
Automatica 119 (2020) 109041

Contents lists available at ScienceDirect

Automatica

journal homepage: www.elsevier.com/locate/automatica

Brief paper

Global regulated state synchronization for homogeneous networks of
non-introspective agents in presence of input saturation: Scale-free
nonlinear and linear protocol designs✩

Zhenwei Liu a,b, Ali Saberi c, Anton A. Stoorvogel d, Donya Nojavanzadeh c,∗

a State Key Laboratory of Synthetical Automation of Process Industries, Northeastern University, Shenyang, PR China
b College of Information Science and Engineering, Northeastern University, Shenyang, PR China
c School of Electrical Engineering and Computer Science, Washington State University, Pullman, WA, USA
d Department of Electrical Engineering, Mathematics and Computer Science, University of Twente, Enschede, The Netherlands

a r t i c l e i n f o

Article history:
Received 15 October 2019
Received in revised form 11 February 2020
Accepted 29 April 2020
Available online 28 May 2020

Keywords:
Homogeneous networks
Global regulated state synchronization
Input saturation
Scale-free dynamic protocol

a b s t r a c t

This paper studies global regulated state synchronization of homogeneous networks with non-
introspective agents in the presence of input saturation where the reference trajectory is given
by a so-called exosystem which is assumed to be globally reachable. A scale-free nonlinear and
linear dynamic protocols design methodology is developed for multi-agent system with partial-state
couplings based on localized information exchange among neighbors. The scale-free nonlinear dynamic
protocol is developed via scheduling (adaptive) design for linear agents. Meanwhile, the scale-free linear
observer-based protocol design is proposed for a model consisting of a mix of double-integrator, single-
integrator and neutrally stable dynamics. Our protocols do not need any knowledge about the directed
network topology or the spectrum of the associated Laplacian matrix. Besides, the proposed protocol
is scalable and designed based on only knowledge of agent models and achieves synchronization for
any communication graph with an arbitrary number of agents.

© 2020 Elsevier Ltd. All rights reserved.

1. Introduction

The synchronization problem of networks consisting of linear
or nonlinear agents has become a hot topic among researchers
during the past decade, due to the wide potential for applica-
tions in several areas such as automotive vehicle control, satel-
lites/robots formation, sensor networks, and so on. The objective
of synchronization is to secure asymptotic agreement on a com-
mon state or output trajectory by control protocols with local
communication information, see for instance the books (Bullo,
2019; Ren & Cao, 2011; Wu, 2007), or the survey paper (Olfati-
Saber, Fax, & Murray, 2007).
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Generally, synchronization of multi-agent system (MAS) in-
cludes two main types: state and output synchronization. Be-
cause state synchronization inherently requires homogeneous
networks (i.e. agents have identical dynamics), most work in
synchronization for MAS focused on state synchronization of
homogeneous networks. State synchronization based on diffusive
full-state coupling has been studied where the agent dynamics
progress from single- and double-integrator, e.g. Olfati-Saber and
Murray (2004), Ren (2008), to more general dynamics, e.g. Scar-
dovi and Sepulchre (2009), Tuna (2008), Wieland, Kim, and All-
göwer (2011)). State synchronization based on diffusive partial-
state coupling has also been considered, including static design
(Liu, Stoorvogel, Saberi, & Nojavanzadeh, 2019), dynamic design
(Kim, Shim, Back, & Seo, 2013; Seo, Back, Kim, & Shim, 2012; Seo,
Shim, & Back, 2009; Su & Huang, 2012; Tuna, 2009) and designs
based on localized communication (Chowdhury & Khalil, 2018;
Scardovi & Sepulchre, 2009).

