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ABSTRACT: A Thiele modulus-effectiveness factor method was
applied to provide insight into the interplay of intraparticle mass
transfer and intrinsic adsorption kinetics in nonequilibrium adsorption
processes. A full model and two approximate methods were
considered. In the approximate methods only the fluid concentration
at the exterior surface and the averaged sorbent loading are required
as input. Assuming a uniform sorbent loading, an explicit solution for
the effectiveness factor for adsorption as a function of the Thiele
modulus for adsorption was derived. For each adsorptive system a
minimum and maximum Thiele modulus can be calculated, which
provide a priori insights regarding the rate-determining step. The
approximations were validated against complete numerical solutions
for a single particle and their use was compared to a complete particle description within a full reactor-particle model. Results for
CO2 adsorption from flue gas and ambient air showed that the approximations result in a good accuracy for the applications studied.

1. INTRODUCTION
To design adsorption equipment the adsorption rate should be
quantified. For example, CO2 adsorption on amine sorbents is
becoming relevant for direct air capture,1 deep removal of sour
gas,2 and postcombustion CO2 capture.3 The rate of
adsorption is a function of numerous phenomena. The
adsorption rate is governed by (a) external mass transfer of
species from the bulk fluid to the particle exterior surface, (b)
intraparticle mass transfer from the particle exterior surface to
its interior, and (c) the intrinsic adsorption process
(physisorption or chemisorption). However, the quantified
assessment of the adsorption rate is not trivial. First, it requires
sound input parameters such as material properties, fluid
properties, and adsorption kinetics. Second, a proper
description of each phenomenon can be computationally
intensive dependent on the mathematical complexity of the
model used. Third, it ideally requires both a description of
mass transfer and adsorption processes on a sorbent particle
level and reactor level, which requires numerical routines.
Because of this complexity simplified linear driving force

(LDF) models are often used to describe the adsorption rate:

q
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k f c q f c c f q q
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( , ) where orLDF= · = − * = * −

(1)

LDF models have either the fluid-phase (c − c*) or adsorbed-
phase (q* − q) as the concentration driving force. In eq 1, kLDF
is a rate constant, which lumps all mass transfer and reaction
phenomena describing the adsorption rate of species. The
concentration in equilibrium with sorbent loading of the

sorbent is denoted by c* and the sorbent loading in
equilibrium with the bulk concentration is denoted by q*.
For some extreme cases, such as full control by external mass
transfer or pore diffusion, the value of kLDF can be calculated
based on particle geometry and process conditions, but often
its value is obtained by fitting experimental data. In conclusion,
in most cases LDF models represent a simplified description of
mass transfer and adsorption processes in adsorbing
particles.4,5

The other extreme of describing the mass transfer process is
defining a full mass balance over a (pseudohomogeneous)
particle. For simplified cases of adsorbing particles analytical
solutions are available, but frequently, the equations have to be
solved numerically. An overview of all phenomena that have to
be accounted for when defining a full mass balance over a
particle are described in the book of Do.6 Most of the time it is
very hard to account for every phenomenon, for example
because of a lack of sound input data and the subsequent
simplifications that are required again. Frequently made
assumptions are the following:

1. Negligible external mass transfer limitations: External
mass transfer can be negligible or the particle model is
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modeled with an imposed adsorbate concentration at its
exterior surface.

2. Local equilibrium between the fluid and adsorbed
phase: This implies that the intrinsic adsorption is much
faster than intraparticle mass transfer processes. The
advantage of this assumption is that one only has to
solve the mass balance for the fluid phase. For linear
adsorption isotherms an analytical solution exists
frequently.6−8

3. Negligible surface diffusion: Dependent on the
adsorption bond type of the adsorbate with the
adsorbent surface and the adsorption enthalpy, surface
diffusion may be significant or negligible. Please note
that the surface diffusion coefficient may differ over 10
orders of magnitude dependent on the system and, thus,
surface diffusion may have a much larger influence on
the one system than the other.9

As stated before, the adsorption rate is dependent on the
conditions around and in the particle. For example, the
adsorption rate influences the adsorbate concentration in the
bulk fluid and the sorbent loading, which will again influence
the adsorption rate. For simplified cases, such as (batch)
adsorption in an ideally mixed reactor, it is easy to account for
this. However, it becomes complicated for situations such as
plug flow of the fluid and/or the solid sorbent, due to the
inherent nonstationary character of the adsorption process.
Ideally, one can solve the mass balance for the reactor
simultaneously with a mass balance for each particle, but this
requires significant computational power because these mass
balances are coupled.
This challenge is also faced in gas−solid or liquid−solid

