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Abstract
Background Flow curves can easily be obtained by uniaxial tensile tests, but strains are then limited by diffuse necking. For many
applications, the flow stress must be known above this limit.
Objective The main objective of this paper is to obtain flow curves for material with low uniform elongation to relatively high
strains compared to a uniaxial tensile test.
Method A novel in-plane sheet bending experiment and stress evaluation procedure is presented. The developed bending device
can be mounted in a tensile test machine and can produce very high bending curvatures compared to previously proposed pure
bending setups. The bending angle and curvature are obtained by image processing and the bendingmoment is calculated directly
from the force measured from the tensile test machine and the bending angle. Themoment–curvature relation is used to determine
the uniaxial stress–strain relation using an analytical approach, without presuming any hardening model. The bending process
and the analytical procedure are validated by a numerical simulation as well as by experiments.
Results The numerical validation shows good agreement between the stress–strain curve obtained from the bending process and
that of the uniaxial input flow curve up to 12% strain. Experimentally the model is validated by comparing the stress–strain curve
obtained from the bending test with the results directly obtained from a tensile test for mild steel. Good agreement is observed up
to 12% strain. As an application example, bending tests were performed on a martensitic steel (MS) with low uniform strain (less
than 3%). For this material, flow curves could be obtained up to relatively high strains (~12%), compared to a tensile test.
Conclusion This bending test setup allows to study materials with low uniform elongation up to significantly higher strains than
are readily obtained in a tensile test.

Keywords Pure bending . High strain .Material testing .Martensitic steel . Flow curves

Introduction

The maximum strain in sheet metal forming processes is often
higher than the uniform strain that can be achieved in a uniaxial
tensile test. For simulation, the flow stress from a uniaxial tensile
test is often extrapolated by fitting one of the available hardening
laws. This introduces significant uncertainty in the simulation
results. Especially, the prediction of stability of deformation is

highly affected by the actual hardening rate and therefore accu-
rate flow stress data is required for the full strain range.
Alternative sheet forming tests such as a bending test, a shear
test and a bulge forming test are comparativelymore stable than a
tensile test and higher strains can be reached. There are twomain
challenges with these alternative tests. Firstly, for accurate and
robust studies of material behavior it is necessary that the pure
bending, simple shear and biaxial conditions are reliably and
sufficiently homogeneously imposed during the experiments.
Secondly, the output from the test must be measured accurately
and then converted into the stress–strain relation of the material.

Conventional simple three point bending and four point
bending tests can be easily performed in a universal tensile
testing machine. The issue with these tests is the involvement
of axial and transverse forces in the bending deformation.
Additionally friction and local deformation under the contact
points can be sources of errors. Bending setups have been
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developed where loads are applied without contact points
which are often referred to in the underneath mentioned liter-
ature as pure bending, near pure bending or free bending
setups. In this article, these setups will be referred to as pure
bending setups. Compared to a three point or four point bend-
ing setup, these setups are complex and carry their own actu-
ation and output measurement mechanisms.

Earliest pure bending setups were developed by [1, 2]. In
[1], Perduijn and Hoogenboom developed a specially de-
signed out of plane pure bending setup to study sheet material.
Ben Zineb et al. [2] developed an out of plane pure bending
setup for fatigue study of composite materials by bending to
2% strain. In their setup, by using sliding and pivot interfaces,
a clamping system can be rotated by loading in a tensile ma-
chine. The rotation of the clamps is used to produce pure
bending in the clamped beam sample. Weiss et al. [3] intro-
duced a mechanism that can be used in a standard tensile test
machine to perform out of plane pure bending. They showed
good agreement of the moment–curvature results with a plane
stress bending model for low curvature bending. The setup of
[3] was used by Badr et al. in [4] to perform cyclic bending on
Titanium alloy. The moment–curvature data along with uni-
axial tension/compression experimental data and a finite ele-
ment model were used to fit the parameters of the YLD2000-
2D yield function incorporated with the homogenous aniso-
tropic hardening (HAH) model. The above pure bending
mechanism was limited to 1% strain in the outer most fibers
[4]. Maeda et al. [5] developed an out of plane bending setup
to investigate tension-compression asymmetry (TCA) for dual
phase steel DP980. The experimental moment–curvature re-
sults from the bending setup were validated with the moment–
curvature results iteratively calculated with pre-determined
tension and compression data from a uniaxial test. They
showed that if TCA is not taken into account the calculated
moment–curvature results deviate from the measured one.
Boers et al. [6] presented an out of plane bending setup to
investigate the Bauschinger effect. The measured force and
bend angle results were used to perform such an investigation.
Kim et al. [7] developed an out of plane bending setup to study
TCA in shape memory alloys. They measured the strain and
moment–curvature relation. Cyclic bending tests were per-
formed under ~4% maximum deformation. A similar setup
was presented by Sanchez et al. [8] to investigate
Bauschinger effects in dual phase steels and aluminum alloys.
The moment–strain relations were validated with those of nu-
merically calculated moment–strain relations for the bending
process with pre-determined tensile test data. In [9] Denk et al.
proposed an in-plane bending setup for cyclic fatigue testing.
The strains were measured using digital image correlation
(DIC). From the forces the maximum linear stress is calculat-
ed using the flexure relation, which is used to generate S-N
curves. A miniaturized version of the pure bending setup was
developed by Hoefnagels et al. [10]. The size of this setup

allows for performing pure bending tests under a Scanning
electron microscope (SEM).