Meanwhile, if the agents have absolute measurements of their
own dynamics in addition to relative information from the net-
work, they are said to be introspective, otherwise, they are called
non-introspective. There exist some results about these two types
of agents, for example, introspective agents (Kim, Shim, and Seo
(2011), Yang, Saberi, Stoorvogel, and Grip (2014), etc.), and non-
introspective agents (Grip, Yang, Saberi, and Stoorvogel (2012),
Wieland, Sepulchre, and Allgöwer (2011), etc.).
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On the other hand, it is worth to note that actuator satura-
tion is pretty common and indeed is ubiquitous in engineering
applications. Semi-global state and output synchronization in
presence of input saturation has been studied in the literature
(see for example (Zhang, Saberi, & Stoorvogel, 2018)). Compared
with semi-global results, global synchronization has been studied
for single-integrator and more generally neutrally stable agents
in Ding, Zheng, and Guo (2018), Fu, Wen, Huang, and Duan (2019),
Li, Xiang, and Wei (2011), Liu, Saberi, Stoorvogel, and Zhang
(2018), Meng, Zhao, and Lin (2013), Yang, Meng, Dimarogonas,
and Johansson (2014), Yi, Yang, Wu, and Johansson (2019). How-
ever, all of the existing literature as reviewed above requires
some knowledge of the communication network commonly a
bound on spectrum of Laplacian matrix.

In this paper, we design scale-free protocols to achieve global
regulated state synchronization for homogeneous networks of
non-introspective agents in presence of input saturation utiliz-
ing localized information exchange among the neighbors. The
contributions of this paper are stated as follows:

• We develop scalable nonlinear dynamic protocols via sched-
uling (adaptive) design methodology for MAS with non-
introspective, linear, at most weakly unstable agents.

• We develop scalable linear observer-based protocols for
agents which are a mix of double-integrator, single-integr-
ator and neutrally stable dynamic. Moreover, the linear
protocols have infinite gain margins.

• Both nonlinear and linear observer-based protocol designs
are scale-free and do not need any information about com-
munication network. In other words, the proposed protocols
work for any MAS with any communication graph with
arbitrary number of agents.

Notations and definitions

Given a matrix A ∈ Rm×n, AT denotes the transpose of A and
∥A∥ denotes the induced 2-norm of A. For a vector x ∈ Rq, ∥x∥
denotes the 2-norm of x and for a vector signal v, we denote the
L1 norm by ∥v∥1. A square matrix A is said to be Hurwitz stable
if all its eigenvalues are in the open left half complex plane. A⊗B
depicts the Kronecker product between A and B. We denote by
1 a vector for which each element equals 1. A system (A, B, C) is
called at most weakly unstable when the eigenvalues of matrix A
are in the closed left half plane.

To describe the information flow among the agents we as-
sociate a weighted graph G to the communication network. The
weighted graph G is defined by a triple (V, E,A) where V =

{1, . . . ,N} is a node set, E is a set of pairs of nodes indicating
connections among nodes, and A = [aij] ∈ RN×N is the weighted
adjacency matrix with non negative elements aij. Each pair in E
is called an edge, where aij > 0 denotes an edge (j, i) ∈ E from
node j to node i with weight aij. Moreover, aij = 0 if there is no
edge from node j to node i. We assume there are no self-loops, i.e.
we have aii = 0. A path from node i1 to ik is a sequence of nodes
{i1, . . . , ik} such that (ij, ij+1) ∈ E for j = 1, . . . , k − 1. A directed
tree is a subgraph (subset of nodes and edges) in which every
node has exactly one parent node except for one node, called
the root, which has no parent node. A directed spanning tree is
a directed tree containing all the nodes of the original graph.

For a weighted graph G, the matrix L = [ℓij] with

ℓij =

{ ∑N
k=1 aik, i = j,
−aij, i ̸= j,

is called the Laplacian matrix associated with the graph G. The
Laplacian matrix L has all its eigenvalues in the closed right half
plane and at least one eigenvalue at zero associated with right
eigenvector 1 (Godsil & Royle, 2001).