chemical reaction engineering where heterogeneous catalysts
are used: for example, the bulk fluid concentration may affect
the catalyst productivity and intraparticle mass transfer
limitations may effect the bulk fluid concentration. Thiele
came up with the concept of the effectiveness factor: using a
(simplified) analytical solution of a catalyst particle, intra-
particle diffusion limitations could be related to exterior surface
conditions.10 With this, solving a particle mass balance
together with the equations for the reactor is avoided. Thiele’s
approach is based on the ratio of the intrinsic reaction rate and
mass transfer rate in a catalyst particle, the Thiele modulus,
which could be translated in an effectiveness factor. The latter
is convenient when modeling gas−solid or liquid−solid
reactors. For heterogeneous catalysis this is easier due to its
steady-state character. Therefore, defining such an effectiveness
factor for adsorption is more complex because of its
nonstationary character.
The latter provided inspiration for this research: is it possible

to establish a similar Thiele modulus−effectiveness factor
relation for adsorption in order to provide insights and to ease
modeling? To start with, this would reduce the computational
power required when modeling adsorption equipment.
Furthermore, various phenomena are not lumped in a fitted
parameter like some LDF models. Lastly, it provides additional
physical insights because various phenomena are accounted for
separately and can be mutually compared by dimensionless
numbers.
Komiyama et al. already presented an effectiveness factor for

adsorption in solid−liquid slurries.11 They included external
mass transfer, used a linear adsorption isotherm, and imposed
local equilibrium. In this article we develop an effectiveness

factor method for adsorbing particles having a nonlinear
adsorption isotherm using intrinsic adsorption kinetics. The
latter aspect is also known as nonequilibrium adsorption.12

The effectiveness factor method can be used to model
adsorptive reactors including approximate intraparticle mass
transfer limitations, which is also demonstrated in this work.
In recent years, the adsorption of sour gases including CO2

and H2S on supported amine sorbents (SASs) gained interest,
for example for postcombustion CO2 capture, the removal of
sour gases from natural gas or biogas and ambient CO2
capture.1−3,13−15 For a specific amine sorbent, Lewatit VP
OC 1065 (Lanxess), the intrinsic adsorption kinetics have
recently been reported.16 This allows us to (a) investigate
effectiveness factors for CO2 adsorption on the amine sorbent,
(b) to develop this method for a relevant gas−solid
adsorbate−adsorbent system on the particle scale, and (c) to
demonstrate how this method can be applied on modeling on
the reactor scale. This method can also be applied to other
systems of adsorbates and adsorbents when the intrinsic
adsorption kinetics are known. The intrinsic adsorption
kinetics have to be first order in the gas concentration and
have to be consistent with the adsorption isotherm. The latter
means that the intrinsic reaction rate equation should yield the
adsorption isotherm (a dynamic equilibrium), if the dynamic
adsorption rate is equal to the dynamic desorption rate,
imposing a net zero reaction rate.

2. MATHEMATICAL FORMULATION OF
NONEQUILIBRIUM ADSORPTION ON THE
PARTICLE LEVEL
2.1. Gas and Solid Phase Mass Balance. The basis of

this work is a mathematical description of a spherical adsorbent
particle, in line with the work of Do and Rice.12 The key
characteristics of the model are the following:

1. Diffusion is of the Fickian type.
2. The effective pore diffusion coefficient is independent of

concentration.
3. The effect of surface diffusion is negligible. This

assumption is validated in section S2 of the Supporting
Information.

4. The intrinsic adsorption kinetics are described by a
nonlinear reaction rate equation (that is, nonequilibrium
adsorption). This work uses the Toth reaction rate
equation, which can easily be converted to the Langmuir
reaction rate equation.6,16

5. The concentration at the exterior surface of the
adsorbent particle is set.

6. Total pressure gradients in the particle are negligible,
and thus, viscous flow of adsorbates is negligible.

The gas phase of the adsorbent particle is described by

i
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In this equation Dp represents the effective pore diffusion
coefficient which includes molecular and/or Knudsen
diffusion. RA represents the intrinsic adsorption kinetics.
The boundary conditions are described by an imposed

concentration at the particle exterior surface (r = L where L is
the particle radius) and symmetry at the center (r = 0):

c c
c
r

and 0r L
r

b
0

| = ∂
∂
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= (3)
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The initial condition is described by zero concentration of
adsorbates in the particle:

c 0t 0| == (4)

The solid phase of the adsorbent particle is described by

q
t

R c q( , )A
∂
∂

=
(5)

With the initial condition that it is fully desorbed:

q 0t 0| == (6)

Being inspired by the direct capture of CO2 from air, the deep
removal of CO2 and postcombustion CO2 capture using amine
sorbents, this work uses the Toth reaction rate equation
because CO2 adsorption on the amine sorbent is described by
this type of reaction rate equation. It is described by6,16
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This equation implicitly assumes ideal gas behavior: PCO2 =
cRT where c is the concentration of the adsorbate. Please note
that (a) if th = 1, this equation reduces to the Langmuir
reaction rate equation6 and (b) if the net reaction rate is zero
(RA = 0), the equation reduces to equilibrium (the Toth
adsorption isotherm or Langmuir if th = 1). Some parameters
in eq 7 are temperature dependent:6,7,16
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2.2. Dimensionless Equations. Equations 2−7 are
nondimensionalized using the following definitions:

c
c
c

r
r
L

q
q
q

, ,
b s

′ = ′ = ′ =
(11)

