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Abstract. We tackle three components of evolutionary modelling: payoffs, dynami- 
cal systems and equilibrium concepts. Firstly, we merely require that fitness 
functions are continuous. Secondly, we examine very general classes of dynamics. 
Thirdly, we give useful parallels to the Nash equilibrium and the evolutionarily 
stable strategy. Under (weakly) sign-compatible dynamics the change in population 
share of every (at least one) subgroup present in the population corresponds in sign 
with its relative fitness. At a saturated equilibrium, each subgroup with positive 
population share has highest fitness. We examine two evolutionary stability con- 
cepts: the evolutionarily stable equilibrium and the generalized evolutionarily stable 
state. 
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1 Introduction 

In this paper, we develop a framework for a more unified modelling of deterministic 
'evolutionary' processes, considering the evolution of the composition of a very large 
population with very large subgroups that interact strategically. All strategic 
interactions and relevant influences are assumed to be captured by a continuous 
fitness function that depends on the composition of the population. We derive the 

* I owe much to the anonymous refereeing process. I thank J. Oechssler, B. Verspagen, H. Peters, 
F. Thuijsman, D. Talman, E. van Damme, A. van den Elzen, R. Nelson, H. van der Stel for 
comments, criticism or encouragement. Audiences in Tel Aviv (EARIE), and Tilburg (CentER) are 
thanked for suggestions. I am grateful to the Jerusalem Summer School on Economic Theory for its 
hospitality in 1994 (Rationality of Belief and Action in the Economy) and 1995 (Evolution and 
Learning in Games and Economics). 
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relative fitness function, which attributes to each subgroup in the population the 
difference between its fitness and the average fitness of the population. 

Evolutionary dynamics are sign-compatible if for every subgroup with positive 
population share, the change in population share corresponds in sign with this 
subgroup's relative fitness. Evolutionary dynamics are weakly sign-compatible if at 
least one subgroup with increasing population share has positive relative fitness, at 
every state. 

We also introduce the saturated equilibrium (Hofbauer and Sigmund 1988) as 
a generalization of the Nash equilibrium (Nash 1951). We generalize the evolution- 
arily stable strategy of Maynard Smith and Price (1973) into separate directions: 
a dynamic and a static one. The dynamic generalization is called the evolutionarily 
stable equilibrium, the static version is called the generalized evolutionarily stable 
state. 

A saturated equilibrium implies 'extinction of the less fit': each subgroup with 
below-maximum fitness has population share equal to zero. We will prove the 
existence of at least one saturated equilibrium, and show that each saturated 
equilibrium is a fixed point for weakly sign-compatible dynamics. Furthermore, 
sign-compatible dynamics converge only to a saturated equilibrium from the 
interior of the state space, and all stable fixed points of sign-compatible dynamics are 
saturated. A strict saturated equilibrium is a saturated equilibrium where precisely 
one subgroup has maximum (relative) fitness. Each strict saturated equilibrium is 
a vertex of the unit simplex, and asymptotically stable for weakly sign-compatible 
dynamics. 

An evolutionarily stable equilibrium satisfies the property that, for given weakly 
sign-compatible dynamics, any trajectory sufficiently nearby converges mono- 
tonically to it. Hence, each evolutionarily stable equilibrium is an asymptotically 
stable fixed point. To determine whether a point is an evolutionarily stable 
equilibrium, it is necessary to know the dynamics nearby. To establish whether 
a saturated equilibrium is a generalized evolutionarily stable state, only information 
about the payoff structure is needed. For the replicator dynamics the generalized 
evolutionarily stable state is asymptotically stable. 

Multiplicity of evolutionarily stable equilibria or generalized evolutionarily 
stable states may complicate predicting the long run evolution of the population. It 
would be quite helpful if conditions could be derived guaranteeing uniqueness of 
a saturated equilibrium, and simultaneously providing information on its dynamic 
stability 1. The results of Sonnenschein (1972, 1973), Mantel (1974), and Debreu 
(1974) imply that a relative fitness function may be regarded as an excess demand 
function for a pure exchange economy with prices normalized to the unit simplex. 
Further analogies to concepts in general equilibrium theory follow from there. We 
'translate' several results from general equilibrium theory to derive further condi- 
tions for uniqueness of a saturated equilibrium. 

