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1
Introduction

1.1 Taylor-Couette and Rayleigh-Bénard
It is hard to overestimate the importance of turbulent convection, either ther-
mally driven or driven by rotation, for a deeper understanding of various
natural phenomena. A typical example can be seen from a cooking pan, in
which hot fluid goes to the top and cool fluid comes to the bottom, form-
ing convective rolls (figure 1.1(a)). If we look at scales much beyond, under
the earth surface, in the mantle system, similar rolls, of course much bigger
in size, are driven by the temperature gradient, governing for example the
eruption of volcanos (figure 1.1(b)). If we go above the earth surface, in the
atmosphere, convective large scale rolls are forming, driven by both the ro-
tation of the earth and the temperature gradient. The so-called zonal flows,
trade winds, and westerlies are all by-products of turbulent convection (figure
1.1(c)). Even if we go beyond the earth, for example in Jupiter’s atmosphere,
the flow patterns seen there are a result of turbulent convection (figure 1.1(d)).

In the lab, the two most popular fundamental configurations to perform re-
search in turbulent convection are Taylor-Couette (TC) flow–the flow bounded
between two independently coaxial rotating cylinders, and Rayleigh-Bénard
(RB) flow–the flow in a box heated from below and cooled from above. A
sketch of the two systems can be found in figure 1.2. They have been used
to test new concepts for fluid dynamics, starting from linear instability (see,
for example, the seminal papers by Rayleigh [1] and Taylor [2, 3]), to non-
linear dynamics and chaos [4–7], to pattern formation [8] and to turbulence

1
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Figure 1.1: Examples of turbulent convection in different scales. (a) Convection rolls formed
in a pan, driven by temperature gradient. (b) Convection in the mantle, driven by tempera-
ture gradient. (c) Convection in the earth atmosphere, forming zonal flows, trade winds and
westerlies. In this case, convection is driven by both rotation and temperature gradient. (d)
Large scale flow patterns in Jupiter’s atmosphere, including the famous “great red spot”, are
results of turbulent convection. (Source for images (a): American learning library. Source
for images (b),(c),(d): released by NASA and downloaded from Wikipedia).

[9–12]. The reasons why they got so much popularity for a century are that:
(a) They are mathematically well-defined with very simple boundary condi-
tions. (b) They are closed systems in which exact energy balances hold and
global transport properties can be connected to the energy dissipation rates.
(c) They are accessible both experimentally and numerically due to the many
symmetries and simple geometries. (d) They are very much analogous to each
other and also to pipe flow, which might be the most studied canonical flow
in fluid dynamics. Because of the close analogies, a better understanding of
TC and RB flow will also lead to a more profound insight in pipe flow, and
vice versa.

In RB flow, the three control parameters are the Rayleigh number Ra =
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(a) (b)

Figure 1.2: Sketches of Taylor-Coutte (a) and Rayleigh-Bénard (b) systems. Taylor-Couette
system consists of two co-axial cylinders with inner one radius ri and outer one ro. The
height of the system is L. Two cylinders can rotate independently with inner one angular
velocity ωi and outer one angular velocity ωo. Rayleigh-Bénard system is bounded between
a bottom hot plate with temperature T0 +∆ and a top cool plate with temperature T0. The
height of the box is L and the diameter of the box is D. In this sketch, the box has a cylinder
shape but it can be square, rectangular, and other shapes.

αg∆L3/(νκ), which is the dimensionless temperature difference between the
two plates, the Prandtl number Pr = ν/κ, and the aspect ratio of the sys-
tem Γ = L/D, where α is the thermal expansion coefficient, g the gravita-
tional acceleration, ∆ the temperature difference between the two plates, L
the height of the domain, D the horizontal diameter of the domain, ν the
kinematic viscosity, and κ the thermal diffusivity. In analogy to RB flow,
for TC flow, the control parameters can be written as the Taylor number
Ta = 1

64
(1+η)4

η2 d2(ri+ro)2(ωi−ωo)2ν−2, which is the dimensionless angular ve-
locity difference between the two cylinders, the geometrical “Prandtl number”
σ = 1

64
(1+η)4

η2 , and again the aspect ratio of the system Γ = L/d, where ωi,o
are the angular velocities of the inner or outer cylinder, ri,o their radii, ν the
kinematic viscosity, d = ro− ri the gap width, L the height of the cylinders,
and η = ri/ro the ratio between outer and inner cylinder radius.

In RB flow, the response of the system we mainly focus at is the Nusselt
number, Nu = J/Jconductive (dimensionless heat flux), where J is the heat flux
from bottom to top and Jconductive the heat flux in the pure conduction case.
In TC flow, an analogous Nusselt number can be defined, Nuω = Jω/Jω,laminar
(dimensionless angular velocity flux), where Jω is the angular velocity flux
from one cylinder to the other and Jω,laminar the flux in case of pure laminar
flow. Over the years, much attention has been paid to the scaling relations
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between Nu and Ra in RB, written as Nu∼Raγ , and between Nuω and Ta in
TC, written as Nuω ∼ Taγ .

The deep formal analogy between TC and RB flows originates from the
underlying Navier-Stokes equations [13]. The similarities had first been dis-
covered in 1969 when the onset of instabilities were studied [14]. Later, the
similarities has been extended to the turbulent regime [13, 15, 16]. Because of
the close analogy, RB & TC are even called “the twins of turbulence” [17].

1.2 Scaling relations and the relevance of boundary layers

In the early times of RB research, Priestley argued that γ = 1/3, based on the
similarity theory [18]. Independently, Malkus [19] also derived that γ = 1/3,
assuming that the heat transport is independent of the cell height and gov-
erned by the viscous boundary layer (BL). Later, Grossmann & Lohse [20, 21]
proposed a unified theory, which introduces a novel decomposition of total
dissipation rates into two parts, a contribution from the bulk and another
contribution from the BL. Based on this, different regimes in terms of the
Nu scalings are delimited by either of the contributions being dominant. It
has been verified that the local heat flux in the bulk has a scaling consistent
with Ra1/2 while in the BL the local scaling exponent is much smaller [22, 23].
The direct conclusion of the unified theory is that there is no pure scaling but
smooth transitions from BL to bulk dominated regimes. However, for large
Ra when the whole system is highly turbulent, Kraichnan [24] postulated that
the flow reaches the so-called ultimate state in which Nu scales according
to Nu∼ Ra1/2(ln Ra)−3/2, with (ln Ra)−3/2 as a logarithmic correction term,
originating from the influence of the turbulent BL. This ultimate regime was
also predicted by Grossmann & Lohse [25], who modelled this log-behavior
with an effective scaling exponent of γ ≈ 0.38, for Ra around 1014. Indeed,
for Ra ≈ 1014 the onset of such a regime has experimentally been confirmed
[26, 27]. The logarithmic correction term becomes irrelevant for very large
Ra. In this asymptotic ultimate regime, γ = 1/2, and the heat transport be-
comes independent of viscosity and therefore the scaling can be extrapolated
to arbitrarily large Ra, as those present in both geophysical and astrophysi-
cal flows. This asymptotic ultimate 1/2 scaling has numerically [28, 29] and
experimentally [30, 31] been observed in the so-called ‘homogeneous’ RB tur-
bulence, where no BL are present. Clearly, it is the BL which makes the
scaling exponent less than the asymptotic ultimate regime 1/2 scaling.

As said before, TC and RB enjoy a lot of analogies between each other.
For TC turbulence, the effective scaling exponent γ was also found to be non-
constant but undergoes smooth transitions from BL to bulk dominant regimes
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[32]. In the ultimate regime, similar effective scaling relations Nuω ∼ Ta0.38

were observed for the largest achievable Ta [33], and again, far away from
the asymptotic ultimate regime 1/2 scaling. Since the interplay between BL
and bulk flow determines the effective scaling exponent, it is important to
modify the boundaries to probe how the system responds, and thus to better
understand the role of BLs. The simplest way is to change the boundary from
smooth to rough. In this thesis, we will focus on TC and RB turbulence with
wall roughness.

Further motivation is the fact that the underlying surfaces of real-world
applications of convection are always rough. For example, in the mantle con-
vection or atmospherical convection in figure 1.1, the surfaces are not smooth.
The key questions we ask in this thesis are that: How does the change of
boundary affect the flow structure and the scaling laws in TC and RB tur-
bulence? Is it possible to achieve the asymptotic ultimate regime with wall
roughness? Do different types of roughness (symmetry or asymmetry, height,
shape, sparseness) have different effects on the transport?

1.3 DNS and Immersed Boundary Methods
The general form of Navier-Stokes equations for an incompressible flow are

∂u
∂t

+u ·∇u = −∇p+ 1
Re∇

2u + f ,

∇·u = 0, (1.1)

where u is the velocity, p the pressure. Re is the Reynolds number which is
defined as Re = UL/ν, where U and L are the velocity and length scale, ν the
kinematic viscosity, f is the body force that we will introduce later.

We will mainly use direct numerical simulations (DNS) to answer the ques-
tions mentioned in the previous section. As the name suggests, in DNS, the
Navier-Stokes equations (1.1) are numerically solved without any turbulence
model. This means that the whole range of spatial and temporal scales of the
turbulence has to be resolved down to the Kolmogorov scales. Easily this can
lead to the very high resolution requirement when Re is high. In fact, the
computational cost of DNS scales with Re4 [34]. The typical flow structures
of TC and RB from DNS are shown in figure 1.3, and it can be seen that these
flow structures are similar to the ones in figure 1.1.

In spite of the large cost of DNS, it is still the most versatile tool to study
turbulence as it has very high levels of precision, which enables us to know
every detail of the flow field. Many great findings regarding the flow physics of
turbulence have been found through DNS. With the increase of computational
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power by the supercomputers all over the world every year, now quite some
codes can run on thousands or even more cores. The state of the art DNS of
homogenous isotropic turbulence (Taylor Reynolds number Reλ ≈ 2300) has
been performed for a resolution of 122883 with almost two hundred thousand
cores [35]. For wall-bounded turbulence, the state of the art DNS of channel
flow (friction Reynolds number Reτ ≈ 5200) has been performed for a resolu-
tion of 10240×1536×7680 with almost eight hundred thousand cores [36].

All the simulations of this thesis were carried out by using the code AFiD,
which we will detail in Chapter 2. In addition, an immersed boundary method
(IBM) has been implemented into the code to track the surfaces of the rough-
ness elements. The term IBM was first proposed and developed by Peskin [37]
in 1972 to simulate blood flow for cardiac mechanics. The most prominent
characteristic of this method is that all the simulations can be performed with
Cartesian grids, which do not conform to the geometry of the boundaries,
while the traditional methods use body-fitted mesh. In IBM, the effects of the
boundary condition are imposed indirectly, by adding a body force term to the
Navier-Stokes equations (1.1). Since the introduction of this method, great
progress has been made within the last several decades on the improvement
of stability, order of accuracy, and robustness. Now a number of variants of
IBM exist [38]. Compared to a body-fitted mesh, a Cartesian grid is much
easier to generate. Especially when complex geometry is combined with mov-
ing boundaries, it is very cumbersome to deal with the grid regeneration and
deformation. Therefore, the primary advantage of IBM is that grid generation
associated with geometric complexity is simplified tremendously.

Now we introduce how to calculate the body force term f in equation 1.1
to achieve the desired velocity boundary condition. We use a technique called
“direct forcing”, where f is directly calculated from the Navier-Stokes equation
after discretization [39]. In the discretized form, Navier-Stokes equation can
be written as

ul+1−ul

∆t = RHSl+1/2 + f l+1/2, (1.2)

where RHSl+1/2 contains convective and viscous terms and the pressure gradi-
ent. We directly get the force to yield boundary condition ul+1 = Vl+1, where
V is the prescribed velocity on the boundary, with

f l+1/2 =−RHSl+1/2 + Vl+1−ul

∆t . (1.3)

The above expression given for the forcing would be correct if the position
of the unknowns on the grid exactly coincided with that of the immersed
boundary. This in general is not true and thus an interpolation procedure
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Boundary

Interpolated 
nodes

Figure 1.4: Illustration of the interpolation for the immersed boundary method. The red
points are where the forces f are added. Linear interpolation is used.

would be needed. A sketch of interpolation is shown in figure 1.4. The forcing
is simply given by the expressions above with the imposed velocity at the
interpolated node by using the linear interpolation.

1.4 A guide through this thesis

In Chapter 2, we extend our AFiD code to GPU clusters to tackle large-scale
wall-bounded turbulent flow simulations. We show that the GPU version can
reduce the wall clock time by an order of magnitude compared to the CPU
version for large meshes. The improved performance of the code can help us
to achieve the parameter ranges that are unprecedented in thermally-driven
wall-bounded turbulence.

In Chapter 3, we study TC turbulence with grooved wall roughness, parallel
to the flow direction. We find that, with increasing Ta, we start to observe a
sharp increase of the torque and thus the effective scaling law for the torque vs.
Ta becomes much steeper. However, with further increasing Ta, the effective
scaling law saturates to the “ultimate” regime effective exponents seen for
smooth walls.

In Chapter 4, we study TC turbulence with square rib type wall roughness
at the inner cylinder, perpendicular to the flow direction. We show that the
torque is enhanced due to the fact that the dominant contribution to the
torque comes from the pressure forces on the side faces of the rough elements;
while viscous shear stresses on the rough surfaces contribute little.

In Chapter 5, we combine the simulations and experiments to study TC
turbulence with wall roughness at either inner cylinder or outer cylinder, or
both cylinders. The type of roughness is the same as in Chapter 4. We
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find that the viscosity dependence is thoroughly eliminated, giving rise to
asymptotic ultimate turbulence – the upper limit of transport.

In Chapter 6, we employ symmetric roughness in RB turbulence. Two-
dimensional simulations are performed. With increasing Ra, we reveal the
existence of two regimes. In the first one, the local effective scaling exponent
for Nu vs. Ra can reach up to 1/2. In the second one, the scaling exponent
saturates back to a value close to the smooth wall case. This is very similar
to the case of Chapter 3.

In Chapter 7, we further use two-dimensional simulation to push RB tur-
bulence with smooth walls to Ra14. We find the transition to the ultimate
starts from Ra = 1013. We show that during the transition, the mean velocity
profiles are indeed logarithmic, while for temperature, the logarithmic profiles
can only be observed locally within the regions where plumes are emitted.

In Chapter 8, again, we combine simulations and experiments. We show
that asymmetric roughness (ratchet surfaces) can help to lock the orientation
of the Large Scale Circulation Roll (LSCR) to a preferred direction even when
the cell is perfectly leveled out. By introducing a small tilt to the system, we
show that the LSCR orientation can be tuned and controlled.

As an extension of the application for immersed boundary method, in Chap-
ter 9, we use the immersed boundary method to study the interaction of
surface nanobubbles, with the focus on the collective diffusive interaction of
multiple nanobubbles. We find that pinning and oversaturation can stabilize
the nanobubbles against Ostwald ripening, even when the bubbles are very
close to each other.

Finally, we conclude and summarize the work done in this thesis.
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Method: AFiD code and its extension

to GPU clusters ∗

The AFiD code, an open source solver for the incompressible Navier-Stokes
equations (http: // www. afid. eu ), has been ported to GPU clusters to tackle
large-scale wall-bounded turbulent flow simulations. The GPU porting has been
carried out in CUDA Fortran with the extensive use of kernel loop directives
(CUF kernels) in order to have a source code as close as possible to the orig-
inal CPU version; just a few routines have been manually rewritten. A new
transpose scheme has been devised to improve the scaling of the Poisson solver,
which is the main bottleneck of incompressible solvers. For large meshes the
GPU version of the code shows good strong scaling characteristics, namely the
wall-clock time per step for GPU version is an order of magnitude smaller
than for the CPU version of the code. Due to the increased performance and
efficient use of memory, the GPU version of AFiD can perform simulations
in parameter ranges that are unprecedented in thermally-driven wall-bounded
turbulence. To verify the accuracy of the code, turbulent Rayleigh-Bénard con-
vection and plane Couette flow are simulated and the results are in excellent

∗Based on: X. Zhu, E. Philips, V. Spandan, J. Donners, G. Ruetsch, R. Ostilla-Mónico,
Y. Yang, D. Lohse, R. Verzicco, M. Fatica, and R. J. A. M. Stevens, AFiD-GPU: a versatile
Navier-Stokes solver for wall-bounded turbulent flows on GPU clusters, under review.
GPU implementation by Fatica, Philips, and Ruetsch. Analysis and validations by Zhu and
Stevens. Supervision by Stevens, Fatica, Verzicco, and Lohse. Discussion of results, writing,
and proofreading by everyone.

11
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agreement with the experimental and computational data that have been pub-
lished in literature.

2.1 Introduction

Turbulence is a high dimensional multi-scale process. As the velocity of the
fluid increases, the range of scales of the resulting motion increases as energy
is transferred to smaller and smaller scales, and the flow transitions from lam-
inar to turbulent. To understand the physics of this energy transfer, direct
numerical simulations (DNS), which resolve all flow scales, are used. In or-
der to resolve all scales, large meshes and immense computational power are
required.

Here, two paradigmatic systems are taken as examples, i.e. Rayleigh-Bénard
convection [10, 11, 40], the buoyancy driven flow of a fluid heated from below
and cooled from above, and plane Couette flow, the shear-induced motion of
a fluid contained between two infinite flat walls, which are among the most
popular systems for convection and wall-bounded shear flow. The two are
classical problems in fluid dynamics. Next to pipe [41], channel [36, 42], and
Taylor-Couette flows [12, 43], the systems have been and are still used to test
various new concepts in the field [10] such as nonlinear dynamics and chaos,
pattern formation, or turbulence, on which we focus here.

Turbulent Rayleigh-Bénard flow is of interest in a wide range of sciences, in-
cluding geology, oceanography, climatology, and astrophysics as it is a relevant
model for countless phenomena such as thermal convection in the atmosphere
[44], in the oceans (including thermohaline convection) [45], in the Earth’s
outer core [46], where the reversals of the large scale convection are of prime
importance to the magnetic field, in the interior of gaseous giant planets and in
the outer layer of the sun [47]. Natural convection in technological applications
such as buildings, in process technology, or in metal-production processes is
also modeled using Rayleigh-Bénard flow. For those real-world applications of
Rayleigh-Bénard flow, the system is highly turbulent in both bulk and bound-
ary layers. This state is the so-called ultimate regime of thermal convection,
which has been recently realized experimentally in the laboratory [26]. How-
ever, because of the extremely high Rayleigh numbers (the non-dimensional
temperature difference) and high Reynolds numbers (the non-dimensional ve-
locity) of the flow, computationally the ultimate thermal convection regime
could not be reached so far, despite its great importance.

Turbulent plane Couette flow is of interest for more fundamental reasons. It
is the only flow which bears exactly the same total stress across the thickness,
which is one of hypotheses required by Prandtl’s classical arguments for the
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existence of logarithmic layers for the mean velocity profile [48]. Besides,
because its simple geometry, plane Coutte flow is often used as an example
to illustrate the wall-bounded turbulence structure [49], and more recently,
investigation of the self-sustainment of near wall turbulence [50] or inner-outer
wall turbulence interaction [51].

To accurately simulate high Rayleigh and Reynolds number flows of inter-
est in geo- and astrophysical flows [46, 47, 52], efficient code parallelization and
effective use of large scale supercomputers are essential to reach the amount of
grid points necessary to resolve all flow scales. Previous work in parallelizing a
second-order finite-difference solver for natural convection and shear flow have
allowed us to consider unprecedented large computational boxes using AFiD
[53, 54]. However, there are still limitations to the parallelization as it was
written for a central processing unit (CPU)-based system, while the current
trends in high performance computing points towards the increase in use of
accelerators. These are expected to push the performance of supercomputers
into the exascale range by the use of graphic processing units (GPUs) [55].
GPUs are especially well-suited to address problems that can be expressed
as data-parallel computations, where the same program is executed on differ-
ent data elements in parallel. GPUs are also characterized by high memory
bandwidth, something especially important for low-order finite difference com-
putational fluid dynamics codes where the data reuse is minimal. Given the
above, and because GPUs are the most commonly used accelerator technol-
ogy, we decided to port AFiD to GPU clusters, while further developing the
underlying algorithms. With the porting of AFiD to GPU, and the introduced
efficiency improvements, this open source code can now tackle unprecedent-
edly large fluid dynamics simulations. Therefore we expect the code to be of
benefit to the convection and scientific community at large.

We note that there are also several other open source codes, such as
NEK5000 [56], OpenFOAM [57], Nektar++ [58], and channelflow.org [59],
available. We refer the reader to the respective references that describe the
codes, and the website http://exaflow-project.eu/, which gives an overview
of several of these codes. In addition, there are commercial packages such as
COMSOL, Aerosoft, ANSYS/Fluent, and Barracuda VR, that can be used
to solve fluid dynamics problems. The downside of commercial packages is
that the source code is not available, which makes further development of
these codes in research projects impossible. Some of the open source packages
mentioned above also scale well up to large number of cores. However, our spe-
cialized code offers significant performance benefits compared to generalized
flow solvers for canonical model problems such as Rayleigh-Bénard [10, 11, 40],
Taylor-Couette [12, 43], Double Diffusive Convection [60], and plane Couette

http://exaflow-project.eu/
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flow [48], for which our code is designed. In addition, it is easier to port a
specialized code to a GPU cluster with relatively minimal effort, while getting
great performance.

This chapter is organized as follows. In §2.2 we discuss the details of the
solver AFiD. Subsequently, in §2.3 details of the GPU implementation are
discussed, before we discuss the code performance in §2.4. In §2.5 we end
with a presentation of Rayleigh-Bénard and plane Couette cases that have
been simulated with the new GPU code. In section §2.6 we present the main
conclusions and present future development plans for the code.

2.2 AFiD code
Here we summarize the numerical method (§2.2.1) and the parallelization
scheme (§2.2.2) as described in Ref. [53] before we will discuss the specifics of
the GPU implementation in §2.3.

2.2.1 Numerical scheme
AFiD (http://www.afid.eu) solves the Navier-Stokes equations with an ad-
ditional equation for temperature in three-dimensional coordinates on a Carte-
sian mesh with two periodic (unbounded) directions (y and z) which are uni-
formly discretized and one bounded direction (x) for which non-uniform grids,
with clustering of points near the walls, can be used. Note that for Rayleigh-
Bénard flow, the temperature is turned on and for plane Couette flow, the
advection diffusion equation for temperature is turned off and the body force
term in the Navier-Stokes equations are cancelled. All the other features,
except the boundary conditions, are the same.

The Navier-Stokes equations with the incompressibility condition read:

∇·u = 0, (2.1)

∂u
∂t

+u ·∇u =−ρ−1
0 ∇p+ν∇2u+Fb. (2.2)

for the temperature field, an advection-diffusion equation is used

∂T

∂t
+u ·∇T = κ∇2T, (2.3)

where u is the velocity vector, p the pressure, ρ0 the density, T the temper-
ature, ν the kinematic viscosity, κ the thermal diffusivity, and t time. For
Rayleigh-Bénard convection we use the Boussinesq approximation: the body
force Fb is taken to only depend linearly on the temperature, and to be in the

http://www.afid.eu
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Figure 2.1: Location of pressure, temperature and velocities of a 2D simulation cell. The
third dimension (z) is omitted for clarity. As on an ordinary staggered scheme, the velocity
vectors are placed on the borders of the cell and pressure is placed in the cell center. The
temperature is placed at the same location as the vertical velocity, to ensure exact energy
conservation. Note that gravity is in negative x-direction.

direction of gravity (ex is the unit vector anti-parallel to gravity), and we also
ignore the possible dependencies of density, viscosity and thermal diffusivity
on temperature so these parameters are constant. Other body forces, like the
Coriolis force, can be included in this term if one is dealing with rotating
frames.

For the spatial discretization of the domain, we use a conservative, cen-
tral, second-order, finite-difference discretization on a staggered grid. A two-
dimensional (for clarity) schematic of the variable arrangement is shown in
figure 2.1. The pressure is calculated at the center of the cell. For thermal
convection between two plates, the temperature field is collocated with the ux
grid, the velocity component in the direction of gravity. This avoids the inter-
polation error when calculating the term Fb ∼ Tex in Eq. 2.2. This scheme has
the advantage of being energy conserving in the limit ∆t→ 0 [61]. In addition
to the conservation properties, the low-order finite difference scheme has the
advantage of handling better the shock-like behavior resulting from the ab-
sence of the pressure term in the advection diffusion equation for temperature
from the Boussinesq approximation [62, 63].

Given a set of initial conditions, the simulations are advanced in time by
a fractional-step procedure combined with a low-storage, third-order Runge-
Kutta (RK3) scheme and a Crank-Nicolson method [64] for the implicit terms.
The time step ∆t is constrained by a Courant-Friedrichs-Lewy (CFL) number,
whose definition is given by:

∆t≤ CFL ·min
[

1
|ux|/∆x+ |uy|/∆y + |uz|/∆z

]
. (2.4)
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For RK3 methods, CFL number is stable up to
√

3 [64] even if, in practice,
simulations are run at a maximum CFL number of approximately 1.3 [53]. The
RK3 scheme requires three substeps per time step, but due to the larger time
step and the O([∆t]3) error it is more efficient than a standard second-order
Adams-Bashforth integration. The pressure gradient is introduced through
the “delta" form of the pressure [65–67]: a provisional, non-solenoidal velocity
field is calculated using the old value of the pressure in the discretized Navier-
Stokes equation. The updated pressure, required to enforce the continuity
equation at every cell, is then computed by solving a Poisson equation for the
pressure correction. The velocity and pressure fields are then updated using
this correction, which results in a divergence-free velocity field. Full details of
the procedure can be found in Ref. [68]. Note that spatially, only the pressure
term and the Laplacian operators for the viscous terms in the vertical direction
are treated implicitly.

2.2.2 Parallelization strategy

The 2DECOMP [69] library is used to implement a two-dimensional domain
decomposition, also known as “pencil" decomposition. We have extended the
2DECOMP library to suit the specifics of our scheme. For a pencil decompo-
sition solving tridiagonal matrices in directions the pencils are not oriented in,
requires re-orienting the pencils, and thus large all-to-all communications. We
can avoid the solution of the tridiagonal matrices in the horizontal directions
by integrating advection terms and viscous terms in the horizontal directions
explicitly. As shown in Ref. [53], using the CFL time step constraint is suf-
ficient to ensure stability for the wall-bounded direction for high Reynolds
number flows. This is the reason why in this study, the Laplacian operators
for the viscous terms are treated implicitly only in the vertical direction. This
makes the calculation local in space for two horizontal directions, and all-to-
all communications are avoided by aligning the pencils in the wall-normal (x)
direction. In this way, every processor possesses data from x1 to xN (cf. fig-
ure 2.2) and, for every pair (y,z), a single processor has the full x information
needed to solve the implicit equation in x without further communication. We
note that halo updates must still be performed during the computation of the
intermediate velocity, but this memory distribution completely eliminates the
all-to-all communications.

All-to-all communications are unavoidable during the pressure correction
step, as a Poisson equation must be solved. Since the two wall-parallel direc-
tions are homogeneous and periodic, it is natural to solve the Poisson equation
using a Fourier expansion in two dimensions. To do so, modified wavenum-
bers are used, instead of the real ones. Modified wavenumbers for the solution



2

2.2. AFID CODE 17

of a Poisson equation by finite-differences are mainly used to ensure the free
divergence of the discrete velocity field. Since trigonometric expansions are
used only in two directions the Poisson solver would have spectral accuracy
in two directions and second-order accuracy in the third. This introduces an
undesired spatial numerical anisotropy that might perturb the flow physics.
Thus, modified wavenumbers prevent the Laplacian from having higher accu-
racy in some directions [63]. In the limit of infinite points, i.e. ∆y→ 0, the
modified wavenumbers converge to the real wavenumbers. In the CPU ver-
sion, the Fast Fourier Transforms (FFT) are performed using the open source
FFTW (http://www.fftw.org/) library.

By using a second-order approximation for the partial derivatives in the
wall-bounded directions, the Poisson equation is reduced by two-dimensional
fast Fourier transforms to a series of one-dimensional Poisson equations that
are easily inverted by a tridiagonal Thomas solver. This allows for the direct
solution of the Poisson equation in a single step, with a residual round-off-
error velocity divergence (O(10−13) in double-precision arithmetics) within
O(NxNyNz log[Ny] log[Nz]) time complexity. Due to the domain decomposi-
tion, several data transposes must be performed during the computation of
the equation. The algorithm for solving the Poisson equation is as follows:

1. Calculate the local divergence from the x-decomposed velocities.

2. Transpose the result of 1) from a x-decomposition to a y-decomposition.

3. Perform a real-to-complex Fourier transform on 2) in the y-direction.

4. Transpose 3) from a y-decomposition to z-decomposition.

5. Perform a complex-to-complex Fourier transform on 4) in the z-direction.

6. Transpose 5) from a z-decomposition to a x-decomposition.

7. Solve the linear system with a tridiagonal solver in the x-direction.

8. Transpose the result of 7) from a x-decomposition to a z-decomposition.

9. Perform a complex-to-complex inverse Fourier transform on 8) in z-
direction.

10. Transpose 9) from a z-decomposition to a y-decomposition.

11. Perform a complex-to-real inverse Fourier transform on 10) in a y direc-
tion.

12. Transpose 11) from a y-decomposition to a x-decomposition.

http://www.fftw.org/


2

18 CHAPTER 2. AFID-GPU

Figure 2.2: Comparison between the original transpose scheme implemented in the CPU
version (top, see §2.2.2) and the one implemented in the GPU version (bottom, see §2.3.6).
Both transpose strategies start from the leftmost configuration, operate on the arrays, and
transpose again ending up at the right-most configuration, solve the Poisson equations, and
transpose data back to the leftmost configuration.

The last step outputs the scalar correction φ in real space, decomposed in
x-oriented pencils. Therefore, once the Poisson equation is solved, the cor-
rected velocities and pressures are computed directly. The temperature and
other scalars are advected and the time sub-step is completed. For full details
of the equations that are solved, we refer the reader to Ref. [53]. The algo-
rithm outlined above only transposes one 3D array, making it very efficient.
The top row of figure 2.2 shows a schematic of the data arrangement and
the transposes needed to implement the algorithm in the original CPU code.
We wish to highlight that this algorithm uses all possible data transposes.
However, the standard 2DECOMP library only has four transpose schemes,
which are transpose_x_to_y, transpose_y_to_x, transpose_y_to_z, and
transpose_z_to_y, since these transpose routines are sufficient to construct
common spectral solvers. As the Poisson solver described above requires
transposes in all directions we then have added the transpose_x_to_z and
transpose_z_to_x routines to the 2DECOMP library version that is dis-
tributed with AFiD. It can be seen in figure 2.2 that the x-to-z and the z-to-x
transposes need a more complex structure than the other transposes, as a
process may need to transfer data to other processes which are not immediate
neighbors. Therefore, in the CPU version of the code, these transposes have
now been implemented using the more flexible MPI_Neighbor_alltoallw calls
available in MPI 3.0 instead of the MPI_ALLTOALLV calls used for the other four
transposes. The added transpose routines are completely compatible with the
standard 2DECOMP format and the updated library can thus be used in other
codes straightforwardly. These new routines are not incorporated in the library
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version found on the 2DECOMP website, but the updated 2DECOMP library
can be downloaded from https://github.com/PhysicsofFluids/AFiD_GPU_
opensource. The GPU version uses a different transpose scheme that will be
described later.

2.3 GPU implementation
In this section we explain the details of the GPU implementation of AFiD. It is
now possible to program GPUs in several languages, from the original CUDA
C to the new OpenACC directive based compilers. We decided to use CUDA
Fortran (§2.3.1) as the nature of the code, where most routines are nested do-
loops, allows the extensive use of CUF kernels (§2.3.2, kernel loop directives),
making the effort comparable to an OpenACC port, while also retaining the
possibility of using explicit code kernels when needed. In addition, the explicit
nature of data movement in CUDA Fortran allows us to better optimize the
CPU/GPU data movement and network traffic, and to further increase code
performance. In section §2.3.3 we describe the optimization of memory usage
and in §2.3.4 we introduce a profiling interface called NVTX. Furthermore, in
§2.3.5 we present the multi-GPU aspects of the code. Finally, a new improved
transpose scheme is introduced in §2.3.6.

2.3.1 CUDA & CUDA Fortran
CUDA-enabled GPUs can contain anything from a few to thousands of pro-
cessor cores which are capable of running tens of thousands of threads con-
currently. To allow for the same CUDA code to run efficiently on different
GPUs with varying number of resources, a hierarchy of resources exists both
in physical hardware, and in available programming models. In hardware, the
processor cores on a GPU are grouped into multiprocessors. The programming
model mimics this grouping: a subroutine, called a kernel, which runs on the
device, is launched with a grid of threads grouped into thread blocks. Within
a thread block data can be shared between threads, and there is a fine-grained
thread and data parallelism. Thread blocks run independently of one another,
which allows for scalability in the programming model: each block of threads
can be scheduled on any of the available multiprocessors within a GPU, in
any order, concurrently or sequentially, so that a compiled CUDA program
can execute on a device with any number of multiprocessors. This scheduling
is performed behind the scenes, the CUDA programmer needs only to parti-
tion the problem into coarse sub-problems that can be solved independently in
parallel by blocks of threads, where each sub-problem is solved cooperatively
in parallel by all threads within the block. For the GPU runs, the whole com-

https://github.com/PhysicsofFluids/AFiD_GPU_opensource
https://github.com/PhysicsofFluids/AFiD_GPU_opensource
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putation is performed on the GPUs and all data are stored on the GPUs for
the entire duration of the simulation, however in many simulations the data
needs to be routed through CPU memory for further parallel communication.

The CUDA platform also enables hybrid computing, where both the host
(CPU and its memory) and device (GPU and its memory) can be used to
perform computations. From a performance perspective, the bandwidth of
the PCI bus is over an order of magnitude less than the bandwidth between
the device’s memory and GPU, and therefore special emphasis needs to be
placed on limiting and hiding PCI traffic. For MPI applications, data trans-
fers between the host and device are required to transfer data between MPI
processes. Therefore, the use of asynchronous data transfers, i.e. performing
data transfers concurrently with computations, becomes mandatory. In or-
der to achieve this goal we resort to chunked data transfers to ensure that the
relatively slow transfers between CPUs over the PCI bus can already start for
the processed data, while the GPUs are still performing calculations on the
remaining data.

CUDA Fortran is essentially regular Fortran with a handful of extensions
that allow portions of the computation to be off-loaded to the GPU. There
are two compilers, at the moment, that are able to parse these extensions,
the PGI compiler (now freely available via the community edition) and the
IBM XLF compiler, which currently implements a subset of CUDA Fortran,
in particular it does not have CUF kernels. Because we rely heavily on CUF
kernels in our GPU implementation, all the results presented in this chapter
are obtained with the PGI compiler. CUDA Fortran has a series of extensions,
like the variable attribute device used when declaring data that resides in
GPU memory, the F2003 sourced allocation construct and the flexibility of
kernels which make porting much easier. CUDA Fortran can automatically
generate and invoke kernel code from a region of host code containing tightly
nested loops. Such code is referred to as a CUF kernel. One can port code
to the device using CUF kernels without modifying the contents of the loops
using the following programming convention. The directive will appear as a
comment to the compiler if GPU code generation is disabled or if the compiler
does not support them (similar to the OpenMP directives that are ignored if
OpenMP is not enabled). The contents of the loop are usually unaltered.
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subrout ine CalcMaxCFL( cf lm )
#i f d e f USE_CUDA
use cudafor
use param , only : fp_kind ,nxm, &

dy=>dy_d , dz=>dz_d , &
udx3m=>udx3m_d

use loca l_arrays , only : vx=>vx_d , &
vy=>vy_d , &
vz=>vz_d

#e l s e
use param , only : fp_kind ,nxm, dy , dz , udx3m
use loca l_arrays , only : vx , vy , vz

#end i f
use decomp_2d
use mpih
imp l i c i t none
r e a l ( fp_kind ) , i n t en t ( out ) : : c f lm
i n t e g e r : : i , j , k , ip , jp , kp
r e a l ( fp_kind ) : : qc f

c f lm=r e a l (0 .00000001 , fp_kind )

! $cuf k e rne l do (3 ) <<<∗,∗>>>
do i=xs t a r t ( 3 ) , xend (3 )
ip=i+1
do j=x s t a r t ( 2 ) , xend (2 )
jp=j+1
do k=1,nxm
kp=k+1
qc f=( abs ( ( vz (k , j , i )+vz (k , j , ip ) )∗ dz ) &

+abs ( ( vy (k , j , i )+vy (k , jp , i ) )∗ dy ) &
+abs ( ( vx (k , j , i )+vx (kp , j , i ) )∗udx3m(k ) ) )

cf lm = max( cflm , qc f ∗0 .5 _fp_kind )
enddo

enddo
enddo

c a l l MpiAllMaxRealScalar ( cf lm )
re turn
end

Listing 2.1: Routine to compute the maximum CFL number.