Applying these definitions lead to the following system of
partial differential equations with their corresponding boun-
dary and initial conditions. The dimensionless gas phase
balance becomes
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with the boundary conditions

c
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and initial condition:

c 0Fo 0′| == (14)

Equation 12 contains some dimensionless numbers:

D t

L
L

k RT

D
bc RTFo , ,p

s
2

s T

p
bε

ϕ
ρ

β= * = =
(15)

The Fourier number Fo characterizes the diffusive mass
transport through the particle pores. The ratio between
intrinsic adsorption kinetics and pore diffusivity is represented
by ϕ*, very analogous to the classical Thiele modulus.10

Douven et al. also used a similar definition in the context of
adsorption.17 The modulus β describes the affinity of the
adsorbate with the adsorbent: if β ≫ 1 the backward reaction
is suppressed.
The dimensionless solid phase balance now becomes

q
q c

q
(1 )t t1/h h

ω β
∂ ′
∂

= − ′ ′ −
′

(16)

with the initial condition

q 00′| =ω= (17)

Equation 16 contains an additional dimensionless number:

tk RTc
q

T b

s

ω =
(18)

This modulus represents the dimensionless time for saturation
of all adsorption sites (qs).

2.3. Definition of an Effectiveness Factor for
Adsorption. The classical definition of the effectiveness
factor η is10,18

observed reaction rate including intraparticle transport limitations
reaction rate evaluated at exterior surface conditions

η =

(19)

The usage of this definition in adsorption is however
complicated, especially with respect to the sorbent loading
evaluated at the exterior surface. In the first place, if one would
like to evaluate the reaction rate at exterior surface conditions,
the sorbent loading at the exterior surface is to be used. This
will lead to a falsified exterior surface reaction rate because the
sorbent loading in the particle will be lower and, hence, the
reaction rate in the particle will be higher. Moreover, especially
in nonequilibrium adsorption this becomes ambiguous since
the sorbent loading at the particle exterior surface increases
with time (in contrast to imposing local equilibrium, then the
sorbent loading at the exterior surface is in equilibrium with
the composition of the bulk fluid around the particle). Finally,
the definition of the effectiveness factor should use input
conditions that are available from a reactor model. The sorbent
loading at the particle exterior surface is not given by a reactor
model.
To overcome this, we modified the classical effectiveness

factor and introduce the effectiveness factor for adsorption ηads:

R c q V

R c q V

observed reaction rate including intraparticle transport limitations

reaction rate evaluated at the bulk conc and particle averaged 

sorbent loading

( , )d

( , )

ads

A

A b av

∫ ∫ ∫

η =

=
(20)

This definition can be used in a reactor model, for example in
fixed bed adsorption or a continuous adsorption process. The
reaction rate including intraparticle mass transfer limitations is
then given by ηadsRA(cb, qav), which can be used in a reactor
model. As a result, this definition for the effectiveness factor for
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adsorption is practical and useful for practical applications in
adsorption reactor modeling.
For a spherical particle, eq 20 reduces to
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This definition uses the bulk adsorbate concentration cb
analogous to the classical effectiveness factor but uses the
averaged sorbent loading qav as input. The averaged sorbent
loading can be calculated from the particle model as follows:
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This equation can also be written in its dimensionless form:

q q r r r3 ( ) dav

1

0

2∫′ = ′ ′ · ′ ′
(23)

Both the bulk adsorbate concentration cb and the averaged
sorbent loading qav are conveniently available from any reactor
model for adsorption. This is demonstrated in section S5 of the
Supporting Information. In this way, the effectiveness factor
can easily account for intraparticle mass transfer within a
higher level reactor model.

3. NUMERICAL ANALYSIS OF CO2 ADSORPTION ON
A COMMERCIAL AMINE SORBENT

The intrinsic adsorption kinetics of CO2 adsorption on a
commercial amine sorbent (Lewatit VP OC 1065, Lanxess)
have been reported recently.16 Therefore, this system is used as
reference because many model input parameters are known or
can be reasonably well estimated.
The effective pore diffusion coefficient Dp includes both

molecular diffusion and Knudsen diffusion. The latter is
required because the mean free path of CO2 is larger than the
pore diameter of the amine sorbent.3,18 The effective pore
diffusion coefficient is the defined as

i
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jjjjj
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{
zzzzzD D D

1 1 1

p s AB Kn

τ
ε

= +
(24)

The Knudsen diffusion coefficient DKn is defined as18

D
d RT

M3
8

Kn
pore

CO2
π

=
(25)