2. Problem formulation

Consider a MAS consisting of N identical dynamic agents with
input saturation{
ẋi = Axi + Bσ (ui),
yi = Cxi,

(1)

where xi ∈ Rn, yi ∈ Rq and ui ∈ Rm are the state, output, and the
input of agent i = 1, . . . ,N , respectively. Meanwhile,

σ (v) =

⎛⎜⎝sat(v1)
...

sat(vm)

⎞⎟⎠ , and v =

⎛⎜⎝v1...
vm

⎞⎟⎠
where v ∈ Rm, with sat(w) is the standard saturation function:

sat(w) = sgn(w)min(1, |w|).

The network provides agent i with the following information,

ζi =

N∑
j=1

aij(yi − yj) (2)

where aij > 0 and aii = 0. The communication topology of
the network can be described by a weighted and directed graph
G with nodes corresponding to the agents in the network and
the weight of edges given by the coefficient aij. In terms of
the coefficients of the associated Laplacian matrix L, ζi can be
rewritten as

ζi =

N∑
j=1

ℓijyj. (3)

In this paper, we also introduce a localized information exchange
among protocols. In particular, each agent i = 1, . . . ,N has access
to information, denoted by ζ̂i, of the form

ζ̂i =

N∑
j=1

aij(ξi − ξj) (4)

where ξj ∈ Rn is produced internally by agent j and to be defined
in next sections.

In this paper, we consider regulated state synchronization
where state of agents converge to a priori given trajectory xr
generated by a so-called exosystem{

ẋr = Axr ,
yr = Cxr ,

(5)

with xr ∈ Rn. Clearly, we need some level of communication
between the exosystem and the agents, which is similar to the ex-
isting leader–follower consensus, see Li, Duan, Chen, and Huang
(2010) and etc. We assume that a nonempty subset C of the
agents have access to their own output relative to the output of
the exosystem. Specially, each agent i has access to the quantity

ψi = ιi(yi − yr ), ιi =

{
1, i ∈ C ,

0, i /∈ C .
(6)

Combined with (2), we have the following network exchange

ζ̄i =

N∑
j=1

aij(yi − yj) + ιi(yi − yr ). (7)

ζ̄i as defined in above, can be rewritten in terms of the coefficients
of a so-called expanded Laplacian matrix L̄ = L + diag{ιi} =

[ℓ̄ij]N×N as

ζ̄i =

N∑
j=1

ℓ̄ij(yj − yr ). (8)
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Note that L̄ is not a regular Laplacian matrix associated to the
graph, since the sum of its rows need not be zero. We know
that all the eigenvalues of L̄, have positive real parts. In particular
matrix L̄ is invertible (see Grip et al. (2012)).

To guarantee that each agent gets the information from the
exosystem, we need to make sure that there exists a path from
node set C to each node. Therefore, we define the following set
of graphs.

Definition 1. Given a node set C , we denote by GN
C the set of all

graphs with N nodes containing the node set C , such that every
node of the network graph G ∈ GN

C is a member of a directed
tree which has its root contained in the node set C . We will refer
to the node set C as root set.

Remark 1. Note that Definition 1 does not require necessarily
the existence of directed spanning tree. If the roots of the trees
belong to the set C , this means all the agents of the network will
have access to the information of the exosystem, i.e. we do not
need necessarily the existence of the spanning tree.

We formulate scalable global regulated state synchronization
problem for a MAS with nonlinear protocols.

Problem 1. Consider a MAS described by (1) and (2) and the
associated exosystem (5). Let a set of nodes C be given which
defines the set GN

C . Let the associated network communication
be given by (7).

The scalable global regulated state synchronization problem
based on localized information exchange via nonlinear dynamic
protocol of a MAS is to find, if possible, a dynamic protocol for
each agent i ∈ {1, . . . ,N}, using only knowledge of agent model,
i.e. (A, B, C), of the form:{

ẋc,i = f (xc,i, ζ̄i, ζ̂i),
ui = g(xc,i),

(9)

where ζ̂i is defined in (4) with ξi = Hcxi,c , and xc,i ∈ Rnc , such
that regulated state synchronization

lim
t→∞

(xi − xr ) = 0, (10)

is achieved for any N and any graph G ∈ GN
C , and for all

initial conditions of the agents xi(0), all initial conditions of the
exosystem xr (0), and all initial conditions of the protocols xc,i(0).