2.3.2 CUF kernels
One of the project goals was to have a code as close as possible to the original
CPU version. In order to accomplish this the GPU implementation makes
extensive use of the preprocessor and all the GPU specific code and directives
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are guarded by USE_CUDA macro. For the same F90 source file, a CPU
object file can be created with the standard optimization flags while a GPU
version can be created adding the "-O3 -DUSE_CUDA -Mcuda" flags. While
the GPU code needs to be compiled with the PGI compiler, the CPU code can
be compiled with any Fortran compiler. The build system will build a copy
of the code for GPU and one for CPU. The original CPU code uses custom
allocators that allocate and initialize the arrays to zero. Some arrays are
defined with halo cells, others only for the interior points. The 2DECOMP
[69] library is also using global starting indices. In order to make identical
copies on the GPU, we used the F2003 sourced allocation construct. It is
worthwhile to point out that in the present version of AFID -GPU all data
reside in the GPU memory during all calculations, i.e. each GPU holds the
data corresponding to the pencil it is assigned in memory. The CPUs and
its corresponding memory are only used during I/O operations and for data
transfer between different processes during the communication stages. This
choice compatibility with standard MPI implementations and therefore code
portability.

Listing 1 shows an example of code modifications that allow compilation
of the same source code for both the host (by default) and the GPU (by spec-
ifying the compiler option -DUSE_CUDA). As we can see from the source
code, the CUF kernel directives are very simple to use. Once the compiler
is aware that the 3 nested do loops need to be parallelized, it automati-
cally determines that cflm requires a reduction. Using the renaming facil-
ities when loading the variables from the module, we ensure that the CUF
kernel will operate on arrays resident in GPU memory. We used CUF ker-
nels extensively, and only some routines are coded manually on the GPU.
One of these routines is the routine computing the statistics, since the re-
duction operator is on a vector, and, at the moment, CUF reductions only
work on scalars. Note that by “statistics" we refer to physical quantities of
interest, e.g. vertical mean velocity and temperature profiles. Since the con-
sidered flow is horizontally homogeneous, these physical quantities need to
be averaged in both horizontal directions, which requires the mentioned re-
duction operation. We also wrote batched tridiagonal solvers in which each
thread solves a different system with the Thomas algorithm using the locally
available data and routines to transpose local arrays. These transposes are
needed to optimize the memory layout before computationally intensive parts
such as the tridiagonal solvers or FFT’s, for which we use the CUFFT library.
For the actual implementations we refer the reader to the code available at
https://github.com/PhysicsofFluids/AFiD_GPU_opensource.

https://github.com/PhysicsofFluids/AFiD_GPU_opensource
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2.3.3 Reducing the memory footprint

With the computational power of the GPUs, the memory footprint becomes
the limiting factor in increasing the resolution of the simulations. Reducing
the memory footprint becomes one of the main objectives. While there are now
GPUs with up to 24GB of memory, in most large systems the GPUs are older,
and have less capacity, typically being 6GB to 12GB. Thus, even reducing the
number of 3D arrays by a single unit results in relevant benefits. Since several
routines require storing data that is only needed temporarily, either as an
intermediate result or to transform the data layout, we are able to reduce the
memory footprint by reusing the memory for these arrays as much as possible.
In particular, there are two work arrays used in the Poisson solver that are
used for either complex or real data types. In Fortran77, it was possible to use
the equivalence statement to have the two arrays sharing the same memory.
While equivalence is still supported (but deprecated) in Fortran90, it only
works with statically defined arrays and the memory allocation in AFiD is all
dynamic. Using the iso_c_binding, it is possible to reproduce the behavior
of equivalence:

complex, target, allocatable:: complex_vec(:)
type(c_ptr):: cptr
real, pointer:: real_vec(:)

allocate(complex_vec(N))
cptr=c_loc(complex_vec)
call c_f_pointer(cptr,real_vec, &
[2*size(complex_vec,1)])

This approach works for both CPU and GPU arrays (if the arrays are
declared with the device attribute). Another area where memory can be
reduced is in the workspace that is used by the FFT library. When creating
an FFT plan with CUFFT, a workspace is allocated by the library which is
roughly the same size as the data that will be processed by the plan. Since the
four FFT plans in the solver will not be used simultaneously, we can reuse the
same storage for all the workspaces by creating the FFT plans with the new
CUFFT plan management application program interface (API, here we use
NVTX which is introduced in 2.3.4) that allows the programmer to provide
the workspace memory. The initial GPU version of the code needed 48 K20x
to run a 10243 grid, the final version can now run on 25 K20x with 6GB of
memory.
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Figure 2.3: Profiler output from AFiD_gpu for a parallel run on a 10243 grid.

2.3.4 Profiling using NVTX

Profiling is an essential part of performance tuning used to identify parts of the
code that may require additional attention. When dealing with GPU codes,
profiling is even more important as new opportunities for better interactions
between the CPUs and the GPUs can be discovered. The standard profiling
tools in CUDA, nvprof and nvvp, are able to show the GPU timeline but
do not present CPU activity. The NVIDIA Tools Extension (NVTX) is a C-
based API (application program interface) to annotate the profiler time line
with events and ranges and to customize their appearance and assign names
to resources such as CPU threads and devices [70].

We have written a Fortran module to instrument CUDA/OpenACC For-
tran codes using the Fortran ISO C bindings [71]. To eliminate profiling
overhead during production runs, we use a preprocessor variable to make the
profiling calls return immediately. During the runs, one or more MPI pro-
cesses generate the traces that are later imported and visualized with nvvp,
the NVIDIA Visual Profiler. Figure 2.3 shows an example of the output for
AFiD_GPU on a 10243 mesh, where on the top part “process AFiD GPU" the
CPU sections can be identified while the GPU sections are on the lower “Tesla
K20x" section. The profiler is visualizing the output from one of the ranks.
Since the run was on a 1×16 processor grid, we can see that after the compu-
tation of the local divergence (red box labeled CalcLocal) the first transpose,
TranXY, does not require MPI communications. The following one, TranYZ,
requires MPI communications and we can see the overlapping of Memcopy
DtoH (device to host) and HtoD (host to device) with MPI calls.
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2.3.5 Multi GPU implementation

In the GPU implementation, we map each MPI rank to a GPU. The code
discovers the available GPUs on each node and makes a 1:1 mapping between
ranks and GPUs, as described in [72]. In the basic version of the code the
whole computation is performed on the GPUs, and the CPUs are only used
for I/O and to stage the data needed during the communication phases. There
are MPI implementations that are GPU-aware and allow to use data resident
in GPU memory directly in MPI calls, but for this initial version we used
standard MPI to have a more portable code, so the data needs to be resi-
dent in CPU memory before the MPI calls. Instead of using MPI_ALLTOALL
or MPI_NEIGHBOR_ALLTOALLW calls, we used a combination of IRECV/ISEND
together with cudaMemcpy2DAsync to better overlap transfer to/from GPU
memory from/to CPU memory and computations [73].

2.3.6 Efficient data transposes

AFiD was designed for high Reynolds number simulations and its parallel
implementation is deeply tied to the underlying numerical scheme. As ex-
plained in §2.2.2, the code only needs to solve implicitly in the wall normal
direction. AFiD uses a two-dimensional pencil decomposition aligned in the
wall normal direction. Per time step, only six all-to-all communications are
required, and these are all found in the Poisson solver for the pressure cor-
rection. The original 2DECOMP library had only four transposes available
(no x-to-z and z-to-x, since the library was designed for full spectral solvers
for which there is no need to go back to the original vertical decomposition).
The AFiD code added the x-to-z and z-to-x transposes using the new MPI 3.0
MPI_Neighbor_alltoallw calls. Since in the GPU implementation we want
to use combination of IRECV/ISEND calls that allow a better overlap of data
transfer from/to GPU, this required a new transpose scheme. If we relax the
constraint that the tridiagonal solvers are solved in a decomposition identi-
cal to the original one in which the right hand side (local divergence) of the
Poisson equation was computed, we can devise a more efficient transpose. As
shown in the bottom part of figure 2.2, if we apply another rotation from z
to x (similar to what we would do with a Rubik’s cube), each processor will
only exchange data with other processors in the same row sub-communicator,
similar to the previous stages and use combination of IRECV/ISEND calls. We
are still using the 2DECOMP library to do the book keeping, and since the
library uses global indices for addressing, we just need to access the proper
wavenumbers to solve the tridiagonal systems. In principle, this new transpose
scheme is applicable for the CPU version of the code. However, this has not
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been implemented yet in the CPU version of the code.

2.4 Code performance
In this section we first explain in §2.4.1 how the two dimensional decomposition
is used before we explain the detailed performance tests in §2.4.2. We note
that we use CPU and cores indistinctly, but when we refer to the number of
CPUs or cores below we always refer to the number of computational cores.

2.4.1 Optimal configuration

Given the processor count, the code is able to find the optimal processor
grid configuration. This is very important in production runs to efficiently
use the allocated resources. The code will factor the total number of MPI
tasks and try all the possible configurations, executing the transpose commu-
nication routines for a single substep (six transposes required for the Poisson
solver), including the halo-exchange time. For the CPU version we measured
the performance of the full simulation code to determine the most promising
configuration. For the GPU version, with a low processor count, the optimal
configurations are generally of the form 1×N .

In auto-tuning mode......
processor grid 2 by 512 time=0.433s
processor grid 4 by 256 time=8.241E-002s
processor grid 8 by 128 time=4.342E-002s
processor grid 16 by 64 time=3.173E-002s
processor grid 32 by 32 time=3.014E-002s
processor grid 64 by 16 time=4.255E-002s
processor grid 128 by 8 time=6.577E-002s
processor grid 256 by 4 time=0.121s
processor grid 512 by 2 time=0.230s
the best processor grid is probably 32 by 32

Table 2.1: An example of the generation of the optimal processor grid configuration for the
CPU code

This is because four of the six transpositions are among processors in the
first dimension (xy and xz directions), while only two transpositions are among
processors in the second dimension (yz direction). Thus, a 1×N will mini-
mize the amount of data that must be communicated between processors dur-
ing the Poisson solver transpose routines. However, as the processor count is
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Figure 2.4: Performance of AFiD on CPU and GPU. (a) Speedup. (b) Wall-clock time
per time step versus the number of cores. For a fixed grid resolution an increase in this
computational time is due to increased communication. With increasing grid resolution the
required number of computations increases by more than a factor N due to the pressure
solver. (c) CPU time per grid point per time step for the different test cases. The symbol
color indicates the grid size, the solid and open symbols indicate whether the test was
performed on CPU or GPU, while the symbol indicates the CPU/GPU model.
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increased, the halo-exchange time becomes more dominant, and the best con-
figuration becomes the two-dimensional decomposition which minimizes the
halo-exchange communications. Examples of the optimal configuration search
for the CPU and GPU codes respectively can be found in Table 2.1 and Table
2.2. It is also important to notice that the shape of the decomposition af-
fects the strong scaling since the decomposition changes from 1D to 2D when
increasing the processor count.

In auto-tuning mode......
processor grid 1 by 18 time=0.3238s
processor grid 2 by 9 time=0.8386s
processor grid 3 by 6 time=0.9210s
processor grid 6 by 3 time=0.9363s
processor grid 9 by 2 time=0.8577s
processor grid 18 by 1 time=0.5901s
the best processor grid is probably 1 by 18

Table 2.2: An example of the generation of the optimal processor grid configuration for the
GPU code

2.4.2 Performance comparison
All the cases that are shown in this chapter have been performed with both
the CPU and GPU version of the code. The GPU results are identical to the
CPU results up to machine precision, which indicates that the CPU and GPU
versions of the code are consistent.

The GPU runs were performed on two systems, the accelerator island of
Cartesius at SURFsara and Piz Daint at the Swiss National Supercomputing
Center (CSCS). The accelerator island of Cartesius consists of 66 Bullx B515
GPGPU accelerated nodes, each with two 8-core 2.5 GHz Intel Xeon E5-2450
v2 (Ivy Bridge) CPUs, 96 GB of memory and two 12GB NVidia Tesla K40m
GPUs. Every node has a FDR InfiniBand adapter providing 56 Gbit/s inter-
node bandwidth.

Piz Daint was originally a Cray XC40 with 5,272 nodes, each with an 8-core
Intel Xeon E5-2670 v2 processor, 32 GB of system memory and a 6GB NVidia
K20X GPU. It has been upgraded to a Cray XC50 in November 2016. The
compute nodes now have a 12-core Intel Xeon E5-2690 v3 processor, 64 GB of
system memory and a 16GB Nvidia P100 GPU. The new Pascal P100 GPU
has 720GB/s of peak memory bandwidth (and can sustain more than 500GB/s
in the STREAM benchmark) and more than 4.5 teraflops of double precision
performance. The network is the same before and after the upgrade, and it
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uses the Aries routing and communications ASICs and a dragonfly network
topology. Piz Daint is one of the most efficient petaflop class machines in the
world: in the Green 500 list published in November 2013, the machine with
XC40 nodes was able to achieve 3186 Mflops/W with level 3 measurements,
the most accurate available. In June 2017, with the upgrades XC50 nodes, the
machine was able to achieve 10398 Mflops/W, more than tripling the power
efficiency.

The physical problem used to test the scaling is of the Rayleigh-Bénard
flow, which will be explained in detail in Section 2.5. The computational time
per time step for a given grid resolution does not depend on the Rayleigh-
Bénard control parameters. We measured the performance of the new accel-
erated code and compared it to the CPU performance reported in [53] on the
Curie thin nodes (dual 8-core E5-2680 Sandy Bridge EP 2.7GHz with 64GB of
memory and a full fat tree Inifiniband QDR network) and with new measure-
ment on Cartesius Haswell thin node islands (2 × 12-core 2.6 GHz Intel Xeon
E5-2690 v3 Haswell nodes) with 64GB of memory per node and 56 Gbit/s
inter-node FDR InfiniBand, with an inter-island latency of 3µs.

Here we supply the memory bandwidth and flops of the CPUs and CPUs
that is used to test the code in Table 2.3 and Table 2.4. For Sandy Bridge on
Curie, the peak-memory bandwidth per core is 6.4 GB/s with a performance
of 21.60 Gflops. For Haswell on Cartesius, the peak-memory bandwidth per
processor is 5.7 GB/s with a performance of 41.6 Gflops per core. For K20X
on Piz Daint, the peak-memory bandwidth per processor is 250 GB/s with a
performance of 1312 Gflops per GPU card. For P100 on Piz Daint, the peak-
memory bandwidth per processor is 732 GB/s with a performance of 4761
Gflops per GPU card.

Figure 2.4 shows the scaling data obtained for the CPU and GPU version
of the code. Panel (a) shows that both the CPU and GPU version of the code
show strong scaling on grids ranging from 5123 up to 2048×3072×3072. Panel
(c) combines a weak and strong scaling test together. This panel indicates the
performance of the code for different grid sizes. One can see that for the cases
considered here the normalized performance (and therefore the weak scaling
of the code) is excellent. It can also be seen that the required number of
GPUs to obtain the same wall-clock time as with the CPU version of the code
is much smaller. Moreover, the figure reveals that we now obtain a better
performance and scaling with the CPU version of the code than before, see
[53]. We find that for 1024 cores the new code tested on Haswell is about 26%
faster than the previous code version that was tested on Sandy bridge, while
the difference is about 60% for 8192 cores. The much better performance on
the higher core numbers we therefore ascribe to the code improvements. If
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we focus on the 20483 grid (Table 2.3), simulations performed on 1024 K20X
GPUs are 20 times faster than on 1024 Haswell cores. As indicated above,
the memory bandwidth ratio between the two is about 44, while the ratio
in peak flop rate is about 31.5. The performance ratio between the two is
about a factor 12 when 4096 GPUs or CPUs are considered. Table 2.4 shows
a comparison between the old XC40 nodes and the new XC50 nodes on Piz
Daint for a larger problem on a 2048×3072×3072 mesh. We can notice the
switch from the 1D decomposition to the 2D decomposition when increasing
the processor count. The larger memory on the P100 (16GB) vs K20X (6GB)
makes it possible to run this simulation on 180 nodes and will also allow the
use of even finer meshes.

Comparing the results for the K20X and P100 GPUs we find that the
code runs about 40% faster on the latter, while both the peak performance
(times 3.62) and the maximum bandwidth (times 2.93) have increased more.
The reason for this is that the Piz Daint network was not upgraded when
upgrading from K20X to P100 GPUs. This emphasizes that, although the
CPU and GPU memory bandwidth are important, also other factors such as
network connections can significantly influence our code performance. In figure
2.4 (b) we see that 128 P100 GPUs have similar performance as about 6000
Haswell CPU cores and while the CPU code is reaching a plateau in efficiency,
the GPU code can still scale very well and bring the wall-clock time to levels
unreachable by the CPU version. Since wall-clock time is a very important
metric for DNS this is a crucial benefit of the GPU version of the code. Table
2.3 shows that on a XC50 node with a single P100 GPU is about twice as fast
as a Xeon E5-2690 Haswell node with 24 cores. Its also important to note
that figure 2.4 (b) shows that for large grids the wall-clock time per time step
can be about an order of magnitude lower on a GPU platform than on a CPU
platform while maintaining good computational efficiency, i.e. a good strong
scaling performance.

2.5 Validation
2.5.1 Rayleigh-Bénard convection
We simulated Rayleigh-Bénard convection in an aspect ratio Γ = L/H = 1
cell, where L indicates the streamwise and spanwise domain lengths com-
pared to the domain height H. The control parameters of the system are the
non-dimensional temperature difference between the plates, i.e. the Rayleigh
number Ra, and the fluid Prandtl number, see Refs. [10, 53] for more details.

To test the code we look at the main response parameter of the Rayleigh-
Bénard system, which is the non-dimensional heat transport between the two
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Table 2.3: Wall-clock time per step on a 20483 grid. In the CPU simulations there are as
many MPI tasks as CPU cores. In the GPU simulation, there are as many MPI tasks as
GPUs. This table compares the performance on a node level.

Curie Cartesius Piz Daint
Xeon E5-2680 Xeon E5-2690 Tesla K20x P100

Nodes Cores Time Cores Time GPUs Time Time
32 - - 768 18.70s - - -
64 1024 18.10s 1536 9.58s - - -
128 2048 11.18s 3572 5.25s - - 2.57s
256 4096 6.38s 6144 2.82s 256 2.85s 1.42s
512 8192 3.33s 12288 2.03s 512 1.40s 0.85s
1024 16384 2.77s - - 1024 0.74s 0.46s
2048 - - - - 2048 0.50s -
4096 - - - - 4096 0.34s -

Table 2.4: Wall-clock time per step on a 2048×3072×3072 grid. Comparison between the
XC40 nodes with Tesla K20X GPUs vs XC50 nodes with Tesla P100 GPUs. Note that
scaling tests were performed on 2n GPU cards and the minimum number of GPU cards that
is required.

Nodes Configuration K20X P100
180 1×180 - 4.25s
256 1×256 - 2.7s
512 1×512 - 1.95s
640 64×10 2.4s -

1024 64×16 1.58s 1.00s
2048 64×32 0.88s 0.5s
4096 64×64 0.57s 0.36s
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Figure 2.6: The dimensionless heat flux, i.e. the Nusselt number Nu, as a function of the
dimensionless temperature difference between the plates, i.e. the Rayleigh number Ra, ob-
tained using AFiD, in the compensated way, in comparison with the Grossmann-Lohse theory
[20, 21, 74] and with the experimental data from Castaing et al. [75], Roche et al. [76], Fleis-
cher & Goldstein [77], Chaumat et al. [78], Chavanne et al. [79], Niemela et al. [80], Ahlers
et al. [81, 82], He et al. [26], and Urban et al. [83, 84]. The experimental data and GL
theory presented in this figure are the same as in Ref. [74].

plates, i.e. the Nusselt number. Table 2.5 shows the simulation details and the
extracted Nusselt number for each simulation. In figure 2.5 we show snapshots
of the flow obtained at different Rayleigh number. The figures reveal that the
flow structures rapidly decrease with increasing Rayleigh, illustrating the need
of powerful computer codes to simulate very high Rayleigh number flows.

In figure 2.6, we show the obtained Nusselt number versus Rayleigh number
compared against experimental data [26, 75–84] and the predictions by the
Grossmann-Lohse theory [20, 21, 74]. The figure shows that experiments,
simulations, and theory are in very good agreement with each other up to
Ra= 1011. This figure also shows that there are two facilities (in Grenoble [76,
85, 86]) which show an increased Nusselt number already around Ra= 5×1011,
while other experiments (in Göttingen [26, 27, 82, 87]) show this transitions
around Ra∗1≈ 2×1013 and Ra∗2≈ 7×1013. There is no clear explanation for the
mentioned disagreement although it is conjectured that unavoidable variations
of the Prandtl number [10, 88], finite conductivity [10, 88–90] of the horizontal
plates and sidewall [91–93], non Oberbeck-Boussinesq effects [94–98], i.e. the
dependence of the fluid properties on the temperature, and even wall roughness
[99, 100] and temperature conditions outside the cell might play a role. So far
the origin of this discrepancy could never be settled, in spite of major efforts.
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Table 2.5: The employed Rayleigh numbers Ra and grid resolution in the horizontal Nz×Ny
and wall-normal Nx directions, and the extracted Nu from the simulations. For all cases the
Prandtl number Pr and aspect ratio Γ are unity.

Ra Nz×Ny×Nx Nu
107 256×256×192 17.17
108 384×384×256 32.20
109 512×512×384 64.13
1010 768×768×512 132.68
1011 768×768×1296 275.33

For more information on this topic, we refer the readers to Refs. [10, 40].
In order to help to clarify these issues it is important to perform DNS

with the precise assignment of the temperature boundary conditions (i.e.
strictly constant temperature horizontal plates and adiabatic sidewall), in-
finitely smooth surfaces and unconditional validity of the Boussinesq approx-
imation, i.e. the fluid properties do not depend on the temperature, which
is hard coded in the model equations. In addition, in contrast to experi-
ments, numerical simulations of turbulent flows have the huge advantage that
all quantities of the flow are fully accessible while it is possible to adjust the
control parameters arbitrarily with the goal to better understand the physics
of the system. Our desire to study the transition to the ultimate Rayleigh-
Bénard convection in simulations motivates our development of ever more
powerful simulation codes. It should be noted that figure 2.5 shows that the
GPU code already allows one to perform large simulations in a much shorter
wall-clock time, which makes the execution of such simulations much more
practical.

2.5.2 Plane Couette flow

Now we test the code with the plane Couette configuration at bulk Reynolds
number Rec = 3000. The two walls here move with the same speed uc but in the
opposite direction. Table 2.6 shows the employed parameters and the output
friction velocity. To capture the large scale structure of plane Couette, a rather
large domain size as 18πh×8πh×2h, where h is the half height of the channel,
has to be used. The resulting friction Reynolds number Reτ = 171, which is in
excellent agreement with the previous results for the same configuration [48].

The streamwise mean velocity profile is shown in figure 2.7, normalized with
either the wall velocity uc or friction velocity uτ . Again, excellent agreement
has been found between the current study and Ref. [48]. For figure 2.7 (b),
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Figure 2.7: Mean velocity profiles in plane Couette flow scaled with (a) the wall moving
velocity uc and (b) friction velocity u+ = u/uτ . η is the dimensionless wall normal coordinate
scaled with the channel half height h, in the way that η = 0 corresponds to the channel
centerline and η = ±1 corresponds to the two walls. y+ = uτ (η+ 1)/ν is the dimensionless
distance in wall units. The AFiD results agree excellently with the DNS from Pirozzoli et
al. [48].

two clear layers can be identified. When y+ < 5, the profile follows u+ = y+,
which is called the viscous layer; When 50 < y+ < 171, a clear logarithmic
layer is seen, with u+ = 1/κ lny+ +C, where κ≈ 0.41 and C ≈ 5.0.

Figure 2.8 shows the large scale flow structure of the plane Couette flow.
Distinctive patterns of high and low speed streaks are evident, which maintains
the coherence along the whole streamwise length of the channel, while also
showing some meandering. The spanwise width of the large scale structure
is 4 to 5h, as also shown in previous studies [48, 101]. The above findings
demonstrate the necessity for extremely large box to capture the biggest flow
structure in plane Couette flow. This is the reason the biggest DNS for plane
Couette flow only reached Reτ ≈ 1000 [48], while for channel flow Reτ ≈ 5200
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Figure 2.8: Contours of the instantaneous streamwise flow velocity in (a) the channel center,
(b) cross-spanwise view, and (c) cross-streamwise view.

[36] is already obtained.
With this GPU version of the code, our goal is to study on the one hand

even bigger box sizes, which will help understand how big the large scale
structure can really be. On the other hand, we want to study higher Reynolds
number plane Couette flow, which will help understand how far the logarithmic
layer can extend and whether the attached eddy hypothesis [102] is applicable
for plane Couette flow.

Table 2.6: List of parameters for the plane Couette flow case. Here Rec = huc/ν is the bulk
Reynolds number and h is the channel half height, uc the moving velocity of wall, ν the
kinematic viscosity. The second column shows the computational box. The third column
shows the grid resolution. The last column is the friction Reynolds number Reτ = huτ/ν,
where uτ is defined as uτ =

√
τw/ρ, in which τw is the wall shear stress. Note that Reτ is

output of the system.

Rec Lz×Ly×Lx Nz×Ny×Nx Reτ
3000 18πh×8πh×2h 1280×1024×256 171
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2.6 Conclusions and future plans

In this chapter we presented a GPU accelerated solver that can be used to
study various wall-bounded flows [10–12, 43, 102–106]. Our work is motived
by the need to simulate more extreme turbulent flows and inspired by the
observation that while high performance computing shifts towards GPUs and
accelerators, obtaining an efficient GPU code, that is faster than is CPU, is
thought to be a very time consuming, code specific, undertaking. In this chap-
ter we showed that to port CPU code to the GPU, only “minimal effort" is
required. In addition, we show that for large grids the GPU code obtains good
computational efficiency for wall-clock times that are an order of magnitude
smaller than what can be achieved with the CPU code. In this work we pre-
sented some efficient coding techniques, such as overloaded sourced allocation
and how module use/renaming can be used to avoid modifying loop contents
that have not been covered elsewhere. In addition, we point out that this
approach allows for easy code validation, since every subroutine can be exam-
ined to produce the same results as the original CPU code up to the machine
precision. This approach is generally applicable and an eye opener for many
scientists thinking about GPU porting.

Previous work to parallelize second-order finite-difference solvers allowed
us to reach extremely high Reynolds numbers in Taylor-Couette flow [107],
and also to simulate Taylor-Couette flow with riblets in the flow direction
and notches perpendicular to the flow direction to disentangle the effects of
roughness on the torque [108, 109]. For Rayleigh-Bénard convection we have
used the AFiD code to simulate unprecendetly large horizontal domains to
investigate the formation of thermal superstructures in Rayleigh-Bénard [54].
The need to obtain ever more efficient codes is illustrated by example use
cases of high Rayleigh number turbulent Rayleigh-Bénard convection and high
Reynolds number plane Couette flow. We have shown in §2.5 that our code
can work perfectly for both cases. With the GPU code described here, the
capability of the code is improved even further. Initial works have been started
to simulate the Rayleigh-Bénard flows with external shearing by using the
GPU version. It should be pointed out that the code can also be used to
simulate other wall-turbulent flow configurations such as channel flow at high
Reynolds number.

In order to further expand the capabilities of the code, we are going to
work on several fronts. The first one will be to utilize the CPU cores, which
are completely idle in the basic code version described here, together with
the GPUs in the implicit part of the solver. We are more interested in the
CPU memory than the CPU flops, but depending on the node configuration,
the CPU cores can give a good performance boost. Subdividing each vertical
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domain in two subdomains, we can process one on the CPU and one on the
GPU. The relative size of the subdomains can be determined at runtime, since
the workload per cell is constant. The split is in the outermost dimension (z)
and requires additional halo exchanges (but these are local memory transfers
of contiguous data between GPU and CPU, so no network is involved).

As explained above the code is GPU-centric, which means that all data
required for computations resides in the GPU memory. Since writing the
HDF5 files to disk could be time consuming, we are thinking about making
this process asynchronous, once the solution is copied to CPU memory, the
GPU can advance the solution while the CPUs complete the I/O.

Another way to optimize the simulations is to use a multiple resolution
approach, using a grid for the temperature field with a higher spatial res-
olution than that for the momentum, as integrating both fields on a single
grid tailored to the most demanding variable produces an unnecessary com-
putational overhead. This approach gives significant savings in computational
time and memory occupancy as most resources are spent on solving the mo-
mentum equations (about 80%− 90%). To ensure stable time integration of
the temperature field we use a separate refined time step procedure for the
temperature field. The full details of the strategy are described in [62].

The GPU code is available at
https://github.com/PhysicsofFluids/AFiD_GPU_opensource.

https://github.com/PhysicsofFluids/AFiD_GPU_opensource
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Taylor-Couette flow with grooved

walls: torque scaling and flow
structures ∗

We present direct numerical simulations of Taylor-Couette flow with grooved
walls at a fixed radius ratio η = ri/ro = 0.714 with inner cylinder Reynolds
number up to Rei = 3.76× 104, corresponding to Taylor number up to Ta =
2.15× 109. The grooves are axisymmetric V-shaped obstacles attached to the
wall with a tip angle of 90◦. Results are compared to the smooth wall case
in order to investigate the effects of grooves on Taylor-Couette flow. We fo-
cus on the effective scaling laws for the torque, flow structures, and boundary
layers. It is found that, when the groove height is smaller than the boundary
layer thickness, the torque is the same as that of the smooth wall cases. With
increasing Ta, the boundary layer thickness becomes smaller than the groove
height. Plumes are ejected from the tips of the grooves and secondary circu-
lations between the latter are formed. This is associated to a sharp increase
of the torque and thus the effective scaling law for the torque vs. Ta becomes
much steeper. Further increasing Ta does not result in an additional slope

∗Based on: X. Zhu, R. Ostilla-Mónico, R. Verzicco, and D. Lohse, Direct numerical
simulation of Taylor-Couette flow with grooved walls: torque scaling and flow structure, J.
Fluid Mech. 794, 746-774 (2016).
Simulations and analysis by Zhu. Writing by Zhu, Lohse, and Ostilla-Mónico. Supervision
by Lohse and Verzicco. Discussion of results and proofreading by everyone.
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increase. Instead, the effective scaling law saturates to the “ultimate” regime
effective exponents seen for smooth walls. It is found that even though after
saturation the slope is the same as for the smooth wall case, the absolute value
of torque is increased, and more so with the larger size of the grooves.

3.1 Introduction

Non-smooth surfaces exist everywhere in nature, and many engineering ap-
plications need to deal with rough boundaries. The question of how local
wall roughness affects global transport properties dates back to the pioneering
study [110] in pipe flow. Nikuradse [110] performed experiments on pipes with
sand glued to the wall as densely as possible. The measurements of the friction
coefficient Cf = τ/(1

2ρU
2), where τ is the surfaced averaged friction stress, ρ

the fluid density and U the mean flow velocity, shows that roughness has little
impact in the laminar regime but after increasing the Reynolds number Re,
the friction factor turns upward and reaches an asymptote. At the highest
Re, the friction factor becomes independent of Re. Nikuradse then explained
that in the smooth case, the viscous sublayer depth depends on Re, and hence
the friction factor. However, by introducing roughness the viscous sublayer
decreases down to the roughness scale, where the friction factor becomes in-
dependent of the Re. Since then, there have been a lot of studies concerning
flow in pipes with roughed surfaces (see Ref. [111] for a review).

In general, studying the effect of a change of the boundary conditions at the
wall will lead to a better understanding of the bulk-boundary layer (BL) inter-
action and the flow transport properties which are closely connected therewith.
Next to pipe flow, the canonical systems in turbulent flows are Rayleigh-
Bénard (RB) flow, in which a fluid is driven by the temperature difference
between the hot bottom plate and cold top plate, and Taylor-Couette (TC)
flow, in which a fluid is confined between two independently rotating coaxial
cylinders. Both flows have been well studied and show rich patterns already
with smooth walls (see Ref. [10] for a comprehensive review on RB and Refs.
[12, 43] on TC). Eckhardt, Grossmann & Lohse [13, 16] showed that pipe,
RB and TC flow are analogous to each other. Because of the close analogy, a
better understanding of TC will lead to a more profound insight also in RB
and pipe flow and vice versa.

The temperature difference between the top and bottom plate in RB flow
is analogous to different rotation rates of the inner and outer cylinders in TC
flow. The rotation difference in TC flow is non-dimensionally characterised
by the Taylor number Ta, which is analogous to the dimensionless tempera-
ture difference in RB, i.e. the Rayleigh number Ra . For TC flow, the global
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transport property is expressed as dimensionless torque Nuω, which is anal-
ogous to the dimensionless heat flux in RB, i.e. the Nusselt number Nu. In
TC flow, when the driving force Ta is small, both the BL and the bulk are
of laminar type. When increasing Ta, first the bulk becomes turbulent and
finally also the BLs [112–114]. This state is the so-called “ultimate” regime.
The ultimate regime is relevant not only conceptually [20, 21, 24] but also as
many applications in nature and engineering are within that regime. For TC
flow, the “ultimate” regime was first found in Refs. [32, 115, 116], though
they did not call it like this. Later, new experiments and numerical simula-
tions [33, 113, 114, 117, 118] put it into this conceptual framework. In RB
turbulence, the ultimate regime was experimentally found in Refs. [26, 27]. In
both RB and TC turbulence, the ultimate regime scalings, namely Nu∼ Raβ
in RB flow and Nuω ∼ Taβ in TC flow, have an effective exponent around
β ≈ 0.38−0.40, originating from 1/2 [24] and logarithmic corrections [25, 119].