It is difficult in general to find (compute) a saturated equilibrium. For linear 
fitness functions, Jansen (1987) has formulated a linear programming algorithm. 
Van den Elzen and Talman (1991) may be used for asymmetric evolutionary 
bi-matrix games. For nonlinear (relative) fitness functions more powerful methods 

1 Several results on special cases exist, see e.g., Robinson (1951), Hofbauer and Sigmund (1988), 
Nachbar (1990), Monderer and Sela (1993), Monderer and Shapley (1993, 1996), Hofbauer (1995), 
Oechssler (1995), requiring at least considerable adaptation for nonlinear fitness functions and 
weakly sign-compatible dynamics. 
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are required e.g., Doup et al. (1987). Simulation is quite popular in the evolutionary 
branches of game theory and economics. However, simulation by discrete variants 
of the dynamics in order to find a saturated equilibrium must be ruled out based on 
Saari (1985). Warnings against this procedure include Weissing (1990), Cabrales and 
Sobel (1992), and Dekel and Scotchmer (1992). 

Here, we use a terminology from evolutionary game theory and mathematical 
biology. In the various contexts for which we intend our 'unifying approach', the 
states have different interpretations: strategies, population shares, or market shares. 
The subgroups are agents, firms, or organizations. Fitness requires translation too, 
e.g., payoffs, revenue, profits, potential to grow. Evolutionary dynamics are selection 
dynamics, market share dynamics, or learning dynamics 2. 

We present the model in the next section, and compare the saturated equilib- 
rium, the generalized evolutionarily stable state, and the evolutionarily stable 
equilibrium with standard fixed-point-concepts, and with equilibrium concepts 
from (evolutionary) game theory. In Section 3, we derive conditions for stability and 
uniqueness of fixed points for sign-compatible dynamics, inspired by results on 
tfitonnement processes. We furthermore discuss procedures to find saturated equi- 
libria. Section 4 concludes. 

2 The evolutionary model 

We consider a population with n + 1 distinguishable, strategically interacting 
subgroups. The population as well as the subgroups are assumed to be very large, or 
alternatively, the number of interactions at each point in time is very large. The 
interaction of the subgroups has consequences on their respective abilities to 
reproduce, and 'fitness' may be seen as a measure of this ability to reproduce. The 
fitness of a subgroup is determined by the subgroup's genetically determined 
behavior, and the genetically given behaviors of the other subgroups in combination 
with the composition of the population. As behavior of each subgroup is assumed 
predetermined, fitness can be treated as depending only on the composition of the 
population. 

Let I" +1 = { I , . . . ,  n + 1 }, and let x = (x 1,. . . ,  x, +1) T denote a vector of popula- 
ti~ Then, xeS"={YER"+l[y~>Of~  v ' " + l -  zLi = 1 Yi = 1}. We suppress 
time-notations whenever possible. For  x, y e R  "+ 1, the inner product is denoted by 
xVy, the expression x _< y for instance means x i _< yi for all i e l  "+ 1. The component 
j e l ,+  1 of ej~S" is equal to one. The (n + l)-vector of zeroes is denoted by 0 "+ 1. We 
define sign y by sign y:= 1 i fy  > 0, sign y:=  - 1 i fy  < 0, sign y:= 0 i fy  = 0. 

Let E : S " ~ R  "+1 be a fitness function, i.e., a function attributing to every 
subgroup its fitness at each state. We assume that this function is continuous, and 
captures all relevant influences. The relative fitness function f :  S" -~ R" + 1 is given by: 

L(x)=E~(x)- ~ x~Ej(x), (1) 
jGp '+1 

for all i~I n+ i, and x~S' .  Every relative fitness function is continuous and satisfies 
complementarity, i.e. xTf(x) = 0 for all x~S ~. In the sequel, we treat relative fitness 
functions as if characterized by continuity and complementarity. 

2 Selten (1991), Mailath (1992), and (Chapter 9 of) Van Damme (1991), are to be considered musts 
on evolutionary modelling. We refer to e.g., Hofbauer and Sigmund (1988), Silverberg (1988) and 
Selten (1990), for various applications. 
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To model the evolution of the composition of the population, we consider 
a dynamic process represented by the following system of n + 1 autonomous 
differential equations: 

dx 
at C(x) (2) 

dx (dx1  dxn +11 T 
for all xES",  where -d7 = \ dt ' " "  dt / = (Gl(x) . . . . .  G,+ l(X)) T = G(x), denotes 

the continuous-time changes of the population shares of all subgroups. Dynamics 
are admissible if in Eq. (2) 

a. G is (Lipschitz) continuous, 
b. a.,i=S~"+11 Gi(x) = 0 for all xeS" ,  and Gj(x) = 0 whenever xj = 0. 