Next, we formulate scalable global regulated state synchro-
nization problem with linear protocols.

Problem 2. Consider a MAS described by (1) and (2) and the
associated exosystem (5). Let a set of nodes C be given which
defines the set GN

C . Let the associated network communication
be given by (7).

The scalable global regulated state synchronization problem
based on localized information exchange via linear observer-
based dynamic protocol of a MAS is to find, if possible, a dynamic
protocol for each agent i ∈ {1, . . . ,N}, using only knowledge of
agent model, i.e. (A, B, C), of the form:{

ẋc,i = Acxc,i + Bcσ (ui) + Cc ζ̄i + Dc ζ̂i,

ui = Fcxc,i,
(11)

where ζ̂i is defined in (4) with ξi = Hcxi,c , and xc,i ∈ Rnc , such
that regulated state synchronization (10) is achieved for any N
and any graph G ∈ GN

C , and for all initial conditions of the agents
xi(0), all initial conditions of the exosystem xr (0), and all initial
conditions of the protocols xc,i(0).

3. Scalable global regulated state synchronization of MAS via
nonlinear dynamic protocols

In order to solve regulated state synchronization problem as
stated in Problem 1, we make the following assumption on agent
models.

Assumption 1. Assume agents are at most weakly unstable,
i.e. all eigenvalues of A are in the closed left half plane. Moreover,
let (A, B, C) be stabilizable and detectable.

Remark 2. It is well-known that restricting the eigenvalues of
A to the closed left half plane and (A, B) to be stabilizable is
equivalent to asymptotic null-controllability with bounded controls
(ANCBC), (that is the existence of open loop controls that steer
states of the agent model to the origin as t → ∞). This require-
ment is necessary where agents are subject to input saturation
(Saberi, Stoorvogel, & Sannuti, 2012; Sussmann, Sontag, & Yang,
1994).

3.1. Protocol design

We design the following adaptive nonlinear protocols for
agents i = 1, . . . ,N⎧⎨⎩

˙̂xi = Ax̂i + Bζ̂i2 + K (ζ̄i − Cx̂i) + ιiBui

χ̇i = Aχi + Bui + x̂i − ζ̂i1 − ιiχi
ui = −BTPε(χi)χi

(12)

for each agent i ∈ {1, . . . ,N}, where K is a design matrix such
that A − KC is Hurwitz stable, and ε(χi) is defined as

ε(χi) = max
ρ∈(0,1]

{ρ : χi
TPρχitr(BTPρB) ⩽ 1}, (13)

while Pρ is the unique positive-definite solution of

ATPρ + PρA − PρBBTPρ + ρPρ = 0. (14)

The agents communicate ξi = (ξi1T, ξi2
T)T = (χi

T, ui
T)T,

i.e. each agent has access to the localized information ζ̂i =

(ζ̂i1T, ζ̂i2
T)T, where:

ζ̂i1 =

N∑
j=1

aij(χi − χj), ζ̂i2 =

N∑
j=1

aij(ui − uj), (15)

while ζ̄i is defined via (7). We obtain the synchronization result
based on adaptation as the following theorem.

Remark 3. Note that (14) is a special ARE introduced in Zhou,
Duan, and Lin (2008). From Zhou et al. (2008, Theorem 1) we
know that the unique positive-definite solution of (14) exists.
Moreover, Pρ is differentiable and monotonically increasing with
respect to ρ and Pρ → 0 as ρ → 0. Also, note that the com-
putation of the parameter ε(χi) based on (13) is a classical stan-
dard low-gain scheduling in saturation literature (see Megretski
(1996)).

