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In this study, an ice accretionmethod aimed at ice crystal icing in turbofan engines is developed and demonstrated

for glaciated aswell asmixed-phase icing conditions. The particle trajectories are computedby anEulerian trajectory

method. The effects of heat transfer and phase change on the particle trajectory and on the impact at the icing surface

are taken into account. The computation of the evolution of the ice layer includes the contributions of ice and liquid

water for mixed-phase conditions as well as the effects of erosion caused by ice crystals. Verification and validation

benchmarks are carried out for a NACA 0012 airfoil and a streamlined shape with a curved cylindrical nose. It is

shown that the ice thickness and shape are predicted accurately by the proposed method.

Nomenclature

A = area, m2

Bi = particle Biot number; �1∕6�dphc∕kp
CD = drag coefficient
c = airfoil chord, m
cp = specific heat capacity, J ⋅ kg−1 ⋅ K−1

Dv = vapor diffusivity in air, m2 ⋅ s−1
d = diameter, m
dp = diameter of a volume-equivalent sphere, m

E = erosion intensity
eσ = surface energy, J ⋅m−2

f = fraction
g = gravitational acceleration vector, m ⋅ s−2
h = layer thickness, m
hc = convective heat transfer coefficient, J ⋅m−2 ⋅ s−1 ⋅ K−1

K1 = Stokes shape factor
K2 = Newton’s shape factor
k = heat conduction coefficient, J ⋅m−1 ⋅ s−1 ⋅ K−1

kc = convective mass transfer coefficient, m ⋅ s−1
L = latent heat, J ⋅ kg−1
L = impact number
l = characteristic length, m
Ma = Mach number; ju − aj∕usound
_m = mass flow rate, kg ⋅ s−1
m = mass, kg
N = number of bins or steps
Nu = particle Nusselt number; hcdp∕ka
n = number density
n = unit normal vector
Pr = Prandtl number; cpμa∕ka
p = pressure, Pa
_Q = heat transfer rate, J ⋅ s−1

Qs = activation energy, J ⋅mol−1

R = gas constant, J ⋅ kg−1 ⋅ K−1

Re = particle Reynolds number; ρajua − ujdp∕μa
Sc = Schmidt number; μa∕ρaDv

Sh = Sherwood number; kcdp∕Dv

s = curvilinear coordinate, m
T = temperature, K

t = time, s
t = unit tangential vector
u = velocity vector, m ⋅ s−1
V = volume, m3

�x; y; z� = Cartesian coordinates, m
Y = mass fraction
α = volume fraction
β = catching efficiency
γ = ratio of specific heats
ε = sticking efficiency
η = melting ratio
θ = erosion efficiency
κ = local curvature, m−1

μ = dynamic viscosity, kg ⋅m−1 ⋅ s−1
ξ = restitution coefficient
ρ = density, kg ⋅m−3

Φ = sphericity
Φ⊥ = crosswise sphericity

Subscripts

a = air
ac = accretion/accumulated
ah = aerodynamic heating
CV = control volume
c = collected
conv = convection
d = droplet
er = erosion
ev = evaporation
f = freezing
i = ice
ic = ice crystal
in = incoming
ke = kinetic energy
m = melting
n = normal
out = outgoing
p = particle
s = secondary or substrate/surface
sub = sublimation
t = tangential
v = vapor
w = water
0 = initial or stagnation
∞ = freestream

I. Introduction

I NTEREST in ice crystal icing has increased since it has become
clear that ingestion of small ice crystals in the current generation

of turbofan engines may cause engine power loss or engine damage.
An analysis of the engine events that have occurred since 1990 [1]
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implied a connection with atmospheric ice crystals that were
encountered in convective clouds at high altitudes. Ice accretion is
possible due to the impact of partially melted ice crystals that stick to
the surface. One example of a research project focusing on the
detection of ice crystal clouds and on the physics of the actual ice
accretion is the project High Altitude Ice Crystals (HAIC), cofunded
by the European Union. The present study, which is part of the work
presented in [2], is carried out within this project.
In general, conventional ice accretion methods are split into the

numerical simulation of three distinct parts of the process: particle
trajectories toward an object, particle impact on the object’s surface,
and finally evolution of the ice layer on the surface. In the present
study, anEulerianmethod is applied to calculate the trajectories of the
(melting) ice crystals. The extension of the ice crystal icingmethod to
complex, three-dimensional geometries is unavoidable when icing
inside compressor stages of a turbofan engine has to be considered.
Therefore, low computational cost of the Eulerian method is
preferred above detailed information about the dispersed phase,
which is available when a Lagrangian method is applied. Eulerian
methods for aircraft icing were used in previous research on
supercooled (large) droplets in FENSAP-ICE [3,4], MULTICE [5],
and Droplerian [6]. Furthermore, accretion prediction methods have
focussed on extensions toward the application of film models [7,8]
and more recently on heat conduction and shedding [9,10], grid
generation [11], and reduced-order modeling [12–14].
In the next sections, each part of the numerical method (i.e.,

trajectories, impingement, and accretion) is discussed in detail. The
resulting method is referred to as MooseMBIce: multidisciplinary
object oriented optimization and simulation environment for
multiblock structured ice accretion. In the present study,
MooseMBIce is validated with results from two experiments. The
first test case considers ice accretion on a NACA 0012 airfoil in
mixed-phase conditions (i.e., with both ice crystals and droplets
present). The second test case involves glaciated conditions, i.e., with
only (melting) ice crystals present, resulting in ice accretion on a
streamlined body featuring a crowned cylindrical nose.

II. Particle Trajectories

The presence of liquid water is essential for ice crystal icing. Solid
ice crystals impinging on a cold surfacewill bounce from that surface
or shatter into fragments upon impact. Ice crystals that are partially
melted, or that impact as part of a cloud also consisting of liquidwater
droplets, might stick to the surface and cause ice accretion. This
implies the necessity of the presence of ice crystals in a warm
environment, undergoing phase change, possibly in combination
with the presence of liquid droplets. Furthermore, the particle motion
and heat transfer are strongly dependent on ice crystal shape, which is
generally nonspherical until the crystal has largely melted. The
predominant shapes of the ice crystals in high ice water content
(IWC) regions, observed in one of the flight campaigns carried out
during the HAIC project, were for example capped columns [15].