For RB flow with roughness, various different effective scaling laws re-
lating heat transport to the driving, written in the form Nu = ARaβ, were
suggested. When the height of roughness δ is larger than the thermal BL
thickness λθ ' L/(2Nu), where L the distance between two plates, Shen et.
al [120] found that the prefactor A was increased by 20% whereas the expo-
nent β did not change by using rough surfaces made of a regularly spaced
pyramids. Later, by using the same facility but different pyramid height (9
mm compared to 3.2 mm in Ref. [120]), Du & Tong [121] measured the in-
crease of A to be as much as 76% and the exponent β again stayed the same.
Based on flow visualisation, Du & Tong [121] concluded that the enhancement
of heat transport is due to the plume ejection from the tip of the pyramids.
Also Ciliberto & Laroche [122] found that β was unaffected but more surpris-
ingly A was even decreased when λθ < δ. In another experiment, which used
pyramid roughness [123], both A and β were found to increase and the new
β with roughness was 0.35. Wei et. al [124] found β ≈ 0.35 with roughness
on both the lower and upper plates. In contrast, Stringano & Verzicco [125],
who numerically investigated RB convection over grooved plates, showed that
the secondary vortex inside the grooves would lift up the BL and help the
plumes detach from the tip, which is consistent with the result of Ref. [121].
Both A and β were increased and β was changed to be around 0.37. By im-
plementing V-shaped axis-symmetrical roughness both on the side walls and
horizontal plates, Roche et. al [86] obtained an increase of β to be around
0.51, which was interpreted as triggering the ultimate region 1/2 law without
the logarithmic correction proposed in Ref. [24], after λθ is below the rough-
ness height. They concluded that the roughness imposes a new length scale to
the thermal BLs. They argued that the sublayer thickness would be fixed by
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the roughness so that logarithmic correction would become irrelevant. Ahlers,
Grossmann & Lohse [10] pointed out the 1/2 scaling observed might possibly
be due to a crossover between rough surfaces with a groove depth less than
the BL thickness to a regime where the groove depth is larger than the BL
thickness. Tisserand et. al [126] postulated that if this interpretation was cor-
rect, then β = 1/2 behaviour of RB with roughness would be fortuitous. Salort
et. al [99] further showed that in their model β could range from 0.38 ∼ 0.5
depending on the extent of instability of the BL. Clearly, more work is needed
to resolve this issue.

We now come to TC flow with roughness, the subject of the present study,
in which the studies are more rare. Cadot et. al [127] performed experiments
with equidistance ribs on both the inner and the outer surface. These ribs were
straight and parallel to the axis of the cylinders. With smooth boundaries, the
dissipation in the boundary is dominant and then drag coefficient decreases
with increasing Re. However, with rough walls, Cadot et. al [127] argued that
the dissipation in the BLs is no longer dominant, due to the extra dissipation
in the bulk. In that regime the global drag coefficient becomes constant with
increasing Re. Inspired by this work, van den Berg [128] performed further ex-
periments with the same style of roughness. They reported results for the four
cases of two smooth walls, smooth-inner/rough-outer, rough-outer/smooth-
inner, and two rough walls. The data were interpreted within the Grossmann-
Lohse theory [20, 21, 129]. The flow was found to change from BL dominant
to bulk dominant. In the case with two rough walls, the drag coefficient is
again found to be independent of Re. If translating Re to Ta and the drag
coefficient to Nuω, the effective scaling exponent β in the relation Nuω ∼ Taβ
is nearly 1/2 in the rough-rough case. The phenomenon of drag saturation
with increasing Re is very similar to what Nikuradse [110] had found in his
rough pipe experiments.

We stress that there are usually two different types of wall roughness. One
is to arrange the roughness in a way to impede the mean flow. We call this
“perpendicular roughness”. This kind of roughness elements seem to be more
efficient generators of skin friction than smooth walls [111]. The studies in
Refs. [127, 128] can both be included in this category. The other possibility
is to arrange the roughness in the way aligned to the mean flow, i.e. “parallel
roughness”. A well-documented example is the flow over riblets [130, 131].
Under specific circumstances they decrease drag by 6% [130]. Many different
kinds of roughness can be formed by combining these two ways.

Inspired by the above studies, especially the similarities between pipe, RB,
and TC flow, we study how the Nuω versus Ta scaling and the corresponding
flow structure behave with roughness in TC. In the present study, we perform
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Figure 3.1: Schematic view of the Taylor-Couette system and the groove geometry. (a) Three
dimensional view. The inner cylinder with radius ri is rotating with angular velocity ωi.
The outer cylinder with radius ro is at rest. (b) Cross-section view of the the gap between
the cylinders: d= ro− ri. The length scale of the grooves is δ.

direct numerical simulation (DNS) of the TC flow with grooved walls. Because
the grooves are quite large compared to the viscous scale, we avoid calling
them roughness similar to Ref. [125]. The grooves implemented here are V-
shaped obstacles attached to the wall with a tip angle of 90◦ and axisymetric
to the axis of cylinder. This arrangement of grooves is categorised as parallel
roughness. A schematic view of the structure is shown in figure 3.1. Note
that the rough element type in this study was similar to the one used in Ref.
[125], but different from the one used in Refs. [120, 121], in which pyramids
structures were used.

Our motivations are as follows: (i) DNS provides us with the ability to
reproduce all the details of the flow field which are unavailable in experiments,
and therefore enables us to reveal the connection between the effective scaling
laws for the torque, the boundary layer, and the flow structures. (ii) We want
to answer the question whether with parallel roughness the ultimate regime
effective scaling exponent β becomes 1/2 or whether it stays the same as in the
smooth case, namely β = 0.38 in the relevant Ta regime, but with a different
roughness strength dependent prefactor.

The chapter is organised as follows. In §3.2, we describe the numerical
methods and parameter settings. In §3.3, we show the effective scaling laws
between the Nusselt number and Taylor number in smooth and grooved cases.
In §3.4, it is shown how grooves change the flow structure. §3.5 presents the
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boundary layer dynamics with grooves. Finally, conclusions are drawn in §3.6.

3.2 Numerical settings

3.2.1 Parameter descriptions

In the present study, the outer cylinder is stationary and only the inner cylin-
der is rotating and thus driving the flow. The flow is bounded by two lateral
grooved walls cylinders with no-slip boundary conditions. The lower and up-
per surfaces are replaced by axially periodic boundary conditions and therefore
do not include the effects of end walls unavoidably present in TC experiments.
The grooves of the lateral walls are V-shaped with tip angle of 90◦ and height
δ (Figure 3.1). ri and ro are the base radii of the inner and the outer cylinder
without grooves, respectively. The valley-to-valley distance d= ro−ri is used
to non-dimensionalize all lengths and the base velocity of the inner cylinder
U = riωi for normalizing velocities, where ωi is the angular velocity of the inner
cylinder. The inner grooves rotate with the inner cylinder, and thus have con-
stant angular velocity. This means that the azimuthal velocity at the tip of the
groove is slightly larger by factor of (ri+ δ)/ri than the velocity at the valley
of the inner cylinder. The geometry of the system is fixed at a specific radius
ratio η = ri/ro = 0.714. The reason for keeping the outer cylinder stationary
and choosing such radius ratio are because they are close to the previous ex-
perimental and numerical studies [32, 113–118] so that we can make direct
comparisons with those results. We define the dimensionless radial coordinate
as y = (r−ri)/d so that it ranges from 0 at the inner cylinder to 1 at the outer
cylinder. It was shown that a rotational symmetry of order 6 does not change
the torque for η = 0.714 [113, 114, 132]. We follow their approach and choose
this value to reduce the grids and thus computational cost. The aspect ratio
Γ is chosen to be Γ = L/d = 2π/3 = 2.094 [113], where L is the axial domain
length. In this way one pair of Taylor vortices can be sustained in our DNS.
The dimensionless torque is defined in the form of Nuω = T/Tpa, where Tpa is
the torque of the purely azimuthal laminar state without grooves.

The motion of the fluid is governed by the incompressible Navier-Stokes
equations

∂u
∂t

+u ·∇u = −∇p+ f(η)
Ta1/2∇

2u, (3.1)

∇·u = 0, (3.2)

where u and p are the fluid velocity and pressure, respectively. f(η) is a
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geometrical factor which is in the form

f(η) = (1 +η)3

8η2 . (3.3)

The Ta number, with the absence of outer cylinder rotation, is written as

Ta = 1
64

(1 +η)4

η2 d2(ri+ ro)2ω2
i ν
−2, (3.4)

where ν is the kinematic viscosity of the fluid.
Another alternative way to determine the system by using the inner cylin-

der Reynolds number Rei = riωid/ν, not by Ta number, is suggested in the
works [32, 115, 116]. Note that these two definitions can be easily transferred
between each other by the relation

Ta = [f(η)Rei]2. (3.5)

3.2.2 Numerical method
A second-order finite difference code is employed for the present research,
which is written in cylindrical coordinates and discretized on a staggered mesh.
Details of the base code can be found in Refs. [53, 68]. The code has been
extensively validated in Refs. [113, 114, 133]. Time marching is performed
by a third-order Runge-Kutta scheme and the fractional step is used for the
pressure-momentum coupling, in combination with a semi-implicit scheme for
viscous terms. To achieve large scale computation, a hybrid MPI-pencil and
OpenMP decomposition is used to parallelize the code.

An immersed boundary (IB) technique [39] has been implemented into the
code in order to deal with grooves on the surfaces of both cylinders. The
main idea of the IB method is to add a body force term f to the momentum
equation (3.1), mimicking the boundary effect, to enforce in this way the
desired velocity on the boundary, so that a regular non-body fitted mesh can
be used. The information transfer between boundaries and nearby meshes
is performed by means of interpolation. The advantage of IB is immediate:
Flow bounded by arbitrary complex geometry can be easily solved on a very
simple mesh with an additional body force. This IB method has already been
validated through varieties of contexts in Refs. [39, 125]. For more details on
the implementation, accuracy, and application of the IB method, we refer the
reader to Refs. [38, 39].

In order to guarantee the proper resolution, we proceed as follows. The
mean angular velocity current Jω, defined by

Jω = r3(〈urω〉A,t−ν∂r〈ω〉A,t), (3.6)
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is strictly conserved along the radius r [13]. In this equation, ur denotes the
radial velocity component and ω the angular velocity. On the one hand, Jω is
related to the torque T by T/(2πLρf ) = Jω, where ρf is the fluid density. On
the other hand, Jω can also be related to Nuω as Nuω = T/Tpa = Jω/Jω0 , in
which Jω0 is the angular velocity current of the purely azimuthal state without
grooves. 〈...〉A,t represents averages over a cylindrical surface at radius r and
over time. Numerically, Jω will deviate slightly from constant due to numerical
errors. To quantify this difference, we define

∆J = max(Jω(r))−min(Jω(r))
〈Jω(r)〉r

, (3.7)

where the maximum and minimum are determined over all r, which is chosen
to be within the range of ri + δ ≤ r ≤ ro− δ because of the influences of the
grooves. As illustrated in Ref. [133], ∆J ≤ 0.01 is a very strict requirement for
the meshes. We make sure that all of our DNSs meet this criterion (see table
3.1). An additional issue on resolution within the near wall region by using
IB method is that grooves do not coincide with the coordinate lines. This
results in a finer mesh in the radial and axial directions. Compared to the
case without grooves at the same Ta number, the number of grids increases at
least by a factor of 4.

3.2.3 Explored phase space

Inspired by the literature on RB with roughness [120, 121], in which it was
found that the heat flux increase can not be solely explained by the increase
of surface area, three different groove heights with the same total area in
each series, i.e. δ = 0.052d, δ = 0.105d, δ = 0.209d, corresponding to 20, 10, 5
grooves on both surfaces of cylinder, were analysed. In each series with the
same groove height, Ta is varied from 105 to 109. We then directly compare
our results with our prior simulations in Refs. [113, 133] and with experiments
in Ref. [32], all without grooves. The details of all simulations are displayed
in table 3.1.

3.3 Global response: dimensionless torque
As mentioned above, the global response of transport of the TC system can
be expressed as torque which is required to keep the inner cylinder at a fixed
angular velocity. To investigate the effect of the grooved walls, in this section,
the dimensionless torque Nuω is presented as a function of Ta, i.e. Nuω =
ATaβ, with grooved walls, in comparison with the results for smooth walls.
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δ/d Ta Rei Nθ×Nr×Nz Nuω 100∆J

0.052 2.44×105 4.00×102 64×160×512 2.869 0.21
0.052 7.04×105 6.80×102 64×160×512 3.655 0.42
0.052 1.91×106 1.12×103 64×192×768 4.678 0.33
0.052 3.90×106 1.60×103 128×224×896 5.535 0.26
0.052 9.52×106 2.50×103 128×256×1024 6.646 0.41
0.052 2.39×107 3.96×103 160×320×1280 7.208 0.38
0.052 4.77×107 5.60×103 160×400×1600 8.421 0.62
0.052 9.75×107 8.00×103 192×512×2048 11.11 0.56
0.052 2.15×108 1.19×104 192×512×2048 16.60 0.82
0.052 4.62×108 1.74×104 256×640×2560 22.70 0.79
0.052 9.75×108 2.53×104 256×640×2560 30.85 0.83
0.052 2.15×109 3.76×104 384×700×2800 41.12 0.78
0.105 2.44×105 4.00×102 64×160×512 2.907 0.10
0.105 7.04×105 6.80×102 64×160×512 3.653 0.26
0.105 1.91×106 1.12×103 64×192×768 4.450 0.32
0.105 3.90×106 1.60×103 128×256×1024 5.151 0.31
0.105 9.52×106 2.50×103 128×256×1024 6.096 0.28
0.105 2.39×107 3.96×103 160×384×1536 7.933 0.49
0.105 4.77×107 5.60×103 160×400×1600 11.15 0.37
0.105 9.75×107 8.00×103 192×512×2048 15.24 0.68
0.105 2.15×108 1.19×104 192×512×2048 20.32 0.42
0.105 4.62×108 1.74×104 256×640×2560 26.56 0.83
0.105 9.75×108 2.53×104 256×640×2560 34.76 0.57
0.209 1.03×105 2.60×102 64×160×512 2.452 0.19
0.209 2.44×105 4.00×102 64×160×512 3.333 0.24
0.209 7.04×105 6.80×102 64×160×512 4.516 0.39
0.209 1.91×106 1.12×103 64×192×768 5.364 0.23
0.209 3.90×106 1.60×103 128×256×1024 6.489 0.47
0.209 9.52×106 2.50×103 128×256×1024 8.016 0.59
0.209 2.39×107 3.96×103 160×384×1536 11.73 0.63
0.209 4.77×107 5.60×103 160×400×1600 14.15 0.48
0.209 9.75×107 8.00×103 192×512×2048 17.93 0.72
0.209 2.15×108 1.19×104 192×512×2048 22.49 0.61

Table 3.1: Values of the control parameters and the numerical results of the simulations.
Three series of different groove height are presented. In each series, we vary the Ta and thus
the Rei number. The fourth column shows the amount of grids used in azimuthal (Nθ),
radial (Nr), and axial direction (Nz). The fifth column shows the dimensionless torque,
Nuω. The last column shows the criterions of resolution we choose, i.e. angular velocity
current difference along the radius Jω. All of the simulations were run in reduced geometry
with L= 2π/3 and a rotation symmetry of the order 6. The corresponding cases at the same
Ta without grooves (with smooth cylinders) can be found in Refs. [113, 133].
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Figure 3.2: (a) Nusselt number as function of Ta for η= 0.714. The data are from experiments
and numerical simulations: ···, smooth walls experiments in Ref. [32]; ◦, smooth walls
simulations in Ref. [132]; �, smooth walls simulations in Ref. [113]; M, grooved walls
simulations with δ= 0.052d in the present study; �, grooved walls simulations with δ= 0.105d
in the present study; /, grooved walls simulations with δ = 0.209d in the present study.
Dashed line and dotted dashed line show the 1/3 and the 0.38 slope. Two arrows direct
to the Ta = 4.77× 107 and the Ta = 9.85× 108 at δ = 0.105d series. The former Ta is in
the regime where the scaling slope is larger than 0.38 and the latter is in the regime where
the slope saturates back to 0.38. We will elaborate these two cases in the following sections
as an example to show why the Nuω is increased and why the scaling slope is changed.
(b) The same as (a), but now the Nusselt number is compensated with Ta−1/3. (c) The
same as (a), now with the Nusselt number compensated with Ta−1/2. The arrows show the
position where local 1/2 law can be seen. (d) The same as (a), now with the Nusselt number
compensated with Ta−0.38.
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Figure 3.2 shows Nuω as increasing Ta for smooth cases and grooved cases
with three series of different groove heights. For the smooth TC flow, from
Ta = 2.5× 105 up to Ta = 3× 106, an effective scaling law of Nuω ∼ Ta1/3

is found, which is associated with the laminar Taylor vortices. In between
Ta = 3×106 and Ta = 2×108, there is a transitional region in which first the
bulk becomes turbulent, and then the boundary layers also becomes gradually
turbulent (see the gradual growing turbulent BL in Ref. [113]). When Ta is
even larger, the flow is fully turbulent, in both bulk and boundary layer, and
the so called “ultimate” regime appears with an effective scaling law around
Nuω ∼ Ta0.38 [113, 114].

The situation is more complicated for the grooved TC flow. As shown in
figure 3.2, for the case of δ= 0.052d, three different scaling laws are found with
increasing Ta: At the early stage, the effective scaling follows the same Nuω ∼
Ta1/3, as long as Ta is smaller than a threshold Taylor number Tath, at which
the effective scaling exponent β in the grooved cases starts to deviate from the
smooth cases. Once Ta> Tath, Nuω for the grooved wall cases increases with
a steeper exponent β than for the smooth wall counterpart. The exponent
β can locally be 1/2 for this region. However, further increasing Ta leads
to a saturation to the ultimate regime effective scaling Nuω ∼ Ta0.38, already
as seen for smooth walls but with a larger prefactor. This means that the
influence of the grooves on the effective scaling exponent becomes weaker with
increasing Ta.

Note that Nuω does not always increase after Ta exceeds the threshold
Tath. For the case of δ = 0.105d, at Ta < Tath, the relations between Nuω
and Ta of smooth and grooved cases still follow the same route. But after
Ta > Tath, there is a region where Nuω is decreased. The largest decrease is
5% and occurs at Ta = 1.0×107. The mechanism will be shown and explained
in detail in §3.4. This can be related to channel flow in which Choi et. al [130]
also found drag reduction in specific range of Re. If increasing Ta further,
when Ta > 2.5×107, the exponent β starts to increase and can locally be as
steep as 1/2. Again, after that the effective scaling saturates once Ta is large
enough.

For δ = 0.209d, the threshold Tath is at about Ta = 1.0×105. After a small
range of steep regime in which the the slope is larger than 0.38 we can only
find the upward shift of Nuω. The effective scaling law does not much change,
neither in the laminar nor in the turbulent region. This suggests that these
massive grooves cannot shift the transition to the ultimate regime to even
smaller Ta.

At given Ta, we find that a larger groove height causes a more profound
increase of Nuω. For example, after saturation, for the cases of δ = 0.052d,
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Figure 3.3: Friction factor Cf = 2πNuωJω0 ν−2/Re2
i as a function of the inner cylinder

Reynolds number Rei. �, smooth walls simulations of Ref. [113]; M, grooved walls sim-
ulations with δ = 0.052d; �, grooved walls simulations with δ = 0.105d; /, grooved walls
simulations with δ = 0.209d.

δ= 0.105d, and δ= 0.209d, Nuω increases by 41%, 58%, and 68%, respectively.
The enhanced transport in TC with grooved walls therefore cannot be solely
ascribed to the surface area increase, it is rather the local flow dynamics near
the grooves which enhances the transport. In the following sections we will
look into the flow details to explore the mechanism of Nuω increase which goes
beyond the pure increase of surface area by the grooves. Note that the Nuω
vs. Ta can also be expressed in terms of friction factor

Cf = 2πNuωJω0 ν−2/Re2
i , (3.8)

as a function of the inner cylinder Reynolds number Rei, which is shown in
figure 3.3. From the definition we get that once the local scaling exponent
between Nuω and Ta equals to 1/2, a plateau can be found in the Cf vs. Rei
relation.

It is a common finding that in RB flow, the surface roughness becomes
active only when the thermal boundary layer is thinner than a representative
roughness height [120, 125]. Similar to this, we also want to stress that in TC
flow with grooves the effect of grooves on Nuω can only be seen when the BL
thickness λ becomes less than the groove height δ. At small Ta, the BL is
very thick, thus the grooves are buried under the BL and the fluid cannot feel
their influence. At large Ta, the BL becomes thinner than the grooves and
thus they strongly affect the BL dynamics and thereby alter the transport
properties. At this critical value Tath, the BL thickness equals the groove
height. The averaged BL thickness λ in TC can be estimated by λ' dσ/(2Nuω)
[132], where σ is defined as σ = [(ri+ro)/(2

√
rori))]4. Indeed, our simulations
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Figure 3.4: Comparison between boundary layer thickness λ and groove height δ. The solid
line denotes the averaged boundary layer thickness estimated by λ' dσ/(2Nuω) [132]. Each
triangle symbol shows at what Ta the groove height equals boundary layer thickness.

show that Nuω starts to change once the boundary layer thickness becomes
smaller than the groove height. As shown in figure 3.4, for cases of δ = 0.209d,
δ = 0.105d, and δ = 0.502d, we have Tath ' 1.0× 105, Tath ' 2.8× 106 and
Tath ' 9.0× 107, respectively. Also from figure 3.2 it is found that there are
sharp transitions for Nuω at these points.

We stress that the local exponent β ≈ 1/2 we have found in figure 3.2 (see
the arrows) is not the ultimate region scaling without logarithmic correction
but just a crossover between a regime where groove depth is less than the BL
thickness and a regime where the groove depth is larger than the BL thickness.
Hence it is fortuitous to find this 1/2 exponent in TC with grooves. Note that
in pipe flow [110] and TC flow with perpendicular roughness [128] the situation
is different. In both cases the roughness is orthogonal to the flow direction and
the main flow is impeded by the roughness. The transfer of momentum from
the fluid to the wall is accomplished by the drag on the roughness elements,
which at high Re is predominantly by pressure forces, rather than by viscous
stresses. A new length scale of the groove height is thus implemented into the
system and the drag is independent of Re at high Re [34]. In contrast, in our
current simulations with grooves, these are aligned with the flow direction. As
a result the grooves do not play an immediate role in generating drag and there
is no new length scale to be implemented to the BL. When increasing Ta, the
viscous stresses still dominate the drag. Therefore the exponent β saturates
to the same value as for the smooth case at larger Ta. It is important to
notice that in RB flow the large scale flow fluctuates and so it always sees the
roughness as small obstacles generating direct drag. This aspect is different
from TC flow. However, drag in TC flow is caused by the wall shear rate of the
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Figure 3.5: Tip to tip Nusselt number as a function of the tip to tip Taylor number compen-
sated with Tatt−0.38 for η = 0.714. M, grooved walls simulations with δ = 0.052d; �, grooved
walls simulations with δ = 0.105d; /, grooved walls simulations with δ = 0.209d. Comparing
this figure to the figure 3.2 (d), we find no change in the scaling exponent.

azimuthal velocity. This is analogous to the wall gradient of the temperature
in RB flow, not to the drag caused by the velocity field.

From the above findings, we summarize that compared to smooth cases, in
grooved wall TC flow there are three different characteristic regimes. First,
when Ta< Tath, smooth and groove cases show the same behaviour. Second,
when Ta > Tath, the scaling exponent β increases to be locally as large as
1/2. Third, when Ta is large enough, there is a saturation regime in which the
exponent β saturates back to the ultimate region effective scaling law 0.38,
but the prefactor of Nuω is increased by a substantial margin.

So far, the Ta and Nuω depicted here are both based on the base to base
distance d. The usage of d follows the convention of RB studies [121, 125].
This choice, however, is quite arbitrary because d is only one of the possibility
of the reference length. Also the tip to tip distance could be selected to
nondimensionalize Ta and Nuω. Such definition would then lead to tip to
tip Taylor number Tatt = Ta(d−2δ)2/d2 and Nusselt number Nuttω = Nuω(d−
2δ)r2

i r
2
o/[d(ri + δ)2(ro− δ)2]. In figure 3.5, we show the Nuttω as a function

of Tatt. Despite that in our simulations the grooves are quite high, different
choices of the characteristic length scale do not affect the effective power laws,
but only the exact values of the transitional Ta numbers. Therefore it is
reasonable that we only use d as the reference length scale. If the system
reached the ultimate state, one would expect that the transport of torque
should be the same, i. e. the Nuω vs. Ta relation should be the same as that
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Figure 3.6: Contour plots of the instantaneous azimuthal velocity field uθ for (left panel)
the smooth, (middle panel) the δ = 0.052d, and (right panel) the δ = 0.105d cases at Ta =
4.77×107. The colour scale goes from azimuthal velocity 0 to 1. The red colour represents
the largest azimuthal velocity 1 while the blue colour represents the smallest azimuthal
velocity 0. In the smooth case, the flow is in the transition region where the laminar regions
in the boundary layer are coexisting with turbulent, plume ejecting areas. In the middle
panel, the boundary layer is still thicker than the groove and therefore no evident difference
can be distinguished between the left and middle panel. For the right panel, the boundary
layer is thinner than the grooves and plumes are ejected from all tips of the grooves.

of the smooth case. When deducting the surface area increase, in our current
simulations of δ = 0.052d, δ = 0.105d, and δ = 0.209d, Nuω increases by -1%,
12%, and 18% compared to the smooth case, respectively. We expect that
these differences become smaller and smaller with increasing Ta. Higher Ta
simulations are required to resolve this question.

3.4 Flow structures

In order to find the mechanism behind the Nuω increase, in this section, vi-
sualizations of the flow in the bulk and the grooves are shown for comparing
the grooved and smooth cases. Figure 3.6 shows three contour plots of in-
stantaneous azimuthal velocity uθ in a meridional plane for the smooth, the
δ = 0.052d and the δ = 0.105d cases at Ta = 4.77×107. The left panel shows
the flow in the transition region where the laminar zones in the BL coexists
with turbulent, plume ejecting areas. These plumes are associated with the
axial and radial structure which is induced by the Taylor vortices. Plumes are
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Figure 3.7: Contour plots of the instantaneous azimuthal velocity field uθ for (left panel)
the smooth, (middle panel) the δ = 0.052d, and (right panel) the δ = 0.105d cases at Ta =
9.75×108. The colour scale goes from azimuthal velocity 0 to 1. The red colour represents
the largest azimuthal velocity 1 while the blue colour represents the smallest azimuthal
velocity 0. In the smooth case, the flow is in the fully turbulent region where the bulk and
boundary both become turbulent. Due to the decrease of wall pressure gradient in the axial
direction, plumes are ejected from more places compared to Ta = 4.77×107. In the middle
and right panels, where Ta > Tath, plumes are ejected from the tips and these plumes all
show preferential directions which follow the Taylor vortices.



3

3.4. FLOW STRUCTURES 55

ejected from the preferential positions where there are adverse pressure gradi-
ents such that the detachment from the BL is supported. In the middle panel
δ= 0.052d, Ta is still smaller than Tath, which also means that the grooves are
still buried within the BL and hence the effect of the grooves are very small.
This is the reason why evident differences cannot be distinguished between the
left and the middle panel. However, for the right panel δ = 0.105d, Ta> Tath
and the power law between Nuω and Ta which can be seen from figure 3.2
is in the steep regime. We find that plumes are ejected from all the tips of
the grooves. It is interesting to note that for the smooth case, the plumes are
only ejected from some specific regions while for the grooved case plumes are
detached from nearly all tips of the grooves. Because that more plumes are
ejected compared to the smooth case, the Nuω is greatly enhanced and the
larger exponent β regime can be seen in figure 3.2.

Figure 3.7 shows three contour plots of instantaneous azimuthal velocity
Tauθ in a meridional plane for the smooth, the δ = 0.052d and the δ = 0.105d
cases at Ta = 9.75×108. The left panel shows the flow in the fully turbulent
region. Due to the decrease of wall pressure gradient in the axial direction,
plumes are ejected from more places compared to Ta = 4.77× 107. For the
middle panel δ = 0.052d, we have Ta > Tath, and thus we can see that more
plumes are ejected due to the existence of grooves. The groove tips are the
preferential places for these ejection. In the right panel, for the case of δ =
0.105d, compared to the smooth case, plumes are still ejected from the tips
of grooves, but near the valleys there are spots where plumes are growing.
The difference of the number of plumes between grooved and smooth case is
reducing with increasing Ta. This maybe another reason why the Nuω versus
Ta scaling saturates at high Ta. In addition, we note that these plumes have
different directions of movement either to the top or bottom. It is interesting
to find that these plumes follow the direction of Taylor vortices which also
means that Taylor vortices still exist even if there are grooves. This behaviour
can be explained by the association between the large scale Taylor vortices and
the secondary vortices inside the grooves which we will show in the following
paragraphs.

One may argue that plumes may only be emitted at some points of the
groove tips. This however is not the case. Figure 3.8 shows contour plots of
the instantaneous azimuthal velocity uθ of smooth and δ = 0.105d cases for
Taylor number Ta = 9.75× 108 at constant radius cuts. In the left panel, at
wall distance y= (r−ri)/d= 4×10−3 the flow is in the BL so that the herring-
bone streaks can be seen due to the boundary layer instability. While in the
right panel, at wall distance y = (r−ri)/d= 0.106 or wall distance in terms of
the tip of grooves y′ = (r−ri−δ)/d= 1×10−3 the flow is very close to the tips
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Figure 3.8: Contour plots of the instantaneous azimuthal velocity uθ(θ,z) for Taylor number
Ta = 9.75× 108 at constant radius cuts. The Colour scale goes from azimuthal velocity
0 to 1. The red colour represents the largest azimuthal velocity 1 while the blue colour
represents the smallest azimuthal velocity 0. Left panel: the smooth case at fixed wall
distance y = (r− ri)/d = 4× 10−3. Right panel: the δ = 0.105d case at fixed wall distance
in terms of the tip of grooves y′ = (r− ri − δ)/d = 1× 10−3. The left panel shows the
herring-bone streaks in the boundary layer while the right panel shows plumes being ejected
homogeneously along the azimuthal direction.
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Figure 3.9: Enlargement of the near wall region for contour plots of the instantaneous az-
imuthal velocity uθ superposed with instantaneous velocity vectors in meridional plane at
Ta = 9.75×108. Left panel: the smooth case. Right panel: the δ = 0.105d case. The colour
scale goes from azimuthal velocity 0 to 1. The red colour represents the largest azimuthal
velocity 1 while the blue colour represents the smallest azimuthal velocity 0. The velocity
vectors are formed by the axial and radial velocity on the surface. For the smooth case in the
left panel, the plumes are induced by the acceleration of radial flow. Then vortex rings are
formed. For the grooved configuration in the right panel, the axial flow drives the secondary
vortex inside the grooves. At the same time the interaction between the secondary vortex
and the Taylor rolls causes the detachment of boundary layer from the tips of the grooves.
The detached azimuthal flow then develops into a plume.

of the grooves, red high speed plumes can be identified almost everywhere near
the tip of grooves. It is also seen from this panel, that evidence of large scale
vortices can be identified between high speed regions where there are large
zones of low speed. This is because that in these regions flows are driven by
Taylor rolls and move from outer to inner cylinder or vice versa. In addition,
the flow is statistically homogenous in the θ direction. Both panels can serve
as a confirmation for this assumption.

We now discuss why plumes are preferentially ejected from the tips of the
grooves. Figure 3.9 shows the contour plots of the instantaneous azimuthal
velocity uθ, which is enlarged in plume detaching region of figure 3.7 and su-
perposed by instantaneous velocity vectors in meridional plane. The left panel
displays how plumes detach from the wall of the inner cylinder. Radial pres-
sure gradient accelerates the fluid in the central part of the plume. The sudden
acceleration generates secondary vorticity close to the plume and deforms the
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Figure 3.10: Contour plots of the time- and azimuthally averaged correlation r3〈urω〉A,t at
Ta = 9.75× 108. Left panel: the smooth case. Right panel: the δ = 0.105d case. The cor-
relation has been normalized according to r3〈urω〉A,t/(Jω0 Nuω). The red colour represents
the largest value while the blue colour represents the smallest value. It can be seen from the
comparison that the interaction between the secondary vortices inside the grooves and large
scale Taylor rolls enhances the convective part of the transport in the near tip regions.

plume into a mushroom shape. However, for the grooved case, the situation is
completely different. The axial pressure gradient favours the Taylor vortex to
propel a secondary vortex inside the grooves. This secondary vortex has the
opposite direction compared to the large scale Taylor vortex. The interaction
between the Taylor vortex and secondary vortex causes the detachment of BL
from the tips of the grooves into the bulk and hence forms a plume. Then
the plumes are dissipated into the large scale Taylor rolls. These phenomena
are clearly seen on the right panel. We note that it is very similar to the
famous “lid-driven-cavity” flow however it is the Taylor roll which drives the
flow in the grooves. Although in RB flows the mechanism for large scale rolls
is different from TC, similar thermal plumes are also found to be ejected from
the tips of roughness elements there [121, 125].

It can be seen from figure 3.9 how plumes enhance the Nuω as well. From
the definition of angular velocity current Jω (equation (3.1)), it is known that
Nuω consists of two parts: convective and conductive contributions. The
convective contribution is proportional to the correlation r3〈urω〉A,t. The in-
teraction between the secondary vortex inside the grooves and Taylor vortex
first induce a radial velocity at the tips then lifts the BL. The geometrically
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Figure 3.11: Contour plots of the time- and azimuthally averaged azimuthal velocity 〈uθ〉θ,t
superposed by time- and azimuthally averaged velocity vectors in meridional plane at Ta =
9.75×108. Left panel: the smooth case. Right panel: the δ = 0.105d case. The colour scale
goes from azimuthal velocity 0.3 to 0.7. The red colour represents the largest azimuthal
velocity 0.7 while the blue colour represents the smallest azimuthal velocity 0.3. It can be
seen from the comparison that the interaction between the secondary vortices inside the
grooves and large scale Taylor rolls favours the circulation of Taylor rolls and hence we get
enhanced transport.

induced radial flow separation together with the BL detachment greatly en-
hances the convective part of Nusselt number. As a evidence for this, in figure
3.10, a comparison of the correlation r3〈urω〉A,t at the same Ta = 9.75× 108

between smooth and δ = 0.105d case is performed. From the right panel it is
seen that the BL is thin enough for the grooves to protrude from it, so that in
this case, the interaction of the secondary vortex inside the grooves with the
Taylor rolls contributes to the total angular momentum transport while the
additional activity in the near tip region determines the extra transport in-
crease. In other words, the grooves enhance plume generation and they allow
the plumes to be ejected towards the Taylor rolls. The combined mechanisms
then increases the convection part of torque transport.

From another point of view, we have mentioned before that large scale
Taylor vortices still exist in grooved TC flow. In figure 3.11, time-averaged az-
imuthal velocity contour plots with superposed velocity vectors are presented
for the smooth and the δ = 0.105d configurations at Ta = 9.75× 108. The
left panel corresponds to a flow field in the ultimate regime. The Taylor roll
is still present, but its strength is small and plumes are ejected from many
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Figure 3.12: Contour plots of the time- and azimuthally averaged azimuthal velocity 〈uθ〉θ,t
superposed by time- and azimuthally averaged velocity vectors in meridional plane at Ta =
9.52×106. Left panel: the smooth case. Right panel: the δ = 0.105d case. The colour scale
goes from azimuthal velocity 0 to 1. The red colour represents the largest azimuthal velocity
1 while the blue colour represents the smallest azimuthal velocity 0. Compared to this two
panels, no evident secondary vortices can be identified inside the grooves which only serve
as obstacles for the Taylor rolls. This is the reason why in some cases we find that Nuω is
decreased.

places on the surface. As a comparison, in the right panel it is seen that the
large scale Taylor roll interacts with the secondary vortex inside the grooves
and therefore we conclude that because of these grooves, on one hand, Taylor
roll induces the recirculation inside the the grooves and at the same time the
secondary vortex also favours the flow of Taylor rolls more effectively than the
smooth case. We define a wind Reynolds number as Rew = σ(ur)d/ν, where
σ(ur) is the standard deviation of the radial velocity. For this figure, we find
Rew(grooved) = 1.12Rew(smooth). In this case the presence of grooves gen-
erally leads to a stronger Taylor roll which also contributes to the convective
part of torque transport.