Theorem 1. Consider a MAS described by (1) satisfying Assump-
tion 1, and the associated exosystem (5). Let a set of nodes C be given
which defines the setGN

C . Let the associated network communication
be given by (7).

Then, the scalable global regulated state synchronization problem
as stated in Problem 1 is solvable. In particular, the adaptive non-
linear dynamic protocol (12) with (13) and (14) solves the scalable
regulated state synchronization problem for any N and any graph
G ∈ GN

C .
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Proof of Theorem 1. First, let x̃i = xi − xr . We also define

x̃ =

⎛⎜⎝ x̃1
...

x̃N

⎞⎟⎠ , x̂ =

⎛⎜⎝ x̂1
...

x̂N

⎞⎟⎠ , and χ =

⎛⎜⎝χ1
...

χN

⎞⎟⎠ . (16)

According to (13), ui does not get saturated, i.e., σ (ui) = ui. By
defining e = x̃ − χ and ē = (L̄ ⊗ I)x̃ − x̂, we obtain⎧⎨⎩

˙̃xi = Ax̃i − BBTPε(x̃i−ei)(x̃i − ei),
˙̄e = I ⊗ (A − KC)ē,
ė = (I ⊗ A − L̄ ⊗ I)e + ē.

(17)

Since the eigenvalues λ1, . . . , λN of L̄ have positive real part, we
have

(T ⊗ I)(I ⊗ A − L̄ ⊗ I)(T−1
⊗ I) = I ⊗ A − J̄ ⊗ I (18)

for a non-singular transformation matrix T , where (18) is upper
triangular Jordan form with A − λiI for i = 1, . . . ,N on the
diagonal. Since all eigenvalues of A are in the closed left half plane
and the eigenvalues λi are in the open right half plane, A − λiI is
stable. Therefore, all eigenvalues of I ⊗ A − L̄ ⊗ I have negative
real part. Hence, dynamics of e and ē are all asymptotically stable
which implies ei, ėi ∈ L1. Therefore, we just need to prove that
x̃i → 0 as t → ∞ where
˙̃xi = Ax̃i − BBTPε(x̃i−ei)(x̃i − ei)

while ei, ėi ∈ L1. We choose a Lyapunov function:

Vi = (x̃i − ei)TPεα (x̃i − ei) (19)

with εα = ε(x̃i−ei). Assuming Vi is non-increasing we find dVi
dt ⩽ 0.

On the other hand, if Vi is increasing then εα is non-increasing
from (13), which implies that Pεα is non-increasing. Using this,
we find
dVi

dt
⩽ 2(x̃i − ei)TPεα (A − BBTPεα )(x̃i − ei)

+ 2[eiTAT
− ėiT]Pεα (x̃i − ei) + (x̃i − ei)T

dPεα
dt

(x̃i − ei)

⩽ − εVi + 2∥P
1
2
εα (Aei − ėi)∥V

1
2
i (20)

with Pεα satisfying (14) for ρ = εα . Since ei, ėi ∈ L1, there exist
z, such that

∥P
1
2
εα (Aei − ėi)∥1 ⩽ z.

Thus, we have

V̇i(t) ⩽ β(t)V
1
2
i (t) (21)

for suitable β ∈ L1 with β(t) ⩾ 0. Note that

Ẇ (t) = β(t)W (t)
1
2 , W (0) = Vi(0) (22)

yields

W (t) =
1
4

[∫ t

0
β(s)ds + 2Vi(0)

1
2

]2
.

Comparing (21) and (22), we find:

Vi(t) ⩽ W (t) ⩽
1
4

(
∥β∥1 + 2Vi(0)

1
2

)2
.