A. Particle Motion, Heat Transfer, and Mass Transfer

In this study, an Eulerian method is applied to compute the ice
crystal trajectories. It is assumed that the dispersed phase of ice
particles is dilutewithin a continuous phase (air). In such case, one-
way coupling with the air flow is sufficient to describe the particle
trajectories accurately. For a comprehensive discussion of the
underlying assumptions and importance of the different source

terms, in the governing equations for the dispersed phase, the
reader is referred to [2,16–18].
The particlemotion is governedby the drag, gravity/buoyancy, and

inertial forces on the particle, whereas further forces are assumed
negligible. The particle drag force depends on the particle sphericity
Φ, which is the ratio of the surface area Ap of a sphere with the same
volume as the particle and the surface area A of that particle:

Φ � Ap

A
(1)

For the drag coefficient CD, a relation derived by Ganser [19] is
applied:

CD�Re;Φ;Φ⊥� �
24

ReK1

�
1� 0.1118�ReK1K2�0.6567

�

� 0.4305K2

1� �3305∕ReK1K2�
for ReK1K2 ≤ 105 (2)

where the particle Reynolds numberRe depends on the air density ρa,
the slip velocity (which is the difference between air velocity ua and
particle velocity u), the particle equivalent diameter dp, and the
dynamic viscosity of air μa:

Re � ρajua − ujdp
μa

(3)

The two parameters K1 and K2 are Stokes shape factor and
Newton’s shape factor, respectively. These shape factors are obtained
by fitting CD to experimental data and are given as a function of the
particle’s sphericity Φ and the particle’s crosswise sphericity Φ⊥;
see Table 1. The crosswise sphericity Φ⊥ is the ratio between the
cross-sectional area of the volume-equivalent sphere and the area of
the projection of the considered particle on a plane perpendicular to
the flow. In Table 1, the second term in Stokes shape factor K1

depends on the particle equivalent diameter dp and the diameter dtube
of the tube in which the particle is settling. This term can be left out if
the tube is absent or large (dtube → ∞).
Regarding the heat and mass transfer to and from the particle, two

types of contributions are considered: convection and evaporation or
sublimation. The convective heat transfer at the surface of the ice
particle is derived from Fourier’s law for heat conduction and can be
expressed as a function of the Nusselt number Nu. This gives for the
heat transfer rate due to convection _Qconv:

_Qconv � πdpkaNu�Ta − T�; where Nu � hcdp
ka

(4)

In this relation, _Qconv is the heat transfer rate due to convection, ka
is the heat conduction coefficient (thermal conductivity) of air, Ta is
the air temperature, and hc is the convective heat transfer coefficient.
The expression for the Nusselt numberNu is introduced by Villedieu
et al. [20] and is given by

Nu � 2
����
Φ

p
� 0.55Pr1∕3Φ1∕4

������
Re

p
(5)

with Pr � 0.7 (Prandtl number for air).
A comparison of results obtained with three different Eulerian

computational methods is presented in [21]. The results for the
catching efficiency are obtained for three different relations for the
drag coefficient: 1) Eq. (2), 2) CD from Haider and Levenspiel [22],
and 3)CD from Hölzer and Sommerfeld [23]. From this comparison,

Table 1 Stokes and Newton’s shape factors for Eq. (2) of Ganser [19]

Shape Shape factor K1 Shape factor K2

Isometric K1 �
�
1

3
� 2

3
Φ−1∕2

�−1
− 2.25

dp
dtube

K2 � 101.8148�−log10Φ�0.5743

Nonisometric K1 �
�
1

3
Φ−1∕2

⊥ � 2

3
Φ−1∕2

�−1
− 2.25

dp
dtube

K2 � 101.8148�−log10Φ�0.5743
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it is concluded that the general agreement between the collection
efficiency results obtainedwith the different Eulerianmethods is very
good. The results for the different drag relations, however, show
larger discrepancies in case of either very high or very low aspect
ratios. Furthermore, comparable results are obtained for the particle
temperature in the computational domain and along the airfoil
surface, even though the results were computed on different grids.
Evaporation is driven by the difference in vapor concentration at

the particle surface and that in the surrounding stream. Detailed
derivations of evaporation models for spherical droplets are widely
available in literature (e.g., in [17,24]). For low evaporation rates,
which apply to icing conditions, the rate of change of the particle
mass _mev is given by

_mev � πρaDvdpSh�Yv;s − Yv;∞� (6)

whereDv is the diffusivity of vapor in air, Yv;s and Yv;∞ are the vapor
mass fraction at the particle surface and in the freestream,
respectively, and Sh is the Sherwood number defined as

Sh � 2
����
Φ

p
� 0.55Sc1∕3Φ1∕4

������
Re

p
(7)

The vapor Schmidt number is defined as

Sc � μa
ρaDv

(8)

B. Eulerian Governing Equations for Melting Particles

For ice crystals residing in a warm carrier gas, with particle
temperature T > Tmelting, melting will occur. This process enforces a
coupling between the phases present in the dispersed phase or even a
coupling between the dispersed phase and the carrier gas.
When ice crystals have absorbed sufficient heat from the

environment, the outer surface of ice will melt, and a thin liquid film
of water is formed on the particle surface. Mason [25] has derived a
model for the melting rate of hailstones by assuming that the heat
_Qconv absorbed from the surrounding airminus the heat _mevLev that is
used for the evaporation of the liquid film results in the heat _mmLm

available for the actual phase change. For the energy conservation
equation, this yields

_Qconv � _mevLev � _mmLm (9)

so that

_mm � 1

Lm

h
_Qconv − _mevLev

i
(10)

where Tm is the melting temperature, _mev is the evaporation rate, _mm

is the melting rate, Lev is the latent heat of evaporation, and Lm is the
latent heat of melting. The latent heats can be obtained from an
approximated relation that depends on the particle temperature (e.g.,
as in [26]).
For Eq. (9), Mason [25] has assumed the following during the

melting process.
1) The ice core is surrounded completely by a nonshedding layer of

melt water.
2) The particles are spherical (i.e., thewater layer forms a spherical

surface).
3) The heat transfer between the water layer and the ice core is

purely conductive.
4) The particles retain the melting temperature uniformly

through the ice core (i.e., particle Biot number
Bi � ���1∕6�dphc�∕kp� < 0.1).
Along a particle trajectory, the heat andmass transfer processes can

now be divided into three different stages, depending on the particle
temperature T; see Fig. 1. If the particle temperature is below the
melting temperature Tm, the particle consists solely of ice and will
undergo a change in temperature by convective heat transfer as a
result of the difference with air temperature. The particle will also be

cooled by sublimation unless the particle temperature is below the air
dew (or frost) point temperature, when it will be warmed by
condensation (or reverse sublimation) ofwater vapor in the air. On the

other hand, if the particle temperature is above the melting
temperature, the particle becomes a spherical liquid droplet (for low
slip velocities) that is subject to evaporation, and a change in particle
temperature until an equilibrium with the surroundings is reached.
However, when the particle temperature reaches the melting
temperature, it will maintain this temperature throughout the ice core

and the water layer until the melting process is completed.
The particle melting model is extended toward nonspherical

particles. During themelting process, the nonspherical ice crystalwill
become more spherical and eventually end up as a spherical water
droplet. The evolution of sphericitywas observed experimentally and
computed numerically in [27]. In this work, a simple model, similar
to the one used in [20,28], is applied to adapt the heat and mass
exchange coefficients for spherical particles to nonspherical

particles. During the melting process the sphericity is interpolated
betweenΦ0, the sphericity of the ice particle, and 1, the sphericity of a
liquid droplet, in the following way:

Φ �
�

ρiαi
ρiαi � ρwαw

�
Φ0 �

�
1 −

�
ρiαi

ρiαi � ρwαw

��
(11)

where αi and αw are the volume fraction for ice and liquid water,
respectively, and ρi and ρw are the density of ice and water,

respectively.
In the Eulerian formulation, phase change can be accounted for by

adding source terms to the equations for conservation of mass and

energy. The volume fraction α is related to the change in particlemass
by the following relation:

1

α

dα

dt
� _m

�π∕6�d3pρp
(12)

Furthermore, the single mass conservation equation has to be
replaced by two equations, one for the ice volume fraction αi and one
for the water volume fraction αw. However, still a single equation for
the velocity vector and a single equation for the particle temperature
can be used. These latter conservation equations will depend on the
total volume fraction of ice and water: α � αi � αw. When an ice
crystal changes its phase, it will undergo a change in diameter. To
monitor this, an additional governing equation is added, namely the

partial differential equation for the particle number densityn, where n
is defined as

n � lim
VCV→0

Vdispersed phase

VCV�π∕6�d3p
� α

�π∕6�d3p
(13)

The number of particles in the computational domain does not
change unless a particle is completely evaporated, and hence a
change in volume fraction results in a change in particle diameter. If
particles collide or fragment along their trajectory, source terms have

to be added to the differential equation for n; see Eqs. (A4, A9, A13).
These processes are not taken into account in the current simulations.
In summary, the conservation equations for the Eulerianmethod are

extended from five to seven partial differential equations. The

Fig. 1 Three stages of phase change (spherical) particle.
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complete set of equations for each of the three particle stages is given in
AppendixA. Equation (A8) of stage 2 assures that energy is conserved
and that the particle temperature is kept at the melting temperature by
correcting for the small fraction of water that evaporates. It should also
be noted that the source terms for evaporation and sublimation (stage 1
and 3) are equal, except for the particle properties that depend on
whether the particle surface consists of water or of ice.
To solve the governing equations, MooseMBIce employs a cell-

centered finite volume discretization with second-order spatial
accuracy. An upwind method using an approximate Riemann solver
with a van Leer limiter is applied. The limiter reduces the accuracy to
first-order near sharp gradients and flow discontinuities, such as
shocks resulting in an overall spatial discretization accuracy that will
be somewhat less than second-order in simulations where such
regions are significant. Time integration is performed by a standard
low-storage four-stage Runge–Kutta scheme using local time
stepping to obtain the steady flow solution.
The boundaries of the computational domain are either far-field,

outflow, or symmetry conditions. At the far-field boundary, the
dispersed phase characteristics are set equal to the freestream
conditions, unless stated otherwise. The physical boundary of the
wetted geometry is represented by a solid wall. If the normal
component of the particle velocity is directed toward the surface, the
wall boundary is set as an outflow boundary. If, however, the normal
component of the particle velocity is directed away from the surface
(i.e., into the flowfield), it is not physically realistic that particles are
flowing from the surface into the computational domain. In this case,
the particle volume fractionα is set to a very small value of 10−9 TWC
because a value identically zero leads to convergence problems. The
particle velocities are mirrored by imposing a zero normal velocity at
the wall, similar to the solid wall condition for inviscid
aerodynamic flow.
Although the melting model presented here is a rather simple

model, assuming a uniform temperature distribution in the (melting)
particle, it provides a good approximation at relatively low
computational cost. The model in MooseMBIce is validated by
experiments [29] on melting particles suspended in an acoustic field.
From the validation, it is concluded that the melting model is very
accurate because it approximates the measured final diameter within
3% and the measured melting time within 7–13% [2].

III. Ice Crystal Impingement

Impingement of ice crystals on a surface is a very complex process
due to the various conditions that can be encountered. Ice crystals
hitting the engine inlet or fan will hit a cold surface while being in a
frozen state. Particles that hit the first compressor stages will hit a
warmer surface. In this warm environment, the presence of water in
the form of (partly) melted ice crystals or as a thin liquid film on the
surface affects the way the particle sticks to the surface.

A. Impact Model

Ideally, when trying to represent all the details, an impact model
should cover the general behavior of particle impact with an
acceptable level of accuracy and at the cost of a modest computation
time. InMooseMBIce, an impactmodel is implemented similar to the
one proposed in [20,28], which is based on the experimental
knowledge gathered in [29–36]. In the impact model, three different
impact regimes are defined: sticking, bouncing, and shattering. On
impact, the particle can fully stick to the surface or bounce offwith the
same diameter and shape but with a different velocity. In the
shattering regime, the particle is fragmented, and some fraction of the
particle is reemitted into the flowfield while the other part remains on
the surface. The characteristics of the reemitted particles, i.e.,
diameter, sphericity, and velocity (direction), are prescribed by the
model. In [29,31–34], it was concluded that the kinetic energy, based
on the normal component of the velocity, of the particle immediately
before impact has a strong effect on the impact and is a good
parameter to identify the possible impact regimes. Additionally,
Trontin et al. [28] have proposed amodel for the sticking efficiency ε,
which depends on the melting ratio ηic of the ice crystals, the mass

fraction of impinging droplets Yd, and themass fraction of impinging
ice crystals Yic. The sticking efficiency ε determines the fraction of
fragmented or bounced ice crystals that remains on the surface after
impact. This sticking efficiency is based on experimental results on
bare and wet liquid (metal) surfaces, and it should be noted that the
actual sticking efficiency on ice surfaces might be higher.

B. Postimpact Computation

An Eulerian method can only handle one particle size (single bin),
volume fraction, velocity, and temperature per grid cell. When
droplet trajectories cross, singularities can arise in an Eulerian
simulation, which was already noted in [37–39]. Thus, specifically
the treatment of secondary particles needs care because intersecting
flows with different particle properties are introduced. At the surface
of impact, both an incoming and outgoing particle may be present.
In the present study, the incoming (parent particles) and the
outgoing (secondary particles) are treated separately. The predefined
distribution of parent particles and secondary particles, which can be
Gaussian, Rosin–Rammler, or bimodal, consists of a discrete set ofN
points or bins that do not mutually exchange mass nor momentum.
The particles in each individual bin have the same shape, velocity,
and temperature properties. The calculation for the parent particles is
carried out first. Thereafter, the calculation for the secondary bin is
started from the data obtained from the parent cloud calculation,
which is imposed as inlet condition on the impingement surface. The
far-field values, which were nonzero for the parent bins, are set to
zero when computing the secondary cloud. Then, the calculation of
the Eulerian trajectory of the secondary particles can start. If
secondary particles reimpinge farther downstream on the surface of
the solid geometry, a tertiary particle calculation has to be performed,
etc. This postimpact computation is described in more detail and
demonstrated numerically for a NACA 0012 airfoil in [40] and for a
generic turbofan compressor in [41].