If, on the contrary, the fluctuation of the Taylor roll is not strong enough
to induce the secondary vortex inside the grooves, then stagnant flow inside
the grooves could not favour the Taylor vortices. Oppositely, the grooves
impede the circulation of Taylor rolls when the rolls flow past the grooves.
In figure 3.12, time-averaged azimuthal velocity contour plot with superposed
velocity vectors is presented for the δ = 0.105d configuration at Ta = 9.52×
106. No evident secondary vortices can be seen inside the grooves. Also
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Figure 3.13: Enlargement of the near wall region for contour plots of the instantaneous
streamwise vorticity field superposed with instantaneous velocity vectors in meridional plane
at Ta = 9.52×106 (left panel) and Ta = 9.75×108 (right panel) with δ = 0.105d. The black
arrows show the velocity vectors in the plane. The Blue color denotes the negative streamwise
vorticity and red the positive.

no large separation of Taylor roll can be identified and these grooves only
served as obstacles to hinder the flow to cross them. For this figure, we find
Rew(grooved) = 0.84Rew(smooth). As a result, weaker Taylor vortices deduct
the radial angular velocity transport and Nuω is decreased.

In the above paragraphs, we discussed how grooves affect the bulk flow
and the convective part of Nuω. Because of the conservation of angular ve-
locity current Jω along the radius, the grooves will also have impact on the
wall turbulence structure and wall shear rate. To further illustrate the Nuω
increase or decrease mechanism, here we include the instantaneous streamwise
(azimuthal) vorticity field snapshot, as shown in figure 3.13 at Ta = 9.52×106

and Ta= 9.75×108 with δ= 0.105d. This figure illustrates the streamwise vor-
ticity field superposed by the velocity vectors in the plane. At Ta = 9.52×106,
there is almost no secondary vortex between the grooves, and only at the
tips of the grooves we see the streamwise vortices which are caused by flow
separation there. At Ta = 9.75× 108, the secondary vortex is much stronger
compared to that of the Ta = 9.52×106 case. Between groove tips, almost all
surface areas of grooves are exposed to the sweep motion that streamwise vor-
ticity (secondary vortex) induces. The stronger secondary vortex is, the more
surface area is exposed to the sweep motion it induces, and hence the higher
shear rate of azimuthal velocity. We refer to figure 3.20 and figure 3.21 on
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Figure 3.14: Wall shear rate ∂uθ
∂r averaged in time, azimuthally, and over ten grooves for the

δ = 0.105d case at two different Taylor numbers: (a) Ta = 9.52× 106; (b) Ta = 9.75× 108.
The solid lines denote the grooved case and the dashed line the averaged wall shear rate for
the smooth case at the same Ta.

how secondary vortices gradually occupy the whole regions between grooves
and hence increase the shear rate not only at the tips but also in the valleys
with increasing Re.

We now turn to how the secondary vortices are related to the wall shear
rate of the azimuthal velocity and hence Nuω. In figure 3.14, we show the
azimuthal shear rate averaged in time, azimuthally, and over ten grooves at
two different Taylor numbers Ta= 9.52×106 and Ta= 9.75×108 compared the
results with the smooth case. At Ta = 9.52×106, without secondary vortices,
only the tips of the grooves are exposed to the shear of the Taylor rolls and
the shear rate decays very quickly to zero from the tips to the valleys of the
grooves. There is just a small region close to the groove tip, where the shear
rate is larger than that in the smooth case. That is why the torque is reduced.
However, at Ta= 9.75×108, with strong secondary vortices, the strong mixing
effect renders almost the whole surface areas to be exposed to the high shear
rate equally. Only very close to the valley, one can find that the shear rate is
smaller than its smooth counterpart. That is why the torque is enhanced. The
mechanism proposed here is similar to the one in channel flow with riblets,
where the location of quasi-streamwise vortices is changed by the size of groove
and thus turbulence drag increases or decreases according to the groove size
[130]. However, we only observe very few cases at one groove height 0.1d with
Ta number around 107 where torque is reduced. At this Ta the flow is not
fully turbulent and we would restrict our analysis to the specific cases. Indeed
more work is needed to explore whether drag reduction is possible for fully
turbulent TC flow.
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Figure 3.15: Averaged azimuthal velocity profile along radius for the smooth and the δ =
0.105d case at two different Taylor numbers: (a) Ta = 4.77×107; (b) Ta = 9.75×108. The
solid line shows time-, azimuthally, and axially averaged velocity profile for the smooth case.
The dashed line denotes the grooved case profile over time, azimuth, and ten valleys while
the dot-dashed line time, azimuth, and ten tips, respectively.

3.5 Boundary layer dynamics

In this section we foucus the question of how exactly the grooves modify the
BL dynamics. Figure 3.15 shows the mean velocity profiles in the smooth
and in the δ = 0.105d configuration at Ta = 4.77×107 and at Ta = 9.75×108.
Around the smaller Ta the scaling slope is larger than the effective ultimate
regime scaling 0.38 while around the larger Ta the effective scaling saturates
back to 0.38. By choosing these two Ta, we can thus directly compare the BL
differences between these two regimes. It is seen from this figure that the bulk
velocity increases with the presence of wall roughness, i.e. the influence of
the wall roughness penetrates well into the bulk region of the flow, because of
the conservation of the angular velocity current Jω = r3(〈urω〉A,t−ν∂r〈ω〉A,t)
along the radius. Figure 3.16 shows an enlarged region of figure 3.15 near
the wall of the inner cylinder. The velocity profile for the smooth case is
time-, azimuthally, and axially averaged while for the grooved case it is time-
and azimuthally averaged for ten different tip points and valley points of the
grooves. For the smooth case, the velocity profile indicates that, due to turbu-
lent mixing induced by the Taylor rolls, the azimuthal velocity is uniform in
the bulk region and the velocity gradient across the radius is concentrated in
thin boundary layers. With increasing Ta, the BL becomes thinner and the ve-
locity gradient becomes steeper as expected. Correspondingly, the azimuthal
velocity profile in the bulk becomes flatter and the bulk is more extended
towards the walls.

Similar features also apply to TC flow with grooves but at the same time
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Figure 3.16: A close look at the near inner cylinder region for averaged azimuthal veloc-
ity profile of the smooth and the δ = 0.105d case at two different Taylor numbers: (a)
Ta = 4.77× 107; (b) Ta = 9.75× 108. The solid line shows time-, azimuthally, and axially
averaged velocity profile for the smooth case. The dashed line denotes the grooved case
profile over time, azimuth, and ten valleys while the dot-dashed line time, azimuth, and ten
tips, respectively. Note that ζ = y− δ/d is the horizontal distance from the solid surface.

it also shows some interesting characteristic differences. For the grooved case
at Ta = 4.77× 107, the velocity gradient is larger at the tip of the groove
while it attains the minimum value at the valley. This is because the flow
trapped inside the groove is viscosity dominated and the secondary vortex is
very weak. In comparison, at Ta = 9.75×108, the secondary vortex inside the
groove is strengthened significantly. The strong secondary vortex fully mixes
the flow inside the grooves and even a flat small bulk region can be seen. At
the same time the BL thickness at the valley is greatly decreased as a result
of the extension of the secondary vortex. Because the secondary vortex must
flow smoothly over the valley where it is singular, the BL is thicker in the
valley as compared to at the tip. We expect the difference of the BL thickness
between the tip and valley point becomes smaller and smaller as increasing
the Ta. The asymmetry of the BL at inner and outer surface is caused by the
curvature of the cylinders and also depends on the strength of the Taylor rolls,
which has been detailed in Ref. [114].

The distinctive feature for ultimate regime is the turbulent BL. For wall
distances much larger than the internal length scale and much smaller than
the outer length scale, the mean velocity profile has a logarithmic dependence
on the distance to the wall. It has been shown that in a lot of canonical flows
such as pipe, channel and BL flow the logarithmic velocity profiles exist. We
refer the reader to the reviews [102, 103] for a detailed introduction. Figure
3.17 presents the non-dimensionalized azimuthal velocity u+ = (U−〈uθ〉t,θ)/u∗
on tips and valleys as a function of the wall distance y+ for the inner cylinder
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Figure 3.17: Velocity profiles of the smooth and the δ = 0.105d case non-dimensionalized
by friction velocity and wall distance at Ta = 9.75× 108. The ten red and ten green lines
represent the non-dimensionalized azimuthal velocity u+ = (U−〈uθ〉θ,t)/u∗ over ten valleys
and ten tips for the grooved case, which show different interaction with the Taylor rolls. The
local friction velocity is defined as u∗ = (ν〈∂ruθ(ri)〉t,θ)1/2, with ∂r the derivative normal
to the wall and y+ is the non-dimensional wall distance y+ = (r− ri)u∗/ν for valleys and
y+ = (r− ri− δ)u∗/ν for tips in wall units. The blue line shows the averaged mean velocity
profile for the smooth case at the same Ta. In the smooth case, we also average over axial
direction. That is replacing 〈...〉θ,t by 〈...〉θ,t,z in the above definitions and the wall distance
is the same as one used for the valleys. The dashed lines show the relationships u+ = y+

and u+ = 2.5ln(y+) +5.2.

boundary layer at Ta = 9.75× 108 for the grooved case. We define u∗, the
local friction velocity, with u∗ = (ν〈∂ruθ(ri)〉t,θ)1/2 for valleys and tips, with
∂r the derivative normal to the wall and y+ the non-dimensional wall distance
y+ = (r−ri)u∗/ν for valleys and y+ = (r−ri−δ)u∗/ν for tips in wall units. As
a comparison, in figure 3.17 we also plot the averaged mean velocity profile for
the smooth case at the same Ta. That is by replacing 〈...〉t,θ with 〈...〉t,θ,z in
the above definitions and the wall distance is the same as one used for valleys.
In the smooth case, the mean velocity profile is first linear in the viscous
region and after a buffer region becomes logarithmic. For the grooved case,
significant downward shifts in the log-law are obtained near the tips, whereas
significant upward shifts are obtained near the valley. Because of the strong
plume ejection, all tips of grooves show logarithmic behaviour in the boundary
layer, in accordance with the findings in Refs. [113, 134] which show that the
BL is turbulent at the place where plumes are ejected. The implication is
that specific layout of grooves with tips could locally induce turbulent BLs at
specific points. Meanwhile, because Taylor rolls still exist, the plumes have to
follow the direction of the Taylor rolls, which results in the different velocity
profile slopes for the logarithmic region at different tips (also see the right
panel of figure 3.11). In the valley, as described before, the BL is thicker than
at the tip, so that the flow is more viscosity dominated. It is interesting to
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Figure 3.18: Root mean square azimuthal velocity profile of the smooth and the δ = 0.105d
case at two different Taylor numbers: (a) Ta = 4.77× 107; (b) Ta = 9.75× 108. The solid
line shows time-, azimuthally, and axially averaged velocity profile for the smooth case.
The dashed line denotes the grooved case profile for valleys while the dot-dashed denotes
the profile above tips. The r.m.s velocity for the smooth case is defined as (uθ)r.m.s =
(〈u2

θ〉t,θ,z−〈uθ〉
2
t,θ,z)1/2 while for grooved case it is defined as (〈u2

θ〉t,θ−〈uθ〉
2
t,θ)

1/2 and then
averaged over ten different tips or valleys.

note that the velocity profiles nearly overlap at the valleys.This indicates that
different secondary vortices at different height are homogenous.

The grooves not only influence the mean velocity but also the fluctuations.
Figure 3.18 shows the root mean square azimuthal velocity profiles in the
smooth and the δ = 0.105d configuration at Ta = 4.77×107 and at Ta = 9.75×
108. Figure 3.19 shows an enlarged region of figure 3.18 near the wall of the
inner cylinder. The r.m.s velocity for the smooth case is defined as (uθ)r.m.s =
(〈u2

θ〉t,θ,z − 〈uθ〉2t,θ,z)1/2 while for the grooved case it is defined as (〈u2
θ〉t,θ −

〈uθ〉2t,θ)1/2, averaged over different tips or valleys. For the smooth case, there
is only one peak of the r.m.s velocity which is associated with the enhanced
fluctuation in the buffer layer. With increasing Ta, as the turbulent intensity
becomes larger and the BL becomes thinner as expected, the peak is shifted
to the inner cylinder and the r.m.s is larger.

For the grooved case of Ta = 4.77× 107, at tips of grooves, the position
where the peak occurs is also shifted to the inner cylinder and the r.m.s velocity
is larger. In the valley, we see two different peaks of the r.m.s. velocity. One
close to the wall and one close to the bulk. The near wall one is associated with
the buffer layer and the other is associated with the shear layer between the
secondary vortex and the Taylor roll. The secondary vortex is located between
these two peaks. Because the flow inside the groove is viscosity dominated and
laminar, the position of this peak is far away from the wall and the intensity
is less than in the shear layer. At Ta = 9.75× 108, the secondary vortex
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Figure 3.19: A close look at the root mean square azimuthal velocity profile of the smooth
and the δ = 0.105d case in the near wall region at two different Taylor numbers: (a) Ta =
4.77×107; (b) Ta = 9.75×108. The solid line shows time-, azimuthally, and axially averaged
velocity profiles for the smooth case. The dashed line denotes the grooved case profile for
valleys while the dot-dashed denotes the profile above the tips. The r.m.s velocity for the
smooth case is defined as (uθ)r.m.s = (〈u2

θ〉t,θ,z −〈uθ〉
2
t,θ,z)1/2 while for grooved case it is

defined as (〈u2
θ〉t,θ −〈uθ〉

2
t,θ)

1/2 and then averaged over ten different tips or valleys. Note
that ζ = y− δ/d is the horizontal distance from the solid surface.
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Figure 3.20: The positions of the peaks of the r.m.s azimuthal velocity profile near the
inner cylinder for the δ = 0.105d cases averaged in time, azimuth, and ten grooves at two
different Taylor numbers: (a) Ta = 4.77× 107; (b) Ta = 9.75× 108. The red points are the
positions of these peaks. We average over ten grooves. Abbreviations: BL=boundary layer,
SV=secondary vortex.
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Figure 3.21: Distance l/d between the peaks of the root mean square azimuthal velocity in
the groove valley as a function of Ta for the δ = 0.105d cases.

becomes stronger and extends closer towards the wall, as illustrated before.
As a result, the BL becomes thinner and shift closer to the wall at the same
time the intensity of fluctuation becomes higher than the shear layer.

Figure 3.20 shows the positions where the peaks of the r.m.s azimuthal
velocity profiles close to the inner cylinder occur for Ta = 4.77× 107 and for
Ta = 9.75× 108, both for the δ = 0.105d case. The profiles were averaged in
the azimuthal direction, in time and over the ten grooves. Although other
definitions are possible, inspired by the work of Ref. [125], we define the near
wall peak of the r.m.s. velocity profile as the thickness of the boundary layer.
This enables us to separate the flow domain into three zones. Between the
wall and the near wall peak is the BL layer zone. Between the two peaks is
the secondary vortex zone and beyond is the bulk zone. From the comparison
between these two panels, it is seen that with increasing Ta, the BL inside
the groove becomes thinner and more uniformly distributed along the surface
of the groove. This indicates that at high Ta, the azimuthal velocity can not
feel the effect of the grooves and thus forms the uniformly thick BL just as
the smooth case. As an indication of the growing strength of the secondary
vortices, in figure 3.21 the distance between the peaks of the r.m.s azimuthal
velocity in the groove valley as a function of Ta for δ = 0.105d case is shown.
It is found that the size of the secondary vortex saturates to 0.11d.

Finally, to shed further light on why the effective scaling is larger than
0.38 at Ta = 4.77× 107 and saturates back to 0.38 at Ta = 9.75×108 for the
δ = 0.105d series, we compare the energy dissipation rate εu = ν〈(∇u)2〉t,θ,z
along the radius as shown in figure 3.22. According to [25], the logarithmic
correction, which originates from the turbulent boundary layer, leads to an
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Figure 3.22: Energy dissipation rate εu = ν〈(∇u)2〉t,θ,z along the radius for the δ = 0.105d
series. It was averaged in time, azimuth, and height at two different Ta: (a) Ta = 4.77×107;
(b) Ta = 9.75×108.

effective scaling of 0.38. Even in the fully turbulent regime in which we are,
the boundary layer effects still play a major role on the scaling exponent. Only
asymptotically, the Nu vs. Ta scaling exponent will go to 1/2, but we are far
away from this exponent in any experiment. At Ta = 9.75× 108, because
the BL inside the groove turns to be more similar to the smooth case, the
contribution of the BL to the energy dissipation returns. As a result, the
logarithmic correction for the scaling law occurs. At Ta = 4.77×107, the BL
inside the groove is thick and laminar, however, this is not the smooth laminar
BL where there is a steep shear layer very close to the wall which contributes
very much to the dissipation. In this case, the shear is very small in the
valley region but large around the tip (see figure 3.14 and figure 3.15). It is
clearly seen that the shear rate in the region between the grooves is much less
than that of the smooth case. Thus it is reasonable that the dissipation from
the BL contribute less and it is bulk dominant. We estimate the dissipation
contributed from BL and bulk at the two Taylor number from figure 3.22. At
Ta = 4.77×107, the region below the groove height consists 49% of the total
dissipation while the bulk contributes 51%. In contrast, at Ta = 9.75× 108,
the region below the groove height consists 65% of the total dissipation while
the bulk contributes 35%. Therefore, according to the GL theory [20], in
the regime around Ta = 4.77×107 where it is more bulk dominant, the local
effective scaling exponent is larger than 0.38.
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3.6 Conclusions

In this study, direct numerical simulations are conducted to explore the Taylor-
Couette flow under the presence of grooved walls. Numerical results corre-
sponding to the Taylor number up to Ta = 2.15×109 are presented for three
different sizes of grooves, namely δ = 0.052d, δ = 0.105d, and δ = 0.209d, at a
radius ratio η = 0.714.

We find three different characteristic regimes reflecting in different effective
scaling laws between Nuω and Ta. First, when Ta < Tath, i.e. when the
boundary layer thickness is larger than the height of the grooves, there is a
overlap regime in which smooth and groove cases show the same behaviour.
Second, when Ta>Tath, i.e. when the boundary layer thickness is less than the
groove height, there is a steep slope regime in which the power law exponent
between Nuω and Ta becomes larger than the ultimate region effective scaling
0.38. Third, when Ta is large enough, there is a saturation regime in which
the effective scaling law saturates back to 0.38. It is found that even after
saturation the slope is the same as for the smooth case, the absolute value
of torque is increased beyond the ratios of the surface area increase between
grooved and smooth wall.

The visualization of the flow structure shows that the enhanced transport is
caused by the plume ejection from the tips of the grooves. Firstly, the axial flow
induces the secondary vortices inside the grooves. Secondly, the interaction
between the secondary vortices and the Taylor vortices facilitates the flow
separation on the tips. Thirdly, this flow separation causes the boundary
layer to detach into the bulk, and thus the boundary layer flow forms the
plumes and follows the preferential direction of Taylor vortices. Finally, the
combination of plumes and flow separation greatly strengthens the convective
part of Nuω. In particular, there is the possibility that the torque can become
smaller when there are no plumes ejected from the tips of the grooves and
the grooves impede the Taylor rolls. Another interesting feature revealed
from visualizations is that large scale Taylor vortices still survive under the
presence of the grooves. This is because the induced secondary vortices inside
the grooves also favour the circulation of the Taylor rolls.

With increasing Ta, the intensity of the secondary vortex inside the grooves
is strengthened. The boundary layer thickness in the valley is decreased and
more uniformly distributed along the surface of the groove. A small flat bulk
region for the mean velocity profile can be seen inside the grooves. At high
Ta, the azimuthal velocity cannot feel the effect of the grooves and thus forms
the uniformly thick BL just as the smooth case. As to the fluctuation, it
is found that on tips of grooves, there is only one peak for the root mean
square azimuthal velocity while in the valley there are two peaks. The first
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is associated with the BL near the valley and the second with the shear layer
between the secondary vortices and the Taylor vortices. We found that the
steep slope regime is more bulk dominant and therefore the effective scaling
slope is larger while in the saturation regime, the boundary layer contribution
reoccurs and hence the scaling slope saturates.
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4
Torque enhancement in

Taylor-Couette turbulence with wall
roughness at the inner cylinder ∗

Direct numerical simulations (DNSs) are performed to analyze the global
transport properties of turbulent Taylor-Couette flow with inner rough wall
up to Taylor number Ta = 1010. The dimensionless torque Nuω shows an ef-
fective scaling of Nuω ∝ Ta0.42±0.01, which is steeper than the ultimate regime
effective scaling Nuω ∝ Ta0.38 seen for smooth inner and outer walls. It is
found that at the inner rough wall, the dominant contribution to the torque
comes from the pressure forces on the radial faces of the rough elements; while
viscous shear stresses on the rough surfaces contribute little to Nuω. Thus, the
log layer close to the rough wall depends on the roughness length scale, rather
than on the viscous length scale. We then separate the torque contributed from
the smooth inner wall and the rough outer wall. It is found that the smooth
wall torque scaling follows Nus ∝ Ta0.38±0.01

s , in excellent agreement with the
case where both walls are smooth. In contrast, the rough wall torque scaling
follows Nur ∝Ta0.47±0.03

r , very close to the asymptotic ultimate regime scaling

∗Based on: X. Zhu, R. Verzicco, and D. Lohse, Disentangling the origins of torque en-
hancement through wall roughness in Taylor-Couette turbulence, J. Fluid Mech. 812, 279-
293 (2017).
Simulations and analysis by Zhu. Writing by Zhu and Lohse. Supervision by Lohse and
Verzicco. Discussion of results and proofreading by everyone.
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Nuω ∝ Ta1/2. The energy dissipation rate at the wall of inner rough cylin-
der decreases significantly as a consequence of the wall shear stress reduction
caused by the flow separation at the rough elements. On the other hand, the
latter shed vortices in the bulk that are transported towards the outer cylinder
and dissipated. Compared to the purely smooth case, the inner wall roughness
renders the system more bulk dominated and thus increases the effective scaling
exponent.

4.1 Introduction

Taylor-Couette (TC) flow [12], in which a fluid is confined between two rotat-
ing cylinders, and Rayleigh-Bénard (RB) flow [10], in which a fluid is heated
from below and cooled from above, are the two most famous examples for tur-
bulent flows in closed system, in which exact energy balances hold and global
transport properties can be connected to the energy dissipation rates. Due
to the close analogy [13, 16], they have been called the twins of turbulence
research [17]. In the TC system, the global transport property is often ex-
pressed as torque τ , which drives the cylinder at a constant angular velocity.
Following the analogy [13] between the angular velocity flux from the inner
to the outer wall in TC and heat flux from bottom to top plate in RB flow,
the torque in dimensionless form can be expressed as a Nusselt number Nuω,
which for smooth cylinders and in the ultimate turbulent regime was shown
to have an effective scaling Nuω ∝ Ta0.38 with the later defined Taylor num-
ber Ta [33, 113, 114], identical to the effective scaling Nu ∝ Ra0.38 found in
ultimate RB turbulence in terms of Nusselt number Nu and Rayleigh number
Ra [26, 27]. This effective scaling in the ultimate regime has been explained
by [25] as the asymptotic ultimate regime scaling exponent 1/2 [24] with loga-
rithmic correction due to the interplay between bulk and turbulent boundary
layer.

Altering the boundary conditions by implementing rough boundaries is
thought to be one way to reduce the logarithmic correction because roughness
can modify the boundary layer and hence the boundary-bulk interaction. In
RB convection, roughness has already been employed in many studies [86,
100, 120–122, 125], however, the results concerning the change of the scaling
exponent are still elusive [10, 126]. For TC flow the studies regarding rough
boundaries have attracted much less attention. The only two examples are of
Refs. [127, 128] and indeed for rough walls an increase of the torque scaling
exponent towards the asymptotic ultimate scaling Nuω ∝Ta1/2 has been found.
Those global measurements however did not provide information on local flow
details, therefore the exact mechanism of the torque enhancement could not
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be elucidated. Most importantly, knowledge on how the roughness changes
the flow structure and how the flow structure affects the torque scaling is still
missing.

In this chapter, direct numerical simulations (DNS) are performed to simu-
late Taylor-Couette flow with a rough inner wall. This configuration allows us
to dissect directly smooth turbulent boundary layer, rough turbulent boundary
layer, and bulk interactions simultaneously. Our aim here is to demonstrate
that, a) pressure dominance of the torque at the rough wall is of prime impor-
tance in changing the flow structure; b) pressure induced separation causes
an increase of the dissipation through the vortex-shedding towards the bulk,
rather than via a large shear rate very close to the wall as in the smooth case.
The consequence is an increase of the scaling exponent.

4.2 Numerical techniques and parameters
For the DNS a second-order finite difference code [68, 134] is employed, in
combination with an immersed boundary method [39] to deal with the rough-
ness. The radius ratio is η = ri/ro = 0.714, where ri and ro are the inner
and outer radii, respectively. The aspect ratio of the computational domain is
Γ = L/d= 2.094, where L is the axial periodicity length and d the gap width
d = ro− ri. With such Γ, we can have a relatively small computational box
with a pair of Taylor vortices of opposite directions. The inner cylinder is
roughened by attaching six vertical strips of square cross section (edge width
h = 0.1d) which are equally spaced in azimuthal angle, similar to the proce-
dure used in Refs. [127, 128]. A schematic view of the geometry is seen in
figure 4.1. A rotational symmetry of order six is implemented to reduce com-
putational cost while not affecting the torques [113, 132]. As a result, in our
azimuthally reduced domain, only one square rough element exists. Here we
focus on the case of inner cylinder rotation with angular velocity ωi and fixed
outer cylinder. The appropriate number of grid points is chosen to make sure
that the torque difference between the inner and outer cylinder is less than
one percent. The parameters are shown in detail in table 4.1.

In order to show the modification of roughness to the global transport
properties, from DNSs, we extract Nuω and the wind Reynolds number Rew
as a function of Ta, which are defined as,

Nuω = τ/τpa, (4.1)

where τpa is the torque required to drive the system in the purely azimuthal
and laminar case, and

Rew = σ(ur)d/ν, (4.2)
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where σ(ur) is the standard deviation of radial velocity and ν the kinematic
viscosity of the fluid. The Taylor number is defined as

Ta = 1
64

(1 +η)4

η2 d2(ri+ ro)2ω2
i ν
−2, (4.3)

where ωi is the angular velocity of the inner cylinder. Another alternative
way to characterize the system is by using the inner cylinder Reynolds number
Rei = Ud/ν = riωid/ν [32, 116]. Note that these two definitions can be easily
transformed between each other by the relation

Ta = (1 +η)6

64η4 Re2
i . (4.4)

The torque τ can be further related to the friction velocity uτ and the viscous
length scale δν :

uτ =
√
τ/2ρπr2L, (4.5)

δν = ν/uτ , (4.6)

where ρ is the density of fluid and r can be either the inner cylinder radius ri
or the outer one ro.

The torque can also be expressed in the form of a friction factor Cf , which
is widely used for wall bounded turbulence. The relation between Cf and Nuω
is

Cf = 2πNuωJω0 ν−2/Re2
i , (4.7)

where Jω0 = 2νr2
or

2
i ωi/(r2

o − r2
i ) is the angular velocity current at the purely

azimuthal laminar state.

4.3 Results
4.3.1 Global scaling laws
The effective scaling relations of Rew and Nuω vs. Ta are shown in figure. 4.2.
We find Rew ∝Ta0.50±0.01, in accordance with the theory Rew ∝Ta1/2 [25] pre-
dicted for the ultimate regime with smooth boundary. This effective scaling
was also found for ultimate RB [26] and ultimate TC [33, 117] turbulence. In-
deed, the prediction for Rew(Ta) of [25] should also work for rough boundaries
in the ultimate regime. It originates from the dominance of the turbulent bulk
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Figure 4.1: Schematic view of the Taylor-Couette system with roughness. The inner cylinder
with radius ri is rotating with angular velocity ωi. The outer cylinder with radius ro is
at rest. The gap width is d = ro− ri. The rough elements are six square vertical stripes
positioned equidistantly on the inner cylinder wall. The height of the rough element is 0.1d.
In our DNS, a rotational symmetry of six is used. The computational domain contains 1/6
of the azimuthal width and has one rough element on the inner cylinder. CD: computation
domain.

Ta Rei Nθ×Nr×Nz Nuω Rew ηK/d

9.75×107 8.00×103 512×512×512 19.5 5.60×102 4.99×10−3

2.15×108 1.19×104 512×512×512 26.0 8.63×102 3.80×10−3

4.62×108 1.74×104 768×640×640 35.9 1.25×103 2.88×10−3

9.75×108 2.53×104 1024×768×768 47.1 1.75×103 2.24×10−3

2.15×109 3.76×104 1280×1024×1024 65.5 2.71×103 1.69×10−3

4.63×109 5.52×104 1536×1280×1280 91.2 3.95×103 1.28×10−3

1.00×1010 8.10×104 2048×1536×1536 125.9 5.79×103 9.73×10−4

Table 4.1: Values of the control parameters and the numerical results of the simulations. We
keep the radius ratio at η = 0.714 and the square rough element height h = 0.1d, but we
vary the Ta and thus the Rei number. The fourth column shows the amount of grid points
used in azimuthal (Nθ), radial (Nr), and axial direction (Nz). The fifth column shows
the dimensionless torque, Nuω. The sixth column shows the wind Reynolds number Rew.
The last column details the mean Kolmogorov scale ηK . It is obtained from the relation
ηK = (ν3/εu,m)1/4, where εu,m is the mean kinetic dissipation rate Eq. (4.20). All of the
simulations were run in reduced geometry with L = 2π/3 and a rotation symmetry of the
order 6. The corresponding cases at the same Ta without roughness (with smooth cylinders)
can be found in Refs. [113, 133].
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Figure 4.2: (a) Wind Reynolds number Rew vs. Taylor number Ta. (b) Nusselt number Nuω
vs. Ta. The bullets are the data from simulations while the straight lines are the best fits
Rew = 0.055Ta0.50±0.01 and Nuω = 0.0080Ta0.42±0.01. The insets show the compensated
plots Rew/Ta1/2 vs. Ta and Nuω/Ta0.42 vs. Ta.

contribution to the energy dissipation rate. Once the BLs become even more
turbulent through the roughness, the system will become more bulk-like and
the scaling therefore should not change. The prefactor 0.055 in the effective
scaling relation is larger than its counterpart for the smooth TC case where it
is only 0.0424 [117] which shows that roughness facilitates the fluctuations of
the wind flow rather than hindering it.

We now come to the scaling of the torque. Here, the effective scaling
relation Nuω ∝ Ta0.42±0.01 is found. The scaling exponent is notably larger
than the effective ultimate scaling exponent 0.38 seen for both smooth RB
[26] and TC [117] flows, respectively, in the appropriate Ra and Ta regimes.
This effective scaling exponent originates from the asymptotic ultimate scaling
Nuω ∝ Ta1/2 [24], but with logarithmic corrections [25]. Our finding of an
increased effective scaling exponent as compared to that in the smooth case
implies that roughness can reduce the logarithmic correction. This becomes
possible through redistribution of the energy dissipation in radial direction.
We will explain the physics behind this statement in the following paragraphs.

With respect to the global transport properties, the most distinctive modi-
fication produced by the roughness is that the torque (at the rough boundary)
consists of two contributions, namely viscous stresses and pressure forcing
while for the smooth case it is solely the former one. When the roughness
scale h is large compared to the viscous length scale δν , the local Reynolds
number of the flow over the rough elements is large, i.e. uτh/ν = h/δν � 1.
For our lowest Ta, this value is already around 50, while for the highest, it is
about 400. Almost all of our simulations are thus in the fully rough regime
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Figure 4.3: Contributions to the total torque originating from pressure Nup (upper curve,
squares) and viscous stresses Nuv (lower curve, dots) for rough boundaries. As seen, the
torque mainly originates from pressure forces whereas viscous stresses contribute only for
a small faction. The schematics inside the figure show how viscous forces and pressure
contribute separately to the total torque.

where h/δν > 70 [49]. The transfer of momentum from the wall to the fluid
is accomplished by the torque of the rough elements, which at high Reynolds
number is dominated by the pressure forces, rather than by viscous stresses.
This statement is made quantitative in figure 4.3, showing the decomposi-
tion of the total torque into viscous and pressure contributions at the rough
boundary. The viscous forces part is defined as

Nuν =
∫
τνr

τpa
dS, (4.8)

where τν is the viscous shear stress and r the radius, while the pressure part
is defined as

Nup =
∫
Pr

τpa
dS, (4.9)

being P is the pressure. An illustration of how pressure and viscous forces
contribute to the torque separately is shown in figure 4.3. In fact, the viscous
stresses contribute only for a small fraction to Nuω, owing to the recirculations
around the rough element, while the pressure forces on the radial faces of the
rough elements contribute nearly 95% of the total.

4.3.2 Velocity profiles
The implication of the reduced viscous stresses contribution to the total torque
is that the shear rate of the azimuthal velocity at the rough wall becomes
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Figure 4.4: (a) Averaged azimuthal velocity profiles for varying Ta. The shear rate is much
smaller at the rough wall compared to the smooth one. The velocity in the middle of the
gap is biased towards the rough wall velocity. The larger Ta, the more the velocity profile
is biased in the bulk towards the inner cylinder velocity. (b) Azimuthal velocity profile non-
dimensionalized by wall units at the smooth outer boundary. There are lines which show
the law of the wall u+ = κ−1

v lny+ +B, with values of κv = 0.4 and B = 5.2, and viscous
sublayer u+ = y+. (c) Non-dimensionalized azimuthal velocity profile at the rough inner
boundary. Note that now the profiles are scaled with the outer variable y/h, and not y+.
The solid line shows that the law of the wall with roughness in the fully rough regime is
u+ = κ−1

v ln(y/h) +B, with the same κv = 0.4 and the smaller B = 3.2.
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i ) is the angular velocity current at
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√
Cf = alog10(Rei

√
Cf ) + b, with a = 0.61, b = 0.49 for RS cases and a = 1.56,

b=−1.63 for SS cases.

smaller compared to the smooth case. As a result, the azimuthal velocity at
the mid gap should be biased towards the rough wall relative to the smooth
case, reflecting the stronger coupling of the rough wall to the bulk. This
is evident from figure 4.4a, which clearly shows that for increasing Ta, the
azimuthal velocity in the bulk gets closer to the rough wall velocity. The
biased velocity phenomenon was also hypothesized in Ref. [128] by using a
circuit analogy.

Next, we compare the differences between azimuthal velocity profiles Uθ
normalized in the form u+ = Uθ/uτ versus the wall distance y expressed in
terms of y+ = y/δν at smooth and rough boundaries, see figure 4.4b, c. The
outer cylinder boundary layer is that of a smooth wall for which it is well
known that there is a viscous sublayer (u+ = y+) for y+ < 5 and a logarithmic
profile

u+ = 1
κv

lny+ +B, (4.10)

for y+> 30. In the above equation, following [118], we use κv = 0.4, B= 5.2 and
figure 4.4b shows convergence for increasing Ta although substantial deviation
is evident which originates from the boundary curvature and the Taylor rolls
[12, 107, 112, 118].

At the inner cylinder rough boundary, the law of the wall is extended
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to incorporate roughness. Because of the pressure forces dominance, δν is
no longer the relevant parameter. Instead, the roughness scale h should be
used to normalize the wall distance [34]. With this change, the log-law with
roughness in the fully rough regime [34, 110] becomes

u+ = 1
κv

ln
(
y

h

)
+B, (4.11)

to be compared with (4.10). In figure 4.4c, above the roughness height, there
is a region (0.1< y/h< 0.16) where the velocity profiles collapse very well and
show the logarithmic behaviour Eq. (4.11), with the von Kármán prefactor.
The von Kármán constant κv stays the same while the fit for B gives B = 3.2,
exactly the same as found in rough channel flow [135].