Other than for sheet metals, pure bending devices have
been developed and used for various materials, such as for
composite materials by Ben Zineb et al. [2], weldments by
Bu & Gardner [11], flexible electronics by Hoefnagels et al.
[12], micro electro-mechanical systems (MEMS) by
Elhebeary & Saif [13], micro thin sheet by Stölken & Evans
[14] and metal tubes by Guo et al. [15]. Alternative testing
methods such as shear tests [16–18] and bulge tests [19–21]
can also be used to obtain stress–strain data at high strains.
These tests are in general complex in design. The shear test in
particular requires efforts to perform the test without wrin-
kling of the specimen. Peirs et al. [22] developed a shear
sample design which doesn’t require an anti-buckling mech-
anism to perform a shear test. This sample design was used by
Rahmaan et al. [23] to extract stress–strain data for DP600
steel and aluminium AA5182-O. An equivalent plastic work
methodology is used to obtain the work hardening response to
large strain levels using shear and tensile tests together.
Another test procedure is the in-plane torsion test, which can
be used to extract the material behavior, as in the work by Yin
et al. [24].

To convert the measured output from these tests into
stress–strain response of the material, inverse fitting methods
are commonly used in literature [4, 7, 25–27]. These inverse
fitting methods require accurate modeling of the processes
with a predetermined hardening model and costly optimiza-
tion loops. Another way to convert the moment–curvature
relation directly into a stress–strain relationship is by using
the analytical derivation of Nadai [28]. The derivation is ex-
plained in detail in Section 2. To the authors’ knowledge this
formulation has hardly been used in the sheet metal forming
field. Two notable uses of such a derivation can be found in
[29, 30]. The aim of these two works was to measure the TCA
in stress–strain behavior using a 4 point bending test. Both
studies used rather low ductility material with TCA and strains
up to 1%, with an exception in [29] where copper was used
also to investigate the pre-straining effect up to a strain of 5%.
In the overview above, most tests are out of plane bending
tests up to a few percent of maximum strain. Some in-plane
bending tests exist, but they are not pure bending tests and the
transverse forces directly influence the deformation in the
gauge area.

The aim of this paper is to demonstrate a simple and novel
in-plane pure bending test setup to investigate large plastic
deformation in metals. The proposed bending device is simple
in design and can be used in a tensile test machine. Apart from
that, the proposed bending setup has four advantages over the
previously mentioned devices.

1. The in-plane bending allows for goodmechanical stability
up to high curvatures.
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2. The specimen is designed in such a way that it can be
loaded using pin-hole interfaces without any clamping
mechanism.

3. The specimen design for in-plane bending offers flexibil-
ity in fabrication of specimen beam dimensions. This flex-
ibility allows for sizing of the specimen is such a way that
it is not susceptible to out of plane buckling.

4. Through thickness inhomogeneities in the sheet metal will
have negligible effect on an in-plane bending process,
while in out of plane bending the effect is enhanced.

These advantages can be used to achieve high strains,
which is a limitation in previously mentioned bending setups.
The applied moment is calculated from the forces measured
by the tensile test machine and the curvature is obtained from
image processing of the specimen deformation respectively.
The moment–curvature relation is directly converted into a
stress–strain relationship by using the analytical derivation
of Nadai [28].

With the new bending setup, high curvatures can be
reached at which the validity of the analytical reverse calcula-
tion method becomes questionable. It is therefore necessary to
perform a detailed validation to determine the range of appli-
cability. Both numerical and experimental validations are per-
formed. The numerical validation is performed with a 3D
FEM model of the bending test. The stress–strain curve eval-
uated from the moment–curvature relation of the model is
compared with the exactly known input flow curves of the
simulation. In this way, the validity of the analytical equations
can be checked for a ‘perfect experiment’. The experimental
validation is performed with a highly ductile mild steel to
assess the practical applicability and limitations of the test
for a material for which flow curves up to high strains are
available.