IV. Ice Accretion Method

Originally, the Messinger method [42] was derived for impacting
droplets. The extension to mixed-phase conditions and the details of
the mass and energy balance are discussed in the next section. The
approach that is chosen is similar to the one presented in [20,43].

A. Messinger Method for Mixed-Phase Conditions

The mass and energy balance in the Messinger method are solved
by a control volume approach; see Fig. 2. Each control volume, fully
within the water layer residing on the surface, may contain liquid
water as a result of the incoming and outgoing mass on the top and
bottom surfaces of the control volume. Part of the water that remains
unfrozen will run back downstream into the next control volume.
In a one-dimensional approach, the calculation will start from the

stagnation point proceeding along the surface until all the runback
water is frozen or evaporated. In the control volume, at the stagnation
point, it is assumed that half of the runback water flows into the
control volume in the direction of the upper surface and the other half
flows into the control volume in the direction of the lower surface. At
the stagnation point, the mass flow rate of runback water _min from an
upstream control volumewill be zero. For any control volume farther
downstream, the incoming mass flow rate of runback water will be
equal to the outgoing mass flow rate _mout of runback water from the
neighbouring upstream control volume (i.e., _min;i � _mout;i−1). In the
original Messinger method, the incoming mass due to droplets
collected by the surface ( _mc;d) and runbackwater ( _min) is balanced by
the outgoing mass due to freezing water ( _mf), evaporating water
( _mev), and runback water ( _mout):

_mc;d � _min � _mf � _mev � _mout (14)

The mass flow rates have units of kilogram per second per unit
span. In case of mixed-phase conditions, there are two additional
mass terms: the mass of melting ice crystals collected by the surface,
divided into a solid (ice) part, _mc;ic;i, and a melted (water) part,
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_mc;ic;w. It is assumed that the solid part of the impacting ice crystals

adds to the ice layer at the impact location. The melted part will be

added to themass balance for the liquid water. This gives for themass

balance in the water layer

_mc;ic;w � _mc;d � _min � _mf � _mev � _mout (15)

and in the ice layer

_mi � _mc;ic;i � _mf − _msub (16)

The last term on the right-hand side is only present in case thewater

layer has zero thickness.
The energy balance is extended in a similar fashion. In the original

Messinger method, the heat lost to the air flow by convection ( _Qconv),

by evaporation ( _Qev), due towarming of the collected droplets ( _Qc;d),

and due to the sensible heat of the downstream runback flow ( _Qout) is

balanced by the heat gained due to aerodynamic heating ( _Qah), due to

the kinetic energy ( _Qke;d) of the droplets collected by the surface, due

to the latent heat of freezing ( _Qf), and due to the sensible heat of the

inflow of the upstream runback water ( _Qin) and that of the water film

in relation to that of the ice layer ( _Qi):

_Qah � _Qke;d � _Qf � _Qi � _Qin � _Qconv � _Qev � _Qc;d � _Qout

(17)

For mixed-phase conditions, four additional terms are present in

the energy balance [Eq. (17)]. These terms are the kinetic energy of

the ice crystals collected by the surface, which consists of a liquid part
_Qke;ic;w and a solid part _Qke;ic;i, and the sensible heat of the incoming

ice crystals, which also consists of a liquid part _Qc;ic;w and a solid part
_Qc;ic;i. This yields for the energy balance

_Qah � _Qke;d � _Qke;ic;i � _Qke;ic;w � _Qf � _Qi � _Qin

� _Qconv � _Qev � _Qc;d � _Qc;ic;i � _Qc;ic;w � _Qout (18)

The heat transfer rate _Q has a unit of Joules per second per unit

span. The energy contributions due to the secondary particles (e.g.,

the kinetic energy lost by reemitted fragments) are not taken into

account because they are assumed to be very small.
To obtain the ice mass, and hence the thickness of the ice layer hi,

the mass and energy balance are solved iteratively. The calculation

starts from an initial guess of the substrate temperature Ts (i.e., equal

to the freezing temperature Tm), after which the freezing mass flow

rate _mf is obtained from the energy balance. If _mf is larger than or

equal to the sum of the mass rate of collected droplets _mc;d, the mass

rate of the melted part of the collected ice crystals _mc;ic;w, and the

incoming runback mass rate _min (i.e., _mf ≥ _mc;d � _mc;ic;w � _min),

one has a rime ice condition. In this case, all water entering the control

volume freezes, and there is no outgoing runback water ( _mout � 0).
If, on the other hand, _mf is smaller than or equal to the negative

collected mass rate of the solid part of the ice crystals _mc;ic;i

(i.e., _mf ≤ − _mc;ic;i), a wet condition is reached. In this case, only
water is added to the control volume, and the mass flow rate of ice _mi

equals zero. If, however, the freezing mass flow rate _mf is between

the two aforementioned values, the initial guess for the temperature
was right, and both ice and water are present in the control volume
(glaze ice regime).
Upon the determination of the icing regime, the iterative procedure

is started by adjusting the temperature such that the residual heat

_Q⋆ �
X

_Qincoming −
X

_Qoutgoing

becomes zero; see Eq. (18). The resulting equations for the energy
balance and the expressions for _mf, _mi, and _mout are given in

Appendix B for each of the three regimes. It should be noted that the
mass balance times the specific heat capacity cp and times the
temperature differenceΔT � Tm − Ts is subtracted from the energy

balance. An overview of the detailed expressions for the mass flow
rates and the heat transfer rates is given in [2].
Another assumption that is made by Trontin et al. [28] is that, for

the case of mixed-phase conditions, part of the accumulated water
remains trapped between the ice crystals or in the ice layer. This is

confirmed by experiments in [44,45]. In [45], it is shown that the
volume fraction of liquid water trapped between ice crystals can
reach about 35% at lowMach numbers (Ma � 0.25), at which point
the porous accretion is saturated. The model proposed by Trontin
et al. [28] is based on the assumption that the possibility of entrapped

water increases with increasing number of ice crystals present in the
mixed-phase flow. The mass fraction Yac of liquid water that remains
within the ice layer is given by

Yac �
8<
:
1 −

Yw

Y⋆ if 0 ≤ Yw < Y⋆

0 if Yw ≥ Y⋆
(19)

where Yw is the liquid mass fraction of the particles caught by the
surface:

Yw � _mc;d � _mc;ic;w

_mc;d � _mc;ic;i � _mc;ic;w

� 1 −
_mc;ic;i

_mc;d � _mc;ic;i � _mc;ic;w

The parameter Y⋆ is chosen equal to Y⋆ � 0.5. This number is

chosen arbitrarily, and its relation to the porosity of an accretion
should be further investigated. The mass flow rate of liquid water

present on the surface can now be divided into two parts: the
accumulated water in the ice layer _mac and the corrected outgoing
runback water _m��

out, i.e.,

_m��
out � �1 − Yac� _mout (20)

_mac � Yac _mout (21)

Fig. 2 Mass flow rates (left) andheat transfer rates (right) entering or leaving the two-dimensional control volume.Thedashed line represents the control
volume.

