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Abstract: The need to increase efficiency, stimulates the development of new materials tailored to 
specific applications and thermal/mechanical loading conditions, e.g. by controlling the property variations 
on a local scale: layered, graded, granular, porous and fibre-reinforced. For design and optimization of 
such materials the response to specific load conditions must be predicted which requires computer 
simulations. For applications in contact mechanics and lubrication failure criteria need to be developed 
which require the stress fields inside the (strongly heterogeneous) material induced by surface loading. The 
geometrical complexity of the subsurface topography and the need of an accurate solution require the use 
of a very fine discretization with a large number of elements, especially for three-dimensional problems. 
This requires  optimally efficient numerical algorithms. In this paper the authors demonstrate the capability 
of Multigrid techniques to compute displacement and stress fields with great detail in strongly 
heterogeneous materials subject to surface loading, and in a contact mechanics application. Results are 
presented for a ceramic application and a contact problem of material with multiple inclusions. The 
efficiency of the method will allow extensive parameter studies with limited computational means. 
Moreover, it can efficiently be used to derive macroscopic stress-strain relations by simulations of 
microscopic problems. Also the method can be used for computational diagnostics of materials with 
specific heterogeneities. 
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1 INTRODUCTION  

Stimulated by environmental and efficiency constraints machines and their components need to reliably 
operate under increasingly extreme conditions. In bearings and gears forces need to be transmitted at 
higher loads, higher temperatures, smaller lubricant film thicknesses, and at the same time reduced friction 
levels. Existing failure criteria are generally based on the knowledge of the subsurface stress fields 
assuming homogeneous materials [1,2]. However, in many cases the conditions are nowadays such that 
local variations in the material properties, for example, (clusters of) inclusions, the granular structure, 
possibly with interstitial matter, may have a significant effect on the service life of machine components. 
Also, for many new (composite) materials failure criteria are lacking. 

Accurate prediction requires  models and simulation algorithms which can account for  the effects of 
increasingly small scale phenomena in surface topology [3] and material properties (as shown in Fig. 1) 
also in response to variations in operating conditions and lubricant supply. Advanced numerical 
computational algorithms to compute the local displacement and stress fields in such materials are 
prerequisite for these studies. The geometrical complexity of the subsurface topography and the need of an 
accurate solution require the use of a very fine discretization with a large number of elements and many 
(millions) of unknowns, especially for three-dimensional problems. Standard methods used in engineering 
which are easy to us and flexible for larger scale structural computations are often not sufficiently efficient 
to allow simulations with the small resolution required. 

In the past decades Multilevel/Multigrid techniques [4] have greatly enhanced the capabilities of numerical 
simulations in many fields in science, including contact mechanics and lubrication for homogeneous 
materials. Their efficiency has allowed much larger and realistic problems to be solved on smaller scale 
computers [5]. In this paper it is demonstrated that such algorithms can also successfully be used to face 
today’s challenges: to analyse the effect material heterogeneity on a local scale on stresses and contact 
performance.  The developed method can be used for efficient parameter studies to develop failure criteria, 
but also to derive macroscopic stress-strain relations from detailed microscopic simulations, in 
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computational diagnostics using input from mapped subsurface properties of actual material, and in  
topology optimization.     

 

 

Fig. 1  From macro scale to micro scale in a contact problem 
 

2 MODEL 

2.2 Elasticity equations 
The 3D heterogeneous linear elastic problem can be described as the solution of the unknown 
displacements u, v and w in a 3-D domain  from the Navier-Cauchy equations: 

(λuj,j),I + (µui,j),j + (µuj,i),j = 0     j,j=1,2,3.                                                                                          (1) 

where λ and µ are the Lame’s coefficients, which are assumed to vary as a function of space: 

  
  

 

 
The problem is discretized using a uniform grid in a bulk with dimensions are (Lx,Ly,Lz) along x, y and z 
respectively. This can represent a local piece of material around a contact. It can also represent a local 
piece of material of a larger structure. A second order finite difference method is used to construct a system 
of equations that can be solved by computer. To solve the system a standard iterative method (Gauss-
Seidel relaxation) is used. To accelerate convergence so as to be able to provide a solution containing 
millions/billions of degree of freedoms,  multigrid techniques are used.  