To demonstrate the relevance of the test procedure, the
proposed bending stage is used to evaluate the stress–strain
curve for a very low ductility and high strength Martensitic
Steel. In this class of steels the microstructure is almost fully
martensitic with small islands of ferrite and bainite [31]. The
application of these steels include rocker outer, side intrusion
beams, bumper beams, and structural reinforcement compo-
nents of the automotive body. In a uniaxial tensile test, the
uniform strain is limited to 3%–5%, while much higher strains
are applied in forming operations, demonstrating the necessity
for high-strain flow curves.

The content of this paper is described in sections as fol-
lows. In Section 2 the formulation for the conversion of
moment–curvature into stress–strain relation is revisited. In
Section 3 the design and development of the proposed bend-
ing setup is described. This is followed by the description of
test method and evaluation of the output in Section 3. The
validation and limitation of the testing and evaluation proce-
dure is investigated using numerical modeling in Section 4. In

Section 5 various experimental results from the test are
discussed, including experimental validation and application
results. The discussion of the various sections is concluded in
Section 6.

Reverse Calculation of Stress–Strain
from Moment–Curvature Curves

For bending of a beam with a monotonically increasing mo-
ment, the stress and strain in the cross-section can be obtained
from the moment–curvature diagram, under certain assump-
tions. The expression for the stress in the outer fibre from a
known moment and curvature was described already in 1931
by Nadai [28, Chapter 23, p. 164]. The derivation by Nadai
starts with assuming that the material has asymmetric tension–
compression flow stress. The equations are then derived for
the tension and compression stress separately. Subsequently,
the equations are simplified for symmetry in tension and com-
pression. In order to derive an analytical equation, it is as-
sumed that the cross section remains constant, the engineering
strain follows a linear relation over the height, the neutral line
is always in the middle of the cross section (Bernoulli hypoth-
esis) and that the stress state is uniaxial. The implications of
these assumptions are described below.

1. It is assumed that the material behaves symmetrically dur-
ing plastic deformation under tension and compression.
The implication is that for material with TCA the analyt-
ical procedure as presented here needs to be adapted.

2. It is assumed that the cross-section of the beam remains
constant. This ignores the effect of anticlastic bending
[32]. Due to distortion of the cross-section, the neutral line
shifts towards the compression region. The shift of the
neutral line will also cause previously compressed mate-
rial to be loaded in tension. A brief discussion on the
neutral line shift can be found in [33] for plane-strain
bending. When the beam becomes highly curved, com-
pressive stresses will develop in y-direction. Although
these are an order lower than the tensile and compressive
bending stresses, these will have an influence on the yield
behavior of the material.

The implications described under 2 have negligible influ-
ence on the results for small curvatures, but the accuracy will
decrease for higher curvatures. In Section 4, the influence of
these simplifying assumptions will be investigated by a nu-
merical example. For simplicity, the implication of point 1 is
accepted as a limitation and only materials with a symmetric
tension/compression behaviour are considered in this paper.

The derivation below follows a slightly different path than
in [28]. Consider a beam with a constant rectangular cross
section of height h and width b under pure bending such that
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the neutral line stays at y = 0. The moment M depends on the
stress distribution σ(ϵ(κ, y)) following:

M ¼ b∫
h
2

−h
2

y σ ϵ κ; yð Þð Þdy ð1Þ

The engineering strain ϵ(κ, y) at any point y in the cross
section and curvature κ are related by:

ϵ ¼ κy ð2Þ

In Fig. 1, a typical stress and strain distribution over the
height of the beam at a certain curvature κ is shown.

It is important to note from Fig. 1, that σ is only a function
of ϵ and ϵ is function of κ and y. We can take the derivative of
Eq. (1) on both sides with respect to κ.

d
dκ

M ¼ d
dκ

b∫
h
2

−h
2

y σ ϵ κ; yð Þð Þdy
 !

ð3Þ

The integral limits on the right hand side are not a function
of κ, then according to Leibniz’s rule:

dM
dκ

¼ b∫
h=2

−h=2

d
dκ

y σ ϵ κ; yð Þð Þ½ �dy ð4Þ

Using the chain rule and realizing that κ and y are indepen-
dent yields:

dM
dκ

¼ b∫
h=2

−h=2
y
dσ ϵ κ; yð Þð Þ

dκ
dy

¼ b∫
h=2

−h=2
y

dσ
dϵ κ; yð Þ

∂ϵ κ; yð Þ
∂κ

dy ð5Þ

From Eq. (2) follows ∂ϵ
∂κ│y ¼ y, thus simplifying Eq. (5)

to:

dM
dκ

¼ b ∫
h=2

−h=2
y2

dσ
dϵ κ; yð Þ
� �

dy ð6Þ

For the bending case under consideration, according to Eq.
(2), the derivative of stress with respect to strain can also be
derived from the partial derivative of stress with respect to
coordinate y at constant curvature κ:

∂M
∂κ

¼ b ∫
h=2

−h=2
y2

∂σ
∂y

∂y
∂ϵ

jk
� �� �

dy ð7Þ

∂y
∂ϵ│κ ¼ 1

κ then leads to:

∂M
∂κ

¼ b
κ ∫

h=2

−h=2
y2

∂σ
∂y

� �� �
dy ð8Þ

Eq. (8) can be integrated using Integration by parts:

∂M
∂κ

¼ b
κ

h
y2σ
ih=2
−h=2

−∫
h=2

−h=2
2yσ dy

� �
ð9Þ

and with ∫h=2−h=2 yσ dy ¼ M
b

∂M
∂κ

¼ b
κ

1

4
h2σ h=2ð Þ− 1

4
h2σ −h=2ð Þ− 2M

b

� �
ð10Þ

Based on the assumption that the material behaves sym-
metric in tension and compression σ(−h/2) = − σ(h/2).

κ
∂M
∂κ

¼ b
1

2
h2σ h=2ð Þ− 2M

b

� �
ð11Þ

such that:

σ h=2ð Þ ¼ 2

bh2
κ
∂M
∂κ

þ 2M
� �

ð12Þ

The engineering strain ϵl at the outer most fibre (h/2) can be
obtained from the curvature using:

ϵ h=2ð Þ ¼ κ
h
2

ð13Þ

The engineering strain can be converted to true strain in
tension and compression εT and εc, respectively, using:

Fig. 1 Stress and strain distribution in beam at a certain curvature
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εT h=2ð Þ ¼ ln 1þ ϵ h=2ð Þð Þ and εc h=2ð Þ
¼ ln 1−ϵ h=2ð Þð Þ ð14Þ

It is now shown that the engineering strain is a first order
approximation of the average of the εT and εC. The average
true strain can be written as:

εav h=2ð Þ ¼ εT h=2ð Þ−εc h=2ð Þ
2

ð15Þ

Substituting Eq. (14) in Eq. (15):

εav h=2ð Þ ¼ ln 1þ ϵ h=2ð Þð Þ−ln 1−ϵ h=2ð Þð Þ
2

¼
ln

1þ ϵ h=2ð Þ
1−ϵ h=2ð Þ

� �
2

ð16Þ

The term ln 1þϵ h=2ð Þ
1−ϵ h=2ð Þ
� �

can be approximated by a Taylor

series expansion, resulting in:

εav h=2ð Þ ¼ 1

2
ln

1þ ϵ h=2ð Þ
1−ϵ h=2ð Þ

� �

¼ ϵ h=2ð Þ þ 1

3
ϵ h=2ð Þð Þ3 þ 1

5
ϵ h=2ð Þð Þ5

þ H :O:T ð17Þ

Putting the Taylor expansion results in Eq. (16), and
neglecting the third and higher order terms gives:

εav h=2ð Þ≈ϵ h=2ð Þ ð18Þ

Thus, the average true strain from Eq. (15) is coupled with
the stress from Eq. (12) for comparison and validation pur-
pose. Although several assumptions are made in the derivation
of Eq. (12) and Eq. (15), in Section 4 and Section 5 it will be
shown to give good results even for relatively high strains.

Proposed Bending Setup

A new test design is proposed that is able to perform pure
bending in the plane of the sheet. This bending setup can be
mounted in a tensile test machine. A special sample design is
suggested for this process as illustrated in Fig. 2a). The sample
has a reduced cross section in the middle that acts as a beam
between two rectangular support sections. The support sec-
tions have holes for pins through which loads can be applied
vertically. The pin-hole interface offers free rotation and are
loaded as shown in Fig. 2. The applied boundary conditions
will result in rigid rotation of the rectangular support sections
causing pure bending in the beam as shown in Fig. 2 b). This

in-plane bending of the sheet allows for a high curvature to
height ratio, resulting in a high strain at the outer fiber.

Design of the Bending Setup

The detailed design of the physical setup to perform the above
mentioned bending process is shown in Fig. 3. The setup
which consists of two clamping units can be mounted in a
tensile test machine. The setup has linear ball bearings to
allow for free movement in X-direction, thus minimizing
any axial forces. For free rotation in the hinges (pins), spher-
ical rod ends with ball bearings are used. The model of the
spherical rod end bearing used here is Kipp K0717.06. These
bearings allows for self-alignment and offer very low friction
in rotation.

Sample Preparation and Testing

The samples are prepared by laser cutting from metal plate.
Typical sample dimensions can be seen in Fig. 4 and Table 1.
After laser cutting, the samples are spray painted in white.
Next, the painted samples are engraved with an engraving
laser using low power setting. The engraving is conducted
such that it only affects the paint on the surface to produce
contrast in the selected regions required for image processing.
The engraving process marks several precise lines on the sam-
ples as shown in Fig. 4 b). These line segments at various
sections of the beam can be used to calculate curvature at
those sections.