226 NORDE, VAN DERWEIDE, AND HOEIJMAKERS

D
ow

nl
oa

de
d 

by
 U

N
IV

E
R

SI
T

E
IT

 T
W

E
N

T
E

 o
n 

Ja
nu

ar
y 

19
, 2

01
8 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/1

.J
05

61
84

 



B. Erosion

The experiments of Al-Khalil et al. [46] have clearly shown the
effect of erosion on ice accretion. Erosion results in an ice layer
without roughness in the form of feathers or horns. More recent
studies in the Research Altitude Test Facility (RATFac) of National
Research Council (NRC) Canada have attempted to estimate the
dependence of erosion on cloud parameters such as liquid water
content (LWC), mean volumetric diameter (MVD), and particle
velocity. Trontin et al. [28] have derived an erosion model based on
assumptions that are in line with (experimental) findings for the
particle size distribution (PSD) used in the NRC experiments
described by Currie et al. [47], where the MMD was ∼57 μm.
1) Erosion increases with the square of the tangential velocity

[44,47,48].
2) Erosion decreases for increasing IWC due to flux interference

(i.e., the energy of the impinging ice crystals is reduced by particles
that bounce from the surface) [47,48].
3) Erosion increases for increasing melting ratio

ηic � LWCic∕TWC [47,48].
4) Erosion increases with increasing ice crystal diameter

dic [49,50].
5) Erosion increases with increasing curvature of the surface of the

ice layer [28].
Furthermore, the effect of hardness of the ice layer on the erosion

rate is taken into account in a similar way as proposed byWright et al.
[43]. In this study, the strain rate of fracturing hail stones was related
to the applied stress due to impacting crystals. This has resulted in a
formulation for the erosion rate that increases at higher substrate
temperatures due to a lower bonding strength of ice. Trontin et al. [28]
have applied the same reasoning with respect to the effect of the
temperature of the ice crystal itself and stated that the erosion rate
increases with decreasing ice particle temperature.
This completes the list of further assumptions for the ice

erosion model.
1) Erosion increases with decreasing substrate temperature.
2) Erosion increases with decreasing particle temperature.
The mass rate of erosion _mer [see Eq. (23)] depends on the erosion

efficiency θ. The erosion efficiency θ itself follows from the
assumptions listed previously. It is expressed as

θ � E
�
ut;ic
u0

�
2
�
IWC

IWC0

�−a� 1 − ηic
1 − ηic;0

�−b�MMDic

MMD0

�
c

exp

�
−d

Qs

R

�
1

Ts

−
1

Tm

��
exp

�
−e

Qs

R

�
1

Tic

−
1

Tm

��
�1� �l0κ�2�

(22)

In Eq. (22), E is the erosion intensity; ut;ic is the tangential velocity
of the impinging ice crystals; IWC is the impinging icewater content;
ηic is the melting ratio of the ice crystals (� LWCic∕TWC);MMDic

is the mean mass diameter of the impinging ice crystals;Qs is the ice
activation energy (� 48.2 kJ∕mol); R is the universal gas constant
(�8.314 J ⋅mol−1 ⋅ K−1); Ts is the substrate temperature; Tm is the
melting temperature; Tic is the temperature of the impinging ice
crystals; and κ is the local curvature of the ice layer. The reference
values, with subscript 0, and the constant parameters E and a through
e are given in Table 2 andwere fitted to correspondwith experimental
data in [44–46,48,51]. For a detailed description of this fitting
procedure, the reader is referred to [28]. There is, however, one
difference between Eq. (22) and the formulation for the erosion
efficiency θ derived in [28]. That concerns the sign of the power c
related to the mean mass diameter (MMD) of the ice crystals. In the
present research, it is assumed to be c � �0.4 because erosion
increases with increasing diameter as was observed by Knezevici
et al. [49,50].
The local curvature κ in Eq. (22) is calculated in the same way as

described in [52]. The curvature will change during the ice accretion
process and needs to be updated frequently to obtain the correct value
for the curvature κ and the tangential velocity ut;ic of the impinging
ice crystals. Thus, the accretion process should be repeated for N
steps of time step Δt �� tac∕N�.

Once the erosion efficiency θ is known, the erosion mass rate _mer

can be expressed as

_mer � min� _mi � _mout;min�1; θ� _mimp;ic� (23)

where

_mimp;ic � _mimp;ic;i � _mimp;ic;w � _mc;ic;i � _mc;ic;w

ε

Here, _mi is the mass rate of ice; _mout is the outgoing mass rate of
runback water; _mimp;ic is the impingingmass rate of ice crystals; _mc;ic

is the mass rate of ice crystals collected by the surface; and ε is the
sticking efficiency. Trontin et al. [28] have assumed that the erosion
rate has an effect on the ice layer as well as on the layer of runback
water. The loss due to erosion of the ice layer is assumed to be
proportional to the rate of ice accretion, and the loss due to erosion in
the water layer is assumed to be proportional with the rate of water
accumulation. This results in the corrected values for the mass flow
rate of ice _m�

i and for the mass flow rate of runback water _m�
out:

_m�
i � _mi −

_mi

_mi � _mout

_mer � _mi

�
1 −

_mer

_mi � _mout

�
(24)

_m�
out � _mout −

_mout

_mi � _mout

_mer � _mout

�
1 −

_mer

_mi � _mout

�
(25)

Themethod for mixed-phase accretion now consists of three steps,
which are considered for every time step Δt.
1) Calculate the substrate temperature Ts and the mass flow rate of

ice _mi and outgoing runbackwater mass flow rate _mout by solving the
mass and energy balance.
2) Determine the erosion efficiency θ and the eroded amount of ice

and water and calculate the corrected mass flow rates of ice _m�
i and

outgoing runback water _m�
out, Eqs. (24) and (25).