A trajectory under the dynamics G is a sequence of points, {x(t)},>o , being a solution 
to x(0) = xo6S" and Eq. (2) for all t _> 0. Under (Lipschitz) continuity, existence (and 
uniqueness) of a solution is guaranteed (cf. Hirsch and Smale 1974). Conditions (a) 
and (b) guarantee that the dynamics never leave the n-dimensional unit simplex. 

To connect evolutionary dynamics with the payoff structure, i.e., the relative 
fitness function, we introduce the concept of sign-compatibility. Evolutionary 
dynamics are sign-compatible if they are admissible and for all i~I  "+ 1 satisfy: 

c. sign Gi(x ) = sign f i(x) whenever x i > 0. 

Evolutionary dynamics are weakly sign-compatible if they are admissible and satisfy 
that at each state x, there exists at least one i 6 I  "+ 1 such that: 

c'. Gi(x ) > 0 implies f i(x) > O. 

For sign-compatible evolutionary dynamics, the change in population share of each 
subgroup with positive population share corresponds in sign with its relative fitness. 
For weakly sign-compatible dynamics there must be at least one subgroup at each 
state for which this holds 3. 

The state y ~ S" is a fixed point if G(y) = 0" § 1. A fixed point is a limit point if there 
exists at least one trajectory that did not start in it, but which converges to it. A fixed 
point is stable if any trajectory starting sufficiently close to it remains nearby forever. 
A fixed point is unstable if it is not stable. A stable fixed point is asymptotically stable 
if it is a limit point of all trajectories starting nearby. For formal definitions we refer 
to Hirsch and Smale (1974). 

The state y ~ S n is a saturated equilibrium if f ( y )  <_ O n § 1 (Hofbauer and Sigmund 
1988). A saturated equilibrium y is strict if f j ( y ) =  0 for precisely one j ~ I  n+l. 
At a saturated equilibrium each subgroup with positive population share has 
highest fitness. Any subgroup with below-average-fitness has population share 
equal to zero. For symmetric evolutionary matrix games with inheritable fixed 
pure strategies, each (strict) Nash equilibrium corresponds with a (strict) saturated 

3 Sign-compatible dynamics are weakly compatible dynamics (Friedman 1991), which are in turn 
myopic adjustment dynamics (Swinkels 1993). Aggregate monotonic dynamics (Samuelson and 
Zhang 1992) are sign-compatible (cf. Ritzberger and Weibull 1995), hence the well-known 
replicator dynamics (Taylor and Jonker 1978) are sign-compatible. Myopic adjustment dynamics 
(Swinkels 1993), best-response dynamics (Gilboa and Matsui 1991; Matsui 1992), and continuous 
fictitious-play dynamics (e.g., Hofbauer 1995) are weakly sign-compatible, not sign-compatible, 
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equilibrium. The following lists relations between concepts. Proofs are in the 
Appendix. 

Proposition 1. (A 'Folk Theorem'for evolutionary models.) 

(1) There exists at least one saturated equilibrium; every strict saturated equilibrium is 
a vertex. 

(2) For weakly sign-compatible dynamics it holds that: 
a. Each saturated equilibrium is a fixed point; 
b. Each strict saturated equilibrium is an asymptotically stable fixed point. 

(3) For sign-compatible dynamics it holds that 
a. Every stable fixed point is a saturated equilibrium; 
b. Every limit point of an interior trajectory is a saturated equilibrium. 

The fixed point y ~ S", is an evolutionarily stable equilibrium if and only if there exists 
an open neighborhood U ~ S" of y satisfying 

(y - x)rG(x) > 0 for all x~ U',,{y}. (3) 

The fixed point y s S", is a generalized evolutionarily stable state if and only if there 
exists an open neighborhood U c S" of y satisfying 

( y -  x)Vf(x) > 0 for all x~ U\{y} (4) 

The former concept is new in evolutionary modelling as far as we know. The latter 
one generalizes the evolutionarily stable strategy (cf. Maynard Smith 1982; Hof- 
bauer and Sigmund 1988). For symmetric evolutionary matrix games with inherit- 
able fixed strategies each evolutionarily stable strategy corresponds with 
a generalized evolutionarily stable state. 