Before testing of the sample, some masking is done on the
sample using a black marker. Such physical masking makes
image processing robust and easy in terms of tracking regions
of interest. The sample is pinned in the bending setup. The
pulling action from the tensile machine will cause bending of
the beam section. A high definition camera (IDS UI-3590CP
Rev. 2) and lens (Ricoh, FL-BC7528-9 M, 75 mm, 1″) are
used to record a video during deformation. The undeformed
and deformed shape of the bending sample from a video re-
cording of the test are shown in Fig. 5.

Guidelines for Specimen Design

The specimen design as presented in Fig. 4 is done in accor-
dance with design constraints of the bending setup and to
achieve sufficiently high strain at a uniaxial stress condition.
Guidelines for three important dimensions necessary to
achieve stable high strain under uniaxial stress conditions
are given below.

1. Beam height (h): The beam height directly governs the
maximum achievable strain in the outermost fibre.
Therefore as a result, the higher the beam, the higher the
achievable strain. The maximum height of the beam is
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limited by the sensitivity of the bending process to out-of-
plane buckling. From experience in this work, to avoid
buckling, it is recommended to keep the ratio h ≤ 3b.
Where b is the sheet thickness. On the other hand the
minimum value of h is limited by the condition to achieve
plane stress bending. This is essential to a uniaxial stress
state at the outermost fibre of the beam. Based on the
results of a finite element analysis, the recommended safe
limit for a plane stress condition is h > 1.5b.

2. Beam length (l): The beam length directly governs the
maximum achievable curvature. The shorter the beam
length, the higher the maximum achievable curvature
and thus, the higher the maximum achievable strain. The
minimum length of the beam is limited due to the edge
effect from the rectangular support section that will influ-
ence the stress state in adjacent regions of the beam. This
limits the part of the beam in the middle that will undergo
pure bending. Therefore, the beam should be long enough
to produce a pure bending region that is large enough to
measure the curvature with ease. From experience in this

work, as a design guideline a limit of l > 2b for the beam
length is recommended.

3. Another important dimension is the diameter of the pin-
hole interface and the position of the pins. This does not
affect the maximum achievable strain, but should be sized
in such a way that there is no plastic deformation at the
hole.

Apart from the beam dimension the rest of the specimen
dimensions are chosen in accordance with the dimensions of
the bearings used in the bending setup. These dimensions are
chosen such that a sufficient bending angle (60 °) is achieved
with the currently used bearings.

Image Processing

After the test is complete, the video recording is processed
frame by frame in MATLAB R2017b to determine the curva-
ture of the beam section and the rotation of the support
sections.

Curvature Calculation

The curvature of the beam section is determined by processing
the video recording of the experiment. Various strategies were
tried for image processing of the video frames and the strategy
with the most robust results is listed below.

1. The original grey scale image from the camera is first
converted into a binary image.

2. A flood-fill operation on background pixels of the input
binary image is performed to fill holes (islands of back-
ground pixels). In this operation holes are any background
pixels which can’t be reached by the filling operation
from the outer boundary of the image.

3. The binary image is then cleaned around the edges. This is
done by performing an erosion followed by dilation mor-
phological operations using a specified morphological el-
ement. The element used in this case is a disk with radius

Fig. 2 a) Schematic of the new
bending setup with un-deformed
sample. The pin-hole interface
offers free rotation. b) Deformed
sample

Fig. 3 Design of the bending setup with two clamping units including
specimen. The setup can be mounted in a tensile test machine to perform
pure bending
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of 5 pixels. After that 2D mean filtering operation is per-
formed to filter out any remaining noise on the edges.

4. The edges of all features (demarcation between black and
white pixels) in the cleaned binary image are detected
using the Canny method [34].

5. Boundaries are drawn along the detected edges for all the
features. The procedure is based on the “boundaries”
function given in [35] (see Fig. 6).

6. A calibration factor is calculated manually from the first
frame with un-deformed specimen. The calibration factor
is the ratio of the un-deformed beam height in mm to the
height in pixel values. The collected boundaries are scaled
to real world dimensions by multiplying with the calibra-
tion factor.

7. In step 5, a boundary is drawn around all features present
in the image. Boundaries of the regions of interest are
selected for further processing. The separated boundaries
of the regions of interest are sorted based on their posi-
tions for orderly evaluation.

8. The detected boundaries represent the demarcation be-
tween black pixels in the engraved lines and the white
pixels in the background. The angles for different beam
sections are measured by fitting straight lines to the aver-
age of adjacent sides of the boundaries (see Fig. 7). The

average is obtained by taking the mean of the coordinates
of adjacent boundary points. The averaging of the bound-
aries gives robust results. The bending angle measure-
ment (θ) is also illustrated in Fig. 7. The bending angle
is required to calculate the bending moment (see
Section 3.3.2).