3)Determine the fraction ofwater that is trappedwithin the ice layer
and calculate the (corrected) mass flow rates of accumulated runback
water _mac and outgoing runback water _m��

out [Eqs. (20) and (21)].
The accretion and erosion algorithm is conservative, except for the

fraction of water that is trapped within the ice layer and the fractions
of water and ice that are eroded. These mass rates are not taken into
account in any further computation. A multishot ice accretion (i.e.,
including grid modification and repeating the calculation of the
aerodynamic flowfield) is not implemented yet but should be
explored in future work.

V. Ice Accretion Results

The Eulerian trajectory method combined with the Messinger
method extended for mixed-phase conditions and including the
erosion model is validated with experimental data obtained by
Al-Khalil et al. [46] andCurrie et al. [47]. The first test case considers
ice accretion in mixed-phase conditions for which both droplets and

Table 2 Parameters in
erosionmodel [Eq. (22)] obtained

by Trontin et al. [28]

Parameter Value

E 0.58
u0 84.5 m∕s
IWC0 6 g∕m3

ηic;0 0.166
MMD0 52.7 μm
l0 0.015c
a 0.8
b 3
c 0.4
d 3
e 0.1
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ice crystals are present. The second test case is performed for
glaciated icing conditions, for which only (partially melted) ice
crystals are present.

A. Mixed-Phase Icing Conditions

The experiments described in [46] were conducted for a NACA
0012 airfoil, with a chord of 0.9144 m, in the Cox closed-loop Icing
Wind Tunnel. A range of mixed-phase conditions could be obtained
by adjusting the combination of ice crystals and supercooled water.
The supercooled water droplets, with an MVD of 20 μm, were
produced by spray bars that atomize the water by using compressed
air. The ice crystals were produced by either a snow gun, which
produces almost spherical crystals, or an ice shaver, which produces
irregularly shaped ice crystals. The ice crystals produced by the snow
gun had anMVDof 150 μm and the ones produced by the shaver had
an MVD of 200 μm.
Two glaze ice conditions (run 9 and 10) and two rime ice

conditions (run 19 and 20) are selected as test cases. The aerodynamic
conditions are listed in Table 3. The aerodynamic field is calculated
with an Euler method for inviscid flow on a C-grid consisting of
33,792 cells (384 in the I direction and 88 in the J direction) with far-
field boundary at 44 chord lengths away from the airfoil. The airfoil
surface is covered with 256 cells. From a convergence study, it was
concluded that the results for the particle trajectories on this grid can
be considered to be grid-converged. The air wet bulb temperature is
well below the melting temperature, and therefore heat transfer and
change of phase along the particle trajectory are neglected. The
particles are released in kinetic and thermal equilibriumwith the flow.
Because the particle sphericity was notmeasured in the experiment, it
is set to Φ � 1. The mixed-phase conditions and accretion time are
listed in Table 4. The results for the catching efficiency are shown in
Fig. 3, and the results for the ice shape are shown in Fig. 4. The ice
shape obtained in the experiment is traced from the plots provided
in [46].
The droplet catching efficiency βd obtained for run 9 and the ice

crystal catching efficiency βic obtained for runs 10, 19, and 20 are
shown in Fig. 3. The droplet catching efficiency βd for runs 10, 19,
and 20 closely resembles the droplet catching efficiency obtained for
run 9 and is, therefore, not shown. For all runs, βd is higher than βic.
For run 10, ice crystals are collected over the same airfoil surface area
that collects droplets as well, indicating a glaze ice regime. The peak
value of the ice crystal catching efficiency βic for run 10 is lower than
the one obtained for run 20 but higher than the one obtained for run
19. The catching efficiencies for runs 19 and 20 have in common that
the airfoil surface area collecting ice crystals is smaller compared to
the surface area collecting droplets. This indicates that, near the
stagnation point, a glaze ice condition (Ts � Tm) is obtained, but
farther downstream, the ice regime resembles rime ice (Ts < Tm).
The computed ice shape is obtained in a single-shot simulation

with and without the erosion model applied. For the glaze ice
condition (run 9 in Fig. 4), a hornlike shape typical for glaze ice

conditions is visible around the stagnation point. The extension of the
ice layer over the airfoil surface for this single-phase cloud is,
however, overestimated by the computational method. This could be
a result of the inaccurate calculation of the particle trajectories around
the leading edge, which affects the accretion. Also, the one-way
coupling assumption might not be valid anymore when hornlike
shapes or featherlike accretions develop around the leading edge.
Furthermore, in the experimental results, the ice accretion with ice
crystals present (run 10) turns out to be lower than the ice accretion
for the case without ice crystals present in the cloud (run 9). This is a
result of the erosive effect of the ice crystals on the accretion, and it is
observed that, when erosion is included, the ice layer is predictedwell
in case of run 10. The rime ice conditions (runs 19 and 20) result in a
streamlined shape, except for the ice shape in the region where ice
crystals are collected. For run 20, this leads to an even more obvious
hornlike shape when erosion is not taken into account. In case of run
19, a small fraction of ice crystals sticks to the surface due to the
presence of liquidwater in the formof droplets or runbackwater. This
fraction is responsible for the small peak in the ice shape near the
stagnation point. However, this peak is not present when erosion is
taken into account. In general, the ice accretion in mixed-phase
conditions is predicted quite accurately after a model for erosion is
included.

B. Glaciated Icing Conditions

In this second test case, the computationalmethod is validatedwith
experimental data obtained by Currie et al. [47]. The data are traced
from the plots provided in [47]. The experiments were conducted at
warm aerodynamic conditions that yield partially melted ice crystals,
in the altitude chamber of NRC (RATFac). The test article consists of
a three-dimensional geometry with a curved leading edge with a
circle–cylinder as nose section made of a titanium alloy and a
streamlined afterbody made of plastic. The cylindrical nose was
curved to facilitate the imaging of the ice shape from the side. For the
same reason, there is a gap between the geometry and thewind-tunnel
wall, which will avoid the build-up of ice at the walls. For
computational purposes, the curved cylinder is approximated by a
two-dimensional geometry with dimensions equal to the section at
the midspan of the wind-tunnel model. The cylindrical nose has a
diameter of 44.5mm, and the chord length of thewhole section equals
352.25 mm. The computational domain has the same height as the
wind-tunnel test section (i.e., 254 mm). The computational domain
extends 2.94775 m in front of the leading edge and 3.3 m behind the
trailing edge of the curved cylinder. The grid consists of 61,696 cells,
and the computational domain with its dimensions is shown in Fig. 5.
The results for the predicted ice accretion shapes are compared to

experimental data. Six of the selected runs were obtained for a Mach
number Ma � 0.25, and the other four were obtained for a Mach
number of Ma � 0.4. The aerodynamic flowfield is obtained by
solving the Euler equations for inviscid compressible flow for the
conditions given in Table 5. The ice crystal cloud is represented by a
polydisperse distribution using seven bins. The corresponding
particle size distribution is given in Table 6. The melting ratio of the

Fig. 3 NACA 0012 airfoil catching efficiency for droplets and ice

crystals. The aerodynamic and cloud conditions are given inTables 3 and
4, respectively.

