness and stress field 

Fig. 4. Contour plots of the dimensionless film thickness: EHL with homogenous anisotropic material aligned with global coordinate (a) and EHL with homogeneous anisotropic 
material at rotation angle 0.1 π in each direction (b), A¼2.4074. 
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distribution is shown. Three values of the Zener ratio (A ¼ 2.4074, A ¼
3.36, and A ¼ 3.77) [34,37] are used and the results are shown in Fig. 8. 
The topology and rotation angles of grains are kept the same for the 
three cases. When comparing the stress distribution from Fig.8 (a)–(c), 
the local stress concentration increases in magnitude with the increase 
of the anisotropy ratio. The values of maximum VMS for these three 
cases are 1.0381, 1.217 and 1.299, respectively. However, again as in 
the previous cases, the effect on the EHL film thickness distribution is 
minor. 

The pressure distribution in the lubricant for the three cases is 
compared in Fig. 8 (d). Pressure fluctuations are caused by the variation 
of the rotation angle in grains and are influenced by the anisotropy ratio. 
The pressure peaks and valleys are marked with down- and up-arrows 
respectively. In the present case, the pressure profile exhibits 6 local 
maxima indicated in the figure with p (peak) and local minima indicated 
with v (valley). Table 10 compares the amplitude of each of the maxima- 
minima in relation to the anisotropy ratio, i.e. Pp1-Pv1, Pp2-Pv2 and so on. 
From the table, it is observed that with the increase of anisotropy ratio, 

Fig. 5. (a) Dimensionless pressure P(X,Y¼0) and film thickness H(X,Y¼0), (b) Dimensionless pressure P(X,Y¼0) and film thickness H(X,Y¼0), (c) Dimensionless pressure 
distribution P(X,Y) at the surface, (d) Dimensionless film thickness contour plot H(X,Y), (M¼100, L¼10). 

Fig. 6. 3D VMS distribution in the elastic body of polycrystalline anisotropic ma-
terial (EHL contact, M¼100, L¼10). Fig. 7. The comparison of stresses between isotropic and anisotropic materials along 

the centerline (X¼Y¼0). 
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the local pressure variation increases. 
So far, the sphere is fixed to one contact location, which means the 

orientation angles and topology of the heterogeneous anisotropic ma-
terial are the same as for the results already shown. Finally, the average 
effect of multiple randomly generated orientation angles and topologies 
is investigated with the anisotropy ratio A equals 2.4074. In total, 49 
cases of different contact locations in rolling direction were solved. The 
value and location of the maximum VMS for each case are given in 
Fig. 9. The random nature in the orientation and topology is reflected in 
both the value and the depth of the maximum VMS, which shows sig-
nificant variations from case to case. The overall average value of the 
maximum VMS is 1.0692, which is significantly higher than the value 
predicted for isotropic material (0.6366). The average depth of the 
maximum VMS is 0.5027, which is close to the value predicted for 

isotropic material (0.4688). The minimum depth is 0.2578, when the 
corresponding value of maximum VMS exceeds the threshold of fatigue 
limit as well, these cases have higher potential to initiate cracks close to 
the surface. The standard deviation of the value and the depth of the 
maximum VMS is 2.44% and 13.77% respectively, which is of the same 
order of magnitude as the scatter observed in the fatigue life data ob-
tained from RCF experiments [34]. The average of the EHL pressure 
distribution of the 49 cases is shown in Fig. 9(c) together with the 
pressure distribution for isotropic material. It can be seen that the 
average pressure curve is smooth and quite close to the result for 
isotropic material. 

6. Conclusions 

In this paper, multigrid techniques were shown to be very well suited 
for the numerical simulation of the pressure and film thickness distri-
bution as well as the 3D stress distribution for an EHL contact with 
heterogeneous anisotropic material. Firstly, the developed 3D model 
was verified against conventional EHL models for homogeneous 
isotropic material with elastic half space, including a discussion of ef-
ficiency of numerical solution of 2D and 3D for different cases of dry and 
EHL contact. Next the effect of homogeneous anisotropic material was 
investigated. As anisotropic material exhibits different stiffness in the 
load direction depending on the orientation, it is seen that the orienta-
tion of the material significantly affects the predicted maximum VMS. 
Finally, the more computationally challenging case of 3D heterogeneous 

Fig. 8. Effect of the Zener anisotropy ratio on (dimensionless) surface pressure and film thickness profile, and on the VMS distribution in the plane (Y¼0).  

Table 10 
Height of local EHL pressure variations.  