4.3.3 Skin friction factor

An alternative way to describe the global transport properties is through the
friction factor Cf as a function of the inner cylinder Reynolds number Rei, as
shown in figure 4.5. The Prandtl-von Kármán skin friction law [32, 34, 49, 128],
which is an extension of the log law of the wall, is used to fit our data. The
implicit form is

1√
Cf

= alog10(Rei
√
Cf ) + b. (4.12)

For the smooth-smooth (SS) wall case, we get a = 1.56 and b = −1.63. This
differs from the value of a from turbulent channel (a= 1.91, see [136]) or pipe
flows (a= 1.92, see [137]), due to the effects of curvature and large scale Taylor
rolls, which make the Karman constant slightly larger in TC flow [113, 118].
The best fit for the current rough-smooth (RS) wall case results in a = 0.61
and b= 0.49. Compared to a= 1.56 in TC turbulence with the smooth-smooth
(SS) wall, here for RS cases a is much smaller. It is important to note that
on the one hand, the velocity profile for the RS cases is a combination of
smooth-wall Eq. (4.10) and rough-wall Eq. (4.11) situations, on the other
hand, the logarithmic term of Eq. (4.11) is independent of Rei. Therefore,
the dependence of Cf on Rei weakens for the RS cases as compared to the SS
cases.

4.3.4 Asymmetry velocity profiles between smooth and rough walls

As stated before, we find the velocity profiles biased towards the rough wall.
The lager Ta is, the more asymmetric the velocity profile is. To quantify this,
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Figure 4.6: Ratio χ between the angular velocity drop of the smooth wall and the rough wall
as a function of Ta. The dashed line shows the trend of the asymmetry, which increases with
increasing Ta.

a asymmetry parameter χ is introduced, defined as

χ= ωm
ωi−ωm

. (4.13)

Here, ωm is the angular velocity at the middle gap. To repeat symmetry,
one would have χ = 1. The numerically obtained values of χ as function of
Ta is shown in figure 4.6. By using one rough wall and one smooth wall, we
can compare the transport properties of different walls within the same flow
configuration. This has been done in RB flow by [126] and [124]. Similarly
for TC flow, if assuming that a symmetric cell has two independent smooth
walls behaving the same as our outer cylinder, we get the difference of angular
velocity across the gap as 2ωm. Thus, the smooth wall Nusselt number is

Nus = Nuωωi
2ωm

= Nuω
2

(1 +χ

χ

)
, (4.14)

and the corresponding smooth wall Taylor number Tas is

Tas = 4Taω2
m

ω2
i

= 4Taχ2

(1 +χ)2 , (4.15)

both restore to the symmetric case for χ= 1. For the rough boundary, a rough
wall Nusselt number is defined as

Nur = Nuωωi
2(ωi−ωm) = Nuω

2 (1 +χ), (4.16)
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with its rough wall Taylor number

Tar = 4Ta(ωi−ωm)2

ω2
i

= 4Ta
(1 +χ)2 , (4.17)

again, both restore to symmetric case for χ= 1. It is easy to find that

Nur = χNus, (4.18)

and

Tar = Tas
χ2 . (4.19)

Note that from figure 4.6 a rather linear growth of χ over two decades of Ta is
found, which would surely make the effective scalings between Nus vs. Tas and
Nur vs. Tar different. As a confirmation, in figure 4.7, Nus vs. Tas and Nur
vs. Tar are shown. For the smooth wall, a clear scaling of Nus ∝ Ta0.38±0.01

s

is revealed, which is in excellent agreement with the case where both walls
are smooth and corresponds to the effective scaling of ultimate regime with
logarithmic correction [25, 33, 117]. This indicates that the rough wall can not
affect the scaling of the smooth wall, even in the ultimate regime. In contrast,
the rough wall results show a scaling of Nur ∝ Ta0.47±0.03

r , which is very close
to the 1/2 scaling proposed by [24], corresponding to the asymptotic ultimate
regime without logarithmic correction. The competition between the smooth
and rough walls eventually determines the global scaling exponent to be 0.42.

4.3.5 Energy dissipation rate
Like RB flow, in TC flow an exact relation between the mean kinetic energy
dissipation εu,m and the driving force Ta holds, expressed in Ref. [13]

εu,m = ν3d−4Ta(Nuω−1)
( √

η

(1 +η)/2

)8
. (4.20)

Here we show how the inner wall roughness alters the kinetic energy dissipate
rate distribution along the radial direction and thus increases the scaling ex-
ponent. Again due to the pressure dominance, the dissipation at the rough
wall is decreased significantly as compared to the smooth wall case where the
shear rate at the wall is extremely large. These effects redistribute the energy
dissipation rate along the radius. Figure 4.8 details the comparison of the
energy dissipation rate distribution along the radius in our current RS and
SS cases at Ta = 4.64× 109. Applying the Grossmann-Lohse theory [20, 21]



4

4.3. RESULTS 85

Tas

10
8

10
9

10
10

N
u
s

12

24

48

96

192

Tas

10
8

10
9

10
10N

u
s
T
a
−
0
.3
8

s

0.014

0.016

0.018

Nus = 0.016Ta0.38±0.01
s

(a)

Tar

10
8

10
9

10
10

N
u
r

12

24

48

96

192

Tar

10
8

10
9

10
10N

u
r
T
a
−
0
.4
7

r

0.002

0.004

0.006

Nur = 0.0041Ta0.47±0.03
r

(b)
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Figure 4.9: Instantaneous axial vorticity field for Ta= 4.64×109 at two heights for the current
inner rough wall case. The insets show schematic sketches of Taylor rolls in the meridional
plane. The dashed lines denote where the cross section contour plots are intercepted. The
arrows on the dashed lines show the directions of the radial velocities. (a) At the height
where Taylor roll is circulating from the outer to the inner cylinder. (b) At the height where
Taylor roll is moving from the inner to the outer cylinder. Vortex-shedding is found at the
top of the rough element due to flow separation either to the back of the rough element
(a) or to the bulk (b). Note that the reflection lines are used to show the regions beyond
the computation domain. Abbreviations: IC (inner cylinder) and OC (outer cylinder). (c)
Enlargement the near wall region for (a). (d) Enlargement the near wall region for (b).
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here, we separate the energy dissipation rate as boundary layer and bulk con-
tributions. The more the bulk is dominant, the larger the scaling exponent is
[138]. The boundary layer thickness is estimated by λ/d = 1.058/(2Nuω) for
the current radius ratio [132]. For Ta = 4.64×109, it is found that at the case
with both smooth walls, the two boundary layers contribute 65% of the total
dissipation while the bulk contributes 35%. With the rough inner wall, the
dissipation generated below the height of the rough element only contributes
11% to the total dissipation and the outer smooth boundary generates 26%.
Thus the bulk contributes 63%. Therefore, in contrast to the smooth case, TC
turbulence with inner rough wall is more bulk dominant and hence the torque
scaling exponent is increased.

4.3.6 Vorticity field
To shed further light on how roughness pushes the dissipation into the bulk,
in figure 4.9, we show the instantaneous axial vorticity field for Ta = 4.64×
109 at two sections: one for the Taylor rolls producing a current from inner
to the outer cylinder and the other in the opposite direction. It is found
that due to the smaller shear rate, very few vortices are generated at the
surfaces behind the rough elements compared to the smooth wall. Instead,
flow separations at the top of the rough elements cause vortex-shedding from
it. These shed vortices are then transported by Taylor rolls either to the
outer cylinder, which enhance dissipation in the bulk region, or to the cavities
between the rough elements at the inner cylinder, which contribute to the
dissipation in the near wall region as well. That explains why although the
shear rate is decreased significantly, the dissipation below the height of the
rough element still contributes 11% of the total.

4.4 Conclusions
In summary, we have performed DNSs of TC turbulence with inner rough
wall. It is found that the wind Reynolds number scales as Rew ∝ Ta0.50±0.01,
in accordance with the prediction by [25] for smooth boundaries. The angular
velocity flux is found to have an effective scaling of Nuω ∝Ta0.42±0.01, which is
a notably higher effective exponent than the ultimate regime value 0.38 seen
for smooth walls. Furthermore, the dominant torque at the rough boundary
stems from the pressure forces on the side faces of the rough element, rather
than from viscous stresses. As a consequence, the law of the wall at the rough
boundary depends on the roughness height, rather than the viscous length
scale. By separating the torque into the smooth and rough walls contributions,
we find that the smooth wall torque scaling follows Nus∝Ta0.38±0.01

s , the same
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as with both smooth walls. In contrast, the rough wall scaling follows Nur ∝
Ta0.47±0.03

r , close to the asymptotic ultimate scaling Nuω ∝ Ta1/2. Lastly, the
wall value of the energy dissipation rate decreases due to the smaller shear
rate at the rough boundary while dissipation is redistributed through vortex-
shedding into the bulk. The system becomes bulk dominant, thus reducing the
logarithmic correction and increasing the effective torque scaling exponent.



5

5
Wall roughness induces asymptotic

ultimate Taylor-Couette turbulence ∗

Turbulence governs the transport of heat, mass, and momentum on multiple
scales. In real-world applications, wall-bounded turbulence typically involves
surfaces that are rough; however, characterizing and understanding the effects
of wall roughness for turbulence remains a challenge. Here, by combining ex-
tensive experiments and numerical simulations, we examine the paradigmatic
Taylor-Couette system, which describes the closed flow between two indepen-
dently rotating coaxial cylinders. We show how wall roughness greatly enhances
the overall transport properties and the corresponding scaling exponents asso-
ciated with wall-bounded turbulence. We reveal that if only one of the walls is
rough, the bulk velocity is slaved to the rough side, due to the much stronger
coupling to that wall by the detaching flow structures. If both walls are rough,
the viscosity dependence is thoroughly eliminated, giving rise to asymptotic
ultimate turbulence – the upper limit of transport – the existence of which
was predicted more than fifty years ago. In this limit, the scaling laws can be
extrapolated to arbitrarily large Reynolds numbers.

∗Based on: X. Zhu, R. A. Verschoof, D. Bakhuis, S. G. Huisman, R. Verzicco, C. Sun,
and D. Lohse, Wall roughness induces asymptotic ultimate turbulence, Nat. Phys., advance
online publication, 2018 (doi:10.1038/s41567-017-0026-3).
Simulations by Zhu. Experiments by Verschoof and Bakhuis. Analysis by Zhu and Ver-
schoof. Writing by Zhu, Verschoof, and Lohse. Supervision by Lohse, Verzicco, Sun, and
Huisman. Discussion of results and proofreading by everyone.
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5.1 Introduction
While the vast majority of studies on wall-bounded turbulence assumes smooth
walls, in engineering applications and even more so in nature, flow boundaries
are in general rough, leading to a coupling of the small roughness scale to
the much larger outer length scale of the turbulent flow. This holds for the
atmospheric boundary layer over canopy or buildings, for geophysical flows, in
oceanography, but also for many industrial flows such as pipe flow, for which
the presumably most famous (though controversial) study on roughness was
performed [110]. For more recent works on the effect of wall roughness in (pipe
or channel) turbulence we refer to various studies [139–142], reviews [111, 143],
or textbooks [34, 49].

Rather than the open channel or pipe flow, here we use a Taylor-Couette
(TC) facility [12], which is a closed system obeying global balances and at
the same time allows for both accurate global and local measurements. The
overall torque τ in TC flow to keep the cylinders at constant angular velocity,
is connected with the spatially and time averaged energy dissipation rate εu.
This can be expressed in terms of the friction factor [12, 34, 49]

cf = τ

`ρfν2(Rei−ηReo)2 = πη

(1−η)
εu

(Ui−ηUo)3/(ri+ ro)
. (5.1)

Here Ui,o are the velocities of the inner resp. outer cylinder, ri,o their radii,
ν the kinematic viscosity (together defining the inner and outer Reynolds
numbers Rei,o = Ui,od/ν), ρf the density of the fluid, ` the height of the TC
cell, d= ro−ri the gap width, and η = ri/ro the ratio between outer and inner
cylinder radius. The key question now is: how does the friction factor cf
depend on the (driving) Reynolds number Rei,o and how does wall roughness
affect this relation?

Alternatively, the Reynolds number dependence of the friction factor cf can
be expressed as a “Nusselt number” Nuω = τ/(2π`ρfJωlam) (i.e. the dimension-
less angular velocity flux with the laminar flux Jωlam = 2νr2

i r
2
o(ωi−ωo)/(r2

o−r2
i )

[13]) depending on the Taylor number Ta = 1
64

(1+η)4

η2 d2(ri+ ro)2(ωi−ωo)2ν−2

[12], with ωi,o the angular velocity of the inner resp. outer cylinder. This nota-
tion Nuω(Ta) stresses the analogy between TC flow and Rayleigh-Bénard flow
(RB) [10, 11], the flow in a box heated from below and cooled from above,
where the Nusselt number Nu (the dimensionless heat flux) depends on the
Rayleigh number Ra (the dimensionless temperature difference). For that
system in 1962 Kraichnan [24] had postulated a so-called “ultimate scaling
regime” [12, 26, 27, 85, 114, 117]

Nu∼ Ra1/2(logRa)−3/2 (5.2)
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(for fixed Prandtl number). In analogy, such an ultimate regime also exists
for TC flow, namely

Nuω ∼ Ta1/2(logTa)−3/2, (5.3)

as worked out in Ref. [25]. In fact, in that reference slightly different log-
dependences were derived, namely

Nu ∼ Ra1/2L(Re), and (5.4)
Nuω ∼ Ta1/2L(Re), (5.5)

where L(Re(Ra)) resp. L(Re(Ta)) are logarithmic dependences (see Meth-
ods and also Ref. [25]). Irrespective of whether one takes the logarithmic
dependences (5.2) resp. (5.3) or (5.4) resp. (5.5), for smooth walls due to
these log-corrections the effective scaling exponent for the largest experimen-
tally achievable Rayleigh (Taylor) numbers is only around 0.38 and not 1/2,
i.e., Nu ∼ Ra0.38 resp. Nuω ∼ Ta0.38. This effective exponent 0.38 has indeed
been observed in large Ra RB experiments [26, 27], large Ta TC experiments
[12, 117] and numerical simulations [12, 114]. The log-corrections, which are
intimately connected with the logarithmic boundary layers [107], thus prevent
the observation of the asymptotic ultimate regime exponent 1/2, which is the
exponent of mathematically strict upper bounds for RB and TC turbulence
[144–146]. Historically, whether such asymptotic 1/2 scaling exists or not has
triggered enormous debate, see e.g. [10]. In the last two decades, great ef-
forts have been put into reaching this regime with smooth boundaries, both
experimentally and numerically. Today, this issue is often considered as one
of the most important open problems in the thermal convection community.
In fact, the exponent 1/2 has only been achieved with rough walls [147] as
presumably a transient, local effective scaling, which saturates back to smaller
exponent at even larger Ra [10, 148, 149], or in artificial configurations, such as
numerical simulations of so-called “homogeneous convective turbulence” [28]
with periodic boundary conditions and no boundary layers, or experimental
realisations thereof such as in Refs. [30, 150].

The asymptotic exponent 1/2 in the Nu vs. Ra resp. Nuω vs. Ta scaling law
corresponds to a friction factor cf being independent of the Reynolds number.
Vice versa, expressed in terms of the friction factor, Eqs. (5.2) to (5.5) can be
written with a logarithmic dependence, analogous to the so-called Prandtl-von
Kármán skin friction law [34, 49, 151] for pipe flow, i.e.

1/
√
cf = alog10(Rei

√
cf ) + b, (5.6)

which can be obtained by assuming that the boundary layer profiles at each
cylinder wall are logarithmic and match at the middle gap [113, 116, 118].



5

92CHAPTER 5. ROUGHNESS INDUCES ASYMPTOTIC TURBULENCE

Here a and b are fitting constants connected with the von Kármán constant
κv.

How to get rid of the log-correction and to thus achieve asymptotic ul-
timate turbulence with a 1/2 power law or equivalently a Reynolds number
independent friction factor for TC flow? The path we will follow here is to
introduce wall roughness [86, 120, 121, 124, 126, 128]. By combining direct
numerical simulations (DNS) and experiments (EXP), we explore five decades
of Ta to present conclusive evidence that the 1/2 power law can be realized,
thus achieving the asymptotic ultimate regime. Moreover, we will give a the-
oretical justification for the findings based on measurements of the global and
local flow structures and extend the analysis also to outer cylinder rotation.

Four cases will be considered: SS, SR, RS, and RR, where the first (second)
letter specifies the configuration of the inner (outer) cylinder, which can be
either rough (R) or smooth (S). In both DNS and EXP, the radius ratio
between the two cylinders is η = 0.716. The cylinders were made rough by
attaching 1 to 192 vertical ribs with identical heights ranging from 1.5% to
10% of the gap width d and a square cross-section over the entire TC cell
on none, both, or either one of the cylinders (see Methods section). To give
the reader an impression of the flow organization, typical flow structures of a
smooth case and a rough case are shown in Fig. 5.1.

5.2 Methods

5.2.1 Experimental methods

Experimental apparatus

The experiments were performed in the Twente Turbulent Taylor-Couette fa-
cility (T3C) [152], consisting of two independently rotating concentric cylin-
ders. The setup has an inner cylinder with a radius of ri = 200 mm and an
outer cylinder with a radius of ro = 279.4 mm, resulting in a radius ratio of
η= ri/ro = 0.716 and a gap width of d= ro−ri = 79 mm. The gap is filled with
water with a temperature of T ≈ 20◦C. In this work, the inner and outer cylin-
der rotate up to ωi/2π = 7.5 Hz and ωo/2π = 5 Hz, respectively, resulting in
Reynolds numbers up to Rei =ωirid/ν= 7.5×105 and Reo =ωorod/ν= 7×105.
The cylinders have a height of L = 927 mm, resulting in an aspect ratio of
Γ = L/(ro− ri) = 11.7. The end plates rotate with the outer cylinder. The
cylinders were made rough by attaching 2, 3, or 6 vertical strips with a square
cross-section (four roughness heights: 2× 2 mm, i.e. 2.5% of the gap width,
4×4 mm, i.e. 5% of the gap width, 6×6 mm, i.e. 7.5% of the gap width, and
8×8 mm, i.e. 10% of the gap width) over the entire height on none, both or
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either one of the cylinders.

Torque measurements

The torque is measured with a co-axial torque transducer (Honeywell 2404-
5K, maximum capacity of 565 Nm), located inside the inner cylinder, to avoid
measurement errors due to seals and bearing friction. For the SS case, the
inner cylinder consisted of 3 different compartments, in which torque was
measured in the middle section to exclude end plate effects. For the rough
cases, we measure torqur over the entire height of the cylinder.

Velocity measurements

Planar particle image velocimetry (PIV) measurements were performed in the
θ−r plane at mid-height (z=L/2). We used a high-resolution sCMOS camera
(pco.edge camera with 2560 px × 2160 px resolution), which was operated
in double frame mode. We recorded images through transparent windows
in the bottom plate. The flow was illuminated from the side with a pulsed
laser (532 nm Quantel Evergreen 145 Nd:YLF). The water was seeded with
20 µm fluorescent polymer particles (PMMA-RhB-10 by Dantec). The sheet
thickness was approximately 1 mm. The PIV measurements were processed
using an iterative multi-pass method with final interrogation windows of 32 ×
32 pixel with 50% overlap and averaged over 500 image pairs per measurement.
This results in the averaged azimuthal velocity profile 〈uθ(r)〉.

5.2.2 Numerical methods

The motion of the fluid is governed by the incompressible Navier-Stokes equa-
tions in the frame co-rotating with the outer cylinder

∂u
∂t

+u ·∇u = −∇p+ f(η)
Ta1/2∇

2u−Ro−1 ez×u, (5.7)

∇·u = 0, (5.8)

where u and p are the fluid velocity and pressure, respectively. f(η) is a
geometrical factor which has the form

f(η) = (1 +η)3

8η2 . (5.9)

Ta is the Taylor number and Ro the Rossby number which characterizes the
strength of the driving force. The rotation ratio a=−ωo/ωi can alternatively
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be expressed as Rossby number

Ro−1 = 2ωod
|ωi−ω0|ri

=−21−η
η

a

|1 +a|
. (5.10)

The inner cylinder Reynolds number Rei = riωd/ν and outer cylinder Reynolds
number Reo = roωd/ν are associated with Ta and Ro through

Rei = Ta1/2

f(η)

(
1 + ηRo−1

2(1−η)

)
(5.11)

and

Reo = Ro−1 Ta1/2

2f(η)(1−η) . (5.12)

The governing equations are solved using an energy conserving second-
order finite-difference code [68], in combination with an immersed-boundary
method [39, 153] to deal with the roughness. To achieve high performance
computation, a two-dimensional MPI decomposition technique (MPI-pencil)
[53] is adopted. Weak and strong scaling tests show the linear behaviour of
the code up to 64K cores. The axial direction is periodic and thus the end
plate effects [154] are eliminated. The radius ratio is chosen as η = 0.716.
The aspect ratio of the computational domain Γ = L/d, where L is the axial
periodicity length, is taken as Γ = 2.09. The ribs are equi-distributed in the
azimuthal direction, similarly to the experimental implementation (with one
more roughness height at 1.5% of the gap width). The computation box
is tested to be large enough to capture the sign changes of the azimuthal
velocity autocorrelation at the mid-gap, as suggested as a criterion for the box
size [155]. An appropriate number of grid points is chosen to make sure that
enough resolution has been employed, e.g. at Ta = 2.15×109 for the RR case
with 6 ribs at roughness height 10% of the gap width, 3072×1536×1536 grid
points are used.

5.3 Global scaling relations
In this section we address the question of how roughness modifies the global
scaling relations. First, we focus on the cases of 6 ribs with identical heights
h= 0.075d. The global dimensionless torques, Nuω ∼ Taγ , for the four cases,
with increasing Ta and fixed outer cylinder, are shown in Fig. 5.2a. Combining
EXPs and DNSs, the range of Taylor number studied here extends over five
decades. Similarly to what was shown in various recent studies [12, 26, 33, 113,
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114, 132], for the SS case, an effective scaling of Nuω ∼Ta0.38±0.02 is observed
in the DNS, corresponding to the ultimate regime with logarithmic corrections
[24, 25]. A very similar scaling exponent Nuω ∼ Ta0.39±0.01 is found in EXPs,
demonstrating the excellent agreement between DNS and EXPs.

Dramatic enhancements of the torques are clearly observed with the intro-
duction of wall roughness, resulting in the transition of Nuω from O(102) to
O(103). Specifically, when only a single cylinder is rough, the logarithmic cor-
rections reduce and the scaling exponents marginally increase, implying that
the scaling is dominated by the single smooth wall. For the RR case, the best
power law fits give Nuω ∼ Ta0.50±0.02, both for the numerical and experimen-
tal data, suggesting that the logarithmic corrections are thoroughly canceled.
This state with the scaling exponent 1/2 corresponds to the asymptotic ulti-
mate turbulence predicted by Kraichnan [24]. The compensated plots of insets
of Nuω /Taγ show the robustness and the quality of the scalings.

When expressing the relation between the global transport properties and
the driving force in terms of the Reynolds number dependence of the friction
factor cf , we obtain Fig. 5.2b. For the SS case, the fitting parameters a and
b yield a von Kármán constant κv = 0.44±0.01, which is slightly larger than
the standard value of 0.41 due to the curvature effect [107, 112, 118]. This
agrees well with the previous measurements on TC with smooth walls [32].
For the RR case, for large enough driving the friction factor cf is found to
be independent of Rei, but dependent on roughness height, namely cf = 0.21
in the DNS and cf = 0.23 in the EXP for roughness height h = 0.075d. The
results here are consistent with the asymptotic ultimate regime scaling 1/2 for
Nuω and indicate that the Prandtl-von Kármán log-law of the wall [34, 49]
with wall roughness can be independent of Rei [34, 49, 110, 111, 143], which
has been verified recently for Taylor-Couette flow [109]. For the RS and SR
cases, one boundary is rough and the other is smooth such that the friction
law lies in between RR and SS lines.

We further show the RR case with ribs of different heights, ranging from
1.5% to 10% of the gap width d in Fig. 5.2c, displaying its similarity with the
Nikuradse [110] and Moody [156] diagrams for pipe flow. It can be seen that
once h> 0.05d and Rei > 8.1×103 (Ta> 108), the asymptotic ultimate regime
can always be achieved in both DNS and EXP.

Analogously, we note that in pipe flow, the same phenomenon of Reynolds
number independent friction factor with wall roughness was observed in the
fully rough regime [34, 49, 110, 111, 143], where the characteristic heights
of the roughness elements in wall units h+ > 70 [34, 49]. In contrast, for
Ta = 108, for the roughness height h/d = 0.05, h/d = 0.075, and h/d = 0.10,
h+ = 51, h+ = 61, and h+ = 71, respectively. Indeed, almost all of our data
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are in the fully rough regime for cases with h > 0.05d and Ta > 108, thus
corroborating the current conclusion that adopting wall roughness is one way
to achieve asymptotic ultimate turbulence in TC.

We now interpret the asymptotic ultimate torque scalings through an exten-
sion of the Grossmann-Lohse (GL) theory [25], by accounting for the Prandtl-
von Kármán log-law of the wall [49] in the presence of roughness. To demon-
strate this extension, for simplicity we take as example the case of only inner
cylinder rotation. We first recall the origin of the logarithmic correction. We
take the only-inner-rotation-case as an example. According to the extension
of the Grossmann-Lohse (GL) theory to the ultimate regime[25], the local
dissipation rate in the turbulent boundary layer [157] can be approximated by

εu,l(y) = u3
τ/(κvy), (5.13)

where uτ =
√
τ/(2ρπr2L) is the friction velocity, with ρ the fluid density, κv

the von Kármán constant. The radius r can be either the inner cylinder radius
ri or the outer one ro, and y the distance from the wall. uτ is connected with
the inner cylinder velocity U = riωi through the law of the wall [49], which is
shown for TC turbulence in Refs. [113, 118] to obey

uτ
U

= κv
ln(BReiuτ/U) . (5.14)

Rei is the inner cylinder Reynolds number and which for pure inner cylinder
rotation can be related to Ta through the expression Ta = (1+η)6

64η4 Re2
i , and

B is a constant depending on the system geometry. By averaging the local
dissipation rate along the radius, we can estimate the mean dissipation rate
as

εu ∼ 1
d/2

∫ d/2

0
εu,l(y)dy

= ν3d−4 Re3
i L(Rei)

= ν3d−4 Re3
i

(
uτ
U

)3 2
κv

ln
(

Rei
uτ
U

1
2

)
. (5.15)

Here we assume that logarithmic boundary layer extends from the wall to the
mid-gap. Usually how far the log-layer extends depends on Rei and can be a
small fraction of the gap width, but still for both TC and pipe flows, taking the
half gap width or radius is a reasonable approximation to derive the friction
laws [32, 34, 49, 116]. The term L(Rei) = (uτ/U)3ln(Reiuτ/U), depending on
Rei, is the logarithmic correction [25]. Using the well known exact relation
between εu and Nuω, namely

εu = ν3d−4 Ta(Nuω−1)
( √

η

(1 +η)/2

)8
(5.16)
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Figure 5.2: Global torque and friction factor scalings in both DNS (symbols), and experi-
ments (colored lines). a, The dimensionless torque as a function of Taylor number Ta. Four
cases are shown: (SS) both cylinders smooth; (SR) smooth inner, rough outer; (RS) rough
inner, smooth outer; and (RR) both cylinders rough, with the exponent γ in the power
law relation Nuω ∼ Taγ shown for every case. The insets depict the compensated plots
Nuω /Taγ , showing the quality of the scaling. b, The friction factor cf as a function of the
inner cylinder Reynolds number Rei. The lines show the best fits of the Prandtl friction law
1/
√
cf = alog10(Rei

√
cf ) + b, with all prefactors shown in the figures. For a and b, 6 ribs

were used and the roughness height is h= 0.075d. For the RR case, Rei independent friction
factors are revealed. c, The friction factor cf for RR cases with 6 ribs of different heights,
ranging from 1.5% to 10% of the gap width d.
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[13] and with Ta∼ Re2
i , one obtains

εu
ν3d−4 ∼ Re3

i L(Rei) and Nuω ∼ Ta1/2 L(Rei). (5.17)

with the logarithmic correction L(Rei) for both dissipation rate and torque
scalings. It leads to a less steep increase of εu with increasing Rei than in the
Kolmogorov bulk which scales as Re3

i , and hence decreases the torque scaling
between Nuω and Ta from the asymptotic ultimate scaling 1/2 to the effective
scaling 0.38 [12, 25, 26, 33], as mentioned before.

With both walls roughened, the log-law in the fully rough regime (uτh/ν >
70 [49]; all our rough cases are in this regime) becomes

uτ
U

= κv
ln(Bd/h) , (5.18)

as shown for turbulent TC flow with one rough boundary layer in Ref. [109].
The momentum transfer between the wall and the fluid is accomplished by the
shear, which in the fully rough regime occurs predominantly by the pressure
forces on the side surfaces of the rough elements, rather than by viscous forces
[34]. That in the ultimate regime the kinematic viscosity ν is an irrelevant
parameter, is reflected in the velocity profile (Eq. (5.18)) being independent
of Rei. Replacing the velocity profile from the smooth one to the rough one
in Eqs. (5.13, 5.14, 5.15), remarkably we find that the logarithmic correction
term for εu turns into a constant and thus its effect on the scaling exponent
vanishes. The mean dissipation rate and torque thus now scale as

εu
ν3d−4 ∼ Re3

i and Nuω ∼ Ta1/2, (5.19)

which explains the asymptotic ultimate regime scaling seen in Fig. 5.2 for
the RR case. In the RS or SR case, the boundary layer at the smooth wall
depends on Rei while the boundary layer at the rough wall is independent
of it. Therefore, in these cases the logarithmic correction is reduced but not
totally canceled.

One distinct difference between TC and pipe flow is that in a TC system,
the inner and outer cylinders can rotate independently, resulting in a second
control parameter, namely the rotation ratio a=−ωo/ωi of the two cylinders.
Just as for smooth walls [12, 33], also for rough walls the Nuω ∼ Taγ scaling
exponents are independent of the rotation ratio a in the studied rotation ratio
regime; see Fig. 5.3. As known since Taylor [3], the inner cylinder rotation
has a destabilizing effect on the flow, whereas outer cylinder rotation has
a stabilizing effect. For TC flow with smooth walls, it was found that the
optimal transport rotation ratio aopt between the two cylinders, where the
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torque reaches the maximum for a specific driving Ta, is around aopt = 0.36
[158, 159], and not zero, as one may have assumed. This is attributed to
the existence of the strong Taylor rolls between the counter-rotating cylinders
when a ≈ aopt. Only for strong enough counter-rotation (a > aopt) does the
stabilization through the counter-rotating outer cylinder take over [160]. Here,
we address the question whether this optimal transport rotation ratio shifts
or stays the same in the presence of roughness. The results are shown in Fig.
5.4. We find that when either one of the cylinders is rough, the effect of that
rough cylinder is enhanced in several ways, as we will now elaborate.
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Figure 5.3: Torque scalings with different rotation ratio a = −ωo/ωi from EXP. Four cases
are shown: (SS) both cylinders smooth; (SR) smooth inner, rough outer; (RS) rough inner,
smooth outer; and (RR) both cylinders rough, with the exponent γ in the power law relation
Nuω ∼Taγ shown for every case. The compensated plots Nuω /Taγ show the quality of the
scaling. Clearly in the considered rotation ratio range, torque scalings are independent of
the rotation ratio in all four cases.

In the SR case, aDNSopt,SR = 0.09± 0.03 and aEXPopt,SR = 0.11, i.e. little outer
cylinder rotation is necessary to reduce the angular velocity transport with
the help of the roughness elements on it, which are thus not so effective.
In contrast, a rough inner cylinder is much more effective to enhance the
momentum transport. The optimal transport peak for the RS case occurs at
much larger rotation ratio, aDNSopt,RS = 0.69± 0.05 and aEXPopt,RS = 0.84, as very
strong outer cylinder rotation is needed to suppress turbulence originating
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from the rough inner cylinder. In this case the stabilizing effect of the smooth
outer cylinder becomes inefficient.

Finally, in the RR case, the effects of the inner cylinder and outer cylinder
are balanced in a similar way as in the SS case, resulting in similar values
of aDNSopt,RR = 0.28±0.03 and aEXPopt,RR = 0.31 as found in the SS case (aDNSopt,SS =
0.30± 0.03 and aEXPopt,SS = 0.34). At optimal rotation ratio aopt, the enhanced
shear is caused by Taylor rolls [114, 159, 161, 162]. This indicates that even
in the presence of roughness, Taylor rolls still exist, as visible in Fig. 5.1b.
We further notice that the optimal transport properties are dependent on the
roughness height, as shown in Fig. 5.5. As expected, when the roughness
height is smaller, aopt for SR and RS cases are closer to aopt for the SS case.
On the contrary, when the roughness height is larger, aopt for SR and RS cases
deviates more from aopt for the SS case. This can be clearly seen from Fig.
5.6.
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Figure 5.4: Optimal transport peak. Nuω as function of a for constant driving strength,
normalized by its value for a= 0. For both EXP and DNS, 6 ribs were used and the roughness
height is h= 0.075d. a, DNSs with Ta = 1×109. The optimal transport peaks are located at
aDNSopt,SS = 0.30±0.03, aDNSopt,SR = 0.09±0.03, aDNSopt,RS = 0.69±0.05 and aDNSopt,RR = 0.28±0.03.
b, Experiments with Ta = 4× 1011. The optimal transport peaks for the four cases are
located at aEXPopt,SS = 0.34, aEXPopt,SR = 0.11, aEXPopt,RS = 0.84 and aEXPopt,RR = 0.31. All optimal
transport peaks are indicated by the dashed lines, with the respective colors.

5.4 Local flow organization and profiles
Till now, we have focused on the global transport properties. However, the
details of the boundary layer-bulk interaction, and in particular how the local
scalings of the energy dissipation rates affect the global ones, are still unknown.
To verify above sketched theory, from our DNS data we split the mean energy
dissipation rate (Eq. 5.1) into boundary layer and bulk contributions, following
the GL approach [20, 21]. In Fig. 5.7(a), the local energy dissipation rates
at mid-gap εu,c are shown as a function of Ta (only inner cylinder rotation,
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Figure 5.5: Optimal transport peaks in the case of h= 0.05d for 6 ribs. This figure shows Nuω
as function of a for constant driving strength, normalized by its value for a= 0. Left panel,
DNSs with Ta = 1×109. The optimal transport peaks are located at aDNSopt,SR = 0.15±0.03,
aDNSopt,RS = 0.55±0.04 and aDNSopt,RR = 0.28±0.03. Right panel, Experiments with Ta = 4×1011.
The optimal transport peaks are located at aEXPopt,SR = 0.17, aEXPopt,RS = 0.61 and aEXPopt,RR = 0.33.
All optimal transport peaks are indicated by the dashed lines, with the respective colors. This
figure must be contrasted with Fig. 5.4, where the roughness height is higher (h= 0.075d).
Similarly to Fig. 5.4, we see the same shift trend of the optimal transport. However, the
peak values are different. As expected, when the roughness height is smaller, aopt for SR
and RS cases are closer to aopt for the SS case. On the contrary, when the roughness height
is larger, aopt for the SR and RS cases deviates more from aopt for the SS case. This can
also be clearly seen from Fig. 5.6.
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Figure 5.6: Optimal transport dependence on the roughness height. Optimal transport rota-
tion ratio aopt as a function of the roughness elements heights h/d for the SR, RS and RR
cases, from DNS results.

a= 0). It is clear that no matter whether the wall is smooth or rough, the bulk
energy dissipation rate follows εu,c ∼ Ta3/2 ∼ Re3

i , which corresponds to the
asymptotic ultimate regime without any logarithmic correction. In analogy,
for RB turbulence, the same scaling exponent εu,c ∼ Ra3/2 was reported in
Refs. [22, 23]. Therefore, the crucial element determining the overall scaling
is the dissipation rate in the boundary layer. To further confirm this, in
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Figure 5.7: Local energy dissipation rate from simulations. Local energy dissipation rate in
the bulk εu,c (at the center of the gap, averaged over the height) and in the inner cylinder
boundary layer εu,BL (averaged in the range from the wall to the distance corresponding to
the maximum root mean square of the azimuthal velocity) as a function of Ta, with β as the
scaling exponent. For the rough cases, 6 ribs were used and the roughness height is h= 0.1d.
The symbols are the numerical data and the lines show the best fits. a, The bulk energy
dissipation rate follows εu,c ∼ Ta1.50 ∼ Re3i , irrespective of whether the wall is smooth or
rough. b, The boundary layer dissipation rate at the inner wall follows εu,BL ∼ Ta1.32 for
the cases with smooth walls, while it scales with εu,BL ∼ Ta1.50 for the cases with rough
inner wall.