Table 3 Aerodynamic conditions test-case mixed-phase icing
conditions NACA 0012 airfoil

Run
Mach number

Ma∞

Pressure
pa;∞, Pa

Temperature
Ta;∞, K

Angle of attack,
deg

9, 10 0.163 98,000 266.18 0
19, 20 0.165 98,000 260.65 0

Table 4 Test-case mixed-phase icing conditions NACA 0012 airfoil

Run
IWC,
g ⋅m−3

MVDic,
μm

LWCd,
g ⋅m−3

MVDd,
μm

Accretion time
tac, s

9 0.0 —— 0.7 20 600
10 0.7 200 0.7 20 600
19 0.7 150 0.3 20 600
20 0.3 150 0.7 20 600
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ice crystals ranges from ηic � 6% to ηic � 26.4%. Furthermore, the
effect of varying TWC and varying accretion time is studied for three
of the 10 runs. An overview of the cloud conditions for all 10 runs is
given in Table 7. In the computational method, the experimentally
measured melting ratio of the ice crystals is obtained by injecting the
ice crystals at the measured melting ratio and omitting heat and mass
transfer along the particle trajectory. This implies that the relative
humidity (RH) only has an influence on the heat and mass transfer
along the ice layer. It was checked that varying RH does not have a
significant effect on the thickness of the ice layer. The particle
temperature T at injection is lower than the air temperature, namely
273.15 K. Because the sphericity was not measured during the
experiment, the particle sphericity Φ is set to 1.
The results obtained for TWC increasing from 4 to 12 g∕m3 (runs

47, 57, and 67), for the polydisperse particle distribution, are given in
Figs. 6 and 7. In Fig. 6, the results for the ice shape are shownwith and
without the erosion model applied. It can be seen that the ice shape is
significantly overpredicted if erosion is not taken into account. Also,

the wedgelike ice shape obtained from the experiments is only
reproduced if erosion is taken into account. In Fig. 7, the
corresponding growth of the tip of the ice shape as function of the
accretion time is shown. From experimental data on the growth of
the tip of the ice shape shown in Fig. 7, it is observed that the ice
thickness increases nonlinearly with TWC until a steady state is
reached. This steady state is visible for the tip growth of run 47, but
for runs 57 and 67, the ice shapes were shed before the steady state
was reached. From the computational results, a similar nonlinear
increase with TWC can be seen. However, the ice thickness is
underpredicted for the lowest TWC. From the computational results
for the location of the tip of the ice shape, it can be observed that the
steady state is reached too soon for runs 47 and 67.
Second, results are obtained for increasing melting ratio ηic.

In Fig. 8, results for the ice shapes are shown for constant
TWC � 6 g∕m3, for the melting ratio increasing from 6 to 26.4%
(runs 17, 67, 77, and 92) obtained for Mach number Ma � 0.25. In
Fig. 9, the computed and experimental ice shapes are shown for the

Fig. 4 Ice accretion for NACA 0012 airfoil obtained for mixed-phase conditions. The aerodynamic and cloud conditions are given in Tables 3 and 4,
respectively.

Fig. 5 Computational domain around the section with curved cylindrical nose. The chord length of the section is 0.35225 m.

Table 5 Aerodynamic conditions test-case glaciated icing conditions curved cylinder

Runs Mach numberMa∞ Pressure pa;∞, Pa Temperature Ta;∞, K Angle of attack, deg Relative humidity, %

17, 47, 57, 67, 77, 92 0.25 33,000 284.55 0 38
233, 238, 243, 246 0.40 30,800 278.95 0 57
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melting ratio increasing from 8.6 to 21.4% (runs 233, 238, 243, and

246) obtained for a higher Mach numberMa � 0.4. These cases are
computed to assess whether the computational method is able to

simulate the effect of Mach number on the ice shape. Furthermore,

from the experiments, it was concluded that the ice thickness

increases up to a certain value of the melting ratio. When the melting

ratio is then further increased, the ice thickness remains constant, the

so-called “plateau” effect, until it drops again for even higher melting

ratios. For the experiments at the lower Mach number (Ma � 0.25),
the ice thickness increases for a melting ratio in the range ηic �
6–14% and decreases for melting ratios above ηic � 23%. Between

these melting ratios, the ice thickness remains about constant

(plateau). For the higher Mach number (Ma � 0.4), the plateau is

reached for similar melting ratios, but above a melting ratio of

ηic � 17.2%, the ice thickness drops suddenly. From the

computational results, it can be concluded that the ice thickness is

approximated well for increasing melting ratios up to the value of ηic
marking the end of the plateau region. The decrease of the ice

thickness for values of ηic above those for the plateau region is not

captured by the computational method because the predicted ice

thickness remains unchanged for highermelting ratios, as can be seen

for runs 92 and 246. The experiments at higher Mach numbers

(Ma � 0.4) have shown that erosion is increased and the plateau

region is reached sooner compared to the situation for the lowerMach

number (Ma � 0.25). Both phenomena are captured well by the

computational method. Another interesting result seen from Fig. 9 is

that the model predicts an increasing accretion size with increasing

ηic, while the erosion also increases with ηic; see Eq. (22). The

increase is, however, a result of an increased sticking efficiency ε,
which does increase with ηic.

Table 6 Particle size distribution glaciated icing
conditions curved cylinder withMVD � 45 μm

Bin 1 2 3 4 5 6 7

Diameter dp, μm 14.5 23 29 34.3 39.4 45 77.5
Mass fraction Y, % 5 10 10 10 10 10 45

Fig. 6 Ice accretion for curved cylinder for increasing TWC (left to right) and by applyingN � 100 erosion steps.

Fig. 7 Tip growthof ice shape for curved cylinder for increasingTWC.The aerodynamic andparticle conditions are given inTables 5 and7, respectively.

Table 7 Test-case glaciated icing conditions curved cylinder

Run TWC, g ⋅m−3 Melting ratio ηic, % Accretion time tac, s

17 6 6.0 40,300,300
47 4 16.6 40,320,300
57 12 14.0 40,290,300
67 6 16.6 382
77 6 11.2 40,300,300
92 6 26.4 40,300,300
233 6 8.6 300
238 6 14.0 300
243 6 17.2 300
246 6 21.4 300
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VI. Conclusions

It can be concluded that the predicted ice shapes agree quite

accurately with experimental data. In case ofmixed-phase conditions

(Sec. V.A), the ice thickness and outer limits of the ice layer

correspondwith themeasured data. The ice shape itself is slightly less

accurate, especially for runs 10 and 20. For the glaciated conditions

(Sec. V.B), it is shown that the accretion method is able to accurately

predict the wedge-shaped ice shapes. When considering the

maximum thickness of the ice layer, there is room for improvement.