With respect to intrinsic adsorption kinetics, the parameters of
Bos et al. are used and are shown in Table 1.16 For all
simulations the total pressure was 1 atm. More input
parameters regarding intraparticle mass transfer can be found
in Table 2. The simulations consist of three typical cases which
have their own bulk concentration/volume fraction and
temperature.1−3 In addition, the values for ϕ* and β are given:

1. Air capture: 400 ppm of CO2, 20 °C, ϕ* = 7.82, β =
28.9.

2. Deep removal experiments from our earlier work:2 1%
CO2, 40 °C, ϕ* = 9.64, β = 59.5.

3. Postcombustion CO2 capture: 10% CO2, 40 °C, ϕ* =
9.64, β = 595.

Equations 12−17 are numerically solved using the pdepe
solver of Matlab 2019a. To evaluate the integral in eq 21, the
numerical solution of the pdepe solver is used in cooperation
with the integral routine of Matlab 2019a.
Figures 1−3 show the effectiveness factors for adsorption for

each of the three cases. The figures are presented as a function
of time and the normalized sorbent loading qav/q*, where q*
represents the equilibrium sorbent loading at the defined
volume fraction and temperature. The normalized sorbent
loading can be interpreted as the extent of adsorption for a
given particle. For all figures it can be seen that the
effectiveness factors for adsorption increase with time and
normalized sorbent loading. As the particle saturates with CO2,
the reaction rate decreases and, thus, intraparticle diffusion
limitations decrease, which is represented by an increased
effectiveness factor for adsorption. Although the effectiveness
factor for adsorption increases, the overall (or apparent)
adsorption rate of the particle decreases because adsorption is
being approached. Dependent on the bulk volume fraction and
temperature, the effectiveness factor for adsorption varies
roughly between 0.29−0.34 and near unity. This implies that
intraparticle diffusion limitations are present for CO2
adsorption on this amine sorbent for any case.
From the figures, it may appear as if the effectiveness factor

has an offset at t = 0 s. However, if one considers the range
where t < 0.01 s it can be seen that the effectiveness factor for
adsorption goes through the origin. The time for the “jump” in

Table 1. Parameters for the Kinetic Description of CO2
Adsorption on the Used Amine Sorbent by Bos et al.16,a

parameter value

qs0 (mol/kg) 3.40
χ (−) 0
T0 (K) 353.15
b0 (1/bar) 93.0
ΔH0 (kJ/mol) 95.3
t0 (−) 0.37
α (−) 0.33
k0 (mol/(kgs bar s)) 3.5 × 103

Eact (kJ/mol) 15.2
aData reproduced with permission from ref 15. Copyright 2019
Elsevier.

Table 2. Intraparticle Mass Transfer Properties

parameter value ref

pore diameter (mg) 25 × 10−9 19
molecular weight of CO2 (kg/mol) 44.01 × 10−3

molecular diffusion coefficienta of CO2 at T = 298 K
(mg

2/s)
1.67 × 10−5 20

particle porosity (mg
3/ms

3) 0.23 19
tortuosity (mg/ms) 2.3 3
particle density (kgs/ms

3) 861.4
particle radius (ms) 334 × 10−6 21
aThe molecular diffusion coefficient DAB is corrected for temperature
using the relation of Fuller et al.22: DAB ∝ T1.75.
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the effectiveness factor for adsorption (∼0.01 s) corresponds

to the time for diffusion, which can be estimated based on the

Fourier number (eq 15) assuming that the diffusion process is

finished when Fo = 1. This also implies that the time scale for

diffusion is much lower than the time of the simulations. Later

this apparent offset will be approximated analytically.

Furthermore, the limit for the effectiveness for adsorption at

full saturation (q/q* = 1) is also derived later.

4. APPROXIMATING THE EFFECTIVENESS FACTOR
FOR ADSORPTION USING RADIAL
CONCENTRATION AND SORBENT LOADING
PROFILES

To obtain an expression for the effectiveness factor for
adsorption, it is necessary to solve eqs 12−17 numerically to
find an (approximate) analytical expression. In order to solve
the gas and solid balances, eqs 12 and 16 have to be coupled.
This section shows that the radial concentration and sorbent
loading profiles can be related to each other, which helps us in
finding an approximate expression for the effectiveness factor

Figure 1. Effectiveness factor for air capture (400 ppm of CO2, 20 °C) as a function of (a) time and (b) normalized sorbent loading. (a, inset)
Effectiveness factors in the initial adsorption phase.

Figure 2. Effectiveness factor for deep removal (1% CO2, 40 °C) as a function of (a) time and (b) normalized sorbent loading. (a, inset)
Effectiveness factors in the initial adsorption phase.