Fig. 5.7(b) we show the local energy dissipation rates of the boundary layer
εu,BL (averaged in the range from the wall to the distance corresponding to
the maximum root mean square of the azimuthal velocity). For the case with
smooth walls, we find εu,BL ∼ Ta1.32 because of the Rei-dependent velocity
profile, while for the boundary layers at rough walls we have εu,BL ∼ Ta3/2

because, as shown above, roughness cancels out the Rei-dependence in L(Rei)
and thus restores the asymptotic ultimate regime scaling. The competition
between the boundary layer and bulk ultimately determines the global scalings.

We now detail the origin of the enhanced torque. With roughness, the
main contribution to the torque originates from the pressure differences be-
tween the side surfaces of rough elements, rather than from viscous forces
[34, 49, 109, 111, 143]. With roughness, we therefore expect the shear rate
close to the rough wall to decrease significantly, as compared to the smooth
case. This is clearly shown in Fig. 5.8: with smooth cylinders, the normalized
velocity profiles are characterized by a bulk region in which the velocity is rel-
atively constant, Uθ = 0.45riωi. In case one single cylinder is rough, the bulk
velocity is completely dominated by the velocity of the rough cylinder, or in
other words, the bulk is enslaved to the rough wall. In the RR case, as there
the torque is dominated by pressure forces, the shear rate at the rough cylin-
der is still smaller as compared to the smooth case. The implication is that
with roughness, a larger fraction of energy dissipates in the bulk, and thus
the system becomes bulk dominant. As mentioned before, the bulk energy
dissipation rate follows εu,c ∼ Ta3/2, which implies the asymptotic ultimate
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Figure 5.8: Mean velocity profiles. Normalized azimuthal velocity Uθ(r)/(riωi) profiles as
a function of the normalized radius (r− ri)/d for only inner cylinder rotation. For both
EXP and DNS, 6 ribs were used and the roughness height is h= 0.075d. Experimental and
numerical data are shown in the same figure. EXP: Rei = 5×105 and DNS: Rei = 3.74×104.
The experimental results were obtained using PIV.

regime. The more the bulk dominates the energy dissipation rate, the better
the asymptotic ultimate regime manifests itself. This is indeed verified by the
flow structure in Fig. 5.1, where for the rough case, the plumes shedding from
the roughness elements on one wall elongate towards the other wall and push
more energetic fluid elements into the bulk, as compared to the smooth case,
leading to more energy dissipation in the bulk.

5.5 Controlling ultimate turbulence

To bridge the gap between the effective ultimate scaling exponent 0.38 for the
smooth case [12, 26, 27, 114] and the asymptotic ultimate scaling exponent 0.5
for the RR case and thus to actively control ultimate turbulence, we vary the
sparseness of the roughness elements while keeping the height of the riblets
fixed at 7.5% of the gap width. To show how this will change the results,
as an example, in Fig. 5.9(a), we show the Nuω vs. Ta scaling for the case
of 2 ribs (very sparse). The effective scaling exponent γ for the RR case is
then smaller than 0.5 (i.e. 0.47), so the asymptotic ultimate regime is not
yet achieved in this situation, in contrast to Fig. 2, when there are six ribs,
for which γ = 0.5. We then continuously vary the number of ribs from 1
(very sparse) to 192 (very dense). Correspondingly, the spacing between the
rough elements s/h mounted on the inner wall varies from 208.44 to 0.07.
We note that in pipe and BL flows, there is a distinction between k- and
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d-types of roughness, and a close spacing will make the roughness behave
more like d-type roughness compared with k-type roughness [111, 143]. In
Fig. 5.9(b), we see that the effective scaling exponent is continuously changing
with s/h. There is an optimal s/h= 7 where the effective scaling exponent is
the largest, corresponding to k-type roughness. To explain why the effective
scaling exponent depends on s/h, in Fig. 5.9(c) we split the global Nuω into
two parts, namely the viscous force contribution (Nuv) and the pressure force
contribution (Nup). Clearly, when the effective scaling exponent is higher, the
pressure forces are more dominant.
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Figure 5.9: Dependence on the roughness density. a, The dimensionless torque as a function
of Taylor number Ta: DNS (left part), and experiments (right part) for the case of two ribs
with height h= 0.075d. For the RR case, the asymptotic ultimate regime is not yet achieved
in this situation, in contrast to Fig. 2, when there are six ribs, for which the exponent is 0.5.
b, Effective scaling exponent γ for varying spacing distance s/h between the ribs, where h is
the height of the roughness. The number of ribs varies from 1 to 196 and correspondingly, the
spacing s/h varies from 208.44 to 0.07 at the inner cylinder. To get each γ, five simulations
between Ta = 108 and Ta = 109 were performed. c, Contributions Nup (from pressure drag)
and Nuv (from viscous drag) to the global Nuω at Ta = 4.6×108 with varying the spacing
s/h between the ribs. The data are collected from DNS. The separation into the two parts
is performed at the inner cylinder for the RR case. Clearly, when the pressure forces are
dominant, γ is closer to 1/2 and when viscous forces are dominant, γ is closer to 0.38 (Fig. 5.9
(b)). d, Comparison of the effective scaling exponent γ between the DNS results (RR case),
EXP results (RR case), and the model results (based on Eq. 5.20) with varying spacing s/h
between the ribs.
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We propose a simple model which can recover the effective scaling exponent.
The model is based on the fact that in the smooth case, only viscous forces
contribute to Nuω, resulting in Nuω ∼ Ta0.38. In contrast, when the pressure
forces take over, we have Nuω ∼ Ta0.5. Therefore, in the spirit of GL theory
of RB [20], we combine these contributions to set

Nuω = aTa0.38 +bTa0.5 ≈ cTaγm , (5.20)

where a = Nuv/Ta0.38 and b = Nup/Ta0.5 are the prefactors of the separated
scalings for Nuv and Nup, respectively, which are roughness height dependent,
and γm is the effective local exponent predicted by the model. Here for the
h = 0.075d case we use the separation shown in Fig. 5.9(c) at Ta = 4.6× 108

to determine a, b, and hence the effective exponent γm (other Ta can also be
used and the results are similar). It can be seen that the model gives very
good agreement with the DNS and EXP values (Fig. 5.9 (d)).

5.6 Conclusions
The various wall roughness studies on turbulence in closed systems [86, 120,
121, 124, 126, 128] have resulted in quite different scaling exponents for the
transport versus the driving forces, i.e. there has been no consensus [10] on
whether the asymptotic ultimate turbulence 1/2 power law exists or not, a con-
cept that was postulated 50 years ago by R. Kraichnan [24]. Here, with both
strong experimental and numerical evidence, we have demonstrated that the
asymptotic ultimate regime scaling exponent 1/2, corresponding to the upper
limit of transport, can be realized through the implementation of wall rough-
ness in TC turbulence. We further showed that different number of roughness
elements can tune the scaling exponents and optimal transport properties ex-
tensively, thus paving a way to control the ultimate turbulence. The insight
gained from this study provides valuable guidance for any shear, rotating, and
thermally driven turbulence with wall roughness in the ultimate regime, which
is useful for a wide range of applications in industrial, geophysical, meteoro-
logical, and oceanographical flows.
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Rayleigh-Bénard turbulence with wall

roughness: heat transfer scalings ∗

In thermal convection, roughness is often used as a means to enhance heat
transport, expressed in Nusselt number. Yet there is no consensus on whether
the Nusselt vs. Rayleigh number scaling exponent (Nu∼Raβ) increases or re-
mains unchanged. Here we numerically investigate turbulent Rayleigh-Bénard
convection over rough plates in two dimensions, up to Ra≈ 1012. Varying the
height and wavelength of the roughness elements with over 200 combinations,
we reveal the existence of two universal regimes. In the first regime, the lo-
cal effective scaling exponent can reach up to 1/2. However, this cannot be
explained as the attainment of the so-called ultimate regime as suggested in
previous studies, because a further increase in Ra leads to the second regime,
in which the scaling saturates back to a value close to the smooth wall case.
Counterintuitively, the transition from the first to the second regime corre-
sponds to the competition between bulk and boundary layer flow: from the
bulk-dominated regime back to the classical boundary-layer-controlled regime.
Our study demonstrates that the local 1/2 scaling does not necessarily signal
the onset of ultimate turbulence.

∗Based on: X. Zhu, R. J. A. M. Stevens, R. Verzicco, and D. Lohse, Roughness-facilitated
local 1/2 scaling does not imply the onset of the ultimate regime of thermal convection, Phys.
Rev. Lett. 119, 154501 (2017).
Simulations and analysis by Zhu. Writing by Zhu and Lohse. Supervision by Lohse, Verzicco,
and Stevens. Discussion of results and proofreading by everyone.
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6.1 Introduction

Thermal convection plays an important role in a wide range of natural and
industrial environments and settings. The paradigmatic representation of ther-
mal convection, Rayleigh-Bénard (RB) flow, in which a fluid is heated from
below and cooled from above, has received extensive attention over the past
decades [10, 11, 40]. One of the major challenges in the studies of RB convec-
tion is to determine the scaling relation of the Nusselt number (Nu), which
is the dimensionless heat flux, with the Rayleigh number (Ra), which is the
dimensionless temperature difference between the two plates, expressed as
Nu∼ Raβ.

From similarity theory, Priestley [18] argued that β = 1/3. Assuming that
the heat transport is independent of the cell height and governed by the vis-
cous boundary layers (BL), Malkus [19] also derived that β = 1/3. Later,
Grossmann & Lohse [20, 21] showed that there is no pure scaling but smooth
transitions from BL to bulk dominated regimes. However, for large Ra when
the whole system is highly turbulent and laminar type BLs do not play a role
anymore, Kraichnan [24] postulated that the flow reaches the ultimate state
in which Nu scales according to Nu ∼ Ra1/2(ln Ra)−3/2, with (ln Ra)−3/2 as
the logarithmic correction term. This ultimate regime was also predicted by
Grossmann & Lohse [25], who modelled this log-behavior with an effective scal-
ing exponent of β ≈ 0.38, for Ra around 1014. Indeed, for Ra≈ 1014 the onset
of such a regime has experimentally been confirmed [26, 27]. The logarith-
mic correction term becomes irrelevant for very large Ra. In this asymptotic
ultimate regime β = 1/2, and the heat transport is independent of viscosity
and therefore the scaling can be extrapolated to arbitrarily large Ra, as those
present in both geophysical and astrophysical flows. This asymptotic ultimate
1/2 scaling has numerically [28, 29] and experimentally [30, 31] been observed
in the so-called ‘homogeneous’ or ‘cavity’ RB turbulence, where no BLs are
present.

Clearly, the interplay between BL and bulk flow determines the effective
scaling exponent [20]. To better understand the role of the BLs, it is im-
portant to alter the boundaries to probe how the system responds. Hence,
much attention has been paid to RB turbulence over rough surfaces. Another
motivation is the fact that the underlying surfaces of real-world applications
of thermal convection are always rough. Though it is generally agreed that
roughness enhances the absolute value of Nu, there is no consensus on whether
the scaling exponent increases with roughness [86, 99, 100, 122–126, 147, 148]
or remains unchanged [120, 121, 163] as compared to the smooth counterpart.
For example, Shen et al. [120] found that Nu increased by 20%, whereas the
exponent β did not change upon using rough surfaces made of regularly spaced
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pyramids. Roche et al. [86] obtained an increase of β to approximately 0.51
by implementing V-shaped axis-symmetrical grooves both on the sidewalls
and horizontal plates. Very recently, simulations of RB with rough walls were
done in the range Ra = [4×106,3×109] and a roughness induced effective 1/2
scaling was found in the range Ra = [108,3×109]. This was explained as the
attainment of the ultimate regime [147]. However, it is surprising that the
ultimate regime can be found at such low Ra since theories show that the ul-
timate regime 1/2 scaling can only be observed asymptotically when the BLs
are highly turbulent [25].

In this study, we will unify these different views. For this, we perform
direct numerical simulations (DNS) of turbulent RB convection over sinu-
soidally rough plates in two dimensions (2D), adopting the same roughness
configuration as in Ref. [147]. The effects of roughness on heat transport are
presented by varying the heights h and wavelengths λ of the rough elements
independently. We note that, for the smooth case, 2D RB differs from three
dimensional (3D) RB in terms of a) integral quantities for finite Pr [164, 165],
b) scaling arguments (the upper limit exponent β is 1/2 in 3D [24, 25], but
5/12 in 2D [166]), and c) BL stability [75]. However, for the rough case, 2D
and 3D have the same upper limit scaling exponent 1/2 [167]. Moreover, 2D
simulations are much less time consuming than 3D and can help us pushing
forward to Ra = 1012 and Nu∼O(103) with roughness. This key extension to
large Ra unravels the physical origin of the 1/2 regimes observed in Ref. [147].

6.2 Numerical settings

The simulations were performed using a second-order finite-difference code
[68, 134], in combination with an immersed-boundary method [39] to track
the rough elements. No-slip conditions were used for the velocity, constant
temperature boundary conditions for rough bottom and top plates, and peri-
odic boundary conditions for the horizontal sidewalls. The control parameters
are Ra = αg∆(L−h)3/(νκ) and the Prandtl number Pr = ν/κ, where α is the
thermal expansion coefficient, g the gravitational acceleration, ∆ the temper-
ature difference between the two plates, L the height of the domain without
roughness, h the height of the roughness element, ν the kinematic viscosity,
and κ the thermal diffusivity. The reason to choose L−h for the rough cases as
the characteristic length is that it resembles the height between the two smooth
plates where the same volume of fluid occupies. The other flow quantities are
nondimensionalized by the temperature difference ∆ and the free fall velocity
U =

√
αg∆(L−h). In all simulations, Pr= 1 and the aspect ratio Γ =D/L= 2,

where D is the width of the domain. With this Γ, the heat flux approximates
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the heat flux at an infinite aspect ratio [168]. Three roughness heights were
chosen, h/L=0.05, 0.1 and 0.15. For each height, the wavelength of roughness
λ/L was varied from 0.05 to 0.7. For each combination of wavelength and
height, we performed simulations in the range of Ra = [108,1012]. Adequate
resolution was ensured for all cases and the statistics were averaged over 200
free fall time units. At Ra = 7.3× 1011 with λ = h = 0.1L, 14336× 7168 grid
points were used. Nu is calculated from Nu =

√
RaPr〈uzθ〉A−〈∂zθ〉A, where

uz denotes the vertical velocity, θ the temperature, and 〈·〉A the average over
time and any horizontal plane.

6.3 Results

We begin by comparing the temperature field with increasing Ra (see Fig.
6.1), for a fixed set of roughness parameters (λ/L= 0.1 and h/L= 0.1). Here
we stress the plume morphology inside the cavity regions between the rough
elements. For the two smaller Ra = 2.2× 108 and Ra = 2.2× 109, thermal
plumes are mainly generated from the tips of the rough elements and are de-
tached towards the directions of the large scale rolls, while in the cavity regions
the flow is viscosity dominated. Note that below Ra = 2.2× 108, roughness
elements are submerged inside the thermal boundary layer. In comparison,
at Ra = 7.3× 1011, plumes are not only generated at the tips but also at
the sloping surfaces of the rough elements. Inside the cavities, the detached
plumes mix the fluid vigorously, making the flow there more turbulent. These
observations suggest that even after the rough elements protrude beyond the
thermal BL, the flow structure is essentially similar for one decade of Ra while
it changes drastically when further increasing Ra so that the flow inside the
cavities becomes turbulent.

We now systematically explore the heat transport as a function of Ra, cover-
ing four decades. The resulting Nu(Ra) dependences with the same roughness
aspect ratio λ/h≈ 1 for different roughness heights are displayed in Fig. 6.2.
The smooth case follows an effective scaling exponent β = 0.29, in very good
agreement with previous studies [165, 169]. With the introduction of rough-
ness, two universal regimes can be identified. When the roughness elements
protrude the thermal BL, heat transport is enhanced dramatically and the lo-
cal effective scaling exponent is close to 1/2, extending one decade, similar to
those obtained previously [147]. We call this Regime I, the enhanced exponent
regime. This scaling exponent is robust as it does not change when altering
the roughness height in the range [0.05; 0.15]. The higher the roughness is, the
earlier the system steps into Regime I. However, further increasing Ra does
not result in an extension of Regime I. Instead, the scaling exponent saturates



6

6.3. RESULTS 111

Figure 6.1: The instantaneous temperature fields for λ/L = 0.10 and h/L = 0.10 at (a)
Ra = 2.2×108, (b) Ra = 2.2×109 and (c) Ra = 7.3×1011, where λ is the wavelength and h
the height of the roughness. The three plots share the same colormap.



6

112 CHAPTER 6. HEAT TRANSFER SCALING IN ROUGH RB

Figure 6.2: Nu(Ra) for rough cases of aspect ratio λ/h ≈ 1 at h/L = 0.05,0.10 and 0.15, in
comparison to the smooth case, for which the scaling is exponent is β = 0.29± 0.01. For
the rough cases, two regimes can be identified: Regime I, β = 0.50± 0.02 and Regime II,
β = 0.33± 0.01. The inset shows the compensated plot and the plateau demonstrates the
robustness of 1/2 scaling in Regime I. Clearly, a single power law cannot hold for the whole
extent of data.

Figure 6.3: The Nu vs. Ra effective scaling exponents β in Regime I and Regime II as a
function of (a) roughness wavelength λ in Regime I, and (b)(c) aspect ratio λ/h in Regime
I and II, respectively. Note that both λ= 0 and λ=∞ correspond to the smooth plate case
(dashed line).
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back to the effective value β ≈ 0.33, which is the typical Malkus exponent in
the classical regime where the BL is of laminar type [19–21]. We call this
Regime II, the saturated exponent regime. Remarkably, the heat transport
follows exactly the same line in this regime for different roughness height. The
heat transfer increases 3.05 times while the wet surface area augment is 2.30
times, suggesting that the heat transfer enhancement is mainly due to the
enlarged surface area while strong plume ejections in the cavities contribute
the remaining part.

Next, we vary the roughness wavelength λ, focusing on the effective scaling
exponent β, up to Ra = 1012. Similar approach was employed in Ref. [147,
170] in Regime I, and now we extend to Regime II and different heights of
roughness. No matter what λ is, we still identify the Regime I where the
effective exponent increases and Regime II where it saturates back to a value
close to 0.33. Fig. 6.3(a) demonstrates the scaling exponents in Regime I.
For each roughness height, there is always an optimal λ which maximizes
the effective scaling exponent to 1/2. However, for each h, the optimal λ
is different. A better parameter to describe the effects of roughness on the
scaling exponent is the roughness aspect ratio λ/h, as shown in Fig. 6.3(b)(c)
for Regime I and Regime II, respectively. Interestingly, all the data collapse
into one line and specifically for the optimum we find λ/h≈ 1, irrespective of
the roughness height.

Figure 6.4: The dimensionless mean temperature profiles (θ−θt)/∆ for λ/h= 1.00 and h/L=
0.10 at (a) the start of Regime I (Ra = 2.2×108), (b) the end of Regime I (Ra = 2.2×109)
and (c) Regime II (Ra = 7.3×1011), where θt is the temperature of the top plate. The insets
show the temperature fields, superposed by the velocity vectors in the cavity regions. In
Regime I, one roll is inside the cavity, whereas in Regime II, there are multiple. The two
black lines indicate where the tips of the roughness elements are.
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The various studies reported in the literature fall into either of the two
regimes we revealed here. Namely, the regime where the effective scaling
increases up to Ra1/2 [86, 147] or the regime where the scaling is similar
[120, 121, 163] to the smooth case. These seemingly contradictory viewpoints
have caused some confusions in the interpretation of the data on RB convection
with roughness. The present study has bridged the gap between the two
views by studying a sufficiently large regime in Ra and also various roughness
characteristics. The clear conclusion is that the observed local effective 1/2
scaling in Regime I should not be interpreted as the attainment of the so-
called ultimate regime as suggested in previous studies [147], but rather as a
crossover regime in which the roughness elements start to perturb the thermal
BL. Only once the BLs become turbulent does the transition to the ultimate
regime really occur [10, 25] and the asymptotic 1/2 scaling might be seen.
This provides a consistent and plausible explanation for the observed scatter
in the reported values of β with the presence of roughness in prior studies
[99, 100, 122–126], where different combinations of h and λ were chosen. We
show that tuning h and λ can lead to big variations of β, especially in Regime
I (Fig. 6.3), presumably causing the scattered effective scaling exponents. We
note that the optimal λ/h≈ 1 reported here is different compared to previous
studies, namely λ/h≈ 5 in Ref. [126] and λ/h≈ 0.25 in Ref. [148]. However,
we also note that the roughness shapes and layouts are different among these
studies. Only by doing DNS in one-to-one comparisons with these experiments
can we ultimately resolve the origins of these differences.

To disentangle the mechanisms leading to the two regimes, in Fig. 6.4 we
show the temperature profiles as well as the local flow structures inside the
cavities for λ/h= 1.00 and h/L= 0.10 at different Ra. We observe secondary
vortices induced by large scale rolls. In Regime I, the weak secondary vortices
cannot efficiently mix the fluid in the cavities and thus the flow there is still
viscosity dominated. Therefore, the temperature profile in the cavity is rather
linear. In Regime II, secondary vortices are strong enough to induce smaller
vortices, which further induce even smaller vortices down to the centers of the
valleys, forming a cascade of vortices. Due to the strong mixing of this process,
the roughness elements are covered by a thin thermal BL which is uniformly
distributed along the rough surfaces, effectively mimicking an enlarged surface
area. As a result, the mean velocity profile is steep only at the center of the
valleys and otherwise becomes very similar to the smooth case. The findings
here also suggest that for even larger Ra, the scaling exponent in the rough
case might finally become the same as in the smooth case.

Inside the cavities, in Regime I, the viscosity dominated flow decreases the
BL contribution to the total thermal energy dissipation, while in Regime II, the
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Figure 6.5: The dimensionless mean thermal energy dissipation rate εθ/(κ∆2L−2) across the
height of the domain for λ/h= 1.00, h/L= 0.10 at (a) the start of Regime I (Ra = 2.2×108),
(b) the end of Regime I (Ra = 2.2×109) and (c) Regime II (Ra = 7.3×1011). The two black
lines indicate where the tips of the roughness elements are.

restoration of the uniformly distributed BL brings back the BL contribution to
the total thermal energy dissipation. For the thermal energy dissipation, it has
been well known that if the bulk contribution is dominant, the scaling exponent
is close to 1/2 and if the BL contribution dominates, the scaling exponent is
close to 1/3, i.e., in the classical regime where the BL is of laminar type [20, 21].
Here, due to the effective scaling, Regime I seems to be the bulk dominated
regime whereas Regime II seems to be the classical BL-controlled-regime. This
is counterintuitive since one would expect the opposite with increasing Ra for
the smooth RB, i.e. the system become more bulk dominated with increasing
Ra [20, 21, 25]. In Fig. 6.5 we show the mean thermal energy dissipation
rate along the height. Indeed, in Regime I, the thermal dissipation inside the
cavity is negligible, whereas in Regime II, the thermal dissipation inside the
cavity is dominated, supporting above interpretation on the reverse role of BL
and bulk in the presence of roughness.

6.4 Conclusions and disscussions

In conclusion, the present study has demonstrated that the local effective β =
1/2 scaling in RB with roughness does not necessarily indicate the start of the
ultimate regime as claimed in previous studies [147]. Instead, its observation is
fortuitous because by tuning the height and wavelength of roughness elements
simultaneously, β can be tuned between 0.29 and 0.5 locally. This Regime I is
just a crossover regime where the bulk is dominated, as has been speculated in
Ref. [10, 126, 148]. Further increasing Ra brings back the thin BL inside the
cavities and restores the classical BL-controlled-regime, causing the scaling
saturation and recovering the classical RB scaling exponent. Only at even
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higher Ra the real transition to the ultimate 1/2 scaling might be seen.
Finally, we note that for Taylor-Couette (TC) flow with roughness which

aligns with the azimuthal direction, DNS showed that for the angular velocity
transfer scaling Nuω ∼ Taβ, both Regime I where β increases up to 1/2 and
Regime II where β saturates back were also observed [108]. Here, Ta is the
dimensionless angular velocity difference which plays the equivalent role to
Ra in RB. Thus, there is strong evidence that the two systems are not only
analogous with each other in the smooth case [12, 13, 26, 33] but also in the
rough case. However, for TC flow with roughness which inhibits the azimuthal
flow, this analogy might break down. In that case, the main contribution to
the angular velocity transfer originates from the pressure forces rather than
the viscous forces. In contrast, in RB, the temperature is a scalar and there
is nothing similar to the effects of pressure which could contribute to the heat
transfer [171].
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7
Transition to the ultimate regime in

two-dimensional Rayleigh-Bénard
convection ∗

The possible transition to the so-called ultimate regime, wherein both the bulk
and the boundary layers are turbulent, has been an outstanding issue in ther-
mal convection, since the seminal work by Kraichnan [Phys. Fluids 5, 1374
(1962)]. Yet, when this transition takes place and how the local flow induces
it is not fully understood. Here, by performing two-dimensional simulations
of Rayleigh-Bénard turbulence covering six decades in Rayleigh number Ra up
to 1014 for Prandtl number Pr = 1, for the first time in numerical simulations
we find the transition to the ultimate regime, namely at Ra∗ = 1013. We reveal
how the emission of thermal plumes enhances the global heat transport, leading
to a steeper increase of the Nusselt number than the classical Malkus scaling
Nu ∼ Ra1/3 [Proc. R. Soc. London A 225, 196 (1954)]. Beyond the transi-
tion, the mean velocity profiles are logarithmic throughout, indicating turbulent
boundary layers. In contrast, the temperature profiles are only locally logarith-
mic, namely within the regions where plumes are emitted, and where the local
Nusselt number has an effective scaling Nu ∼ Ra0.38, corresponding to the ef-

∗Based on: X. Zhu, V. Mathai, R. J. A. M. Stevens, R. Verzicco, and D. Lohse, Transition
to the ultimate regime in two-dimensional Rayleigh-Bénard convection, under review.
Simulations by Zhu. Analysis by Zhu and Mathai. Writing by Zhu, Lohse, and Mathai. Super-
vision by Lohse, Verzicco, and Stevens. Discussion of results and proofreading by everyone.
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fective scaling in the ultimate regime.

7.1 Introduction

Rayleigh-Bénard (RB) flow, in which the fluid is heated from below and cooled
from above, is a paradigmatic representation of thermal convection, with many
features that are of interest in natural and engineering applications. Examples
range from astrophysical and geophysical flows to industrial thermal flows [10,
11, 40]. When the temperature difference between the two plates (expressed
in dimensionless form as the Rayleigh number Ra) is large enough, the system
is expected to undergo a transition from the so-called “classical regime" of
turbulence, where the boundary layers (BLs) are of laminar type[172–175],
to the so-called “ultimate regime”, where the BLs are of turbulent type, as
first predicted by Kraichnan [24] and later by others [20, 21, 25, 119, 176]. In
the classical regime, the Nusselt number Nu (dimensionless heat transfer) is
known to effectively scale as Raβ, with the effective scaling exponent β ≤ 1/3
[18–21, 74]. Beyond the transition to the ultimate regime, the heat transport
is expected to increase substantially, reflected in an effective scaling exponent
β > 1/3 [10, 24, 25].

Hitherto, the evidence for the transition to the ultimate regime has only
come from experimental measurements of Nu. In fact, the community is de-
bating at what Ra the transition starts and even whether there is a transition
at all. For example, Niemela & Sreenivasan [177] observed that β first in-
creases above 1/3 around Ra ≈ 1014 and then decreases back to 1/3 again
for Ra ≈ 1015. Subsequently, Urban et al. [178] also reported β ≈ 1/3 for
Ra = [1012,1015]. However, Chavanne et al. [79, 85] found that the effective
scaling exponent β increases to 0.38 for Ra > 2× 1011. In the experiments
mentioned above, low temperature Helium was used as the working fluid and
Prandtl number Pr changes with increasing Ra. In contrast, using high pres-
sure SF6 which has roughly pressure independent Pr instead of Helium, a more
conclusive realization of ultimate regime was achieved by He et al. [26, 27],
who observed a similar exponent 0.38, but this exponent was found only to
start at a much higher Ra ≈ 1014 (the transition starts at Ra ≈ 1013). This
observation is compatible with the theoretical prediction [20, 21] for the onset
the ultimate regime. It is also consistent with the theoretical prediction of
Refs. [24, 25], according to which logarithmic temperature and velocity BLs
are necessary to obtain an effective scaling exponent β ≈ 0.38 for that Ra.

The apparent discrepancies among various high Ra RB experiments have
been attributed to many factors. The change of Pr, the non-Boussinesq effect,
the use of constant temperature or constant heat flux condition, the finite
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conductivity of the plates, and the sidewall effect can all play different roles
[10, 88]. Direct numerical simulations (DNS), which do not have these unavoid-
able artefacts as occurring in experiments, can ideally help to understand the
transition to the ultimate regime, with the strict accordance to the intended
theoretic RB formulations. Unfortunately, high Ra simulations in three di-
mensions (3D) are prohibitively expensive [179, 180]. The highest Rayleigh
number achieved in 3D RB simulations is 2×1012 [88], which is one order of
magnitude short of the expected transitional Ra. Two-dimensional (2D) RB
simulations, though different from 3D ones in terms of integral quantities for
small Pr [164, 165], still capture the many essential features of 3D RB [165].
Consequently, in recent years, 2D DNS has been widely used to test theories,
not only for normal RB [181, 182], but also for RB in porous media [183].
Although also expensive at high Ra, now we have the chance to push forward
to Ra = 1014 using 2D simulations as we will show in this chapter.

Another advantage of DNS as compared to experiment is that velocity
and temperature profiles can be easily measured, to check whether they are
logarithmic in the ultimate regime, as expected from theory. Specifically, for
the temperature, only a few local experimental measurements were available in
the near-sidewall regions of RB cells, which showed logarithmic profiles [184,
185]. Even worse, for velocity, there is almost no evidence for the existence
of a logarithmic BL, due to the experimental challenges. For instance, in
cylindrical cells with aspect ratio Γ =O(1), the mean velocity profile cannot
be easily quantified because of the absence of a stable mean roll structure [24].
In situations where stable rolls do exist (e.g. narrow rectangular cells), the
highest Ra available are still far below the critical Ra at which logarithmic
velocity BLs can manifest themselves [172, 175].

As numerical simulations provide us with every detail of the flow field which
might be unavailable in experiments, they also enable us to reveal the links be-
tween the global heat transport and the local flow structures. A few attempts
(both 2D and 3D) have been made in the classical regime, in which logarith-
mic temperature BLs were detected, by selectively sampling the regions where
the plumes are ejected to the bulk [134, 184]. However, it is still unclear how
these local logarithmic BLs contribute to the attainment of the global heat
transport enhancement during the transition to the ultimate regime.

In this chapter, for the first time in DNS we do observe a transition to
the ultimate regime in 2D, namely at Ra∗ = 1013, similar as in the 3D RB
experiments of Ref. [26]. DNS also provides first evidence that the mean ve-
locity profiles follow the log-law of the wall, in analogy to other paradigmatic
turbulent flows, e.g. pipe, channel, and boundary flows [102, 103, 186]. Fur-
ther, we explore the link between the local and global quantities to reveal the
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mechanism leading to the increased scaling exponent beyond the transition.

7.2 Numerical settings
The simulations have been carried out using a well validated second-order
finite-difference code [53, 68]. The two control parameters are Ra=αg∆L3/(νκ)
and Pr = ν/κ, with α being the thermal expansion coefficient, g the gravita-
tional acceleration, ∆ the temperature difference across a fluid layer of depth
L, ν the kinematic viscosity, and κ the thermal diffusivity. In the simula-
tions, Pr were fixed at 1 and aspect ratio Γ ≡W/L were fixed at 2, where
W is the width of the domain. With this Γ, it has been found that the heat
flux approximates the heat flux at infinite aspect ratio [168]. The boundary
conditions were non-slip for velocity, constant temperature for the bottom
and top plates, and periodic horizontally. Nu was calculated from the rela-
tion Nu =

√
RaPr〈uzθ〉A,t−〈∂zθ〉A,t, with uz being the vertical velocity, θ the

temperature, and 〈· · ·〉A,t the average over a horizontal plane and time. All
the cases were well resolved. At the highest Ra = 1014, we used a grid with
20480×10240 mesh points.

7.3 Results
We begin by looking at the heat transport Nu as a function of Ra. In Fig. 7.1,
we show Nu(Ra) compensated with Ra0.35, for the range Ra=[108,1014]. Up to
Ra = 1011 (blue symbol), the effective scaling is essentially the same (β ≈ 0.29)
as has been already observed [165, 168, 169] in the classical regime where
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Figure 7.1: Nu(Ra) plot compensated by Ra0.35. A clear transition can be seen at Ra =
1013, as evident from the plateau. The data agree well with the previous results in the low
Ra regime [168]. The flow structures of the three colored data points (blue for Ra = 1011,
green for Ra = 1013, grey for Ra = 1014) are displayed in Fig. 7.2.
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Impacting EjectingEjecting

Ejecting ImpactingImpacting

Figure 7.2: The instantaneous temperature fields for (a) Ra = 1011 and (b) Ra = 1014. (c)
The Mean temperature and velocity field for Ra = 1013. The contours represent the mean
temperature field, while the vectors show the direction of the velocity, scaled by its magni-
tude. The plate surfaces have been divided into equal-sized plume ejecting and impacting
regions. The three plots share the same color map.
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the BLs are laminar [173, 174]. This trend continues up to the transitional
Rayleigh number Ra∗ = 1013 (green symbol). Beyond this, we witness the
start of the transition to the ultimate regime, with a notably larger effective
scaling exponent β ≈ 0.35, as evident from the plateau in the compensated
plot.

Next, to appreciate how the flow structures are different before and beyond
the transition (Ra∗), we show the respective instantaneous temperature fields
(see Fig. 7.2). The top panel presents a relatively low Ra = 1011 (below Ra∗),
while the middle panel shows a high Ra = 1014 (beyond Ra∗). At low Ra,
intense large scale rolls (LSR) are clearly visible. In comparison, at high Ra,
the LSR, although still evident, contains much weaker and smaller structures.
Interestingly, even at the highest Ra, the temperature field still has both plume
ejecting and impacting regions. Additionally, these observations indicate that
the spatial extent of plume ejecting regions do not grow in spite of the increase
in Ra.

We now focus on the mean temperature and velocity fields at the tran-
sitional Ra. Remarkably, even after 500 dimensionless time units, the flow
domain still shows a stable mean roll structure, i.e. the rolls are pinned with
clearly demarcated plume ejecting and impacting regions (see Fig. 7.2(c)).
The mean temperature and velocity fields display horizontal symmetry, which
enables us to average them over a single LSR instead of the whole domain (as
the velocity averaged horizontally for the whole domain will be zero).