If Eq. (3) or Eq. (4) holds for an open neighborhood of a saturated equilibrium, 
then no other saturated equilibrium exists in this neighborhood. For a population 
consisting of at most two subgroups, the asymptotically stable fixed points, the 
evolutionarily stable equilibria, and generalized evolutionarily stable states co- 
incide. 

Given some relative fitness function and admissible dynamics, let SSA T, ESE, 
ASFP, SFP, GESS, SAT, LPi, , and FP denote the sets of all strict saturated 
equilibria, evolutionarily stable equilibria, asymptotically stable fixed i~oints, stable 
fixed points, generalized evolutionarily stable states, saturated equilibria, limit 
points of interior trajectories, and fixed points respectively. Connections between 
these sets are summarized in the following. 

Proposition 2. For the sets given above, it holds that 

(1) SSAT~_ GESS ~_ SAT; 
(2) For weakly sign-compatible dynamics: 

SSA T ~_ ASFP; ESE ~_ ASFP; SA T c FP; ASFP c LPi, ~ ~ FP; 
(3) For sign-compatible dynamics: 

SSA T ~_ ESE ~ ASFP ~_ SFP ~ S A T  ~_ F P; 
A SFP  ~_ LP~,, ~ SAT. 

The proof of Proposition 2 implies that the Euclidean distance is a Lyapunov 
function near an evolutionarily stable equilibrium. Hence, we have the following. 

Corollary 3. The Euclidean distance to an evolutionarily stable equilibrium decreases 
monotonically in time along any trajectory starting sufficiently close to it. 
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Corollary 3 is sufficient for asymptotic stability, but it is not a necessary condition. It 
may happen that trajectories that start near an asymptotically stable fixed point, 
move quite far away from it before converging. Hence, evolutionary stability is 
a more stringent requirement than asymptotic stability. Weissing (1990) makes 
a similar distinction between evolutionary stability and asymptotic stability. 

An advantage of the definition of evolutionary stability with Eq. (3) is that it 
immediately implies asymptotic stability for the dynamics at hand, as well as 
monotonic convergence of all trajectories sufficiently nearby. Furthermore, the 
concept is applicable to all (weakly sign-compatible) dynamics. A disadvantage is 
that the dynamics must be known to establish the status of a saturated equilibrium 
with respect to this type of evolutionary stability. Often, the payoffs on strategical 
interactions are better known than how to translate their effects into changes in the 
composition of the population 4. It should be noted that a saturated equilibrium for 
given (weakly) sign-compatible dynamics may be an evolutionarily stable equilib- 
rium, but not for other dynamics within this class (see also Ritzberger and Weibull 
1995). 

Except for the strict saturated equilibrium, discrepancies exist between static and 
dynamic evolutionary stability in general. One way of dealing with these discrepan- 
cies is to follow Friedman (1991), who defines all asymptotically stable fixed points 
of evolutionary dynamics as 'evolutionary equilibria'. Hence, in our terminology 
Friedman has: 

S S A T  ~_ EE = ASFP ~_ SFP ~_ S A T  ~_ FP, 

where EE is the set of all evolutionary equilibria. Gilboa and M atsui (1991), M atsui 
(1992) define (set-valued) equilibrium concepts in terms of the dynamics as follows. 
A strategy is called (e-)accessible from another strategy if there exists a path under 
(perturbed) best-response dynamics from the latter to the former. A set of strategies 
is called cyclically stable if no strategy outside the set is (e-)accessible from inside this 
set and each pair of strategies in the set is (e-)accessible from one to the other and vice 
versa. If a cyclically stable set is a singleton, it is called a socially stable strategy. Each 
socially stable strategy is a saturated equilibrium in our terminology, hence Matsui 
(1992) has: 

SSS ~_ CSS ~ SA T, and SSA T ~_ SSS = LP ~_ SA T, 

where SSS is the set of socially stable strategies, and CSS is the set of cyclically stable 
sets. 

These approaches differ from the standard approach, where evolutionary stabil- 
ity is defined in terms of conditions on the payoff structure (cf. Maynard Smith and 
Price 1973). We regard the evolutionarily stable equilibrium as being in line with the 
approaches of Friedman (1991), Gilboa and Matsui (1991), and Matsui (1992). The 
generalized evolutionarily stable state is in line with Maynard Smith and Price 
(1973). For the replicator dynamics, we have the following. 