Four curvature values are calculated from the outer to inner
section along the beam length. For each section the initial
length l is measured from the first frame and angle ϕ for the
fitted lines of Fig. 7 for each frame. For a beam-section n
where n is from 1 to 4, the curvature κn at a particular time ti
is given by:

κn tið Þ ¼ ϕn tið Þ−ϕn t0ð Þ
ln t0ð Þ ð19Þ

These four curvature values can be compared to see if the
curvature is constant along the beam length.

Moment Calculation

The bending moment can be calculated from the measured
forces and the position of the hinges. The force is measured

Fig. 4 a) Laser cutting
dimensions, R = 1 mm. b) Painted
and engraved sample

Table 1 Dimension of the specimen and the mesh size used in the simulation

Beam Length, l
(mm)

Beam Height, h
(mm)

Sheet thickness, b
(mm)

x
(mm)

y
(mm)

Mesh size for beam (mm) Elements through
thickness

10 4 2 21 8 0.25 6
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directly from the tensile test machine while the horizontal
distance d between hinged positions can be determined from
the bending angle, which is calculated from image processing.
The moment is calculated according to the illustration in
Fig. 8.

The bending angle could also be calculated from the verti-
cal displacement v of the cross-head. Due to machine compli-
ance, measurement of the bending angle from image

processing is more accurate than based on the cross-head dis-
placement. According to Fig. 8, the moment is given by:

M ¼ Fd ð20Þ

where F is half of the force measured by the transducer of
the tensile test machine and d = x cos(θ) + y sin(θ).

Numerical Validation of Stress–Strain
Calculation

In this section, the equations for the reverse calculation of the
stress–strain relation from the moment–curvature relation are
validated by using a numerical model with exactly known
hardening curve. The difference between the input hardening

Fig. 5 Undeformed and
deformed shape of the bending
sample. The images are from the
video camera recording

Fig. 6 The extracted boundaries using image processing are shown as an
overlay on the image

Fig. 7 Definition of angle of rotation θ and of curvature angles ϕn for
various sections of the beam. This average represents each engraving line
marked on the sample
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curve and the result from the analytical reverse calculation
shows up to what level the assumptions that were made in
the derivation are valid. The numerical simulation is per-
formed with MSC.Marc 2017, where the beam section is
modelled using linear 3D brick elements (element code 7)
with enhanced assumed strain formulation to improve the ac-
curacy in bending. Specifications of the specimen and mesh
sizes are presented in Fig. 9 and Table 1 with beam length
10 mm beam height of 4 mm and sheet thickness of 2 mm. No
symmetry is used in the model for this initial analysis.
Frictionless contact is used for the pin-hole interface. The
simulation is performed with a von Mises yield function.
Isotropic hardening behaviour is applied, using the Swift hard-
ening law:

σ f ¼ K εo þ εp
� 	n ð21Þ

With K, εo and n material parameters, equal to 550.8 MPa,
0.01024 and 0.2163 respectively. These are representative
values for mild steel.

Curvature and moment are calculated by processing the
nodal data of the simulation output files inMATLAB and then
using the procedure described in Sections 3.3.1 and 3.3.2. The
calculated moment and curvature are used in Eq. (12) to de-
termine the stress. Eq. (14) and (15) are used to determine the

average true strain. The stress–strain curve achieved by using
the reverse analytical calculation is then compared to the input
flow stress curve. The comparison is shown here for a maxi-
mum curvature of 0.11 mm−1 with true strains up to ~23% in
the outermost fibres Fig. 10. The axial component of stress
and strain is also separately evaluated at the nodal position in
the outermost tension and outermost compression fibre of the
beam section. The comparison shows that the reverse calcula-
tion is in good agreement until ~12% strain. The deviation
becomes significant after 15% strain. Thus, the assumptions
that were made in Section 2, leading to the reverse analytical
calculation are acceptable for strains up to 12%.

The equivalent plastic strain, axial strain and radial stress
σ22 are plotted in Fig. 11 at 12% and 42% maximum strain in
the beam. It can be seen that the deviation between the linear
engineering strain and nonlinear true strain is small for the
case of 12% maximum strain. Also at 12% of strain, the max-
imum value of the stress σ22 is small compared to the maxi-
mum value of axial stress σ11 in Fig. 10. At a maximum strain
of 42%, σ22 becomes significant. Therefore, at high strain the
stress–strain curve derived from the reverse analytical calcu-
lation deviates from the input flow curve for strains above
12%. It should be noted that the limitation for accurate eval-
uation of stress–strain relations to 12% strain is due to the
assumptions made in the analytical conversion. With a

Fig. 8 Moment calculation for
the bending test. Angle θ is
measured from tracking the upper
edge (red line) of the sample by
image processing of the video