Figure 7.3(a) shows the temporally and spatially averaged velocity profiles,
performed on one single LSR. We plot the profiles in dimensionless wall units,
in terms of u+ and y+, where u+ = 〈u〉x,t/uτ and y+ = zuτ/ν. Here uτ is the
friction velocity uτ =

√
ν∂z〈u〉x,t|z=0 [34]. Similar to channel, pipe, and bound-

ary layer flows, we can identify two distinct layers: a viscous sub-layer where
u+ = y+, followed by a logarithmic region, where the velocity profile follows
u+ = 1

κv
lny+ +Bv [34]. The inverse slope gives κv = 0.4, which is remarkably

close to the Kármán constant in various 3D canonical wall-bounded turbulent
flows [102, 103]. However, the parameter Bv varies with Ra. With increas-
ing Ra, the logarithmic range grows in spatial extent, until at Ra∗ = 1013, it
spans one decade in y+. Similarly, we express the temperature profile in wall
units T+ = (Tb−〈T 〉x,t)/Tτ , where Tb is the bottom plate temperature, and
Tτ =−κ∂z〈T 〉x,t|z=0/uτ a characteristic temperature scale analogous to uτ for
the velocity [187]. The mean temperature profile shows a similar viscous sub-
layer T+ = y+, followed by a rather flat region, without a clear logarithmic
dependence. Since the ultimate regime is associated with logarithmic profiles,
the key question remains, as to why the mean temperature profile is not loga-
rithmic despite the global scaling relations suggesting a transition in Fig. 7.1.
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Figure 7.3: Mean velocity (a) and temperature (b) profiles in wall units (u+ for velocity, T+

for temperature, and y+ for wall distance) at four Ra. The dashed lines show the viscous
sublayer behavior and the log-layer behavior. A log-layer is seen for the velocity (with
inverse slope κv = 0.4), but not for the temperature. (c) Local temperature profiles averaged
in plume ejecting and impacting regions (see Fig. 3.1(c) for definitions). The dashed lines
again show the viscous sublayer behavior and the log-layer behavior. A log-layer is seen
for the temperature in the plume ejecting regions (with inverse slope κθ = 4.0), but not in
impacting regions.
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To find out, we look back more closely into the flow field of Fig. 7.2(c) where
the mean flow was separated into (a) a plume ejection region, and (b) a plume
impacting region. As noted earlier, the spatial extent of these regions does
not grow with increasing Ra, and the mean flow field is horizontally symmet-
ric. Therefore, the domain can be divided into plume ejection and impacting
regions, enabling us to perform a conditional analysis for the temperature
profiles specific to the respective regions. In Fig. 7.3(c), we plot these profiles
separately, for different Ra. All the profiles collapse into a single curve in the
viscous sub-layer. Beyond the viscous sub-layer, the impacting and ejecting
regions show very different behavior. For the impacting regions, the temper-
ature profile is flat (dotted curves), and remains so for all Ra. However, for
the plume ejecting regions, we observe a clear log-layer (solid curves) with a
profile T+ = 1

κθ
lny+ +Bθ, where κθ = 4 is the equivalent Kármán constant

for temperature, and Bθ varies with Ra. Similar to the velocity profiles, the
extent of the log-layer increases with Ra. At the transitional Ra∗ = 1013, it
spans one decade in y+.

Temperature profiles that are locally logarithmic (in plume ejecting regions)
have been observed before for both the classical and the ultimate regimes
[124, 134, 184, 185]. Based on this, one hypothesis regarding how the system
undergoes the transition to the ultimate regime is that the fraction of plume
emitting regions (or hot spots) will gradually grow with increasing Ra [134].
As speculated, the trend would continue until the entire BL becomes a hot
spot, thus leading to a mean logarithmic temperature profile. Our findings
indicate that here this is not the case, as even at Ra = 1014 plume impacting
regions do not show a logarithmic temperature profile. The presence of these
impacting regions makes the mean temperature profile also non-logarithmic
(see Fig. 7.3(b)).

We now explain how the global heat transport scaling can still undergo a
transition to the ultimate regime, though only the local temperature profile is
logarithmic, not the globally averaged one. We recall that by definition on the
plate surface, Nu =−〈∂zθ〉A. Following the observations from Fig. 7.2(c), we
compute the local Nu on the plate surface from ejecting (Nue) and impacting
(Nui) regions separately. These are shown in Fig. 7.4, compensated by Ra1/3.
Up to Ra∗, both Nui and Nue follow a similar trend, with their respective
local scaling exponents βi and βe < 1/3. However, beyond Ra∗, Nui and
Nue diverge. The ejecting regions show an increased heat transport, with
βe = 0.38, which is precisely the ultimate scaling exponent predicted for Ra∼
O(1014) with logarithmic BLs. In contrast, the impacting regions have a
much lower scaling exponent βi = 0.28. This means that the flow is partially
in the ultimate regime and partially still in the classical regime. Based on
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these, we express the global Nusselt number, Nu = Nui + Nue, in analogy
to the Grossmann-Lohse approach [20, 25] wherein the dissipation rate was
separated into bulk and BL contributions. We write Nu = Ci Raβi +Ce Raβe ,
where βe is expected to become even larger with increasing Ra [25]. The
above expression asymptotically approaches the ultimate regime scaling when
the plume ejecting regions become more and more dominant in transporting
the heat with increasing Ra. Thus, with only the local temperature profile
being logarithmic (in plume ejecting regions), the system can still undergo a
gradual transition to the ultimate regime.

Finally, it is worthwhile to clarify the effect of the imposed two-dimensionality
on the heat transfer. As mentioned in the beginning, 2D RB is different from
3D RB. However, the effective scaling exponents observed are identical in 2D
and 3D for a wide range of Ra in the classical regime [165], and here we found
both in 2D and 3D the transition starts at Ra∗ = 1013. Furthermore, the loga-
rithmic BLs are theoretically expected for both 2D and 3D, as the theoretical
argument [119] is built on the Prandtl equations which are 2D. Also in other
2D canonical flows, logarithmic BLs have been observed, e.g. in channel flow
[188, 189]. Therefore, the physical insights gained from this chapter are useful
for understanding the transition to ultimate turbulence in both 2D and 3D
flows.

7.4 Conclusions

In conclusion, we have used two-dimensional simulations of Rayleigh-Bénard
convection to investigate the transition to the ultimate regime of thermal con-
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Figure 7.4: Local wall-heat-flux as a function of Ra, separately for the plume ejecting region
(Nue) and the plume impacting region (Nui). At Ra∗ = 1013, Nue starts to undergo a
transition to the ultimate regime with an effective scaling exponent of 0.38, while Nui(Ra)
has a much smaller effective scaling exponent of 0.28. The competition between the two
parts finally determines the effective global scaling exponent.
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vection. We followed the approach of using the local flow structures to explain
the globally observed heat transfer enhancement. A transitional Rayleigh
number Ra∗ = 1013 was found for the 2D RB with Pr = 1, beyond which
the mean velocity profile has a log-layer spanning one decade. However, the
temperature profile is logarithmic only within the regions where plumes are
ejected. The local effective Nusselt scaling exponent βe increases to 0.38 in
the plume ejecting regions, corresponding to the ultimate regime. The transi-
tion to the ultimate regime can be understood as the gradual takeover of the
global heat transport by the contribution from the regions of plume ejection.
In future work we will extend these 2D DNS to smaller (and larger) Pr, to
check the predicted Pr-dependence [20, 21] of the transition to the ultimate
regime.
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Controlling heat transport and flow

structures in thermal turbulence using
ratchet surfaces ∗

In this combined experimental and numerical study on thermally driven tur-
bulence in a rectangular cell, the global heat transport and the coherent flow
structures are controlled with an asymmetric ratchet-like roughness on the top
and bottom plates. We show that, by means of symmetry breaking due to the
presence of the ratchet structures on the conducting plates, the orientation of
the Large Scale Circulation Roll (LSCR) can be locked to a preferred direction
even when the cell is perfectly leveled out. By introducing a small tilt to the
system, we show that the LSCR orientation can be tuned and controlled. The
two different orientations of LSCR give two quite different heat transport effi-
ciencies, indicating that heat transport is sensitive to the LSCR direction over
the asymmetric roughness structure. Through a quantitative analysis of the
dynamics of thermal plume emissions and the orientation of the LSCR over
the asymmetric structure, we provide a physical explanation for these find-
ings. The current work has important implications for passive and active flow
∗Based on: H. Jiang, X. Zhu, V. Mathai, R. Verzicco, D. Lohse, and C. Sun, Controlling

heat transport and flow structures in thermal turbulence using ratchet surfaces, Phys. Rev.
Lett. 120, 044501 (2018).
Experiments by Jiang. Simulations by Zhu. Analysis by Jiang, Zhu, and Mathai. Writing by
Sun, Lohse, Jiang, Zhu, and Mathai. Supervision by Sun, Lohse, and Verzicco. Discussion
of results and proofreading by everyone.
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control in engineering, bio-fluid dynamics, and geophysical flows.

8.1 Introduction

Turbulent convective flows over rough surfaces are ubiquitous in engineering
and geophysical flows. Examples include convective flows in the atmosphere
and in oceans, where the ground, sea-bed and ocean floor are generally not
smooth. As the ability to enhance convective heat transfer is crucial in many
industrial applications, numerous strategies have been proposed to efficiently
enhance it. Among several approaches, introducing wall roughness is an ef-
fective way to do so. Indeed, the study of surface roughness effects in wall-
bounded turbulent flows has been an area of intense research (see e.g. some
recent work [110, 128, 139–142, 190, 191], the reviews [111, 143], and the text-
books [34, 49]). Similarly, several studies have been conducted on turbulent
thermal convection over rough plates [86, 99, 100, 120, 121, 123, 126, 147].
The vast majority of these studies with rough walls adopt some ordered and
symmetrical structures, such as pyramids, squares, rectangles etc. However,
the rough surfaces in engineering applications and in nature are in general not
symmetric, resulting in complex interactions between the flow and the asym-
metric roughness elements. Examples are wind blowing over a landscape with
asymmetric slopes and ocean flows over an asymmetric sea-bed, etc. Other
examples include marine animals which can actively change the asymmetric
roughness for maneuverability.

In this chapter, we aim to study the influences of ratchet-like wall struc-
tures on the flow organization and heat transfer in fully developed convective
thermal turbulence. Indeed, building on the classical Feynman-Smoluchowski
ratchet, in various contexts researchers have proposed ratchet-type mecha-
nisms and devices that operate outside of thermal equilibrium [192]. Examples
include the so-called ‘capillary-ratchet’ in zoology [193], a rotational ratchet in
a granular gas [194], self-propelled Leidenfrost droplets and solids on ratchet
surfaces [195–197], and the Brownian ratchets of molecular motors in living
organisms [198]. Here we will employ the classical model system for thermal
turbulence, namely Rayleigh-Bénard (RB) convection [10, 11], to investigate
the effects of asymmetric roughness on convective heat transfer and large scale
flow organization. RB convection consists of a working fluid confined between
a cold top (Tt) and a warm bottom plate (Tb), with a constant temperature
difference (∆ = Tb− Tt). The dynamics of the system depends on the driv-
ing intensity and the fluid properties, which are characterized, respectively,
only by the Rayleigh number Ra = αgH3∆

νκ and the Prandtl number Pr = ν
κ ,

where α, g, H, ν, and κ are the thermal expansion coefficient, the accelera-
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Figure 8.1: (a) A sketch of the convection cell with the asymmetric ratchets on the top and
bottom plates. The cell can be titled to the left or the right side. (b) Tilting angle β =−3.2◦
resulting in a flow in clockwise direction. (c) Tilting angle β = +3.2◦ resulting in a flow in
counter-clockwise direction. (d) Nusselt number Nu as a function of Ra in the smooth and
rough cells (Pr = 4.3). (e) Nu enhancement as a function of Ra for the two cases. The open
symbols correspond to experimental data, the closed symbols correspond to numerical data,
and the triangles represent the data for the smooth wall case.

tion due to gravity, the thickness of the fluid layer, kinematic viscosity, and
thermal diffusivity of the convecting fluid, respectively. The key response pa-
rameter of the RB system is the non-dimensional heat flux, the Nusselt number
Nu= J/(χ ∆/H), which measures the ratio of the heat flux (J) over the purely
conductive (thermal conductivity χ) one.

8.2 Methods
In our experiments, a novel thermal convection system (sketched in Fig. 8.1)
with ratchet structures on the top and bottom plates is used. The convection
cell is of rectangular shape, with upper and lower plates made of copper,
and plexiglas sidewalls. The length (L), width (W), and height (H) are 240
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mm, 60 mm, and 240 mm, respectively, resulting in a unit aspect ratio in
the large scale circulation plane (Γ = W/H). The bottom plate is heated at
a constant heat flux, and the top plate temperature is regulated at constant
temperature. The ratchet-like structures are machined on the lower and upper
surfaces, respectively, of the top and bottom plates of the convection cell. The
height h and the width λ of the ratchets are 6 mm and 12 mm, respectively.
Six thermistors (Omega 44131) are embedded in the top and bottom plates
to probe the local temperature in the plates. To control the orientation of
flow in the main LSCR plane, the cell can be tilted in both clockwise and
counter-clockwise directions with some angle β.

In addition to the experiments, three-dimensional direct numberical simu-
lations (DNS) of the Boussinesq equations are performed by using the in-house
AFiD code [53, 199]. An immersed boundary method [39] is implemented to
simulate the ratchet surfaces. The code has been extensively validated and
used [53, 149, 199]. Adequate resolutions are ensured for all simulations so
that the results are grid independent. At Ra = 5.7× 109, 1280× 1280× 256
grid points are used for the cases with ratchet. The grid used is fine near the
boundaries, and gradually grows toward the bulk region. This results in about
24 grid points within the boundary layer height, which is sufficient to capture
the boundary layers [179]. Similar to the experiments, the no-slip boundary
conditions are adopted for the velocity at all solid boundaries. At all side walls
the heat-insulating conditions are adopted, and at top and bottom plates con-
stant temperatures are prescribed. At high Ra, the difference in global heat
transfer between constant temperature and constant heat flux boundary con-
ditions is known to be small [168, 200]. Therefore, it is reasonable to compare
Nu from experiments and simulations.

8.3 Results

We first study how the orientation of the LSCR affects the convective heat
transfer over the ratchets. In order to prescribe the orientation of the LSCR,
we tilt the convection cell by either +3.2◦ or −3.2◦. This little tilting hardly
affects Nu [201]; here we find an effect of less than 2% in all cases, much less
than through roughness or the orientation of the roughness. The aim of the
tilting is to lock the LSCR direction as sketched in Figs. 8.1(b,c). In clockwise
direction (tilting angle of −3.2◦), the flow near the top and bottom plates
moves along the smaller slope side of the ratchets. We refer to this situation
as case A, whereas the situation where the flow near the top and bottom
plates travels toward the steeper side of the ratchets is referred to as case B
(see Fig. 8.1(c) where the tilting angle is +3.2◦).
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The Prandtl number is fixed at Pr = 4.3 for all of the measurements.
Fig. 8.1(d) shows the measured Nu as a function of Ra for the cases A &
B. For comparison, we also measure the data at the same RB system with
a smooth top and bottom plate. Nu(Ra) can be described with a power
law with an effective exponent of 0.30 ± 0.01. For the ratchet surfaces, it
is found that Nu(Ra) are much larger than that for the smooth wall case
and have steeper effective slopes with 0.38 ± 0.01 for case A and 0.39 ±
0.01 for case B. The higher effective exponent observed for the rough cell as
compared to that of the smooth cell has been explained in a recent work [149].
The simulated Nu as a function of Ra is also shown in Fig. 8.1(d). We find
excellent agreement between the experiments and numerics. In Fig. 8.1(e),
we plot the Nu enhancement by dividing the data in the rough cell by Nu of
the smooth cell. It is clearly seen that in both cases A & B, Nu is enhanced,
and interestingly, this enhancement increases with Ra. The latter trend can
be explained as follows: The thermal boundary layer thickness δT decreases
with increasing Ra, leading to an increase in the effective roughness height
h/δT ; Correspondingly, the roughness elements penetrate more deeply into the
thermal boundary layers, thereby triggering stronger plume emissions, which
explains the greater Nu enhancement.

We now come to the main subject of this chapter, and compare and contrast
the Nu enhancement between the two cases of different roughness orientation
with respect to the LSCR (cases A & B). At the lowest Ra (∼ 108), the Nu
enhancements are relatively small and almost indistinguishable for the two
cases (15.4% for case A, and 16.3% for case B). In this situation, the thermal
boundary layer thickness δT ∼ 4 mm is comparable to the roughness height
h = 6 mm [123]. Thus, the orientation of the flow has negligible influence
on Nu. However, the Nu enhancements for the two cases become increasingly
different at larger Ra. At the largest Ra≈ 1010, Nu/Nus = 67.4% for case A,
as against 82.2% for case B. What is the physical reason for this significant
difference in Nu enhancement in the two cases?

Fig. 8.2 shows three instantaneous temperature fields at Ra = 5.7 ×109

for the smooth wall case, case A, and case B. In the smooth wall case, the
spots where plumes detach from the boundary layers to the bulk are randomly
located near the plates, as shown in Fig. 8.2(a). For case A, the flow moves
on the ratchet structures, but faces the ratchet side with the smaller slope.
The horizontal motion of the flow near the wall are modified by the presence
of the roughness, and consequently the plumes are detached from some of the
ratchet tips, as shown in Fig. 8.2(b). Thanks to these sharp tips, more plumes
are ejected from the boundary layers to the bulk, resulting in a higher heat
transfer than the smooth plate case. Nevertheless, the overall features of the
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flow near the boundary layers are quite similar to those of the smooth plate
case. The situation becomes very different in case B shown in Fig. 8.2(c).
The horizontal LSCR now hits the sharp corners of the ratchets, resulting
in strong plume detachments at the many tips of the structures as seen in
Fig. 8.2(c). Clearly, more plumes are emitted from the boundary layers to the
bulk, explaining the even higher Nu than that of case A.

L

W

W

Figure 8.3: (a) Top view of the temperature field, note that the stripy patterns which can
be observed in the figure are the remnants of the ratchet tips where the plumes are ejected
- the snapshot is only taken 0.003 H above the tip of the ratchets. (b) the detected plumes
at a height z/H = 0.028, for Ra = 5.7×109. Here, plumes are detected following the scheme
given in van der Poel et al. [202].

Next, we quantify the plume emissions for the three cases, employing the
method introduced in Refs. [181, 202]. We define a thermal plume as the
set of coordinates where θ(x,y)− 〈θ〉x,y > c θRMS and, at the same time,√
RaPr uz(x,y)θ(x,y) > c Nu. Here θ is the temperature normalized by the

temperature difference, uz is the dimensionless vertical velocity, and c = 1.2,
as per Ref. [181].

For computing the plume emission statistics, we have used the numerical
data at Ra = 5.7×109. The total duration of simulation is about 200 free fall
time units. We analyze 2000 instantaneous snapshots for the three cases. In
total, we cumulatively identify 38876 plumes for the smooth wall situation,
137867 plumes for case A, and 151854 plumes for case B. These should ensure
converged statistics. Figs. 8.3(a) & (b) show representative examples of the
temperature field and detected plumes, respectively, from a snapshot at a
height z/H = 0.028, which lies just above the tip of the ratchet, and within
the thermal boundary layer near the tip.
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Fig. 8.4 shows the cumulative histogram of the plume areas Ap normalized
by the plate area A at a height z/H = 0.028. Case B has the highest number
of plumes, followed by case A, and then, the smooth case. The inset shows
the histogram of the plume areas, which indicates that most of the plumes
emitted for cases A and B have an intermediate area, with the number of
plumes in case B exceeding that in case A. Further, we estimated the velocity
of the LSCR for case A and case B. Interestingly, case B has a larger roll
velocity, VLSC(B) = 0.129, than case A, for which VLSC(A) = 0.117, reflecting
that more plumes lead to a stronger LSC. This is due to plume driving, which
finally leads to a higher heat transfer [203].

Figs. 8.6(a,b) show the shadow-graphic visualizations at these two different
LSCR orientations [203]. Due to the small size of the plumes, it is difficult to
appreciate the differences between case A and B in the wall region. However
the bulk of case B is clearly more plume dominated indicating the more plumes
are released from the walls. Thanks to the much stronger detachment of ther-
mal boundary layer in case B than that in case A, the temperature distribution
of the bottom plate is relatively uniform, as demonstrated in Fig. 8.5. For case
A, we observe a temperature gradient along the length of the plate. This is
expected, since the bottom plate in the experiments is under constant heat
flux condition, and a thermal boundary layer is known to develop over it in the
LSCR flow direction [200]. Therefore, the structure of the thermal boundary
layers in case A is similar to that of the smooth wall case. However, in the
case B, the plumes are emitted from many tips of the rough structures, and
consequently, the development of the thermal boundary layer near the bottom

Case A

Case B

Smooth

5 4 3 2 1

Figure 8.4: Cumulative histogram of the normalized plume area Ap/A for case A, and case
B, smooth case. Inset shows the histograms of the same. Case B shows the highest number
of plume emissions.
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plate is greatly hindered. This explains the relatively uniform temperature
distribution in the bottom plate for case B (see Fig. 8.5(a)). We also plot
the Ra dependence of the normalized maximum temperature contrast on the
bottom plate (see Fig. 8.5(b)). Again, at low Ra, the temperature difference
is comparable for the two cases, since the effective roughness height h/δT is
small in this case. With increasing Ra, the two different LSCR orientations
give two very different temperature gradients on the bottom plate. These re-
sults show that the shape and orientation of roughness elements can play a
significant role, especially in high Ra thermal convection.

(a) Exp: case A

Exp: case B

(b)

Exp: case A

Exp: case B
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Figure 8.5: (a) Experimentally measured temperature distribution of the bottom plate at 6
positions for two cases. (b) The normalized maximum temperature difference in the bottom
plate as a function of Ra.

Finally, we study how the system decides the LSCR orientation for various
tilting angles β. We determine the direction of the LSCR by simply measuring
maximum temperature difference in the bottom plate, as discussed above, and
as done previously in Refs. [200, 204, 205]. First, for β = 0◦, when the system
with ratchets is leveled, the LSCR orientation is always as in case A, in which
the viscous drag induced by the rough elements is smaller as compared to that
of the case B. Of course, the flow is in the same situation when the system is
tilted at the negative angles, and it is locked in this case A even if the system
is titled at a positive angle up to 0.5 degree. To enforce a counter-clockwise
LSCR throughout (case B), one has to tilt the system by at least 2 degree. In
between 0.5 and 2 degrees, the system can be in either of the two states. We
measure the flow states in multiple experiments and determine the probability
of a certain LSCR orientation as a function of the tilting angle β. Fig. 8.7
plots the probability of the LSCR in case A, which is defined as P (A) = (#
in case A)/(Total # of the measurements). For comparison, we also perform
measurements in the smooth wall system.

The transition range of the tilting angle from full case A state (P(A) = 1)
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Figure 8.6: Shadowgraph visualization of the spatial distribution of thermal plumes at Ra
= 5.7 ×109 and Pr = 5.7 for (a) case A, and (b) case B. The Large Scale Circulation Roll
direction is clockwise in (a), and counter-clockwise in (b).

to full case B state (P(A) = 0) is from β ≈ −1.5◦ to ≈ 1.5◦ for the smooth
wall case, whereas the transition range for the ratchet wall system is much
sharper, i.e. from β ≈ 0.5◦ to ≈ 2◦, indicating that the LSCR is more sensitive
to the tilt in the ratchet wall system. As expected, for the smooth wall case,
the measured P(A) shows a symmetric trend with respect to β = 0◦, i.e. P(A)
≈ 0.5 at βc = 0◦; With the current ratchet plates, the symmetric center shifts
to βc ≈ 1◦−1.5◦.

The asymmetry observed in P (A) of the LSCR (Fig. 8.7) can be rationalized
by considering the asymmetry of the roughness elements. We observe P (A) = 1
for β ≤ 0, since the case A is strongly favored due to the asymmetric shape
of the ratchets. However, when β is increased above 0◦, a component of the
buoyancy force Fbβ ≈ 1

2ρVg α∆sinβ favors the case B flow. As we keep on
increasing β, at a certain critical angle βc, this buoyancy force might overcome
the drag force opposing the case B flow. For the finite size of the rougness
elements in our case, we expect the pressure contribution to be dominant [109],
so that the drag force may be written as: Fd ≈ 1

2ρv
2
fApn CD,B. Here, vf ≈

0.2 ν
H

√
Ra
Pr is the flow velocity seen by the ratchets, V is the effective volume of

the heated/cooled fluid, Ap is the projected area of a ratchet in the plane that
is perpendicular to the flow direction, CD,B ≈ 2 is the drag coefficient for flow
past the ratchet structure, which is modeled as a triangular half-body facing a
flow, and n is the number of the ratchets on the plate. Equating the buoyancy
and drag forces, and plugging in the numbers at this Ra (∆ = 10.9 K, ν = 6.6
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Figure 8.7: The measured probability for the LSCR orientation to remain in case A as a
function of tilting angle at Ra = 5.7 ×109. A value of 1 means that the LSCR orientation
is always in case A, whereas a value 0 means that it is in case B. In the transition regime,
each measurements are repeated 10 times.

× 10−7 m2/s, H = 0.24 m, ρ = 992.2 kg/m3, n = 20, V =3.5 × 10−3 m3, α =
3.9 × 10−4 K−1), we obtain a critical angle estimate βc ≈ 2◦, which compares
fairly well with our experimental observation. This symmetrical center may
have some dependence on Ra and Pr, which deserves future studies. In the
system with the ratchet walls, we do not see a single reversal event in all of our
measurements (410 hours in total, around 30,000 turn over time), indicating
that the LSCR orientation in the ratchet cell is very stable, but meanwhile
can be controlled.

8.4 Conclusions
In summary, we find that the global heat transport is sensitive to the LSCR di-
rection over asymmetric surface structure, and provide a physical understand-
ing for the heat transport difference. The LSCR orientation has a preferred
direction when the cell is perfectly leveled, but it can be tuned and controlled
by introducing a marginal tilt to the system. This provides many flow control
opportunities to achieve stable flow structures which avoid unpredictable flow
reversal events, and to homogenize the wall temperature distribution in com-
plex flow environments. Further, active switching of the ratchet type boundary
condition in one or the other direction could offer a clean way of controlling
the flow and heat transfer.
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Diffusive interaction of multiple
surface nanobubbles: shrinkage,

growth, and coarsening ∗

Surface nanobubbles are nanoscopic spherical-cap shaped gaseous domains on
immersed substrates which are stable, even for days. After the stability of a
single surface nanobubble has been theoretically explained, i.e. contact line
pinning and gas oversaturation are required to stabilize them against diffusive
dissolution [Lohse and Zhang, Phys. Rev. E 91, 031003 (R) (2015)], here we
focus on the collective diffusive interaction of multiple nanobubbles. For that
purpose we develop a finite difference scheme for the diffusion equation with
the appropriate boundary conditions and with the immersed boundary method
used to represent the growing or shrinking bubbles. After validation of the
scheme against the exact results of Epstein and Plesset for a bulk bubble [J.
Chem. Phys. 18, 1505 (1950)] and of Lohse and Zhang for a surface bubble,
the framework of these simulations is used to describe the coarsening process of
competitively growing nanobubbles. The coarsening process for such diffusively
interacting nanobubbles slows down with advancing time and thus increasing

∗Based on: X. Zhu, R. Verzicco, X. Zhang, and D. Lohse, Diffusive interaction of mul-
tiple surface nanobubbles: shrinkage, growth, and coarsening, Soft Matter, 2018, DOI:
10.1039/C7SM02523H.
Simulations and analysis by Zhu. Writing by Zhu and Lohse. Supervision by Lohse, Verzicco,
and Zhang. Discussion of results and proofreading by everyone.
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bubble distance. The present results for surface nanobubbles are also applicable
for immersed surface nanodroplets, for which better controlled experimental
results of the coarsening process exist.

9.1 Introduction
Surface nanobubbles [206] – nanoscopic gaseous domains on immersed sur-
faces – were first speculated to exist about 20 years ago [207] and later found
in atomic force microscopy (AFM) images [208–210]. While their long-time
existence (often days) was first considered as puzzling [211] due to the sup-
posedly large internal Laplace pressure, which should squeeze them out, it is
now theoretically understood that they are stable thanks to a stable balance
between the Laplace pressure inside the nanobubble and the gas overpressure
from outside, which is enabled by pinning of the contact line [206, 212–215].
The equilibrium angle θe (see figure 9.1 for a sketch of the surface nanobubble
and the used notation) is determined by the gas oversaturation ζ = c∞/cs−1,
where c∞ is the concentration far away and cs the solubility, and the contact
diameter L by [215]

sinθe = ζ
L

Lc
, (9.1)

where Lc = 4σ/P0 = 2.84µm for air in water under ambient pressure P0 = 1
bar and with its surface tension σ = 0.072N/m. Note that we have assumed
a spherical-cap shape, which is well-justified theoretically and experimentally.
The experimental confirmation of equation (9.1) through AFM experiments is
difficult for various reasons [206], but it was confirmed in molecular dynamics
(MD) simulations [216].

In this chapter we will first add further numerical confirmation of the the-
ory of Ref. [215] by directly solving the diffusion equation around a surface
nanobubble, together with the appropriate boundary conditions, namely c∞
far away from the bubble, no gas flux through the substrate, and a gas con-
centration given by Henry’s law at the bubble-liquid interface, finding perfect
agreement for the equilibrium contact angle θe (Eq. (9.1)) (section 9.3). Be-
fore, in section 9.2, we will introduce the employed numerical method, namely
a finite difference scheme coupled to an immersed boundary method [37–39].

Note that Eq. (9.1) implies that the Young-Laplace relation, which deter-
mines the contact angle on a macroscopic scale due to the mutual interfacial
tensions, is irrelevant on the microscopic scale of the nanobubbles. This is
in agreement with various experimental observations (see e.g. [206, 217]) that
the microscopic contact angle is constant and independent of the substrate
and thus the macroscopic contact angle. According to Eq. (9.1) the crossover
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Figure 9.1: Sketch and notation of a surface droplet. L is the contact diameter, θ the contact
angle, H the maximum height of the droplet, and R the radius of curvature.

from macroscopic to microscopic bubbles occurs at the length scale Lc/ζ, be-
low which the bubbles are small enough so that their Laplace pressure is large
enough to counteract the gas influx by oversaturation.

The main focus of the present chapter will however be on multiple surface
bubbles which are diffusively interacting [212, 215, 218, 219]. In general, no
analytical solution is possible for this case. An exception is the case of two
diffusively interacting surface bubbles far away from each other, i.e., with a
distance d much larger than their surface contact diameter L. For that case
Dollet and Lohse [220] succeeded to analytically show that the pinning of the
surface bubbles not only stabilizes each bubble against dissolution or growth,
but that it also stabilizes the pair of surface bubbles against Ostwald ripening
[221], i.e., the shrinkage of a bubble with smaller radius of curvature (cor-
responding to large Laplace pressure) to the benefit of a neighboring bubble
with larger radius of curvature. Here we will numerically show that this sta-
bilization of a pair of surface bubbles through pinning holds in general, i.e., is
not limited to bubbles far away from each other. We will also show that the
lack of pinning leads to Ostwald ripening (section 9.3).

In section 9.5 we will extend the calculation to many surface nanobubbles
in a row, studying their coarsening process. The coarsening of nanobubbles
in principle can happen via Ostwald ripening or via coalescence. In Ref. [222]
the analogous coarsening process of nanodroplets growing in an oversaturated
solution was experimentally studied. There the nanodroplets also effectively
sit in a row, namely at the rim of a spherical lense, and our assumption of
periodic boundary conditions for the bubbles is justified. In that reference [222]
it was speculated that the coarsening mainly happens via Ostwald ripening.
Here within our model we will show under what conditions this indeed can
be the case. We will moreover study the dynamics of the coarsening process
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and show that it slows down with advancing time and thus increasing distance
between the bubbles, similar to other coarsening processes [223].

As mentioned above, our numerical scheme can not only be applied to
diffusively interacting nanobubbles in a liquid, but equally well to diffusively
interacting droplets in a liquid (see e.g. our own work on this subject, Refs.
[222, 224, 225]) or in a gas, e.g., as they emerge in dew formation [226–230].

The chapter ends with conclusions and an outlook (section 9.6).

9.2 Method
We start by considering the diffusion equation

∂c

∂t
=D∇2c+s, (9.2)

where c is the concentration field, D the diffusion coefficient. In the immersed
boundary boundary methods [37, 38], the Eulerian source term s is used to
mimic the effects of the boundaries of bubbles or droplets on the concentration.

The boundaries of bubbles or droplets are discretized into a series of La-
grangian points. The Eulerian and Lagrangian sources are related to each
other through a regularized delta function

s(x) =
∫
S(Xl)δ(x−Xl)ds, (9.3)

where x and Xl are the position vectors of the Eulerian and Lagrangian points;
S the Lagrangian source term; δ the delta function, respectively.

To enforce the prescribed concentration fields on the boundary, we define
the Lagrangian concentration field. Using the regularized delta function again,
this relation can be expressed as follows∫

c(x)δ(x−Xl)dx = CΓ(Xl), (9.4)

where CΓ is the Lagrangian concentration field which is prescribed, known
beforehand, on the boundary.

In the discretized form, the diffusion equation for the kth step is solved
through the following procedures. First, an intermediate “guessed" concentra-
tion field c̄ is calculated from the Eulerian source term of the last step sk−1,
with

c̄= ck−1 + ∆t(D∇2ck−1 +sk−1). (9.5)

Here, the diffusion term ∇2c is discretized by a second-order explicit scheme.
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C(Xl)

c(x)

A

Figure 9.2: Schematic sketch to illustrate the immersed boundary method: The diffusion
equation is solved on the Eulerian Cartesian grid points x. The boundary Γ is discretized
into a set of Lagrangian points X. The transfers of the concentration between the Eulerian
and the Lagrangian grid (c→C) and the source term between the Lagrangian and Eulerian
gird (S→ s) are through the discrete regularized delta function δh, which covers the area A.

Next, we interpolate the intermediate concentration field from Eulerian (c̄)
to Lagrangian (C̄) grid points through the discrete delta function δh, i. e.

C̄(Xl) =
∑
x∈A

c̄(x)δh(x−Xl)h3. (9.6)

Apparently C̄ does not satisfy the boundary condition CΓ. In order to
achieve CΓ, from Eqn. 9.5 the Lagrangian source term Sk for the current time
step is derived as

Sk = Sk−1 + CΓ− C̄
∆t . (9.7)

The next step is to spread the Lagrangian source term Sk to the Eulerian
counterpart sk through the discrete delta function δh again, expressed as

sk(x) =
NL∑
m=1

Sk(x)δh(x−Xl)∆Vl. (9.8)

Finally, the concentration field with the Eulerian source term sk at kth
step is solved from(

1−D∆t∇
2

2

)
ck = ck−1 + ∆t

(
D
∇2ck−1

2 +sk
)
. (9.9)

Here the Crank-Nicolson scheme is adopted to ensure the stability of the code.
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This ends one time step, after which the next time step is treated in the
same way.

The regularized delta function used in the present study is defined as

δh(x−X) = 1
h3φ(x−X

h
)φ(y−y

h
)φ(z−Z

h
), (9.10)

where φ in the present implementation is based on the four-point version of
Peskin [37].

φ(r) =


1
8

(
3−2 |r|+

√
1 + 4 |r|−4r2

)
, |r| ≤ 1,

1
8

(
5−2 |r|−

√
−7 + 12 |r|−4r2

)
, 1≤ |r| ≤ 2,

0, 2≤ |r| ,
(9.11)

9.3 Validation of the scheme
We will now validate the scheme introduced in the previous section. We will as-
sume two test cases: a spherical bubble in the bulk, whose growth or shrinkage
behavior is analytically known since Epstein and Plesset [231] (section 9.3.1),
and a surface nanobubble, which in the pinned case has a stable equilibrium
contact angle given by Eq. (9.1), and in the unpinned case either shrinks and
then fully dissolves or grows and then finally detaches (section 9.3.2). All
the simulations that are shown below are performed with nitrogen bubble, for
which the material parameters are D = 2×10−9 m2/s, ρg = 1.165 kg/m3, and
cs = 0.017 kg/m3.