Figure 3. Effectiveness factor for postcombustion CO2 capture (10% CO2, 40 °C) as a function of (a) time and (b) normalized sorbent loading. (a,
inset) Effectiveness factors in the initial adsorption phase.
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for adsorption. Figures 4 and 5 show the radial concentration
and sorbent loading profiles for air capture and postcombus-
tion CO2 capture, respectively. The radial profiles for deep
removal are not presented because the conclusions are similar
to those for air capture postcombustion CO2 capture. Also
here strong intraparticle gradients are observed, which are
caused by intraparticle diffusion limitations.
As such, the radial concentration and sorbent loading profile

are different, but a remarkable correlation is observed if the
sorbent loading profile is normalized with the sorbent loading
at the particle exterior surface (qsurf), which is shown in Figures
6 and 7. The normalized radial profiles represented by the
dotted and dashed lines in Figures 6 and 7 are similar. This is
an important observation: by assuming c/cb = q/qsurf and
finding an expression for the radial concentration profile, the
effectiveness factor for adsorption can be derived.
The proposed approximation involves three assumptions.

First, the (exterior surface) normalized radial profiles for
concentration and sorbent loading value are equal: c/cb = q/
qsurf. Second, the system is in a quasi-steady state implying that
∂c′/∂Fo ≈ 0 in eq 12. Third, the dimensionless sorbent loading

q′ in eq 12 is assumed to be constant in the radial direction
and equal to the averaged sorbent loading qav′ which can be

Figure 4. Radial profiles for air capture as a function of time: (a) normalized concentration and (b) normalized sorbent loading. The concentration
is normalized with the bulk concentration cb = 0.0166 mol/m3, and the sorbent loading is normalized with the equilibrium sorbent loading at bulk
conditions q * = 1.23 mol/kg.

Figure 5. Radial profiles for postcombustion CO2 capture as a function of time: (a) normalized concentration and (b) normalized sorbent loading.
The concentration is normalized with the bulk concentration cb = 3.89 mol/m3 and the sorbent loading is normalized with the equilbrium sorbent
loading at bulk conditions q * = 2.38 mol/kg.

Figure 6. Normalized radial profiles obtained from the numerical
model and the proposed approximation for air capture as a function of
time. The concentration is normalized with the bulk concentration cb
= 0.0166 mol/m3, and the sorbent loading is normalized with the
exterior surface sorbent loading for each time.
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calculated through a similar equation as eq 22 and is an output
of every reactor model for adsorption. Eventually, the profiles
can be described by the following equations:
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From this equation a renewed definition of the Thiele modulus
for adsorption is postulated: it is analogous to the classical
Thiele modulus without a correction for the particle shape and
it includes the averaged sorbent loading. The definition of the
Thiele modulus for adsorption is
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The boundary equations are described in eq 13, and the
exterior surface normalized sorbent loading can be related to
the normalized concentration:

c
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q
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(28)

Equation 26 with the boundary conditions in eq 13 can be
solved analytically using the chain rule for the first term and
the transformation y = c′·r′. The solution is
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It has to be noted that qav′ /(β(1 − qav′
th)1/th) represents the

dimensionless concentration in equilibrium with the average
dimensionless sorbent loading qav′ according to the adsorption
isotherm. The sorbent loading at the exterior surface can also
be derived from the approximation for q(r):
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By substitution of eq 29 for q(r) and solving the integral, the
equation can be made explicit in terms of the exterior surface
sorbent loading:
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The approximation in eqs 29 and 31 is also plotted in
Figures 6 and 7, from which it is concluded that the (exterior
surface-) normalized radial profiles are quite well approximated
and, at least for short times, the prediction is good.
Once the mathematical description of the radial profiles has

been established, it is now possible to derive the effectiveness
factor for adsorption. The full calculation sequence is shown in
Figure 8. Explicit expressions for the dimensional radial profiles

c(r) and q(r) can be derived from eq 29 by substitution of r =
L·r′ (from eq 11). These can be substituted in the definition of
the effectiveness factor for adsorption (eq 21) in combination
with the Toth reaction rate eq (eq 7). In the end a fairly
complex integral has to be solved. To our knowledge an
analytical solution for the effectiveness factor for adsorption
employing the Toth reaction rate equation is not available.
Therefore, numerical integration of the integral is needed. This
work uses the integral routine of Matlab R2019a. However, the
analytical expression of the integral does exist for the special
case of the Langmuir reaction rate equation where th = 1,
which is presented in section S1 of the Supporting
Information. Hereafter this approximation method will be
referred to as the “radial loading approximation” (RLA).

5. APPROXIMATING THE EFFECTIVENESS FACTOR
FOR ADSORPTION USING A RADIAL
CONCENTRATION PROFILE AND A UNIFORM
SORBENT LOADING PROFILE

The advantage of the above-mentioned method is that both
radial concentration and sorbent loading profiles are accounted
for. However, the disadvantage is that no analytical solution
can be obtained for the Toth reaction rate equation: it still
needs numerical integration. To avoid this numerical
integration a novel approximation is introduced here. A radial
concentration profile is still used, but the sorbent loading is
assumed to be constant and equal to the averaged sorbent
loading over the radial direction in the particle. In this way an
analytical solution to the effectiveness factor for adsorption can

Figure 7. Normalized radial profiles obtained from the numerical
model and the proposed approximation for postcombustion CO2
capture as a function of time. The concentration is normalized with
the bulk concentration cb = 3.89 mol/m3, and the sorbent loading is
normalized with the exterior surface sorbent loading for each time.