Fig. 9 Dimensions of the simulation specimen, and illustration of the mesh (3D) used
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numerical evaluation framework where all phenomena of the
pure bending process are properly taken into account, the
stress–strain relation can be obtained up to higher strains, still
without assuming a pre-defined hardening formula. It should
be noted that even for material with symmetric tension and
compression behaviour, the engineering strains are only sym-
metric for low curvatures. At higher curvature due to shift of
the zero strain position, the engineering strains become non-
symmetric. If the material behaviour has TCA, the engineer-
ing strains are asymmetric in tension and compression from
the beginning. In these cases, it is necessary to measure the
strains in the outermost fibres of the beam or measure curva-
ture and one of the outermost fibre strain. For the case of
asymmetric tension and compression strains the curvature is
given by.

κ ¼ ϵT−ϵCð Þ
h

ð22Þ

where ϵT and ϵC are the engineering strains of the outermost
fibres in tension and compression, respectively. The equation

for reverse calculation of stress for the asymmetric stress–
strain material can be found in [28]. The application of these
equations has already been demonstrated by [29, 30] for four
point bending, but only for strains in a range of 1–5%.

Experimental Validation and Application
of the New Bending Setup

Experiments have been performedwith the new bending setup
according to the methodology described in Section 3.
Experiments are divided into two categories: validation and
application. In the experimental validation, a very ductile mild
steel is used for which the stress–strain curve can also be
determined up to high strain in a tensile test. The curve from
the reverse analytical calculation is compared with the direct
tensile experiment. The difference with the numerical valida-
tion is that now also measurement uncertainties are included.
In the experimental application a low-ductility material is used
with less than 3% uniform strain in a tensile test.

Validation Experiments

The validation experiments are performed on a ductile mild
steel. High ductility of the steel allows for high uniform
strains. The tensile test results for 2 mm thick mild steel are
given in Fig. 14. which are used to compare with and validate
the results of the proposed bending test using the reverse an-
alytical calculation. The bending tests are performed for 2 mm
thick mild steel with specimens cut in the plane of the sheet
according to the dimensions given in Fig. 4 a) and Table 1.
with beam height of 4 mm.

First the result of the curvature measured at different sec-
tions of the beam from the engraved line segments is shown in
Fig. 12. For comparison, the curvature calculated from the
bending angle (θ) is also plotted. The comparison shows that
the measured curvatures along the beam between various line
segments coincide in the beginning. First the curvature of the
outermost line segments (κ1) starts to deviate, because it is

Fig. 11 Plots of the a) Equivalent plastic strain, b) Axial Strain and c) Stress σ22 at 12% and 42% strain during the bending FEM simulation

Fig. 10 Comparison of input flow stress from simulation with reverse
calculation of stress from moment–curvature of simulation. The agree-
ment of the axial component of the outer most compression (red) and
tension (green) fibre stress is also shown
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most influenced by the boundary to the support section.
Curvature of the inner 3 line segments are on top of each other,
indicating a constant curvature over a large part of the beam
section. For evaluation purpose the mean of the curvature
calculated from the inner 3 lines is used.

A typical force–displacement curve from the tensile ma-
chine for the bending process is shown in Fig. 13a). Using
Eq. (20), the bending moment can be calculated from the
forces measured by the tensile test machine. The moment–
curvature relations are given in Fig. 13b). The moment–
curvature relation can be used in Eq. (12) to analytically re-
verse calculate the stress–strain relation. The calculation in-
volves the derivative of the moment with respect to curvature.
For good accuracy, it is necessary to smooth the moment–
curvature curve before taking the derivative. The smoothing
is performed using a Savitzky-Golay filter. This method uses a
polynomial to smooth over a specified moving-window of the
data. To avoid an offset in elastic-plastic transition region an
adaptivemoving window scheme is used. In the elastic region,
a small window size of 3 data points is used and a large
window of 151 data points is used for the plastic region of

the curve. The smoothing window linearly increases from
small to large in the transition region of the curve. This allows
for optimal smoothing without any offset from the original
curve with R2 values as high as 0.9993. The smoothing result
is shown in Fig. 13b). For better comparison the derivative of
the smoothed and non-smoothed moment data is also plotted
in Fig. 13c). The high R2 values and the comparison of the
smoothed and non-smoothed data shows, that the smoothing
process will have negligible systematic effects on the results.