9.3.1 The Epstein-Plesset bubble
In still liquid in an infinite domain, the mass loss or gain of a spherical bubble
of radius R is given by the concentration gradient

(
∂c
∂r

)
R

at its surface and
the diffusion constant D,

dm

dt
= d(4/3ρπR3)

dt
= 4πR2D

(
∂c

∂r

)
R
. (9.12)

Here ρ the density of gas in the bubble. Epstein-Plesset [231] succeeded to solve
the diffusion equation together with Eq. (9.12) and the boundary condition
far away from the bubble, c(r→∞, t) = c∞, to obtain an ordinary differential
equation (ODE) for the bubble radius R(t),

dR

dt
=−(CΓ− c∞)D

ρ

[ 1
R

+ 1
(πDt)1/2

]
. (9.13)
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Figure 9.3: Time evolution of the bubble radius R(t) for nitrogen gas bubble for three cases
with c∞ = 0 and the same initial bubble radius 50 nm: (a) The bubble surface concentration
and the gas density stay constant during the diffusion. (b) The gas density stays the same,
however the surface concentration is given by Henry’s law, where CΓ(R,t) = cs(1+2σ/R). (c)
The gas density varies according to the ideal gas law and the surface concentration according
to Henry’s law as in (b). In the simulations here, the domain size is 0.5µm×0.5µm×0.5µm.
The resolution is of the computational domain is 201×201×201. Our numerical solutions
agree very well with the exact Epstein-Plesset [231] results. However, our results deviate
from that of a quasistatic approximation ∂tc= 0.

Here the prescribed CΓ is calculated from Henry’s law, taking the effects of
surface tension into account, i.e., CΓ(R,t) = cs(1 + 2σ/R), where cs is the
saturation concentration. Note that for small bubbles the Laplace pressure
leads to an enhanced density, obtained from the ideal gas law, and this effect
of the surface tension must also be taken into account. Equation (9.13) can
be solved analytically to obtain R(t) [231]. Obviously, also in the simulations
the bubble is assumed to keep its spherical shape during the diffusion process
and equation (9.12) is used to update the bubble radius and the Lagrangian
coordinate X during the simulation.

Our numerical results of the relation between the bubble radius and time
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Figure 9.4: (a) Snapshots of the diffusive dynamics of a pinned surface nanobubbles growing
towards its equilibrium state. The color code represents the gas concentration field. Here
L = 1 µm and ζ = 1. (b) Time evolution θ(t) of the contact angle growing or shrinking
towards its equilibrium value θe given by Eq. (9.1). Two cases with different initial contact
angles θi are shown. As above, L = 1 µm and ζ = 1. (c) Equilibrium contact angle θe for
various gas concentrations ζ. The straight line is the prediction Eq. (9.1), giving perfect
agreement. Again, L= 1 µm. In the simulations here, the domain size is 6µm×3µm×6µm.
The resolution is of the computational domain is 301×151×301.

based on the scheme developed in the previous section are shown in figure
9.3 and compared with the analytical results (or the results from Eq. (9.13)).
Three cases are considered. In figure 9.3(a), the bubble surface concentration
and gas density are kept constant, in figure 9.3(b), the density of the gas is
kept constant and we use the Henry’s law to calculate CΓ, and in figure 9.3(c),
we vary the density of the bubble according to the ideal gas law and again the
Henry’s law is used to calculate CΓ. For all the cases, our simulations show
excellent agreements with the predictions from Eq. (9.13).

We now come to dissolving or growing surface bubbles and droplets (“sessile
droplets”) [206, 232]. For this axisymmetric case, Popov [233] could exactly
solve the quasi-static case ∂tc ≈ 0, i.e., the diffusion equation reduces to a
Laplace question. For evaporating droplets as in the case of Popov, this in
general is a very good approximation. Later the Popov model was also applied
to surface nanobubbles [215]. Then the gas concentration at the interface is
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Figure 9.5: Time evolution for the contact diameter L(t) for an unpinned surface nanobubble
with pre-described constant contact angle oθ= 90◦ and gas oversaturation ζ = 1. The bubble
dissolves within 3 microseconds. In the simulations here, the domain size is 6µm×3µm×6µm.
The resolution is of the computational domain is 301×151×301.

again given by Henry’s law which for surface bubbles takes the form CΓ(R,t) =
cs[1 + 4σ sinθ/(P0L)].

To check how important the time dependence of the concentration field is,
we apply Popov’s model for a dissolving bubble with a fixed contact angle of
90◦, written as

dR

dt
=−(CΓ− c∞)D

ρ

1
R
. (9.14)

One can see that the only difference between Eq. (9.13) and Eq. (9.14) is that
in Eq. (9.14) the time dependent term in the right hand side of Eq. (9.13) is
eliminated. It is observed from figure 9.3 that when Henry’s law is used while
the bubble density is kept constant, the quasi-static assumption of Popov’s
model leads to an overestimation of the bubble lifetime. Therefore in the
following, for appropriately simulating the diffusive dynamics of the bubbles,
we do not use the quasi-static approximation, but employ the full diffusion
equation with Henry’s law for the bubble surface concentration and the ideal
gas law for the bubble density.

9.3.2 Stability of surface nanobubble & confirmation of the theory of
Lohse & Zhang [215]

For nano-bubbles with pinned contact line, an ODE for the diffusive contact
angle dynamics was derived in Ref. [215], namely

dθ

dt
=−4D

L2
cs
ρ

(1 + cosθ)2f(θ)
[
Lc
L

sinθ− ζ
]
, (9.15)
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with

f(θ) = sinθ
1 + cosθ + 4

∫ ∞
0

1 + cosh2θτ
sinh2πτ tanh[(π−θ)τ ]dτ. (9.16)

A stable nanobubble can therefore be formed with the condition of Eq. (9.1)
where the bubble contact angle θ is a constant and stable.

Figure 9.4(a) shows snapshots for the bubble evolution in the pinned case
with L = 1µm and ζ = 1, for which according to Eq. (9.1) there should be a
stable equilibrium [215], for fixed gas oversaturation ζ > 0. Indeed, the stable
equilibrium angle θe = 20.6◦ is reached in the simulations. Figure 9.4(b) shows
the time evolution of the contact angle for two initial contact angles θi = 90◦
and θi = 5◦. In both cases the contact angles saturate to the predicted θe =
20.6◦ when advancing time long enough. Further, we vary the oversaturation
rate ζ from 0.4 to 1.6, in which the equilibrium contact angle θ would change,
as shown in figure 9.4(c). Again our results are in perfect agreement with the
prediction (Eq. (9.1)).

In comparison, when a bubble is unpinned, even if with gas oversaturation,
the bubble can not be stable because of the Laplace pressure, In figure 9.5,
we show the time evolution of a bubble in a constant contact mode with fixed
contact angle θ = 90o. The oversaturation ζ = 1 but still the bubble dissolves
very quickly.

We take the opportunity here to discuss the assumptions that lead to Eq.
(9.15). Henry’s law is used when deriving Eq. (9.15), however the gas density
is assumed constant and the process is assumed quasi-steady. Let’s first focus
on the quasi-steady assumption. The typical diffusion time scale is td =R2/D,
while the evaporation/dissolution time scale te = tdρ/(cs− c∞). For a water
droplet evaporation, te/td is of the order of 105, thus Eq. (9.15) is a rather
good approximation [234] without considering the time dependent term of the
diffusion equation. However, for a gas bubble, te/td is of the order of 102, thus
the quasi-steady condition can not be valid anymore, as also shown in figure
9.3(b). Also the gas density might vary because of the Laplace pressure. How-
ever, it is easy to see from Eq. (9.15) and Eq. (9.3) that these considerations
are only relevant for the time scale of the evolution towards the equilibrium
contact angle θe, not for the value of θe itself.

9.4 Ostwald ripening process of two bubbles
We now move to the case of two bubbles, for which the general argument for
nanobubble stability is not available anymore. One exception is the case where
two bubbles are far away from each other, Dollet and Lohse [220] theoretically



9

9.4. OSTWALD RIPENING PROCESS OF TWO BUBBLES 149

t (µs)
0 100 200 300 400

θ
 (

d
eg

)

20

40

60

80

100

t (µs)
0 100 200 300 400

θ
 (

d
eg

)

0

20

40

60

80

100

(a) (b)

(c) (d)

Figure 9.6: (a), (c): Snapshots of the time evolution of two pinned neighbouring bubbles and
the surrounding gas concentration field. The oversaturation is ζ = 2. For (a), the contact
diameters are L1 = L2 = 1 µm. The initial contact angle for the left bubble is 90◦ and for
the right bubble is 15◦. For (c), the contact diameters are L1 = 1 µm and L2 = 0.7 µm. The
initial contact angle for the left bubble is 15◦ and for the right bubble is 90◦. The pinning
stabilizes the two bubbles against Ostwald ripening and the contact angles of both bubbles
converge to θe, as given by Eq. (9.1). (b), (d): Contact angles of the two bubbles as function
of time for cases (a) and (c). In (d) (case (c), and in (b) (case (a)) of course anyhow), the
resulting radii of curvature L/cosθe are identical. In the simulations here, the domain size
is 6µm×3µm×6µm. The resolution is of the computational domain is 301×151×301.

show that pinning also suppresses the Ostwald ripening process between neigh-
bouring surface nanobubbles. However, in experiment, also nanobubbles that
sit very close to each other can remain stable for very long time [212]. Here
with numerical simulations we show that this stabilization of a pair of surface
bubbles through pinning is indeed not limited to bubbles far away from each
other but also holds for bubbles that are close.

Figure 9.6 shows two cases, the first one for two surface bubbles with same
fixed contact diameter L1 = L2 = 1 µm and the second one with different con-
tact diameters L1 = 1 µm, L2 = 0.7 µm. In both cases we set the oversaturation
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to ζ = 2 and have pinned contact lines. It can be seen that with pinning and
gas oversaturation, indeed the two bubbles case are eventually stable, even if
the distance between them are very close. Specifically, for the case with same
contact diameter, both have the stable equilibrium contact angle θe = 40.7◦
given by equation (9.1). For the case with different contact diameters, one
bubble has the stable equilibrium contact angle θe = 40.7◦ and the other one
θe = 29.6◦, however, the radii of curvature L/cosθe for the two bubbles are
the same, as it should be according to the theory of Lohse and Zhang [215].
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Figure 9.7: (a) Snapshots of the time evolution of two unpinned neighbouring bubbles and
the surrounding gas concentration field. The parameters are the same as in the case of figure
9.6(a). In the absence of pinning the pair of bubbles undergoes Ostwald ripening, i.e., one
bubble grows and the other ones dissolves. (b) Contact diameters of the two bubbles as
function of time. The red curve shows the contact diameter of the growing right bubble,
and the blue one that of the shrinking left bubble, which is fully dissolved in the end. In the
simulations here, the domain size is 6µm×3µm×6µm. The resolution is of the computational
domain is 301×151×301.

For the bubbles with unpinned contact line, Ostwald ripening indeed dif-
fusively destabilizes the two neighboring bubble. In figure 9.7 we show two
bubbles with the same condition as in figure 9.6(a)(b), but now unpinned and
with constant contact angles. It can be seen that the two bubbles diffusively
interact with each other, leading to Ostwald ripening: Therefore one bubbles
dissolves and the other one grows.

9.5 Coarsening process for multiple bubbles
Finally, we look at the coarsening process for an one-dimensional array of
bubbles. In figure 9.8, we show an array of 5 bubbles. The bubbles all have
a constant contact angle of 90◦. Initially, bubble 1 and bubble 5 have contact
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Figure 9.8: (a) Coarsening processes for five neighboring bubbles in a row. The oversaturation
is ζ = 1. The five bubbles have slightly different initial contact diameters, i.e. bubble 1
and bubble 5 have 1.44 µm, bubble 2 and bubble 4 have 1.45 µm, and bubble 3 has 1.46
µm. The bubbles are in the constant contact angle mode. (b) The time evolution of the
contact diameters for the 5 bubbles. Here we can use the two-dimensional axis-symmetric
simulations because the contact angle is 90◦. The domain size is 8.8µm×3µm. The resolution
is is 881×301.

diameters of 1.44 µm, bubble 2 and bubble 4 have contact diameters of 1.45
µm, and bubble 3 has a contact diameter of 1.46 µm. Because of the Henry’s
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Figure 9.9: The same as figure 9.8, but now for thirteen initial bubbles. Bubble contact
diameters are from 1.44 µm to 1.5 µm, with an increase of 0.01 µm for each from bubble 1
to bubble 7. Then from bubble 7 to bubble 13, the contact diameter decreases 0.01 µm for
each. The domain size is 24µm×4µm. The resolution is is 2401×401.

law, smaller bubble will have a higher surface concentration while bigger one
lower. Thus a concentration gradient between different bubbles is formed and
the coarsening process starts. Interestingly, it is not bubble 1 and 5, which
have the lowest surface concentration that are eaten by other bubbles, but
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bubble 2 and 4, which are in between. We see after the disappearance of
bubbles 2 and 4, all other three bubbles become bigger, however with time
advancing, the even bigger bubble 3 finally eats all the other bubbles and
the coarsening process ends. Similar effects can be found for more bubbles,
in figure 9.9, we show an array of 13 bubbles. In this case, bubble contact
diameters are from 1.44 µm to 1.5 µm, with an increase of 0.01 µm for each
from bubble 1 to bubble 7. Then from bubble 7 to bubble 13, the contact
diameter decreases 0.01 µm for each. Analogous to the coarsening process of
shaken compartimentalized granular matter of Ref. [223], here for nanobubbles
we find that with time passing by and thus the distance between the bubbles
growing, the coarsening process also slows down, as shown in figures 9.8(b),
figure 9.9(b).

9.6 Conclusions and outlook

Simulations of finite difference combined with the immersed boundary meth-
ods were performed to study the stability and instability of nanobubbles. Four
difference configurations were considered, a bulk bubble, a surface bubble, two
close surface bubbles, and an array of surface bubbles. For bulk bubbles, the
simulated time evolution of the bubble radius shows excellent agreements with
Epstein & Plesset’s analytical results [231], validating our scheme and code.
For single surface nanobubbles, our simulations confirm that pinning and over-
saturation can indeed stabilize the surface nanobubble, and the equilibrium
contact angle perfectly agrees with the analytical result Eq. (9.1) of Lohse and
Zhang [215], on the one hand confirming that calculation, and on the other
hand again validating the simulations. For two neighbouring nanobubbles, we
find that pinning and oversaturation can stabilize the nanobubble pair against
Ostwald ripening, even when the bubbles are very close to each other. Finally,
we show the coarsening process for a row of nanobubbles. The coarsening
slows down with advancing time and increasing nanobubble distance, simi-
lar to the coarsening process as seen in shaken compartimentalized granular
matter [223].

We note that though here we give the results only for surface nanobubbles,
corresponding results also hold for surface nanodroplets as e.g. observed in Ref.
[222]. We also note that for the parameters of this study here, the dominant
coarsening process is Ostwald ripening, i.e., mass exchange by diffusion, but
for other parameters (e.g. larger oversaturation) the dominant process can
also be bubble coalescence. To map out the parameter space when Ostwald
ripening will be dominant and when bubble coalescence will be the subject of
future work. Correspondingly, in future work we also want to extend this study
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from surface bubbles or surface droplets in a row to those in a two-dimensional
array as experimentally done in e.g. Refs. [219, 235] or to randomly distributed
surface bubbles or droplets as in Ref. [224].



Conclusions and outlook

In this thesis we have studied the effects of wall roughness in Taylor-Couette
(TC) and Rayleigh-Bénard (RB) turbulence. We focussed on the flow struc-
ture and the corresponding torque/heat transfer scaling relations. In addition,
we studied dynamics of the boundary layers at the transition to the ultimate
regime of two-dimensional (2D) RB turbulence. Finally, we extended the ap-
plication of immersed boundary methods to interacting nanobubbles.

Conclusions

In Chapter 2, we have extended our AFiD code, an open source solver for
the incompressible Navier-Stokes equations (http://www.afid.eu), to GPU
clusters to tackle large-scale wall-bounded turbulent flow simulations. The
GPU porting has been carried out in CUDA Fortran with the extensive use
of kernel loop directives (CUF kernels) in order to have a source code as close
as possible to the original CPU version; just a few routines have been manu-
ally rewritten. Our work was motived by the need to simulate more extreme
turbulent flows and inspired by the observation that while high performance
computing shifts towards GPUs and accelerators, obtaining an efficient GPU
code, that is faster than CPU, is considered to be a very time consuming and
code specific undertaking. In contrast to this believe, we showed that to port
the CPU code to GPU, only “minimal effort” is required, and one can achieve
an order of magnitude improvement in wall clock time when comparing the
GPU code to the CPU one. Further, we introduced a new transpose scheme
to improve the scaling of the Poisson solver, which is the main bottleneck of
incompressible Navier-Stokes solvers. Due to the increased performance and
efficient use of memory, the GPU version of AFiD can perform simulations
in parameter ranges that are unprecedented in thermally-driven wall-bounded
turbulence. To verify the accuracy of the code, turbulent Rayleigh-Bénard
convection and plane Couette flow were simulated and the results were in ex-
cellent agreement with the experimental and computational data that have
been published in literature. The AFiD code was used for all the chapters in
this thesis. To track the surfaces of the roughness elements for the studies in
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the thesis, we implemented a direct forcing immersed boundary method into
the code, which has demonstrated its simplicity and robustness.

In Chapters 3, the focus was on TC turbulence with grooved wall rough-
ness parallel to the flow direction. We found three different characteristic
regimes reflecting in different effective scaling relations between the dimen-
sionless torque Nuω and the Taylor number Ta. First, when Ta < Tath, i.e.
when the boundary layer thickness is larger than the height of the grooves,
there is an overlap regime in which smooth and groove cases show the same
behaviour. Second, when Ta > Tath, i.e. when the boundary layer thickness
is less than the groove height, there is a steep slope regime in which the power
law exponent between Nuω and Ta becomes larger than the ultimate region
effective scaling exponent 0.38. Third, when Ta is large enough, there is a
saturation regime in which the effective scaling law saturates back to 0.38.
We showed that even after saturation the slope is the same as for the smooth
case, the absolute value of torque increases beyond the ratios of the surface
area increase between grooved and smooth wall. We gave a physical explana-
tion for the observed scaling changes, i.e. the steep slope regime is more bulk
dominant and therefore the effective scaling slope is larger while in the satu-
ration regime, the boundary layer contribution reoccurs and hence the scaling
slope saturates.

In Chapter 4, we have chosen another type of wall roughness, i.e. square
ribs perpendicular to the flow direction. We found that the Nuω vs. Ta scaling
exponent is enhanced greatly, from 0.38 for the smooth case to 0.42. Further-
more, we showed that the dominant torque at the rough boundary stems from
the pressure forces on the side faces of the rough element, rather than from
viscous stresses. As a consequence, the law of the wall at the rough bound-
ary depends on the roughness height, rather than the viscous length scale.
We then separated the torque into the smooth and rough walls contributions
and found that the smooth wall torque scaling follows Nus ∝ Ta0.38±0.01

s , the
same as with both smooth walls. In contrast, the rough wall scaling follows
Nur ∝ Ta0.47±0.03

r , close to the asymptotic ultimate scaling Nuω ∝ Ta1/2. In
addition, we observed that the system becomes bulk dominant, thus reducing
the logarithmic correction and increasing the effective torque scaling exponent.

In Chapter 5, we adopted the same type of roughness in Chapter 4, with
a much wider parameter space. We considered four series of cases: SS, SR,
RS, and RR, where the first (second) letter specifies the configuration of the
inner (outer) cylinder, which can be either rough (R) or smooth (S). The
cylinders were made rough by attaching 1 to 192 vertical ribs with identical
heights ranging from 1.5% to 10% of the gap width d and a square cross-section
over the entire TC cell on none, both, or either one of the cylinders. With
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both strong experimental and numerical evidence, we have demonstrated that
the asymptotic ultimate regime scaling exponent 1/2, corresponding to the
upper limit of transport, can be realized through the implementation of wall
roughness in TC turbulence. For different heights of the roughness elements,
we plotted a Moody diagram [156] for TC turbulence with wall roughness.
We further showed that different number of roughness elements can tune the
scaling exponents and optimal transport properties extensively, thus paving a
way to control ultimate turbulence.

In Chapter 6, we shifted to RB turbulence with wall roughness in 2D. With
symmetric sinusoidal roughness, we have demonstrated that the local heat
transport Nu vs. Rayleigh number Ra scaling exponent 1/2 in RB does not
necessarily indicate the start of the ultimate regime as claimed in previous
studies [147]. Instead, its observation is fortuitous because by tuning the
height and wavelength of roughness elements simultaneously, the local effective
scaling exponent can be tuned between 0.29 and 0.5. This regime is just a
crossover regime where the bulk is dominated. Further increasing Ra brings
back the thin BL inside the cavities and restores the classical BL-controlled-
regime, causing the scaling saturation and recovering the classical RB scaling
exponent. Only at even higher Ra the real transition to the ultimate 1/2
scaling might be seen.

In Chapters 7, we went back from the rough wall to smooth ones, focusing
on the effects of boundaries in the transition to the ultimate regime in 2D
RB convection. By performing 2D simulations of RB turbulence covering six
decades in Ra up to 1014, we revealed that the transition to the ultimate
regime starts at Ra = 1013 for Prandtl number Pr = 1. We found that during
the transition, the mean velocity profiles are indeed logarithmic, while for
temperature, the logarithmic profiles can only be observed locally within the
regions where plumes are emitted. In contrast to the conventional perception,
we found these regions do not grow in their spatial extent, despite the increase
in Ra. Therefore, we gave an alternative explanation for the transition to
the ultimate regime, namely, the transition to the ultimate regime may not
be explained as an increase in the fraction of plume-emitting regions of the
boundary layer, but rather as the gradual takeover of the global heat transport
by the contribution arising from these regions of plume ejection.

In Chapters 8, we conducted 3D simulations and experiments of RB turbu-
lence with asymmetric surface roughness (ratchet surfaces), in a rectangular
cell. We showed that the global heat transport and the coherent flow struc-
tures can be controlled using these surfaces. By means of symmetry breaking
due to the presence of the ratchet structures on the conducting plates, the
orientation of the Large Scale Circulation Roll (LSCR) can be locked to a
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preferred direction even when the cell is perfectly leveled out. By introduc-
ing a small tilt to the system, we showed that the LSCR orientation can be
tuned and controlled. The two different orientations of LSCR gave two quite
different heat transport efficiencies, indicating that heat transport is sensitive
to the LSCR direction over the asymmetric roughness structure.

As an extension for the application of immersed boundary method, in Chap-
ters 9, we studied the diffusive interaction of surface nanobubles. For this, we
developed a finite difference scheme for the diffusion equation with the ap-
propriate boundary conditions and with the immersed boundary method used
to represent the growing or shrinking bubbles. We validated the code with
the exact solutions and we found perfect agreement. We then focused on the
diffusive coarsening of multiple nanobubbles. We found that pinning and over-
saturation can stabilize the nanobubbles against Ostwald ripening, even when
the bubbles are very close to each other.

Future directions

This thesis has addressed a number of topics related to the structured walls
in TC and RB turbulence. Though many questions would be answered, other
issues remain unexplored and open for future investigation; some of these will
be discussed below.

For TC turbulence with grooved walls, we restricted ourselves to the torque
enhancement regime (Chapter 3). However, it has been shown in many wall-
bounded turbulence studies (mainly channel and boundary layer flows) that
this kind of roughness can also reduce the drag when the roughness charac-
teristic height in wall units h+ is less than 25 [130, 236–243]. Thus, it is
interesting to study the drag reduction properties with grooves or riblets in
the regime of drag reduction. Our preliminary results show that a maximum
of 5% drag can be reduced with grooves (“shark skin effect”).

The roughness surfaces implemented in this thesis are ideal. In real-world
applications, roughness is more irregular, with very changeable shapes. A
first step towards understanding the effects of irregular roughness can be to
try the sand grain roughness that Nikuradse used in TC turbulence [110, 156].
Because of the nature of the closed system, the work to implement sand grain
roughness is much less as compared to the rough channel or rough pipe flow
cases. This holds both numerically and experimentally.

For RB turbulence with wall roughness, the following crucial question has
to be answered: Can the asymptotic ultimate regime scaling 1/2 be achieved
through roughness at moderate Ra in thermal convection, analogous to what
we found in TC turbulence (Chapter 5)? According to Owen and Thomson
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[171], the heat transfer between a roughened surface and a stream of incom-
pressible fluid flowing over it is dependent on both the viscosity and thermal
conductivity of the fluid, even when the roughness is large enough for vis-
cosity to have ceased to affect the skin friction. In contrast, Kraichnan [24]
proposed that Nu becomes independent of viscosity and thermal diffusivity in
the asymptotic ultimate regime. Thus, for thermal convection, it is crucial
to check in the fully rough regime whether indeed heat transfer can really
become independent of viscosity and thermal conductivity, as Kraichnan [24]
had conjectured, or whether Owen and Thomson [171] are correct.

Another interesting question is on thermal and thermohaline convection
with roughness (the latter as in oceanographic flow) at different Pr. The cur-
rent study (Chapter 6) has focused only on Pr = 1 case. Thus the thermal
or saline boundary layer thickness and viscous boundary layer thickness are
comparable. In this case, there are only two regimes with respect to the scal-
ing relations between Nusselt number and Rayleigh number. If the Prandtl
number is larger than one, with increasing Rayleigh number, the roughness
element will first perturb the thermal or saline boundary layer and then per-
turb the viscous boundary layer which might result in multiple regimes of
Nusselt scalings, which is extremely relevant in various applications, including
oceanographic ones.

Last but not least, in this thesis we have taken a step forward in under-
standing the effects of wall roughness in TC and RB. More generally, with
the development of numerical tools for DNS and supercomputers all over the
world, the understanding of turbulence in all aspects will continue to grow in
the coming future. More and more interesting physics are waiting for us to un-
ravel, for example to reach the ultimate regime in 3D RB [24], to check whether
the von Kármán constant is really a constant or not [102], to validate the at-
tached eddy hypothesis [186], etc. Furthermore, immersed boundary method
has demonstrated its ability to deal with problems that have deformable and
moving boundaries in the last two decades [38]. A combination of DNS and
immersed boundary method at high Reynolds number will enable us to realize
more realistic turbulence in natural environments and engineering applica-
tions, such as turbulence with droplets and bubbles (multiphase flow: cloud
formation, bubbly drag reduction), with flexible boundaries (biological flow
and geophysical flow: blood flow, flow over see), and with multi-physics pro-
cesses (diffusiophoresis and electrophoresis). One can be confident to say that
the seemingly very difficult problems as mentioned will be modelled and un-
derstood better in the future.
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Summary

The ubiquity of turbulent flows with surface roughness in nature and technol-
ogy makes it important to study them. This thesis covers mainly the broad
topic of Taylor-Couette (TC) and Rayleigh-Bénard (RB) turbulence with wall
roughness. The roughness elements vary from the shape, size, sparseness, and
alignment. The studies were mainly done by means of direct numerical sim-
ulations, with the code AFiD, which is a highly parallelized, efficient code,
in combination with an immersed boundary method to track the roughness
surfaces.

We first extended the AFiD code to the GPU clusters (Chapter 2). The
GPU porting has been carried out in CUDA Fortran with the extensive use of
kernel loop directives (CUF kernels) in order to have a source code as close as
possible to the original CPU version; just a few routines have been manually
rewritten. Further, we introduced a new transpose scheme to improve the
scaling of the Poisson solver. The resulting GPU version can reduce the wall
clock time by an order of magnitude compared to the CPU version for large
meshes. The good scalings of the code can be sustained up to 4096 GPU cards.

As a next step, we studied TC turbulence with grooved wall roughness,
parallel to the flow direction (Chapter 3). With increasing Ta, we start to
observe a sharp increase of the torque and thus the effective scaling law for
the torque Nuω vs. the Taylor number Ta becomes much steeper. However,
with further increasing Ta, the effective scaling law saturates to the “ultimate”
regime effective exponents seen for smooth walls.

In Chapter 4 and Chapter 5, we tried a different type of wall roughness,
namely square bars perpendicular to the flow direction. We found Nuω vs.
Ta scaling exponent is enhanced greatly with wall roughness. We showed that
the dominant torque at the rough boundary stems from the pressure forces
on the side faces of the rough element, rather than from viscous stresses. We
observed that the system becomes bulk dominant, thus increasing the effective
torque scaling exponent. Specifically, when wall roughness exists on both
cylinders, we have demonstrated that the asymptotic ultimate regime scaling
exponent 1/2, corresponding to the upper limit of transport, can be realized.
For different roughness heights, we showed a Moody-like diagram [156] for TC
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turbulence. We further showed that different numbers of roughness elements
can tune the scaling exponents and optimal transport properties extensively.

In Chapter 6, we focused on the effects of wall roughness in 2D RB tur-
bulence. With increasing Rayleigh number Ra, we revealed the existence of
two regimes. In the first one, the local effective scaling exponent for Nusselt
number Nu vs. Rayleigh number Ra can reach up to 1/2. However, a fur-
ther increase in Ra leads to the second regime, in which the scaling exponent
saturates back to a value close to the smooth wall case. This is very similar
to the case of Chapter 3. In Chapter 7, we further pushed Ra to Ra = 1014

in 2D RB convection with smooth walls. We revealed that the transition to
the ultimate regime starts at Ra = 1013 for Prandtl number Pr=1 in 2D RB
turbulence, similar to the 3D counterpart.

In Chapter 8, in 3D RB turbulence, we showed that asymmetric roughness
(ratchet surfaces) can help to lock the orientation of the Large Scale Circu-
lation Roll (LSCR) to a preferred direction even when the cell is perfectly
leveled out. By introducing a small tilt to the system, we showed that the
LSCR orientation can be tuned and controlled. The two different orienta-
tions of LSCR gave two quite different heat transport efficiencies, indicating
that heat transport is sensitive to the LSCR direction over the asymmetric
roughness structure.

Last but not least, in Chapters 9, we extended the immersed boundary
method to study the interaction of multiple surface nanobubbles. We devel-
oped a finite difference scheme for the diffusion equation coupled with the
immersed boundary method for the deformable and moving boundaries. With
the code, we found that pinning and oversaturation can stabilize the nanobub-
bles against Ostwald ripening, even when the bubbles are very close to each
other.



Samenvatting

De alomtegenwoordigheid van turbulente stromingen met oppervlakte ruwheid
in de natuur en technologie maakt het van belang om deze stromingen te
bestuderen. Dit proefschrift behandeld voornamelijk het brede onderwerp van
Taylor-Couette (TC) en Rayleigh-Bénard (RB) turbulentie met oppervlakte
ruwheid. De ruwheidselementen variëren in vorm, grootte, dichtheid en op-
stelling. De afzonderlijke onderzoeken zijn voornamelijk uitgevoerd met be-
hulp van directe numerieke simulaties, met de AFiD code, een parallelle en
zeer efficiënte code, in combinatie met een ondergedompelde grensmethode om
het ruwe oppervlakte te implementeren in de numerieke simulaties.

Allereerst is de AFiD code uitgebreid naar GPU clusters (Hoofdstuk 2).
Het GPU porteren is uitgevoerd in CUDA Fortran met uigebreid gebruik
van kernel loop directives (CUF kernels) zodoende dat de broncode zo dicht
mogelijk bij de originele CPU versie blijft en slechts enkele routines zijn her-
schreven. Verder introduceren wij een nieuw omzettingsschema om het schalen
van het oplossen van de Poisson vergelijking te verbeteren. Voor grote roosters,
reduceert de resulterende GPU versie de wandklok tijd met een orde grootte
in vergelijk met de CPU versie. Het goede schalen van de code kan tot wel
4096 GPU kaarten opgaan.

In een volgend onderzoek is TC turbulentie bestudeerd met gegroefde
ruwheid van de wand, parallel aan de stromingsrichting (Hoofdstuk 3). Met
een toenemend Taylor getal vinden wij een scherpe toename in de torsie, en zo-
doende wordt ook de effectieve schalingswet van de dimensieloze torsie, Nuω,
als functie van het Taylor getal veel steiler. Echter, wanneer wij het Tay-
lor getal verder opvoeren satureert de effectieve schalingswet naar exponenten
zoals gevonden worden in het ultieme regime voor TC turbulentie met gladde
wanden.

In Hoofdstuk 4 en Hoofdstuk 5 proberen wij een nieuw type ruwheid,
namelijk rechthoekige opstaande balken die loodrecht staan op de stromingsricht-
ing. Het is gebleken dat de schalingsexponent van Nuω versus Ta zeer sterk
toeneemt met dit type ruwheid. We vonden dat de hoge torsie aan de ruwe
grenzen voornamelijk afkomstig is van de druk op de zijde van de ruwhei-
dselementen en veel minder van de viskeuze schuifspanning. We zien dat
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het systeem gedomineerd wordt door de processen in de bulk, en zodoende
neemt de effectieve torsie schalingsexponent toe. In het bijzonder hebben wij
laten zien dat, wanneer beide wanden ruw worden gemaakt, een asympto-
tisch ultiem regime kan worden bereikt met een schalingsexponent van een
1/2, hetgeen correspondeert met de bovengrens van momentum transport.
We hebben Moody-achtige [156] representaties laten zien voor verschillende
ruwheid hoogtes in TC turbulentie. Tevens hebben wij aangetoond dat ver-
schillende hoeveelheden ruwheidselementen de schalingsexponenten en opti-
male transport eigenschappen kunnen bepalen.

In hoofdstuk 6 concentreren wij ons op de effecten van ruwheid aan de wand
op 2D RB turbulentie. Met een toenemend Rayleigh getal Ra hebben wij twee
regimes ontdekt. In het eerste regime kan de locale effectieve schalingsexpo-
nent van het Nu getal versus het Ra getal oplopen tot een 1/2. Echter, een
verdere toename van Ra leidt tot het tweede regime, waar de schalingsexpo-
nent terugvalt naar een waarde die dichtbij het geval voor gladde wanden ligt.
Dit is soortgelijk aan wat wij vinden in Hoofdstuk 3. In Hoofdstuk 7 voeren
we Ra op tot Ra = 1014, in 2D RB convectie met gladde wanden. We vonden
dat de transitie naar het ultieme regime start bij Ra = 1013 voor Prandtl getal
Pr=1 in 2D RB turbulentie, gelijk aan de 3D tegenhanger van RB turbulentie.

In Hoofdstuk 8, in 3D turbulentie, tonen wij aan dat asymmetrische ruwheid
(palrad oppervlaktes) kan helpen om de orientatie van de Grote Schaal Cir-
culatie Rol (GSCR) te fixeren in een gewenste richting, zelfs wanneer de RB
cel niet gekanteld is. We hebben laten zien dat met een kleine kanteling van
het systeem de GSCR orientatie kan worden gestuurd. De verschillende ori-
entaties van de GSCR resulteerde in behoorlijk verschillende efficiëntie van de
warmte transport, wat erop duidt dat warmte transport sensitief is voor de
richting van de GSCR over een asymetrisch ruw oppervlakte.

Ten laatste hebben wij in Hoofdstuk 9 de ondergedompelde grensmethode
uitgebreid om de interactie met meerdere nanobelletjes aan een oppervlakte
te bestuderen. We ontwikkelde een eindige-elementen schema voor de dif-
fusie vergelijking met de immersed boundary method voor vervormbare en
bewegende randen. Met deze code vonden wij dat pinnen en oversaturatie
de nanobelletjes kunnen stabilizeren tegen Ostwaldrijping, zelfs wanneer de
belletjes zich dicht bij elkaar bevinden.
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