Figure 8. Calculation sequence for approximating the effectiveness
factor using the radial loading approximation (RLA).
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be obtained for both the Toth and Langmuir reaction rate
equation. From now this method will be called the “uniform
loading approximation” (ULA). Furthermore, as discussed
before, the effectiveness factor for adsorption has an apparent
offset at low adsorption times when it is still nearly desorbed
(q/q* = 0) and a limit when it is fully saturated (q/q* = 1).
These two limits with their corresponding Thiele moduli for
adsorption will be derived using the uniform loading
approximation. It will be shown that both can be approximated
analytically.
The assumption is made that the left-hand side of eq 12 is

much smaller than the right-hand side of the same equation
and can be approximated with

c
Fo

0
∂ ′
∂

≈
(32)

To derive the limits, the definition of the effectiveness factor
for adsorption in terms of the flux at the particle exterior
surface is used:18
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In this equation S and V represent the exterior surface area and
volume of a particle, respectively: S = 4πL2 and V L4

3
3π= for a

spherical particle. The derivative of the concentration can be
obtained from eq 29:
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Substituting eqs 7 and 34 in eq 33 yields
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Using the definition of the Thiele modulus for adsorption in eq
27 this equation becomes
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This equation, which is plotted in Figure 9, is very similar to
the classical effectiveness factor.10,18,23 When the Thiele
modulus for a specific case is known, the corresponding
effectiveness factor can be calculated. At full desorption the
Thiele modulus for adsorption is

L
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The Thiele modulus for adsorption defined at saturation is
defined as
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Consequently, the corresponding effectiveness factors for
adsorption can be calculated through eq 36. Please note that
the effectiveness factor for adsorption at full saturation is not
equal to unity: this is only possible if the modulus

L k RT D/s T pϕ ρ* = is very low. According to this approx-

imation the Thiele modulus for adsorption is the only
parameter characterizing intraparticle mass transfer limitations,
and hence, it can be applied to any adsorptive system. Each
adsorptive system will have its own minimum and maximum
Thiele modulus, but the shape of the (ϕads, ηads) curve will be
identical. To conclude, in the uniform loading approximation
the Thiele modulus for adsorption can be calculated through
eq 27, and subsequently, the effectiveness factor for adsorption
is calculated with eq 36.

6. VALIDATION
6.1. On the Particle Scale. Figures 10 and 11 show the

effectiveness factor for adsorption according to the numerical
particle model using the Toth reaction rate equation and the
proposed approximation methods for air capture and
postcombustion CO2 capture, respectively. The effectiveness
factor for adsorption for the numerical model is calculated with
eq 21 using the numerical radial profiles for concentration and
sorbent loading as input. The trends are plotted as a function
of the Thiele modulus for adsorption (eq 27). The start of the
adsorption corresponds to a high Thiele modulus, and
adsorption progresses to a lower Thiele modulus. The limit
in eq 38 is used to evaluate the Thiele modulus and
effectiveness factor for adsorption at saturation: due to the
0/0 condition, this was numerically impossible. A jump in the
effectiveness factor for adsorption can be observed at high

Figure 9. Effectiveness factor for adsorption based on the Thiele
modulus for adsorption according to eq 36.
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Thiele moduli which represents the very initial adsorption
phase. This phase may be considered not relevant because it
represents only ∼0.01 s as shown in Figures 1−3.
First, it can be concluded that both approximations methods

perform well. The approximation using radial concentration
and sorbent loading profiles fits the best to the numerical
model, which is most clearly visible at high Thiele moduli for
adsorption. For air capture the maximum observed difference
between the numerical model, and the radial and uniform
loading approximation is 0.027 and 0.045 units respectively
(excluding the domain ϕads > 7.6). For postcombustion CO2
capture it is 0.042 and 0.065 units respectively (excluding ϕads
> 8.6). This difference is such small that it will be hard to
measure it experimentally, and that it will be not significant
when implemented in any reactor model. Although the
approximated radial profiles in Figures 6 and 7 do not match
exactly with the numerical radial profiles in the case of the
radial approximation, this effect is not clearly visible in the
approximated effectiveness factors for adsorption. Further-
more, with respect to the uniform loading approximation, one
has to realize that although a constant radial sorbent loading
profile is physically impossible, it does not have significant
implications when using this assumption to characterize
intraparticle mass transfer which makes this approach
interesting for engineering purposes.