The results for the reverse calculation of the stress–strain
curves for 4 samples is compared to that of the uniaxial tensile
stress–strain results in Fig. 14. The comparison shows a good
agreement between the bending and tensile test result up to
~12% strain and clearly deviates above 15% strain. The result
of the 4 samples shows very good repeatability of the bending
test. The experimental validation shows that it is feasible to
determine the stress–strain curve of a material from the pre-
sented bending test using the analytical reverse calculation
with sufficient accuracy over the complete range from 0 to
12% strain. For higher strains, the numerical validation

Fig. 13 a) Typical force–displacement curve for the bending process. b) Smoothing of the moment–curvature curve. c) Comparison of the derivative of
smoothed and non-smoothed data

Fig. 12 Comparison plots of the curvature measured at different sections
along the length of the beam

Fig. 14 Comparison of the stress–strain curves from the bending process
with the stress–strain curves from tensile tests for mild steel
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showed already that the assumptions made for the analytical
reverse calculation are no longer valid.

In the bending experiments with the proposed setup, a
maximum strain of 42% could be obtained. To determine a
reliable stress–strain relation up to this high strain, however, a
more advanced reverse calculation procedure must be
developed.

Application Experiments

The results of the numerical and experimental validation
discussed above show that the new bending test and the
reverse calculation of the stress–strain relation can be
used for strain ranges up to ~12%. As mentioned be-
fore, the potential application of the new bending setup
is to determine stress–strain curves for materials with
low uniform strain. As an example, the hardening be-
haviour of SSAB Docol 1400 m martensitic steel is
investigated, where uniaxial tensile tests reach very lim-
ited elongation [31, 36]. A study on the microstructural
analysis of Docol 1400 m can be found in [37]. The
chemical composition of the steel according to the sup-
plier is given in Table 2.

For this study 1mm thick Docol 1400mmartensitic steel is
used. The samples are cut according to the dimensions pro-
vided in Table 1 but with beam heights of 3 mm. Since the
sheet thickness is 1 mm for this material, a beam height of
3 mm is used, because a 4 mm high beam showed out of plane
buckling.

A typical bending moment–curvature relation for this ma-
terial is shown in Fig. 15. It can be seen that the moment–
curvature relation shows softening behaviour after a curvature
value of 0.15 mm−1. This softening can be attributed to local
flattening (necking) in the tensile outer region. Micro-cracks
are observed after the test on the tension side of the beam. This
strain region is of no interest, as it is already beyond the ac-
curate strain range of ~12% (at curvature of 0.08 mm−1) for
which the current inverse formulation can evaluate the stress–
strain relations as shown in Fig. 15b).

Stress–strain curves evaluated using the analytical reverse
calculation for four samples are compared with curves from
tensile tests performed on the material in Fig. 16. The tensile
test of the material shows necking at a strain of 3% and the
specimen fails at a strain below 5%. On the other hand the
bending test shows very high deformation stability for this
material. As discussed in the previous sections, the results
are accurate up to 12% strain. Furthermore, the bending test
shows very good repeatability for the results of the four sam-
ples within the valid strain range.

Table 2 Chemical composition for Docol 1400 m (Mass fraction of
alloying elements in percent)

C Si Mn P S Al Nb + Ti

0.2 0.4 1.6 0.02 0.01 0.015 0.1

Fig. 15 a) Typical force–
displacement curve and b)
Moment–curvature curve for
Docol 1400 m steel

Fig. 16 Comparison of the stress–strain behaviour of Docol 1400 m steel
from a tensile test and from bending tests
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It would not be possible to observe high strain hardening
behaviour of the above steel with a simple tensile test. The
results show that the proposed bending setup and analytical
reverse calculation can be used for materials with a low uni-
form strain in a uniaxial tensile test. The bending setup allows
to study these materials at significantly higher strains.

Conclusions

After the numerical and experimental validation and the first
application to a low ductility material, the following conclu-
sions can be drawn.

1. A novel experimental bending setup is presented in this
paper. The bending setup allows for high curvature in-
plane pure bending of sheet specimens. In the proposed
setup the moment is evaluated directly from the forces
measured by the tensile machine and the bending angle
and the curvature is evaluated by image processing.

2. An analytical method for reverse calculation of the stress–
strain relation from the moment–curvature relation is ap-
plied and validated with a numerical simulation model as
well as with experimental results.

3. The numerical validation shows that the method allows
for good agreement up to ~12% of strains. In experiments
strains up to 42% were achieved for mild steel, almost
twice as much as in a uniaxial tensile test.

4. Also in validation experiments agreement up to 12%
strain was observed with tensile test results. For accurate
evaluation of stresses at higher strains, a numerical proce-
dure must be developed.

5. For demonstration purposes, the bending setup was used
for a martensitic steel, Docol 1400 m. It contains a very
high amount of martensite and shows a very low uniform
strain. The bending test showed very high deformation
stability for this steel with strains up to 20%. Stress–
strain curves up to 12% can be determined accurately with
the newly proposed bending setup. This is not possible
with standard tensile tests as the specimen necks at a strain
of 3%.

Overall, the bending setup offers a simple and unique so-
lution for in-plane pure bending of sheet material. The
moment–curvature measurement from this setup can be used
to study hardening behaviour up to relatively high strain.
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