Proposition4. Every generalized evolutionarily stable state is an asymptotically 
stable fixed point of the replicator dynamics. 

4 A referee made this point. In an earlier version of this paper we did give a definition of the 
generalized evolutionarily stable state, but we only examined dynamic properties of the evolution- 
arily stable equilibrium. The referee advised us to relate properties of the payoff structure to 
dynamic properties of the generalized evolutionarily stable state. This led to Proposition 4. Section 
3 examines further links between payoff structure and evolutionary dynamics. 
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3 Evolutionary and t~tonnement processes 

Mathematical analogies exist between concepts in evolutionary modelling, and 
concepts in general equilibrium theory. Sonnenschein (1972, 1973), Mantel (1974), 
and Debreu (1974) show that essentially any function satisfying continuity and 
complementarity can be an excess demand function for a pure exchange economy 
with normalized prices. Hence, a relative fitness function may be analyzed as an 
excess demand function on the unit simplex. Further analogies follow from there. 
A Walras equilibrium corresponds with a saturated equilibrium and weakly sign- 
compatible dynamics correspond with tfitonnement processes (cf. Uzawa 1961). For 
an overview on general equilibrium theory, we refer to Arrow and Hahn (1971). 

If each saturated equilibrium is regular, i.e., the determinant of the Jacobian 
matrix of the relative fitness function at this point exists and is non-zero, then their 
number is finite (Debreu 1970), and odd (Dierker 1972, Hofbauer and Sigmund 
1988). The relative fitness function f is strongly cooperative (competitive) 5 if it is 
differentiable and satisfies for all interior states x and all i,.]cI "+ 1, i ~ j, 

~ ji(x) > (<)0. (5) 
CXj 

The interpretation of Eq. (5) is straightforward: in the strongly cooperative (competi- 
tive) case if the population share of one subgroup increases, then the relative fitnesses 
of all other subgroups increase (decrease). The conditions for strong cooperativeness 
and gross substitutability are mathematically equivalent (cf. Arrow et al. 1959). 
Hence, we have the following. 

Lemma 5. For a strongly cooperative (competitive) relative Jitness junction: if there 
exists an interior saturated equilibrium, then it is the unique interior saturated 
equilibrium. 

Uzawa (1961) links conditions for uniqueness of a saturated equilibrium to asym- 
ptotic stability (complete instability) of a saturated equilibrium for sign-compatible 
dynamics. 

Lemma 6. Ij~ for a strongly cooperative (competitive) relative fitness function, there 
exists an interior saturated equilibrium, then each trajectory of sign-compatible 
dynamics from the interior of S" converges to (moves away from) it. 

In Uzawa's proof, sign-compatibility takes such a prominent role that there is little 
hope to generalize Lemma 6 for weakly sign-compatible dynamics. Uniqueness of 
an interior saturated equilibrium need not hold, if strong cooperativeness (com- 

petitiveness) is slightly weakened to ~?fi(x)_> (_<)0 for all i S  j and for all xeS". 
~xj 

However, all trajectories for sign-compatible dynamics starting in the interior of S" 
converge to some fixed point (cf. Uzawa 1961). 

For sign-compatible dynamics a necessary and sufficient condition for perma- 
nence is that the relative fitness is positive for any subgroup whose population share 
is close to zero. Permanence implies that no boundary saturated equilibrium is 

5 Hofbauer and Sigmund (1988) use the terms cooperative and competitive for slightly different 
evolutionary systems. However, for the replicator dynamics examined by Hofbauer and Sigmund, 
Eq. (5) is equivalent to their definition. 
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reached by any interior trajectory, and a uniform lower bound exists for the 
population share of all subgroups in the long run (cf. Hofbauer and Sigmund 1988). 
If a strongly cooperative system is permanent, then there exists one saturated 
equilibrium that is an interior state, which is a global attractor for the entire interior 
of the state space. An interesting case arises if a system is strongly competitive and 
permanent. Then, the unique interior saturated equilibrium repels any interior 
trajectory (except the one starting in itself), while the boundary repels all interior 
trajectories. Then cycling occurs, or interior trajectories converge to a set attractor. 