The RLA and ULA are based on assumptions having a
certain validity. The mathematical unique number character-
izing intraparticle mass transfer limitations is the adsorption
modulus ϕ*, which makes this a logical parameter to assess the
validity of this approach. Please note that ϕads is not a unique
number because it includes the average sorbent loading qav.
Multiple radial sorbent loading profiles can lead to the same
average sorbent loading, and therefore, qav is not unique. The
full evaluation of this exercise is described in section S4 of the
Supporting Information. If ϕ* → 0, the numerical model, the
RLA, and ULA match the limits of the classical ϕ, η relation:
the effectiveness factor for adsorption approaches unity
indicating that no mass transfer limitations are present. If ϕ*
→∞, the radial sorbent profiles do not have the same shape as
the radial concentration profiles anymore; they become similar
to an S-shape. Because of the high intrinsic adsorption rate,
adsorption equilibrium will be quickly established near the
particle exterior surface (which is shown in Figures S9 and S10
in the Supporting Information). Therefore, the assumption in
eq 28 is not valid anymore. As a upper validity boundary, ϕ* <
20 is suggested, noting that the RLA is more accurate than the
ULA. Trivially, this boundary is arbitrary and a trade-off
between the user’s desired accuracy versus the computational
effort of the calculation. The effect of this inaccuracy at high
adsorption moduli on a reactor model is demonstrated and
discussed in section 6.2. However, two important properties of
the approach remain. First, the derived limit at saturation is
still valid. Second, the limit at full desorption (q(r) = 0, eq 38)
is valid in any case.

6.2. On the Reactor Scale. To investigate the accuracy of
the uniform and radial loading approximations compared to a
fully coupled reactor-particle model, these approximations are
used in a reactor model. For demonstration purposes a
counter-current gas−solid trickle flow reactor for CO2
adsorption on the same amine sorbent, as proposed by
Veneman et al.,3 is modeled using three methods: using a fully
coupled reactor-particle model, the radial loading approxima-
tion and the uniform loading approximation. Such reactor
employs a continuous adsorbent circulation and is operated in
a steady state, and thus, the concentration and sorbent loading
(profiles) are only a function of the axial position. All model
equations are presented in section S5 of the Supporting
Information, and the input parameters are shown in Table 3.
The parameters concerning the adsorption kinetics and particle
properties are shown in Tables 1 and 2.

Figure 12 shows the results of the simulation. The capture
efficiency is defined as

c
c

capture efficiency 1 out

in
= −

(39)

The radial loading approximation is more accurate than the
uniform loading approximation, because including a radial

Figure 10. Effectiveness factors for adsorption for air capture
obtained from the numerical model, the radial loading approximation
(RLA) and uniform loading approximation (ULA). The ULA is
plotted as a reference over the entire range. The minimum and
maximum Thiele modulus are indicated by the dashed lines.

Figure 11. Effectiveness factors for adsorption for postcombustion
CO2 capture obtained from the numerical model, the radial loading
approximation (RLA) and uniform loading approximation (ULA).
The ULA is plotted as a reference over the entire range. The
minimum and maximum Thiele modulus are indicated by the dashed
lines.

Table 3. Parameters Used to Model the Gas−Solid Trickle
Flow Reactor

parameter value

Inlet volume fraction (−) 0.10
pressure (atm) 1
temperature (K) 313
solid holdup (ms

3/mR
3) 0.015

solid flux (kgs/(mR
2 s)) 3.17
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(approximate) loading profile is closer to physical reality
compared to assuming a uniform loading. In conclusion, this
comparison study shows that, by using approximate methods
assessing intraparticle mass transfer for adsorption processes,
accuracy can be maintained.
As discussed, the similarity between the radial concentration

and sorbent loading profiles (eq 28) becomes invalid at high
adsorption moduli. Figure 13 shows the results of a study

where the intrinsic adsorption constant kT was increased by a
factor 16 (ϕ * = 38.5). The reactor height was decreased by a
factor 10 (H = 0.13 m) to see a trend in the capture efficiency
at these high adsorption rates. From this figure it can be
concluded that the ULA is performing a lot of worse than the
RLA. The RLA does also include the radial sorbent profile
which becomes more important at increased adsorption
kinetics. Keeping in mind that the approximations on the
particle scale are inaccurate, the highest observed deviation
between the RLA and the numerical model (ug = 1 m/s) is
only 15%. The significant deviations at the particle scale are
not reflected on the reactor scale.
Even at these adsorption moduli, the approximations can

give a priori insights. Figure 13 shows the curve for ηads = 1,
thereby neglecting any intraparticle mass transfer limitations.
At ug = 1 m/s the models predicts a capture efficiency of 1.00,

0.52, and 0.36 for ηads = 1, the ULA, and RLA respectively,
whereas the numerical model predicts 0.40. This illustrates that
the approximations can be used to account for intraparticle
mass transfer limitations in preliminary designs of equipment
for example. The RLA is certainly useful, but also the simpler
ULA if initial estimates have to be quickly made for example.
In conclusion, the approximations provide useful information
on the reactor scale, even at high adsorption moduli.