2.3 Multigrid methods 
Multigrid techniques were introduced by Brandt to solve partial differential equations [6]. Subsequently they 
have been generalized for many scientific problems. They were introduced in tribology by Lubrecht for the 
fast solution of the Elasto-Hydrodynamic Lubrication problem [7,8].  The upshot of (geometrical) Multigrid is 
to use a conventional iterative methods for the solution of the problem. However, the drawback of these 
methods of slow convergence for smooth components is eliminated by introducing coarser grids on which 
such components can efficiently be solved. In a Multigrid algorithm a problem on a target grid is solved 
using a series of coarser grids. A flow diagram of a Multigrid algorithm is shown in Fig. 2. As a result of 
approximating and solving each error component on a scale at which the iterative method is efficient the 
convergence speed of the method is grid independent and the required computing time linearly proportional 
to the number of unknowns. The major complication is that Multigrid methods are not “black-box” methods. 
Optimal efficiency for non-standard applications (such as strongly heterogeneous materials) requires 
understanding of many details regarding the appropriate choice of transfer operators and coarse grid 
operators. Further details can be found in [9,10]. 
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Fig. 2  A common multigrid schedule. ʋ represents the number of relaxation used during 
the different steps of the algorithm with ʋ3= ʋ1+ ʋ2 

3 Results 

In this paper characteristic (tribological) problems are considered to demonstrate the potential of the 
developed method. The first computation of a subsurface displacements and stress fields in a ceramic 
material subjected to a prescribed surface loading. The second is the case of the simultaneous solution of 
surface pressure fields and subsurface stresses in homogeneous material with multiple inclusions with 
different properties. 

3.1 Granular material with inclusion  
The first case is a ceramic material subject to a Hertzian contact pressure. The ceramic is modelled as a 
granular material with interstitial matter (glue). Inclusion is modelled as an ellipsoid (see Fig.3). To model 
the grains, a 3D Voronoi tessellation is used. The glue is modelled as a fixed layer around each grain. For 
the case presented here, the volume ratio of glue is 10%. The mechanical properties are: for the grains 
Eg=305 GPa, ʋg=0.26 and for the glue Egl=60 GPa, ʋgl=0.2. The properties of the inclusion are the same as 
the ones of the grains. 

The computational domain is a parallelepiped of size [25;10;5] µm. The centre of the inclusion is located at 
Mi(0,0,-2) µm and its radii are c=1 µm and d=4.5 µm oriented along x and y respectively.  

On the top surface an ellipsoidal pressure is imposed. Its characteristics are: a=1 µm and b=20 µm 
oriented along x and y respectively and a maximum pressure P0=3 GPa. 

The displacement fields are solved in the entire bulk. Subsequently, the stress fields are obtained using 
Hooke’s law. 

 

 

Fig. 3  Polycrystalline material with an ellipsoidal inclusion. The grains are modelled trough a 3D Voronoi 
tessellation. Each grain is separated from the other one by a glue layer that represents 10% of the total 
volume. The centre of the inclusion is located at Mi(0,0,-2) and it’s radii are a=1 µm and b=4.5 µm 
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Figure 4 shows the tensile stress σxx in the plan (x,y,z=2). The colour scale allows one to well identify the 
locations where a failure may initiate. It can be seen that the tensile stress maxima appears at the rim of 
the inclusion, where some glue is located. Secondary maxima appear at the edge of some grains, probably 
due to their location and orientation in the material. 

 

Fig. 4  Tensile stress σxx in the plan (x,y,z=2) for a polycrystalline material (ceramic) with an ellipsoidal 
inclusion. The mechanical properties are: for the grains Eg=305 GPa, ʋg=0.26 and for the glue Egl=60 GPa, 
ʋgl=0.2. The properties of the inclusion are the same as the ones of the grains. The bulk is submitted to an 
ellipsoidal pressure with a maximum equal to P0=3 GPa 

This kind of study may be realised in parallel changing the parameters (loading, grain size, type of defect, 
…) to determine the best and worst configurations, thus helping for the design of new materials. However 
when a defect is big and close enough to the top surface it may affect the pressure field and consequently 
the stress fields inside of the structure. In order to identify the real pressure field, one has to solve the 
contact problem in addition to the elasticity equations (Eq. 1). In the case of complex structure, this 
operation is not trivial and requires the use of advanced numerical tools. The next section briefly explains 
how to proceed using multigrid methods. 