Therefore Vi(t) is bounded which implies εα is bounded away
from zero. It remains to show that Vi → 0. From Saberi, Hou,
and Stoorvogel (2000, Lemma 6.1), we get⏐⏐⏐⏐(x̃i − ei)T

dPεα
dt

(x̃i − ei)
⏐⏐⏐⏐ ⩽ k

dVi

dt

for some constant k. Meanwhile, if Vi is non-increasing we can
derive, similar to our earlier analysis (20), that
dVi

dt
⩽ − εαVi + βV

1
2
i + (x̃i − ei)T

dPεα
dt

(x̃i − ei)

⩽ − εαVi + βV
1
2
i − k

dVi

dt
and we get
dVi

dt
⩽ −

εα

1 + k
Vi +

β

1 + k
V

1
2
i .

But then we can prove that, independent of whether Vi is increas-
ing or decreasing, we always have
dVi

dt
⩽ −α̃Vi + β̃V

1
2
i

where α̃ is a constant lower bound of εα
1+k and β̃ =

β

1+k ∈ L1.
Clearly, that implies Vi → 0. ■

4. Scalable global regulated state synchronization of MAS via
linear observer-based dynamic protocols

In order to solve regulated state synchronization problem as
stated in Problem 2, we consider a class of systems which satisfies
the following assumption.

Assumption 2. We assume that (A, B, C) is controllable and ob-
servable. Moreover, matrix A has eigenvalue zero with geometric
multiplicity m and algebraic multiplicity m + q with no Jordan
blocks of size larger than 2 while the remaining eigenvalues are
simple purely imaginary eigenvalues.

Remark 4. This class of systems has been introduced in Saberi
et al. (2012) and obviously includes neutrally stable dynamics,
single- and double-integrator.

We design dynamic protocols for each agent through the
following steps.

• First, similar to Saberi et al. (2012, Section 4.7.1), we use the
following transformation for mixed-case agent models (1)
by using non-singular transformation matrix Γx,

Ã = ΓxAΓ −1
x =

(AS 0 0
0 AF 0
0 0 Aω

)
, B̃ = ΓxB =

(BS
BF
Bω

)
,

C̃ = CΓ −1
x =

(
CS CF Cω

)
where

AS =

(
0 I
0 0

)
, AF = 0, Aω + AωT

= 0.

• We choose matrix K so that

KÃ + B̃TΛ = 0, KB̃ + B̃TK T < 0 (23)

with

Λ =

(
Λ0 0 0
0 0 0
0 0 I

)
and Λ0 =

(
0 0
0 Pd

)
where Pd > 0 is any positive definite matrix. The existence
of matrix K is proved in Saberi et al. (2012, Page 235).

• Next, the following protocol is designed for each agent i ∈

{1, . . . ,N}⎧⎨⎩
˙̂xi = Ax̂i + Bζ̂i2 + F (ζ̄i − Cx̂i) + ιiBσ (ui)
χ̇i = Aχi + Bσ (ui) + x̂i − ζ̂i1 − ιiχi
ui = ρKΓxχi

(24)
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Fig. 1. Directed communication networks for all examples.

where F is a design matrix such that A − FC is Hurwitz
stable, Γx is a non-singular matrix, ρ > 0 is a parameter
with arbitrary positive value, and K satisfies (23), where ζ̄i
is defined by (7), ζ̂i1 is defined by (15) while

ζ̂i2 =

N∑
j=1

aij(σ (ui) − σ (uj)). (25)

Then, we have the following theorem.

Theorem 2. Consider a MAS described by (1) satisfying Assump-
tion 2, and the associated exosystem (5). Let a set of nodes C be given
which defines the setGN

C . Let the associated network communication
be given by (7).

Then, the scalable global regulated state synchronization problem
based on localized information exchange as stated in Problem 2 is
solvable. In particular, for any given ρ > 0, the dynamic protocol
(24) with (23) solves the scalable regulated state synchronization
problem for any N and any graph G ∈ GN

C .