No. A ¼ 2.4074 A¼3.36 A¼3.77 

1 0.05683 0.08941 0.09803 
2 0.16794 0.21690 0.23288 
3 0.10555 0.12434 0.13876 
4 0.19655 0.21911 0.23339 
5 0.12348 0.12602 0.12815 
6 0.10915 0.12544 0.13122  
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material with randomly varying anisotropy angles over the grains was 
studied. It was found that for polycrystalline anisotropic material, the 
stiffness variation between the grains leads to significant pressure fluc-
tuations even when the contacting surfaces are smooth. This directly 
reflects in the subsurface stress distribution. However, whereas the 
material anisotropy clearly affects the pressure distribution and stresses, 
it has almost no influence on the EHL film thickness as this is determined 
in the inlet region where the deformation is still small. Analyzing cases 
of granular material with varying orientations and topologies, a stan-
dard deviation of the value and of the depth of the maximum VMS was 
observed of about 2.5% and 14% respectively. This qualitatively agrees 
well with the life scatter observed in RCF experiments. The average 
value of the maximum VMS of 49 cases of a statistically generated 
polycrystalline anisotropy distribution was 68% larger than that of 
isotropic material. This is a strong indication that also in real bearing 
applications the variations in anisotropy may have a significant effect on 
RCF life. Finally, the variations were shown to depend on the value of 
the anisotropic ratio of the material. The results presented stimulate 
further study into the effect of grain size and anisotropy variation on the 
actually predicted RCF life. Further developments will involve using the 
developed method to actual data from EBSD analysis of bearing mate-
rial. Considering the lubricated contact equations extension to account 
for e.g. surface roughness effects is trivial, and extension to non- 
Newtonian lubricant behavior and to transient problems can be 
considered. 
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Appendix A. Discrete Equations 

The discretization method of the interior and side boundary equations can be found in Refs. [25,35]. Here, the discretization of the equations in the 
top boundary plane is given for the steady state case. The discretization of the Reynolds equation is done using a central second order discretization for 
the pressure flow terms and an upstream second order (SU2) discretization is for the wedge term, as in Ref. [9]. This gives the following discrete 
equation for the grid point with index (i, j, 0) in the top surface:  

where ξ ¼ ρH3

ηλ
, λ ¼ 12umη0R2

x
a3ph

, as in Ref. [9]. The top boundary equations of the elastic problem are discretized using a second order central upstream 

discretization for the in plane displacement derivatives. For the z derivatives, both a second order one sided discretization and first order discretization 
are used. The resulting discrete zero stress equations for the x and y directions are: 

C1311ði;j;0Þ
Uiþ1;j;0 � Ui� 1;j;0

2hx
þC1322ði;j;0Þ

Vi;jþ1;0 � Vi;j� 1;0
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þ
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2hy

�

þC1313ði;j;0Þ

�
1:5Ui;j;0 � 2Ui;j;1 þ 0:5Ui;j;2

hz
þ

Wiþ1;j;0 � Wi� 1;j;0

2hx

�

þC1312ði;j;0Þ

�
Ui;jþ1;0 � Ui;j� 1;0

2hy
þ

Viþ1;j;0 � Vi� 1;j;0

2hx

�

¼ 0
(15)  

C2311ði;j;0Þ
Uiþ1;j;0 � Ui� 1;j;0

2hx
þC2322ði;j;0Þ

Vi;jþ1;0 � Vi;j� 1;0

2hy
þC2333ði;j;0Þ

Wi;j;0 � Wi;j;1

hz
þC2323ði;j;0Þ

�
1:5Vi;j;0 � 2Vi;j;1 þ 0:5Vi;j;2

hz
þ

Wi;jþ1;0 � Wi;j� 1;0

2hy

�

þC2313ði;j;0Þ

�
Ui;j;0 � Ui;j;1

hz
þ

Wiþ1;j;0 � Wi� 1;j;0

2hx

�

þC2312ði;j;0Þ

�
Ui;jþ1;0 � Ui;j� 1;0

2hy
þ

Viþ1;j;0 � Vi� 1;j;0

2hx

�

¼ 0
(16) 

Finally, the vertical normal stress should balance the pressure in the lubricant film: 

C3311ði;j;0Þ
Uiþ1;j;0 � Ui� 1;j;0

2hx
þC3322ði;j;0Þ

Vi;jþ1;0 � Vi;j� 1;0

2hy
þC3333ði;j;0Þ

1:5Wi;j;0 � 2Wi;j;1 þ 0:5Wi;j;2

hz
þC3323ði;j;0Þ

�
Vi;j;0 � Vi;j;1

hz
þ

Wi;jþ1;0 � Wi;j� 1;0

2hy

�

þC3313ði;j;0Þ

�
Ui;j;0 � Ui;j;1

hz
þ

Wiþ1;j;0 � Wi� 1;j;0

2hx

�

þC3312ði;j;0Þ

�
Ui;jþ1;0 � Ui;j� 1;0

2hy
þ

Viþ1;j;0 � Vi� 1;j;0

2hx

�

þPi;j ¼ 0
(17) 

Summarizing, there are four equations for the variables U, V, W and P in each point. The solution is subject to the cavitation condition P � 0:

Appendix B. Relaxation 

For the interior equations and the stress boundary conditions on the vertical faces of the cubic domain, Gauss-Seidel relaxation is used in lexi-
cographic order, see also in Refs. [25,35]. Below the relaxation of the Reynolds equation and the stress boundary conditions in the top plane together 
with the lubricant cavitation condition is detailed. Due to the strong coupling between the discrete Reynolds equation (14) and the stress boundary Eq. 
(15)-Eq. (17), a sequential relaxation is not suited as when relaxing the next equation large disturbances are again introduced in the previous equation 
thus leading to a diverging process. The remedy is to use collective relaxation, that is to solve the equations for the different unknowns in each grid 
point simultaneously. This is explained below in section B.1, and was also used in Ref. [35] for the dry contact problem. A complication for the 
lubricated problem is that the Reynolds equation involves a strong coupling in the x direction, which directly affects the equation for the vertical 
displacement. To ensure good error smoothing in pressure P and multigrid efficiency, a line relaxation is needed in the direction of the strong coupling. 
This was also needed in the conventional EHL solver described in Ref. [9]. The line relaxation for the present problem is explained in section B.2. 

B.1 Collective Relaxation 

The system of equations for the changes δU, δV, δW and δP to be applied to the variables in grid point (i, j, 0) such that Eq. (14)- Eq. (17) are satisfied 
after these changes are made: 

ξi� 1
2;j

Pi� 1;j �

0

B
@ξi� 1

2;j
þ ξiþ1

2;j

1

C
APi;j þ ξiþ1

2;j
Piþ1;j

h2
x

þ

ξi;j� 1
2
Pi;j� 1 �

0

B
@ξi;j� 1

2;0
þ ξi;jþ1

2

1

C
APi;j þ ξi;jþ1

2;0
Pi;jþ1

h2
y

�

1:5ðρHÞi;j � 2ðρHÞi� 1;j þ 0:5ðρHÞi� 2;j

hx
¼ 0

(14)   
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2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

1:5C1313ði;jÞ

hz

C1323ði;jÞ

hz

C1333ði;jÞ

hz
0

C2313ði;jÞ

hz

1:5C2323ði;jÞ

hz

C2333ði;jÞ

hz
0

C3313ði;jÞ

hz

C3323ði;jÞ

hz

1:5C3333ði;jÞ

hz
1

0 0 ζ
2ρi;jRx

ahx

ξi�1
2;j

h2
x
þ

ξi�1
2;j

h2
x

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

2

6
6
4

δU
δV
δW
δP

3

7
7
5

i;j

¼

2

6
6
4

rU
rV
rW
rP

3

7
7
5

i;j

(18) 

The right hand terms, rU, rV, rW and rP are the residuals of Eq. (14)- Eq. (17) in the grid point (i, j, 0) before making the changes. The coefficients are 
the derivative of the respective discrete equation operator with respect to the variable to be changed. The value of ζ depends on the discretization used 
for the wedge term of the Reynolds equation. For the second order upstream (SU2) discretization, its value is 1.5. For a first order upstream dis-
cretization, it would be 1.0. The 4 � 4 system (Eq. (18)) can be quite easily solved by direct inversion. The complementarity condition is imposed by 
setting the pressure to zero when the computed new value for pressure P is below zero. Subsequently, with P set to zero, the system of 3 � 3 equations 
is solved for δU, δV, δW. 

B.2 Line Relaxation 

The line relaxation ideally should scan the top surface x-line by x-line. For each line, construct the system of equations (Eq. (18)) for all points i with 
the same j and solve this system. Then apply all changes δU, δV, δW and δP solved for each i simultaneously. The work involved for direct solution is b2n 
where b is the bandwidth of the matrix. The storage requirements are of O(bn). Hence, although significantly more expensive than point relaxation, it 
does not alter the O(N) computational complexity of the Multigrid algorithm. However, as the coupling in x direction mainly affects equations (14) and 
(17), alternatively the collective point relaxation described in B.1 can be carried out and followed up by a line relaxation consisting only of the system 
of equations resulting from equations (14) and (17) for changes δW and δP for all points i on a line j. As an illustration, for the case of a grid with 9 
points, the system of equations for the 7 non-boundary points in the i direction is:

Where the coefficients in the matrix are again the derivatives of the operator with respect to the variable to be changed. 

RPi;j ¼
∂ðReynoldsÞi;j

∂Pi;j
;RPi� 1;j ¼

∂ðReynoldsÞi;j
∂Pi� 1;j

;RPiþ1;j ¼
∂ðReynoldsÞi;j

∂Piþ1;j

RWi;j ¼
∂ðReynoldsÞi;j

∂Wi;j
;RWi� 1;j ¼

∂ðReynoldsÞi;j
∂Wi� 1;j

;RWi� 2;j ¼
∂ðReynoldsÞi;j

∂Wi� 2;j

σPi;j ¼
∂ðσzz þ PÞi;j

∂Pi;j
; σWi;j ¼

∂ðσzz þ PÞi;j
∂Wi;j

(20) 

Scanning the grid j-line by j-line, the system can be constructed and solved and the changes applied to P and W. 
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