3.2 Solution of the contact problem 
In the previous example the pressure distribution at the surface was assumed to be known. However in 
reality this pressure is affected by the property variations of the material particularly when inclusions occur 
close to the surface. In that case it cannot be assumed Hertzian and needs to be solved simultaneously 
with the displacement equations. This can be done using a conjugate gradient method with an FFT method 
for the surface displacement matrix [11,12]. However Multigrid methods by their nature allow very efficient 
incorporation of boundary contact problem into the solver. The entire problem is solved and the amount of 
work is a bit larger than the single solution of the displacement fields. Some results of the effect of 
heterogeneities on the contact pressure are shown in Fig. 5. The pressure fields between a rigid indenter 
and a homogeneous material with multiple inclusions. The numerical parameters used of the different 
calculations are the following ones: the volume of computation is a parallelepiped whose size is [8;8;4] and 
the top surface is discretized using 257*257 or 513*513 points on the finest grid. The simulations involve a 
homogeneous material (academic Hertzian solution) and 3 cases with defects (spherical inclusions) that 
may be soft or hard. Details on the different configurations are given in the caption of Fig. 5.  

3.3 Performance 
Multigrid techniques can be a fast and accurate alternative method for numerical simulation of 3 
dimensional elastic contact problems with heterogeneous materials. The convergence speed is grid 
independent and as a result the computational cost is linearly proportional to the number of unknowns. 
Table 1 gives some details of the number of points used for the different simulations. As a convergence 
criterion a residual of 10−8 on the solutions was used. This is very strict and ensures a result with an error 
that is much smaller than the discretization error in any case presented. Calculations have been performed 
on a computer with Intel X5650: 2.67Ghz, single core. Obviously the computing time can be reduced by 
parallel processing. 
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Fig. 5  Pressure fields (σzz) solved for the contact problem between a rigid indenter and a) an homogeneous 
material b) an homogeneous material containing 2 spherical hard inclusions (Ei/E=3.0, ʋi/ʋ=1.0, Ri=0.25) 
and two soft ones (Ei/E=0.3, ʋi/ʋ=1.0, Ri=0.25) c) an homogeneous material containing 8 spherical hard 
inclusions (Ei/E=3.0, ʋi/ʋ=1.0, Ri=0.125) and a spherical soft inclusion (Ei/E=0.3, ʋi/ʋ=1.0, Ri=0.125 d) an 
homogeneous material containing 25 spherical hard inclusions (Ei/E=3.0, ʋi/ʋ=1.0, Ri=0.125). The 
geometry of the indenter is spherical (f(x,y)=x2/4+y2/4 for the two first cases and f(x,y)=x2/16+y2/16 for the 
two other ones) and the imposed load is (F=2*π/3) 

 

Table 1  Performance details for the different simulations. Calculations have been performed on a 
computer with Intel X5650: 2.67Ghz, single core 

 

 
Simulation 

level Total number of points Finest mesh size CPU time 

Ceramic 6 135 Millions 5/256 10h13 

Homogeneous contact 5 8.5 Millions 1/32 1h27 

Inclusions  
contact 

5 8.5 Millions 1/32 1h36 
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4 CONCLUSIONS 

In this paper the potential of the multigrid methodology is demonstrated for the simultaneous solution of 
contact mechanic problems and the associated subsurface stress fields for strongly heterogeneous 
materials. The developed method allows fast solution of problems using a large number of degrees of 
freedom such that property variations on a highly local scale can be modelled. Results have been shown 
for a ceramic subject to surface loading, modelled as a granular material with interstitial matter. It is also 
shown that solution of the contact problem can be efficiently incorporated. Pressure distribution was shown 
for homogeneous material with clusters of inclusions located close to the surface. The developed method 
offers great possibilities for parameter studies of composite and complex materials in optimization and 
design. Moreover, the method can be used for the development of macroscopic relations, e.g. as input to 
conventional computational methods (FEM), from microscopic material simulations as shown in this paper.  

5 NOMENCLATURE  

E Young’s modulus GPa 

ʋ Poisson coefficient  - λ, µ    Lame’s coefficient GPa 

σ       Stress fields GPa   
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