Finding a saturated equilibrium is a nonlinear complementarity problem. For 
symmetric evolutionary games Jansen's algorithm (1987) may be used, and its 
solution may give answers on the stability for the replicator dynamics. Van denElzen 
and Talman (1991) give an algorithm to find a perfect Nash equilibrium for 
bi-matrix games. For nonlinear fitness functions, we have to turn to more powerful 
methods, e.g., Doup et al. (1987). Harker and Pang (1990) list additional conditions 
which may be translated to conditions on evolutionary systems which guarantee 
uniqueness and stability of saturated equilibria, and facilitate the computation of 
a saturated equilibrium. 

Simulation of continuous-time dynamics by a discrete approximation in order to 
find fixed points of dynamics involves certain caveats. Saari (1985) implies that the 
(informational) requirements necessary to guarantee convergence to a saturated 
equilibrium are generally not met by evolutionary dynamics used in simulations. 
Pseudo-convergence (cf. e.g., Nachbar 1992) is an annoying problem in simulation: 
for long periods the dynamics appear to converge to a state which is not a limit point 
of the simulated dynamics. Cycling, i.e., a sequence of points is repeated infinitely, is 
another common pitfall in simulation. Simulated dynamics may cycle, while the real 
dynamics do not. For evolutionary games where continuous-time dynamics admit 
stable limit cycles only for populations with at least four subgroups (cf. Zeeman 
1980), Hofbauer 1981), Weissing (1990) shows existence of stable limit cycles already 
for populations with three subgroups for discrete dynamics. Even worse, Weissing 
(1990) shows that for continuous dynamics converging to an interior fixed point, the 
discrete analogue spirals outward (Dekel and Scotchmer 1992; Cabrales and Sobel 
1991). 

For higher-dimensional settings complexity problems increase in general; the 
existence of strange attactors and even chaos must be anticipated for the continu- 
ous-time dynamics, and increasingly so for discrete-time dynamics. Little is known 
about the behavior of discrete approximations of continuous dynamics in the 
presence of strange attractors in general, and even less is known about the relation 
between the qualitative behaviors of continuous dynamics and their discrete 
approximations. 

4 Concluding remarks 

Evolutionary dynamics have been interpreted as learning or imitation dynamics in 
game theory at least since Zeeman (1981). Developments may be described as 
follows. At first, replicator dynamics were taken as a starting point of analysis, i.e., 
the dynamics were assumed to be the product of some unmodelled learning or 
imitation process. Lacking a rationale for the replicator dynamics outside math- 
ematical biology, larger classes of dynamics were examined, e.g., Friedman (1991), 
Samuelson and Zhang (1992), Swinkels (1993). 
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Experiments on learning seemed to justify the assumption that adaptive behav- 
ior leads to evolutionary dynamics, cf. e.g., Crawford (1991), Miller and Andreoni 
(1991). Recently, several contributions have given a theoretical foundation of 
evolutionary dynamics as imitation or learning dynamics. Schlag (1994) and 
Weibull (1995) derive evolutionary dynamics from imitation. B6rgers and Sarin 
(1993) derive the replicator dynamics in a learning-by-reinforcement model. 

Best-response dynamics, closely related to continuous fictious play dynamics, 
are often motivated by strategical inertia: every period each player receives an 
opportunity to adjust his strategy with a small probability. Assuming that individ- 
uals are rational and can calculate the best response in the current strategic 
environment, best-response dynamics appear on the aggregate level. We refer to e.g., 
Gilboa and Matsui (1991), Kandori and Rob (1992), Hofbauer (1995), Oechssler 
(1995) for variations on this theme. 

The social sciences use variants of evolutionary dynamics to motivate several 
adaptive processes such as learning processes, selection processes, market share 
dynamics etc. (e.g., Silverberg 1988; Dow 1986). Externalities may occur (e.g., 
Schelling 1978; Kandori and Rob 1992; Arthur 1990; Metcalfe 1994). These external- 
ities go by different names, such as self-reinforcing mechanisms, complementarities, 
state dependent feedbacks, increasing or decreasing returns, and may lead to 
non-linearities of the fitness functions. Our approach is general enough to deal with 
externalities. 

The crucial assumption underlying deterministic evolutionary processes is 
a 'large number' assumption similar to the one we made at the very beginning. 
Formal justifications are given by e.g., Gilboa and Matsui (1992) and Boylan (1992). 
Samuelson (1993) emphasizes that evolutionary models are sensitive to the limiting 
assumptions explicitly and implicitly made. Usually, time and population size are 
taken to infinity in the limit, and perturbations in the selection processes and payoffs 
are taken to zero in the limit. Different evolutionary dynamics may arise by taking 
limits in different orders. 