6.3. Proposed Engineering Approach. From an
engineering point-of-view we would like to propose the
following strategy when it comes down to characterizing
intraparticle mass transfer limitations in adsorptive systems.
The two limits of the effectiveness factor for adsorption at full
desorption and full saturation can be calculated from eqs
36−38. The input for these limits can be known or estimated a
priori: pore diffusion, adsorption kinetics, and the adsorption
equilibrium. Please note that both approximations share the
same limits. The Thiele modulus at full desorption gives a fair
estimate on the maximum extent of intraparticle mass transfer
limitations, since the Thiele modulus for adsorption will never
be larger than the limit. When adsorption progresses the
effectiveness factor for adsorption will most likely reach unity,
dependent on the modulus ϕ*.
If one would like to solve an adsorptive reactor model, such

as a fixed bed or a continuous adsorption system, the uniform
loading approximation can be used. The radial approximation
gives enhanced accuracy, but it does not have an analytical
solution for the effectiveness factor for adsorption when using
the Toth reaction rate equation. If accuracy is crucial, the RLA
can be used, but it requires numerical integration. Even if the
adsorption modulus is very large, beyond the suggested limit of
ϕ* < 20, the approximations can provide useful estimates on
intraparticle mass transfer limitations on the reactor scale.

7. CONCLUSIONS
A simplified description of mass transfer in an adsorbing
nonequilibrium particle is presented. To gain insights
regarding intraparticle mass transfer limitations and to avoid
solving a computationally intensive coupled reactor−particle
model, an effectiveness factor approach is proposed which uses
the bulk concentration at the particle exterior surface and the
averaged sorbent loading as input, because both are available
from any reactor model making this approach useful and
practical.
From modeling CO2 adsorption on an amine sorbent, it is

concluded that intraparticle mass transfer limitations exist. It is
found that the normalized concentration and sorbent loading
profiles have similar shapes and could be reasonably described
with one shared equation, and therefore, the effectiveness
factor for adsorption can be calculated. In addition, another
novel method is proposed that assumes a uniform loading
profile. With this, an explicit solution can be considered for the
Toth and Langmuir reaction rate equations, analogous to the
classical effectiveness factor for heterogeneous catalysis. A
minimum and maximum Thiele modulus for adsorption has
been derived, which can be used to estimate and characterize
intraparticle mass transfer limitations a priori by only knowing
the particle size and effective pore diffusion, the adsorption
kinetics, and the adsorption equilibrium.
A fully coupled reactor−particle model was compared with a

reactor−approximation model using both approximations.
Solving a reactor model including approximate methods to
assess intraparticle mass transfer saves computational time with

Figure 12. Model predictions of a trickle flow reactor using a fully
coupled reactor−particle model (FC), a reactor model using the
uniform loading approximation (ULA), and a reactor model using the
radial loading approximation (RLA) (ϕ* = 9.6). The lines for ηads = 1
are plotted for reference.

Figure 13. Effect of a high adsorption modulus on the prediction of a
reactor model (ϕ* = 38.5, H = 0.13 m). The lines for ηabs = 1 are
plotted for reference.
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an acceptable accuracy. In conclusion, this method provides a
priori knowledge about intraparticle mass transfer and enables
a simplified, yet accurate, description of intraparticle mass
transfer in adsorptive systems.
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■ NOMENCLATURE
b = equilibrium parameter, 1/bar
c = concentration, molCO2

/mg
3

DAB = molecular diffusion coefficient, mg
2/s

DKn = Knudsen diffusion coefficient, mg
2/s

Dp = effective pore diffusion coefficient, mg
3/(ms s)

DaII = second Damköhler number, −
dp = particle diameter, ms
dpore = pore diameter, mp
Fo = Fourier number, −
H = reactor height, mR
kLDF = linear driving force constant, mg

3/(kgs s) or 1/s
kT = reaction rate constant (mol/(kgs barCO2

s))
L = particle radius, ms

MCO2
= molecular weight of CO2, kgCO2

/molCO2

P = partial pressure, Pa
q = sorbent loading, molCO2

/kgs
qs = maximum sorbent loading, molCO2

/kgs
R = gas constant, J/(mol K)
RA = intrinsic adsorption rate, molCO2

/(kgs s)
r = radial position, ms
S = exterior surface area or solid flux, mp

2 or kgs/(mR
2 s)

T = temperature, K

t = time, s
th = heterogeneity parameter, −
ug = superficial gas velocity, mg

3/(mR
2 s)

V = particle volume, ms
3

Greek Symbols
β = affinity modulus, −
εs = particle porosity, mg

3/ms
3

η = (classical) effectiveness factor, −
ηads = effectiveness factor for adsorption, −
ρs = particle density, kgs/ms

3

τ = tortuosity, mg/ms
ϕads = Thiele modulus for adsorption, −
ϕ* = adsorption modulus, −
ω = saturation modulus, −

Subscripts/Superscripts
av = average
b = bulk
g = gas
in = inlet
out = outlet
p = particle
s = solid
surf = at surface
* = at equilibrium
′ = dimensionless
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