For melting ratios up to ηic � 20%, the computed thickness differs

from the experimental value by 17% on average for low-speed

conditions (Ma � 0.25) and by 38% on average for higher-speed

conditions (Ma � 0.4). Furthermore, the significance of an erosion

model is shown. The thickness of the ice layer and the shape of the ice

accretion are not predicted correctly if erosion is not taken into

account.
For mixed-phase icing conditions, it is advised to include the

droplet liquid water content in the erosionmodel as well as to include

it in the impact model. Exploratory test cases presented in [2] have

shown that the ice shape and amount of ice accretion are not predicted

well if a significant fraction of supercooled droplets is present in the

mixed-phase cloud. Other possible adjustments of the erosion model

could include the dependencies on mean volumetric diameter

(instead of MMD) and the mass fraction Yac of accreted ice.

Validation over a wider range of operating conditions could confirm

these suggestions and increase the validity of the applied trajectory,

impingement and accretion methods. Furthermore, this validation is

necessary to strengthen the assumptions of the present erosionmodel,

which ismainly based on one set of experimentswith a single particle

size distribution and at TWC levels that were much lower than those

likely in a compressor environment where particles will concentrate

due to centrifugal forces.

Appendix A: Eulerian Conservation Equations
for Particle Flows

The set of conservation equations for the Eulerian method

distributed over three stages depending on particle temperature.
Stage 1 (T < Tm): ice crystal (α � αi, Φ � Φ0):

∂αi
∂t

�∇ ⋅ �αiu� � − _αsub

� −
6ρaDvSh

Φρid
2
p

�Yv;s − Yv;∞�αi (A1)

∂αiu
∂t

� ∇ ⋅ �αiuu� �
3μaCDRe

4ρid
2
p

αi�ua − u� �
�
1 −

ρa
ρi

�
αig (A2)

∂αiT
∂t

� ∇ ⋅ �αiTu� �
6kaNu

Φρicp;id
2
p

αi�Ta − T� − _αsub
Lsub

cp;i
(A3)

∂n
∂t

� ∇ ⋅ �nu� � 0 (A4)

The set of equations in stage 1 is solved for αi, u, T, and n.
Stage 2 (T � Tm): melting ice crystal (α � αi � αw, Φ ∈ �0; 1�):

∂αi
∂t

� ∇ ⋅ �αiu� � − _αm

� −
6

Φρid
2
i Lm

�kaNu�Ta − Tm�

− ρaDvLevSh�Yv;s − Yv;∞���αi � αw� (A5)

Fig. 9 Ice accretion for curved cylinder for increasing melting ratio ηic (left to right) and for N � 100 erosion steps. The aerodynamic and particle
conditions are given in Tables 5 and 7, respectively.

Fig. 8 Ice accretion for curved cylinder for increasing melting ratio ηic (left to right) and for N � 100 erosion steps. The aerodynamic and particle
conditions are given in Tables 5 and 7, respectively.
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∂αw
∂t

� ∇ ⋅ �αwu� �
ρi
ρw

_αm −
6ρaDvSh

Φρwd
2
p

�Yv;s − Yv;∞��αi � αw�

(A6)

∂αu
∂t

� ∇ ⋅ �αuu� � 3μaCDRe

4ρpd
2
p

α�ua − u� �
�
1 −

ρa
ρp

�
αg (A7)

∂αT
∂t

�∇⋅�αTu��
�
ρi
ρw

−1

�
_αm−

6ρaDvSh

Φρwd
2
p

�Yv;s−Yv;∞��αi�αw�Tm

(A8)

∂n
∂t

� ∇ ⋅ �nu� � 0 (A9)

The set of equations in stage 2 is solved for αi, αw, u, T, and n.
Stage 3 (T > Tm): spherical water droplet (α � αw, Φ � 1):

∂αw
∂t

� ∇ ⋅ �αwu� � − _αev

� −
6ρaDvSh

ρwd
2
p

�Yv;s − Yv;∞�αw (A10)

∂αwu
∂t

� ∇ ⋅ �αwuu� �
3μaCDRe

4ρwd
2
p

αw�ua − u� �
�
1 −

ρa
ρw

�
αg

(A11)

∂αwT
∂t

� ∇ ⋅ �αwTu� �
6kaNu

ρwcp;wd
2
p

αw�Ta − T� − _αev
Lev

cp;w
(A12)

∂n
∂t

� ∇ ⋅ �nu� � 0 (A13)

The set of equations in stage 3 is solved for αw, u, T, and n.

Appendix B: Regime-Dependent Accretion Model

Mass and energy balance for the three possible icing regimes
during ice accretion.
Rime ice regime:

if _mf ≥ _mc;d � _mc;ic;w � _min

then _mf � _mc;d � _mc;ic;w � _min (B1)

_mi � _mc;ic;i � _mf − _msub (B2)

_mout � 0 (B3)

and _Q⋆ � _Qconv � _Qsub � _Qc;d � _Qc;ic;i � _Qc;ic;w − _Qah

− _Qke;d − _Qke;ic;i − _Qke;ic;w − _Qf − _Qi − _Qin (B4)

_Qf � _mfLm

_Qi � cp;i� _mi � _msub��Tm − Ts�
_Qout � 0

Glaze ice regime:

if − _mc;ic;i < _mf < _mc;d � _mc;ic;w � _min

then _mf � 1

Lm

�
_Qconv � _Qev � _Qc;d � _Qc;ic;i � _Qc;ic;w

− _Qah − _Qke;d − _Qke;ic;i − _Qke;ic;w − _Qin

�
(B5)

_mi � _mc;ic;i � _mf − _msub (B6)

_mout � _mc;d � _mc;ic;w � _min − _mf − _mev (B7)

_Qi � 0

_Qout � 0

Wet regime:

if _mf ≤ − _mc;ic;i

then _mf � − _mc;ic;i (B8)

_mi � 0 (B9)

_mout � _mc;d � _mc;ic;i � _mc;ic;w � _min − _mev (B10)

and _Q⋆ � _Qconv � _Qev � _Qc;d � _Qc;ic;i � _Qc;ic;w − _Qah

− _Qke;d − _Qke;ic;i − _Qke;ic;w − _Qf − _Qout − _Qin (B11)

_Qf � _mfLm

_Qi � 0

_Qout � cp;w� _mout � _mev��Tm − Ts�
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