If the population is not very large, the matching procedure may not be 
approximated as implicitly assumed in this paper. Noise may be present in the 
learning process or selection process. Examples are Foster and Young (1990), Young 
(1993), Kandori et al. (1993), and Binmore and Samuelson (1993). Players may make 
a mistake and choose an action that is not a best response. Chance may influence 
natural as well as market selection. Payoffs may cause noise as well. Firstly, payoffs 
need not be entirely deterministic. A model where payoffs have a stochastic 
component, is given in Fudenberg and Harris (1992). Secondly, it may not always be 
justified to equate payoffs and fitness. We may know (observe) payoffs, but we do not 
necessarily know how they translate into fitness which drives the evolutionary 
process, see e.g., Binmore and Samuelson (1993). 

Finally, the distinction between long run and ultra-long run is important. For 
the long run, the starting point and the dynamical system determine the limiting 
outcome of the evolutionary process. For the ultra-long run, Young (1993) and 
Kandori et al. (1993) predict that generically the dynamical system will be at one 
asymptotically stable fixed point with a proportion of the time going to unity as time 
goes to infinity. Crucial in their approach is that the asymptotically stable fixed 
point having the largest basin of attraction is selected. Fudenberg and Harris (1992) 
and Binmore and Samuelson (1993) give reasons for possible complications with 
respect to this prediction. We give one with a similar flavor. Imagine a 'linear' fitness 
landscape where attractors are pits with constant slopes, and gravity forms the 
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evolutionary dynamics. Then, there is a one-to-one connection between the size of 
a basin of attraction and the difficulty to escape by uphill-climbing against the force 
of gravity. In a 'nonlinear'  fitness landscape, the slope of the basin of attraction as 
well as its size matter. It may be harder to escape from a small and deep pit than from 
a large shallow one. 

5 Appendix 

Proof 1. (la) Standard. (lb) and (2a) Straightforward. (2b) For  the strict saturated 
equilibrium e j, let V(x)= 1 - x j .  Then, V ( x ) > 0  for x~S",  x Cej ,  and 
dV(x)/dt  = -Gj (x ) .  As Gj(x)> 0 for all x sufficiently near ej, asymptotic stability 
follows immediately. (3a) Let y be a stable fixed point and s u p p o s e j e I  "+ 1 satisfies 
f j (y)  > 0. Then V(x) = xj > 0 for all interior states x, and dV(x)/dt  = G~(x) > 0, for 
states x sufficiently near y. Hence, y is unstable. This contradiction implies 
f ( y )  < 0,+ 1. (3b) Straightforward. 

Proof  2. (1) Straightforward. (2) S S A T  ~_ ASFP,  S A T  ~_ FP follow from Prop. 1; 
by definition A S F P ~ L P i , ~ _  FP; E S E ~ A S F P  follows from: let y 6 E S E ,  and 
let U c S "  be an open neighborhood of y where Eq. (3) holds. Then, V : U ~ R  

givenby V(x) ='c'"+ l" _ _  _ 2~,~+= ~ 2,i = 1 tY~ - xg) 2 is a strict Lyapunov function, since dV(x) 
dt 

( y ~ - x ~ ) G i ( x ) = - 2 ( y - x ) r G ( x ) < O  for all x e U \ { y } .  (3a) SSAT~_ESE:  Let 
y = e j6SSAT,  then there exists a neighborhood U c S" such that x e  U \ {y )  implies 
(yj - xj)Gi(x ) > 0 and (Yi - xi)Gi(x) >-- 0 for all i ~ j. Hence, (y - x)rG(x) > 0 for 
all x ~ U \  {y}. (3b) Straightforward. 

Proof3.  Without loss of generality we may assume that y6ESE~ in t (S" ) .  Let 
U c int(S") where Eq. (4) holds. Define V: U ~ R  by V(x )=  ~,~+=1 yiln(xi), hence 
V(x) < 0 for all x ~ U \  {y}. The replicator dynamics are given by Gi(x ) = xif i(x) for all 

i e I  "+1, hence: dV(x)/dt  S ""+1 1 G i ( x ) = y r f ( x ) = ( y - x ) r f ( x ) > O  for all = z..,i = 1 Yi X~ 

Xe U\{y} .  Clearly, V is maximized in y. 
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