Proof of Theorem 2. Similar to the proof of Theorem 1, we start
by defining x̃i = xi − xr , defining x̃, x̂ and χ by (16), and

u =

⎛⎜⎝u1
...

uN

⎞⎟⎠ , e =

⎛⎜⎝e1
...

eN

⎞⎟⎠ , and σ (u) =

⎛⎜⎝σ (u1)
...

σ (uN )

⎞⎟⎠ .
Finally, let e = x̃−χ , and ē = (L̄⊗ I)x̃− x̂. We obtain the following
expression for the closed-loop system
˙̃x = (I ⊗ A)x̃ + (I ⊗ B)σ (u),
ė = (I ⊗ A − L̄ ⊗ I)e + ē,
˙̄e = I ⊗ (A − FC)ē,
u = ρ(I ⊗ KΓx)(x̃ − e).

(26)

Then, by using a nonsingular matrix I ⊗ Γx, we can obtain

η̇x = (I ⊗ Ã)ηx + (I ⊗ B̃)σ (u)
η̇e = (I ⊗ Ã − L̄ ⊗ I)ηe + ηē

η̇ē = I ⊗ (Ã − ΓxF C̃)ηē
u = ρ(I ⊗ K )(ηx − ηe)

(27)

where ηx = (I ⊗Γx)x̃, ηe = (I ⊗Γx)e, and ηē = (I ⊗Γx)ē. Then we
choose the following Lyapunov function:

V = ηT

(
ρI ⊗Λ 0

0 P0

)
η + 2

∫ u

0
σ (s)ds (28)

where η = (ηxT η̄e
T)T = (ηxT ηe

T ηē
T)T and P0 > 0 satisfies

P0Â + ÂTP0 ⩽ −γ I, (29)

where

Â =

(
I ⊗ Ã − L̄ ⊗ I I

0 I ⊗ (Ã − ΓxF C̃)

)
,

while γ = 1 + ε−1ρ∥K∥
2
∥Â∥

2, and ε is chosen such that

KB̃ + B̃TK T < −εI (30)

which is clearly possible given (23). It can be shown that V is
positive definite, i.e. V > 0 except for (x̃, e, ē) = 0 when V = 0.
Then, we have

dV
dt

= 2ηT

(
ρI ⊗ΛÃ 0

0 P0Â

)
η + 2ρηT

(
I ⊗ΛB̃

0

)
σ (u)

+ 2ρσ T (u)
(
I ⊗ KÃ −[I ⊗ K 0]Â

)
η

+ 2ρσ T (u) (I ⊗ KB̃)σ (u)

⩽ − γ η̄e
Tη̄e + 2ρσ T(u)(I ⊗ KB̃)σ (u)

− 2ρσ T(u)[I ⊗ K 0]Âη̄e
⩽ − η̄e

Tη̄e + ρσ T(u)[I ⊗ (KB̃ + B̃TK T
+ εI)]σ (u)

since we have (23) and (29). We find dV
dt ⩽ 0 since K satisfies

(30). Then, we note that dV
dt = 0 implies u = 0 and η̄e = 0, and

the dynamics of (27) becomes η̇x = (I ⊗ Ã)ηx. Similar to the proof
of Saberi et al. (2012, Theorem 4.61) with (23) and (30), we can
obtain u(t) = ρ(I ⊗ K )ηx(t) = 0 for all t > 0 only when ηx = 0.
Thus, we obtain the global asymptotic stability of the closed-loop
system (27), i.e. we have ηx → 0 which implies x̃ → 0 and thus
we find xi → xr as t → ∞, which proves our result. ■

Remark 5. It is worth to note that the choice of parameter ρ
in (24) is arbitrary and independent of the communication graph
which establishes an infinite gain margin for our protocol.

5. Numerical example

In this section, we will illustrate the effectiveness of our scale-
free protocols with numerical examples for global regulated syn-
chronization via nonlinear and linear observer-based protocols.
We will observe that our one-shot protocol designs work for any
graph with any number of agents.

Example 1: Nonlinear protocol design
In this example, we achieve global regulated state synchro-

nization for MASs via adaptive protocol design (12). To show the
scalability of our design methodology, we implement our protocol
designs on two MASs with different number of agents N and
different communication topologies.

Consider the agents model (1) and the exosystem (5) as:⎧⎪⎪⎨⎪⎪⎩
ẋi =

⎛⎝0 1 0
0 0 1
0 0 0

⎞⎠ xi +

⎛⎝0
0
1

⎞⎠ σ (ui)

yi =
(
1 0 0

)
xi,

⎧⎪⎪⎨⎪⎪⎩
ẋr =

⎛⎝0 1 0
0 0 1
0 0 0

⎞⎠ xr ,

yr =
(
1 0 0

)
xr

where we choose K = (6 11 6)T. First, we consider a MAS
with 3 agents and communication topology shown in Fig. 1.a.
Next, we consider MAS with 10 agents and communication topol-
ogy shown in Fig. 1.b. We observe that with the same protocol
(12), we achieve regulated state synchronization as shown in
Figs. 2 and 3.
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Fig. 2. Global regulated state synchronization of a MAS with N = 3 agents via nonlinear protocol.

Fig. 3. Global regulated state synchronization of a MAS with N = 10 agents via nonlinear protocol.

Example 2: Linear observer-based protocol design

In this example, we achieve global regulated state synchro-
nization for MASs via linear observer-based protocol (24). We
consider MASs with mixed-case agent dynamics and commu-
nication topologies shown in Fig. 1. The agent (1) consists of
two double-integrators, one single-integrator and neutrally stable

dynamics where

A =

⎛⎜⎜⎜⎜⎜⎜⎝

0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 1
0 0 0 0 0 −1 0

⎞⎟⎟⎟⎟⎟⎟⎠ , B =

⎛⎜⎜⎜⎜⎜⎜⎝

0 1 3
0 0 5
1 2 4
0 1 6
0 0 1
1 1 0
1 0 1

⎞⎟⎟⎟⎟⎟⎟⎠ ,
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Fig. 4. Global regulated state synchronization of a MAS with N = 3 mixed-case agents via linear observer-based protocol.

Fig. 5. Global regulated state synchronization of a MAS with N = 10 mixed-case agents via linear observer-based protocol.

C =

⎛⎜⎝1 1 1 1 1 1 1
1 0 0 0 0 0 0
0 0 0 0 0 0 1
0 0 1 1 1 1 1

⎞⎟⎠
and the exosystem which has the same A and C . We choose
parameter ρ = 1 and matrix K and F as following:

F =

⎛⎜⎜⎜⎜⎜⎜⎝

0.55 6.81 0.73 −0.42
7.97 −7.41 1.30 −8.30
0.57 10 2.97 0.37
11.14 −10.32 5.06 −11.24
−5.92 −0.92 3.66 7.89
−7.01 1.98 −14.49 8.53
1.35 −0.27 8.48 −1.52

⎞⎟⎟⎟⎟⎟⎟⎠
K =

(
−1 0 −4 6 −22 −1 1
−2 −1 −3 −2 18 0 1
−4 −6 −5 −3 −61 −1 0

)
.

First, we consider a MAS with 3 agents and communication
topology shown in Fig. 1.a. Next, we consider MAS with 10 agents
and communication topology shown in Fig. 1.b. We observe that
with the same linear protocol (24), we achieve synchronization
as shown in Figs. 4 and 5.

6. Conclusion

In this paper, we have adopted a scale-free frame-work for
designing protocols to achieve global regulated state synchroniza-
tion for homogeneous MAS subject to actuator saturation. Our
scale-free protocols are generated only based on agent models
and are universal in the sense that they achieve state synchro-
nization for any number of agents and any communication graph
as long as there exists a path from any agent to exosystem
that generates the command signal. A possible future research is
exploration of extending this result to heterogeneous MAS.
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